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Abstract. In this paper we prove various sharp boundedness results on
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symmetric spaces of arbitrary rank.
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1. Introduction

Suppose that X is a Riemannian symmetric space of the noncompact type, and
denote by V the covariant derivative and by £ the Laplace-Beltrami operator
on X. The purpose of this paper is to prove estimates on the Hardy type spaces
H'(X) and X*(X) for the (higher order) Riesz transform R, defined, for any
positive integer d, by

R = wviL-42, (1)

and the shifted Riesz transform Rg, where ¢ > 0, defined by
RI = VYL + )2, (2)

Here H'(X) is the space introduced by E. Russ in [23] and systematically stud-
ied by A. Carbonaro, Mauceri and Meda in [5], and X*(X) denotes the space
introduced in [18], and further investigated in the series of papers [19, 20, 21].

In the pioneering works of E.M. Stein [24] and R.S. Strichartz [25] the
authors proposed to investigate boundedness properties of Riesz transforms on
Riemannian manifolds. In the setting of noncompact symmetric spaces this prob-
lem has been the object of a number of investigations in the last forty years, or so.
Without any pretence of exhaustiveness, we recall the works of J.-Ph. Anker and
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his collaborators [1, 2] and of N. Lohoué [14, 15]. For more on endpoint results for
Riesz transforms on wider classes of Riemannian manifolds see [4, 6, 16, 19, 21, 23]
and the references therein.

When 1 < p < oo nonshifted Riesz transforms of order d are known
to be bounded from LP(X) to the space LP(X;T9) of all p-integrable covariant
tensors of order d on X [1, 2]. See also [14], where a similar result is proved for
Riesz transforms of even order on certain Cartan-Hadamard manifolds. To the
best of our knowledge, there are very few endpoint results for p = 1 for (higher
order) Riesz transforms on nondoubling Riemannian manifolds. On noncompact
Riemannian symmetric spaces Anker [1] proved that the first and second order
Riesz transforms are of weak type 1, and observed that this is no longer true
for Riesz transforms of order > 3, at least in the rank one case. The same
is presumably true in any noncompact symmetric space. In the quest for a
replacement for the missing weak type result for higher order Riesz transforms,
it is natural to look for H' — L' estimates for some suitable Hardy space H!.
A first candidate would be the atomic Hardy space H'(X) considered in [5, 23].
However it turns out that even the first order Riesz transform R' is unbounded
from H'(X) to L'(X;T") (see Theorem 4.1 below). To understand the reason of
the unboundedness of R' it is useful to compare the behaviour at infinity of the
convolution kernel r' of R' with that of the kernel k of a Calderén-Zygmund
operator on R™. The decay at infinity of both kernels is critical, but, whereas the
decay of the gradient of k£ improves with respect to the decay of k, that of the
gradient of r! remains the same as the decay of r! [2, Thm 4.2.2]. To overcome
this difficulty, the authors in [18, 19] introduced a family of atomic Hardy-type
spaces defined in terms of atoms that satisfy additional cancellation conditions (see
Section 2 for the precise definition of the spaces X*(X)). We prove the following:

(i) suppose that d is a positive integer and ¢ > 0. Then

(a) R® is bounded from H'(X) to L'(X;T9);
(b) R? is bounded from X*(X) to L'(X;T?) for every k> |(d+1)/2];

(ii) R' is unbounded from H'(X) to L'(X;T").

Part (i) is proved in Theorem 3.1 and part (ii) in Theorem 4.1. The remarkable
difference between the boundedness properties of R? and R? on H'(X) and
X*(X) has a simple explanation. Fix a base point o in X. On the one hand, the
“convolution kernels” of R? and R? have a similar behaviour in a neighbourhood of
o, where they are homologous to a kernel of a standard singular integral operator.
On the other hand, the kernel of R¢ is integrable at infinity, whereas that of R?
is not. Furthermore, the greater the order d is, the slower decay the kernel of R?
has at infinity.

