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Abstract. Let V be a braided vector space of diagonal type. Let B(V),
£7(V) and £(V) be the Nichols algebra, Nichols Lie algebra and Nichols braided
Lie algebra over V', respectively. We show that a monomial belongs to £(V)
if and only if this monomial is connected. We obtain the basis for £(V) of
arithmetic root systems and the dimension of £(V) of finite Cartan type. We
give the sufficient and necessary conditions for B(V) = Fe£ (V) and £ (V) =
£(V). We obtain an explicit basis for £~ (V) over the quantum linear space V'
with dimV = 2.
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1. Introduction

Nichols algebras have found significant applications in various areas of mathe-
matics and mathematical physics including the theories of pointed Hopf alge-
bras and logarithmic quantum fields. In [He05], one-to-one correspondences be-
tween Nichols algebras of diagonal type and arithmetic root systems as well as
between generalized Dynkin diagrams and twisted equivalence classes of arith-
metic root systems were established. The problem of finite-dimensionality of
Nichols algebras forms a substantial part of the recent investigations (see e.g.
[AHS08, AS10, He05, He06a, He06b, WZZ15a, WZZ15b|. Lie algebra arising from
a Nichols algebra was studied in [AAB16].

Braided Lie algebras were studied in [Ka77, BMZP92, Gu86, GRR95, Kh99,
Pa98, Sc79, BFM96, ZZ03]. The current paper will focus on Nichols Lie and
braided Lie algebras. In [He05] and [He0O6a], a classification on braided vector
spaces of diagonal type with finite-dimensional Nichols algebras was given. In
[WZZ15b, WZZ16], we studied the relationship between Nichols algebras and
Nichols braided Lie algebras. It was proven that a Nichols algebra is finite-
dimensional if and only if the corresponding Nichols (braided) Lie algebra is finite-

* Y77 was partially supported by the Australian Research Council through Discovery-Projects
grant DP140101492.

ISSN 0949-5932 / $2.50 © Heldermann Verlag



358 Wu, WANG, ZHANG, AND ZHANG

dimensional. This provides a new method for determining when a Nichols algebra
is finite dimensional.

In this work we will show that a monomial belongs to Nichols braided
Lie algebra £(V') of braided vector space V' of diagonal type if and only if this
monomial is connected. This is one of the main results in this paper, which enables
us to obtain the bases for the Nichols braided Lie algebras of arithmetic root
systems and the dimensions of the Nichols braided Lie algebras of finite Cartan
type. We give the sufficient and necessary conditions for B(V) = F & £ (V) and
£(V) = £(V), where B(V), £ (V) and £(V) denote Nichols algebra, Nichols
Lie algebra and Nichols braided Lie algebra over V', respectively. We also obtain
an explicit basis for £7 (V') over the quantum linear space V' with dimV = 2.

This paper is organized as follows. In the remaining part of this section
we provide some preliminaries and set our notations. In Section 2 we show that a
monomial belongs to £(V') if and only if this monomial is connected when V is a
braided vector space of diagonal type. Section 3 presents a basis for £(V'), section
4 gives the basis for £(V) of arithmetic root systems and obtains the dimension of
£(V) of finite Cartan type, and section 5 provides some non-zero monomials for
the Nichols algebras B(V). In section 6 we present the sufficient and necessary
conditions for B(V) = F® £ (V) and £ (V) = £(V), respectively. We also give
an explicit basis for £7 (V') over the quantum linear space V' with dimV = 2.

Preliminaries

For any matrix (¢ij)nxn over F*, define a bicharacter y from Z" ® Z" to F*
such that x(e;,ej) = ¢; for 1 <i,j <n, where {ej, ez, -+ ,e,} is a basis of Z".
Let V' be a vector space with basis x1, s, -+ ,2,. Define a(e; ® x;) = ¢;;z; and
d(z;) = e;@x; for 1 <i,j <n. Itisclear that (V,a,d) is a Yetter-Drinfeld module
over Z" and (V, C) is a braided vector space under braiding C, where C'(z;®x;) =
¢ijr; @ x; and C Y ®x;) = qj_ilxj ® x;. In this case, V is called a braided vector
space of diagonal type and (g;;)nxyn is called a braiding matrix of V. Throughout
this paper braided vector space V' is of diagonal type with basis x1,z9, -+, 2,
and C(x; ® x;) = g¢;jz; ® x; without special announcement. Let B(V) be the
Nichols algebra over the braided vector space V. Define p;; := ¢;; for 1 <i,5 <n
and py, := x(deg(u),deg(v)) for any homogeneous element u,v € B(V'). Denote
ord(py,) the order of p,, with respect to multiplication. Let |u| denote length
of homogeneous element u € B(V). Let D =: {[u] | [u] is a hard super-letter},
AT(B(V)) :={deg(u) | [u] € D}, A(B(V)) :=AT(B(V)) UA(B(V)), which is
called the root system of V. If A(B(V')) is finite, then it is called an arithmetic root
system. Let £(V) denote the braided Lie algebras generated by V' in 8B(V') under
Lie operations [z,y] = yz — py,xy, for any homogeneous elements z,y € B(V).
(£(V),[]) is called Nichols braided Lie algebra of V. Let £ (V) denote the Lie
algebras generated by V' in B(V) under Lie operations [z, y]” = yx — zy, for any
homogeneous elements =,y € B(V). (£7(V),[]|7) is called Nichols Lie algebra of
V. The other notations are the same as in [WZZ15a].

Recall the dual ®B(V*) of Nichols algebra B(V') of rank n in [He05, Section
1.3]. Let y be a dual basis of ;. d(y;) = ¢;' @i, iy = pi_jlyj and
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Ay;) = g; ' @ y; + y; ® 1. There exists a bilinear map
<> (BVHH#FG) x B(V) — B(V)
such that
<y, uv >=< Yy, u>v+g; < y,v> and <y, < YU >>=< Yy, U >

for any w,v € B(V). Furthermore, for any u € ®2,B(V)(;, one has v = 0 if
and only if < y;,u >=0 for any 1 <7 < n. We have

([, 0], w] = [, [, w]] + pyy [ w], 0] + (Puv — Py)v - [, 0], (1)
[w, v - W] = puuluv] - w+ v - [uw). (2)

We now recall some basic concepts of the graph theory (see [Ha69]). Let I'; be a
non-empty set and T'y C {{u,v} | u,v € 'y, with u # v} C 2" Then T’ = (T';,T)
is called a graph; I'; is called the vertex set of I'; I'y is called the edge set of T;
Element {u,v} € I'y is called an edge, written a,,. If G = (G1,Gs) is a graph
and Gy CT'y and Gy C I'y, then G is called a subgraph of T". If §) # H; C I'y
and Hy = {ay, € 'y | u,v € H}, then H = (Hy, H,) is a subgraph, called the
subgraph generated by H; in T.

gy 1 *** Quguy Quguy 18 called a walk from w; to w,. We can define an
equivalent relation on I'y as follows: for any u,v € I'y, u and v are equivalent if
and only if there exists a walk from u to v or u = v. Every subgraph generated
by every equivalent class of I'y is called a connected component of T'.

Let I'(V') be the generalized Dynkin diagram of V' with p,, ., and p,, ., for
1 <i# 5 <n omitted. This is called a pure generalized Dynkin graph of V', i.e.
I(V)i={1,2,--- ,n} and I'(V)2 = {ay; | pijpji # 1,1 # j}.

Let w = hihy -+ hy,, be a monomial with h; = x;; for 1 < iy, ia,... 4, <
n,1 <j<m. deg(u) = ey +- -+ Ape,, where deg(z;) = e;. Let deg, (u) := \;.
Let p(u) :={x;,, - ,x;,} and T'(u) be a pure generalized Dynkin subgraph gen-
erated by p(u). If I'(u) is connected, then u is called connected (or p(u) is called
connected). Otherwise, u is called disconnected (or p(u) is called disconnected).

For u,v € ®B(V), if there exists a non-zero a € F' such that v = av, then we
write u ~ v. This is an equivalent relation. If there exist z; € p(u) and z; € p(v)
such that p,, ., # 1, then we say that it is connected between monomial u and
monomial v, written u{v in short. Otherwise, we say that it is disconnected
between monomial v and monomial v.

