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1. Introduction

Let U® be a complex reductive group with maximal compact subgroup U. It has
been proved in [Bri87a| (see also [HW90]) that smooth compact complex spherical
UC-varieties Z may be characterized by the fact that a moment map pu: Z — u*
separates the U-orbits in Z.

In [HSO7] it has been shown that the so-called gradient maps are the right
analogue for moment maps when one is interested in actions of a real reductive
group G = K exp(p). Spherical gradient manifolds have been introduced in [MS10]
in order to carry over Brion’s theorem to the real reductive case. To be more
precise, we call a G-gradient manifold X C Z with gradient map p,: X — p
spherical if a minimal parabolic subgroup of G has an open orbit in X. If G is
connected complex reductive, then a minimal parabolic subgroup is the same as a
Borel subgroup of G, so that there is no ambiguity in this definition. The main
result of [MS10] states that X is spherical if and only if p, almost separates the
K-orbits in X.

Recently, real spherical manifolds have attracted attention from the repre-
sentation theoretical view point (see [KO13| and [KS16b]) as well as from a geo-
metric one (see [KS16a] and [KKS15]). In [Bie93] and [KS16a] the authors have
shown that, given a homogeneous real spherical manifold X = G/H , any minimal
parabolic subgroup of G has only finitely many orbits in X. Moreover, the pa-
per [KS16a] contains the list of all reductive spherical subalgebras of g = so(n, 1).
In [Mat79] the author has found all decompositions of so(n, 1) as the sum of two
subalgebras. In [KKPS16] the authors classify the reductive spherical subalgebras
of arbitrary simple real Lie algebras.

ISSN 0949-5932 / $2.50 (©) Heldermann Verlag



266 KNAUSS AND MIEBACH

As the main result of this paper we describe the non-reductive spherical
algebraic subalgebras of g where g is a simple Lie algebra of real rank 1 by
methods in the spirit of [MS10]. We then apply this result to classify the reductive
spherical subalgebras of g, thus obtaining a second proof of the rank one case
in [KKPS16]. Although a subalgebra b of g is spherical whenever h® is a complex
spherical subalgebra of g€, we would like to stress the fact that the converse is not
true (see the example in Section 3). In particular one cannot reduce the question
to the complex classification. In contrast to the complex case, there are continuous
families of spherical subalgebras of g. For g = su(n,1) the geometry of such a
family was studied in detail by means of an explicit slice model in [Knal6].

Let us outline the main steps of the proof as well as the organization of
this paper. In Section 2 we show that the homogeneous manifold X = G/H
admits a G-gradient map if and only if H is an algebraic subgroup of G. This
is the reason why we classify spherical algebraic subalgebras. In Section 3 we
characterize reductive and non-reductive spherical algebraic subgroups H of G by
the fact that a maximal compact subgroup of H acts transitively on the spheres
in a certain representation related to the inclusion H — G. More precisely, our
starting point is the following, see Propositions 3.3 and 3.5.

Proposition 1.1. Let G = Kexp(p) be a connected simple Lie group of real
rank 1 with Twasawa decomposition G = KAN . Let M := Nk(a).

(1) Let H = Kyexp(py) be a reductive algebraic subgroup of G. Then H is
spherical if and only if Ky acts transitively on the connected components of
the spheres in py; .

(2) Let H= MyAygNy be a non-reductive algebraic subgroup of G. If Ny = N,
then H is spherical. If dim N/Nyg > 1, then H is spherical if and only if
Ay = A and My acts transitively on the connected components of the spheres
S
in ng.

Suppose that H = My Ay Ny is a non-reductive spherical algebraic sub-
group of G with dim N/Ng > 1. Let us write n = g, ® ga, where g, and go,
are the restricted root spaces with respect to the maximal Abelian subspace a
of p. Let us fix an M -invariant scalar product on g,. Then the Lie algebra of
H = MyAgNy is of the foom h = my @ a @ W+ @ goo where W C g, is an
My -stable subspace such that My acts transitively on the connected components
of the spheres in W, see Corollary 3.7. Thus, in a second step we will determine
the subspaces W of g, such that Ny (W), which contains My, acts irreducibly
on W. Tt turns out that in many cases this already implies that Ny (W) acts
transitively on the connected components of the spheres in W. In the final step,
we make use of Onishchik’s classification of transitive actions on spheres in order
to find all subgroups of Ny (W) that still act transitively on the connected com-
ponents of the spheres in W. More details of this general scheme are given in
Section 4. In the remaining Sections 5 to 8 we carry out our program case by case
for so(n, 1), su(n,1), sp(n,1) and f;. The tables containing all spherical algebraic
subalgebras are given in Theorems 5.2 and 5.4 for g = so(n, 1), in Theorems 6.7
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and 6.8 for g = su(n,1), in Theorems 7.14 and 7.15 for g = sp(n,1), and in
Theorems 8.2 and 8.6 for the exceptional Lie algebra g = f4 = f4—20)-

After this paper was finished, we learned that Kimelfeld has considered the
classification problem of algebraic spherical subgroups in real simple Lie groups
G = K exp(p) of rank 1, too. In [Kim87] he obtains Proposition 1.1 by differential
geometric arguments based on the Karpelevich compactification of the hyperbolic
space G/ K and then gives a general description of all spherical algebraic subgroups
of G. However, he does not provide an explicit list of all spherical algebraic
subalgebras of g. Bien obtains an explicit but not complete list in [Bie93].

Acknowledgements. We would like to thank Peter Heinzner and Valdemar
Tsanov for helpful discussions on the subject presented here. We are much obliged
to Friedrich Knop for informing us about Kimelfeld’s paper [Kim87] as well as
about an inaccuracy in the statement of Theorem 5.2 in an earlier version of this
manuscript. The first author gratefully acknowledges the financial support by
SPP 1388 “Darstellungstheorie” and SFB/TR 12 “Symmetries and Universality
in Mesoscopic Systems” of the DFG. We would also like to thank the referee for
his or her careful reading of this manuscript and helpful remarks.

2. (Homogeneous) gradient manifolds

Let G be a connected semisimple Lie group that embeds as a closed subgroup
into its universal complexification G€. Let U be a compact real form of G such
that G is stable under the corresponding Cartan involution of G® = U®. Then we
obtain the Cartan decomposition K xp — G, (k,§) — kexp(§), where K := GNU
is a maximal compact subgroup of G and where p := g Nu.

By a G-gradient manifold we mean the following. Let Z be a Kahler
manifold endowed with a holomorphic G®-action and U-invariant Kéhler form w
such that there exists a U-equivariant moment map p: Z — u* for the U-action
on (Z,w). We call such a Z a Hamiltonian G -manifold. Basic examples are given
by GC-stable complex submanifolds of some projective space P(V) where V is a
finite-dimensional complex GC-representation space. In particular, homogeneous
algebraic GC-varieties are Hamiltonian. Identifying u* with su and composing
i with the orthogonal projection to p C u with respect to a U-invariant inner
product, we obtain the K-equivariant gradient map p,: Z — p. Any G-stable
closed real submanifold X of Z is called a G-gradient manifold with gradient

map | x . For more details and the basic properties of gradient maps we refer the
reader to [HS07] and [HSS08].

Proposition 2.1.  Let G be a connected semisimple Lie group and let H be a
closed subgroup of G. Then X = G/H is a G-gradient manifold if and only if H
is algebraic, i.e., if HNG = H holds for the Zariski closure H of H in G©.

Proof.  Suppose first that HNG = H holds. It follows that X = G/H is a real
submanifold of the homogeneous space G¢/H . Since the latter is quasi-projective,
it is in particular Kéhler, and since G is semisimple, there exists a unique U-
equivariant moment map on G¢/H . Then the construction described above yields
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a G-gradient map on X = G/H.

If X = G/H is a gradient manifold, then by definition there exists a G-
equivariant diffeomorphism G/H = G -z C Z where Z is a Hamiltonian G©-
manifold. From this we obtain G/H — G®/(G%)., and G¢/(G®), is again Kihler.
Therefore (GF), is an algebraic subgroup of G®, see [GMO11, Corollary 4.12],
hence contains H. This implies H NG C (G%). NG = G, = H, as was to be
shown. [

3. Characterization of spherical homogeneous gradient manifolds

As in the previous section let G = K exp(p) be a connected semisimple Lie group
which embeds into its complexification G®. Let H C G be a closed subgroup such
that X = G/H is a G-gradient manifold with gradient map p,: X — p. We say
that X = G/H is spherical if a minimal parabolic subgroup of G has an open
orbit in X . In this case we call H a spherical subgroup of G and b a spherical
subalgebra of g. As shown in [MS10] sphericity of X is equivalent to the fact that
py almost separates the K -orbits in X, i.e., that the map X/K — p/K induced
by p,: X — p has discrete fibers.

Example 3.1. Any symmetric subalgebra of g is spherical in g, see [MS10,
§6.1].

It is not hard to see that, if hC is spherical in g© in the usual sense, then
b is spherical in g. However, as the following examples show, the converse does
not hold, i.e., there are more spherical subalgebras of g than just real forms of
complex spherical subalgebras of g°.

Example 3.2.  The unipotent radical N of a minimal parabolic subgroup of G
is always spherical in G. However, in general N is not a spherical subgroup of
GC. As a concrete example one may take G = SO°(5,1).

A semisimple example is given by the spherical subgroup H = Sp(1,1)
of G = Sp(2,1) (see Theorem 7.15) since H® = Sp(2,C) is not spherical in
G® = Sp(3,C), see [Kra79].

For the rest of this paper we assume that G is simple and has real rank 1.
Then g is isomorphic to either so(n,1) (n > 3) or su(n,1) (n > 1) or sp(n,1)
(n > 2) or the exceptional Lie algebra f; = fi—20), see [Kna02, Chapter VI.11].

As our main result we will describe the algebraic spherical subalgebras of
g up to conjugation by an element of G, i.e., those subalgebras § for which there
exists a closed subgroup H C G having b as Lie algebra such that X = G/H is
a spherical gradient manifold.

For the classification we distinguish the cases that H is reductive or not.
If H is reductive, then according to [Vin94, Theorem 6.3.6], after conjugation
by an element of G, we have a Cartan decomposition H = Kpyexp(py) where
Ky := HNK is a maximal compact subgroup of H and where pg :=hNp isa Ky-
invariant subspace of p with [py,pr] C €y. We write p = py @ py; with respect
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to the K-invariant inner product on p that comes from the U-invariant inner
product on u. In this situation, sphericity of X = G/H has been characterized
in [MS10, Proposition 6.1]. Under the additional assumption rkg G = 1 we can
make the following more precise statement.

Proposition 3.3. Let G = Kexp(p) be a connected simple Lie group of real
rank 1 and let H = Kyexp(py) C G be a closed reductive subgroup. Then
X = G/H s spherical if and only if Ky has an open orbit in every sphere in
P Cp.

Remark 3.4.  Except for codimpy = 1 Proposition 3.3 says that X = G/H is
spherical if and only if Ky acts transitively on the spheres in pf. In particular,
X can only be spherical if the K -representation on p3; is irreducible.

Proof of Proposition 3.3. By [MS10, Theorem 1.1] the homogeneous gradi-
ent manifold X = G/H is spherical if and only if any gradient map on it almost
separates the K -orbits. The Mostow decomposition (see [HS07] for a proof using
gradient maps) exhibits X as K -equivariantly isomorphic to the twisted prod-
uct K xx, pf; ' A particular gradient map is given by p,lk,&] = — Ad(k)¢ for
k € K and £ € pj;. Since the K-orbits in K xg,, pj correspond to the Kp-
orbits in p7, this gradient map p, separates the K -orbits if and only if the map
p5 /Ky — p/K , induced by the inclusion p3; = p, has discrete fibers. Since these
fibers are precisely the Ky -orbits in the compact sets (K - &) N py; with & € pg,
we note in particular that the fibers have to be finite.

In the case kg G = 1, the K-orbits in p are spheres, so their intersections
with any subspace of p are again spheres and in particular connected (unless the
subspace is a line). Thus, X is spherical if and only if Ky has an open orbit in
every sphere (K - &) Npg, € € pyy, hence in any sphere in p3. m

In the rest of this section we give a similar criterion for non-reductive H .
For this we fix a minimal parabolic subalgebra qo = m & a & n of g such that
a is a maximal Abelian subspace (i.e., a line) of p. The corresponding group is
Qo = M AN where M := Zk(a). Let h be a non-reductive algebraic subalgebra
of g and let H be a corresponding subgroup of G. As is shown in [BT71]
(compare [KS16a, Lemma 3.1]), after conjugation by an element of G we may
assume that h = [y & ny where [ C m@a is reductive in g and {0} #ny Cnis
a nilpotent ideal of h. On the group level we have H = Ly x Ny with a reductive
group Ly = MyAy C MA and Ny C N. Note that Ly acts by conjugation on
N and stabilizes Ny, hence acts on N/Ny. On the Lie algebra level we have the
decomposition n = ng @ nﬁ of n as an Myg-module.

The following result is proven in [KS16a, Lemma 3.2], compare also [Bri87b,
Proposition 1.1]. For the reader’s convenience we repeat the argument here.

Proposition 3.5.  Let G be a connected simple Lie group of real rank 1 and let
X = G/H be a G-gradient manifold such that H = My ANy is non-reductive.

'If H is a subgroup of G and Y is a set on which H acts, then the twisted product G x g Y is
defined as the quotient of G'x Y with respect to the diagonal H-action h-(g,y) := (gh=, h-y).
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Then X is spherical if and only if either
(1) Ny =N and Ly = MyAg is arbitrary, or

(2) dim N/Ny > 1 and Ay = A and My C Ny(ng) acts transitively on the
connected components of the spheres in ng .

