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Abstract. The main purpose of this paper is to modify the orbit method
for the Baum-Connes conjecture as developed by Chabert, Echterhoff and Nest
in their proof of the Connes-Kasparov conjecture for almost connected groups
(Chabert J., S. Echterhoff, and R. Nest, The Connes-Kasparov conjecture for
almost connected groups and for linear p-adic groups, Publ. Math. Inst. Hautes
Etudes Sci., 97 (2003), 239-278) in order to deal with linear algebraic groups
over local function fields (i.e., non-archimedean local fields of positive charac-
teristic). As a consequence, we verify the Baum-Connes conjecture for certain
Levi-decomposable linear algebraic groups over local function fields. One of these
is the Jacobi group, which is the semidirect product of the symplectic group and
the Heisenberg group.
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1. Introduction

The Baum-Connes conjecture was first introduced by Paul Baum and Alain Connes
in 1982 [1]. However, the paper was published 18 years later and its current
formulation was given in [2]. The origin of the conjecture goes back to Connes’
foliation theory [11] and Baum’s geometric description of K-homology theory [3].

Consider a locally compact second countable group G and a separable G-
C*-algebra A. Let E(G) denote a locally compact universal proper G-space.
Such a space always exists and is unique up to G-homotopy equivalence (see [2]
and [29] for details). The topological K-theory of G with coefficient A is defined
as

KIP(G; A) = lim KES(Co(X), A),
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where X runs through all G-invariant subspaces of E(G) such that X/G is
compact, and KK%(Cy(X),A) denotes Kasparov’s equivariant KK-theory. Let
A %, GG denote the reduced crossed product of A by . Then the Baum-Connes
conjecture with coefficient A states that the assembly map

pa: K9(Gh A) — KL(Ax, G),

as constructed by Baum, Connes and Higson in [2], is an isomorphism of abelian
groups. If this holds, we say that G satisfies BC' (the Baum-Connes conjecture)
for A.

The Baum-Connes conjecture has been verified for some large families of
groups. In particular, Higson and Kasparov in [22] proved the Baum-Connes con-
jecture with arbitrary coefficients for locally compact second countable groups
having the Haagerup property (e.g. amenable groups). In [31] Lafforgue proved
the Baum-Connes conjecture for C for all reductive Lie groups whose semi-simple
part has finite center and reductive linear algebraic groups over non-archimedean
local fields. Later, Chabert, Echterhoff and Nest in [8] used these results together
with the permanence properties of the conjecture as studied in [6, 10] to verify the
Connes-Kasparov conjecture, i.e., the Baum-Connes conjecture with trivial coeffi-
cients for all almost connected second countable groups. Using similar methods,
they also settled BC with trivial coefficient C for all linear algebraic groups over
local fields with zero characteristic. However, the conjecture (even for C) is still
open for linear algebraic groups over local fields of positive characteristic.

A central step in the proof of the Connes-Kasparov conjecture in [8] was
the development of an orbit method for proving the Baum-Connes conjecture
with coefficients built after the Mackey-Rieffel-Green orbit method for computing
irreducible representations of crossed products via the orbit-structure for the action
of G on Prim(A). In §2 we shall prove a slightly more general version of the
orbit method for the Baum-Connes conjecture with coefficient A which will work
particularly well if A is a type I C*-algebra. This result, together with the
permanence results for group extensions as obtained in [6, 10] then allows to
formulate an orbit method for proving the Baum-Connes conjecture with trivial
coefficients for a group G which is an extension 1 - N — G — G/N — 1 such
that N and G/N satisfy some good properties.

The idea of using the orbit method for the Baum-Connes conjecture first appeared

in [6], where Chabert and Echterhoff proved the conjecture for k"™ x SL, (k) for an
archimedean local field k. In order to apply the orbit method to linear algebraic
p-adic groups we need Kirillov’s orbit method for p-adic unipotent groups, which
is established by Moore in [33]. Recently, based on Howe’s early work in [26],
Echterhoff and Kliiver obtained a version of Kirillov’s orbit method for unipotent
groups defined over local fields of positive characteristic p, provided that its
nilpotence length is less than p (see [17]). Combining this with the general results
obtained in §2 we shall prove the following results in §3:

Theorem A (see Corollary 3.5).  Let k be a non-archimedean local field of
positive characteristic p and let n be a finite-dimensional nilpotent k-Lie algebra
with nilpotence length | < p. Let N := exp(n) be the corresponding unipotent
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k-group and let G be a locally compact second countable exact group. Suppose that

G acts continuously on N (k) such that all G -orbits in N(k) are locally closed.
Then the semidirect product group N(k) x G satisfies BC for C, if the

stabilizer G satisfies BC for K(H,) for all [r] € N(k).

Notice that we do not require G to be a linear algebraic group in Theorem A.
If we only consider linear algebraic groups which admit a Levi decomposition over
local function fields, we can obtain the following simplified version:

Theorem B (see Theorem 3.6). Let G be a linear algebraic group with a
Levi decomposition G = N x R over a non-archimedean local field k of positive
characteristic p. Assume that N = exp(n) for a finite-dimensional nilpotent k-Lie
algebra n which has nilpotence length | < p.

Then G(k) = N(k) x R(k) satisfies BC for C, if the stabilizer R(k),
satisfies BC for K(Hy) for all [1] € N(k).