Remark: When u # 0, p(u) is independent of the choice of hy, ha, -+ Ay,
since B(V) is graded and deg(u) is unique. Therefore, the connectivity of w is
independent of the choice of hy, hg, -+, hy. When uw = 0, p(u) is dependent on
the choice of hy, hg, -+, hy. For example, deg(V) > 1, piapar = 1, p1n = —1,
u = 12 = x%xy = 0. Therefore, pu(u) = {z;} and u is connected. Meantime,
p(u) = {x1, 22} and w is disconnected.

Throughout, Z =: {x | z is an integer}. R =: {z | = is a real number}.
No=H{z |z € Zuzx>0} N={z|x € Zzx > 0}. F denotes the base
field, which is an algebraic closed field with characteristic zero. F* = F\{0}. S,
denotes symmetric group, n € N. For any set X, | X | is the cardinal of X.
int(a) means the biggest integer not greater than a € R.
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2. Structure of Nichols braided Lie algebras

In this section we prove that a monomial belongs to £(V) if and only if this
monomial is connected when V' is a braided vector space of diagonal type.

Lemma 2.1.  Assume that u,v,w are homogeneous elements in £(V). Set
a = 1 = pupow, b= 1= puwbuu, ¢ = 1= puwpou, d = 1 = puwPoubuwPou
e =1 = puwPouPuwrlow and f =1 = puPowPuwPuwu- If

{r|re{w,vw, vw} and reL(V)}| > 2 and |{t[te{a,b,c} and t#£0}| > 1,

then uvw, uwv, vwu, vuw, wuv, wou € L(V).

Proof. Without loss of generality, we let wv,uw € £(V). If vuw ¢ £(V), then
e=0,f =0 by [WZZ15b, Lemma 3.2(i)] and [WZZ15a, Lemma 4.12]. If a = 0,
then b = 0,¢ = 0, which is a contradiction. If a # 0, then b # 0,c¢ # 0, one
obtains a contradiction to [WZZ15b, Lemma 3.1]. Consequently, vuw € £(V).
Similarly, we can obtain others. u

Lemma 2.2.  Assume that h; € {z1, - ,z,} for 1 <i<m.

(i)  If it is disconnected between monomial u and monomial v (i.e. Py, ., = 1 for
any z; € p(u), z; € p(v)), then [u,v] = 0.

(ii) If u(hihy -+ hy,) is disconnected, then o(hy, ha, -+, hy) =0 for any method
o of adding bracket on hy,ha, -, hy,.

(iii) If hihg - hy # 0 and p(hihg---hy,) is disconnected, then hihg---h,, &
£(V).

Proof. (i) w and v are quantum commutative (i.e. wv = p,,vu ) since x;z; =
Py, T2 for any x; € p(u), z; € p(v).

(ii) We show this by induction on m. [hy, hy] =0 for m = 2. For m > 2,
O'(hl, hg, s ,hm) = [O’l(hlhg cee ht>, 0'2<ht+1ht+2 s hm] . If both hth cee ht and
hii1hiio---h,, are connected, then it is disconnected between hihs---h; and
hiz1hiyo -+ hy. By Part (i), o(hy, he,--- ,hy) = 0. If either hihy---hy or
hix1higo -+ - by, is disconnected, then either oy(hihg---hy) = 0 or oo(hyp1hiso - -
hm) = 0 by induction hypothesis.

(iii) It follows from Part (ii). n
Lemma 2.3. (i) If u is a monomial, then there exist monomials uy,us, ..., U,
such that w ~ ujug---u, and {T(uy),T(ug), - ,[(u,)} is complete set of con-

nected components of I'(u) with deg(u) = > deg(u;) (which is called a decompo-
i=1
sition of connected components of u ).

(ii) If a monomial w is connected with | w |> 1, then there exist two
connected monomials v and w such that vOw with u ~ vw.

Proof. (i) If w is connected, it is clear. If w is not connected, we show it by
induction on | w |. It is clear when | v |= 1. Now assume | u |[> 1. Let
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Q:={v | v is a connected monomial }. Let u ~ vjvv3 and vy be in € such that
| vo |=maz{|v| | veE Qu~ vivvs,v; and vy are monomials or 1}.

Now we show that v, is a connected component of u. In fact, if it does not
hold, then v1{Qwvs or v3uvy. Without the lose of generality jj We assume v wvs.
Then there exists ¢ such that h;,Qvy with vy = hy -+ h;, and vohy; ~ hi vo for
t+1 < j <s. Consequently, u ~ wih;,vows and h;,vy is connected. which is a
contradiction.

We have obtained that it is disconnected between v; and vy in proof above.
Thus © = v1vou3 ~ Vov1v3 and vivg ~ Ugus - - - u, is a decomposition of connected
components of vjvg since | vyvs |[<| u | . Setting u; := ve we complete proof of
Part (i).

(ii) Let w = hihg---hy,, and hg- - hy ~ ugug - - - u,. be a decomposition of
connected components of hy - - - h,,. Consequently, hju; ---u,_1 is connected since
hiQu; for 1 <4 <r. n

Theorem 2.4. Assume that hye{xy,--- ,x,} and pp, p, #1 when p(hy - - - hy)=hy .

) If ha-e By hpsr - hon €2V and hy - hyhpsr - with by« hy0 or
hygp1 -+ hy # 0, then there exisst T € Sy, such that hy -+ hy ~ hrqy -+ hem)
with hr(l) S hT(m—l) S S(V) and hT(l) s hT(m_l)QhT(m) , or with
hT(Q) s hT(m) € Q(V) and hT(g) s hT(m)OhT(l) .

(11) ]f h1h2 cee hm—l < S(V) and hlhg cee hm—l <>hm or h2h3 s hm € S(V) and
h2h3 tet hm <>h1, then h1h2 L hm € S(V) .

(iii) If 0 # hihg---h,, € £(V), then there exists T € S, such that hy---hy,, ~
hray - Phrgny with 0 # hrayhe) - hegm-1y € £(V) and heqy heo) -
hrm-1)y & ey, or 0 # hroyhe@) - hegny € £(V) and hya) he@) -
hrimy & hrq).-

(iv) If monomial w = hyhg - - hy, is connected, then u € £(V).

Proof. We show (i), (ii), (iii) and (iv) by induction on the length of |hihs - - hy,| =
m. Assume m = 2. (i) and (iv) are clear. If hy # ho, then (ii), (iii) follows from
[WZZ15a, Lemma 4.12], [WZZ15a, Lemma 5.2], respectively. If hy = ho, then (ii)
and (iii) follow from [WZZ15a, Lemma 4.3] and [He05, Lemma 1.3.3(i)].

Now m > 2.

(i)If b=m—1or b=1,let 7 =id. Now assume that 1 < b < m — 1.
There exist 1 <a <b and b+ 1 < ¢ <m such that py, . # 1.
(1) Assume hy---hy # 0. We show this by induction on b. There exist
,,,,, py such that hy -« hy ~ heqy -« - heey with case (a): 0% hery -+ hepo1) €
S(V), hT(l)hr(Q) cee hr(b—l)ohr(b) or with case (b): 0 7& hT(g) ce hr(b) S S(V),
hT(g)hT(g) tee hr(b)<>h7-(1) by induction hypOtheSiS of (iii).
(ar) If hygy -+ hOhry, then hogyhysr - - - hy€£(V) by induction hypothesis of
(ii), and hr(l) s hf(bfl)ohf(b)hb_,_l ce hm since hr(l)h7(2) ce hr(bfl)ohr(b)- It is
proved since |h-(1)---hrp-1)| = b—1 < b and induction hypothesis.
(ag) If Ph, )0y, = 1 forall j1€{b+1,...,m}, then hrgyhpi1 - hin~hyir - b -
On the other hand, h-¢1)- - hrp—1)Ohps1 - him since hy - -y hygq -+ - Ay . Con-
SequentlYa h’Tl’T(l) te hT1T(b—1)h’7'1(b+1) to hn(m) S S(V) and h'r(l) T hT(b—l) hb—i—l
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. hm ~ hn‘r(l) s thT(b—l)th(b+l) te hq-l fOI' some 71 € S{T ,,,,, 7(b—1),b+1,...,m}
by the induction hypotheses of (i) and (ii). NOW Priry -+ thT(b,l) P b1y -
hrmy & he@y since heyhreo) - - hrp-1)Qhepy, and

hyee iy~ 1 hf‘r(b)hb—i-l “hm

hrqy -

Py« hr—1)os1 -+ hnhr)

