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Abstract. We consider a class of non-convex cones V' in R™ which can be
presented as (not unique) union of convex cones of some codimension ¢ which
we call the index of non-convexity. This class contains non-convex symmetric
homogeneous cones studied in D’Atri-Gindikin ([DAG93]) and Faraut-Gindikin
([FaGi96]). For these cones we consider a construction of dual non-convex cones
V* and corresponding non-convex tubes T and define a cohomological Laplace
transform from functions at V' to ¢-dimensional cohomology of T using the
language of smoothly parameterized Cech cohomology. We give a construction
of Hardy space of g-dimensional cohomolgy at T'.
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1. Introduction

The classical Laplace transform can be considered as a specification of Fourier
transform of functions (distributions) with supports on the positive half-line R
as boundary values of holomorphic functions on the half-plane in C. There
are many known Paley-Wiener type theorems describing spaces of holomorphic
functions on the half plane as dual spaces of functions (distributions) on the half-
line. Bochner gave multi-dimensional analogues of these constructions for convex
pointed cones (without lines inside), see [BoMa48], [Gi92b] and [GiV092]. More
detailed constructions of function spaces are possible for convex homogeneous cones
(relative to the group of linear automorphisms), see [Gi75] and [RoVeT73].

This paper is dedicated to some generalization of these results to the case
of non-convex cones. We want to realize in non-convex case the similar logical
sequence as in convex case but at more complicated environment. For some non-
convex cones, we define dual non-convex cones and associated non-convex tubes.
For functions (distributions) at non-convex cones we define Laplace transforms
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with values in d-cohomology at (non-convex) tubes. The principal requirement:
boundary values of this cohomology must coincide with Fourier transform of initial
functions (distributions).

Of course, we do not consider arbitrary non-convex cones but suppose some
regularity of their geometry. We want that, in a natural sense, these cones can
be built from convex cones of a fixed codimension ¢ which we call the index
of non-convexity. Let us have a cone V in R"™ with a connected boundary.
The slices of V' are the pointed convex cones of minimal codimension ¢ that
are connected components of intersections of V' with subspaces. We consider
slices with orientations. One subspace can produce several slices. Apparently
the parameter space of slices can be considered as a set which is branching over
Grassmannian of (n — ¢)-subspaces.

If we have a cycle of slices, then the oriented union of these slices from the
cycle is proportional to V' with an integer coefficient which can be zero, since it
cannot have interior boundary points and some points can be annihilated as result
of orientation (similar to the example of the union of oriented lines on the plane
passing through a point). A cycle is called generating if its dimension is ¢ and the
coefficient of the union is non-zero. Our basic restriction on V is the existence of
a generating cycle (see Section 3.1 for details).

In good cases, slices at the cycle can be taken without intersections but
they do not need to be such ones since, as a result of the orientation, there is a
compensation in the union of the slices. Non-convex cones can be homogeneous
and symmetric (pseudo-Riemannian ones). This paper prepares a work with such
cones and associated pseudo-Hermitian symmetric spaces. Let us mention two
examples: the complement to the light cone (more generally, cones restricted by
quadrics), and the cone of square matrices with positive determinant.

For functions on V', as a replacement of the Laplace transform for non-
convex case, we consider the Laplace transform of restrictions of the function
to slices. For each slice we consider its dual cone. Since the slices have the
codimension ¢, the dual cones, which are called wedges, will be direct products
of a pointed cone and RY. We consider their union V* as the dual cone to V',
and wedges as its maximal convex parts. So slices and wedges are dual convex
objects which we use for the work with non-convex cones. It is remarkable that
the homogeneous cones mentioned above are self-dual V' = V* (as well as other
symmetric cones) for an appropriate dot-product. Let T" be the tube domain over
the base V*. This tube T is g-linearly concave (Gindikin-Henkin [GiHe78]). The
set of tubes for wedges is a covering of T' by Stein manifolds.

Technically we do not work with the set of all slices (which are usually
difficult to describe) but with any sufficient set of slices that contains a generating
cycle of slices. For many cones, including homogeneous ones, it is easy to see that
V* is independent of a choice of such subsets of slices. Probably, it is true for a
broad class of non-convex cones, but we do not consider this natural and interesting
problem, as well as some other natural geometric questions about non-convex
cones such as, for example, whether (V*)* = V. Our aim is to develop a minimal
geometrical background sufficient for the construction of the cohomological Laplace
transform in non-convex cones satisfying the connection stated above with the
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Fourier transform.

Self-dual cones are pseudo-Riemannian symmetric spaces. Classical sym-
metric cones (with classical groups of automorphisms) were classified by [DAG93].
We discussed two of them in this paper. Arbitrary non-convex symmetric cones
and their connections with Jordan algebras were investigated in [FaGi96].