As a consequence, we obtain the following corollary:

Corollary C (see Corollary 3.8 and Corollary 3.10).  Let k be a non-archimedean
local field of positive characteristic p > 2 and n € N. Then the following groups
satisfy BC' for C:

(1) k™ x GL,(k), where GL, (k) acts on k™ by matriz multiplications.

(2) k x GL,(k), where GL, (k) acts on k by gv = det(g)? - v for g € GL,(k)
and v € k.

(3) Hopy1(k) X Spy,,(k), where Hop, i1 (k) denotes the 2n+1 dimensional Heisen-
berg group over k. Here the symplectic group Sp,, (k) acts on k*" =

Hopi1(k)/Z(Hopy1 (k) by matriz multiplications and trivially on the center
Z(Haps1(k)) = k.

(4) K x Spy, (k), where Sp,, (k) acts on k*™ by matriz multiplications.

(5) Hopy1(k) X Mp,,,(k), where the metaplectic group Mp,, (k) acts on Hop, i1 (k)
through the action of Sps, (k).

(6) k* x Mp,, (k), where Mp,,, (k) acts on k*" through the action of Spy, (k).

In Corollary C the condition p > 2 is not necessary for (1) and (2).

2. The orbit method for the Baum-Connes conjecture with
coefficients

In this section we want to discuss a general orbit method inspired by Mackey’s
theory of induced representations in order to prove the Baum-Connes conjecture
for type I coefficients A depending on the conjecture for the stabilisers G, for the
action of G on the space A of equivalence classes of irreducible representations
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of A. The results of this section slightly extend similar results obtained in [8].
We need to recall a classical theorem of Glimm. Recall that a (not necessarily
Hausdorff) topological space is called

e locally compact if every point has a neighborhood basis consisting of compact
sets, and

e almost Hausdorff if every non-empty closed subset contains a non-empty
relatively open Hausdorff subset.

Moreover, a subset Y C X is called locally closed in X if Y is relatively open in
its closure Y C X . Equivalently, Y is an intersection of an open set and a closed
set in X.

It is well-known that every locally closed subset of a locally compact space is
locally compact. Conversely, every locally compact subset of an almost Hausdorff
locally compact space is necessarily locally closed.

Theorem 2.1 (Glimm’s Theorem, see [18, Theorem 1] and [8, Remark 3.5]).
Let G be a locally compact second countable group and let X be a locally compact
second countable almost Hausdorff G -space. Then the following are equivalent:

(1) Each orbit G -z is locally closed.

(2) For each x € X, the map gG, — g-x is a homeomorphism from G /G, onto
G-x.

(3) The orbit space X/G is almost Hausdorff.

(4) There ezists a sequence of G-invariant open subsets {U,}, of X, where v
runs through the ordinal numbers such that

(a) U, C U,y for each v and (U,.1\U,)/G is Hausdorff.
(b) If v is a limit ordinal, then U, = U,<, U,.

(c) There exists an ordinal number vy such that X =U,,.

Definition 2.2. If X is a second countable locally compact almost Hausdorff
G-space which satisfies the items (1),..., (4) in Glimm’s theorem, we say that the
action of G on X is smooth (or X is a smooth G-space).

We want to use Glimm’s theorem to formulate a general orbit method for
the Baum-Connes conjecture. For maximal flexibility we want to consider C*-
algebras which can be thought of as section algebras of fields of C*-algebras over
an almost Hausdorff space X in the sense that there exists a continuous map
¢ : Prim(A) — X. In this situation, if ¥ C X is any locally closed subset,
we may identify the closed subset ¢~'(Y) with the primitive ideal space of the
quotient A/Iy with Iy :=N{P: P € o= }(Y)}. In a second step, we can identify
the open subset ¢~ 1(Y) of ¢~ }(Y) = Prim(A/Iy) with the primitive ideal space
Prim(Jy /Iy) where Jy = n{Q : Q € ¢ (Y \Y)}. Hence for every locally
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closed subset Y of X we obtain a canonical subquotient Ay := Jy /Iy of A such
that ¢~ !1(Y) = Prim(Ay) In particular, since every one-point set {x} of an almost
Hausdorft space X islocally closed, we obtain a canonical subquotient A, := J,/I,
such that ¢~ !'({z}) = Prim(A,). We call A, the fibre of A over x.

We should note that if X is Hausdorff, then it follows from the Dauns-
Hofmann Theorem (see e.g. [35, Theorem A.34]) that the continuous function
¢ : Prim(A) — X induces a unique structure ® : Cyp(X) — ZM(A) of A as
a Cy(X)-algebra (here ® is a nondegenerate *-homomorphism into the centre
ZM(A) of the multiplier algebra of A) such that

L =n{P: P ey ({z})} = ®(Co(X \ {z}))A

It follows that the fibre A, constructed above coincides with the usually de-
fined fibre A, = A/(®P(Co(X ~ {z}))A) of the Cy(X)-algebra A. Moreover, if
@: Prim(A) — X is continuous and open, then the corresponding Cy(X)-algebra
is the section algebra of a continuous field of C*-algebras over X with fibres A,.
For a reference see [40, Theorem C.26].