~ hmu -1y Py 1)+ Py (m) P o)
ez (1)

T17(1) h"rm' b—1 hn‘r(b+1) h‘rl‘r(m)hnT(b)

,,,,,

by th(bJrl) e hn(m) = h‘rl‘r(bJrl) s thT(m) since T € 8{1’2
since 71 € S{r(1),7(2),....7(b=1),b+1,....,m} - Consequently,

by, and hr @) = o)

/. 1 b—1 b m—1
T = ( (1) - mi7(b—1) 7y7(b+1) - T17(mMm) TlT(b ) € S’I’I’H

bty - hpm—1y € £(V), hr(1y - - Bt (m—1) Ot my and Ay -+ hyyy ~ By "'hT/(m)~

(by) If hT(z) s hey Qhosr - By then orir) -+ s @)y 1) -+ - gy € £(V)
and hroy - hr@yhorr - him ~ hrz@) - hez@)y  Brgr) oo By for some n E
Str@),... T(b) b+1,..m} Dy the induction hypotheses of (i) and (ii). We know
hrir@) = B ) ry ot1) * Py () ORr (1)

since h Q)hT(g) (b)<>h7-(1). We obtain h1 ce hm ~ hr(l) cee hT(b)hbJ’_l e hm ~
hr@yhoyr(2) - 'thT(b)th(bJrl) o heym) = hoyrhr@) 0 ) Brror1)  Prir(m)
by hr41) - Prim) = Pryro41) - Brir(my since 7€Syy ) and by rq)y=h,q) since
T < S{T (2),...,7(B),b+1,...;m} - Therefore, 7= T € Sm, hT/(g) s hT/(m) < £(V>,
hT/(Q) cee h.r/(m)<>h7-/(1) and h1 cee hm ~ hT’(l) s hT/(m).
(bg) If ﬁhf(m,hjz =1forall j; €{2,...,b},5o € {b+1,...,m}, then h ) - h)
hy1 - Py ~ hog1 - - hphr) - -~ he@y. On the other hand, hyqy & hypr -+ Ay
since Ry - hyQhpir - - huy . Then heyhyyr -+ hp €L(V) by induction hypothesis
of (ii). See hy -+ hpm ~ hray ==+ he@) hogr =+ P ~ heyhogr - hinhray -+ Ry
and hr(l)hb-i-l cee hm<>h7-(2) s hT(b) since hr(l) <> hT(g) s h'r(b)‘ (1) holds since
|hr(2) - - he@y| = b— 1 < b and induction hypothesis on b.

(2). If hy---hy =0, then hyy---hy # 0 and hpyq - - - hy, is connected by
Lemma 2.2(iii). Consequently, 0 = hy---hy,—1 € £(V) and hy - by 1 Ol

(ii) Assume that hihg---h,, ¢ £(V). Obviously, hihs--h,_1 # 0 and
hohg---hpy # 0. Set iy := 1 and jo := m — 1 when hihy---hp_y € £(V);
ip := 2 and jo := m when hshs---h, € £(V); Ny := {io,io + 1,---,70};
Ay :=A{1,....m} — Ny,

Now we prove the following Assertion(k) by induction on k, 1 <k <m — 2.

Assertion(k) : There exist 1 < iy < ji < m, 7 € Sy,_, such that the following
conditions hold:

1) 0 7§ th(ik) .- th (i) E S(V)

(C1)

(C2) Py

(Cs) hokgsy) - - hoi iy Ohe for ¥ r € Ay
(C4)

7hT21fOI'VT'€Ak;
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(C5) th(Zk 1)h klk 1+1) -h 7k (je—1) h k=1 (3p_1) h k=1 (ip_1+1) h k=1 (j._1) and
k(1) Bk gny ~ h1h2 -

(Cé) ix—1 <ix < jr < Jr—1 With Je_1—ip_1 = jr—ix+1, where Nj: =
{7%i), (i + 1), -, 7*0r)}, A ={1,...,m} = Ny, ™* =771 - 71

Step 1. For k£ = 1, now we construct ¢; and j; as follows. Considering
0 # hi,---hj, € £(V), we have 5hi0~~hj0,hr =1 for r € Ay by [WZZ15a, Lemma
4.12] and there exist 73 € Sy, such that hio Ry~ By o By (o) With jjcase
(a) 0 # th(io) T h’Tl(jo—l) € S(V)v hﬁ(io) o 7'1 (jo—1 <>h7—1(j0)7 iy := 19 and j; =
jO — 1 or with case (b) 0 7& hT1(i0+1) h7—1 (o) E g(V), th(i(H-l) v th(jo)<>h7'1(io)7
iy = i9p + 1 and j; := jo by induction hypothesis of (iii). Obviously, 0 #
hT1(z~1) th Gi) € S(V) and th(T) = h, for r € Ay.

Obviously, (Cy), (Cs5) and (Cg) hold.

Dhip, = 1 for any t # r € Ay, ie. (Cy) holds. Indeed, if pp, s, # 1 for
t e Ay — Ay, r € Ag, then ﬁhil"'h]’lvhr # 1 since ﬁhi0~--hj0,hr = 1. We obtain
hiy - hj hihye, by, -~ hj by, hehy - -hjhy € £(V) by Lemma 2.1. However,
hyi---hp is a quantum equivalent with one among h;, - -+ hj hyh,., hihg -+ by by,
hyhiy - -+ hj by, hpehihy, -+ by, which contradicts hy - - - by, € £(V).

(C3) and (Cy) follow from (Cy).

Step 2. Assuming that Assertion(k) holds, we prove that Assertion(k + 1)
holds, k <m — 3. Let 7 := i}, and j := j, in this proof for convenience.

Considering 0 # h sy -« how(jy € E(V), we have that there exists 7,1 €
Sy, such that hoxgy -« horgy ~ thH( “hokiiy with case (1°): 0 # hpsiag

- h rht1(j—1) € E(V), h.,.k+1(i)- -h TRt (j— 1)<>h k+1(5) 5 rh+l (Zk—i—l) = Tk+1(i) and

T (Gper) = TFH(j — 1), or with case (2°): 0 # Aprrigiyr) - hornrgy € L(V),
h7k+1 (i+1) """ h7k+1(j)<>h7.k+1(i), Tk+1(ik+1) = 7"IH_1 (Z + ) and Tk+1<jk+1) . Tk+1(j)
by induction hypothesis of (iii). We obtain hy - hp ~ hprsiy -« horsr(y) . For
convenience, let h := hori1(y for all s € {1,...,m}. Obviously, 711(t) = ¢ for
all t € Ay.

Clearly, (Cy), (C5) and (Cg) hold.

(1°) Apy1 = ApUTFL(5) and Nk+1 Ny — k“( ). If there exists 7 € Apyq
such that pu, p, =1 for all a € {i,...,j — 1}, then pu », # 1 by Assertion(k)
(C3). Therefore Pri-nin, 7 1, which contradicts Assertion(k) (C4). For all
r € Agy1, there exists o € {i,...,j — 1} such that

Phh, 71 (3)

and hy---hi_hi--- B, € £(V) by induction hypothesis of (iv) and Lemma 2.2
(ii).