Remark 3.6. Every algebraic subgroup H C G that contains N is spherical.
Therefore, we will concentrate on the case dimng > 1.

Proof of Proposition 3.5. Let H be a non-reductive algebraic subgroup of
G of the form H = MyAyNyg C Qo = MAN. Since we have the G-equivariant
fiber bundle X = G/H — G/Qq, we see that X is G-equivariantly diffeomorphic
to the twisted product G x¢, (Qo/H). By [Hel0l, Corollary IX.1.8] the unique
open orbit of the opposite minimal parabolic subgroup Qg = MAN~ in G/Qy is
Qy - €Qo. This implies that X = G/H is spherical if and only if there is some
tH € Qo/H such that Q) - [e,zH] is open in G x¢, (Qo/H). The latter is the
case if and only if L := MA = @, N Qo has an open orbit in Qy/H. Using the
fact that Ny is normal in H, we see that (Qg/H is L-equivariantly diffeomorphic
to L xp, (N/Ny) where Ly acts by conjugation on N/Ng. This proves that
X = G/H is spherical if and only if Ly has an open orbit in N/Ny .

If Ay # A then Ly = My can only have an open orbit in N/Np if
the latter is compact forcing n = ngy. In particular if dim N/Ny > 1 then
X = G/H can only be spherical if Ay = A. The Ly-equivariant diffeomorphism
exp : n — N induces via £ — exp(§)Ny an Ly-equivariant map from ng to
N/Npg . It follows from [Hel00, Lemma IV.6.8] that this map is a diffeomorphism.
Therefore, if Ay = A holds, sphericity of X is equivalent to the fact that Ly has
an open orbit in ny.

If dim n}{ =1, then Ly = MyA has an open orbit for any My C Ny(ng).
Since every A-orbit in nj; intersects any sphere in nj; precisely once, the claim
follows. ]

As we have seen, in order to classify non-reductive spherical algebraic
subalgebras h C g we may assume without loss of generality dimng > 1. In
particular, My must act irreducibly on ng; if X = G/H is spherical. In closing
this section, we state the following corollary of Proposition 3.5 which exploits this
observation a little further.

Corollary 3.7. Let H = Ly Ny be a spherical non-reductive algebraic subgroup
of G. Then ng = (ng N ga) D G20 -

Conversely, for every subspace W C g, and for every algebraic subalgebra
my C No(W) the direct sum by, = myDagOWLDgon is an algebraic subalgebra
of g. Moreover, by is spherical if and only if MygAg has an open orbit in W .

Proof. We have n = g, @ go, according to the restricted root space decompo-
sition of g with respect to a where « is a simple restricted root. If 2« is not a
restricted root, we set go, = 0. (Note that this is only the case for g = so(n,1).)
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Suppose that X = G/H is spherical with dimny; > 1. Since A C Ly acts with
two different weights on g, and go,, we obtain

Ilﬁ = (I‘lﬁ N goz) D (nIL{ N gQa)-

Consequently, My acts irreducibly on ny only if ny contains g, or gs,. Since
[0as 8a) = @2a, see [Hel01, p. 408], and since ny is a Lie algebra, gs, C ny must
hold. [

4. Strategy of the classification

Let us outline the principal steps that will lead to the classification result. Recall
that G = K exp(p) is a connected simple Lie group of real rank 1 that embeds
into G©.

Let h C g be an algebraic subalgebra which we assume first to be non-
reductive. Motivated by Proposition 3.5 and Corollary 3.7 we will first determine
the real subspaces W C g, such that Ny (W) acts irreducibly on W. Then we
will bring W (by an element in M) into a suitable normal form and calculate
Ny (W). This step will be carried out case-by-case for every simple Lie algebra of
real rank one. Let us therefore identify the relevant representations in each case.

Remark 4.1.  Suppose first that G = SO°(n, 1). The K-action on p is isomor-
phic to the defining representation of K = SO(n) on p = R". Moreover, the Lie
algebra n = g, is Abelian and the action of M = SO(n —1) on n 2 R""! is again
isomorphic to the defining representation of SO(n — 1).

If G =8U(n,1), then we can choose

K= {(g‘ 2) . AeU(n),a— det(A)l} ~ S(U(n) x U(1)).

The group K = S(U(n) x U(1)) acts on p = C" by (A4,a) v = Ava™!. The
group M is a 2-to-1-covering of S(U(n — 1) x U(1)). Tts action on g, = C"!
factorizes through the covering map M — S(U(n — 1) x U(1)), and the action of
S(U(n—1) x U(1)) on g, is given by the analogous formula.

Suppose now that G = Sp(n,1). The group K = Sp(n) x Sp(1) acts on
p =X H" by (A,a) v:= Ava~'. The group M = Sp(1) x Sp(n — 1) acts in the
same way on g, = H" 1.

If G = F}, then the K-action on p is isomorphic to the unique irreducible
representation of Spin(9) on R'®. The M -action on g, is equivalent to the unique
irreducible representation of Spin(7) on R®, see Lemma 8.3.

In the second step we single out those subgroups of Ny (W) that do indeed
act transitively on the spheres in W. In order to do so, we use results of Mont-
gomery and Samelson as well as of Onishchik which we recall here for the reader’s
convenience.

Montgomery and Samelson considered the case of a connected compact Lie
group L which acts transitively and effectively on S™ and obtained the following
result, see [MS43, Theorem IJ.
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Theorem 4.2.  Let L be a connected compact Lie group acting transitively and
effectively on S™. If n is even, then L is simple, while for n odd L is either
simple or finitely covered by Ly X Lo, where Ly is either SO(2) or Sp(1) and L,
is simple and acts already transitively on S™.

In the same paper Montgomery and Samelson found all simple, compact,
connected groups acting transitively on S™ for almost all n (see [MS43, Theorem
II-IV]). In the case that n is even, their result was sharpened in [Bor49]. Given
any compact group G acting transitively and effectively on some homogeneous
space, Onishchik found all subgroups that also act transitively in [Oni94, Theorem
4.1]. This enabled him to find all transitive effective actions of connected compact
Lie groups on S™ for all n. (see [Oni%, Theorem 3 in §18.3]).

We recall his result in the following theorem where we consider the defining
representations of O(n) on R"™, of U(n) on C™ and of Sp(n) on H".

Theorem 4.3.  Let K be either O(n) or U(n) or Sp(n) and let V' denote the
respective defining representation of K. The following table lists all connected
proper subgroups L of K that act transitively on the spheres in V, up to con-
Jugation in K, where p: Sp(1) x Sp(1) — SO(4) is the universal covering and
Ly C Sp(1) is an arbitrary connected subgroup.

K L
U2k + 1),k > 1 SU(2k + 1)
U(2k),k > 2 SU(2k), Sp(k) x U(1), Sp(k)
ORk+1),k>0 SO(2k + 1)
O(dk +2),k > 1 SO(4k +2), U2k +1), SU(2k + 1)
O(4k), k =3,k > 5 SO(4k), U(2k), SU(2K), Sp(k) x Sp(1),
Sp(k) x U(1), Sp(k)
0O(16) SO(16), U(8), SU(8), Sp(4) x Sp(1), Sp(4) x U(1),
Sp(4), Spin(9)
O(8) SO(8), U(4), SU(4), Sp(2) x Sp(1), Sp(2) x U(1),
Sp(2), Spin(7)
O(7) SO(7), Gy
o) SO(), p(Sp(1) x L), p(Ls x Sp(1))
0(2) SO(2)

Note that K = Sp(n) does not contain such a subgroup.

Proof. Since a connected subgroup of O(n) lies in SO(n) and since SO(n)
(n >3, n# 4) and Sp(n) are simple, the result follows directly from [Oni94,
Table 8, p. 227] for these groups.

Let us discuss the case K = O(4). Identifying R* with H one sees that
50(4) = sp(1) @ sp(1). The isotropy algebra so(4)., of e; € S* C R* corresponds
to the diagonal Agpy in sp(1) @ sp(1). Therefore we have to find all subalgebras
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[ of sp(1) @ sp(1) (up to conjugation) that verify

[+A5p(1) =sp(1) dsp(1). (4.1)

Consider the projections

sp(1) ® sp(1)=—sp(1)

g

sp(1).
Let [ be a subalgebra of sp(1) & sp(1) verifying (4.1). This implies

3 < dim [ = dim (1) + dim ker(7y ;)

where ker(m[;) = [N ({0} @ sp(1)) is an ideal in [.

If dimmy(I) =0, then [ = {0} ®sp(1). If dimm([) =1, then m([) =: t is
a maximal torus in sp(1) and dim [N ({0} @ sp(1)) > 2, hence [ =t @ sp(1).

Finally, suppose that dim () = 3 and note that dim [N ({0} @ sp(1)) €
{0,1,3}. If dim (N ({0} @ sp(1)) = 3, then [ = sp(1) @ sp(1). If dim [N ({0} &
sp(1)) = 0, then dim[ = 3 and thus [ is simple. Therefore [N (sp(1) @ {0})
is either sp(1) @ {0} (and then [ = sp(1) & {0}) or {0}. In the latter case
m| and mo|; are isomorphisms onto sp(1) and [ coincides with the graph of
p = (m) o (m]) ™" € Aut(sp(1)).

Since we can identify [N A1y with the space of fixed points sp(1)¥ in
this case and since dimsp(1)¥ > 1, we obtain dim [+ Ay ) < 5, hence [ cannot
verify (4.1). Finally consider the case dim [N({0}@®sp(1)) = 1. Then dim [ = 4 and
(N({0}®sp(1)) is a one-dimensional ideal in [ which implies IN({0}®sp(1)) = 5(1).
Thus [ =sp(1) @ 3([).

In the unitary case we use [Oni94, Theorem 1.5.1] in order to reduce the
classification to SU(n). We denote the isotropy algebra u(n)., of ¢; € S**~t C C"
by u(n—1). As above we look for subalgebras [ of u(n) that verify [+u(n—1)

u(n). According to [Oni94, Theorem 1.5.1] this holds if and only if [’—l—su(n 1) =
su(n) (where I' is the derived algebra of [) and 3(u(n)) = 7 (3(1) + 3 (u(n — 1))
where 7 is the projection of u(n) onto its center with kernel su(n).

Note that the second condition is automatically verified since already W(g(u(n—
1))) = 3(u(n)). Consequently, the result follows from the classification of sub-
groups of SU(n) that act transitively on S?*"~! C C" given in [Oni94, Table 8]. =

Remark 4.4. The subalgebras sp(1) @ I, and [ @ sp(1) of so(4) are O(4)-
conjugate (see [Knal6, Remark 8.5]) but not SO(4)-conjugate to each other, since
any inner automorphism of SO(4) leaves the ideals sp(1) & {0} and {0} & sp(1)
in s0(4) invariant.

Since for classical G the K-action on p and the M-action on g, are
essentially the same, we can use the results of the non-reductive case also in the
reductive one. Moreover, suppose that h = €5 & py is a reductive spherical
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subalgebra of g. Then we have

b, pr] C ey C Ne(pu)- (4.2)

Using the normal forms obtained in the first step, it is not hard to single out those
ty and py from the lists obtained in the non-reductive case that verify (4.2).

5. G =S0°n,1)

5.1. Non-reductive spherical subalgebras.

In this subsection we classify the spherical non-reductive algebraic sub-
algebras h of g = so(n,1), where n > 2. As we have seen we may assume
H = MyAyNg, where 1 < dimnf; < n — 1 and My C Ny(ny) (see Propo-
sition 3.5). The M -action on n is isomorphic to the defining representation of
SO(n — 1) on R"! (see Remark 4.1). Therefore any real subspace ng of n can,
and will, be identified with a real subspace W of R*~!.

Recall that R"™! comes equipped with an SO(n — 1)-invariant real inner
product s. Note that such an inner product is unique up to a positive factor.
Let W be a real subspace of R*“'. Then Slwxw is a real inner product on
W and O(W) denotes the group of invertible endomorphisms of W that respect
slwxw . We write O(W) x O(W+) for the subgroup of O(R"™1) that stabilizes
the decomposition R~ = W @ W+s.

Lemma 5.1. Let WCR"™ ! be a real subspace. Then Nsog—1y(W)=S(O(W) x
O(W+)) and its action on W and W= is induced by the standard O(W)-action
on W and O(W=)-action on W respectively. In particular Nso—1)(W) acts
transitively on the connected components of the spheres in W . Moreover there
exists a basis (wy,...,w,_1) of R"™ 1 such that W = Rw; & --- ® Rw; where

Proof.  Any element in Nso@,—1)(W) respects s, W and W and has determi-
nant 1, which implies that it lies in S(O(W) x O(W)++). On the other hand any
element in S(O(W) x O(W)1+) leaves W invariant and lies in SO(n — 1). Thus
Nsom-1(W) = S(O(W) x O(W++)) holds. Choosing oriented s-orthonormal
bases (wy,...,w;) of W and (wii1,...,w, 1) of Wts we obtain an element
(wy -~ wy_1) € SO(n — 1) that maps W, to W. ]

Combining this observation with Proposition 3.5, Theorem 4.3 and Re-
mark 4.4, we obtain the following theorem.

Theorem 5.2.  Every spherical non-reductive algebraic subalgebra of g = so(n, 1),
n > 2, is G-conjugate to exactly one in the following list where ¢, C so(n —1—1)
is an arbitrary subalgebra (under the condition displayed in italic in Remark 5.3
below) and where

0 v —v
n = {(vf 0 0 ) v e {0} XR””} >~ Wt
-t 0 0



KNAUSS AND MIEBACH 275

g Pn g C m®a arbitrary
so(l)gdadn 1<1<n-2,
um)dgdadn 1<i<n—-21=2m,m>3
su(m) @ dadmn 1<i<n—-21=2m,m>3

spim)@sp(l)degdadn | 1<I<n—-21=4m,m > 2
spim)@u)@g@adn | 1<I<n—-21=4mm>1
sp(m) D dadn 1<i<n—-21l=4mm>1
50(9) @ c16 D a D nyg
50(7) B cs B adng

go Dy Dadny

Note that ny is 1-codimensional and that Ny(ny) = so(n — 2).