The object which we build — a family of holomorphic functions in different
tubes for wedges— may look unforeseeable. It turns out that strong connections
between these functions can be expressed in a standard language. So we have
a non-convex tube which is covered by convex tubes (so Stein manifolds) and
holomorphic functions on them. These functions satisfy a remarkable system
of differential equations which appear in integral geometry and goes back to F.
John (see [Gi92]). This system of functions can be interpreted as Cech cocycle
for this covering. Usual Cech conditions are oriented on coverings with discrete
parameters. However, in our case the parameter set is a smooth manifold and it
is natural to replace the equations at differences of Cech by differential equations.
Moreover, we can transform this object to a closed g-form on the parameter space.
For each value of the parameter, the ¢-form depends holomorphically on points
in the corresponding tube of the covering. It is the reason why we call this
construction the cohomological Laplace transform. Our cocycles have a special
form since functions on them are constants along maximal planes in each tube of
the covering. It turns out that such cocycles cannot be coboundaries and, as a
result, we can consider them as canonical representatives of cohomology classes
at which they lie (but there are not necessarily such elements for all classes). As
the consequence, our operator on the space of cocycles can be considered as the
operator on the space of cohomology. This construction of cohomological Laplace
transform as well as the cohomological language in connection with smoothly
parameterized Cech coverings goes back to [Gi92], see also [BEGO5].

Let us remark that R™ is the joint boundary of all tubes of the covering.
If we consider functions from such a function space that we can define boundary
values of the Laplace transform at covering tubes, then we have a cohomology on
R™ and the integral over a generating cycle gives the Fourier transform of original
functions. So the Fourier transform can be interpreted as boundary values of the
cohomological Laplace transform (in a spirit of hyperfunctions). This construction
has strong conceptual connections with integral geometry, specifically with the
Radon-John transform. In particular, the cohomological Laplace transform is very
close to the Radon-John transform of the Fourier transform. Finally, we show how
to transfer some Paley-Wiener theorems from convex to non-convex case.

We thank the referee for the careful consideration and useful suggestions.
This paper is dedicated to the memory of the outstanding mathematician Gennadi
Henkin. He was a close friend and collaborator of one of the authors (S.G.). They
discussed many times problems which are considered in this paper.

2. Preliminary: Convex case

2.1. Convex cones and tubes. Let v be a pointed open convex cone in the
vector space RY of /-dimensional row vectors 7. The dual space of R’ is realized
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as the space R’ of /-dimensional column vectors r, where the coupling is given
by the matrix product

(T, ry=Tr=mr1+ -+ 71y (TERﬁ,TERﬁ).

In general, the subscript such as 7 and r of R? denotes the variable expressing an
element of the space. Let v* C R be the dual cone of v C RY. Namely, we define

vt = {TE]Rfi; (r,ry>0 (Vrew\{0}}.

Let t = t(v*) be the tube domain R} +4v* C CJ. Elements of ¢ are (-dimensional
column complex vectors p = r +is with r € R and s € v*.

2.2. Function spaces and Paley-Wiener theorems. Let S(R%) denote the
space of Schwartz functions on R%, and S'(RY) the dual space of S(RY), that is,
the space of tempered distributions on RY. Let S(v) (resp. L2(v), and S'(v))
be the subspace of S(RY) (resp. L%*(RY) and S'(R%)) consisting of functions (or
distributions) whose support is contained in the closure o of the cone v C RE.
Clearly we have S(v) C L*(v) C 8'(v). We consider the Laplace transform for
these function spaces defined by

£op)i= [T Polr)drnndn (pet), (1)
where ¢ belongs to S(v), L*(v), or §'(v). When ¢ € §'(v), the integral should
be interpreted in the distribution sense, whereas L¢ is a holomorphic function on
the tube domain ¢ eventually.

Let O(t) denote the space of holomorphic functions on ¢. We shall introduce
some subspaces of O(t), which will turn out to be the Laplace images of function
spaces over the cone v. Let S(t) be the space of f € O(t) satisfying

sup (14 |r+1is|)”
r+iset, |8|<b

< 400 (2)

(%)Bf(r +1is)

for all a,b € Z>q. Let H(t) be the L?-Hardy space on ¢, that is, the Hilbert space
of f € O(t) satisfying

Hf”%—l(t) ‘= sup /RE |f(r+is)[Pdri A~ Adry < +o0. (3)

sev*
Finally, let S’(¢) be the space of f € O(t) satisfying

sup d(s)?|r + is|°| f(r 4 is)| < +oo,

r+isct

for some a,b € Z>(, where

1 <
a(s) = {usu if [|sl] < 1.

1 if|s|| > L.

We have the following Paley-Wiener type theorem.
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Theorem 2.1 ([Gi92b, GiVo92|). (i) A function (distribution) f € S(t) (resp.
H(t), S'(t)) has a boundary value as s — 0 in the sense of S(RY) (resp. L*(RY),
S'(R7)).

(ii) The Laplace transform gives an isomorphism from S(v) (resp. L*(v), 8'(v))
onto S(t) (resp. H(t), S'(t)).

(iii) One has the following commutative diagrams:

Sv)—E£=81t)  L*(v)—=—=H(t)  S(v)—E=8()

N TN TN

S(R7), L2(Ry), S'(Ry),

where b stands for the map of taking the boundary value, and F denotes the
Fourier transform.

Let y, denote the characteristic function of the closure of the cone v. The
multiplication by Y, gives a natural projection S'(RY) — &'(v), which maps
L*(RY) onto L%(v), but the image of S(RY) is not contained in S(v). Instead of
S(v), we may consider the quotient space S([v]) of S(RY) over the space consisting
of functions whose support is contained in R\ v. Then &'(v) is the dual of S([v]),
and we have a canonical projection S(RY) — S([v]).