Set {g1, -, 98 01, 1y} = {TF(G +1),..., 7% (m — 1)} C Ay with
g < - < ggli < -+ < [, such that 5/1;,% # 1 and ﬁhQ’h% = 1 for all
Aed{l,....B8}), all & e {l,....,n}. Then hy---hl by ---h; € L£(V) for all
r € {1l,...,n} and h3hy ---hi € L£(V) for all t € {1,...,3} by induction hy-
pothesis of (iv). If p ph}’% # 1, then ﬁh’l"'h}_lhil"'hi # 1 and ﬁh/h/ i #+1
by Assertion(k) Cy and Cy. Then hy---Rj_ hy -~ hy Wby - h’ h! 6 £(V)

31 gp m
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by Lemma 2.1, by« by ~ By hy o~ By B by ey BGRG --c R By T s a

7't gp'tm-
contradiction. Thus pp =1 and hy---hi_ by -+ by by, € £(V) by induction

hypothesis of (ii). If § > 1, then ﬁhéhﬁn“'héﬁ_phég # 1 and ﬁh'l"’h}—lhﬁl"’hénh’ b

m? gﬁ
# 1 by Assertion(k) (Cs). h’l~/~~h;-71h;1/~~h2nfz;n/h;ff;1/~--h;ﬂlflhgﬁl € Q(V)
by Lemma 2.1.  hiho--hy ~ hy--- R hy - hy hy Wiy -;-hgﬁflhgﬁ. It is
a contradiction. Then g = 0. n = m —j — 1, ie. P p, = 1 for all
re{j+1,...,m}. So Prgry_my, =1 forall r € {j+1,...,m} by Assertion(k)

(C4). Assume that there exists § € {1,...,i — 1} such that pp . # 1. If

ﬁh;‘vhll“‘hla_1hl9+1“‘h;flh;“'h;;lh;+1“‘h;n = 1, then ﬁhg7h/1...h;_71h;+l...h;n 7£ 1, hll h’;'fl
Wiy --+ hy, € £(V) by induction hypothesis of (iv) and (3). hy---hj_y By ---
hy, By € £(V) by [WZZ15a, Lemma 4.12]. hyhy -« By ~ By oo B BGyy-ohy B
It is a contradiction. If ﬁh;,h’1~~h§,_1h’9+1~~~h§,1h,’;~h§-71h}+1~~~h4n # 1, b - hy_y hy,

by R -+ By By oo Ry, € £(V) by induction hypotheses (iv) and

(3). Then hyhl -~ hy_ hy, - hi_yhi -+ B R -+ By b € £(V) by Lemma
21, Bahye-- Py ~ hORG--e By (B B BB B RS Tt s a con-
tradiction. Then py p; = 1 for all § € {1,...,4 — 1}, which implies that (C,)
holds.

(C3) and (Cy4) follows from (C,).

(2°) Apyr = ApUTHL(0) and Npypy = N —71(0). If there exists r € Ay
such that py, p, =1 for all a € {i +1,...,j}, then pu 5, # 1 by Assertion(k)
and ﬁh;...hg,hr # 1, which contradicts Assertion(k). Thus for all r € Ay, there
exists « € {i+1,...,j} such that

Phhy 71 (4)

and hj, -+ hiRS, - by, € £(V) by induction hypothesis of (iv).

Set {g1, -+, 9801, 1} = {7"(2),..., 7" (i — 1)} with
g1 <---<gg,ly <---<l, such that ﬁh;,hgk #1 and ﬁhg,hzg =1

forall A e {1,...,8},all £ € {1,...,n}. Then Ry ---hj hi ---h;,, € £V) for
all r € {1,...,n} and hj, ---hi h; € £(V) for all t € {1,..., 8} by induction hy-
pothesis of (iV). If ﬁh;,h’l 7é 1, then 5’121'"’12,,%“"'%7/1’1 7& 1 and ﬁh‘fql'“hlgﬁh;?hll 7é 1 by
Assertion(k) (Cy). Then hihy ---hy hihy - by hiiy - Ry, € £(V) by Lemma
2.1, hyo hyg ~ hy-oc by, o~ Byhy by Bihy oo hy By cec Ry Tt is a contra-
B 1 n
diction. Thus pu p, = 1. Ryhy -~k By by, € £(V) by induction hypoth-
esis of <1V) If ﬁ Z 1, then ﬁhgz"'hégh;’h§1 7& 1 and ﬁh/lhfl"'hinh;Jrl"'h;nvh;;l 7é 1
by Assertion(k) (Cs). then hy hy ---hy hihihy -l hiq---hy, € S(V) by
Lemma 2.1. hihy---hg ~ by hg -+ hg hilihy -~ hy hiy -y, which is a
contradiction. Then 8 = 0. n =i — 2, ie. pyp = 1 for all r € {1,
st =1} So puy ey = 1 for all r€ {1,...,7 — 1} by Assertion(k)
(Cy). Assume that there exists 6 € {j + 1,...,m} such that py p # 1. If

DHI bl BByl By, = Ly then Py gy, # 1 and Ry .-
hi_ ki .-+ hi, € £(V) by induction hypothesis (iv) and (4). Rihy --- hi_ b} - -
W e £(V) by [WZZ15a, Lemma 4.12]. Ayhy- - huy ~ B, - B yhL, oo B

which is a contradiction.
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hi, € £(V) by induction hypothesis of (iv) and (4). Rihy---hi_ hl 4 ---
RiRS oy oo by hpyy oo hp by € £(V) by Lemma 2.1, hihg -« hy ~ Rk
oo by Ry ooee RGRLL oo hy Ry by by, which is a contradiction. Then

pryw, =1 forall 0 € {j+1,...,m}, which implies (Cs).
(C3) and (Cy4) follows from (C,).

Step 3. In Assertion(m — 2), It is a contradiction by (Cs) and (Cy).

(iii) By Lemma 2.2, u is connected. which implies that there exist two
connected monomials v and w such that v ~ vw. By inductive assumption, v
and w belong to £(V'). Consequently, (iii) holds by (i).

(iv) By Lemma 2.3, u ~ vw such that v and w are connected, as well as,
vOw. By inductive assumption, v,w € £(V). It follows from (i) and (ii). n

Corollary 2.5.  If hihy---hy # 0 and pp, p, # 1 when p(hihg---hy,) = hy,
then hyihg -« hy, € £(V) if and only if pw(hihg - - hy) is connected.

Proof. 1t follows from Lemma 2.2 and Theorem 2.4 (iv). n

3. A basis of £(V)

Lemma 3.1.  Assume that V is a braided vector space of diagonal type. If u # 0
are homogeneous elements in B(V) and p;; # 1 when p(u) =xz; , i € {1,...,n},
then p(u) is connected (i.e. every monomial of u is connected ) if and only if

ue (V).

Proof. The necessity follows from Corollary 2.5. We now prove the sufficiency.

If w is not connected and v = > k;o;(u;) with k; € F*, where u; is a non-zero
i=1

disconnected monomial and o; is a method of bracket on letters of u; for 1 <7 <r.

By Lemma 2.2, 0;(u;) =0 for 1 <i <r and u = 0, which is a contradiction. =

Lemma 3.2.  If [u] € D, then u is connected and u # 0.

Proof. By [Kh99, Cor. 1], u # 0. Obviously [u] # 0 and [u] € £(V'). Considering

Lemma 3.1 we complete the proof. [ ]

Theorem 3.3.  If B(V) is a Nichols algebra of diagonal type with dimV > 2
and p;; #1 for 1 <i <mn, then the set

{lua)M[ug)® - - [ug]® | [u) € D, |D|=s8; 0 <k <hy; 1<i<s;
Us < Ugq < -+ <y, p([ug]® [ug]k? - [uslk) is connected, >~ k; > 0}
i=1

is a basis of £(V).

Proof. 1t follows from [He05, Th. 1.4.6], and Corollary 2.5 and Lemma 3.1. n
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4. Dimension of £(V)

In this section we give the basis for £(V) of arithmetic root systems and obtain
the dimensions of £(V) of finite Cartan type.

Let V;, ... ;. denote the braided vector subspace generated by {z;,zi, -, x;}
of V and let D;, .. ; denote {[u] | [u]is a hard super-letter of B(V, i, ...i.)};
Lip oy = {{ua]® [ua]® - - [ug)™ | [uj] € Diycs; 0 < by <ord(pu,u,); 1 <5 <s;
|Diy | = 85 us < ugy < o0 < oug, p(ug]®[ug)?? - - [ug]ks) is connected,

S kj > 0}; further set By, ..., := {{ug]* [ua]®2 -+ [u]® | [uj] € Dy s 0 < ky <
j=1

< ord(pyu;); 1 <j<s, andlet |D; ..;|=s,> kj>0}. Let Vi be a short
j=1

notation for V; 4y .. ;. Similarly we use By and L. Let By :=0 and L;; := 0

when ¢ > j.