Remark 5.3. Let us explain the notation in Theorem 5.2. Let 7: so(l) @
s0(n — 1) — so(l) denote the projection onto the first factor. Then 7 is a Lie
algebra homomorphism and the kernel of its restriction to an arbitrary subalgebra
t C so(l)®so(n—I[) is an ideal in €. Since ¢ is compact the orthogonal complement
to this ideal with respect to the Killing form x is also an ideal in £ and we obtain
t = (ker7|g)t* @ kerle. Note that (ker|¢)t= is isomorphic to the subalgebra
(e ) of s0(l). Let ® : m(£) — (kerw|¢)t* be a Lie algebra isomorphism. Then
@ = 7r50(n npod : (k) = so(n — 1) is a Lie algebra homomorphism, where
Tso(n—1) : 50(l) @ so(n — 1) — so(n — 1) is the projection onto the second factor.
Then

= {(&¢©): ¢en(t)} ®kernl.

In order to simplify the notation, we write here and in the rest of this work
t = 7(€) ® ¢ where ¢ = kermly = €N ({0} ® so(n — 1)) is the ineffectivity of
the Ny(W)-action on W, i.e., we omit the representation ¢ from the notation.

In particular, w(€) @ ¢ is a subalgebra of so(n,1) if and only if ¢ is
contained in the centralizer of ¢(w(€)) in so(n —1).

Note that, if 7(€) is simple, then ¢ is either identically zero or injective.

5.2. Reductive spherical subalgebras.

Let h = ty @ py be a reductive algebraic subalgebra of g = so(n,1)
(where n > 2) such that ¢ C € and py C p. On the group level we have
H = KHeXp(pH)

Since the K -representation on p is essentially the same as the M -represen-
tation on n (see Remark 4.1), we may apply Lemma 5.1 to this situation and
obtain, after conjugation in K, that W = R! x {0}"!, where | = dimg(W). In
particular

Pg =pu,; = {(:St?)) T € {O}Z XRn_l}7
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for some 0 <1 <n. A direct calculation shows that

0

0

OB;) EE:BEso(n—l)},

0..0

Nitps) = {(§ 88) : A€ s0(1), B eson -1},

and thus [ppy, Py ® prs = so(n —[,1) (with s0(0,1) := {0}). Therefore the
condition [py,py] C &y C Ne(py) (see (4.2)) implies that b is of the form
h=bdso(n—11), where b is a subalgebra of so(l) and 0 <[ < n. Together
with Proposition 3.3 and Theorem 4.3 we obtain the following theorem.

Theorem 5.4.  All spherical reductive algebraic subalgebras b of so(n,1), n >
2, are (up to conjugation in G ) one of the following, where $0(0,1) := {0} and
lo C sp(1) is arbitrary.

so(l) @ so(n—1,1) 0<i<n

u(m) @ so(n —1,1) 0<i<n,l=2m,m>3

su(m) @so(n—1,1) 0<i<n,l=2m,m>3
sp(m)@hdson—1011) | 0<I<nl=4mm>1

50(9) @ so(n — 16, 1) n > 16
s0(7) @ so(n —8,1) n>38
g2 dso(n—17,1) n>T7

lb ®sp(l) Dso(n—4,1) n>4

According to [Ber57, Table 2], the symmetric subalgebras are so(n) @ so(1) and
so(l) dso(n—1,1) for 0 <1l <n.

Remark 5.5.  Contrary to the non-reductive case, see Remark 5.3, the condition
[P, pu] Cty C Ne(py) (see (4.2)) implies that there is no ambiguity in choosing
the representation ¢. More precisely, we have ¢ = 0.

6. G =SU(n,1)

6.1. Notation.

Let V' be a complex vector space of complex dimension n and let h be a
hermitian inner product on V. We denote the unitary and special unitary groups
of V' with respect to h by U(V) and SU(V), respectively. Similarly, if W is
a real subspace of V', we write O(W) (and SO(W)) for the group of R-linear
transformations of W that leave the scalar product s|yyw invariant (and have
determinant 1) where s := Re(h). If W C V is a totally real subspace, then
we extend the action of O(W) by C-linearity to W€ = W @ iWW. By abuse of
notation, we consider O(W) also as a group of C-linear maps of W¢.

Remark 6.1. If W is a real form of V', i.e., a maximal totally real subspace,
then the complex O(W)-representation on V' is irreducible. Moreover, if n > 3,
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then the complex SO(W)-representation on V' is irreducible, too, see [Knal6,
Lemma 6.3].

Suppose that V = V; @ V, is an orthogonal direct sum of two complex
subspaces. As in Section 5 we write U(V}) x U(V3) for the subgroup of U(V') that
stabilizes this decomposition.

6.2. Preliminaries.

From now on we fix a real subspace W of V' such that a compact subgroup
K of Nyw)(W) acts irreducibly on 1. Since K acts complex linearly on V', the
maximal complex subspace W NiW of W is K-invariant. Consequently, W is
either complex or totally real. We first treat the complex case.

Lemma 6.2.  Let W be any complex subspace of V. Then Ny (W) coincides
with UW) x UMW) and acts transitively on the spheres in W . Moreover, there
is an orthonormal basis (vq,...,v,) of V such that W = Cv; & --- & Cv; where
[ = dim¢c W.

Let us now suppose that W is totally real in V. Our goal is to understand
how W lies in its complexification W& = W @ iW C V with respect to the
symplectic form w := Im(h). For this we define a linear map Z: W — W by the
identity

s(Zwy, wy) = w(wy, ws)

for all wy,ws € W. One verifies directly that Z is Ny (W)-equivariant and
skew-symmetric with respect to s. Moreover, the kernel of Z is W N W+« ie.,
the maximal subspace of W on which w is degenerate.

Let Z® € End(WF) be the C-linear extension of Z. For the proof of the
following proposition we refer the reader to [Knal6, Proposition 6.11].

Lemma 6.3.  The map I®: W& — WE is Nya(W)-equivariant and skew-
hermitian with respect to h. Moreover, I® commutes with the complex conjugation
of WE with respect to W, denoted in the following by o .

As a consequence, ZC is diagonalizable having purely imaginary eigenvalues.
Let

W€ =ker(Z% @ @ W¢
¢eiR*
be the decomposition of W into the eigenspaces of Z¢. This decomposition is
Nuy(W)-invariant and h-orthogonal, and we have o(W¢) = WS, Hence, we
obtain the Ny (W)-invariant decomposition

W =ker(Z)® € WEaWws)".

£€iR>0

Since by assumption there exists a compact subgroup K of Ny (W) that acts
irreducibly on W, we have either W = ker(Z) or W = (W & WE,)? for some
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¢ € iR>%. In the first case W is Lagrangian in W with respect to w, while in
the second case W is a symplectic subspace of W¢ with respect to w.
This discussion proves part of the following proposition.

Proposition 6.4.  Let W be a totally real subspace of (V,h) and W = W@iW
be its complezification. If a subgroup K C Nyw)(W) acts irreducibly on W, then

(i) either W C W€ is Lagrangian with respect to w, W€ is a complez irreducible
NU(V)(W) -representation and NU(V)(W) =O(W) x U(WLh),

(ii) or W C WC is symplectic with respect to w, WC decomposes h-orthogonally
as W€ = Wgc D Wicg into two complex irreducible Ny (W) -representations
that are as real representations isomorphic to W and Ny (W) = {(g, ¢(9)) €
UWE) x UWE)} x UWEr), where @: UWE) = U(WE,) is a Lie group

isomorphism.

In both cases Nywy(W) acts transitively on the spheres in W

Proof. If W CV is Lagrangian, then W and W are orthogonal with respect
to s. Any element in Ny)(W) leaves W and Wr = (WC)*r as well as s|wxw
invariant, and lies therefore in O(W) x U(W#). Conversely, any element in
O(W) acts C-linearly on W®. Again, due to the fact that W is Lagrangian
in W€, the hermitian inner product hlycyyc is O(W)-invariant, which implies
O(W) x UWr) C Nyw)(W). This shows Nyay(W) = O(W) x U(Ws).
Consequently, Remark 6.1 implies that Ny (W) acts transitively on the spheres
in W and complex irreducibly on W¢.

Let us now consider the case that W€ = Wéc &) Wicg is the decomposition
of W€ into ZTC-eigenspaces corresponding to the eigenvalues £¢ € iR\{0}. Recall
that this decomposition is h-orthogonal and that the C-anti-linear involution o
on W€ yields an R-linear isomorphism between VVE(C and WLCE. Hence, we obtain
R-linear, Ny (W)-equivariant isomorphisms fi between ng and W given by
f(w) = 3(w + o(w)). In particular, the complex subspaces Wfé are real irre-
ducible, hence complex irreducible, Ny (W)-representations (isomorphic to W).
We define another hermitian inner product on W< by h, (v, u) = h(o(v),o(u)) for
all v,u € WE. One verifies directly that h, and h’|W‘E§><W§€ are both Ny (W)-
invariant. Thus there exists an r € R™" such that h, = T2h|WE§><W§§' Suppose
for a moment that » = 1, i.e., that o is an isometry of s. Consequently, W is
orthogonal to iW with respect to s, hence a Lagrangian subspace of W€ with re-
spect to w, contradicting our assumption. Thus we conclude r # 1. We define the
map ¢: U(WE) = GL(WS,) by @(g)v =0(g-0 ' (v)) for all v € WE. A direct
calculation shows that ¢ is a Lie group isomorphism from U(WE) to U(WE,).
This observation allows us to show that

Nowy(W) = {(g, ¢(9)) € UW) x UWE)} x U(Wn).

Indeed, any element in Nyw)(W) respects the decomposition Wgc &) Wicg and
therefore lies in U(W¢) x U(WE,). Using the fact that any element in Nyq(W)
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stabilizes W = (W®)? we obtain
(K1, k2) - (v + 0(v)) = kv + koo (v) = kv + o(p(k2)v)
has to lie in W for all (ky,ks) € U(WE) x U(WE,) and for all v € WE. This
implies kv = @(ky)v for all v € W forcing ky = (k) and thus
Nowy (W) € {(g.¢(9)) € UW) x UWE)} > UW).
The converse inclusion is elementary to check. ]

Introducing coordinates we obtain the following normal form of real sub-
spaces W of C™ equipped with the standard hermitian inner product, up to the
action of SU(n).

Corollary 6.5. Let W be a real subspace of C™. If some compact subgroup of
Nuwy (W) acts irreducibly on W, then W lies in the same SU(n)-orbit as one of
the following

Wey = Ch x {0} 0<I<n-—-1 (1)
Wy =R x {0} 0<I<n-1 (2)
Wr 2, 22{(%) 326@[}, 0<1< %] (3)

for some r € RZO\{1}. The corresponding normalizers (with respect to the action
given in Remark 4.1) are given by

NswmxuayWe) = S(U(1) x U(n —1—1) x U(1)),
Nswmxuay(Wrg) = S(O(1) x U(n — 1 —1) x U(1)),
NS(U(n)XU(l))(WR,QM) = S(U() x Un—1-20) x U(1)).

In all three cases NS(U(n)XU(l))<W) acts transitively on the connected components
of the spheres in W .

Proof. If W is Lagrangian in W® with respect to w, then W is orthogonal
to iW with respect to s. Therefore any s-orthonormal basis over R of W is
an h-orthonormal basis over C of WC. In particular, if we choose an oriented

s-orthonormal basis (wy, ..., w;) of W and complete it to an h-orthonormal basis
(wy,...,wy,) of C" we obtain an element (wy ---w,) € SU(n) that maps Wg; to
w.

If W is symplectic in WC with respect to w, then we saw in the proof
of Proposition 6.4 that there exists an r € R”°\{1} such that h(c(v),o(u)) =
r2h(v,u) holds for all v,u € V_¢. If we choose an h-orthonormal basis (vy, ..., v/2)
over C of V¢ and set vyoq; = o(v;) for all 1 < j < 1/2 we obtain the
h-orthonormal basis (vj241,...,v;) of V_¢. Completing it to an oriented h-
orthonormal basis (v1, ..., v,) of C" the element (v; ---v,) € SU(n) maps Wg,, =
{(%) 1z € CZ/Q} to W. Therefore W lies in the same SU(n)-orbit as Wg, for
some 7 € R”%\{1} in this case. Moreover r can be chosen between 0 and 1,

because the element (igi i§ .8d) € U(n) maps Wgi, to Wryi/r. n
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Remark 6.6. In [Knal6, pp. 29-31] the following geometric strengthening of
Corollary 6.5 is proven. Let us consider the set

M,, = {W C C" dimg W = m, Ny, (W) acts irreducibly on W}

If m is odd, then M,, = U(n) - Wgy,. If m is even with 3] < B < n,

then M,, = U(n) - Weme. If m is even with 0 < % < |Z], then the set
S = {Wrym,; r €[0,1]} is a geometric slice for the U(n)-action on M,, in the
following sense. The closed subset S is a real submanifold with boundary which
meets each U(n)-orbit in M,, exactly once, and {WR’m’r; r e (0, 1)} intersects

each U(n)-orbit transversally.

6.3. Non-reductive spherical subalgebras.

In this subsection we describe all non-reductive spherical algebraic subal-
gebras of su(n,1), up to the action of M. Their unipotent radicals are of the
form W+ @ goo where W C g, is one of the subspaces described in Corollary 6.5.
In order to find all possibilities for their maximal compact subalgebras we apply
Onishchik’s theorem to their normalizers and thus obtain the following.

