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Abstract. We consider Dolbeault—Dirac operators on quantum projective
spaces, following Kréhmer and Tucker-Simmons. The main result is an explicit
formula for their squares, up to terms in the quantized Levi factor, which can
be expressed in terms of some central elements. This computation is completely
algebraic. These operators can also be made to act on appropriate Hilbert spaces.
Using the formula mentioned above, we easily find that they have compact
resolvent, thus obtaining a result similar to that of D’Andrea and Dabrowski.
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1. Introduction

The aim of this paper is to provide a detailed study of a class of Dolbeault—
Dirac operators on quantized symmetric spaces introduced in [KrTul5]. We will
consider the case of quantum projective spaces and give a detailed computation
of the square of these operators. The main result is that they can be expressed
essentially in terms of certain central elements, which in the classical limit reduce
to the usual quadratic Casimirs. This can be seen as a quantum analogue of
the classical Parthasarathy formula [Par72]. As a corollary of this formula, we
easily obtain a result similar to the one appearing in [DADal0], namely that these
operators have compact resolvent when acting on the appropriate Hilbert spaces.

First we give a brief survey of some of the relevant literature. Important re-
sults on quantized irreducible generalized flag manifolds, of which projective spaces
are examples, were obtained by Heckenberger and Kolb in [HeKo04, HeKo06]: they
show that these spaces admit a canonical g-analogue of the de Rham complex,
with the homogenous components having the same dimensions as in the classi-
cal case. The first-order differential calculi coming from this construction can
be implemented by commutators with Dirac operators, in the sense of spectral
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triples, as shown by Krdhmer in [Kr04]. However, due to the implicit nature of
this construction, he could not prove that these operators have compact resolvent
in general. Recall that this is an important requirement for a spectral triple. This
difficulty motivated the subsequent construction of Krahmer and Tucker-Simmons
in [KrTulb]: they connect this approach with the theory of the braided symmetric
and exterior algebras of Berenstein and Zwicknagl [BeZw08], as a first step towards
proving a quantum analogue of the Parthasarathy formula. For the case of quan-
tum projective spaces, Dirac operators defining spectral triples were introduced by
D’Andrea and Dabrowski in [DADal0], generalizing previous results for the Podle
sphere [DSi03, ScWa04] and for the quantum projective plane [DDLO0S].

In this paper we therefore revisit the construction of [DADal0], connecting
it with the general framework developed in [KrTulb]. There are important dif-
ferences, however. First of all we avoid some seemingly ad-hoc choices made in
[DADal0], by working within a general scheme. Secondly, and most importantly,
our results are more general. This is because of the algebraic setting we adopt,
which defines the Dolbeault-Dirac operator D as an element of U,(g) ® Cl,. Since
the operator does not act on a Hilbert space from the outset, the cancellations in
the computation of D? take place at this more abstract level.

To obtain these results, it will be necessary to make some minor modifi-
cations to the setup of [KrTulb]. This is because of some normalizations which
are fixed in the cited paper, which create certain issues even in the classical limit.
Throughout this paper we will work in full generality in this respect. As we will see
at the end, certain choices will be singled out by the requirement that D? should
take a simple form, as in the classical case.

The structure of the paper is as follows. In Section 2 we fix our notations
and conventions. In Section 3 we review the classical picture of Dolbeault—Dirac
operators and the computation of their squares. In Section 4 we introduce the
relevant quantum symmetric and exterior algebras. In Section 5 we discuss the
choices for the dual pairings and Hermitian inner products. In Section 6 we
introduce the quantum Clifford algebra and give commutation relations for its
generators. In Section 7 we describe the quantum root vectors corresponding to
the radical roots, together with their commutation relations. In Section 8 we prove
our main result on the squares of Dolbeault—Dirac operators on quantum projective
spaces. Finally in Appendix A we give some results related to the central elements
appearing in the computation.

2. Notations and conventions

In this section we fix most of our notations and conventions and briefly review some
facts about simple Lie algebras, parabolic subalgebras and quantized enveloping
algebras.

2.1. Parabolic subalgebras. Let g be a finite-dimensional complex simple Lie
algebra with a fixed Cartan subalgebra . We denote by A(g) the root system,
by A*(g) a choice of positive roots and by II = {«ay, -+, a,} the simple roots.
Denote by (-,-) the symmetric bilinear form on h* induced by the Killing form.
In the simply-laced case we have (a;, ;) = a;;, where a;; are the entries of the
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Cartan matrix, and moreover a;; € {—1,0} for i # j.
For parabolic subalgebras we will follow the presentation given in [KrTul5,
Section 2.2]. Let S C II be a subset of the simple roots. Then we set

A(l) = span(S) N A(g),  A(uy) = AT(g)\AT(D).

In terms of these roots we define

[:h@@gaa Uy = @ I+a; p:[@u+'
)

acA(l a€A(ug)

It follows from the definitions that [ and u. are Lie subalgebras of g. We call p
the standard parabolic subalgebra associated to S (we will omit the dependence on
S in the following). The subalgebra [ is reductive and is called the Levi factor of
p, while u, is a nilpotent ideal of p called the nilradical. We refer to the roots of
A(uy) as the radical roots.

We will consider cominuscule parabolics: these have the property that all
radical roots contain a certain simple root «; with multiplicity 1. For these
parabolic subalgebras we have the commutation relations [u,,u_] C [. This follows
from the general commutation relations [E,, Es] = ¢ 3FEa+p, together with the
fact that a; appears with multiplicity 1.

The adjoint action of p on g descends to an action on g/p. The decompo-
sition g =u_ @ p gives g/p 2 u_ as [-modules. With respect to the Killing form
of g both uy and u_ are isotropic and we have [ = ut, where u = u; @ u_. The
pairing u_ ® u, — C coming from the Killing form is non-degenerate, so that u_
and u, are dual as [-modules.

2.2. Quantized enveloping algebras. We use [KISc| as general reference for
this part, even though we keep the conventions of [KrTul5], which use the opposite
coproduct. The quantized universal enveloping algebra U,(g), for ¢ € C, is
generated by the elements E;, F;, K;, Ki’1 with 1 <7 < r and r the rank of
g, satisfying certain relations given below. We will only consider the simply-laced
case, where the relations take a simpler form. These are

KiKiil = K{lKi - 1, KlKj - K]KZ,
KEK; " = ¢ Ej, KiK' =q;""F,
K;— Kt

E;F; — F,E; = 6, -
J J J ¢ — C]@ 1

Y

plus the quantum analogue of the Serre relations
EiEj — E]EZ = 0, aij = 0, EEEJ — (q + qil)ElEJEZ + EJEZZ = 0, aij = —1,
FF;—FiF;=0, a; =0, F'Fj—(q+q "FiF;F,+ F;F} =0, a;; = —1.
It admits a Hopf algebra structure given by

AK)=K®K;, AE)=E®Ql+K®FE, AF)=FQK '+10kF,
S(K)=K;', S(E)=—K;'E;, S(F)=-FK; ¢K;)=1, e(E)=¢(F)=0.
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For ¢ € R the compact real form is defined by
K=K, E=KF, F'=EK"

We will also use the g-numbers, which are defined by [z] = (¢° — ¢ *)/(q — q7)
for x € R, and their factorials, which are defined by [n]! = [n][n — 1]---[1] for
n € N.

The finite-dimensional irreducible (Type 1) representations of U,(g) are
labelled by their highest weights A as in the classical case. We denote these
modules by V(A). For ¢ € R there is a Hermitian inner product (-,-) on V(A),
unique up to a positive scalar factor, which is compatible with the compact real
form in the sense that

(av,w) = (v,a*w), v,w e V(A), a e U,g).

We also need the braiding on the category of Type I representations. Given two
U,(g)-modules V' and W of this type, the braiding is defined by Ry,w = 70 Ryw .
Here 7 denotes the flip and Ry is the specialization of the universal R-matrix
to the modules V' and W.

Finally we will need the definition of the quantized Levi factor U,(l). Recall
that corresponding to the choice of a subset of simple roots S C II we have the
Levi factor [, a subalgebra of g. Then the quantized enveloping algebra of the
Levi factor is defined as

U,(I) = {subalgebra of U,(g) generated by K:** and E;, F; with j € S}.

This definition of the quantized Levi factor is given in [StDi99, Section 4].

3. The classical picture

In this section we briefly review the classical picture of the Dolbeault—Dirac oper-
ator. We will also outline the computation of its square, obtaining in this way a
rough version of the general Parthasarathy formula [Par72]. The main point here
is to stress the crucial steps in the derivation. This will provide some important
guidance for the quantum case.

3.1. Dolbeault—Dirac operator. A pair (g,p), where g is a complex semisim-
ple Lie algebra and p is a parabolic Lie subalgebra, provides an infinitesimal
description of the complex manifold G/P. Here G is the (connected, simply-
connected) Lie group with Lie algebra g and P is the subgroup corresponding
to p. These spaces are referred to as generalized flag manifolds and include the
family of projective spaces. Being complex manifolds, we have the corresponding
Dolbeault operators acting on complex differential forms.