We emphasize that the results in this paper aim at corroborating the fact
that X*(X) does serve as an effective counterpart on X of the classical Hardy
space H'(R™), whereas the effectiveness of the space H'(X) is somewhat limited
to operators whose kernels are integrable at infinity. It is important to keep in
mind that the following strict continuous containments hold

HX>X'X)>2X2X) > DXX)D---
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There is a huge literature concerning Hardy type spaces on Riemannian manifolds,
and sometimes a bit of confusion about their effectiveness. As already mentioned,
we prove that shifted Riesz transforms of order d are bounded from H'(X) to
LYX;T?%). We would like to make it clear that we could have proved similar
results involving Taylor’s version of Goldberg’s Hardy space h'(X) [26] or the
space of Carbonaro, A. McIntosh and A. Morris [6] instead of the space H'(X).
All these spaces may be used to give endpoint results for p = 1 for operators with
kernels that are integrable at infinity and behave, roughly speaking, as Calderén—
Zygmund operators near the origin. However, none of these is apt to serve as an
endpoint result for nonshifted Riesz transforms (of whatsoever order) in the setting
of noncompact symmetric spaces. In our paper we show that the nonshifted Riesz
transform R' does not map H'(X) into L'(X). A fortiori, it cannot map Taylor’s
space h'(X), or the Carbonaro-McIntosh-Morris space, into L'(X).

The paper is organised as follows. Section 2 contains the basic notions of
analysis on X and the definitions of the Hardy spaces H'(X) and X*(X). In
Section 3 we prove the positive results for the Riesz transforms (see Theorem
3.1). Finally, in the last section we prove that the Riesz potentials L7, 7 > 0,
are unbounded from H'(X) to L'(X) and the first order Riesz transform R' is
unbounded from H*(X) to L'(X;T").

We will use the “variable constant convention”, and denote by C| possibly
with sub- or superscripts, a constant that may vary from place to place and may
depend on any factor quantified (implicitly or explicitly) before its occurrence, but
not on factors quantified afterwards.

2. Preliminaries

2.1. Preliminaries on symmetric spaces. In this subsection we recall the
basic notions of analysis on noncompact symmetric spaces that we shall need in
the sequel. Our main references are the books [12, 13] and the papers [1, 2]|. For
the sake of the reader we recall also the notation, which is quite standard.

We denote by GG a noncompact connected real semisimple Lie group with
finite centre, by K a maximal compact subgroup and by X = G/K the associated
noncompact Riemannian symmetric space. The point o = ek, where e is the
identity of G, is called the origin in X. Let 6 and g = €® p be the corresponding
Cartan involution and Cartan decomposition of the Lie algebra g of G, and a
be a maximal abelian subspace of p. We denote by X the restricted root system
of (g,a) and by W the associated Weyl group. Once a positive Weyl chamber
a’ has been selected, X1 denotes the corresponding set of positive roots, X, the
set of simple roots in ¥+ and Y the set of positive indivisible roots. As usual,
n =) s+ 0o denotes the sum of the positive root spaces. Denote by m, the
dimension of g, and set p := (1/2) > v+ Mo . We denote by W the interior
of the convex hull of the points {w-p:w € W}. Clearly W is an open convex
polyhedron in a*. By N = expn and A = exp a we denote the analytic subgroups
of G corresponding to n and a. The Killing form B induces the K —invariant
inner product (X,Y) = —B(X,6(Y)) on p and hence a G—invariant metric d on
X. The closed ball with centre x-o and radius r will be denoted by B,.(x-0). The
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map X — exp X - o is a diffeomorphism of p onto X. The distance of exp X - o
from the origin in X is equal to |X|, and will be denoted by |exp X -o| . We
denote by n the dimension of X and by ¢ its rank, i.e. the dimension of a.