Lemma 4.1.  Assume that B(V') is connected Nichols algebra of diagonal type
with AimV > 2 and A(B(V)) is an arithmetic root system. Then the following
statements hold.

(i) (n > 1) If the pure generalized Dynkin graph is

@O @@ e o ——eo—o
1 2 3 n-2 n-1 n
then
le = Bl;n - U?:_12L1;iBi+2;n (5)
= B — U,T-L;gz(Lm — L1,i-1)Biyon — L1.1 B3, (6)
= Bl;n - U?;ISLl;i(BiJrQ;n - Bi+3;n) - Ll;anBn;na (7)
n—2
| Liow | = Bun | =Y | Lis | (| Bisan | = | Biys |)- (8)
i=1
1nt(”T71)
§=0

where uy = |By.,| and where for j >0,

n—2 ni—2 nj—1—2
wi= 33 > Bun | (1B, | = | Buysing o)
n1=1ng=1 nj=1

(’Bn2+2;n1‘ - ’Bn2+3;n1|)(’Bn1+2;n’ - |Bn1+3;n|>-

(ii) (n > 4) If the pure generalized Dynkin graph is

n-1



Wu, WANG, ZHANG, AND ZHANG 367

then

Ll;n = Bl;n - anl;nlen;n - U?:_13Ll;iBi+2;n (10)
= Bl;n - U?:_Qg(Ll;i - Ll;i—l)Bi—l—Z;n - Ll;lB?);n - Bn—l;n—an;n (]-1)
= Bin — Lin-3Bn-1:n = Bu-t:n-1Bun — U5 Lii(Bivom — Biva), (12)

| Ll;n | :| Bl;n | - | Bn—l;n—l || Bn;n | - | Ll;n—3 || Bn—l;n |

n—3

- Z ’Ll;i‘(|Bi+2;n‘_’Bi+3;n|>~ (13)

i=1
where | Ly | is obtained by the formula (9) when 1 <i<n —3.

(iii) (n > 6) If the pure generalized Dynkin graph is

then

Ll;n = Bl;n - U?;14L1;iBi+2;n - Ll;anBn;n - Bn72;n72(Bn71;n - Bn,n) (14)
= By, — U Ly — Liyi 1) Bivom — L1 B,

- (Ll;n—Q - Ll;n—4)Bn;n - Bn—Q;n—Z(Bn—l;n - Bn;n)7 (15)
n—4
| Liw | =| Bin | =Y (I Lug | = | Lug—1 ) | Bisosn | = | Lua || Baa |
i=2
= ([Lun—2|=|Lan—a]) | Buinl = Bn-2in—2|(| Bn-1:n| — [Bunl) (16)

where | Ly, | is obtained by the formula (9) when 1 <i<n —2.

(iv) (n > 4) If the pure generalized Dynkin graph is

n-1
@ —————— @@ e
1 2 3 n-2 i n

Ll;n = Bl;n - Ll;lB3;n - (L1;2 - Ll;l)B4;n T (Ll;n—?) - Ll;n—4)Bn—1;n (]-7)

then

= By, — U5 (Lay — Laji—1) Bioyn — L1 Bsin (18)
n—3

| Ly | =| Bun | — Z(| L | = | Lui—1 ) | Bivoyn | = [ L || B | - (19)
i=2

where | Ly, | is obtained by the formula (9) when 1 <i<n —2.
(v) (n>5) If the pure generalized Dynkin graph is
n-2
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then

Ll;n = Bl;n - Ll;lB3;n - (LI;Q - Ll;l)B4;n T (Ll;n—5 - Ll;n—G)Bn—S;n
- (Ll;n74 - Ll;n75>Bn72;n - (Ll;nf2 - Ll;n74)Bn;n (20)
= Bl;n_ U?:_24 (Ll;i_Ll;ifl)BiJrQ;n_Ll;lB3;n_(Ll;an_Ll;nf4)Bn;n> (21)

n—4

| Li | =| Bun | =D (| Lng | = | Lusa ) | Biyam | = | Lt || Ban |
=2

= ( Ly | = | Lin—a [) | Buin |, (22)
where | Ly, | is obtained by the formula (9) when 1 <i<n —2.

(vi) If the pure generalized Dynkin graph is
2

AN

then L1;3 = Bl;g . 1 3

Proof. (i) We only determine which element in By, is connected. It is clear
that the left hand of (5) C the right hand of (5). If u € By, — Li,, let
iy = min{j | x; ¢ p(u) and there exists z; € p(u) such that 1 < i < j < n}.
By Lemma 3.2, there exist v € Ly,;,—1 and w € B; i1, such that u = vw.
Consequently, the right hand of (5) C the left hand of (5). therefore (5) holds.

n—2
| Ly | =| Bin | — Z | Ly, | (I B voin | — | B, 4ain )

ni=1
n—2 ny—2

:| Bl;n | - Z (’ Bl;m | - Z ’ Ll;nz ’ (‘ Bn2+2;n1 ‘ - ’ an+3;m |)>
ni=1 no=1

x (’ Bn1+2;n ‘ - | Bn1+3;n D
int(%)
= Z (—]_)J’LLJ
=0
Similarly, we can show (ii)—(vi). u

Theorem 4.2.  The bases for the Nichols braided Lie algebras of arithmetic root
systems are given by Lemma 4.1.

Proof. We can check that all pure generalized Dynkin diagrams in [He05, Table
A1, A 2|, [He06a, Table B, C] are in Lemma 4.1. n

By [Hu78], | D(A,) |= C7.y, | D(By) |= n® =[ D(C,) |, | D(Dy) |=
n?> —n,| D(Eg) |= 36, | D(E;) |= 63, | D(Eg) |= 120, | D(F,) |= 24,
| D(G2) |= 6. By Lemma 4.1 and [WZZ15a, Lemma 6.4], we have the following
results.

Theorem 4.3.  Let ord(q) := N.

1
(i) For A,, n>1, S D o o, qEF/{1}.
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int("T_l) .
then dim£(V)= > (—1)u;, where ug =| By, | and, for j >0,
j=0
n—2 ni—2 nj_1—2
= 21 21 T 21 |Bl§nj‘(|an+2§nj71‘ - |an+3;nj71|) Tt

"(‘Bn2+2;n1’ - |Bn2+3;n1’)(‘Bn1+2;n| - |Bn1+3;n|>
and | By |= NCi-iv2 — 1 for 1 <i<k<n.
Furthermore, dim £(V)

1nt" 1

2 n1—2 nj_1—2
| Ly |= N1 — 1+Z lemJZl(Nc'%“—l)
ni=1ng=1 n;=1

(N "11" Nnjln'_l)...(NCa*

(ii) For B,, n > 2,

2 2 2 2
q 2¢q q 4 29 ;249
a e .LQLO ) qEF*/{L_l}
1 2 3 n-2 n-1 n
int(%) '
then dim £(V) = > (=1)u;, where ug =| By, | and, for 1 <i <n,
j=0
n—2 ni—2 nj_1—2
- Zl Zl T Zl |Bl;nj|(|an+2;nj—1| - |an+3;nj—1|) T
ni=1ng= nj=

a (‘Bn2+2?”1’ - ‘Bn2+3;n1’)(‘Bn1+2;n‘ - |Bm+3;n|)
for 7> 0; | By |= N D* _ 1 and | By, |= N2 —

: 1 for 1 <i<k<n,
when N is odd; | By, |= (&) -ntizlyn-itl

; —1 for 1 <7 < n and
| Bi |= (%)Ck—z“ —1 for 1 <i<k<n, when N is even.