Here we will consider the classical analogue of the operator d introduced in
[KrTulb]. Note that its definition makes use of the parabolic subalgebra q = [Gu_,
instead of the standard one p. The corresponding manifolds G/Q and G/P are
diffeomorphic as real manifolds, but the induced complex structures are inverse
to each other. The upshot is that in this case the holomorphic tangent space can
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be identified with u, as an [-module. For more details on the classical geometric
picture we refer to [KrTul5, Section 7].
Classically 0 coincides with the adjoint of the Dolbeault operator

0 : QOF — QO acting on anti-holomorphic forms. The adjoint is taken
with respect to an invariant Hermitian inner product. After making the relevant
identifications, we can consider 0 as an element of U(g) @ Cl. Here U(g) is the
enveloping algebra of g and Cl is the (complex) Clifford algebra of u, @u_, which
naturally acts on the exterior algebra A(u,). Note that we consider u_ as dual to
u, and hence the symmetric bilinear form is the dual pairing. Explicitely

0= ) E,®i.

§i€A(uq)

Here {E¢,} are the root vectors corresponding to the radical roots {¢;}, while i;
denotes interior multiplication with respect to the basis of u_ dual to the root
vectors.

The Dolbeault—Dirac operator is then defined as

D=08+8" € U(g) ®CL

Here * denotes the adjoint, which algebraically is implemented as a *-structure on
U(g) ® Cl. More explicitely, on the U(g) factor it corresponds to the *-structure
induced by the compact real form of g, while on Cl it is induced by the choice of a
Hermitian inner product on A(uy). It can be seen that D acts, up to a scalar, as
the Dolbeault-Dirac operator on G/Q formed with respect to the canonical spin®
structure, see [Fri, Section 3.4].

3.2. Computation of D?. We will now discuss a simple way to compute the
square of D on an irreducible generalized flag manifold G/P (strictly speaking
G/Q, in our conventions). To make our life easier, we choose the root vectors in
such a way that B(E,, F¢,) = 1 with respect to the Killing form. Moreover we can
choose an orthonormal basis of uy in such a way that the adjoint of i;, with respect
to the Hermitian inner product on A(uy ), is given by exterior multiplication, which
we denote by ¢;. In this way we have

D= ZE&- ®iz‘+Zng ® ¢;.
We have 02 = 0, as a consequence of 92 = 0. Then we obtain
D* =" EeFy ®ie;+ Y FeFe, @ i,
i Iy

For any elements A, B € g, we will use the notation A ~ B if A = B + C' with
C € [. Recall that we have the commutation relation [uy,u_] C [. Therefore
[Ee,, Fe,] € [ and so we can write I, B, ~ E¢ Fe,. Therefore after relabeling we
get

D2 ~ Z E&.ng X (iiej + jSl').
.3
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Write D? = D% + D? depending on whether ¢ = j or i # j. We have i;¢; + ¢;i; =
0; jid, since we are using dual bases. Using these relations we immediately conclude
that

D}~ EF,®1, D~0.

Since we chose B(Eg,, F¢,) = 1, we have that C' ~ ). E¢ Fy,, where C is the
quadratic Casimir of g. Therefore we conclude that D? ~ C' ® 1. Note that this
result holds algebraically for D = 0 + 0* € U(g) ® Cl, without making reference
to its action on the spinor bundle.

3.3. Projective spaces. Projective spaces provide a class of examples of gen-
eralized flag manifolds. Since they will be our main concern in this paper, we fix
here our conventions for them. In the case of the N-dimensional projective space
our setting is the following. We consider the simple Lie algebra g = sly,; and
remove the simple root ay, so that S = IT\{ax}. Then the Levi factor is [ = gl
with the semisimple part being € = sly. The nilradical u, can be identified with
the fundamental representation of sly as an [-module.

Remark 3.1.  Another possible choice is to remove the simple root a;. These
two choices are related by a Dynkin diagram automorphism, so that they basically
amount to the same thing. There is a corresponding Hopf algebra automorphim
also in the quantum setting. Therefore in the following we will only consider the
case where we remove the simple root ay .

4. Symmetric and exterior algebras

We start by defining the quantum symmetric algebra of u,, following [BeZw08],
as

Su(uy) = Tuy)/(ker (0, . +id)).

Here T'(u) is the tensor algebra and oy, ,, is the commutor coming from the
coboundary stucture, see [KrTul5]. We do not need the precise definition of this
structure, since concretely ker(oy, ., + id) is the span of the eigenspaces of the

braiding ﬁu L, With negative eigenvalues. Similarly we define the the quantum
exterior algebra of uy as

Agluy) = T(u,)/(ker(0, , —id).

Here ker(oy, ,, —id) coincides with the span of the eigenspaces of the braiding

R, ., with positive eigenvalues. In this section we will find explicit relations for
these algebras.

4.1. The R-matrix. We will consider the case of the fundamental representa-
tion of U,(sly). The corresponding R-matrix (up to rescaling) is given in [KlSc,
Section 8.4.2] as

N
=1

] i>j
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Here E;; is the matrix which is equal to 1 in the (4, j)-position and 0 otherwise.
This is with respect to a weight basis {e;}Y,, where e; is the highest weight
vector. The braiding is given by R=r1o R, where 7 is the flip. It follows that for
R we have

]/%(ei ® e;) = qe; Q e;, ﬁ(ei ®e;) =e; e, 1> 7,

Rle;@ej)=e;@ei+(q—q e ®ej, i<

Using these formulae we can easily compute its eigenvectors and eigenvalues.

Lemma 4.1.  The operator R has the eigenvectors
{ei X ei}ij\;l and {61' X €; + q_lej & ei}z’<j

with eigenvalues q and {e; ® e; — qe; ® e;}ic; with eigenvalues —q ™.

Proof. Clearly e;®e; is an eigenvector with eigenvalue ¢. For ¢ < j we compute

E(ei ®e; + q’lej ®e)=e¢€; Qe+ (q— q’l)ei Rej;+ ¢ e ® e;
= q(ei X €; + q_lej & 6i).

Therefore e; @ e; + ¢ 'e; @ e; has eigenvalue ¢. Similarly for ¢ < j we compute

R(e; Rej—qej@e)=¢e; Qe+ (¢—q e ®ej — qe; ® e
= — 71(61‘ X €j — qej & ei).

Therefore e; ® e; — ge; ® e; has eigenvalue —q L. u

Remark 4.2. Rescaling the weight basis {e;}~, does not change the form
of the eigenvectors and the eigenvalues. As a consequence, the relations for the
symmetric and exterior algebras will not depend on this rescaling. This can be
seen explicitely below.

4.2. The algebras. We identify u, with the fundamental representation of
Uy(sly). We write AJuy = ker(oy, , +id) and Stuy = ker(oy, ,, —id), since they
can be identified with the antisymmetric and symmetric 2-tensors, respectively.
Using Lemma 4.1 we have
A3u+ = span{e; ®e; —ge; @e;: 1 <i < j< N},
S?uy = span{e; ® e}, Uspan{e;®ej +q lej®e;: 1 <i<j< N}

From these we obtain the relations for the symmetric and exterior algebras. We
denote the product in the former by juxtaposition and in the latter by A, as usual.

Proposition 4.3.  The generators of the algebras S,(uy) and Ay (uy) satisfy
the relations

€;6; = qeje;, 1 <],

e; N e; :0, ei/\ej = —qilej/\ei, 1 <j.
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Proof.  The two algebras are defined by Sg(uy) = T'(uy)/(Ajuy) and Ag(uy) =
T(uy)/(Szuy). Then the relations follow from the explicit characterization of the
two subspaces. [ ]

Recall that, given a quadratic algebra A = T'(V)/(R) with relations R C
V ® V', the quadratic dual algebra A' is defined by A' = T(V*)/{R°), where
R° C V*® V™ is defined by

R ={peV*@V*:{(p, R) =0},

where (-,-) is the pairing between V and V*.

The modules uy and u_ are dual. We denote the dual basis of u_ by
{fi}¥,. Tt follows from general arguments that A,(u_) is the quadratic dual of
Sq(uy), see [BeZw08, Proposition 2.11]. Then using the previous result we can
obtain the relations for A,(u_).

Proposition 4.4.  The exterior algebra A (u_) satisfies the relations
finfi=0, finfi=—afj Nfi <]

Proof.  The space of relations of Sg(uy) is A2u; = {e;®e; —qe; ®e; }ic;. Recall
the definition of the pairing (xr @z’ y®7vy') = (2/,y){x,y’). Then for i < j we have

(fa® fo,ei @€ —qe; @ e;) = (fo,€i)(far€5) — @ fos ;) (far €i) = Oiv0ja — q6jp05a-

First of all observe that if a = b then this is zero, since ¢ < j. Therefore
fi ® fi € (A2uy)°, which gives the relation f; A f; = 0. Then we have

(fiofei®ej—qe;®e)=—q, (fi® fi,e;®e; —qe; @e;) = 1.
Therefore we have f; ® f; +qf; ® fi € (A§u+)°, since
(iofi+qfi® fi,ei®@e; —qe; ®e;) = —q+q=0.