7y dn [F C m @ a arbitrary
s(u(l) @b, dc) Dadngy 1<i<n-1,
s(su(l) @b, ®c)Badngy 2<i<n-1
s(sp(m) @b, Bc)Badngy 1<i<n—-1,1=2m,m>2
s(sp(m) u(l) @b, Ec) Dadngy 1<Ii<n—1,1=2m,m>?2
s(cpbydu(l)) ®adnc,
s(so(l) @b, dc)Dadng; 1<l<n-1,
s(um)® b, dc) Dadng, 1<li<n-1,0l=2m,m>3
s(su(m) @b, ®c) D adng, 1<i<n-1,1=2m,m>3
s(sp(m) Gsp(l) Db, Ec) Badng, 1<i<n—1,l=4m,m>2
s(sp(m) u(l) @b, B c) Dadngy, 1<li<n-1,l=4m,m>1
s(sp(m) B b, B ) Dadngy 1<li<n—-10l=4m,m>1
5(50(9) @ by @ ) B adngqe
5(50(7) Dbg D) Dadngg
S(ge B br ) Dadngy
s(u(l) by @) Badngoy, 1<20<n—-1,0<r#1
s(su(l) by dc) D adngo, 2<20<n—-10<r#1
s(sp(m) D u(l) by @c)Dadngy, |1 <20<n—-1,1=2mm>20<r#1
s(sp(m) B by @) Badngy, 2<20<n—-1,0l=2mm>20<r#1

Theorem 6.7.  Every spherical non-reductive algebraic subalgebra of g = su(n, 1),
n > 2, is G-conjugate to one in the following list where b; C u(n —1 — j) and
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¢ C uw(l) are arbitrary (under the condition displayed in italic in Remark 5.3
adapted to this situation).

Here we have written ng, to denote Wey @ gaq and so on. Note that ng
is 1-codimensional and that Ny(ng1) = s(u(n —2) @ u(1)).

6.4. Reductive spherical subalgebras.

In this subsection we classify the reductive spherical subalgebras h = 5 ®
py of su(n,1). Since the K-action on p is essentially the same as the M -action
on g,, we may apply again Corollary 6.5 in order to obtain all the candidates for
the subspace py C p. In the reductive case we have the additional restriction that
[]JH,]JH] Cty C /\[E(pH) must hold.

To be precise, let py; = W C C" be a real subspace. If N (W) acts
irreducibly on W then py fulfills [py,py] C Ne(py) only if W lies in the same
SU(n)-orbit as W¢; (in which case [py, pu]@pr = su(n—1[,1)) for some 0 <1 <n
or Wg,, (in which case [py,pu] ® py = so(n, 1)), see [Knal6, Lemma 6.21].

Consequently, we obtain the following list of reductive spherical subalgebras
of su(n,1).

Theorem 6.8.  All spherical, reductive subalgebras b of su(n, 1), where n > 1
are (up to conjugation in G ) one of the following

u(n)
su(n) n>1
sp(m) n=2m and m > 2
sp(m) @ u(l) n=2m and m > 2
s(u(l) du(n —1,1)) 0<i<n
su(l) @ su(n —1,1) 0<l<n
s(sp(m) du(n—1,1)) 0<l<n,l=2m,m>?2
s(spim)@u(l)du(n—10,1)) | 0 <l <n,l=2m,m>2
so(n, 1)

According to [Ber57, Table 2], the symmetric subalgebras are s(u(l) ®u(n —1,1))
for 0 <l<n, s(u(n)®u(l)) and so(n,1).

Proof.  Due to [Knal6, Lemma 6.21] we may assume that py = Wg; for some
0<Il<norpy= WR{H. Note that WCL’n = {0}. Therefore b is compact in that
case. If py = Wél for some 0 <1 < n then [py,py] C &y C Ne(py) together
with [pg,pu] ® pg = su(n — [, 1) implies that h = s(b @ u(n —1,1)) where b is
some subalgebra of u(l) that acts transitively on the spheres in C'. If py = Wy,
then so(n) = [py, pu] C ty C Ne(py) = so(n) implies that h = so(n,1). ]

7. G =Sp(n,1)

7.1. Notation. Let U be a quaternionic vector space (with scalar multiplication
from the right) and let ¢ : U x U — H be a quaternionic inner product on U (i.e.,
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q is conjugate symmetric, H-linear in the second argument and positive definite).
We denote the group of invertible, H-linear transformations on U by GLy(U) and
define

Sp(U) :==Sp(U,q) ={A € GLg(U) : Vv,w e U, q(Av, Aw) = q(v,w)}.

For H" equipped with the standard quaternionic inner product (given by ¢(v,w) =
vtw for all v,w € H") we set Sp(n) := Sp(H"). The standard quaternionic inner
product on H is denoted by qg.

Let A € Sp(1) NIm(H). Then A2 = —1 and F) := R & R\ is a subfield
of H isomorphic to C. If p € Sp(1) NIm(H) has the property Re(qu(A, 1)) =0,
then Ap lies in Sp(1) NIm(H) and is Re gg-orthogonal to A and .

For the proof of the following result we refer the reader to [Knal6, Lemma 7.6].

Lemma 7.1.  Let (1, A\, u, A\) be a Re(qn) -orthonormal basis over R of H and
let U be a quaternionic vector space with quaternionic inner product q. The
projection hy := mp, 0oq of q¢ onto F) is an Hermitian form on U and q = hy+puny,
where ny : U x U — F\ is a symplectic form on U. We define the 2-forms
S,wx, Wy, wyy U XU — R by s := Rehy, wy := Re(—=Ahy), w, := Reny and
wux = Re(—=Any) and obtain that all of them are Sp(U, q) -invariant and fulfill :

q=s54+ Ay + p(w, + Awyn) : U x U — H is a quaternionic inner product,
hy=s+ Xwy : U x U — F\ is Hermitian,
M = Wy + Awyy 1 U x U — Fy is symplectic,
Wx, Wy wpn - U XU — R 1s symplectic,

s: U xU — R is a real inner product.

Since we choose q to be H-linear in the second and H-anti-linear in the first entry
we have
s(va, wp) + Awy(va, wph) + pw,(va, wh) + piw(va, wh) = q(va, wpd)

Oé
(v, 0)B = Ts(v,w)B + Thwa (v, )5 + G (0, )P + T (v, )3 )

forall viw e U, o, € H. The same is true if one interchanges A\ and .

Remark 7.2. If V is an F)-vector space whose quaternionification is U =V &
Vi, then the quaternionic U(V')-representation on U is irreducible. Furthermore,
if W is a real form of U, ie., if U =W & WAX&d Wud WAn holds, then the
O(W)-representation on U is irreducible, too, see [Knal6, Lemma 7.11].

Suppose that U = U; @ U, is a g-orthogonal direct sum of two quaternionic
subspaces. As in Sections 5 and 6 we write Sp(U;) x Sp(Us) for the subgroup of
Sp(U) that stabilizes this decomposition.

7.2. Strategy of classification.
We consider the Sp(n) x Sp(1)-action on H"™ given by (A,a)-v = Ava~
for all (A,a) € Sp(n) x Sp(1) and v € H". Recall that we want to find all real

1
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subspaces W of H" and all connected subgroups K of NSp(n)XSp(l)(W> which act
transitively on the connected components of the spheres in W'.

Given such a W, the group Nspmyxspa)(W) acts necessarily irreducibly
on W. Since the Sp(n) x Sp(1)-action on H™ maps quaternionic subspaces to
quaternionic subspaces, the maximal quaternionic subspace Wy = WNWiNnW N
Wk of W is /\/’Sp(n)xsp(l)(W)—invariant. Consequently, W is either quaternionic
or its maximal quaternionic subspace Wy is zero. Lemma 7.3 gives a normal form
for quaternionic W which allows to complete the classification in this case.

Therefore we are left to deal with subspaces W with Wy = 0 on which
Nspmyxsp) (W) acts irreducibly. This case splits into two subcases: Either there
exists a A € Sp(1) NIm(H) such that the subfield F = C acts by right multiplica-
tion on W or W is totally real in the sense that there exists no A € Sp(1) \ {1}
with W = WA. It turns out that the first of these subcases can be treated by
the same arguments as the ones developed in Section 6, while the totally real case
requires most of the work.

In closing we describe how these three cases influence the structure of the
group Nspmyxsp)(W). The normalizer Ngym)xsp1)(W) is the direct product of
Nspm)(W) := Nepmyxger (W) and a normal subgroup L of Nspmyxsp)(W) that
is isomorphic to the image of Nspmyxspa)(W) under the projection my: Sp(n) X
Sp(1) — Sp(1) given by (g,h) — h, see [Knal6, Lemma 7.13]. Note that L
contains Nep1y (W) 1= Nieyxsp)(W). Moreover, if [ 22 sp(1), then Ngyqy(W) is
either trivial or coincides with L, see [Knal6, Lemma 7.13].

The group Nsp1) (W) is of real dimension 3 if and only if W is quaternionic.
It has real dimension 1 if and only if W is not quaternionic but invariant under
the subfield F) = R@&RA of H for some A € Sp(1)NIm(H). The group Ngyq)(W)

is zero-dimensional if and only if T is totally real, see [Knal6, Lemma 7.16].

7.3. The quaternionic case.
The following lemma gives a normal form for a quaternionic subspace W C
H" and its normalizer. For a proof see [Knal6, Lemma 7.17].

Lemma 7.3.  Let W be any quaternionic subspace of H". Then Nep(n)xsp() (W)
coincides with (Sp(W) x Sp(W+)) x Sp(1) and acts transitively on the spheres
in W. Moreover, there is an orthonormal basis (vy,...,v,) of H" such that
W=vy,-H&---®v-H where l = dimyg W .

7.4. The F),-complex case.

Let us now suppose that W is not quaternionic but that there exists a
A € Sp(1) NIm(H) such that W is invariant under the subfield Fy. In that case
the assumption that

Nspmyxsp(1) = Nspmy (W) x (Sp(1) N Fy)
—L2S81

acts transitively on the spheres in W implies that W is an F)-irreducible rep-
resentation of Ngym,)(1W), see [Knal6, Lemma 7.18]. We complete (1,)) to a
Re gg-orthonormal basis (1, A, u, Ap) over R of H. Then V := W @ Wy C H" is
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the quaternionification of W on which Ngym) (W) C Sp(n) acts H-linearly. The
idea is to forget the F)-structure on W and H", i.e., to consider W as maximal
totally real subspace of the complex space V' (with respect to F),), and then to
use the same ideas as in Section 6.

In particular we consider the Hermitian form h, given by projecting ¢
to Fy,, ie., h, = s+ puw,, where s = Regq is a real inner product on H" and
w, = Re(—p - q) is a symplectic form on H" (see Lemma 7.1). We then define the
R-linear map Z,, : W — W by the identity

s(Zywy, wo) = w,(wr,we) YV wy,wy €W, (7.2)

and extend it F),-linearly to V =W @& Wp.
Since Nsp(n) (W) is a subgroup of Ny(ep n,) (W) we obtain as in Section 6
that V' decomposes as

V=kerZ, & P Ve

EeuR*

into Nsp(n)(W)-invariant and h,-orthogonal eigenspaces of Z,, to eigenvalues in
pR such that o, (Ve) = V_¢ holds where ¢, denotes complex conjugation of V' with
respect to W. Furthermore, the eigenspaces are quaternionic subspaces that are
g-orthogonal (see [Knal6, Lemma 7.25]). Thus we obtain the Ngy ) (W)-invariant
decomposition

W=kerZ,& P (Ve®ouVe)™.

£€HR>O

Since the group Ngpm) (W) acts irreducibly on W by assumption, we have either
W =ker(Z,) or W = (Ve ® 0,(V¢))° for some ¢ € uR>°. This discussion proves
part of the following proposition.

Proposition 7.4.  Let W be an F)-invariant subspace of H" with quaternion-
ification V=W @ Wpu. If K C Ngpm)(W) acts irreducibly on W, then

(i) either W C V is Lagrangian with respect to nx, V is a quaternionic irre-
ducible Ny (W) -representation and Ny (W) = Uy, (W) x Sp(We).

(ii) or W C V is symplectic with respect to nx, V decomposes as V = Ve & V_¢
into two, q-orthogonal, quaternionic irreducible Ngym) (W) -representations
which are as F)\-representations isomorphic to W and

Napmy(W) = {(g,9(9)) € Sp(Ve) x Sp(V_¢) } x Sp(W),
where 1 : Sp(Ve) — Sp(V_¢) is a Lie group isomorphism.

In both cases Ngpmy(W) acts transitively on the spheres in W

Proof. If W C V is Lagrangian with respect to n,, then W and Wy are
orthogonal with respect to hy. We now want to show that N,y (W) = Uy, (W) x
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Sp(W+9) holds, where Uy, (W) := {g € GLg, (W) : hy(gv, gw) = hy(v,w) for all
v,w € W}. Any element in Ngy,) (W) leaves W, W and hy|wxw invariant
and lies therefore in Uy, (W) x Sp(We). Conversely any element in Uy, (W)
acts H-linearly on V. Again, due to the fact that W is Lagrangian in V', the
quaternionic inner product ¢ is Uy, (W)-invariant. Hence Uy, (W) x Sp(We) C
Napm) (W) and therefore Ngyi) (W) = Uy, (W) x Sp(W=e) holds. The group
Nepm)(W) = Up, (W) x Sp(We) acts transitively on the spheres in W and
quaternionic irreducibly on V' (see Remark 7.2).