Furthermore, dim £(V) =

int("5= n—l) nj_1—2

n—2 ni1—2
|L1;n|:Nn2_1+ Z —1)jzz... Z (NC'erj+1_1)
ni=1ns=1 nj=1

7j=1
(Ncﬁjflfnj _ Nofrzzjilfnjfl) .. (NC'?LI_W _ Ncgzl—nQ—l)

(N(n—nl—l)z—n-‘rnl-l—l . N(n—n1—2)2—n+n1+2)’

(24)
when N is odd; dim £(V) =
int( 25 l) _9oon nj_1—2
N n?—narn N C?L' .
1=1n2=1 nj=1

((];[>OQJ 1—nj _(g)c% 1— n71) ((g) 1 —no _(%)Cﬁl_nrl)

N N
(( 2 )(n e 1) —n—l—nH—an n1—1 (5)(” ni— 2) —n+n1+2Nn ny— 2)7 (26)

when N is even.
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(iii) For C,,, n > 2,

2

q 19 ,—1¢ qQ ,—19 ,—24¢

oq—oq—o ........... oq—oq—o , g€ F*/{1,-1}.

1 2 3 n-2 n-1 n

int("T_l) .
then dim£(V)= > (—1)u;, where uy =| By, | and, for j >0,
=0
n—2 ni—2 nj_1—2
- Z Z T Z |Bl;nj|(|an+2;nj—1| - |an+3;nj71|) T

ni=1ng=1 n;=1

e (’Bn2+2;n1‘ - ’Bn2+3;n1‘)(’Bn1+2;n’ - |Bn1+3;n|);

| Bis |= NO=HD* —1 for 1 <i<n (md|BZ;€|—Nc2 w2 —1 for 1 <i<k<n,
when N is odd; | By, |= NO-iHDInti-l(Nyn—itl 1 for | < § < n and

| Bk |= NGtz —1 for 1 <1<k <n, when N is even.
Furthermore, dim £(V) =

int ("5~ n—ly

—2n nj_1—2
| L [N =14 3 (- Z Z 2 (-
(N m 1= N n] 1— n-_l)_ (NC’nl ny _N n1 no— 1)
(N(nfnlfl) —n+ni+1 N(nfn172)27n+n1+2) (27)
when N is odd; dim £(V') =
lnt s 1) TLj_l—2

|L1n|—(N)”N” 14 Z Z Z > (N — 1) (28)

(N nj*linj — N njflinjil) .« e (NC’127417TL2 i chlf’ngfl)

(N(nfn171)2fn+n1+1 (ﬂ

5 )nfnlfl - N(nn12)2n+n1+2(g>nn12)’ (29)

when N is even.

(iv) For D,,, n >3,

J n-1
q ¢! q i}
o, g€ Fr/{1}
1 2 n-3 n-2

dim &(V) = | Bipn | = | Bu-tn1 | Bun | —
= 1 L | (| Biyam | = | Bissin )= | Lin—s || Bzt |

where | Byy, |= NORD =ntk=1 _ 1 for n — k41 > 2, | By_im |= N® — 1,
| Bun |=| Bu—im—1 |= N —1; | Ly | is obtained by the formula (23) when
1<t<n-3.
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Furthermore,
n—3
dim £(V) =| Ly |= NV 7" =1 = (N =1)2 =Y {Nc’?“ -1
i=1
int(igl) n—2 ni—2 nj_1—2 ) ) o
+ 3 Y S ST (e S (N = N
j=1 ni=1ngo=1 n;=1
.. (Ncr%l—ng — Ncgl—ng—l)(NCz?—nl — Nci2—n1—l>}
(N(nfifl)anJriJrl _ N(n7i72)27n+i+2)
int(5%) n—5 n1—2 nj—1—2 ,
e S (S ey
7=1 ni=1ng=1 n;=1
(Ncglj_l—nj o Ncij_l—nj—l) . (Ncglan _ ‘]\/'072117@71)
(NC,%,g,nl _ Ncﬁf&m)} (N? —1). (30)
(v) For FEg,
, ¢ € Fr/{1}.
then
6—4
dim £(V) = | Bug | =Y (| L | = | L1 [) | Bivass | — | Lua || Bag |
=2

— ([ Lus—2 [=| Lis-a |) | Bog | =] Bo-2:6-2 | (| Be-16 [—| Bos |)
N 1= (| Lug | — | Lua OVN® = 1) — (N = (N — 1)
— (I Lua | = | L [J(N = 1) = (N = 1)(N? = N),
where | Ly | is obtained by the formula (23) when 1 <t < 4.
(vi) For E7,

beq
g
1 —1
a9 q 49 4q , g€ F*/{1}.
1 2 3 y 6 7
then
7—4
dim £(V) = | Big | =Y (| Lig | = | L1 ) | Bisar | = | Lia || Bag |
=2

— (I Lyz—2 [ = Liz—a |) | Bz | = | Br—2—2 | (| Br-17 | —| Br7 |)
=|Biz | =(| Liz | = | Lia [) | Bar | =(I Lus [ = | L1z |) | By |

= [ L || Byr | =(| Lisi—2 | = | Lasr-a ) | Bry7 |

— | Br-ag—2 | (| Br—1;7 | — | B |)
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= N¥—1=(| Liz | = [ Lig DN = 1)=(| Ly | = | Li N(NN=1)
— (N=1)(N*=1) = (| Lz | = | Lus [J(N=1) = (N=1)(N*=N),

where | Ly | is obtained by the formula (23) when 1 <t <5.

(vii) For Eg,

,q € F/{1}.
then 1 2 3 4 5] 7 8
8—4
dim&(V) = | Bus| =Y (| Lui | = | Lii1 ) | Bivas | — | Lua || Bas |
=2

—(| Lis—2 | = [ Lig-a |) | Bss | — | Bs-28-—2 | (| Bs—18 | — | Bss |)
= [ Bis | =(I L2 | = [ Lua ) | Bas | =(| Laz | = | La2 |) | Beis |

—([ Lial =Lz ) | Bes | — | Lia || Bas |

—(| Lo | = | Lia ) | Bss | — | Be | (| Brs | — | Bsis |)
= N —1— (| Lia| = | Lia D(N? = 1)

~(| Lis | = | Liz [) (N — 1)

—(| Ly | = | Ly )(NN? = 1) — (N = 1)(N** = 1)

—(| Lysg | = | Lya [)(N = 1) = (N = 1)(N? — N),

where | Ly, | is obtained by the formula (23) when 1 <t <6.

2 2
qg 24 24 —1(4
oL g1 9 o qeFr/{1,—-1}.

1 2 3

(viii) For Fy,

then dim £(V) = > (—1)u;, where ug =| B4 |,

J=0

2
up = ) (’Bl;m’)(’Bnﬁ?A’ - ’Bn1+3;4’)7

ni=1

|Biu| = N** =1, | By |= N =1, |Byo| = N% —1=N3—1, |Bgy| = N& -1 =
N3 —1 and |Bgs| = N — 1, when N is odd;

[Bual = N2(5)? =1, [Bia| = § =1, |Bio| = (5)% =1 =(5)* = 1, |Bsul =
N —1=N®—1 and |Bys| = N — 1, when N is even.

Furthermore,
dim £(V) = N** —1— (N - 1)(N*> = N) — (N> = 1)(N — 1), (31)

when N is odd;
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dim 8(V) = (5)PN? — 1= (5 = YV = N) = (5 = DN =1),  (32)

when N is even.
3

q 4,34
(ix) For Gy, ol o ,qeF/{1,-1}, ¢ #1.
1 2

then dim £(V) = N®—1 when 34 N; dim &(V) = (§)3N* —1 when 3| N.

5. Non-zero monomials in Nichols algebras
Let (s)y:=14+q+¢@+ - +¢ ' and (s),! :=(1),(2)y (5,

Lemma 5.1.  Assume that h; € {x1,-- ,2,} for 1 <i<m and u; is 1 or a
monomial with xy ¢ p(u;) for 1 < j <I1+1. Let q:=p,', for convenience.