This gives the relation f; A f; = —qf; N fi for i < j. u

5. Pairings and inner products

In this section we will discuss how to extend the pairing of u_ and u, to a pairing
of the corresponding exterior algebras. Similarly we will extend the unique (up to
a constant) invariant Hermitian inner product on 1, to the whole exterior algebra.
We will follow the approach of [KrTul5], with certain minor modifications. In their
treatment, a normalization in each degree is fixed from the outset, see for example
[KrTul5, Proposition 3.6]. This leads to some small issues in the classical limit.
Instead we will consider general rescalings in each degree, parametrized by certain
numbers {\, 1, and {\,}&_,. This general setting will turn out to be crucial for
the computation of the square of the Dolbeault—Dirac operator.

5.1. Extension of the pairing. In the classical case, given a dual pairing
(-,) : V*®V — C of vector spaces, its standard extension to the corresponding
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exterior algebras (-,-) : A¥(V*) ® A*(V) — C is obtained via the determinant.
Concretely we have

(Yo N ANy, A -+ A ) = det((yi, z5)).
Taking dual bases {e;}; and {f;}; of V and V*, that is (f;,e;) = d;;, we see that
<fk/\"'/\f17€1/\"'/\ek> =1.

This pairing has the property that (yAz, z) = (y,d,(z)), where ¢, denotes interior
multiplication by z. It is given explicitely by te formula

k
O (ry AN ANay) = Z(—l)j_1<z,:1cj>x1 N NTjA - N T,

j=1

where the hat denotes omission as usual. This property is important in order to
construct a representation of the Clifford algebra CI(V & V*) on A*(V).

A pairing of exterior algebras can also be obtained by restriction of a pairing
of tensor algebras, since exterior algebras are quotients of tensor algebras. This
is the strategy adopted in [KrTul5, Section 3]. Let (-,-) : u_ ® uy — C denote
the dual pairing. It can be extended to a pairing of tensor algebras, denoted by
(-, )7 u®F @uP* — C, by defining

(e @ @y, 11 @ - @ xp)r = (Y1, 71) * * (Yk> Th)-

It is clearly non-degenerate. Here the subscript 7' is to stress that it is a pairing
of tensor algebras. Notice also the reverse order of the elements in the first slot.

Notation 5.1.  Keeping with the notation of [KrTulb], we denote by Afuy
the antisymmetric k-tensors and by A'; (ux) the elements of degree k inside the
exterior algebra A, (uy).

Remark 5.2. It is crucial to keep in mind the distinction between A’;ui and
Al(uy), despite the similar notations. The former are submodules of the tensor
algebra T'(uy), while the latter are quotients. They can be identified, as we will
see below.

For each degree k we have the maps 7§ : Afuy — A%(uy) obtained by
composition of the inclusions Afus — u$® with the quotients u$F — Al(uy).
They are shown to be isomorphisms in [ChTS14, Proposition 3.2]. Then we define

a pairing (-, -)a : AF(u_) ® AF(uy) = C by

(. o) = {(75) 7 (y), (75) 7 (@)1

Here the subscript A is to stress that it is a pairing of exterior algebras. It is non-
degenerate, as shown in [KrTulb, Proposition 3.6]. Notice that we are free to make
a rescaling in each degree by a constant, without changing the main properties of
the pairing.
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We point out that in the classical case the pairing (-, )5, as defined above,
does not coincide with the pairing (-, -), previously introduced via the determinant.
To see this in a simple example, consider e;®e;—e;®e; € A*uy for i < j. Applying

2
T, we get

Ti(ei®e; —e;®e) =e Nej—ej Ae; = 2e; Aej.

Thus we find that (72)7'(e; Aej) = 3(e; @ ¢; — €; ® e;). Repeating the same
argument for u_ we get (72)7'(f; A fi) = 2(f; ® fi — fi ® f;), where again {f;} is
the basis dual to {e;}. Now we can easily compute the pairing (f; A fi,e; Aej)a.
It is given by

1 1

(fiNfirei Nej)n = Z(fj Rfi—fi®fiei®e;—e;®e)r = 3

But this does not coincide with (f; A fi,e; A ej) = 1. The situation is similar
for higher degrees, with a mismatch given by k! in degree k. A simple fix for
this issue is to rescale ((7%)7'(y), (7%)~'(z))7 in each degree by the appropriate

normalization.

5.2. Computation of the pairing. In this subsection we compute the pairing
of the exterior algebras Af(uy) and Af(u_) for all degrees. First we introduce
some handy notation.

Notation 5.3.  Write i = (i1, , i), with 4; < -+- < i;. Then we define the
elements e; = e; A--- Ae;, € Af(uy) and fi = fi, Ao A fi; € Ai(ul).

It is easy to see, using the relations for the exterior algebras obtained before,
that {e;}; and {f;}; form bases for their respective algebras. Notice also the reverse
order in f;.

Definition 5.4. We define quantum analogs of the antisymmetrization maps
by
Ale) = > Ayler) = > (=) leyi) @ - ® ey
PESk PESK

An analogous definition is given for the antisymmetrization of the elements {f;},.

Indeed, as we will show in the next lemma, they are antisymmetric tensors.
Moreover they essentially lift the bases {e;} and {f;} to their respective tensor
algebras.

Lemma 5.5.  We have A(e;) € Afuy and A(f;) € Abu_. Moreover

i (Aler) = ¢" VP, wE(A(f) = ¢ FTVPRL
Proof. Recall that the antisymmetric tensors are defined by Aku,= ﬂf;ll ker(o;+id),
where ¢; is the commutor acting on the factors j and j+1, see [Kr'Tul5, Definition
3.5]. Fix j <k —1. Then for any p € Sy there is a unique permutation p’ € Sy
such that p'(i;) = p(ij41) and p'(i;41) = p(i;), with all other elements fixed. We
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have [Pl = llpll + 1 if p(i;) < p(ij1) and [Pl = llpll = 1 if p(i;) > p(ij11).
Consider the first case. We compute A,(e;) + A, (e;)

= (—)Pleyy @ -+ ® epii;) @ ep(iy ) © -+ ® €y

+

(=) epi) ® -+ ® epiy) ® epriyn) ® -+ ® e

= (=0)Mepin) ® - @ (eptiy) ® Eniyin) = Gptis01) ® €ptiy) B+ B €piiy).
Observe that the element e,(;,) ® ep(i;,,) — q€p(i; 1) @ €p(i;) belongs to A§u+, since
p(i;) < p(ij+1). The other case is similarly verified. Since this holds for any p € Sy

and we are summing over all permutations, we conclude that A(e;) € Agu+.
Similarly we consider the case A(f;). Its summands are of the form

A(f) = (=) frin) @ @ fopin)-

We can repeat the argument used for A(e;). Consider the unique permutation
p’ € Sk which swaps p(i;) and p(i;_1). Then we have

12"l = llpll + 1 if p(i;) > p(ij—1) and [|p'|| = |lpll — 1 if p(z;) < p(ij-1).
This is because the order defining f; is the opposite of the order defining e;. Let
us consider the first case. Summing the relevant terms we get A,(f;) + Ay (fi)

= ()" o) & ® Fiotip) ® Soti,o) ® @ Sy

+ (=) "V i) ® - ® fir(i) ® Syt ® 7 ® Sy

= ()" o) ® - ® (Fotiy) © Fotis 1) = Wfotis—1) @ fos) ® -+ ® foany:
Since p(i;) > p(ij—1), the element foi) ® fou; 1) — @fpa;_1) @ fpi;) belongs to

AZu_. The other case is similar. Therefore we conclude that A(f;) € Afu_.
Next we compute the elements 7% (A(e;)). By definition we have

T (Ae) = D (=) "lepiy A Ay,

PESk

We have the relation e, A e, = —qep A e, for a > b. Therefore we can rewrite
every element e,y A+ Aepi,) as e; A---Ae;, , up to some constant. Recall that
the length ||p|| coincides with the number of inversions. Hence upon reordering
the element e,y A - -+ A €y,) we pick up a factor (—q)IPl. We are left with the
expression

W-Ii(A(ez)) = Z q2llpH€i1 N Neg,.

PESk

The above sum is well known and the result is
™ (A(e;)) = ¢V 2[k]les, Ao Mgy,
The case of 7% (A(f;)) is completely analogous and therefore omitted. n

We are now in the position to compute the pairings of {e;}; with {f;}..

Proposition 5.6.  Let f; € Af(u_) and e; € A(uy). Then we have (f;, e;) =0
for i # j, while (fi,ei) = g FE=V2 K] for i = J-
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Proof. Recall that the pairing is defined by

(fiesy = (@)1 (fo), (7h) 7 ey))-
From the previous lemma we have

—k(k—1)/2

ky\—1 _4q ky—1 _4q
(m2)7(fi) = TA(M (%) (€1> = T i/

Plugging in these expressions and using the definition of the antisymmetrizers we
find

g~k =) /
(fisej) = W Z (—q)lPI+lP ”(fp(ik-) ® @ folia), € () @ -+ @ Ep(ip))-

p,p' €Sk

Using the definition of the pairing (-, -) : u®* @ u$¥ — C we get

(Fo(in) @ @ fpin)s e i) @+ ® e (in)) = {Fptin)s €)=~ (Fntin)» € Gir) ) -

Recall that (f;,e;) = d;;, since they are dual bases. Therefore it is clear that the
pairing is zero unless ¢ = j. Let us consider this case. The only non-zero terms
in the sums are those for which we have p = p’, by the same argument. Hence we
get

(o) @ -+ © fotinys pin) © -+ @ €payy) = 1.