We are now ready for the formulation of the general orbit method for BC
with coefficients:

Theorem 2.3 (General orbit method for BC). Let a : G — Aut(A) be
a continuous action of an exact second countable group G on a separable C*-
algebra A. Suppose that X is a smooth G-space as in Definition 2.2 and that
¢: Prim(A) — X is a continuous and open G -equivariant map. Then for each
x € X the action o of G on A factors through a well-defined action o, of the
stabiliser G, on the fibre A, over x. Suppose further that the following two con-
ditions are satisfied:

1. For each x € X the stabiliser G, satisfies BC for A,.

2. The sequence of G-invariant open subsets {U,}, of X as in item (4)
of Glimm’s theorem can be chosen such that (U,+1 \ U,)/G ‘s either to-
tally disconnected or homeomorphic to the geometric realisation of a finite-
dimensional simplicial complex.

Then G satisfies BC for A.

We need the following slight generalisation of [8, Proposition 3.1].

Proposition 2.4.  Suppose that o : G — Aut(A) is a continuous action of
a second countable exact group on a separable C*-algebra A and let X be a
second countable locally compact Hausdorff space equipped with the trivial G-
action. Suppose further that ¢ : Prim(A) — X is a continuous open G -invariant
map such that the following two conditions are satisfied:

1. For all x € X the group G satisfies BC for A, .

2. X is either totally disconnected or homeomorphic to the geometric realisation
of a finite-dimensional simplicial complex.
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Then G satisfies BC for A.

Remark 2.5. It is really annoying that we are not able to remove the condition
that X is totally disconnected or the geometric realisation of a finite dimensional
simplicial complex. Although these assumptions are satisfied in many important
situations, these assumptions result in the corresponding technical formulations
for the ascending series of sets {U,}, in the formulation of the orbit method for
BC. It would therefore be most desirable to give a proof of the above proposition
without these assumptions!

We should note that the statement in Proposition 2.4 implies that A is the
section algebra of a continuous field of C*-algebras over X with fibres A, such
that the action of G on A is Cy(X)-linear (i.e., ay(®(f)a) = ®(f)ay(a) for all
ge G, feCyX)and a€ A).

Proof of Proposition 2.4. Note first that the only difference to the statement
of [8, Proposition 3.1] is the fact, that we do not require that G has a y-element. To
show that the proof given in [8] still holds without the assumption of a y-element,
we need a substitute of [8, Lemma 3.2]. For this we use a recent result of [5],
extending an earlier result by Ozawa [34], showing that a locally compact second
countable group G is exact if and only if it is amenable at infinity, which means that
there exists a topologically amenable action of G on a second countable compact
Hausdorff space Z, say. It has been shown by Higson [21] (see [10, Theorem 1.9]
for the non-discrete case) that this implies split injectivity for the Baum-Connes
assembly map for every coefficient algebra B.

We need to recall the arguments for this fact: let Y be the space of
probability measures on Z, we see that Y is K-equivariantly contractible for
any compact subgroup K of G. Then following the arguments of Higson in [21]
(see also [10, Theorem 1.9]), we see that for each G-C*-algebra B we obtain a
commutative diagram

K!°’(G; B) —£E K.(B x, Q)

(mhl l(berG)* (2.1)

K°*(G;C(Y)® B) —— K.((C(Y)® B) %, G)

HCe(Y)®B

where tp : B — C(Y) ® B is given by tp(b) = 1y ® b. In this diagram the left
vertical map is an isomorphism by an application of the Going-Down principle [10,
Theorem 1.5] (see the proof of [10, Theorem 1.9]). The lower horizontal map is
an isomorphism by a result of Tu (combine the main result of [37] applied to the
amenable groupoid Y x G with [9]). We therefore obtain a splitting homomorphism

op : Ki(B %, G) = K’P(G; B) for the assembly map up given by

op = (1g);'o ME’%Y)@B o(tg X, G)s.
In particular, we see that vp := up o op € End(K,(B X, G)) is an idempotent
with v5(K.(B X, G)) = up(K°?(G; B)) for all B and it follows that G satisfies
the Baum-Connes conjecture for B if and only if (1 —vg) - K.(B %, G) = {0}.
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Now, since G is exact, we know that given a short exact sequence of G-
algebras 0 — J — B — B/J — 0 all maps in diagram (2.1) are natural with
respect to the various six-term exact sequences in K -theory and topological K-
theory which are attached to the sequence 0 — J — B — B/J — 0 (see [6,
Proposition 4.1] for the case of the assembly maps). It follows from this that we
obtain a short exact sequence of the form

(1 —~y)-Ko(Jx,G) —— (1 =9B)-Ko(Bx;G) —— (1 =9p/s)-Ko(B/Jx,G)

8T JB
(1 =vpyg) K1(B/Jx:G) +—— (1 =) K1(Bx;G) +—— (1 —7;)-K1(Jx,G).

This is now a complete analogue of [8, Lemma 3.2], and the proof of the proposition
follows now exactly as the proof of [8, Proposition 3.1]. n

Proof of Theorem 2.3. We first need to verify that for all x € X the action
of G on A factors through an action of G, on the fibre A,. To see this observe
that A, = J, /I, with

Jo=n{P:Pecot({ry~{z})} and I, =n{P: P c o '({z})}.
Since ¢ is G-equivariant and {r} and {z} are G,-invariant subsets of X, both
ideals are G, -invariant. But this implies that the action of G, on A factors
through a well-defined action on A, .