(1) <yk7 UL TRUTE - - u[kaZ+1> =
l

= Z qj_lplztlu?..ujulxkuﬂk o T (U UG )T DU - (33)
j=1
(i) (Yh uazstos - - Wkt 1) =1 Py s Provay Py U1tz - - g1 (34)

(iii) If ord(pn,n,) >| degy (hy- - him) | o7 ppop, =1 for all i € {1,...,m},
then hy -+ hy, # 0.
Proof. (i) can be obtained by induction on [.
(ii) We show this by induction on [. If I =1, (yg, u1zgus) = p,;ﬂl“ulm. Assume
[ > 1. Then

<y]l<:7 UL T ULT ] * - 'Ul$kul+1> = <?JL_1, <yk> U1 TRULT 'szkul+1>>

-1 i—1,_—1
= <yk ) E ¢ Druyug- oo Y1 XU T - 'fEk(UjUjH)SCk e TRUg)
j=1
l
1, -1
= Z - Py UTUL U <yk y U TR UL+ - $k(ujuj+1)$k cet xkulH)

]:
( ) | . -1 UtUs * - U
pk‘ U,1pk ulug pk,ulug---ul 182 I+1-

(iii) We show this by induction on t := |u(hihy---hy)|. If t = 1, we obtain
hy--+hy # 0 by [He05, Lemma 1.3.3 (i)]. Assume ¢ > 1 and hjhy---h, =

UL TRULTE, * + - ULy With | ILL(U:[UQ ul+1) | =t—1. Thus wjug- w1 # 0 by
induction hypothesis, (1 +pkk D1+ pt +p0) - (L +p + —|—pké+1) = 0 since
ord(pay,z,) >| deg,, (h1- -+ hi) |= 1 or pp, p, = 1. Hence uizpuswy - - - wapgr # 0,

completing the proof. [ |
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Corollary 5.2.  Ifu and v are monomials in B(V), u(u)Nu(w) =0, pypj =1
for any x; € p(u), x; € p(v), then the following conditions are equivalent:

(i) u#0, v#£0, (ii) uv £ 0, (iil) uv ¢ £(V).

Proof. We know (ii) <= (iii) by Lemma 2.2. (ii)== (i) is clear. (ii) < (i):
Assume | u |= k, then 3Jy;,,...,y;, € d(u) such that (y;, ---vy;,,u) € F* and
<yi1”'yik7uv> :<yl1ylk>u>v7éo u

Lemma 5.3.  If u and v are two homogeneous elements with p(u) N u(v) =0,
then uv =0 implies u=0 or v=20.

Proof. Without loss of generality, there exists ig such that p(v) C {1,2,---ip}
and p(u) C {ig + 1,40+ 2,---n}. Assume u # 0 and v # 0 with v = >k,
=1

1=

t
and v = z k’;Uz‘, where ]C@ ?é O, k'; 7A O, u; € Bl,io? Uj S Bio-‘-l,'ﬂ for 1 S ) S io,
j=1

s t

1 4+ip < j < n. Consequently, uv = > > kikjuv; # 0 with ww; € By, and
i=1j=1

kik; #0 for 1 <i<s, 1<j<Ht. n

6. Bases of Nichols Lie algebras £ (V)

In this section we give the sufficient and necessary conditions for B(V) = F @
£7(V) and £7(V) = £(V). We also obtain an explicit basis for £7 (V) over the
quantum linear space V with dimV = 2.

6.1. Conditions for B(V)=F @ £ (V).

Lemma 6.1.  Assume that u; is a homogeneous element and wu; = Tug uy U Ui
with 1y, ., € F* for 1 <i4,j <k and 1y, .; =1 when u; = u;. Then

[ula T vum]_ = (ru1,u2-~-um - 1)(ru2,u3--~um - 1) T (Tum—l,um - 1)um ceUgUn,
where [uy, -+ Up|” = [ug, [ug, - [Um_1, um] ™+ ]7] .
Proof. Since [uy, [uz, -+ ,um]”] = 0, we get uyfug, -+, Un]™ = Tuy g [U2s

U]~ uy . Therefore,

[ula"'7um] :ul[u27"'aum]__[u27"'7um] U

== (ruhug---um - 1)[u2> T 7um]7u1

= (rusuzum = 1) (Tugugoum — 1) (P 1w — DU U1 -+ - U1 .
Lemma 6.2.  Let (L,[]7) be a Lie algebra and uy,ug, -+ ,uy, € L. If 0 is a
method of adding bracket [ |~ on ui,us,- -+ , Uy, then there exist some 1; € S,,,

& =1 or —1 such that

U(u17u27 te ;um> = Zgj[uq(l); te 7u7'j(m)]7' (35)
7j=1
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Proof. We show (35) by induction on m. Obviously, (35) holds for m = 2. Assume
m > 2. Let O'(Ul, Uy« - - 7um) = [01(U1,U2, U ,US), 0_2(u5+17u5+27 ) um)]i
Now we show (35) by induction on s. In case s =1,

U<u17u27' o 7um) = [u1702(u27u37' o 7um>] -

r

= &lun, [une) - unem] ] =D Elun ) tn) - nm]
j=1 j=1

by the induction assumption, where 7; € Sgo3... m) for 1 < j < r. Therefore, (35)

holds. Assume s > 1 and oy (uy, ug, -+ ,us) = [o3(ug, ug, -+ ,ug), oa(Upr1, Ugio,
,us)]”. Then
O'(U17U2, e 7um) -
= [[og(ur, ug, -+ ur), Oa(Upyr, Upyo, -+ 5 Us)] ™, Oo(Ustn, Usya, - -+ 5 Um)] ™
= [[U3<u17u27 ce 7uk)7 02(u5+1,u5+2, e 7um)]77a4<uk+17uk+27 o 7u8>]7+
+ [o3(ur, ug, -+ Uk)s [Oa(Ukgrs Upgz, -+ 5 Us)s O2(Usg1, Usy2, -+ U )| ]
T1
:Z Eilltr, (1), Ury(2) * - Uy (k) s U (541> U (s42) " Ury(m)] 5 Oa(Ubg 1, Ung2, -+ 5 Us)] ™
7=1
T2
+ Z [J3<u17 Ugy " -+ 7uk)7 gj [uTj(k-l—l)v Ur; (k+2) " " Ur;(s)y Urj(s+1) Ury(s+2) ~ " ° u’rj(m)}_]_
j=r1+1

(by the first inductive assumption, where 7; € Sqa3.... k51,542, ,m}

for 1 <j <115 7j € Stpgi k2 my for ri +1 <5 < rg)

T3
:Z &5 [Urj(1), e ,uTj(m)]_ (by the second inductive assumption, where

j=ra+1 ‘
TjGS{l,Z-u,m} for 9 + 1§j §T3).

Therefore, (35) holds. u

Proposition 6.3.  If B(V) is a Nichols algebra of diagonal type, then £(V) =
£-(V) if and only if p7, = 1, pij = pji = 1 for 1 < i # j < n. In this case,
V)= (V)=V.

Proof. Sufficiency. By Corollary 2.5, £(V) = V. By [WZZ15b], [z;,z;]~ = 0 for
i#jand £(V)=V.
Necessity. We show this by following three steps.

(i) p2 = 1 since x¥ € £(V) for k < ord(p;) and 2 ¢ £ (V) when 0 # 2"
and m > 1.

(ii) If pijpji = 1 and p;; # 1 with ¢ # j, then [z;,z;]” # 0 and [z;, ;] = 0.
Consequently, [z;,z;]~ € £7(V) — £(V), which is a contradiction.

(iii) If pypji # 1 with @ < j, then 0 # [z;,z;] € £(V) = £7(V) and
[z, x;] = K[z, x;]” with 0 # k € F. By Corollary 2.5, z;z; € £(V'), which implies
z;x; = K'|x;,z;]7. This is a contradiction since z;z; and [z;,x;] are linearly
independent. [ |
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Proposition 6.4.  Assume that B(V) is a Nichols algebra of diagonal type.
Then B(V) =F & £ (V) if and only if p;y = —1,pip;i = 1 for for all 1 < i #
Jj <n, and there exists a T € S, such that

(phfu)yhrm)"'hf(m) - 1)(phT<2),hT(3)'"hT<m> - 1) T (phf(mq),hf(m) - 1) 7£ 0
for all hy > hg > -+ > hy, with h; € {x1,...,2,},1 <i<m.