We identify functions on the symmetric space X with K -right-invariant
functions on G, in the usual way. If E(G) denotes a space of functions on G, we
define F(X) and E(K\X) to be the closed subspaces of FE(G) of the K-right-
invariant and the K —bi-invariant functions, respectively. If D = 7,7, - - - Z;, with
Z; € g, then we denote by D f(z) the left invariant derivative of f at the point x
in G. Thus,

ad

Df(x) - (9251 s 8td

f(x exp(tiZ1) - - -exp(tdZd))|

t=..=ty=0

We write dx for a Haar measure on GG, and let dk be the Haar measure on K of

total mass one. The Haar measure of G induces a GG-invariant measure p on X
for which

| se-o)aute-0)=| f@yar vrecm,

G

We shall write !E } instead of u(E) for a measurable subset £ of X. We recall
that

J f(x)dx:J J J f(kleXkaz) d(H)dky dH dk,, (3)
G KJatJK
where dH denotes a suitable nonzero multiple of the Lebesgue measure on a, and
§(H) =[] (sinha(H))"™ < Ce*'™  VH € a™. (4)
aext

We recall the Iwasawa decomposition of G, which is G = K A N. For every z in
G we denote by H(z) the unique element of a such that x € K exp H(x)N. For
any linear form A : a — C, the elementary spherical function ¢, is defined by the
rule
oa(r) = J e IHETR 4k Yz e G
K

In the sequel we shall use the following estimate of the spherical function g [2,
Proposition 2.2.12]:

wolexp H - 0) < (1 +|H|)/% | e»H)  vH € at. (5)

The spherical transform Hf of an L'(G) function f, also denoted by f, is defined
by the formula

M) = JG F@) @)z VAea

Harish-Chandra’s inversion formula and Plancherel formula state that for “nice”
K —bi-invariant functions f on G

ﬂ@—j F)éa@) dw(r)  VreG (6)

a*
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and ) e
Il = [ 1FooE @] vr e e,

where dv(A\) = c,|c(\)|72d\, and ¢ denotes the Harish-Chandra c-function. We
do not need the exact form of c. It will be enough to know that there exists a
constant C' such that

eV <@+ )" (7)

see [13, IV.7].

Next, we recall the Cartan decomposition of G, which is G = K expatK.
In fact, for almost every z in G, there exists a unique element A™(x) in a® such
that x belongs to K exp A" (z)K .

Lemma 2.1.  The map A" : G — a is Lipschitz with respect to both left and
right translations of G. More precisely

[AT(yz) —AT(y)| < d(z-0,0)  and  |AT(zy) — AT(y)| < d(z-0,0),
for all x and y in G.

Proof.  The first inequality follows from |A*(yx) — AT (y)| < d(yx-0,y-0), see
[2, Lemma 2.1.2], and the G—invariance of the metric d on X.

The second inequality follows from the first, for AT (z71) = —g A*(x),
where o is the element of the Weyl group that maps the negative Weyl chamber
—a™ to the positive Weyl chamber a™. n

For every positive r we define
b,={Hca:|H <r} and B, = K(expb,)K. (8)

The set B, is the inverse image under the canonical projection 7 : G — X of the
ball B,(0) in the symmetric space X. Thus, a function f on X is supported in
B,(0) if and only if, as a K -right-invariant function on G, is supported in B,.

2.2. Hardy spaces on X. In this subsection we briefly recall the definitions and
properties of the Hardy type spaces H*(X) and X*(X), which play on noncompact
symmetric spaces the same role as the classical Hardy space plays on Euclidean
spaces [8, 10]. For more about H(X) and X*(X) we refer the reader to [5] and
[18, 19, 20], respectively.

Definition 2.2.  An H'-atom is a function a in L*(X), with support contained
in a ball B of radius at most 1, and such that

(i) .fBadN:OQ

(i) |laf» < |B|7*.
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Definition 2.3.  The Hardy space H*(X) is the space of all functions f in L!(X)
of the form Y%, ¢; a;, where a; are H'-atoms and Y %, |¢;| < oo, endowed with
the norm

11l = inf{z le;| - f = ch a;, where a; is an H'-atom}.
J J

Remark 2.4. A straightforward consequence of [18, Lemma 5.7] that we shall
use repeatedly in the sequel is the following. If f is in L*(X), its support is
contained in Bg(o) for some R > 1, and its integral vanishes, then f isin H!(X),
and

[£ < OR|Ba() " | £1],

The Hardy type spaces X*(X) were introduced in [18] as certain Banach spaces
isometrically isomorphic to H'(X). An atomic characterisation of X*(X) was then
established in [19], and refined in [20]. In this paper we adopt the latter as the
definition of X*(X). We say that a (smooth) function @ on X is k—quasi-harmonic
if £FQ is constant on X.