Let us now consider the case that V' = V. @ V_¢ is the decomposition of
V' into Z,-eigenspaces corresponding to the eigenvalues ¢ € pR\{0}. Recall
that this decomposition is g-orthogonal and that the F},-anti-linear involution
o, on V yields an isomorphism between Vi and V_.. Hence, we obtain F}-
linear, Ngy(n)(W)-equivariant isomorphisms gy between Vie and W given by
g+(v) = 3 (v+0,(v)). In particular, the quaternionic spaces Vi are Fy-irreducible
Nspn) (W)-representations isomorphic to W. We define another quaternionic inner
product ¢,, on V_¢ by

9o, (Uv u) = OH,u (Q(O'#(U), Ju(u))) v v,u € V‘ﬁ - O-H(Vvﬁ)'

One verifies directly that ¢,, and qly_ v, are both Ngp@m)(W)-invariant. Thus
there exists a t € R>? such that Qo = t2q|v_€xv_€. Suppose for a moment that
t =1, ie., that o, is an isometry of h). Consequently, W is orthogonal to
W with respect to hy, hence a Lagrangian subspace of V' with respect to 7,
contradicting our assumption. Thus we conclude t # 1.

We define the map 1 : Sp(Ve) = GL(V_¢) by ¥(g9)v = o.(g - 0, (v)) for
all v € V_¢. A direct calculation shows that 1 is a Lie group isomorphism from
Sp(Ve) to Sp(V_¢). This observation allows us to show that

Nepimy(W) = {(g,9(g)) € Sp(Ve) x Sp(V_¢)} x Sp(Wa).

Indeed any element in N,y (W) acts as element of Sp(Ve) x Sp(V_¢) on Ve x V.
Using the fact that any element in Ny, (W) stabilizes W = V7 we obtain

(k1,k2) - (v+ 0, (v)) = kv + koo, (v) = kv + 0, (Y (k2)v)

has to lie in W for all (ky, k2) € Sp(Ve) x Sp(V_¢) and for all v € V. This implies
kiv = 1(ky)v for all v € V; forcing ks = 9(k1) and thus

Ny (W) € {(9,9(9)) € Sp(Ve) x Sp(Vog) } x Sp(W).
The converse conclusion is elementary to check. ]

Introducing coordinates we obtain the following normal form of these real
subspaces W of (H",q), up to the action of Sp(n).

Corollary 7.5. Let W be a real subspace of H", that has no quaternionic
subspace but is invariant under Fy for some X € Sp(1) NIm(H). If some compact
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subgroup of Nspu) (W) acts irreducibly on W, then W lies in the same Sp(n)-orbit
as one of the following

Wy = Fy x {0},
z+pw !
Weie = {(t(z—ouw)> DZ,w E FA} , 0

IN

[ <n

N ©

I< |3
for some t € (0,1). The corresponding normalizers are given by

Nspmxsp)(Wry1) = (Un, (1) x Sp(n —1)) x (Sp(1) N Fy),
Nsimpson W) = { (T o)) € 8p(n) x Sp(1) :
A€ Sp(l), B eSp(n—21),ac FA}
>~ (Sp(l) x Sp(n — 21)) x S*.

In both cases Ngpm) (W) acts transitively on the connected components of the
spheres in W .

Proof. If W is F)-invariant and Lagrangian in V = W & Wy with respect
to my, then W is orthogonal to Wy with respect to hy. Therefore any h)y-
orthonormal basis over F\ of W is a g-orthonormal basis over H of V. In
particular, if we choose an hy-orthonormal basis (wy,...,w;) of W and complete
it to a g-orthonormal basis (wy, ..., w,) of H", we obtain an element (w; - - - w,) €
Sp(n) that maps Wg, ; to W.

If W is symplectic with respect to 7, then we saw in the proof of Proposi-
tion 7.4 that there exists a t € RZ°\{1} such that op ,(q(0,(v), 0, (w))) = *q(v, u)
for all v,u € V_¢. If we choose a g-orthonormal basis (vq,...,v;2) over H of V
and set vyja4; := 10,(v;) for all 1 < j < 1/2 we obtain the g-orthonormal basis
(v1,...,u) of V.=V ® V_¢. Completing it to a g-orthonormal basis (vy,...,v,)
of H" the element (vq---v,) € Sp(n) maps Wg, ;; to W. Note that ¢t may be

chosen between 0 and 1, because the element (igl igi %) € Sp(n) maps Wg, ;4 to
1
Wiy i1yt n

7.5. The totally real case.

Let us now consider the case that W is a totally real subspace of H",
i.e., that there exists no A € Sp(1)\{%1} such that W = WA. Again we want
to determine those real subspaces W C (H",q) such that Ng,axspa)(W) acts
transitively on the spheres in W. Recall that Nsy)xspa)(W) = Nsp) (W) X L.

Theorem 4.2 implies that if dimg(W) > 4 then already Ngp,)(W) has
to act transitively on the spheres in W. We therefore consider first totally real
subspaces W of arbitrary dimension which satisfy the condition that Ny (W)
acts irreducibly on W . The only spherical subalgebras that we are possibly missing
are those for wich dimg(W) < 4. We will consider these cases at the end of this
subsection.
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We first give a normal form of totally real W up to the action of GL(H").

Lemma 7.6. Let W be a real subspace of H" such that (W)g = W & Wi @
Wi@®@Wk. Then W lies in the same GL(H")-orbit as Wy, := R x {0}, where
| = dimg(W) and U acts trivially on W .

Proof. Let (vy,...,v) be an s-orthonormal real basis of W. Then (W)y =
(v1,...,v)m. In particular (vy,...,v;) is a quaternionic basis of (WW)g that we
complete to a quaternionic basis (vq,...,v,) of H*. Now g = (v;---v,) is an
element in GL(H") that maps Wg; to W. This implies that

Napmyesp() (W) € Ad(9) (Napmymepry(Wr,t))
Napmyosp1) (Wry) = {(A, §) € sp(n) ®sp(l) : Aw —wé € Wy V w e Wy}
{(A,€) esp(n) ®sp(1): A= (4°), 4 —¢id e R™'}
i A,0) € sp(n @sp(l):A:(%lg),AleRM}l

Napn) (Wr,1)

® {(4,) €sp(n) Dsp(1) : A= (£140)}.

[

Therefore, the action of [ on Wg, and thus on W is trivial. n

In order to give a normal form of W up to the action of Sp(n), we will
analyze the position of W in H" with respect to the various symplectic forms
listed in Lemma 7.1 which are invariant under Sp(n). We will see that under
the condition that Ngspm) (W) acts irreducibly on W, these symplectic forms
contain information about the division algebra Enstp(n)(W)(W). Hence, we will
now divide such totally real W into three subcases, corresponding to the three
possibilities R, C or H for EndNSp(n>(W)(W).

We define the R-linear maps Z;,Z;,Z;, : W — W by the identity

S(Tnwy, wa) = wp(wy,we) YV wy,wy € W, ¥Ym e {i,j,k}. (7.3)
Let us consider the map

X - H — Enstp(n)(W)(W)
a—l—bz—i—cy—i—d/{: — ald—i-bL +CIj —|—de

Note that the kernel of y lies in Im(H), i.e., that x|g is injective and that
s(x(2)wr, w2) = s(wiz,ws)
holds for all z € H and wy,ws € W. In particular, if A\ € Im(H

)
s(x(N)wq, wy) = s(wi A, we) = wy(wy,ws) (see Lemma 7.1), i.e.; x(A
7, is defined by the equation

N Sp(1), then
) = I, where

s(Zhwy, we) = wy(wy, ws) (7.4)
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for all wy,wy € W. The Ny (W)-equivariant R-linear endomorphisms of W
form a division algebra over R that is isomorphic to R, C or H. We are going to
successively consider the cases that dimg(x(H)) equals 1 (see Lemma 7.7), 2 (see
Lemma 7.8) or is bigger than or equal to 3 (see Lemma 7.9). We will see in Remark
7.10 that these cases do indeed correspond to the cases that EndNSp<n)(W)(W) is
isomorphic to R, C or H respectively.

Let us start with the case that dimg (x(H)) = 1. Since we already noted that
the kernel of x lies in Im(H), we obtain that w;|wxw = wjlwxw = wklwxw =0
in this case.

Lemma 7.7. Let W be a totally real subspace of H" of real dimension | with
quaternionification U = W @ Wi e Wj e Wk. If W C U 1is isotropic with
respect to w;, w; and wy and Nsyo) (W) acts irreducibly on W, then U is a
quaternionic irreducible Nsp ) (W) -representation, Ny (W) = O(W)xSp(W )
acts transitively on the spheres in W, | =2 sp(1) acts trivially on W, and W lies
in the same Sp(n)-orbit as Wg,; := Rl x {0}

Proof. Since W C U is isotropic with respect to w; the spaces W and W -4
are s-orthogonal. Any element in Ng,,) (W) respects W, W and leaves s|y «w
invariant and lies therefore in O(W) x Sp(W+4). Conversely, any element in O(W)
acts H-linearly on U. Again, due to the fact that W is isotropic with respect to w;,
w; and wy, the quaternionic inner product ¢|yxy is O(W)-invariant, which implies
O(W) x Sp(W4) C Ngp(m)(W). This shows Nepm) (W) = O(W) x Sp(Ws).
Consequently, Remark 7.2 implies that Ng,,) (W) acts transitively on the spheres
in W and quaternionic irreducibly on U.

If we choose an s-orthonormal basis (wy, ..., w;) over R of W then (wy, ..., w;)
is a g-orthonormal basis over H of U. Completing it to a g-orthonormal basis
(wy,...,wy,) of H* we obtain the element (wy ---w,) € Sp(n) that maps Wg; to
W . A direct calculation yields

Napmyosey W) = {(A,€) € sp(n) & sp(1) : Aw —w& € Wry ¥V w € We,}
{A§ csp(n) ®sp(l): A= (42), 1—§1d€]Rle}
i E 5p n) @5]3(1) ( ) A€ Rlxl}/

—so(l)@sp(n1)
©{(A.9 espn) @sp(1) : A= (510)},

—sp( )

i.e., [=sp(1) in this case and [ acts trivially on Wg; (see Lemma 7.6). n

Let us now assume that dimg(x(H)) = 2, i.e., the kernel of y is a 2-
dimensional subspace of Im(H). Its orthogonal complement in H is also 2-
dimensional and contains R. Let us assume that it is equal to F), = R @& R\
for some A € Im(H) N Sp(1), ie., x|m @ Fn — Rid@RZ, is an isomorphism.
We choose the Regg-orthonormal basis (1, A, u, Ap) of H. Then the kernel of
X is equal to Ru & R\ = Fhp. We set U = W d WA Wu d WA and
denote by oy : U — U the F)-anti-linear and F),-linear involution that fixes W
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pointwise. Analogously we let o, : U — U denote the F),-anti-linear and F)-linear
involution that fixes W pointwise. The two involutions o and o, are Ng, ) (W)-
equivariant and commute. Furthermore W is the joint set of fixed points of o)
and 0, in U, ie, W = (U?)% = (U%)?. The map f,, : U = U’ defined by
u > Hu+oyu(u)) is Fy-linear, Ny (W)-equivariant, surjective and has kernel
Wpo Wk

Lemma 7.8. Let W be a totally real subspace of H™ of real dimension
with quaternionification U :== W @ WA @ Wu & WA such that Neppy (W) acts
irreducibly on W. We assume furthermore that Iy # 0 on W and w,|lwxw =
wur|lwxw = 0, where Iy is defined by (7.4). Then U decomposes q-orthogonally as
U = Uz, ¢®Us, —¢, where Uz, ¢ and Uz, _¢ are quaternionic irreducible Ngp(ny (W) -
representations while f, (Uz,¢) and fo,(Uz, —¢) are Fx-irreducible Ngpmy(W)-
representations that are as real representations isomorphic to W . Furthermore

Neow)(W) = {(g,0(9)) € U(fo,(Urs.), Ba) X U(fo, (Uz, —¢), ha)} X Sp(W ),
[=u(1),

where o 1 U(f5,(Uz, ¢), ha) = U(f5,(Uz, —¢), ha) defined by p(g)(v) = or(g-or(v))
for all v € f,,(Uz, —¢) is a Lie group isomorphism and W lies in the same Sp(n)-

),
) A
T+
orbit as Wg,p, = {(r (—Ay) ) TS Rl/z} for some r € (0,1). Furthermore
Nspmy) (W) acts tmnsztwely on the spheres in W while | acts trivially on W .

IIZ

Proof. We denote by V) the complexification W & WA of W. Note that V) =
U . The assumption wy|wxw = wua|wxw = 0 implies w,|v, xv, = wurlvyxvy, = 0.
This gives in turn that V) is hy-orthogonal to V)-u. Therefore any hy-orthonormal
basis over F\ of V) is a g-orthonormal basis over H of U. In particular, if we
choose an hy-orthonormal basis of V) and complete it to a g-orthonormal basis
of H", we obtain an element in Sp(n) that maps Vg ; = F} x {0}"7 to Vi.
This implies that Nsp)(Va) = U(Vy, ha) x Sp(U L) acts Fy-irreducibly on V)
and quaternionic irreducibly on U (see Remark 7.2). Since Sp(n) acts H-linear
on H" any element in Ngy(,) (W) leaves V) invariant. As a result we obtain

Npm) (W) C Ngpmy(Va) = U(Vi, ha) x Sp(U+)

and the action of Ngyq,)(W) on W is orbit equivalent to the action of the first
factor, i.e., the action of Ny, n,)(W). Therefore Ny, ny) (W) acts irreducibly
on W.