2.3. Cauchy-Szego projection. We shall introduce a specific convolution oper-
ator K, : S'(RY) — S'(t) called the Cauchy-Szegé projection, which is the Fourier
dual of the projection &'(R%) — S&’(v) mentioned in the previous subsection. The
operator /C, gives left inverses of the boundary value maps b in Theorem 2.1.

Let K, := L(x,) € §'(t), and define the operator I, by
K.F:=K,xFeS(t) (FeS(RY),

where the convolution is interpreted in the sense of distributions. We refer to
[GiV092] for the detailed study of convolution operators. Note that K, is expressed
as

K,(p) = /ei<T’p>dTl A ANdp (pet),

and that, if F' € L%(R’), we have

K,F(p) = g Ky(p—r)F(r)dry A--- Adry.
RT

Since the multiplication by Y, is just the identity operator on &'(v) and L?(v),
we have the following theorem.

Theorem 2.2 ([Gi92b, GiV092]).  The operator I, gives left inverses of the
boundary value maps b:S'(t) — S'(RY) and b : H(t) — L*(RY) in Theorem 2.1
(iii). Namely, one has K,ob(f) = f for f € 8'(t), and K, F € H(t) if F € L*(RY).
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3. Geometric duality for non-convex cones

3.1. Slices and wedges of a non-convex cone. Let V' be an open non-convex
cone in the vector space Ry of n-dimensional row vectors . The index of non-
convexity of the cone V is the minimum of the codimension of a linear subspace
L of R such that one of the connected components v of the intersection LNV is
a pointed convex cone. Such a pointed cone v of minimal codimension is called a
slice of V. In what follows, we denote by ¢ the index of non-convexity of V', and
by ¢ the dimension of the slices of V. Clearly, ¢ =n — /.

Let R? be the space of n-dimensional column vectors z, which can be
regarded as the dual space of R by the coupling (£, z) = §x = {121 + -+ + & -
For a slice v C V N L, the wedge V*(v) C R} dual to v is defined by

Vi) ={z e Ry; (£, ) >0 (VE€w\{0})}.

Then V*(v) is an open convex cone in R”, but it is not pointed.

We consider the space Ry with an orientation and the cone V' with the
induced orientation. Then slices are cones with an orientation. We consider
oriented union of slices. In such union, a compensation can appear as a result
of orientation. Let ~ be a g-cycle in the space of slices of V. The oriented union
over the cycle 7 is the cone V' with an integral coefficient ¢() which can be 0.

Namely, we have
/ / n=c(y) / n
vey Ju 14

for an n-form 7 on Ry. Roughly speaking, the integrations fv n over ¢-dimensional
oriented slices v gives an (n — ¢)-form on the space of slices, and we can integrate
the form over the g-cycle 7 since ¢ = n — ¢. See (17) for a precise formalism of
the formula above. The g-cycle v is called generating if this coefficient c(vy) is
not equal to 0. Under a small perturbation, a generating cycle continues to be
generating. In many cases (see examples below) we can choose a generating cycle
from non-intersecting slices, but it is not necessary.

Then we put the condition on V' that there is a set of slices that contains
a generating cycle. We call a set of slices admissible if it contains at least one
generating cycle. Let us fix an admissible set, and for this set, define V* as the
union of V*(v) over this admissible set.

In many cases including symmetric homogeneous cones, V* is independent
of a choice of admissible set, whereas only the covering by V*(v) will be different.
We do not consider this problem.

3.2. Non-convex cones defined by quadratic forms. Let ¢ be an integer
such that 1 < ¢ <n —1, and put ¢ :=n — q. Let us define

Vi1 = {5 € R?? Fq+1,€—1(5) = S% +oot 534-1 - §§+2 - 57% > 0} )

which is a subset of the space R{ of n-dimensional row vectors as in Subsection
3.1. Namely, V11,1 is the positivity set for the standard quadratic form F, ;¢
on Ry of signature (g+1,0—1). Then V41,1 is an open connected non-convex
cone, which is invariant under the linear action of SO(q + 1,¢ — 1) given by the
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right-multiplication: if € € V11,1, then £g € V141 for g € SO(g+ 1,0 —1).
The cone V411 is symmetric ([FaGi96, Section 2]).

Let L be a subspace of R}, and (a,b) be the signature of the restriction of
the form Fi, 111 to L. Then the intersection LNV,41 01 has a pointed connected
component if and only if @ = 1. Thus, the dimension of such L is maximal if
(a,b) = (1,£—1). Therefore, the dimension of a slice equals ¢, so that the index
of non-convexity of V 11,1 is ¢. Let S be the submanifold of the Grassmannian
consisting of ¢-dimensional space L C Ry for which the restriction Fii1.0-1|p is of
signature (1,¢ —1). Clearly S is invariant under the action of SO(q+ 1,¢ — 1).
For each L € S, the intersection LNV, ,-1 has two connected components which
are both pointed cones, that is, slices of Vi1 ,-1. Therefore the set of all slices
forms a double covering of S, and it is also SO(q + 1,¢ — 1)-invariant.

Define Ly := {56]12{2; &= :5q:0}. Then Ly € S, and we have
LoNVyi10-1 = v U (—vg), where vy is the slice given by
Vo = {£€L0§ €q+1 > 0, £§+1_§§+2_"'_£Z>0}-

We regard SO(g+1) as a subgroup of SO(¢+1,¢—1) in a natural way. Let vy be
the cycle consisting of slices vok with k € SO(q+ 1). Then =, is g-dimensional,
and it is a generating cycle of Vi1 ¢-1.