Therefore we obtain the expression

—k(k—1) —k(k—1)/2
o) =1 oAl =4
<f£7 61> - [k]|2 Z q - U{?]‘ ’
PESK
where we have used again the sum Y ¢ ¢?IPl = ¢*+=D72[E]1. n

5.3. General pairings and inner products. By the results of the previous
subsection, it follows that we can rescale the pairing (-,-) in each degree in such
a way that {e;}; and {f;}; are dual bases, similarly to the classical case. More
generally we can rescale by any non-zero complex number. We introduce some
special notation to deal with this case.

Notation 5.7.  We denote by (-,-); : Af(u_) ® A¥(uy) — C the pairing
(foee =1, (fi,e)r =0, i #j.
More generally let {\;}4_, be some non-zero complex numbers. Then we set
(fireibar =M, (fiejhax =0, i j.

Remark 5.8.  The definition of the Dolbeault-Dirac operator in [KrTul5] uses
a dual pairing between u_ and u,, so that in principle we should set A\; = 1.
However it is immediate to see that for A\ # 1 we only get an overall constant,
which we can always consider.
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Later on we will also need to introduce an Hermitian inner product
(-,-) - Af(uy) ® Af(uy) — C. This can be first defined on u; and then extended
to the exterior algebra, as discussed previously. For our applications we should
require the property

(x,apz)=(a">x,2), x,2€ A’;(u+), a € U,(l).

Here > denotes the action of U,([) on the module u, (and its extension to the
exterior algebra), while * is the involution of U,(g) coming from the compact real
form.

Lemma 5.9.  We can choose (-,-) : up @ uy — C such that (e;, e;) = d;;.

Proof. Since Kj = K, we must have (e;, Kj >e;) = (K >e;,e;) for all 4,5, k.
Using the fact that {e;} is a weight basis we have Kj > e; = ¢(@%e;, where
B; denotes the weight of e;. Plugging this into the previous relation we get
q @B (e;,e;) = P (e;,e;). Since the weights are distinct, this implies that
(ei,ej) =0 for i # j. Finally we can always rescale the weight basis, as in Remark
4.2, to set (e;,e;) =1 for all 7. [

The extension of this Hermitian inner product to the exterior algebra pro-
ceeds exactly as for the dual pairing. As in that case, we introduce some notation.

Notation 5.10. We denote by (-,-) : Al(uy) ® Af(uy) — C the Hermitian
product such that

(ei,e)k =1, (eej)r =0, i#].

More generally let {\,}&_, be some non-zero positive numbers. Then we set
(€ e)wp =Ny (e ej)vp =0, i #j.

Remark 5.11. It can be seen that Af(uy) are irreducible U(sly)-modules, so
that the choice of the pairing (-,-) and of the Hermitian inner product (-,-) in each
degree is unique up to a constant. Therefore the numbers {\;}&_, and {\, }_,
parametrize all such choices.

In the following we will refer to the special choices (-,-)r and (-,-); as
the normalized pairings and the inner products respectively. These will make
certain computations easier. On the other hand, the introduction of the rescalings
L, and {\,}, will play a crucial role in the computation of the square of
the Dolbeault-Dirac operator.

6. The quantum Clifford algebra

In this section we will consider the quantum Clifford algebra with u, being the
fundamental representation of sly, following the general setting of [KrTulb]. We
will obtain commutation relations for the generators. These relations will depend
on the choice of the pairings and the inner products, as introduced in the previous
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section. At first we will perform the computations in the normalized case. The
general case will then be obtained by rescaling.

6.1. Definitions. According to [KrTul5, Definition 5.2] the quantum Clifford
algebra can be defined as End(A,(u)) together with a certain factorization given
by two maps v, and v_. The map 7, is simply left multiplication of the algebra
Ay(uy) on itself, that is

Yi(x)z =Nz, x,2z¢€ N(uy).

The other map v_ is defined as follows. With (-,-) denoting the pairing between
Ay(u_) and Ay (uy), the action y_ of Ay(u_) on A,(uy) is given by

(w,-(y)x) =(wAy,x), yweAu), zeA(ug).

It can be proven that the map Aj(u_)® A, (uy) — End(A,(uy)) given by y @z —
v—(y)v+(x) is an isomorphism of U,(l)-modules, see [KrTulb, Theorem 5.1].

6.2. The operator 7_. For the rest of this section we fix the pairing (-, )
defined in Notation 5.7, since the relevant computations are easier in this case.
Later on we will obtain the relations for the general case by simple rescalings.
We start by computing the explicit action of v_(f,) on the basis elements {e;};
defined previously.

Lemma 6.1.  Let e; € A¥(uy). Then we have

k

V- (fa)es = Z Oasir (_Q)T_lez'\ir-

r=1
Proof. Let f; € A’;’l(u_). By definition of v_ we have

(fis7=(fa)ek—1 = (fj A fas €k

First consider the case a Mi = (). Using the definition of the pairing we find
(fj N fa,€i) = 0, since e; does not contain the element e,. On the other hand
consider a N # (), that is @ = i, for some r. Then the pairing is non-zero if
j = i\i,. Therefore we can write

k
(Fisv=(fa)eds =) airSjini, (firie A far €0k

Recall that the multi-indices ¢ are ordered, so that 7. < ¢, for ¢ < r. From

Proposition 4.4 we have the relations f, A f, = —qfy N\ fo for a < b. Then we
compute

(fivis A fareidi = (fag Ao A fin Ao A fi A fireidi
- (_Q)r_1<fik JANREIVAN fir VANRERIVAN fila 6§>k
(—a)" " (fiseahr = (—q)" .
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From this we conclude that
k
(fisv-(fa)ein = Z5a,ir5g,z\ir(—qy_l~
r=1

Finally expanding in terms of the the dual bases we find the expression

k

Y- (fa)ei = Z <f17 Vf(fa)eﬁkel = Z 6a,ir<_qy71€1\ir- u

J1<<Jk r=1

Remark 6.2. For ¢ =1 we recover the classical expression

k

V- (fa)ei = Z(_l)P%fa, ei)eiy N N Ao Ney,

r=1

keeping in mind that for the dual pairing we have (fa,e;.) = 04, -

6.3. The adjoint of ~_. In the following we will need commutation relations
between the elements v_(-) and their adjoints. Similarly to the previous subsec-
tion, we fix the Hermitian inner product (-, ), defined in Notation 5.10 to simplify
the computations. Recall that with this choice {e;}; is an orthonormal basis. The
adjoint of v_(f,) is defined as usual by

(7*(fa)*xvz)k+1 = (xvf)/*(fa)Z)k? x € AI;(qu)u z e A§+1(u+)'

In the next lemma we show that, for this particular choice, we have vy_(f,)* =
v+ (eq). This will no longer be the case when we will move to the more general
situation.

Lemma 6.3.  We have the equality v_(f.)* = v+ (ea) -

Proof. Take ¢; € AF(uy) and e; € AF'(u ). Since the basis is orthonormal
we have

(e = Y (-(fa) e €)kne.

J1<<Jg+1

Using the explicit action of v_(f,) we have

k+1

(e v=(fa)es)e = > _ bayo (=) " (es, €0, )i
r=1

The inner product (e;,ej\;, )k is non-zero for ¢ = j\j.. Notice that this implies
that ¢ does not contain a. Then for iNa # () we get_ v-(fa)*e; = 0. Consider then
iNa=1(. In this case we can rewrite the condition i = j\j, as j =iUj, =iUa.
Then we obtain the expression - -

(’7— (fa)*eg; 61)k+1 = 51,1‘Ua(—q)r_1.
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Plugging back in we get the result
v (fei= D (=) le = (—0) e

J1<<Jk+1

On the other hand consider vy (e,)e; = e, Ae;. For iNa # () this is clearly
zero. For i Na = () instead there exists an index 7 such that

N< <t <a<i, <- - <l
From Proposition 4.3 we have e, Ae, = —g ley Ae, for a < b. Then we can rewrite
Yile)e; =ea Ney N Nej Nei, N+ Ney,
=(—q¢) ey, A Aei Nea Neiy o Ney, = (=) e

Comparing the two expressions we see that v_(fa.)* = 74 (€q)- n

6.4. Commutation relations. In this subsection we will obtain commutation
relations for the operators v_(f;) and ~v_(f;)*. We adopt the following notations.

Notation 6.4. We write i, = v_(f;) and ¢; = ~_(f;)*, where the letters
are chosen to remind the reader that they correspond to interior and exterior
multiplication, respectively.

We start with the easier case, that is ¢ # 7.
Proposition 6.5.  For i # j we have ¢i; = —q 'ije;.