Since 7, is defined as in Section 6 we obtain that the kernel of Z, : W — W
is equal to the maximal subspace of W on which w, is degenerate. Since W
is a maximal totally real subspace of the Hermitian vector space (V),h,) and
Sp(n) is a subgroup of U(F{", hy), the requirements of Proposition 6.4 are met
and we conclude (since Z, # 0) that W C V) is symplectic with respect to
wy, Vi decomposes hy-orthogonally as V\ = V) @ V) _¢ into two F)\-irreducible
./\/U(sznm)(W)—representations that are as real representations isomorphic to W
and which are eigenspaces of the F)-linear continuation of Zy : W — W to V)
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for the eigenvalues ££ € AR\{0}. The involution o) induces an Ng,q,)(W)-
equivariant and F-anti-linear isomorphism between V¢ and V) _¢ and

Nuwa ) (W) ={(g9,90(9)) € U(Vae) x U(Va_¢)},

where the Lie group isomorphism ¢ : U(Vy¢) — U(Vy _¢) is given by ¢(g)(v) =
ox(gor(v)) for all g € U(Vy¢) and v € V) _¢.

We already stated that the action of Ny, (W) on W and V) is orbit equiv-
alent to the action of NU(Vk,hA)(W) on W and V). As a result the subspaces V) 1¢
are two F)\-irreducible Nsp(n)(W)-representations that are as real representations
isomorphic to W and

Nepmy(W) = {(g,0(9)) € U(Vae, ha) x U(Vi —¢, ha)} x Sp(Ut).

Note that due to Remark 7.2 the induced representations of Ny, (W) on
Uz, +¢ = (Vi 1¢)m are as quaternionic representations irreducible. We conclude
that /\/’sp(n) (W) acts transitively on the spheres in W, Fy-irreducible on V) 4¢ and
quaternionic irreducibly on Uz, 1¢.

If we map V) to Vg, ; by an element in Sp(n) as described above, Corollary
6.5 yields that W lies in the same U(V), hy)-orbit as W, for some r € (0,1).
A direct calculation shows [ = u(1). The action of [ on W is trivial (see Lemma
7.6). [

Let us now assume dimg(x(H)) > 3. In particular Endyg, o) (W) = H.
In order to simplify this case we are not only going to assume that Ny, (W) acts
irreducibly on T but we are going to use the stronger condition that N, (W)
acts transitively on the spheres in W. As we noted at the begin of this section
this is always the case if Ny (W) acts transitively on the spheres in W and
dimg(W) > 4. The case dimg(W) < 4 will be considered later.

Lemma 7.9. Let W be a totally real subspace of H"™ of real dimension
with quaternionification U == W @ WA @ Wu ® WAu such that Ny (W) acts
transitively on the spheres in W. We assume Endpg, o)(W) = H. Then
U = (W)u decomposes into four isomorphic quaternionic irreducible Ngpmy(W) -
representations that are as real Nsy) (W) -representations isomorphic to W', while
Nepny(W) is isomorphic to Sp(W) x Sp(W2) and its action on W is given by
the standard action of Sp(W) on W . In this case W lies in the same Sp(n)-orbit

as
u
uz
Wry,. == {(3;%) Tu € ]I-]I”‘*}
0

P ={(22,23,21) € (H)®: (1,29, 23, 24)p = H,
dlmR(Im(<§ +Z_2§ZQ + 2_3523 +Z_4§Z4 : f € H)R)) > 2} .

for some z € P, where

Furthermore Ngpmyxsp(1)(Wry,2) = Napm)(Wry,2) for all z € P.
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Proof.  Since Endyg, ) (W) is assumed to be isomorphic to H, Theorem
[BtD85, Theorem I11.6.7] implies that W € Irr(Ngp(m) (W), R)g. This in turn im-
plies that the complexification V := C ®g W decomposes as CQr W = V] & V5
into two complex irreducible N, (W)-representations Vi, Vo, which are as com-
plex Ngp ) (W)-representations isomorphic and as real Ngp () (W)-representations
isomorphic to W (see Proposition [BtD85, Proposition I1.6.6 (iii)]). Moreover, for
m € {1,2}, the quaternionification H ®¢ V,, of V,, decomposes as H ®¢ V,,, =
Uni @ Uno into two quaternionic irreducible Ngy,)(W)-representations, which
are as quaternionic Ng,,)(WW)-representations isomorphic and as real Ny (W)-
representations isomorphic to W (see Proposition [BtD85, Proposition I1.6.6 (ix)]).
Overall this shows that the quaternionification U := H®g W = H ®¢ V' decom-
poses as Uy @ Ups @ Usy @ Usp into four quaternionic irreducible Mgy (W)-
representations, which are as quaternionic ./\/Sp(n)(W)-representations isomorphic
and as real Ngp(,)(W)-representations isomorphic to W.

Let g : W — Upq be an Ngyp)(W)-equivariant R-linear isomorphism.
Since we assumed that Ngp(n,) (1) acts transitively on the spheres in W, it also acts
transitively on the spheres in Uy ;. Furthermore Ngy ) (W) respect the restriction
qlv, 1 xv,, and therefore acts as a subgroup of Sp(Uy,1) on Uy ;. Due to Onishchik’s
classification (see Theorem 4.3) there exists no proper subgroup of Sp(U; ;) that
acts transitively on the spheres in Uy ;. Therefore the action of Mgy, (W) on
Uy, is the action of Sp(Uy1) on Uy ;. If we pull back the quaternionic structure
on Uy via g : W — U;; to W we obtain a quaternionic structure on W
that is respected by Ngpwm)(W). Moreover the action of Ngyu) (W) on W is
the action of Sp(W) on W. Since Ngy) (W) leaves W invariant we conclude
Nspy (W) = Sp(W) x Sp(W+).

Since the four quaternionic irreducible N Sp(n) (W)-representations Uy 1, Uy 2,
Usy, Uy are isomorphic, we may assume them to be g-orthogonal and thus W

w;fw

lies in the same Sp(n)-orbit as W, = { <Z3Eug> cu € ]I-]W“} , for some 1)y, 13,14 €
4(uw
0

Ends,, /4 (H”*)\{0} = H*. A direct calculation then shows that the isomorphisms
have to fulfill the constraints given by the set P in order for Wy to have the

assumed properties. For the technical details of the proof of the normal form we
refer the reader to [Knal6, Proposition 7.42]. ]

Remark 7.10.  Proposition 6.6 and Theorem 6.7 in [BtD85] imply that Lem-
mas 7.7, 7.8 and 7.9 cover the cases that the division algebra Endag,, w)(W) is
isomorphic to R, C or H respectively.

The following well-known Lemma 7.11 implies that the element A € Im(H)NSp(1)
in Proposition 7.4, Lemmas 7.5, 7.8 and 7.9 may be chosen to be i (while x may
be chosen as j).

For the proof of the following result we refer the reader to [Knal6, Lemma 7.45].

Lemma 7.11.  Any ring automorphism 1 of H is inner, i.e., for any 1 there
exists a qp € H\{0} such that ¢(z) = q¢zq1;1. Furthermore qy can be chosen in

Sp(1).
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Furthermore the action of any p € Sp(1) on Im(H) = R3 given by pvp*
is a special orthogonal transformation, i.e., the map Sp(1) — SO(3), p — (v —
pup™t) for all v € Im(H) is a group homomorphism with kernel {£1}.

At this point we have found all quaternionic and complex subspaces W such
that the normalizer Nsp()xsp)(W) acts irreducibly on W and all real subspaces
W of H" such that Ngpn) (W) acts transitively on the spheres in . Furthermore
we have shown that for all such W the normalizer Ny, (W) (and therefore also
Nspmyxsp)(W)) acts transitively on the connected components of the spheres in
W

The goal of this section is to find all real subspaces W of H" such that
./\/sp(n) «sp(1) (W) acts transitively on the connected components of the spheres in
W. If Ngpmy(W) does not act irreducibly on W (in particular if dimg(1W) > 1)
then L has to act transitively on the spheres in W forcing dimg(W) < 4. This is
the reason why we will consider the cases 2 < dimg(W) < 4 from now on. Even
though we could assume that L acts transitively on the spheres in W we rather
just assume dimg(17') < 4 and see what this implies for the L-action on W. Note
that we still assume that W C H" is a real subspace such that W # WA for all
A € H\R and that

[={(¢(a), @) € sp(n) xsp(1) : @ € To(Nopmymspr)(W))}

for a Lie algebra homomorphism ¢ : mo(Napm)@sp(1)(W)) — sp(n), which is injec-
tive by the assumption Nioyasp1)(W) = {0}. If ma(Nepmyasp)(W)) = sp(1) then
the simply connectedness of Sp(1) implies that ¢ lifts to a Lie group homomor-
phism.

Note that dimg((W)g) < 4dimg (W) and that dimg((W)g) is divisible by
four. Therefore we have the following cases

4 1, 2%, 3% 4
3 1, 2%, 3¢
2 1, 2%,

where the case dimg(W) = 4, dimg((W)m) = 1 and the case dimg(W) = 2,
dimg((W)g) = 1 are excluded by the assumption W # WA for all A € H\R.

The cases * are excluded by Lemma 7.6, while the cases with * are excluded
by [Knal6, Lemma 7.48, Lemma 7.49]).

Hence we only need to consider the case dimg(W) = 3 and dimyg((W)g) =
1.

Lemma 7.12.  Let dimg(W) = 3 and dimg((W)w) = 1. Then W lies in the
same Sp(n)-orbit as Wg 31 := Im(H) x {0}"~! and the action of L = Sp(1) on
W is isomorphic to the defining representation of SO(3) on R*® and Ny (W) =
{0} x sp(Wa) acts trivially on W .

Proof. Since L respects the real inner product s, the real 1-dimensional sub-
space W= N (W)y is invariant under the action of L. Let us choose an element
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vy € Wts N (W)g with ¢(vy,v1) = 1. Then we can complete v; to a quaternionic
basis of H" and obtain an element in Sp(n) that maps Wg 31 to W. Then

0

£0..0
Nopmyasp() (Wrz,1) = {(Af)esp(n)@sp(l):fl=<; ) >}

Nopy(Wis1) = {A €sp(n): A= (O O)} |

0

€0..0
:{(A,é)esp(n)@sp(l):fl=<? . )}gsp(l)-

0

Now the proof follows from Lemma 7.11. [ |

We summarize the work of this section in the following theorem.

Theorem 7.13.  Let W be a real subspace of H". If Ngpmyxsp)(W) acts
irreducibly on W then W lies in the same Sp(n) x Sp(1)-orbit as one of the
following

Wiy = H' x {0}, 0<i<n
Wep = C' x {0}, 0<l<n
z+jw ! .
Wc,2z,t:{(t(z—jw)>:z,wE(C}, 0<[§L§J
0
Wi, =R x {0}", 0<l<n
Wey =R x {0}, 0<i<n
WR,zl,t,CI{(%) :ZE(CZ}, 0<Il<|5]
WRAl,z:{(ggé)ZUEHZ}, 0<1< (2]
0

WR’3’1 = Im(H) X {0}”71,
for some t € R"O\{1}, z € P. Furthermore

Nopmyaspr) (Wig) = (sp(l) @ sp(n — 1)) © sp(1),
Napmyesp(ny(Wer) = (u(l) @ sp(n — 1)) @ u(1),
u(
(

I

)
)
Napmyesp(t)(We,2e) = (sp(1) @ sp(n — 21)) @ u(l),
Napmywsp(1)(Wri) = (s0(1) @ sp(n — 1)) & sp(1),
) l
) (
)

I

Napmyosn) Wrarec) = (u(l) © sp(n — 21)) © u(1),
Nopmyaspr) (Wroai,2) = (sp(1) @ sp(n — 41)) & {0},
Nopmymspn)(Wry31) = sp(n — 1) @ sp(1).

Proof.  The proof for Wy, follows directly from Lemma 7.3. Using Lemma 7.11
the proof for W¢; and We g, follows from Corollary 7.5, while the proof for Wg,
Wratc and Wg 4, follow from Lemmas 7.7, 7.8 and 7.9 respectively. The proof
for Wg3 1 follows from Lemma 7.12. [
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7.6. Non-reductive spherical subalgebras.

In this subsection we describe all non-reductive spherical algebraic subalge-
bras of sp(n, 1), up to the action of M. Their unipotent radicals are of the form
W+ @ goo, where W C g, is one of the subspaces described in Theorem 7.13.
In order to find all possibilities for their maximal compact subalgebras we apply
Onishchik’s Theorem 4.3 to their normalizers and thus obtain (with Remark 4.4)
the following.

Theorem 7.14.  Every spherical non-reductive algebraic subalgebra of g =
sp(n,1), n > 2, is G-conjugate to one in the following list, where b; C sp(n—1—
7), ¢ Csp(l) and 0 C u(l) are arbitrary (under the condition displayed in italic
in Remark 5.3 adapted to this situation).

gy ®n g Cm@a arbitrary

sp(k) @b, dcdadny, 1<Ii<n-—1,

cdb; dsp(l) Dadng,

ull) b, @B adng, 1<i<n-1

su(l) b, OB adngy 2<1<n-1
sp(m)du(l) @b, Godadngy 1<i<n—-1,1=2m,m>?2

sp(m)d b, EdPadng, 1<i<n—-1,1=2m,m>2

sp(l) D by V@ a ® neary 1<20<n—1,1=2m,teR>\{1}

s0(l) Db, Bcdadng, 1<i<n-1

u(m) @b, Gcdadng, 1<i<n—-1,1=2m,m >3

su(m)® b, S cdadngy 1<i<n—-1,1=2m,m>3
sp(m) ®sp(l) b, dcdadngy 1<i<n—-1,l=4m,m > 2
sp(m)du(l) b, S chadng, 1<li<n—-1,l=4m,m>1

sp(m) b, Schadng, 1<i<n—-1,l=4mm>1

50(9) @blﬁ@c@a@nR,IG
s50(7) PbsBcdadngg
GPb;Bchadngy

u(l) Dby ®OD a® nposc 2<2l<n—1,teR\{1}
su(l) by GOB ad ngosc 4<21<n-—1teR>N{1}
sp(m)du(l) @by OB adngo,c 2<20<n—1,1=2m, m>2,
t e RZN\{1}
sp(m) ® by GOD ad ngorsc 2<20<n—1,1=2m, m>2,
t € R\ {1}
sp(l) Dby Gadngy,. 2<4l<n-1,z€P
sp(l) by Dadnrgs,

Proof. Here we have written ngy; to denote Wﬁl @ g2 and so on. Note that
ng; is 1-codimensional and that Ny(ng 1) = sp(n — 2) @ sp(1). ]
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7.7. Reductive spherical subalgebras.