Let {U,}, be a sequence of G-invariant open sets as in the theorem and for

each index v let X, := U,41 \ U,. Then X, C X is a locally closed G-invariant
subset of X and therefore the action of G on A factors through an action o of
G on A, := Ay, for each ordinal v. We first show that G satisfies BC for A, for
all v.
For this recall that by construction of A, we have Prim(A4,)=p~'(X,). Let
Y,:=X,/G and let ¢: Prim(A,)—Y, denote the composition of ¢: Prim(A,)—X,
with the quotient map X, — Y,. Then ¢ is a continuous open (G-invariant map
and by the assumptions made in the theorem it follows from Proposition 2.4 that
G satisfies BC for A, if we can show that G satisfies BC for A, for all y € Y,,
where here A, is the fibre over y € Y, with respect to the map . By construction
we have Prim(A,) = v~ '({y}) = ¢ H(G-z) if y = G-z and therefore A, = Ag.,,
where Ag., is the subquotient of A corresponding to the locally closed subset
G-z ={gx: g€ G} of X with respect to . It follows from item (2) in Glimm’s
theorem that G/G, is G-homeomorphic to G -z via gG, — gz. Via the iden-
tification G/G, = G - x we may view ¢ as a continuous and G-equivariant map
¢ : Prim(A,) — G/G,. It follows then from [13, Theorem| that A, is isomorphic
to the induced algebra Indgz A, . Since, by assumption, G, satisfies BC for A, it
follows then from [6, Theorem 2.5] that G satisfies BC for A, = Indg A,.

In order to complete the proof, let Ay, denote the ideal of A corresponding
to the open subset U, C X. We now want to show that G satisfies BC for Ay,
for all v. We do this by transfinite induction. For v = 1 we have Ay, = Ag (if
we put Uy := (0, and hence Xy = U ), and hence G satisifies BC for Ay, by the
arguments in the above paragraph. Assume now that we know that G satisfies
BC for Ay, for some v. We have a short exact sequence

0— Ay, -+ Ay, A, — 0
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of G-C*-algebras. By the above paragraph we then know that G satisfies BC for
Ay, and for A,. Since G is exact, it follows then from [13, Proposition 4.2] that
G satisfies BC for Ay, ,, as well. Finally, if v is a limit ordinal, then U, = U,.,U,
and therefore Ay, = U,«, Ay, = lim,«, Ay, . It follows then from [8, Proposition
2.6] that G satisfies BC for Ay, . Since X = U,, for some ordinal number vy, we
may now conclude that G satisfies BC for A. [ |

The spectrum A of a C*-algebra A is the set of all unitary equivalence
classes of irreducible representations of A. If A is a separable type I C*-algebra,
then A equipped with the Jacobson topology is a locally compact second countable
almost Hausdorff space and the map [r] — kerm € Prim(A) is a homeomorphism
between A and Prim(A). Thus in case of type I coefficient algebras A one could
choose X = A and ¢ : Prim(4) — X the inverse of the above homeomorphism.
In this case the fibre Ay for some class [7] € A is isomorphic to K(H), the
algebra of compact operators on the Hilbert space H, of w. To see this recall
that by the type I condition we have K(H,) C w(A). Let J = 7 ' (K(H,)).
Then one easily checks that J = N{kero : 0 € {r} \ {7}} = Jj and hence
Al = Jm /I = J/ kerm = K(H,). Hence, as a corollary of Theorem 2.3 we get

Corollary 2.6.  Suppose that G is an exact group acting on the separable type
I C*-algebra A such that the action on A is smooth. Suppose further that there
is an ascending sequence {U,}, of open G-invariant subsets of A as in Glimm’s
theorem such that all difference sets (U,4+1 \U,)/G are either totally disconnected
or the geometric realisations of finite-dimensional simplicial complexes. Then G

satisfies BC for A if each stabiliser G, satisfies BC for IC(H,) for every [n] € A.

If G is a locally compact group, then we may identify its unitary dual G

with the spectrum C*(G) of the full group C*-algebra of G as topological spaces
and we write G, for the subspace of G corresponding to the quotient C*(G) of
C*(G). If N is a closed normal subgroup of GG, then we may decompose C*(G) as a
reduced twisted crossed product C}(N) X(q,-» (G, N) in the sense of Philip Green
[20]. It follows from [15] that there exists an ordinary action of 5 : G/N — Aut(B)
on a C*-algebra B, which is Morita equivalent to the decomposition twisted action
(o, ) of (G,N) on C¥(N).

If C*(N) is type I and if G, C G denotes the stabiliser of [7] € N,
under the conjugation action, then N C G, and, similar to the case of ordinary
actions as explained above, we obtain a twisted action of (G, N) on K(H,) for all
(7] € N,. Since (G, N)-equivariant Morita equivalences induce G /N -equivariant
homeomorphisms between the dual spaces and preserve the type I condition (e.g.,
see [16, Propositions 5.11 and 5.12]), the given class [r] € N, corresponds to a
class [7] € B such that G,/N = (G/N)= and the corresponding action of (G/N)~
on K(H) is Morita equivalent to the twisted action of (G, N) on K(H,). In [7]
the authors extended the Baum-Connes conjecture to the case of twisted actions
and showed in particular that the conjecture is invariant under Morita equivalence
of twisted actions. Therefore (G, N) satisfies BC for C*(N) if and only if G/N
satisfies BC for B and (G, N) satisfies (twisted) BC for K(H,) if and only if
(G/N) satisfies BC for K(Hz). Using this, we now get
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Corollary 2.7 (BC for group extensions).  Suppose that N has the Haagerup
property and is a closed normal subgroup of a second countable locally compact
group G such that the following conditions are satisfied:

1. G/N is an exact group.
2. C*(N) is type I and the action of G/N on N, is smooth.
3. For all m € N, the pair (G4, N) satisfies (twisted) BC for K(H,).