Proof. Necessity. If there exists 1 < 7 < n such that p; # —1, then 0 # 2? € B(V)
and 27 ¢ £ (V), which is a contradiction. If there exist ¢, j such that p;;p;; # 1
with 1 <i < j <mn, then [z;,z;] # 0 and [z;,z;]~ # 0. Since B(V) = Fa L (V),
we have that there exist k, k' € F* such that [x;,x;] = klz;,x;], and z;2; =
K'|x;,x;]~, which contradicts to that [z;,z;] and z;z; are linearly independent.
Therefore, V' is a quantum linear space.

If there exist hy > hy > -+ > h,, with h; € {z1,...,2,},1 < i < m,
such that (Dh. ) ey hoim ~ 1) (Pheiyhiey o = 1) = Phegn sy e = 1) = 0
any 7 € S,,. By Lemma 6.1 and Lemma 3.2, o(h;q), hr2), -, hromy) = 0 for
any 7 € Sy, and any method o of adding bracket [ |7 on -1y, hr2), -+ 5 hr(m)-
Consequently, 0 # hihg -+~ hy, ¢ £7(V), which is a contradiction.

Sufficiency. Obviously, V' is a quantum linear space. For ¥V hy > hy > --- > h,,
with h; € {z1,...,2,},1 <7 < m, there exist 7 € S, such that (phTu),hT(z)-'-hT(m) —
1)(ph‘r(2)7h7‘(3)"'h7'(m) — 1) cee (phf(m—l)vhf(m) — 1) # 0. By Lemma 61, hlhg cee hm ~
hT(m)hT(m—l) hr(l) € S_(V) [ |

6.2. Relationships between graphs and £ (V).

Let T'o(V)1 = {1,2,--- ,n} and I'y(V)2 = {ai; | pi # 1,0 # j}. To(V) =
(Fa(V)1,Ta(V)2) is called the augmented Dynkin graph of V.

Proposition 6.5.  Assume that h; € {x1, - ,x,} for 1 < i < m and u =
hihg - hy,.

(i) If it is disconnected between monomial u and monomial v in T'y(V) (ie.
Pare; = 1 for any x; € p(u), x; € p(v) and i # j), then [u,v]” = 0.

(i) If Tu(u) is weakly disconnected in I',(V') (i.e. T'4(u) is disconnected in I',(V')
or | w(u) |=1 ), then o(hy,ha,--+ ,hy) = 0 for any method o of adding
bracket [ |~ on hy,ha, -+ hp.

Proof. (i) uw and v are commutative (i.e. uv = vu ) since z;x; = x;x; for any
z; € p(u), r; € p(v).

(ii) We show this by induction on m. [hy, he]” =0 for m = 2. For m > 2,
O'(hl, hg, e ,hm) = [Ul(hlhg s ht), O'Q(ht+1ht+2 cee hm)]i . If both hlhg cee ht and
hit1higo - - by, are connected in ', (V') then it is disconnected between hyhg - - - hy
and hyihire o+ hy in To(V). By Part (i), o(hy, he, -+, hy) = 0. If either
hihg - -+ hy or hyy1hgyo - - hy, is disconnected in ', (V') , then either o1 (hihs -+ hy) =
0 or o3(his1hiyo -+ hy) = 0 by induction hypothesis. ]
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6.3. £ (V) over quantum linear space V with dimV = 2.

Let R, := {a | « is a primitive m-th root of 1}. For a,b € Z with b # 0, if there
exists ¢ € Z such that a = be, then we say that b is a factor of a and a is divisible
by b, written b | a. Otherwise, we say that a is not divisible by b, written b1 a.
For convenience, assume bt oo and oo 1 b.

Lemma 6.6.  Assume that u; is a homogeneous element and w;u; = Ty u; U U
with 1y, € F* for 1 <, j <k and ry, ., =1 when u; = u;. Set l; :==1,, and
Tij = Tupu, Jor V1<yjg, i<k,

(1) G P ] = (rog — D)™ (rgargs — 1)
- (rmr% .. .T]’:’]:jl _ 1)mku1u72"2 .. u;”k (36)
for ¥ mo,--- .my €N, ie.
GG 12 ] = APRAT e N g g (37)

. O=— . m2 .« .. ml_l —_— )
where \; := Tial;s Tiip —1,2<i< k

(i) If up,u; € £(V) and A\, #0 for 2 <i <k, then uyus---ux € £ (V).

(i) If up = up and ug—1 = uy for 1 <i <int(EL), then wyud™ - - - uf™ ~ uguf* ;
ANe = rol,, — 1 with ap = 1+ my +mg + -+ + my_1 when k is even,
Ak = Turus — 1 with ag = mog +my+ -+ +myp_1 when k is odd.

(iv) Assume that uy,us € £ (V) and u'u3® # 0. ord(ryyuy) { 1, or ord(ry, u,) 1
ag, then uitus? € £ (V).

(v) Assume that uy,ug € {x1, 2, , 2, }. If uT*us? # 0, then ui'uy? € £-(V)
if and only if ord(ruy,.u,)f a1, or ord(ry, u,) 1 as.

Proof. (i) We show this by induction on k. For k = 1, this is similar to [WZZ15b,
Lemma 4.1 (iii)]. Assume that & = 2. We show this by induction on my. It is
clear when my = 1. If my > 1, then

lgnz [ul]_ = [U2a lgnrl[ul]_]_ = (7”21 — 1)m2_1[u2, ulugnrl]_

= (7“21 — 1)m2*1(r21u1u;”2 — ulug”) = (7“21 — 1)m2u1u;"2.
Now k > 2. We show this by induction on my. If m; = 1, then

Blp e 152 [ua] ™ = [, G- 152 ] 7]
= (roq — 1)™(rgarys — D)™ o (reo1ag2y 5 T — 1)
T R T
= (ron — D)™ (raarys — 1)™ e (rhoi 12 g T g — 1)

m mEg—1 m mp—1
(Tk,lrk,é T k1 T Duguy® - -y " g
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If my > 1, then, by the induction hypothesis,

AP B ] = o B )
= (rg —1)™ (7"3,17";,7,122 —1)me .. (rk‘*l,lr;cn_QLQ - ‘Tzlfii_g — 1)mk-t
(Tk,lrlzg T Tkm,llcti — 1) g, ugul™? - g,

= (rg; —1)™ (7’3,17’?37?22 —1)me ... (Tk—l,lTZl_QLg - ‘Tkmfiz_Q — 1)mk-t
(kT '7"2?1];:11 — )™ uyuy? -t gt
Consequently, (36) holds. (ii) follows from (i). (iii) follows from (i).
(iv) If ord(ruyu,) { a1, then Ay = (rgl, — 1) # 0 by Part (iii) for & = 2.
Consequently, uf'us? € £7(V) by formula (37). Similarly, uj?us? € £ (V) when
ord(Ty, uy) 1 Qta.
(v) We only need show the necessity. Assume that it does not holds. By (iii),

LR 00wy ™ = 0 and LFLT - 15 [ug)” = 0 for any mg,ma, -+ ,my, €
N. Considering Lemma 3.2, u{'u5?* = 0, which is a contradiction. ]

Theorem 6.7.  If £ (V) is Nichols Lie algebra over quantum linear space V
with dim'V = 2, then
1§052<N271§051<N17 }

V) =spmn{on 2228 | L)t or ord(pu) o

(38)

where N; := { ord(psi),  when ord(pi;) > 1 ,for 1 <4< 2.
00, when ord(p;;) = 1
1, when u; = u;
Pusuy, When uj # u;
Then 7y, ;7w = 1 and uu; = 1y, 0 uju; for 1 <4, 57 < k. Considering Lemma
6.5 (v) we complete the proof. n

Proof. Let w; € {w1, 72} and 7y, ., = {

Example 6.8. Assume p;; = —1 and ord(p;1) = 3, ord(ps) = 5. Then
£7(V) = F{wy, xo, o7, 1273, X371, T5x1, w523, wa7 +. In this case,

B(V) =L (V)@ span{z]"

1 <m; € N} @ F & span{ziz? x52%}.
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