The wedge V*(v9) C R} dual to vy is described as

V*(vo) = {z € R}; 2441 > 0, x3+1—x3+2—---—xi>0},

which is linearly isomorphic to a direct product of R? and the ¢-dimensional
Lorentz cone. For a slice v = vpg with g € SO(q+ 1,¢ — 1), we have V*(v) =
g 'V*(v). Therefore, for the set of all slices or any admissible subset, the dual
cone V* = JV*(v) coincides with V1,-1.

3.3. Non-convex cone of square matrices of positive determinant. Let
M (m,R) be the vector space of real m x m matrices, and V' = M, (m) the subset
of M(m,R) consisting of X € M(m,R) for which det X > 0. We assume that
m > 2. Then M, (m) is an open connected non-convex cone. Let Sym be the
space of mxm symmetric matrices. Then the identity component of SymnNM, (m)
containing I, is equal to the set vy of positive definite symmetric matrices, because
the determinant is zero on the boundary of vy. It is well known that v, is a pointed
convex cone. Moreover, vy is a slice of M (m) with codimension ¢ := m(m—1)/2.
Let G denote GL,(m,R). The group G x G acts on M (m) by

(91, g2) - X = ngng (X € My(m), (g1, 92) € G xG).

By this action, G x G acts on the set of slices transitively, where the isotropy at
vy is AG ={(g,9); g € G}. Then we have the convenient parametrization of the
slices as v(g) := vog with ¢ € G. We do not discuss further why there are no
other slices.

Let 79 be the cycle consisting of slices v(u) with u € SO(m). Then 7y is
g-dimensional (recall ¢ = m(m — 1)/2), and it is a generating cycle of the cone
M, (m). Indeed, we have M. (m) = ||,c50() v(u) (disjoint union), which follows
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from the polar decomposition of matrices: for X € M, (m), there exist unique
Y € vy and u € SO(m) for which X = Yu.

We define the inner product on the vector space M(m,R) by (X[|Y) :=
tr (XYT). The wedge V*(vy) C M(m,R) dual to vy with respect to this inner
product is described as

Vi(vg) = {X e M(m,R); X + X" € v}
={Y+A4;Yeup A=-A"}.

Then V*(vg) is contained in M, (m), which is observed in [DAG93, Section 1.5],
and also shown in [FaGi96, Proposition 4.2 (i)] as a statement for general non-
convex symmetric cones in terms of Jordan algebras. Here we give a direct proof.
Take X =Y + A € V*(vy) with Y € vy and A = —A", and put H := —iA.
Then Y and H are Hermitian matrices, and Y is positive definite. We see
that det X = det(Y + iH) is non-zero by an argument of linear algebra similar
to the classical Siegel’s lemma. Namely, since there exists P € GL(m,R) for
which PYP~! = I, and PHP~! equals a real diagonal matrix D, we obtain
det X = det(I,, +iD) # 0. We remark that a general form of Siegel’s lemma
is given in [FaGi96, Section 4].  Since det X is real, we have det X > 0 by
the connectedness of M, (m). Therefore we have V*(vg) C M,(m). By the
SO(m)-invariance of the trace inner product, we have V*(v(u)) = u='V*(vy) for
u € SO(m), so that My(m) = U,es00m) V7 (v(w)). Hence the dual cone V*
coincides with M, (m) for the special cycle 7y as well as the set of all slices.

3.4. Parameter space for a slice. Let V' C R be an open non-convex cone,
q the index of non-convexity of V', and ¢ = n — ¢ the dimension of the slices of
V. Let us fix an admissible set of slices of V', whereas we will work with not the
set of slices but the frames of them. Accordingly, the parameter space will be a
subset of the Stiefel manifold St(¢,n), that is, the set of all {-frames in RY. An
element of St(¢,n) is identified with an ¢ x n real matrix

§1
52
E=|" | €eMat(t,n,R) (£, &,... & ERY)
é?z
satisfying rank = = ¢, where the row vectors &', ..., &4 form an /-frame in RE .
Let Z(V) C St(¢,n) be the set of = for which the positive £-hedron spanned
by &, €2,... &% is contained in a slice v(Z) belonging to the fixed admissible set.

We call Z(V') the parameter space associated to the admissible set of slices. Using
= € Z(V), we shall introduce convenient coordinates on the slice v(Z) and related
dual objects.

For = € St(/,n) and a row vector 7 € R%, we have

TE:7'1§1+--'+TZ§£ER?. (4)

Let RL(Z) be the subspace {72; 7 € RL} of RE. Namely, RE(Z) is the image
of the imbedding RY > 7 +— 72 € RE. By (4), the space RY(Z) is spanned by
€, ..., & The row vector 7 is used as a coordinate of R%(Z).
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We denote by RY(Z) the dual space of RY(Z). The space R.(Z) is realized
as the quotient space of R? with (R%(Z))L. We observe

REENT  ={reR?; 722 =0 (Vr cR")}
={z eR}; Zx =0} = KerZ.