4. There ezists a sequence of G -invariant open subsets {U,}, of N, as in item
(4) of Glimm’s theorem such that (U, \ U,)/G is either totally discon-
nected or homeomorphic to the geometric realisation of a finite-dimensional
simplicial complex .

Then G satisfies the Baum-Connes conjecture for C.

Proof. Since N has the Haagerup property, it follows from [10, Theorem 2.1]
that G satisfies BC for C if and only if (G, N) satisfies BC for C*(N) with respect
to the twisted decomposition action (a, 7). Let 8 : G/N — Aut(B) be an ordinary
action of G/N which is Morita equivalent to the twisted action (o, 7). Then all
assumptions of the corollary carry over to the action S — in particular we have
that each stabiliser (G/N)= satisfies BC for K(Hz) for all # € B. Thus it follows
from Corollary 2.6 that G/N satisfies BC for B. But by Morita equivalence we
then conclude that (G, N) satisfies BC for C}(V). |

Remark 2.8. If in the above corollary the group G is a semidirect product
N x G/N (i.e., the extension 1 = N — G — G/N — 1 is split) then there exists
an ordinary action : G/N — Aut(C}(N)) such that C}(G) = CH(N) s, G/N.
In this case it is not necessary to use twisted actions and we can directly work with
the action of G/N on C}(N) in the above corollary. This will be the situation in
most of our examples below.

3. BC for certain algebraic groups over local function fields

In this section, we will use the orbit method for group extensions to verify the
Baum-Connes conjecture for groups of k-rational points of some Levi-decomposable
linear algebraic groups over a local function field k.

Recall that the group G = G(k) of k-rational points of a linear algebraic
group G is isomorphic to a Zariski closed (in particular, Hausdorff closed) sub-
group of GL, (k) for some n € N. The unipotent radical N of G is the largest
connected unipotent normal subgroup of G(l;:), where k is an algebraic closure
of k. A linear algebraic group is called reductive if its unipotent radical is triv-
ial. One says that a linear algebraic group G defined over a field k£ has a Levi
decomposition over k if its unipotent radical N is defined over k and there exists
a Zariski closed reductive k-subgroup R, called a Levi factor, of G such that
the product mapping N x R — G given by (z,y) — zy is a k-isomorphism of
algebraic groups. In particular, G = N x R if N = N(k) and R = R(k) denote
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the k-rational points of N and R, respectively. It is well-known that linear al-
gebraic groups in characteristic zero always have a Levi decomposition (see e.g.
[24, VIII, Theorem 4.3]). When the field has positive characteristic, G need not
have a Levi factor and the unipotent radical of G is in general not defined over
the field (see [27, 32, 12] for more details about Levi decompositions over fields
of positive characteristic). Therefore, we will only consider such linear algebraic
groups which have a Levi decomposition over a local function field.

The orbit method for the Baum-Connes conjecture for the group G = G(k)
of k-rational points of a linear algebraic group G over a local function field k
can be simplified: since GL, (k) admits a solvable cocompact closed subgroup, it
follows from [30, Theorem 7] that GL, (k) is an exact group. Hence, the closed
subgroup G C GL, (k) is also exact by [30, Theorem 4.1]. Moreover, we have the
following well-known theorem about locally closed orbits:

Theorem 3.1 ([4, Theorem 6.15 and Proposition 6.8 ¢)]).  Let k be a non-
archimedean local field and X be an algebraic k-variety. If G is a linear algebraic
k-group, which acts k-rationally on X, then the induced action of G = G(k) on
X = X(k) is continuous and all G-orbits in X are locally closed.

Let us also recapitulate Kirillov’s orbit method for unipotent groups N,
which describes the unitary dual N in terms of the co-adjoint orbits in n*, where
n denotes a suitable version of a Lie algebra for N. Let k be a (non-archimedean)
local field of positive characteristic p and let n be any finite-dimensional nilpotent
Lie algebra over k with nilpotence length | < p. It is well-known from [23, The-
orem 1] that n admits a faithful finite-dimensional linear representation by nilpo-
tent matrices, which we can simultaneously triangularize. Hence, the Campbell-
Hausdorff formula implies that N := exp(n) is a linear algebraic unipotent group
defined over k and its Lie algebra is n. Here we write N for its k-rational points
N(k) for simplicity.

The adjoint action Ad : N — GL(n) is defined by

Ad(n)(X) := log(nexp(X)n™') for n € N and X € n,

where log : N — n denotes the inverse of exp. Notice that the adjoint action is
well-defined when p > [. Let n* denote the space of k-linear functionals of n and
let Ad* : N — GL(n*) be the co-adjoint action given by Ad*(n)(f) = foAd(n™!)
for n € N and f € n*, then Ad" is a k-rational action. Hence, all Ad*(V)-orbits
are locally closed in the Hausdorff topology of n* (see Theorem 3.1). It turns out
that the quotient space n*/ Ad*(NN) is homeomorphic to the unitary dual N of N.