In this subsection we classify the reductive spherical subalgebras b = ¢y @
pu of sp(n,1) (for n > 1, since sp(1,1) = s0(4,1)). Since the K-action on p is
essentially the same as the M -action on g,, we may apply again Theorem 7.13 in
order to obtain all the candidates for the subspace p3; C p. We use the fact, that
the Lie bracket on p is given by

10250 (8] (2] = (s 7 )

in order to single out those Lie algebras that fulfill the additional restriction that
[pr, pr] C g C Ne(py) (see (4.2)) has to hold.

If py is equal to Weaye or Wrayc (for some 1 < I < [2] and some
t € R*O\{1}) or Wgy,. (for some 1 < | < [%], z € P) or Wy, for some
0<!l<nor Wgsy then h = £y & py cannot be spherical in sp(n,1) if n > 1,
see [Knal6, Lemma 7.55-7.57].

If p3; = We, for some 0 < I < n, then h = &y @pgy can only be spherical in
sp(n,1) for n > 1 if [ = n. In that case h is K-conjugate to su(n,1) or u(n,1),
see [Knal6, Lemma 7.54].

If p3; = Wy, for some 0 <1 < n, then it is shown in [Knal6, Lemma 7.53]
that the only reductive spherical Lie algebras h = ¢y @ py of sp(n,1) for n > 1
are the following

glo

sp(n) @sp(1), sp(n) ©u(l), sp(n) ®{0}, I=n
sp(l) @sp(n —1,1), 0<l<n
u(l) ®@sp(n—1,1), sp(n—1,1).

Hence, combining these results with Proposition 3.3 and Theorem 4.3 we
obtain the following list of all spherical reductive algebraic subalgebras of sp(n, 1)
up to conjugacy in G'.

Theorem 7.15.  All spherical, reductive subalgebras b of sp(n,1) where n > 1
are (up to conjugation in G ) one of the following

sp(n) @ sp(1)
sp(n) @ u(1)
sp(n) & {0}
sp()®sp(n—1,1) | 0<I<n
u(l) ®sp(n —1,1)
sp(n—1,1)
su(n, 1)
u(n, 1)

According to [Ber57, Table 2], the symmetric subalgebras are sp(l) & sp(n —1,1)
for 0 <l <n, sp(n)®sp(l) and u(n,1).
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8. The exceptional group G = F}

8.1. Reductive spherical subalgebras.

We want to classify the spherical reductive algebraic subalgebras b = £y &
pr of g = f4. Using the classification of maximal reductive subalgebras of g, Krotz
and Schlichtkrull have shown that a spherical reductive subalgebra of g must be
contained in a symmetric one, see [KS16a, Lemma 6.2]. According to [Ber57, Table
2], the symmetric proper subalgebras of f, are s0(9), s0(8,1) and sp(2,1)®sp(1).

We first determine py .

Lemma 8.1.  Let G7 = K% exp(p?) be a symmetric subgroup of G (defined as
the fized point set of an involution o that commutes with the Cartan involution)
and H = Ky exp(py) a subgroup of G°. The adjoint Ky -action on p can only
be transitive on the spheres in pr C p if py = p°.

Proof.  Since b is a subalgebra of g7, py lies in p° which implies that p; C
p=p? ®p~7 is the direct sum of p~ and p}{ Np?. Since the adjoint €7 action on
p stabilizes p° and p~°, Ky can only act irreducibly on p3; C p if py =p°. =

If g7 is simple and non-compact, then we have £ = [p?,p?]. We are now
in the position to prove the main statement of this section.

Theorem 8.2. Up to conjugation by an element of G, the following table
exhausts the spherical, reductive subalgebras h =€y & py of f4.

fa
50(9)
50(8,1)
sp(2,1)
sp(2,1) @ u(l)
sp(2,1) @ sp(1)

According to [Ber57, Table 2], the symmetric ones are f4, $0(9), s0(8,1) and
sp(2,1) ®sp(l).

Proof.  Let us first consider the case that g7 equals f4 or s0(8,1). Since py = p°
by Lemma 8.1 and g is simple non-compact, we conclude that h has to contain
t7 = [p?,p°]. Hence h = g7 is the only spherical subalgebra of g that lies in g7
in these two cases.

Let us now consider the case that h C s0(9). In this case h = €5 and
ph = p =2 R, We are therefore looking for connected subgroups of Spin(9) that
act transitively on the spheres in R'® 2 p with respect to the adjoint action. Due
to Theorem 4.3 there are none except for Spin(9) itself. This gives h = s0(9).

If 97 =sp(2,1) B sp(l) then 7 =sp(2) ®sp(1l) ®sp(l) and dimg(p?) = 8.
Since py = p° by Lemma 8.1 and sp(2, 1) is simple non-compact, h C g7 has to
contain sp(2,1). Hence h = sp(2,1) @ b, where b is a subalgebra of sp(1). Note
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that we have
sp(2) dsp(l) C ty Csp(2) @sp(l) Bsp(l) =¢.

The condition for H to be spherical in G is that Ky acts transitively on the
spheres in pj & p~7 = RS,
Let 6 denote a Cartan involution on g that commutes with o. Then
o is another involution on g defining the Lie algebra g% = £ @ p~7 as fixed
point set. Note that g% has real rank 1 since g has real rank 1. Therefore
(K7)° = Sp(2) xSp(1) xSp(1) acts transitively on the spheres in p~?. In particular
the adjoint K7-representation on p~ is irreducible. It is well known that then
p~? decomposes into a tensor product of three D-vector spaces that are irreducible
representations for Sp(2), Sp(1) and Sp(1l) respectively, where D € {R,C, H}.
Since the adjoint K?-representation on p~7 is not only irreducible but transitive
on the spheres this tensor product has two factors that are equal to D. Using
again the fact that K° acts transitively on the sphere S7 € R® = p=7 and the
fact that dimg Sp(1) = 3 < 7 = dimg S7 we obtain the following three possibilities
to decompose p~?
REQR® R,
p7=({C'RCRC,
H* ® H® H.

Note that in each case Sp(2) acts by the standard action on p~@ = RS = C* = H?2.
Hence, already Sp(2) x {e} x {e} acts transitively on the spheres in p3;. This
implies that b C sp(1) is arbitrary. [

8.2. Non-reductive spherical subalgebras.

We start by analyzing the structure of a minimal parabolic subgroup Qo =
MAN of G = Fy. According to [Ara62, p. 32-33] we have that n = g, ® gao 1S
the restricted root space decomposition, where dim g, = 8 and dim gy, = 7. Due
to Corollary 3.7 we have ng = W+ @ g, where W C g, is a real subspace such
that My acts transitively on the spheres in W.

First we are going to identify the M -representation on g,. Note that it has
to be irreducible due to [Wol84, Chapter 8.13].

Lemma 8.3. The M -representation on g, is induced by the embedding ¢ :
50(7) — s0(8) given by

0—-a—-b—c —d —e —f
a 0 —g—-h —i —j —k
b g 0 -l —m-—-n—p
c h I 0 —q —r —s —

di m qg 0 —t—u
e 7 n r t 0 —v
fk p s u v 0

0 —a+s—t —b—r—u —c—k4+n —d+j+p —e—i—l —f+h—m g+q—v

a—s+t 0 —g+q—v f—h—m —e—i+l d—j+p —c—k—n —b+rtu

b+r4+u  g—q+v 0 —e+i—l —f—h—m c—k-n d+j—-p a+s—t

— ctk—n —f+h+m e—itl 0 g—q—v —b—r4+u a—s—t —d—j—p

d—j—p et+i—l f+h+m —g+qtv 0 —a—s—t —b+r—u c—k+n

et+i+l —d+j—p —ctk+n b+r—u  ats+t 0 —g—q—v f+h—m

f—h+m c+k+n —d—j+p —a+s+t b—r+u  gtgtv 0 —e+i+l

—g—q+v b—r—u —a—s+t d+j+p —ctk—n —f—h+m e—i—l 0
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Proof. The embedding from Spin(7) into SO(8) is described in [Oni94, Chap-
ter 1.5.3] as follows. If 1 <i < j <7, then (—E;; + Ej;;) forms a basis of s0(7),
where Fj; is the matrix with a 1 in line ¢ and column j and zeros everywhere
else.

We take the standard orthogonal basis {eg,e1,...,er} of octonions over R
with the following multiplication table.

X| €ey| e1| e €ez| eq| es| €| er

€o| €o| €1| €2| €3] €4 €5| €¢| €7

€1| €1|—€p| €3|—€2| €E5|—€4|—C7| Cp
€2| €2|—€3|—€p| €1| €| €7|—€4|—€5
€3| €3] €2|—€1|—€p| €7|—€6| €5/—C€4
€4| €4|—€5|—€6|—€7|—€p| €1]| €2| €3
€5 €5| €4|—€7| €6|—€1|—€p|—€3| €2
€6| €6| €7| €4|—€5|—€2| €3|—€|—€1

€7| €7|—€6| €5| €4|—€3|—€2| €1|—€

Note that the space of pure imaginary octonions is spanned by {ej,...,e;}. The
Lie algebra spin(7) is spanned by elements e;e; with 1 <4 < j < 7. The map
2(—E;j + Ej;) — eej forall 1 < ¢ < j < 7 is an isomorphism from so(7) to
spin(7). The map X : e;e; — (z — e;(e;x)) is an embedding of spin(7) into
50(8), where we choose the basis {ei,...,er,e0} of R®. Direct calculation with
the multiplication table shows that the map A : spin(7) = s0(7) — s0(8) is equal
to the map ¢ from the statement of this proposition.

Note that the induced action of Spin(7) on R?® is transitive on the spheres.
This follows since A(spin(7))(eo) = T, (Spin(7)-eg) coincides (by the multiplication
table) with the purely imaginary octonions, which equals T,,(S7). Therefore the
orbit of Spin(7) is open in S7. Since Spin(7) and hence also its orbits are compact,
it coincides with S7. In particular, this representation is irreducible.

In order to finish the proof we note that a direct application of the Weyl
Dimension formula (see e.g. [Kna02, Chapter V.6]) shows that the irreducible
50(7)-representation in dimension 8 is unique up to isomorphism. For the complete
argument we refer the reader to [Knal6, p. 78]. ]

Now that we identified the M -representation on g, (see Lemma 8.3) we
want to give a normal form for the subspace ny C n. Before doing so we state the
following remark.

Remark 8.4.  Recall that so(4) = so(3) @ so0(3). Moreover, both so(3) factors
are conjugate under an element in O(4). The maps

0 —a —=b ¢ ) )
(2 c o f) = (b5 Za) = dat j(b —ie).
—c b —a 0

define the Lie algebra isomorphisms from the ideal so(3) in so(4) to su(2) and
sp(l).
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Lemma 8.5.  Let Spin(7) act irreducibly on R® and W be an [-dimensional
subspace. Then W lies in the same Spin(7)-orbit as R! x {0}37! or as the real
span of €1, s, e3, xeq+ eg for some x € R, where (eq, ..., eg) is the standard basis
of R8. The latter case can only occur if | = 4.

Proof.  The proof of Lemma 8.3 shows that Spin(7) acts transitively on the
spheres in R®. In particular all its stabilizers are conjugate to each other. The
stabilizer of Spin(7) in eg := ey is equal to Gy ([Oni9%4, Chapter 1 §5]). Due to
Onishchik’s classification ([Oni94, Table 8]) the group G» acts transitively on the
spheres in R” and has stabilizer equal to SU(3). The group SU(3) acts transitively
on the sphere S C R® = C? but its isotropy in one point (being isomorphic to
SU(2)) acts reducibly on R®> = (iR) x C2.

Now let (vy,...,v) be an orthonormal basis of W. If I < 3 we can map
vy to e; with Spin(7), vy to ey with G and v3 to eg with SU(3).

If | > 4 the orthogonal complement of W has dimension less or equal to
3. By the previous argument we can map the orthogonal complement of W to
{0} x R8!, thus mapping W to the span of ey, ..., ¢.

Now let | = 4. As before we use Spin(7), G2 and SU(3) to map vy to ey,
vy to ey and w3 to e3. Recall that the action of Spin(7) on R?® is induced by the
map ¢ : 50(7) — s0(8). A direct calculation shows that

000 0 O O OO
000 0O O O 0O
(438 88 84
v u — ~
((¢<50(7))61)62)63: 000 v 0 —t—uo0 Zt,U,UER = 50<3)'
000—-u t 0 —vO0
000 ¢t w v 0O
000 0 O O OO

Therefore ((@(50(7))61)62)63 2~ 50(3) = su(2) acts trivially on Reg and transitively
on the spheres in {0}* x R* x {0}.

If vy is an element of {0}3 x R* x {0} then W lies in the same Spin(7)-orbit
as the span of ey, ..., e4.