Proof.  First we act with ¢;i; on a basis vector e;. Suppose that (k\j)Ni=10
and kN j # 0, since otherwise the result is zero. Let r be the position of ¢ inside
(k\j) Ui and s be the position of j inside k. Using Lemma 6.1 and Lemma 6.3
we compute

eijer = (—q)" eieny = (=) (=) emyui
Similarly we act with ije; on ej. In this case let " be the position of i inside kU3
and s’ be the position of j inside & U¢. Then we have

ieier = (—q)" Myenn = (—0)" (=) equin-

Since i # j we clearly have (k\j) Ui = (kUi)\j. Therefore
%ij@& = (—q)’"*rl(—q)sfslijeieb
Now suppose i < j. Then the positions of i inside (k\j) Ui and kU1

coincide, that is ¥ = r. On the other hand the position of j inside kU7 is shifted
by one with respect to its position inside k, that is s = s+ 1. In this case we
have

eiijeﬁ = —q_lijeieﬁ, 7 < j
Similarly consider ¢ > j. Then the position of i inside (k\j) U is smaller than
that inside kU4, that is " = r+ 1. On the other hand we have s’ = s. Then also
in this case we get

eiijeE = —q_lijeie@ 1> 7. u
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The most interesting relations are obtained in the case ¢ = j. These are
significantly more complicated than the case i # j. It is fortunate that also in
this case we obtain quadratic-constant relations, since there is no a priori reason
why this should be the case.

Proposition 6.6.  For i < N we have
i —alg—q” Zejt +ie; = id.

Proof. Denote the above expression by S;. We start with ¢ = 1, in which case
we have S = eji; +i1¢;. We act on the basis vectors ey, where k = (ky,--- , ky).
Consider the case kN1 # (), so that e;ep, = 0. We must have k; = 1, since k is
ordered. Then we get

5’1% = 21i16E = elek\l = €.

Similarly consider the case kN1 =0, so that i;e, = 0. Then we have
516E = ilel% = i16EU1 = €.

We proceed by induction over i. Observe that by splitting the sum inside
S; (and by summing and subtracting the term i;_1¢; ;) we can write

Si=¢1ii-1 —qlg—q” Zeylg‘i‘lz 161
— %o qiig — o161 + e + ey
The first line coincides with S;_1, so that we have the identity
S = Sic1 — q2€i—1ii—1 — 181 + ey + e
By the induction hypothesis we get
Siex = (1 — GPeiqii_1 — ti_1ei_q1 + eii; + i;e;)ex

As for the case ¢ = 1 we distinguish between kN7 # () and kN¢ = (). First
consider the case kNi # () and denote by 7 the position of 7 inside k. Then using
the explicit expressions for ¢; and i; we find ¢;i;e;, = (—q)“leiek\i = qQ(’“*l)% and
i;¢;e, = 0. Therefore

Sier = (1 — ¢®e; 111 — 181 + QQ(T_I))%

Suppose that kN (i—1) # (. Then the position of i—1 inside k is necessarily r—1,
since k is ordered. Repeating the argument above we get ¢;_1i;_1e, = ¢*" ey
and i;,_1¢,_1e; = 0. Plugging these expressions in we find

Sier = (1= ¢ + 2" Ve = ey
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Conversely consider the case kN (i — 1) = . Then the position of ¢ — 1 in-
side kU (i — 1) is necessarily . Then we get ¢;_1i,_1e, = 0 and i;,_1¢;_1¢; =
(—q¢)" Hi—tepui-1) = ¢*"Vey. Plugging these expressions in we find

Sier, = (1 — @770 4 P2 De, = ¢y

The second case jNi = () is similar. This becomes clear if we denote again
by 7 the position of ¢ inside j U4. With this notation we have again

Sier = (1 — ¢%¢;—1ii1 — i1 + @27 D)ey.

If kN (i—1)# 0 then the position of ¢ — 1 inside k is r — 1, since it is the same
as the position of ¢ — 1 inside k Ui. On the other hand if kN (i — 1) = 0 then
the position of ¢ — 1 inside kU (i — 1) is 7. Therefore by the computations of the
previous case we get that S;e, = ey. |

6.5. General relations. We will now illustrate how to obtain the commutation
relations for the general pairings and inner products introduced in Notation 5.7
and Notation 5.10. Following the general theory, the operator v; = v_(f;) and its
adjoint are defined by

(W, vit)xk—1 = (WA fi,®)xp, (% 2,2) 31 = (2,%2) v ks

The next lemma tells us how these operators are related to i; and e;.

Lemma 6.7.  Acting on elements of degree k, we have the identities
Mer1 N
N = k1 )\/k ;.
Ak k41

Proof.  Using (-, -)axx = Ak(, )& in the defining relation of ; we obtain
Ae—1 (W, Vi) g—1 = Ae{w A fi, ).

Then using (w, ;x)g—1 = (W A f;, ) we get
Me—1 (W, Vi) k-1 = Ne(w, ;) k1.

From the non-degeneracy of the pairings we conclude that ~; = /\:f 1ii‘

Similarly consider ~; and the relation (v/z,2)xk+1 = (2,7%%)v. In the
right-hand side the operator 7; acts on an element of degree k£ + 1 by bt
Rescaling the inner products using (-, )y = A,(-,-)r we obtain the identity

Ak

i )
e (T, 21 = /\—Zl%(xawz)k-

Now using the relation (z,1;2), = (¢;2, 2)r+1 We obtain

A1 Ay,
Ak /\;H-l

(’7;13,Z>k+1 = (eix,z)kﬂ.

Recall that the Hermitian inner product (-,-); is conjugate-linear in the first

: . . Aep1 A
variable. Then using non-degeneracy again we conclude that ~ = % S
k41

¢;. 1
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The following identities can be immediately obtained from the previous
lemma.

Corollary 6.8.  Set ¢, = |\|*/\,. Then acting on elements of degree k we
have c c
« ko o Chtl,
ViV = C__eilj; Vil = ?W;‘- (1)

These relations will be needed to compute the square of the Dolbeault—Dirac
operator.

7. Quantum root vectors

In this section we will show some properties satisfied by the quantum root vectors
corresponding to the roots of u,. First we will obtain commutation relations
among them. We will only consider these modulo terms in U, ([), similarly to our
treatment in the classical case. Then we will obtain explicit expressions for the
adjoint action of U,(l) on them. This will be used to identify the quantum root
vectors with the weight basis of u, previously introduced.

7.1. Definitions. For background material on quantum root vectors we refer
the reader to [KISc, Section 6.2]. As the name indicates, they provide a quantum
counterpart to the usual notion of root vectors for semisimple Lie algebras. They
are defined in terms of the Lusztig automorphisms 7}, which implement the action
of the braid group By on U,(g). We will only give the formulae which will be
relevant for our computations. These are

T.(E;) = —FiK;, Ti(E;) =E; a;=0,
T‘Z(E]) = —EZE] + q_lEjEi, CLij = —1.
Here a;; denote the entries of the Cartan matrix.

Let wy be the longest word of the Weyl group of g. Let wy = s;, --- 55, be
a fixed reduced decomposition. Then all the positive roots can be obtained as

/Bi:'sj1"'$ji71(aji)> =1,k
The quantum root vectors are defined similarly as

EB':El'..j—jjifl(Eji)7 izlv"'7k'

7

We warn the reader that the quantum root vectors depend on the choice of the
reduced decomposition for wy (in the classical case the only ambiguities are signs).

As explained before, in our case we have g = sly,;. Excluding the simple
root ay we get the Levi factor [ = gl , having semisimple part € = sly. For the
longest word of g = sly.1 we choose the reduced expression

wo = $1(5951) - (St 51)(sn - 51).
Then the longest word of (the semisimple part of) [ is given by

Wo,| = 81(8281> B (SN—I e Sl)-
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With these choices we have the factorization wy = wg w;, where w; = sy ---s1,
which is in accordance with [KrTul5, Convention 3.13].

We denote the radical roots A(uy) by {&},. Write woy = sj, -+ - 55, and
wy = S5, Then the radical roots can be obtained [KrTul5, Lemma
3.15] by

.. Sjern .

§i = 551 S S " Sjm+i—l(ajm+i)’ i=1,-m

The computation of the radical roots is then a completely classical problem.
To obtain simple expression for the quantum root vectors, on the other hand, we
need to make use of the braid relations satisfied by the automorphisms 7;. We
do not give the details concerning this computation but simply report the results,
which are

N
gizza/j, EE.;ZE'-'TN—l(EN)a 2:1”N
j=t

For ¢ = N we mean that E, = Ex. In the following we will use many times the
identity proven below. It is a replacement for the usual identity involving iterated
commutators.

Lemma 7.1. Fori=1,---,N —1 we have
B¢, = —E,FE,,, +q 'Eg,, E;.
Proof. The result is true for i = N — 1 since
Eey , =Tn-1(Ey) = —En_1Exy +q '"ExEn_1.
Now suppose it holds for ¢ + 1. Then we have
Ee, =TTip1 - Tn1(En) = Ti(Ee,,,) = Ti(—Ein1 By, + 4 Be b, Binr)-
Since FEg,,, contains only Fj s, -, Ey we have that T;(Ee,,,) = E¢,,,. Then

Eﬁ' = _Tz‘(EHI)E&H + q_1E€¢+2Ti(Ei+1>

7

= —(—EiEiq1+ ¢ "B BB, + ¢ ' Ee o, (—EiEi + ¢ B Ey).
By the previous argument £; commutes with F, ,. Therefore

E,

(3

= —Ei(-EinBeg, + 4 Eg o Bin) + ¢ (— B Bey, + 0 By B B
= —LiFe,, + q_1E€i+1Ek' "

It is also clear from this relation that the quantum root vector Eg, has
weight &;.

7.2. Commutation relations. We will derive here commutation relations be-
tween the quantum root vectors {F, }~, and their *-counterparts. We will only
be interested in commutation relations modulo terms in U, ([), for which we adopt
the following notation.
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Notation 7.2. For XY € U,(g) we write X ~ Y if we have X =Y + Z for
some Z € U,(l).