Definition 2.5.  Suppose that k is a positive integer. An X*-atom is a function
A, with support contained in a ball B of radius at most 1, such that

i | A Qdu =0 for every k—quasi-harmonic function Q;

1/2

(it) Al < |B|

Note that condition (i) implies that [, Adu = 0, because the constant function 1
is k—quasi-harmonic on X.

Definition 2.6.  The space X*(X) is the space of all functions F of the form
>_;¢iAj, where A; are X*_atoms and > lejl < oo, endowed with the norm

| E ||l xr = inf{z lcj| - F = ch A;j,  where A; is an X*-atom}.
; -

J

We shall encounter the problem of estimating the H'(X) norm of functions
of the form a * v, where a is an H'(X)-atom with support in Bg(o) for some
R < 1, and 7 is a K-bi-invariant function with support contained in the ball
Bgs(o). The following lemma contains a version of such an estimate that we shall
use frequently in the sequel. For the proof, see [18].

Lemma 2.7.  Suppose that a and v are as above. Then there exists a constant
C such that

Jax e < {'BR+5<O>|1/2 win ([[7], R [V9],) ¥ R+5<1
O+ ) [Bres(o) " [l if R+ 5> 1.
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3. Riesz transforms

Our analysis of Riesz transforms may be reduced to that of certain operators,
called scalar Riesz transforms, which are convolution operators whose kernels are
smooth functions on X\ {o}. To describe these kernels we need more notation.

For y in G we denote by L(y) left translation by y acting on G, by dL(y)
and by L(y)* the differential and the pull-back of L(y) acting on tangent vectors
and covariant tensors on G, respectively. With a slight abuse of notation we shall
also denote by L(y), dL(y) and L(y)* the corresponding maps, acting on X, on
tangent vectors and on covariant tensors on X. Thus L(y)* is an isometry between
covariant tensors at the point y - o to covariant tensors at the point o. We recall
that the tangent space of X at the point o is identified with p and the space of
covariant tensors of order d at the point o is identified with (p*)®?.

For every Z = (Zy,...,Z,) in p? the scalar shifted Riesz transform Rig
of order d is the operator defined by

ReZf(x-0) = L(x)" [Rif(x-0)][(Z1,...,24) Vze€G. (9)

It is well known that R is bounded from L?*(X) to L*(X;T?) [25, 3]. A straight-
forward argument shows that the same is true of R%, and, consequently, Ri =z 18

c)

bounded on L?(X) for every Z in p¢. Our endpoint result for Riesz transforms is
the following.

Theorem 3.1.  Suppose that d is a positive integer and ¢ > 0. The following
hold:

(i) for every Z in p¢ the operator R?,Z extends to a bounded operator on H'(X);
(ii) RE extends to bounded operator from H*(X) to L*(X;T9);

(iii) R* extends to a bounded operator from XUD/2(X) to L'(X;T?).

For every z € C and ¢ > 0, the Bessel Riesz potential (£ + ¢)~*/2 maps the space
of test functions D(X) into the space of distributions D'(X). If z #0,—-2,—4, ...,
then its convolution kernel 7 is a distribution, which, away from the origin o,
coincides with the function

1 o
o) =— | t*7? e hy(z-0) dt 10
Ki(z - 0) T/9) L e (- 0) dt, (10)
where h; denotes the heat kernel on X. In the sequel we shall use repeatedly the
estimates for xZ and their derivatives obtained by Anker and Ji [2, Thm 4.2.2].

Remark 3.2.  Actually Anker and Ji considered only the case where z > 0, but
their arguments extend almost verbatim to all complex z # 0, -2, —4,.. ..