If vy is in {0} x R®\({0}® x R* x {0}) we can use the described SU(2)-
action to map it to aes + beg, where @ € R and b € R\{0}. The assumption

follows since %(ae4 + beg) = 7€4 + eg =: wey + eg holds for some x € R. ]

Now we arrive at the main result of this section. We assume nyg = W @ go,,
where W is a real subspace of g,. Due to Lemma 8.5 we may assume (after
conjugation in M) that ng = n; := (R' x {0}*7") @ goo or Ny = ny, =
(€1, €9, €3, res + €3)R B Poo for some x € R, where the latter case can only occur
if dimg (W) = 4. We consider the map ¢ : s0(7) < s0(8) defined in Lemma 8.3.
Its restriction to Nu(W) C m = s0(7) yields a map ¢|n,w) @ Na(W) —
Nios) (W) and the action of Ny (W) on W+ is induced by the standard action of
gO(Nm(W)) C N;g(8)(W) on W+.

Theorem 8.6.  Every non-reductive spherical algebraic subalgebra of §4 is G-
conjugate to one in the following table where 1, C sp(1) and Iy C sp(1) are

=

arbitrary (under the condition that the mazimal compact subalgebra is a Lie algebra,
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see Remark 5.3).

g ®n lg Cm®a arbitrary
50(7) D adng
goDadng
u(3) ®adny
su(3) ® adny
s0(4) Dadmny =45
sp(l)ydlhBadn l=4,5
L ®sp(l) Dadw =4
L Bso(4d) Badnyy
LBsp(l)BlhBadng
LB hLdsp(l)Badng

s0(4) Badny, r#0
sp(l) L ®adny, r#0
Ldsp(l) Dadny, x#0
u(l)dt adng
meadn; m' C g = Nu(ny) arbitrary

where € is isomorphic to {0}, u(1)* for some 1 <k <2, su(2)® 1 or su(3).

Proof. We assume ny = W @ go,. Lemma 8.5 shows that W may (after
conjugation in M) be chosen as R!x {0}3~! or as the real span of ey, ey, €3, Tes+eg if
dimg (W) = 4, where x € R. The case that W is the real span of ey, eq, €3, xe,+es

will be considered at the end of this proof. Due to Proposition 3.5 it suffices to
consider the case dimW =1 < 8.

If W=Rx {0}*" we have
ng =n = (R x {0}*7) @ gsa,
where 0 <[ <7 is the dimension of ng Ng,. A direct calculation yields
Nu(ny) = {A € Spin(7) : p(A) = (%1 ,22) VAL e RXA, € R(S’l)x(g’l)}
and the action of Nj/(n;) on ni = {0} x R®! is given by
P(A) - (D) = (% ) (9) = ()

Onishchik’s classification Theorem 4.3 shows that the subgroup My of Ny ()
can only act transitively on the spheres in nj- if the projection of ¢(mpy) C
s0(l)®s0(8—1) onto s0(8—1) is one of the following Lie algebras, where [y C sp(1)
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is arbitrary.

50(8),50(7),u(4),su(4),sp(2) ®u(l),sp(2)
50(7)a 92
50(6),u(3),su(3)
s0(b)
s0(4),5p(1) ® I, [ D sp(1)
50(3)
50(2)

S UL W N R O~

Since p(my) C @(Nu(n;)) holds, our next step is to take each of the Lie algebras
in the table above and check if it is contained in the projection onto so(8 — ) of

eWNa(m)) = { (4 L) € p(s0(7)) : A € R™! A, € RE-DXG-DY

We start with [ = 0. Note that this implies ng = g, and Ny (ng) = m = s0(7).
It is clear that s0(8) is not contained in ¢(s0(7)) = s0(7), since the dimension
of s0(7) is smaller than the dimension of so(8). Due to Onishchik’s classification
Theorem 4.3 there exists no subgroup of Spin(7) that acts transitively on the
spheres in R®. In particular Spin(7) is the only subgroup of ¢(Ny/(ng)) = Spin(7)
that acts transitively on the spheres in n (with respect to the action defined by
).

Now let I = 1. Since Gy = (Spin(7)),, (with respect to the action defined by
@, 1.e. eg = eg) it is clear that gy is contained in p(Ny(ny)) = go. The dimension
dim(o(Nn(ny))) = dim(ge) = 14 is smaller than the dimension of s0(7). Therefore
the projection of ¢(Ny(ny)) onto s0(7) can not contain s0(7).

If [ =2 then
0 a—s+t 0 0 0O O O O
—a+s—t 0 0O 0 0 0 0 O
0 0 0 « —h—-k j a
_ 0 0 -t 0 —v u s —j . ..
@(Nm(lh)) - 0 0 h v 0 t —u—k .a,h,z,j,k,s,t,u,v €eR
0 0 k —u -t 0 —v h
0 0 —j —s u v 0 1
0 0 —a j k —h —i O

In particular its projection onto s0(6) cannot contain so0(6) for dimensional rea-

100000
000100
sons. If we conjugate its projection onto so(6) with the matrix | g7 5 0o | in
0000 10
010000

O(6) we obtain

0 a k —h 7 i

—a 0 h k —i j

—k—h 0 t . -

Nor 0 e rayhyi, g ks tbu, v €R B

which is the natural embedding of u(3) into s0(6). Note that this implies Ny, (ng) =
u(3). Since su(3) is a subalgebra of u(3) this shows that the projection of
©(Nm(nz2)) onto s0(6) contains u(3) and su(3).
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If I = 3 the projection of

0 s—t —r—u0 0 0 0 O
—s+t 0 g—v 0 0 0 0 O
r+u —q+v 0 0 0 0 0 O
— 0 0 0 0—qg—-r—s0 .
SO(Nm<n3)> - 0 0 0 ¢ Oq _’g —ZO .q,T,S,t,U,U €R
0 0 0O ¢t 0 —vO0
0 0 0 su v 00
0 0 0 00 O 0O

onto s0(5) does not contain so(5).
If I = 4 the projection of

0 t—u n 0 0 O O
t 0 —v—-m 0 0 0 O
STENEEEE
-n m —i . ~
O(Nn(ny)) = T 0 Ny vi,mn,tu,v €R Y X so(4)
0 0 0 0 t 0 —v-m
0 0 0 0 w v 0 =4
000 0 —m,mm— O

onto s0(4) is a Lie algebra isomorphism. This shows furthermore that the pro-
jection of ¢ (Ny(ng)) onto so(4) also contains sp(1) @ [ and [ @ sp(1), where
[, C sp(1) is arbitrary.

If I =5 the projection of

00 0 0 O 0 0 0

00 —g—m I 0 0 0

0g 0 ¢« —h O 0 0

Om — 0 — 0 0 0 . ~

(p(Nm<n5)) = 0—-l h ¢ Oq 0 0 0 :gah72717m7q eR :50(4)

00 0 O O 0 —g—q h—m

00 0 0 O g+tg 0 i+l

00 0 0O O —ht+tm —i—l O

onto s0(3) is surjective. The projection of fi(s0(3)) C s0(4) = p(Nn(ns)) (ie.,
m = —h, i =1, g = q) onto s0(3) is still surjective, while the projection of
fa(s0(3)) C s0(4) = p(Nu(ns)) (e, m=h, i =—1, g = —q) onto s0(3) equals
{0}. Therefore my is isomorphic to so(4) or sp(1) @ Iy for arbitrary I, C sp(1)
in this case.

If [ = 6 the projection of

0—a —-b —c —d —e 0 0
a 0 —g—h—-w d 0 0
bg 0 —l —h ¢ 0 0
_ c h I O —b 0 0 .
©(Nm(ng)) = IR 0 ca,b,c,d,e, g, h,l,weR
e—d—-c b a 0 0 0
00 O 0 0 O 0 e—w—l
00 0 0 0 0 —etw+l 0

onto s0(2) is surjective. A direct calculation shows furthermore that

1

Adf =t (#(Nm(ne))) =

0 —e ¢ b —d —a 0 0
e 0 —=b ¢ a —d 0 0
—-cb 0 I —g —h 0 0
_ —-b—c -l 0 h —g 0 0
- d —a g —h 0 w 0 0 € 50(8>
a d h g —w 0 0 0
0 0 0O O 0 O 0 e—w—I
0 00O 0O 0 0 —etw+tl 0
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ie ) c—ilb —d-Hg 0

~ —e—ib —il —g+ti 0

= d+ia g+ih i 0 € u(4)
0 0 0 —ietiltiw

= {(‘3 _TS(A)) cu(4): Acu3)} 2u(3)

holds. Therefore my is any subalgebra of u(3) that does not lie in su(3). If we
denote the projection u(3) — Z(u(3)) = u(l) by = then its restriction to my is
surjective. The kernel ker 7|y, =: €2 is an ideal in my and equals my N su(3).
We obtain that the reductive subalgebra my of u(3) decomposes as my = €; © €,
where ¢ = u(l). Any subalgebra of su(3) has at most dimension 8 and is at
most of rank 2. The simple algebras of rank 1 and 2 are su(2) = so(3) = sp(1),
su(3), so(5) and go. Since dimg(so(5)) = 10 and dimg(go) = 14 they can not
be subalgebras of £;. We therefore obtain the following list of possibilities for
my = & & & up to isomorphism:

u(l), u(l)eu(d), wl)eu(l)du(l)
u(l) ®su(2), uw(l)dul)dsu(2), u(l)dsu(2)dsu(2),
u(l) @ su(3),

i.e., my is isomorphic to u(1)*, u(2) @ I; or u(3), where 1 < k < 3 and
[} C su(2) =sp(1) is arbitrary.

If [ = 7 then n; has codimension 1 in n. Since Ny(n;) = Ny(n7) and
ny = Reg we obtain My(n;) = Nu(Reg) = go. Due to Proposition 3.5 the
subalgebra my C Ny(n7) = go is arbitrary in this case.

To summarize, we have seen that if § is a spherical algebraic subalgebra
of g then my has to be conjugate to one of the following, where [; C sp(1) and
[, C sp(1) are arbitrary.

my

s0(7)
92,

u(3), su(3)
s0(4), sp(l) @y, o Csp(l)
s0(4), sp(l) @ [y
11(1) © EQ
any subalgebra of go

N O Ol = N~ O~

and §, is isomorphic to {0}, u(1)* where 1 <k <2, su(2) ®[; or su(3). Now let
us consider the case that ng =ny,, e, ng =W @ ga, and W C g, = R? is the
real span of ey, ey, e3, xe4 + eg for some x € R. Then nim C gq is the real span of
es, €g, €7, €4 — xeg and

0 * = vi 0 0 0 —w;y

* 0 x —ve 0 0 0 —wo

* x 0 —w3 0 0 0 —ws

v v2 v3 0 21 22 23 O .

Noos) (W) = 00 0 -2 0 2% —y | €508),v;, =aw;,—xz,=y; V1<i<3

0 0 0 —22 *x 0 % —y2

0 0 0 —2z3 * x 0 —y3

w; wz w3 0 y1 y2y3 O
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holds. A direct calculation shows

Nm (n4,0) =

and

Nm(n4,m750) =

in the case that = # 0.

[=ioReNols s

[Nl Ne)

|

S]

I

Q o

w3 0000

|l coco

cocoococo
|
@woaooo
col |l coco
&~ 3
|
e w

0 0
(b—u)

(g—v)
(g-v) 0

MG

ca,b,g,q,7,8,t,u,v € R

[

= 50

z x

0 0 5(a—1) a(b—u)
z z

0 —g(a—t) N 0 5(9—1})
0 —5(b—u) —5(g—v) 0
0 0 0 0
0 0 —t —U
0 t 0 —v
0 U v 0

calculate the image of Ny(ng,) under ¢.

( ( 0 a b 0 0 00 ctd—i
—a 0 c 0 0 0 O —b+e+h
—b —c 0 0 0 00 atf—g
0 0 0 0 d e f 0
0 0 0O —do gh 0 €s08),, =0,
0 0 0 —e —g 0 1 0
0 0 0 —f —-h —10 0
\ —c—d+i b—e—h —a—f+g 0 0 0 O 0
PNi(n0)) = 9 (/0 d e za 0 0 0 a
—-d 0 f =z O 0 0 b
—e —f 0 zc O 0 0 ¢
—zxa —xb—xc 0 a b ¢ O
9 0 0 0 —a O d e xa 26L,b,C,d,€,f€R ) x%o
0 0 0 —-b —-d 0 f xb
0 0 0 —c —e —f 0 =zc
\ \ —a —-b —c 0 —za —xb—2c O

(3) ®s0(4)

:CL?b?g?t?u?U GR

In order to understand the Lie algebra structure of
Na(nyzz0) and the action of Ny(ng,) on niz = W+ C R® for arbitrary = we

Let 7 denote the projection of Nso(s) (W) to so(W=+) = s0(4) given by

0 *x *x —xg
* 0 * —zxzh
* x 0 —xj
xzg xh j 0

0 0 0 —a
00 0 —-b
0 0 0 —c
g h 7 O

Then its restriction 7)o ne.)) @ @(Nm(nae)) — s0(WH) = s0(4) is a surjective
Lie algebra homomorphism which is an isomorphism if x # 0. This implies that
the action of NVy(ng,) on W+ =2 R? is the standard action of s0(4) on R*. Hence
Nur(ny ) acts transitively on the spheres in W+ and the only proper subgroups
of Nys(ny,) that act transitively on the spheres in W+ have Lie algebras that lie

in the preimage

0 0 0 —g
0 0 0 —h
0 0 0 —j
a b c 0
0 d e ax
—d 0 f bz
—e —f 0 czx

—ar —br —cx 0

[=ReNolelolelole)]
[e=RoNolelolelolo)]
[e=NeNo)elelelolo)]

-1

—1
(TloWamtnany)  (8p(1) @ L) or (T|pwnmany) (2 ®sp(1)),

Cso(4)

where [y C sp(1) is arbitrary.

Cso(4)

J
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