We start by proving two lemmata.

Lemma 7.3.  Let i < N. Then we have Ef E; — qE;Ef, = —q ' E}

Eit1 "

Proof.  We write E E; = E{ F/K; = (FiE¢,)*K,;. Then using Lemma 7.1 we
compute

[Fi> E&] = [Fw _EiE&H + q_lE&H El]
K;— K

2 -1
= —E§i+1 —dq E5i+1 q—q :

1
Using the relations for the generators we easily get Fe,  K; = qK;Eg, . Hence

K; — Ki_l 19K — qilKi_l —17-—1
q— q_l 1 q— q—l E§i+1 =4 Ki E5i+1'

e = (
Plugging this into Ef E; = (F;E,)* K; we get

EEZEZ = (E&E)*Kl + (_qilKiilE&H)*Ki
- <KZE§ZF1)* - qilEgiH'

Then using again K;E¢, ., = q*1I(1~E’§Z.+1 and K;F; = ¢?F;K; we get

E{E; = q(Be Ef)* —q 'E

Eit1

= quE; — qilEgiH.
Lemma 7.4.  Let i < N. Then we have Ef E¢,,, ~ qFE¢, , Ef .
Proof. Consider first the case ¢ = N — 1. We have
Eey Bey = (“ExEN_ + ¢ 'Ex_1EY)EN.
First of all notice that we have
Eyx_1Ey =Ky 1Fya1En =q 'ENKy_1Fy_1 = q 'ENEN_.

Secondly we need the identity

Ky — Ky'

EVEny = KNFyEy = KNEnFy — Ky pp—

~ QQENKNFN = CIZENE]*V-
Using these relations we immediately obtain

EEN—lEEN ~ qEN<_E7VEJ>:771 + q_lE}kalE}kV) - quNEngl‘
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§i+1 -
cflEé:+2 from Lemma 7.3 and the induction hypothesis Ef,  E¢,, ~ qE¢,, E¢, .
We obtain

Now we proceed by induction. We use the identity Ef E;11 = qEin

Ef Ee,, = Ef (—Eiy1Ee, +q B, Eign)
~ q2(_Ei+1E§z‘+2 + qflE&uEiH)E;H
—q (—E; B¢, + Ee. , E,).
This can be recast in the form
EEME&H ~ qu&HE;H + q_l[EgiJrg? E€i+2]‘ (2)
We will use this result to rewrite the expression

EgiEfiJrl = (_Egi-»-lE: + q_lEi*EgiJrl)E&H‘

The relation EE,,, = ¢ 'E,,, Ef is straightforward to check, using the relations
for the generators. Using it together with equation (2) we obtain

* * * —1 % p*
E&iEiiH ~ qEﬁHl(_E&HEi +4q Ei E&H)

- q_2 I:Egi+27 E§1+2]EZ* + q_QE: [Egi+27 Efi+2] N

Finally observe that Ef = K;F; commutes with E_ , and Ef Therefore the

Eiva”
last two terms cancel out and we conclude that
* * * —1 % % *
EfiEEH»l ~ qui-Q»l (_Egl+1EZ + q EZ E€i+1) = qE§i+1 Efz u
At this point we can easily obtain the commutation relations for ¢ # j.

Proposition 7.5.  Let i # j. Then we have Ef E¢, ~ qE¢ Ef, .

Proof. First we consider the case ¢ < j. For i = j—1 the statement follows from
Lemma 7.4. We proceed by induction, that is we assume that Ef, L, ~ qE¢, E,

. . i+1 J J i+1
for i < j — 1. Using the usual recursion relation for F¢, we get

* _ * * —1 % %
E&Efj - (_E&HEZ' +q E E&H)Efj'
We have that [E, E,] = 0, since Eg; contains the generators FEj,---, Ex and
1 < j — 1. Using this fact together with B¢, B¢, ~ qbe E¢, | we obtain
* * * —1 % % _ *

Now we consider the case 7 > j. First observe that the operation x leaves
U, (1) invariant, since it is a Hopf x-subalgebra of U,(g). This implies that if A ~ B
then we also have A* ~ B*. Then applying * to the relation Ef Eg¢, ~ qF¢ Ef
with a < b we get Ef E¢, ~ qE¢, Ef, . The result follows upon setting ¢ = b and
j=a. [ ]

In the following we will need commutation relations for the elements S~ (Ey,).
It is convenient to introduce a special notation for them.
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Notation 7.6. For i=1,--- , N weset & =S H(Eg,).

We can now easily get commutation relations between &; and & with ¢ # j
from the previous lemma, using various properties of the antipode.

Corollary 7.7.  Let i # j. Then we have EE ~ q ' EXE;.

Proof.  First of all observe that S and S~ leave U,(I) invariant. Thenif A ~ B
we also have S71(A) ~ S7Y(B). Therefore we obtain

STHE)STHEE) ~ qSTHEE)STH(E,).
Using the general relation S~!o* = * 0o S we rewrite it as

S(Ee,)*S™ (Ee;) ~ a7 (Ee,)S(Ee,)".
From the definition of the antipode we get S(E;) = ¢ 2S7Y(E;) for all ¢. Since
E¢, contains the generators Ej, - -+ , Ex we see that S(F,) = ¢ 2NV S-1(E,,).
Alternatively one can use the general fact that S%(Eg,) = ¢**%) Eg,, where p is

the half-sum of the positive roots. In any case, using one of these identities and
simplifying we get

Sil<E§z‘)*Sil(E£j) ~ qilsil(Eéj)Sil(E&)*' u

Next we will consider the case ¢ = j, where the relations turn out to be
more complicated. Nevertheless, we will see that this is exactly what we need to
obtain a simple formula for the square of the Dolbeault—Dirac operator. The next
result should be compared with the case i = j of the relations in the quantum
Clifford algebra, see Proposition 6.6.

Proposition 7.8.  Let « < N. Then we have
N

E&Egi - q_zE;EEi ~ _q_l(q - q_l) Z qg(i_k)Enggk.
k=i+1

Proof.  First of all observe that for ¢« = N this is E¢ Ef — q_QEgNEgN ~ 0,
which we have proven in the course of Lemma 7.4. Also recall the relation (2),
which reads
E;Efi - q2E€1¢E§¢ ~ q_l[EEMa E§i+1]'
We can rewrite it in the following form
E£1 Egz - q_2Egi E&z ~ q_3(E§i+1Egi+1 - q_2Egi+1E€i+l) - q_4(q - q_l)Egi+1E€i+l‘
_ —QE*

Eit1 E5i+1

Now we proceed by induction. We plug the formula for ¢,  Ef

it1
into the previous identity. Then upon relabeling the sum we get

N
* —2 1% —4 —1 3(i+1—k * —4 —1 *
BB —q BB, = —q g—q") > ¢""PE B, —q (g — ¢ )E;, Fe..,
k= i+2

=—q ' (q—q Zq E; E,. .

k=i+1
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Corollary 7.9. Let : < N. Then we have

N

E&—q8E ~—q a—q7") Z ¢ rEEL

k=i+1

Proof. Applying S~! and using S~! o * = x 0 S in the previous lemma we get

S<E§i)*S_l(Eﬁi)_q_2s_1(E§i)S(E§i)* ~—q - Z q3(z Eik)S(Efk)*
k=i+1

Now recall the relation S(FE,) = ¢ 2™+ S~1(E,,), derived during the proof of
Corollary 7.7. Plugging this in and simplifying we obtain the claimed result. =

7.3. Adjoint action. By [Zwi09, Theorem 5.6] the algebra generated by the
quantum root vectors {Eg, }¥,, called the twisted quantum Schubert cell, can be
identified as a graded U,(I)-module with the quantum Symmetric algebra S,(uy).
We have previously introduced an orthonormal basis {e;}, with respect a Her-
mitian inner product on u,. In this subsection we will give the relation between
these two bases. In order to do that we need to compute the adjoint action of
U,(I) on the quantum root vectors. Recall that the (left) adjoint action is defined
by XY = X1)YS(X(2)), where we use the standard Sweedler notation.

Lemma 7.10. Let «: < N and j < N. Then we have
Ej>Ee = —0j1F¢,_,, Fj>FEe, = —0;,Fe,,.

Proof. It follows from general arguments that the subspace generated by {E, } Y,
is invariant under the adjoint action of Uy([), see [Zwi09, Theorem 5.6]. Therefore

N
EjvE, =Y B, ieC.

)

Acting with an element K, and using the fact that K> E, = q(A’gk)Egk we get
K\> (E;> Ee,) Zcqu“ﬁk

On the other hand we have E; > Ee, = E;E, — KjEe, K 'E;. Acting with K on
the right-hand side of this expression and using K > (X Y) (Kxp X)(K\>Y)
we get
E\v (Ej» Eg) = ¢*q¢ME; > B,
Therefore, using the linear independence of the quantum root vectors, we see that
the term L, appears in the sum inside E; > E, if and only if § =& + a;.
In our case the radical roots can be written in terms of the simple roots as

& = Ziv ; 0q. Therefore we get an equality only in the case j = k =i — 1. Then
we obtain

E;_ 1I>E§—C Ef 13 EjDEgiZO, j%l—l

7,0—1
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The missing coefficient can be easily found as follows

Ei 1> FEe =FE; 1L — Ki—lEgiKi__llEi—l
=Ei 1B, —q BBy = —E, .