Thus the ¢-dimensional column vector r = Zz (x € R?) gives a coordinate of
R‘(Z). Indeed, the coupling of 7= € RY(Z) and r = Zx equals (1, 1) = 71 =
Try+ -+ T

For = € Z(V), let v*(Z) be the dual cone of v(Z) in the space R%(Z). Then

Vi (E) = {7‘ R’ (1, 1) >0 (VrE€u(@)) {0})} .
Let us denote by V*(Z) the wedge dual to v(Z). Then

V(@) ={reRy; (& 2) >0 (ev@\{0h}. (5)
The relation between v*(Z) and the wedge V*(Z) is given by
vV'(E)={Er; z € V*(E)}. (6)

The fibers of the projection V*(Z) > x +— Zx € v*(Z) are affine spaces in R}
parallel to the vector space Ker= = {x; =z = 0}. In other words, a wedge is
linearly isomorphic to the direct product of a pointed convex cone and a real
vector space.

Let T and T'(Z) be the tube domains R?+:iV* and R?+iV*(Z) respectively,
where Z € Z(V). Then we have T' = (Jzcz(y) T(E). In other words, the system
{T(Z)}ze=z(v) gives a Stein covering of the tube domain 7'. Let (=) be the tube
RY(Z) + iv*(t(Z)). Then we have a projection 7= : T(Z) 3 z +— p = Zz € t(Z).

4. Cohomological Laplace transform on S(V')

Let V' be a non-convex cone satisfying the conditions of Section 3 with a fixed
admissible set of slices, and =(V') the corresponding set of ¢-frames of slices.

In this section, we define the cohomological Laplace transform Lf for
f €S(V): at the beginning as a Cech cocycle for the covering {T(Z)}zezv) of T.
Our version of Cech cohomology for smoothly parameterized Cech covering has a
specific form in which a usual Cech condition of cocycle is replaced by a system of
differential equations (John system) which appear in integral geometry. Following
conception from [Ginl3], we give an equivalent representation of the cohomology,
that is, a closed form on Z(V) depending holomorphically on variables at the
tubes T'(Z) from the covering. We define this differential form in two ways: as a
result of a differential operator from the Cech cocycle, and as an image of a direct
operator from f. We define an operator of boundary values at S(R}) on the
space of cohomology S(7') and find that the boundary values of the cohomological
Laplace transform coincides with the Fourier transform of the initial function.
Let us remind that it was stated in Introduction as the principal request for the
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definition of Laplace transform for non-convex case. We recall that, for f € S(R¢),
the Fourier transform is denoted by F f, that is,

Ffa) = / FED FEVdE A Ay (z € RY).
RTL
£
We connect the cohomological Laplace transform with the Radon-John transform
of Ff. It is connected with the reconstruction L£f through Ff: cohomological
version of the Cauchy-Szego operator.

4.1. Cohomological Laplace transform (éech version). Similarly to Sec-
tion 1, we denote by S(V) (resp. L?(V)) the subspace of S(R}) (resp. L*(RY))
consisting of functions whose support is contained in the closure V of the non-
convex cone V.

For f € S(V), we define

Lf(Z,z):= / ET=EF(rE)dT A - Ady
{r;7Ecv(E)}
(Z2e€eZ2(V), zeT(2)),

(7)

which we call the cohomological Laplace transform of f. Then Lf is the holomor-
phic extension of the Fourier transform of the restriction of f on the slices, which
depends, of course, on the choice of /-frame = associated to the slice. Moreover,
Lf(Z,z) is constant on affine spaces {z € C!'; =z =p} C T(2) for p € t(Z) by
definition. Indeed, introducing the “small” Laplace transform

L,f(E,p):= / 6i<T’p>f(TE)dTl A ANdr
{rirEcu(@)} (8)
(Z2eZ(V), pet(z)),

we see that Lf(Z,-) is the pullback of £,f(Z,-) by the projection
m=:T(E) 2> 2~ p=Ez€t(Z).

On the other hand, £,f(Z, -) € S(¢(Z)) by Theorem 2.1. Therefore the function
Lf(Z, ) on T(Z) belongs to the pullback 7:S(t(Z)) := {pon=; ¢ € S(t(Z))} of
the function space S(#(=2)) for each = € Z(V).

Let us consider differential equations that Lf(Z, z) satisfies with respect
to the parameter =. We call John system the following system of differential
equations for a function v of =:

0? _ 0? _ L k=1,....¢
@ = (D). )
agaagﬁ agﬁaga Oé’ ﬁ A 7n
Theorem 4.1.  The cohomological Laplace transform Lf(Z,z) is a solution of

the John system with respect to =.

Proof. Let U be an open subset of Z(V), and define U := Jz ., v(E). We
assume that U is sufficiently small so that U NR4(Z) = v(Z) for = € U, which
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means that RY(Z) # R4(Z') for distinct Z,Z' € U. Noting that U is an open
subset of R¢, we put f7(£) := f(§)x;(§). Then, by (7) we have for = € U

Lf(Z,z2)= / = fo(TE)dT A - - A dy.
Rf

Therefore,
0? _ 0? _
—Lf(E2) = — k,Cf(:,z)
06 0858k
= / =Ty, <iza + i) <i25 + i)f (T2)dmy A+~ NdTy
RE ’ 3 afﬁ v ,
which verifies the statement. ]

Remark 4.2. In this situation, it is possible to prove that the John system is
equivalent to Cech condition on cocycles ([Gi92, Gi98]).