For each ¢ > 0 and every positive integer d, we set

ré(z-0) = L(2)* [V (z - 0) Vo € G; (11)

C
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d

r? is a (p*)®l-valued smooth function on X \ {0}. We recall that covariant

differentiation on X has a simple expression in terms of left invariant derivatives
on G [1, p. 264]. Thus,
v x-0)(Z1,...,24) = Z1--- Zykl(x)  Nx € G VZy,...,Zs€p. (12)

Cc

Lemma 3.3.  Suppose that ¢ > 0 and that d is a nonnegative integer. Then
Lixy [REf](z-0) = fxri(z - o) (13)
whenever x - o does not belong to supp f. Furthermore, for every Z in p°
Rezfla-0) = f*(Zi- Zawi)(z - 0). (14)

Proof.  Suppose that f is in C2°(X) and that x - o does not belong to supp f.
Then

ROf(z-0) = vij f(y-0) iy~ 0) dy
G
- L f(y-0) Vi[sdy 'z - 0)] dy.

Since the map L(y) is an isometry of X,

Ve [k 0)] = VI[L(y )md] (- o)

C

= Ly [VIsd](y 'z - 0).

Thus,
Rif(x - o) = L f(y-0) Ly™)" [V4sd] (s 1z - 0) dy
_ L(x*)*j f(y- o) ri(y 'z - o) dy;
G

we have used the fact that L(y~')* = L(z~")*L(y~'x)* in the last inequality above.
The proof of (13) is complete.

Formula (14) follows from (13), the definition of scalar Riesz transform (9),
and (12). u

For technical reasons, which will be apparent shortly, we shall need to consider
another tensor valued operator related to the Riesz transforms, namely V4L£Y2.
The following lemma will be useful in the proof of Theorem 3.1 (iii), as will be
Lemma 3.5 below.

Lemma 3.4.  For every positive integer d there exists a constant C' such that
dprl/2 —d—1 00
[vic fHLl((ALB)C;Td) < Crp HfHLl(B) vfeCx(B)

for all balls B of radius rg < 1.
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Proof. Recall that
||Vd£1/2f||L1 (4B)eTd) = J(4B)c‘Vd£1/2f<x -0)| . du(z - o),

where |VILY2f(z - 0)|,., denotes the norm of the covariant tensor VILY2f(z o).
Since L(z)* is an isometry between covariant tensors at x - o and covariant
tensors at o,

VL), = L (L e ol
= sup |L( )*[Vdﬁl/Qf(:v-0)](Z1,...,Zd)|.
12|<1

For every d-tuple of vectors Z = (Z,...,Zy) in the unit ball of p, consider the
scalar operator SZ, defined by

S% f(x-0) = L(x)* [V L f(x-0)](Z1,. ... Za).

Thus, to prove the lemma it suffices to show that there exists a constant C' such
that

sup |SZ |

|Z|<1

—d—1
L1((4B)°) < Crp HfHLl(B)
By arguing much as in in the proof of Lemma 3.3, it is straightforward to check
that
Sz f(x-0)=f*Zi Zarg'(z - 0),

where & ! is defined in (10). For the sake of brevity, for the duration of this proof,
we write s& instead of Z; --- Zykg'. Thus, it suffices to show that

J sup |s%(z - o) du(z - 0) < Crp™".
(3B)c |2/<1

We write the integral as the sum of the integrals over the annulus Bs(0) \ 3B and
over Bs(0)¢, and estimate them separately.

We shall use the estimates of the Green-Riesz-Bessel kernel x§ given by
Anker and Ji in [2]. As we observeded earlier in Remark 3.2, the estimates of

Anker and Ji for ¢ > 0 extend to all complex o # —2,—4,... in particular to
o = —1. To estimate the first integral, we observe that, by [2, Remark 4.2.3 (iii)],
there exists a constant C', independent of Zi,...,Z; in the unit ball of p, such
that

‘sdz(:p-o)‘ < Cla-ol 7 V-0 € Bs(0).