By a similar argument one finds the result also for F} > E,. ]
For the next proposition we use the notation V' = span{Eg,,- -, E¢, }.

Proposition 7.11.  Let {e;}Y., be the weight basis of u, introduced previously.

Then we can identify this basis with the rescaled quantum root vectors {&; =
q_Z/QE&' zj'Vzl OfV

Proof. We will define a Hermitian inner product (-,-) : V® V' — C such that
(v, Xp>w) = (X*pv,w) for all X € Uy(l) and v,w € V. To this end, we rescale
the quantum root vectors as & = ¢ /2E, € U,(g). By the previous lemma we
have

Ej>é = —0j,1q Peii1, Fjvé = —6,q"%8 1.

Now define (€;,€;) = d;;. We will show that it satisfies the claimed property.

It is clear that (é&;, K\ é;) = (K5 >€;,¢€;), since {€;} is a weight basis and
K} = K. Now consider the action of the generators F;. The only non-zero inner
product is (&_1, E;_1 > &) = —¢~'/2. On the other hand, using By = K;Fj, we
easily compute

(B i>6i1,6) = (K Fii>éiq,e) = _ql/z(Ki—l > €, €;)

= —¢"Pq (& 8) = —q V.

Therefore the claim is true for E;. A similar computation show that this is the
case also for the generators F;. Hence (-,-) satisfies the claimed property.

Now recall that we have set (e;,e;) = d;; for the basis {e;}Y; of u, . Since

{e;}, and {¢&;}Y, are weight bases, the claimed identification follows. n

8. Dolbeault—Dirac operator

In this section we will compute the square of the Dolbeault—Dirac operator, up
to terms which live in the quantized Levi factor U,(l). It will take a particularly
simple form only for some choices corresponding to the dual pairings and Hermitian
inner products. We will briefly discuss the meaning of these choices. As a
byproduct of this formula, we will prove that the Dolbeault—Dirac operator has
compact resolvent, similarly to [DADal0].

8.1. Computation of D*. First we recall its definition, as in [KrTul5, Defini-
tion 5.7]. Fix a weight basis {z;}}¥; of the U,(l)-module u,, in such a way that
z; corresponds to E, under the previously mentioned isomorphism, see [KrTul5,
Convention 4.1]. Let {y;}2, be the dual basis of u_ with respect to the pairing.
Also recall that we write & = S™!(E,).
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Definition 8.1. With the notation as above, we set

0= Z&' ® - (¥i)-

=1

Then the Dolbeault—Dirac operator is defined as D = 0 + 0*.

To ease the notation we abbreviate v_(y;) = ; in the next lemma.

Lemma 8.2.  We have D? = D% + D2, where

N
D3 ~ Z&-é’;‘ ® (%7;* +q i —a a—q Zqﬂ W}‘%) :
=1

D3~ EE @ (vv) +a ' m).
i3

Proof. We know from [KrTul5, Theorem 1.1] that 9% = 0. Therefore we get

N N
= Z EES @ vi; + Z E & Q-

1,j=1 1,j=1

We divide D? into the two terms D? and D2, depending on whether i = j
or i # j (the subscripts denote respectively diagonal and off-diagonal). We will
rewrite these terms using the commutation relations obtained previously. We
start with D% . From Corollary 7.7 we have the relation £7&; ~ ¢~ '&;EF for i # j.
Plugging this in and relabeling we obtain

D} ~ Zgigf ® (vy + a5 )-
i#]

The term D3, is more complicated. From Corollary 7.9 we have

EE g2 8E — g (q—q Z ¢ IEE;.

Jj=i+1

Plugging this in we get

N

Z].j i+1

We can invert the two sums in the last term using the general relation

Z Z fi ) = ZZf(j, i)

Therefore we obtain the expression

N
LY &8 ® <%~ﬁ+q‘2v§‘%—q (a—q Zqﬂ Wj%). "
=1
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To proceed we will need the commutation relations in the quantum Clifford
algebra. These depend on the choice of the pairings and the Hermitian inner
products, that is on the numbers {\;}&, and {\,}&, introduced in Notation
5.7 and Notation 5.10. More precisely they will appear only through ratios of the
parameters ¢, = |\g|>/)\},, as defined in Corollary 6.8. The reason for this is that
D? contains only certain quadratic elements in the generators.

Before getting into the computation we observe a few things. Recall that
{x;}X, denotes the basis of u; which we identify with the quantum root vectors
{E¢,}Y, . Denote by {y;}¥, the dual basis of u_ with respect to the dual pairing.
These appear in the definition of the Dolbeault—Dirac operator. In Proposition 7.11
we have seen that the orthonormal basis {e;}¥, can be related to the quantum
root vectors by e; = ¢"/2E,. Then, denoting by {f;}¥, the dual basis, we find
f; = ¢"*y;. Hence we have the relations vy_(v;) = ¢~/?v_(f;).

In the following we will use the short-hand notation v; = v_(f;).

Lemma 8.3.  We have D ~ 0 if and only if % = le—flq*2 holds for 1 < k <
N —1.

Proof.  We have previously shown that

DG~ Y EE @ (- (9= (u3)" + 4 - () - (:)-
7]

First we replace v_(y;) with ¢~%/2~;, so that
DG~ ¢ IPEE @ (vivy + ¢ )
i#]

Now we will concentrate on the second factor, that is v;7; + q_lfy;f v;. Since © # j
it is clear that this is zero when acting on elements of degree 0 or N. We consider
its action on elements of degree 1 < k < N — 1. Using the identities in Corollary
6.8 we get

* 1% Ck41. Ck .
Vi T = e g g
k

Recall that we have the identity e;i; = —g~'i,¢; for 7 # j. Plugging this in we get

" 1« Ck+1 Ck o\ .
W 0 = (— e 2) ise;.
Ck Ck—1
Therefore we see that this term cancels when the claimed condition holds. [ ]

Now we will show that, under the same assumption on the coefficients
{cx},, also the diagonal part of D? simplifies. During the computation we will
introduce a certain element C' € Uy(slyy1). This is related to a central element
C, € Uy(sln41) which reduces to the quadratic Casimir in the classical limit, as we
will show in Appendix A. Therefore the next result can be seen as a generalization
of the classical formula for D?.
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Theorem 8.4.  Suppose that the condition % = % g2 holds for 1 < k <

Ck—1

N —1. Then we have D* ~ C @ T, where C' = S~ ¢ '&EF € Uy(slyi1) and
T € End(A,(uy)) s defined by

c1 ,—2k
T Tapun= {qo—Qk k> 9

Proof. We have just shown that D2 ~ 0. Plugging v_(y;) = ¢ /%y into
Lemma 8.2 we obtain

N
Dy~ qiEE ® <vﬂ;“ o - a—q Z% %) :
=1

We concentrate on the terms appearing in the second factor, which we denote by
A;. We act with these operators on elements of degree k. Using the identities in
Corollary 6.8 we find

k+1 .
A = —+1z ¢ + —q (em (g —q Z %H) .

Ck Clk—1

In degree k£ = 0 we have i;¢; = id and ¢;i; = 0, hence A; acts as multiplication by
i—(l). Now consider the case k£ > 0 and recall that from Proposition 6.6 we have the
relation

ii—qlg—q Zejt + i;¢; = id.
Plugging this into the previous equatlon we get
c c c
A = (—k“ - q2> e + ——q %id.

The first term is zero for 1 < k < N — 1 under our assumption on the coefficients

{cx}N,, hence A; acts as c:qu_Q' Similarly in degree & = N we have i;e; = 0

-2

To summarize these results let us define the operator

T: Ak(uy) = Af(uy) by

and A; acts as ¢
cN

a k=0,
T rA’;(qu): C_kq—Q k>0
Ck—1 )

Armed with this definition we can write
N
D’~> qEE T =CoT.
i=1

Finally the expression for 1" can be simplified. Consider again the condition on

2
the coefficients {c;}_,, which we rewrite as ¢ = C:’“ “2for 1 <k<N-1.

From this we easily find that ¢, = q*k (k=1) for 2 < k < N, while ¢y and ¢; are

left as free parameters. Using this result we compute the ratios 2 = o 9g=2 and

= ¢*> % for k > 2. Plugging this back into the expression for T' we obtain

Cl
Ck—1
the form given in the claim. [ |
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g —Ck q72

Ck—1
for the square of the abstract Dolbeault-Dirac operator. Below we make some
comments on this condition and the role of the operator T appearing in the

statement of the theorem.

, we obtain a simple form

Therefore, under the condition C’Z—:l

Remark 8.5. Consider the classical limit of the previous condition, that is
q — 1. This gives C’Z% c,j_: Plugging this into Corollary 6.8 we obtain the

identity v/v;+7:7; = 2= (eii;+ise;), when acting in degree k. Using the relations

Ch—1
e;i; +i¢; = 055, we find vy, + Viv; = 0;;T. Therefore the operator T' provides a
rescaling of these relations in low degrees. We are free to set ¢, = 1 for all £ to

recover the usual Clifford algebra relations. Nevertheless, the condition C’Z—Zl = C}f—:

is all we need to get cancellations in the expression for D?.