Let us consider a special class of solutions F(Z,z) of John system with
respect to = with a holomorphic variable z € T(Z). We assume that F(Z,-)
belongs to m£S(t(=Z)) for each = € Z(V). In other words, there exists a function
#(Z,p) (p € t(E)) such that ¢(=, -) € S(t(Z)) and F(Z,z) = ¢(=,=%2) for each
=€ Z(V). We define S(T') to be the space of F' such that ¢(Z, ) lies at S(¢(Z))
uniformly for = € Z(V'), which means that the left-hand side of (2) with f = ¢(Z, )
and t = t(Z) is bounded by a constant independent of =.

Theorem 4.3. The cohomological Laplace transform gives an isomorphism

from S(V') onto S(T).

From the argument preceding Theorem 4.3, we see that the image of coho-
mological Laplace transform of S(V') is contained in S(7). The converse inclusion
will be shown later (Theorem 4.12 (ii)).

Remark 4.4.  Of course we can inverse F(Z, z) in Theorem 4.3 for each = and
obtain a function f(Z;¢) on slices v(Z). We need to verify a compatibility that
all these functions are independent of = and are restrictions of one function f(§)
to v(Z).

It is possible to prove that Cech condition follows from John equations. This
fact can be deduced from the theory of smoothly parametrized Cech cohomology
([BEGO5]). See also the discussion below about the equivalence with Dolbeault
cohomology (Remark 4.6(ii)). It means that £f can be interpreted as special Cech
cocycles for the covering {T'(Z)}.

4.2. Realization of cohomological Laplace transform by a closed form on
the parameter space with holomorphic variable. In this subsection, we
give the form of cohomological Laplace transform using another language for the
representation of 0-cohomology at T': closed differential form 1 (z; =, dZ) on the
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parameter space Z(V') of the covering {T'(Z)} by tubes, where ¢(z; =, d=) depends
on the variable z € T(Z) holomorphically for each = € Z(V) (cf. [BEGO05]). To
obtain such form-transform £f, we integrate the form-integrand at the Fourier
transform of f on different infinitesimal neighbourhoods of the slice v(Z). The
result is a ¢g-form on transversal parameter = € Z(V'). Technically it is the direct
image. Informally, in the n-form of £ we replace coordinate & by (7, =) via { = 7=,
and take partial integral along fibers of the fiberings £ +— Z. The result will be
(n — q)-form of =. Namely, introducing the map

®:R.xE(V)>(1,5) » {=T1E€RY, (10)
we define

LEE)= [ T e
(E€E(V), z€T(7),

(11)

which we call the cohomological Laplace form-transform of f. Since we take
the direct image of the closed form ®*(e¥&2 f(£)dé; A -+ A dE,), we obtain the
following.

Proposition 4.5.  The cohomological Laplace form-transform Lf is a closed
form on Z(V') with variable z.

Remark 4.6. (i) Domains of the variable z are different for different =, but
the notion of closedness of such forms is well-defined since they overlap.
(ii) Let us suppose that for every z € T' the set

(2) = A

is contractible. In this situation, complex of forms such as ¥(z;=Z,d=) and the
corresponding cohomology are considered in [BEGO05]. In that paper, it is proved
under the contractibility condition that such cohomology is isomorphic to Dol-
beault cohomology. It justifies the name “cohomology” for our transform. Let
us remind this construction (see [BEGO5] for details). Consider the projection
(2,2) = z, z € T(2). Then Z(z) are fibers of this projection. Let us fix any
global section I' of this fibering over T'. The condition of contractibility guar-
anties the existence of I'. Restrict forms ¢ on I and consider them as forms on 7'
and take their (0, ¢)-parts which will be 0-closed. We can rewrite in this situation
the cohomological Laplace transform as an operator at Dolbeault cohomology.

(11
(1]

c=(V); 2 € T(2)}

4.3. Connections between two cohomological Laplace transforms. In
this subsection, we shall investigate a connection between the two Laplace trans-
forms Lf(Z,z) and Lf(z;Z,d=). For this, we utilize determinants of matrices
containing rows of 1-forms, where we apply exterior product in the multiplica-
tion, and expand the determinant from top to bottom (cf. [Ginl3]). Then the
same row can repeat several times in a non-zero determinant. The notation at®}
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means that the row a repeats k times. For instance, writing d¢ for the row vector
(d&1,déEs, . .., dE,) whose entries are 1-forms on the vector space R}, we have

1
dgi A d& N Ny = — det(det™).
Now we consider the n-form

(A f(€) dey A+ Adgy) = (n) 1T F(7E) det((@7dE) ™).
By (10), we have

l
O d¢ =Y (&dry+ myde),
j=1
where
Edr; = (Edr;, Edr;, ..., Edry), 7,d67 = (1;d€], 1;dES, . .., 7;dED).