Therefore
J sup ‘sdz(:v-o)‘du(x-o) < Crptt
Bs(0)\3B |Z[<1

To estimate the second integral, we observe that, by [2, Thm 4.2.2], there
exists a constant C', independent of Zi,..., Z; in the unit ball of p, such that

1= -1-¢/2

|s2(z-0)| < C(1+ ]z ol) ol - 0) e~ lPlleol,
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Then we integrate in polar co-ordinates (3); by combining this estimate with
estimates (4) for the density ¢ and (5) for ¢q, we get

J sup |s%(z - 0)| du(z - 0) = C J sup |s%(exp H - 0)| 6(H) dH
Bs(o) b

e |2]<1 s 121<1

e J |H[1=4/2 o =lollE] g
b

c
3

Denote by (Hj, ..., Hy) the coordinates of H with respect to an orthonormal basis
of a such that Hy = p(H)/|p|. Then the latter integral is dominated by

J |H|_1—£/2 elpl(Hi—=|H]) dH, --- dH,,
b

c
3

which is easily seen to converge. This concludes the proof of the lemma. ]

Lemma 3.5.  Suppose that k is a positive integer. For every 2(’“ -atom A with
support contained in B, the support of L7FA is contained in B. Furthermore,
there exists a positive constant C', independent of A, such that

—-1/2

I Al < e [B]T

Proof.  The support of L7*A is contained in B by [19, Remark 3.5]. Denote by
A1(B) the smallest eigenvalue of the Dirichlet Laplacian on B. By Faber-Krahn’s
inequality [11] there exists a positive constant C', independent of the ball B, such
that A\;(B) > Crpz*. Hence the desired conclusion for & = 1 follows from [21,
Corollary 3.3]. The general case follows from this by a straightforward induction
argument. |

We are now in position to prove Theorem 3.1.

Proof.  For the sake of simplicity, for the duration of this proof we shall denote
the kernel Z; - -+ Zgk? of Ri 2 (see Lemma 3.3 above) simply by x, and set

Ay ={r-0eX:j<|x- -0 <j+2}

In view of [17, Theorem 4.1] and the translation invariance of Rf, =, to prove (i)
it suffices to show that
sup [R2 a1 < oc.
a

where the supremum is taken over all H'-atoms a with support contained in Br(0)
for some R < 1. We analyse the cases where R > 10! and R < 107! separately.

Suppose first that R > 10~!. We consider a partition of unity on a of the
form

1=0+) T (15)
j=1

where ® and V¥; are smooth radial functions on a, the support of ® is contained
in by, and the support of ¥; is contained in the annulus b, \ b;. We denote by
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¢ and 1; the smooth K -invariant functions on X which agree with ® and ¥; on
a, respectively. Then we write

Rcza—a* (pK) —i—Za* (¢;k)
j=1

We denote by H¢/€H Cog the norm of the convolution operator f — f*(¢k), acting
on L?(X). Observe that H/@H oy < 00, because RZZ is bounded on L?*(X). Since
Cvy(X) is a C°(K\G/K)-module, ||gb/<HCU2 < 00. Thus,

/
o @83 s < [Braa@) " Nl ol
BRZ
< [l o, 19
< lorla:

in the last inequality we have used the assumption R > 10! and the local doubling
condition. Furthermore, by Lemma 2.7 (in the case where R+ 3 > 1),

s (sl e < (Rt +2) | Bregia(o)| " s,

To estimate the L? norm of t¢;x observe that [2, Thm 4.2.2] and estimate (5)
imply that there exists a constant C' such that

Kz - 0)| < C (L4 |- o]) 472 emplAt @) loly/eHlol,

By integrating in Cartan co-ordinates, and using the estimate above and the
estimate (4) of the density function §, we see that

sl < 0 [ gt VR g
A;
< defz e*Qj\/W.

(17)

By combining the estimates above, we obtain that

IR zall o < [lax (@r)]] +Z lax (@50)][ 1

<cC H¢HHCW +C Z g ‘Bj+3(0)|1/2jd/2—1 o /C+|p|_2.