Ch41 __
Ck

Remark 8.6. Clearly in the quantum case it is not possible to satisfy

c—k1qu by setting ¢, = 1 for all k. Therefore the classical normalization does not

Cl—
produce a simple result for D?. Observe that the factor ¢ **~1) which appears

in the formula for ¢, is essentially the same factor coming from the computation
of the dual pairings of Section 5.

8.2. Action on the spinor bundle. The abstract Dolbeault-Dirac operator D
can be made to act on the Hilbert space of square-integrable spinors. We will follow
[Kr04, Section 6] and refer to this paper for the unexplained definitions. Denote
by C,[G] the quantized coordinate ring corresponding to G. Corresponding to the
generalized flag manifold G/P we also have the ring C,|G/P] C C,[G], namely
elements which are invariant under the action of the quantized Levi factor U,(T).
The corresponding spinor bundle is then defined by

S={a®veCG@Aus): Xpa®v=a® S(X)>v,VX € U,(0)}.

More precisely, in the classical situation this linear space corresponds to the space
of sections of the spinor bundle. It can be completed to a Hilbert space using
the Haar state on C,[G] and the Hermitian inner product on the exterior algebra
Ay(uy). It follows from its definition that the Dolbeault-Dirac operator D is a
well-defined operator on this space.

In this setting we obtain a further simplification in our formula for D?. We
will make use of the central element C, € U,(sly4+1), which will be discussed in
Appendix A.

Theorem 8.7. We have D* ~ C, @ T as operators on the spinor bundle S,
where

ad a k S 27

T lan= {10 k> 2.
In particular for co = ¢; we have D* ~C, ® 1.

Proof. From Theorem 8.4 we have that D?> ~ C ® T'. Moreover it is shown
in Appendix A that C ~ C,K 2, where C, € U,(sly+1) is a central element that

N
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reduces to the quadratic Casimir in the classical limit. Here K, is a central
element in U,(l), corresponding to the fundamental weight wy (recall that for
projective spaces we remove the root ay ).

Now for any section a ® v € § we have K)>a®v = a ® K;l > v, for
any Cartan element K. Therefore we obtain the relation D* ~ C, ® K2 T as

operators on the Hilbert space S. Next we look at the action of T = KiNT on
Al(uy). Since K, is a central element in U,(l) it acts as a multiple of the identity
on U,(l)-modules. This number is ¢ on u,, see [KrTulb, Section 3.1], and hence
¢" on A%(uy). Observe that for & = 0 we have the trivial Uy(l)-module. Plugging
into the expression of 7' given in Theorem 8.4 we obtain

a k<2
2 _ c —_ Y
KwNT rA’;(u+)— {10 ]{j > 2

Therefore if we set ¢y = ¢; we have that T = K, oy acts as the identity operator.
[

Remark 8.8. The condition ¢y = ¢; appearing in the above result is a very
natural one. In particular it can be obtained by setting A\g = A\[j = 1 and A\ =
Al = 1. The conditions Ay = A, = 1 in degree zero mean that (1,1) = (1,1) =1,
which are standard normalization conditions. On the other hand the condition
A1 = 1 means that {f;}¥, and {e;}Y, are dual bases with respect to the dual
pairing, while the condition A} = 1 means that {e;}Y, is an orthonormal basis
with respect to the Hermitian inner product.

8.3. Compact resolvent. It is an important requirement in the theory of spec-
tral triples [Con] that D should have compact resolvent. For quantum projective
spaces this was proven in [DADal0]. We can easily give a new proof using the
results obtained here.

Theorem 8.9.  The Dolbeault—Dirac operator D has compact resolvent.

Proof. First of all recall the following simple fact: if S is a self-adjoint operator
with compact resolvent then the same is true for S + B, where B is bounded
operator. In our setting this is useful because, thanks to the equivariance condition
defining the spinor bundle S, any element of U,([)®Cl, acts as a bounded operator,
since A,(uy) is finite-dimensional.

Now we make use of the result that D? ~ C,®1 from Theorem 8.7. We could
as well consider D? ~ CQ®T, but it makes no real difference here. To prove that D
has compact resolvent it is enough to show that C,®1 has compact resolvent, since
D? and C, ® 1 differ by a bounded operator. We have that C, is central, hence it
acts as a multiple of the identity in each irreducible representation. These values
are given in [DADal0, Proposition 3.3]. Since these values grow exponentially we
conclude that C;, ® 1 has compact resolvent. |

Remark 8.10. By analyzing the growth of the eigenvalues of C, it can be
seen that the spectral dimension of the corresponding spectral triple is zero, see
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[DADal0, Theorem 6.2]. On the other hand it is shown in [Mat14] that, by
including the modular operator corresponding to the Haar state, one recovers the
classical dimension. See also [Mat15] for a discussion of the more general case of
quantized irreducible flag manifolds.

A. The Casimir element

In this appendix we give some details regarding the element C' = Zf\il qEES,
which appears in the computation of the square of the Dolbeault—Dirac operator.
It is easy to show, given the previous results, that it commutes with all elements
of U,(l). On the other hand obtaining a central element in U,(g) of a similar form
requires more work. For this we will refer to the detailed computation which is
given in [DADal0).

Proposition A.1.  The element C' = Zf\il q'EEF commutes with all the ele-
ments of U,(l).

Proof.  Consider the element C' = SN q " Ef Eg,. Tt clearly commutes with
the generators K; for ¢ =1,---, N. Now we check that it commutes with E; for
j=1,--- N —1. Recall that for a Hopf algebra the condition of X being central
is equivalent to X >Y = e(X)Y for all Y. Using X (YZ) = (Xq)>Y)(X)> 2)
we get

Ej > (EE,EEL) = (Ej > EEI)E& + (Kj > Egl)(E] > EEL)

Using the relation X >Y™* = (S(X)*>Y)* we can rewrite this expression as

Ej > (E;Efz) = _(KijKj_l > E&)*E& + (Kj_l > Eﬁi)*(Ej > Efi)
- _q_Q(Fj > Efi)*EEi + (Kg_l > E§i>*(Ej > E&)'

From Lemma 7.10 we have E;>Ee, = —0;, 1L, | and F;>FEe, = —0;,;E¢, ., . Then
Ej> (B Ee,) = 6,0 *Ef,, Fe, — 6;,1(K; ' > Eg, )" E,_,.

We have the identity K, ', > E¢, = qE,, since this is true i = N and for i < N we

11—

have E¢, = —E;E¢,,, + ¢ 'Eg,,, E; from Lemma 7.1. Therefore we obtain
Ej> (EBLEe,) = 6,0 2Ef,, Fe, — 0;,1qEL Ee,_,.

Finally we use this result to compute

N
EjvC =Y ¢ ¥E;j» (B E,)=q "¢ E.  Ee, —q V" qE; Ee =0.

&1
=1

The previous computation also implies that C' commutes with Fjforj=1,--- , N—
1. Indeed using the fact that C* = C' we have

0=I[E;C|" = [C**,E;] = [C, K;Fj] = K;[C, F}],

where in the last step we have used the fact that K; commutes with C.
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Finally to obtain C' consider S~!(C)). This element still commutes with
U,(l). We have

N N

STHOY =D a ST (Ee)STH(B) = a7 VS (Be) S (Ee.)"
=1 =1
Now we use the relation S(Eg,) = ¢ 20+1-99-1(E,.) obtained previously. Then
we get STHCO) = ¢ 2NN ¢ig,EF | which is equal to C' up to an overall
constant. |

More generally the previous proof shows that an element of the form
SV q 'K EEFK] commutes with all the elements in U,(1), since K, is cen-
tral in U,([). Here wy is one of the fundamental weights, which in the simply-laced
case are defined by (w;, a;) = d;;.

Our goal is to obtain a central element in U,(g). Unfortunately it does not
seem possible to proceed as above, since the adjoint action only takes a simple
form for elements of U,(I). For this reason we will use some of the results which
appear in [DADal0]. We should point out that their conventions for U,(g) are
different from ours. We can obtain their relations in terms of our generators after
making the replacements

K, - K; ' B, — K'’F, F, — EK "

We will consider the Casimir operator defined in the cited paper, which we
denote by C,. The most useful expression for our purposes is given in [DADal0,
Lemma 6.5], where we have C, ~ Zfil q %X, X7, up to a rescaling and neglecting
terms in U,(I) as usual. The elements {X;}¥, are defined in [DADal0, Lemma
3.13] and ¢ = N in our notation. It is easy to show by induction that X; =
—q W22 S~ (E,). We should also point out that we have K = K,! in
the notation of the cited paper. Therefore we obtain the identities X; = ¢"/2K,,, &;,
up to an overall constant. From this it follows that

N N
Com Y G Ky EE Ky = Y qEE K2,
=1 i=1

The action of the central element C, is computed in [DADal0, Proposition 3.3].
Moreover it is shown in the appendix of the cited paper that C, reduces to the
quadratic Casimir in the classical limit ¢ — 1. Finally we would like to point
that the Dolbeault—Dirac operator in [DADal0)] is defined in terms of the elements
K X;, hence its definition involves the quantum root vectors, even though this
notion is never explicitly introduced in the paper.
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