For a description of this homeomorphism, let A; denote the ring Z[%,] for
[ the nilpotence length of n. Then n becomes a Lie-algebra over the ring A
as considered in [17]. Now we fix a character ¢ € k of order zero (see [39, IL
Definition 4]). For f € n*, let m; be a maximal closed A;-Lie subring of n
which is subordinate to f in the sense that ¢ o f([ms, m¢]) = {0}, where [-, "]
denotes the Lie bracket. If My := exp(m;) C N, then the map m — xs(m) :=
e(f(log(m))) defines a character of My. The following theorem then follows from
[26, Theorem II] or [17, Theorem 6.14, Theorem 7.1 and Example 8.3] (observe
that in this situation we have n* = n via f + co f by [39, II. Theorem 3]).
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Theorem 3.2 (cf. [26, 17]).  In the above situation the induced representation
T = Ind]\N4f Xf 15 an irreducible unitary representation of N and its equivalence

class does not depend on the choice of my. The resulting map n* — N given by
[ 7w, is constant on Ad*(N)-orbits and it induces a homeomorphism between

n*/ Ad*(N) and N. Moreover, the group C* -algebra C*(N) is type 1.

Remark 3.3. Let N = expn as in the above discussion. Let R be any
locally compact (not necessarily algebraic) group acting continuously on N and
let G := N x R. As before, we define the adjoint action Ad of G on n by the
formula

Ad(g)(X) :=log(gexp(X)g ') for g € G and X € n.

Let Ad* : G — GL(n*) be its co-adjoint action given by Ad*(g)(f) = f o Ad(g™")
for g € G and f € n*. Let m; be a maximal closed A;-Lie subring of n subordinate
to f. It is straightforward to see that Ad(g)(my) is a maximal A;-Lie subring of n
subordinate to Ad*(g)(f), hence we may choose maq+(g)(y) = Ad(g)(my) for g € G
and f € n*. Hence,

Maar(g)(r) = exp(Mad=(g)(s)) = exp(Ad(g)(my)) = gMpg~".

Let x5 : gMrg~' — T be the character of gM;g~! given by X?(gmgfl) = xr(m),
m € M. Then a short computation shows that X“jc = XAd*(g)(f), Which implies
that

N N ~ N
Taa(g)(f) = Indyy, . o Xaarg)(n) = Indgy o1 X7 = (Indy xp)? = 7,
where 7%(n) := mp(g~'ng) denotes the g-conjugate of 7, in N (sce e.g. [14,

Proposition 1.12]). If g = (n,7) € N x R and f € n*, then

Tad(g)() = Ty = (mf)" = 7

It follows that the Kirillov-orbit homeomorphism n*/ Ad*(N) — N is Ad*(R)—R
equivariant, if we define the action of R on N by r -7 := n". In particular, the
Kirillov map induces a homeomorphism n*/Ad*(G) = (n*/ Ad*(N)) / Ad*(R) =
N/R.

Example 3.4. Let k be a local field of positive characteristic p. Then we have
(x+y)P = aP+yP for all z,y € k. The fake Heisenberg group is defined as follows:

1 a b
N = 01 a?|:a,bek
0 0 1

It is a non-abelian k-split connected unipotent linear algebraic group with nilpo-
tence length two. Consider its Lie ring

0 x
n:=log(N)=<10 0 2P| :z,yck
0 0
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Since k is not perfect, n is not stable under scalar multiplication. In particular,
n is not a vector subspace of M;(k) and is different from Lie( N'), the Lie algebra
associated to N in the sense of algebraic geometry. Hence, n* does not make
sense as set of linear functionals from n to k. But the orbit method still makes
sense if we replace n* by the Pontryagin dual n of the additive group n (see [17,
Example 8.2 and Example 8.3]). However, we do not know whether all Ad*(N)-
orbits are locally closed in the Hausdorff topology of n.

Corollary 3.5.  Let k be a non-archimedean local field of positive characteristic
p and let n be a finite-dimensional nilpotent k-Lie algebra with nilpotence length
[l < p. Let N := exp(n) be the corresponding unipotent k-group and let R be a
locally compact second countable exact group. Suppose that R acts continuously
on N such that all R-orbits in N are locally closed and that for all 7] € N the
stabilizers R, = {g € R: g - [n] = [n]} satisfy BC for K(H,).

Then the semidirect product group G = N X R satisfies BC for C.

Proof.  Since nilpotent groups are amenable, we have C*(N) = C*(N). Accord-
ing to Theorem 3.2, C*(N) is type I and the Kirillov-orbit map n*/ Ad*(N) — N
is a homeomorphism. Since all R-orbits in N are locally closed, it follows from
Glimm’s Theorem that there exists a sequence of G-invariant open subsets {U, },,
of N such that (U,11\U,)/G is Hausdorft. By Corollary 2.7 it suffices to show that
the Hausdorff space X, := (U,41\U,)/G is totally disconnected for every v. By
Remark 3.3 we may identify N/G = N /R with n*/ Ad*(G) as topological spaces.
If p:n* — n*/Ad*(G) denotes the orbit map, then p~!(X,) is locally closed in
the locally compact Hausdorff totally disconnected space n*. Hence, p~'(X,) is
a locally compact Hausdorff totally disconnected Ad*(G)-invariant space. Hence,
p restricts to the orbit map from p~!(X,) onto X, = p~}(X,)/Ad*(G). We
conclude that X, is totally disconnected. ]

The following theorem is now a consequence of Corollary 3.5:

Theorem 3.6. Let G be a linear algebraic group with a Levi decomposition
G = N x R over a non-archimedean local field k of positive characteristic p. Let
N =N(k), R=R(k) and G =N x R (= G(k)). Assume that N = exp(n) for
a finite-dimensional nilpotent k-Lie algebra n with nilpotence length | < p.