Jj=1

We use the estimate |B; 3(0)] < Cj71e??l | and conclude that

HRizaHHl <C HQS"HCUQ +C Z j(d+€—1)/2 ej(\p\—\/c+|pl2)’

J=1

which is easily seen to be finite (and independent of a).
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Next suppose that R < 107!, We consider a partition of unity on X of the
form

l=¢ R+thR+¢o+Z%, (18)
7=1

where

(i) ¢r = Er*nr, with {p = |Br3(0)| ™" 1py,4(0) and nr(x) = n(|z|/R), where
n : [0, 00] — [0, 1] is a smooth function such that n(t) = 1if 0 < ¢ < 4/3 and
n(t) =0 if ¢t > 5/3. Thus the function ¢ has support in Bag(0), is equal to
1 on Bg(o) and |Vég(z)| < C/R. Moreover ¢g, viewed as a K -bi-invariant
function on G, is in the Fourier algebra As(G) uniformly with respect to R,
since [|€gll2 Inrlle < |Br/s(0)| 742 |Bsgr/s(0)|V/? < C for all R < 1/10 (see

91);

(ii) wp,g is the K-invariant function on X such that

wh.rlexp(H)) = ¢r(exp(27"H)) — drlexp(2'~"H)) VH €a

and N is the least integer for which 2Y'R > 10~!. Thus wy, r is supported
in the dyadic annulus Dony = Bonrip(0) \ Ban-1z(0) and there exists a
constant C' such that

|Vwnr(z)| <C(2"R)™  Vhe{l,... N}

(iii) The functions v;, j > 0 are smooth K- invariant functions such that the
support of vy contained in Bs(0) \ Bang(o) and that of ¢;, 7 > 1, in

Bjya(0) \ Bj(0).

By arguing wverbatim as above, we may prove that the H'(X) norm of
Z;’il a * (1;k) is uniformly bounded with respect to R in (0,107'], and that the
same is true of a * (Ygk). Also, much as for the estimate of the H'(X) norm of
a* (¢prK) above,

o+ @uln <18 fal, o],
B
</ 2 ol 19
<,

in the last inequality we have used the local doubling condition, and the fact that
the norm of ¢ in A2(K\G/K) is bounded by a constant independent of R and
that Cve(X) is A2(K\G/K)-module (see [9]).

Thus, to conclude the proof of (i) it suffices to show that the H'(X) norm
of ST a* (wp gk) is uniformly bounded with respect to R in (0,107']. Since
the support of a * (wy grr) is contained in Bj(0), we may apply Lemma 2.7, and
conclude that

1/2

|a * (wh,R/i)”Hl < | Bryor+i(0)] / min ( Hwth’ng ,CR HV(W}L7RI€)H2 ). (20)
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By [2, Remark 4.2.3 (iii)], there exists a constant C' such that
k(z-0)| < Clz|™ Vi(z-0)| < Cla|™"  VzeG:|z-o <1
This, and the fact that the support of wy gk is contained in Donp imply that

‘V(whﬁm)(x . 0)| <C [(QhR)_l |k(z)] + ‘Vﬁ(x)u
<C[2"R) "z o+ |z -0 Va € Danp.

Therefore

HV(W}L,RFL)HZ < C(2"R)! ”

Dong
< C (2hR>—n—1 (2hR)n/2
= C(2"R) ">

1/2 1/2
|| 2" dx] + [J 2| 72" 2 da
D

2h R

This estimate, (20), and the fact that |Bgni1yz| < C(2"R)™ imply that there
exists a constant C', independent of a, such that

|a* (whgk)||,, <C27",

so that supp<jo-1 thNzl a * (wth/@')HHl < 00, and the proof of (i) is complete.

Next we prove (ii), i.e. that R? is bounded from H'(X) to L'(X;T9).
A careful examination of the proof of (i) reveals that there exists a constant C',
independent of Zy,..., Z; in the unit ball of p, such that

H sup ’sza’H <C. (21)
EES T Lt

As in the proof of Lemma 3.4 we use the fact that L(z)* is an isometry between
covariant tensors at the point x - 0 and covariant tensors at o, and conclude that

IRéa(z - 0)|m'0 = sup |R¢ za(z - 0)|.
Z1<1

The required estimate follows directly from this and (21).