By a combinatorial argument, we have

-

1 * n
adet((@ de)inhy = (Zg T dgj){” 4}}

1
md’ﬁ/\dTg/\ /\dTg/\det|:

+ (lower terms of dr;’s).
Thus, recalling ¢ = n — ¢, we have by (11)

Lf(zE,d=)
1

L = 12
= o e f(r2)dm A - Adry A det [ 1 12)
-q: {r;7E€v(E)}

(Z] 1 Tj dfj){q}
On the other hand, we observe that

—_

= B q' m =
det l@ﬁ:l@de){q}}_ > T w7 det [da[ }}’ (13)

where [m| :=my+---+my, 7™ =7 ... 7", and d=™ denotes the ¢ xn matrix

whose first m;-rows are d¢', the next msy-rows are dé?,... and so on. We put

1 —
M(E02) = et | 5.

Omy! . my d=tm

Then (12) is rewritten as

Lf(zE,d=) = Z {/{ . ETEEF(TE)T ATy A - A dTg} A (2, d=),
T;T=EV(=

Im|=q
(14)
which together with (8) yields
UV 1 9\m _ o
Li(Ed2) = 3 (55,) Lol plpzahn(E,05), (15)
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where (%@)m = H (l )mﬂ

op i O,

Let F(Z, ) ( ). Then there exists a function ¢(Z,p) such that
o(Z,-) € S(t(T)) a (E z) = ¢(2,2z) for z € T(E). Let x denote the differ-

ential operator deﬁned (T') by

KF(2,2) = glql [ %ai) ®d§3){q}] A(E,p)lp===
16
= (12) S(Z, D)y A (E; d5). "
Im|=q i op T |

Concluding the argument above, we get the following formula connecting two
Laplace transforms.

Theorem 4.7.  For f € S(V), one has
Lf(zE,d2) =kLf(E,z) (E€Z(V), ze T(Z)).
Let S(T) be the set of g-forms of the form

(% EdE) = ) n(E, 2)An(E; d2)

|m|=¢

which is closed as a form on Z(V) such that ¢,,(Z,-) € 7£S(¢(Z)) for all m and
= € Z(V) (see the text after (8) to recall the pullback 72S(t(Z))).

Since the John system for F' in (16) is equivalent to the closedness of xF
(see [Gi98, Page 82]), we obtain the following.

Theorem 4.8.  The image xS(T) lies in S(T), and one has the following
commutative diagram:

S(T).

Remark 4.9. [t is possible to prove that x is an isomorphism.

4.4. Connection between cohomological Laplace transform and Fourier
transform. Let ¢(2;2,dZ) = Y (=, 2)A\n(Z;dE) be a g-form belonging
to S(T). Since z € R” belongs to the boundary of T/(Z) for any = € Z(V),
and since ¥, (Z,2) € 7£S(¢(Z)), the boundary value ¢ (x; =, d=) is well-defined
by Theorem 2.1. Now we assume a condition on V' that the homology group of
generating cycles is one dimensional. Let v be a generating cycle in Z(V'). By
definition, there exists a non-zero integer c¢() such that for any n-form (¢, d¢)

on V,
// <I>*77=c(v)/ n (17)
vy J{r;7E€v(E)} \%
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holds. We define the boundary value map b from S(T) into C*°(R”) by
ol
— [p(@:Ed5)  (xeRY).
7 )5

Theorem 4.10.  One has Ff =bo Lf for f e S(V).

Proof.  Substituting 7(¢,d€) = e’&® f(€)dé; A --- A dE, to (17), we obtain by
(11) for x € R?

/Ef 7, d=) = //{ (M) F(€)dEy A -+ A dEy)

- (7)/Ve< f(é)d& N,
= c(7)Ff(x),

which implies the statement. [ ]

4.5. Radon-John transform and Cauchy-Szego6 projection. We have con-
structed the chain of transforms

S(V) === 8(T) = 8(T) —2=S(R™), fs Lf — Lf — FF.

——old)—=
L

Now we want inverse this sequence using the Radon-John transform. For F(z) €
S(R?), the Radon-John transform JF(Z,r) is defined as a function on St(¢,n) x
R’ given by the integration of F'(z) along the affine space {z € R"; Zx = r}. The
precise definition is as follows. For = € St(¢,n), let &/dx denote the linear form
Son_ & dx,, which is a matrix product of the row vector &/ and the column vector
dr. Then A, ;. &’dx is an (-form on R}. Let us define

JF(E,r) ::/{ _ }F(q:)( /\ gdx)]dzy A -+ Nday, (18)

1<yl
([Gi98, Lecture 2, (1)'] and [Ginl3, (18)]), where (A, &dx)|dzy A --- A dx,
stands for any g-form 7 on R for which
( /\ §jdaz> An=dzi N\--- Ndzx,.
1<5<i
Such 7 is not unique, while the restriction of 1 to the affine space {z; Zx = r}

always coincides. One can show the following.

Lemma 4.11.  Let f € S(RY). Then, for any = € St(¢,n), the restriction of
f to R(Z) and the Radon-John transform of F = Ff are connected by “small”
Fourier transform T — r, that 1s,

TFE.r) = (27)" / T F(E) dm A - A d (19)
24
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If our intersection of the cone with R(Z) would coincide with the slice,
then the holomorphic extension of Radon-John transform of Ff would coincide
with L£f. It explains why John system describes the image of the cohomological
Laplace transform (cf. the localization of the slice at the proof of Theorem 4.1).

Since the slice is only one component of the intersection in general, we need
to apply to the Radon-John transform the convolution dual to the multiplication
on the characteristic function of the slice — Cauchy-Szego6 projection.