Then G = N x R satisfies BC for C, if all stabilizers R satisfy BC for
K(H,) for all [r] € N.

Proof. By Corollary 3.5 it suffices to show that R acts continuously on N and
all R-orbits in N are locally closed. The continuity of the action follows directly
from Theorem 3.1. By Glimm’s Theorem and Remark 3.3, we only have to show
that N/R = n*/ Ad*(G) is almost Hausdorff. Using Glimm’s theorem again, this
follows if the Ad"(G)-orbits in n* are locally closed. Since the co-adjoint action
Ad* of G on n* is k-rational when [ < p, this follows from Theorem 3.1. |

In order to give some examples for which the above theorem applies, we use
the following proposition, which is a slight extension of [8, Proposition 4.9].
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Proposition 3.7.  Let k be a non-archimedean local field and G = G(k) be the
k -rational points of a reductive linear algebraic group G. If 1 - C — G — G — 1
is a (not necessarily algebraic) topological group extension with a compact second
countable normal subgroup C', then G satisfies BC' for the compact operators K
on all separable Hilbert spaces and with respect to any actions.

Proof. It is well-known that G acts continuously and properly isometrically on
its affine Bruhat-Tits building B(G) (see e.g.[36, Section 2]). Since C' is compact,
it follows that the action of G on B(G) inflates to a proper action of G. It is shown
in [31, Section 4.3] that G has the property (HC) in the sense of [31, Section 4.1].
It follows then from [8, Lemma 4.3] that G also has the property (HC).

In order to show that G satisfies BC for K with respect to any actions, it
suffices to show that every central extension G of G by T satisfies BC for C by
8, Proposition 2.7]. By the same arguments as before, we conclude that G also
acts continuously properly isometrically on B(G) and G has the property (HC).
Hence, G satisfies BC for C by [31, Corollary 0.0.3 and Proposition 4.1.2]". |

Particularly, Proposition 3.7 implies that the Baum-Connes conjecture
holds for all reductive linear algebraic groups. In the following corollary we deal
with vector groups, which have nilpotence length one.

Corollary 3.8.  Let k be a non-archimedean local field of positive characteristic
p and let n € N. Then the following groups satisfy BC for C:

(1) k™ x GL,,(k), where GL, (k) acts on k™ by matriz multiplications.

(2) k x GL,(k), where GL, (k) acts on k by gv = det(g)? -v for g € GL,(k)
and v € k.

Proof. Since GL, (k) acts on k? by k-linear endomorphism for d € {1,n}, it
follows that k¢ is GL, (k)-equivariantly topologically isomorphic to k¢ with the
action of GL, (k) given by (g,v) — (¢g7!)!-v for g € GL,(k) and v € k¢. By
Theorem 3.6 it suffices to show that the stabilizer GL,(k), satisfies BC for C for
all v € k7.

(1): Since GL,(k) acts transitively on k™\{0}, there are only two or-
bits: {0} and k™\{0}. Then the following are all stabilizers up to conjugacy:
GL,(k){o; = GLy(k) and GL,(k), = k"' xGL,,_,(k), where ¢; = (1,0,...,0)" €
k™. Since GL,(k) is reductive, it satisfies BC for C by Proposition 3.7. More-
over, k"1 x GL,_,(k) satisfies BC for C by an induction argument as long as the
conjecture holds for k x GL;(k). Since k x GL;(k) is amenable, we complete the
proof by [22].

(2): We have to show that GL,(k), satisfies BC for C for every v € k. It
is clear that GL,(k){y = GL,(k). Let v € k\{0}. Since k has characteristic p,

!The method used in [31] is based on Lafforgue’s K Kpa,-theory, not on the standard
Kasparov K K -theory.
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it follows that

GL,(k), = {9 € GL, (k) : det(g9)’ — 1 =0}
={g € GL,(k) : (det(g) — 1)’ =0}
={g € GL,(k) : det(g) — 1 =0}
= SL, (k).

Since both GL,(k) and SL, (k) are reductive, we are done by Proposition 3.7. =

Remark 3.9. By a proof almost identical to the proof of Corollary 3.8 (1) we
see that k™ x SL,(k) satisfies BC for C for a local (function) field k. This is
already known from [6, Example 4.3].

We end this paper with some more advanced examples. One of these is
the Jacobi group, which is the semidirect product of the symplectic group and
the Heisenberg group. Its unipotent radical is the Heisenberg group, which has
nilpotence length two.