Let F € S(R?). For each E € Z(V), we regard JF(Z,r) as a function of
r € RY(Z), and consider the Cauchy-Szegd projection of JF(Z,r) with respect to
the tube (=) = RY(E) + iv*(Z) as in Section 1:

We define the Cauchy-Szego6 projection KrF' with respect to the non-convex tube
T by

KrF(Z,z) = 27) Ky (T F)(E, p)|p=z- (Z2e€eZ2(V), zeT(2)). (20)

Theorem 4.12. (i) For f € S(V), one has Lf = Kpo Ff.
(ii) The spaces S(V) and S(T) are isomorphic.

Proof. (i) Let ' = Ff. We see from (19) that

=(JF)(E,p) = (2n)1 / TPz (TE) F(TE) dmy A -+ - A dry
RI

T

= (27r)q/{ - ei<7’p>f(TE) dry A - N\ dy.
T;TZEV

Therefore, in view of (20) we obtain CrF (2, 2) = Lf(E, 2).

(ii) For any (=, z) € S(T), we see that F = b(ky) € S(R?) is well-defined.
Let f = F'F. We need to prove that £f = 1. Let us fix a generating cycle
~ and compare the representations of F' as Fourier transform and through ¢ for
this cycle. Then one can be obtained from another by the change of variables
¢ — (=2,7) and the integrands coincide almost everywhere. Therefore we have
= Lf on v and we can do it for any cycle. ]

Now Theorem 4.3 follows from Theorem 4.12. Let us draw a diagram for
all spaces and operators introduced in this section:

/ U()
7 ~

S(V)——S8(T) (Image of Radon-John transform)
\ /

Remark 4.13.  Using the similar construction, we can define the cohomological
space §'(T') and the operator of boundary values b : §'(T') — S'(R?). However

(21)
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we cannot add it by a cohomological Laplace transform since for this we need
to restrict distributions on slices or define Radon-John transform on &', which
requests special justifications.

5. Cohomological Hardy space at non-convex tube T

In Section 4, we have defined the isomorphic spaces of cohomology, S(7T") and
S(T), which are isomorphic images of S(V') by the cohomological Laplace trans-
forms. In this section, we want to define cohomological analogue of Hardy norm
on S(T), and give L*-version of the cohomological Laplace transform.

Similarly to 7£S(t(=2)) for = € E(V), let 7£H(¢(Z)) denote the function
space {¢pom=; ¢ € H(t(Z))} over T(Z). The inner product on 7fH(t(Z)) is
defined by

(1/)1, ¢2)7r CH(H(E) (9251, ¢2) H(t
() = dy oms, ¢; € H(t (5)) 1,2).

,z) be a function belonging to S(7'). Noting that F'(Z, -) € 7%
)), we define a g-form |F|*(Z,dZ) on the parameter set Z(V) by

FPE.d5) = (F(E, ), F(EdD) 1yeey  ECEV).  (22)

Let F(=
sH(t(Z

which we call the prenorm-form of F'.

Lemma 5.1. For F € S(T), the prenorm-form |F|*(Z,d=Z) is a closed form
on 2(V), and the quantity ||F|]? := ﬁ [, IFI*(E,d=) is independent of a choice
of a generating cycle 7.

Proof. Thanks to Theorem 4.3, we can take f € S(V) for which F' = Ff. By
the Plancherel formula, we have

— 190 \m —
(E,,f(_, ) (;6_19) Lol (E, ')>H(t(5))
= (27r)€/ \f(TE)*r™dr A -+ Adry.
{r;7E€v(E)}

Thus, by the argument similar to (12), we get
|FI*(Z, d=)

-y (27r)€</

Im|=q {r;7Ecv(E)}

)P dry A+ Adre) A(Z; )

(27)° / 2 { c ]
= — T2 dmy A - AdTp A det
K'(n - E)‘ {r;7E€v(E)} |f< )| 1 ‘ (Z =17j d£J>{q}

— (2n)" / S (|f(E)Pder A -~ N dEy).
{r;7E€v(E)}
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Therefore |F|*(Z,dZ) is the direct image of the closed n-form

O*(|f(&)Pder A+ -+ N dEy),

so that |F|*(Z,dZ) is closed. On the other hand, by (17) we have

2r)* .
1w =E [ e rorde A nds)
C(’Y) v J{r;TE€v(E)} (23)
= n)! [ If@Fd A A,
v
Therefore ||F||? is independent of the choice of a generating cycle . ]

Let us call ||F|| the cohomological Hardy norm on S(T'). Thanks to (23),
we obtain the following.

Theorem 5.2.  One has an isometric isomorphism
SV)> f— (2#)75/2£f e S(T)
with respect to the L?-norm and the cohomological Hardy norm.

Let H(T) be the completion of S(T") with respect to the cohomological
Hardy norm. We call H(T') the cohomological Hardy space over T'. Theorem 5.2
together with the diagram (21) tells us that the map box : S(T) — S(RZ)
and the Cauchy-Szegd projection Kr : S(R?) — S(T') are isometries up to
scalar multiple. These operators are extended continuously to the boundary value
map H(T) — L*R?) and the L? Cauchy-Szego projection L*(R?) — H(T)
respectively. They are isometric up to scalar multiple again, and the L? Cauchy-
Szegd projection is a left inverse of the boundary value map.
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