Let k be a non-archimedean local field. We will assume that k is not of
characteristic 2. Recall that the symplectic group Sp,, (k) is the closed subgroup
of GLg, (k) consisting of all matrices g with ¢*Jg = J, where

0 I,
-5 %)

and [, is the nxn identity matrix. Observe that Sp,(k) = SLo(k). The symplectic
group Sp,, (k) has a unique perfect two-fold central extension Mps,, (k) which is
called the metaplectic group (see [38, 25]):

1 — Zy — Mpy, (k) — Spy, (k) — 1.

However, Mp,, (k) is not a linear group. Since exactness is stable under extensions
(see [30, Theorem 5.1]), we see that Mp,, (k) is an exact group. Moreover,
Mp,,, (k) satisfies BC for the compact operators K with respect to any actions
by Proposition 3.7. Let Sp,,(k) act on k*" by matrix multiplications and let
Mps,,, (k) act on k> through the action of Sp,, (k).

Now consider the symplectic form w on k** given by
w(z,y) =2'Jy, for x,y € k™.

The (2n + 1)-dimensional Heisenberg group over k is the group Ha,. (k) with
underlying set £*® x k and group multiplication given by

w(g; y)), for x,y € k*" and \, u € k.

(@, My, 1) = (z +y, A+ p+
The symplectic group Sp,, (k) acts on Hy,41(k) by automorphisms:
g-(x,\) = (gz,)\) for g € Spy,(k), x € k** and \ € k.

Let Mp,, (k) act on Hy,41(k) through the action of Sp,, (k).
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Corollary 3.10.  Let k be a non-archimedean local field of positive characteristic
p>2 and n € N. Then the following groups satisfy BC for C:

(1) Hania(k) > Spy,(k),
(2) k2" % Spy, (k).
(3) Hopsa (k) X Mpy, (k).
(4) K*" x Mpy, (k).

Proof. (1): It follows from Theorem 3.6 that it suffices to show that Sp,, (k).
satisfies BC for IC(H,) for all [n] € Hapy1(k). It is well-known from the Stone-von

Neumann theorem that Ho,i1(k) = {[Xv,w) }owern U {[ma]}ack o) » Where Xy, is a
unitary character and m, is an infinite-dimensional irreducible unitary representa-
tion of Ha,y1(k) on L*(k™). If g € Sp,,(k), then the action is given by

9 Xow = X(g-Vt-(wwyt forallv,w e k™ and g-my=m, forall A € k\{0}.

We refer to [25, Section 1] and [19, Theorem 5.2 and Corollary 5.3] for more details
about the Stone-von Neumann theorem.

Since Spy,(k)x, = Spy,(k) is reductive, it satisfies BC for K(H,,) by
Proposition 3.7. Since {[Xuv.w]}vwerr = k2" is Sp,, (k)-equivariantly topologically
isomorphic to k%", it is equivalent to show that Sp,, (k) ) satisfies BC for C
for all v, w € k™.

Since Sp,,, (k) is stable under transpositions, it acts transitively on k**\{0}.
Hence, the following are all stabilizers up to conjugacy: Spy,(k)0} = Spy,(k) and
SPon(K)ey = Ham-1)41(k) X Spy(,_1y (k) for n > 2, where e; = (1,0,...,0)" € &*".
Since Sp,, (k) is reductive, it satisfies BC for C by Proposition 3.7. Moreover,
Ha(n—1)41(k) X Spy(,—1) (k) satisfies BC for C by an induction argument as long as
the conjecture holds for H3(k) x Spy(k). Since Spy(k) = SLa(k) has the Haagerup
property, it follows from [10, Theorem 2.1] and [22] that Hs(k) x Spy(k) satisfies
BC for C. Therefore, we complete the proof.

(2): Since Sp,(k) = SLo(k) has the Haagerup property, it follows from [10,
Theorem 2.1] and [22] that k? x Spy(k) satisfies BC for C. We may assume that
n > 2. It follows from Theorem 3.6 that it suffices to show that Sp,, (k), satisfies
BC for C for all v € k*" with the action of Sp,,, (k) given by (g,v) — (g7 !)!-v for
g € Sp,,, (k) and v € k*". The stabilizers are the same as in (1), where we already
checked that they satisfy BC for C. This completes the proof of (2).

Since Mp,,, (k) is not a linear group, we have to apply Corollary 3.5 for (3)
and (4). The metaplectic group Mp,, (k) is a locally compact second countable
exact group. Moreover, it acts continuously on Ha,(;(k) and k?" such that all

(v,w

Mp,,, (k)-orbits in Hmk‘) and k2" are locally closed as it acts through the action
of Spy, (k).

The proofs for (3) and (4) are almost identical to the proofs for (1) and
(2) as long as we notice the following facts. Mpy,(k)r, = Mp,, (k) satisfies
BC for the compact operators K with respect to any actions and Mp,,(k)., =
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Ha(n-1)41(k) X Mpy,_1y(k) for n > 2. Finally, we notice that Mp,(k) has the
Haagerup property by [28, Proposition 2.5 (2)]. We leave the details to the
reader. |

Remark 3.11.  We hope that the methods described in this paper will eventu-
ally help to find a proof of the Baum-Connes conjecture with trivial coefficient for
all (groups of k-rational points of) linear algebraic groups over a local field k& with
positive characteristic. The case of local fields with zero characteristic has been
solved in [8] using similar methods.

Acknowledgments. The second-named author would like to thank Roger Howe,
Vincent Lafforgue, George McNinch and Maarten Solleveld for helpful and enlight-
ening discussions on a wide variety of topics.
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