Finally, we prove (iii). If d is even, then [(d +1)/2] = d/2 and the result
is already known [19, Theorem 5.2]. Thus, we only need to consider the case when
d is odd, for which [(d+1)/2] = (d+1)/2. By [20, Corollary 6.2 and Proposition
6.3] and the translation invariance of R?, it suffices to prove that

sup [ RA]|

xray < 00, (22)

where the supremum is taken over all X @+t1D/2_atoms A supported in balls centred
at 0. Given such an atom A, denote by Bg(o) the ball associated to it. Observe
that

IR Al ey = IR Al amy + IR Al s ayey - (23)
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We shall estimate the two summands on the right hand side separately. Clearly
d 1/2 d
IIRAAI 1 uy < 14BI2 (IRAAI]| 25

< CV/|4B|/|B|

<

(4B)

here we have applied the L?-boundedness of R, the size property of A and the
local doubling property of .
To estimate the second summand in (23) we write

RdA _ vdﬁl/Q(ﬁ_(d+l)/2A).

By Schwarz’s inequality and Lemma 3.5 there exists a constant C', independent
of A, such that
—(d+1)/2 1/2 —(d+1)/2
|Em DAYy < BV | L7E02AY L g
< |B|1/2 ORd-H |B’_1/2

< C Rd-i—l‘

(B)

Now, Lemma 3.4 and this estimate imply that

IRl s amyerray = NIVALY2 (LT i 4y
<CRT [l al,
<C.
This concludes the proof for odd m. |

We notice that, by interpolation, Theorem 3.1 implies the LP boundedness
of R¢ and R? for every ¢ > 0 and p € (1, 2] (see [5, 18] for interpolation properties
of HY(X) and X*(X)).

4. TUnboundedness on H'(X) of Riesz potentials and Riesz transform

In this section we prove that the Riesz potentials £77/2, ¢ > 0, are unbounded

from H'(X) to L'(X) and the Riesz transform R' is unbounded from H'(X) to
LY(X;T"). Thus the endpoint result in Theorem 3.1 (iii) is sharp.

Theorem 4.1.  The operators L~/?, ¢ > 0, do not map H*(X) to L'(X) and
the Riesz transform R does not map H'(X) to L*(X;T").

The proof of this theorem requires some Harnack type estimates, which will be
established in the next lemma. For each positive real number R, denote by Hpg
the element in the positive Weyl chamber a® such that |[Hg| = R and
H
(Hp, H) = R% VH € a.
p

Set ar = exp Hg. Recall that x§ is the convolution kernel of £77/2 (see formula

(10)).
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Lemma 4.2.  For each € > 0 the following hold:
(i) there exists a positive number 1y such that

sup kg < (1+¢) inf K] Vn <mny Yy-o¢€ By(0)
By (y-0) By (y-o)

(ii) for each R > 0 there exists a neighbourhood U of the identity in K such
that for all a € exp(at N bS)

kg (agua - 0) < (14 ¢€) k{(aga - o) Vu e U.

Proof.  First we prove (i). Suppose that z; - 0,25 - 0 are points in B, (y-0). By
the mean value theorem

o

K] (21 - 0) — K (22 - 0) < 21 sup |VK]|.
Bn(y~o)

By [2, Thm 4.2.2], there exists a constant C' such that
Vi (z-0)| < Cri(z-0)  Va-o¢ Bi(o).
Therefore for all y -0 in By(0)°

kG (22 0) 2 K (x1-0) —2n sup |Vk]
By (y-0)

V

kg(x1-0) —2nC Bs?p) K-
n\y-o

By taking the supremum over all 2y in B,(y - 0), we obtain that

K22 0) > (1—20C) sup g,
By (y-0)
Now, if n < 1/(2C), then we may take the infimum of both sides over all z5 in
B, (y - 0), and obtain the required conclusion with 7y =¢/2C(1 +¢).
To prove (ii), write agua - 0 = u*faga - o, where u®® is short for aRuagl.
By Lemma 2.1,

| AT (uPaga) — AT (aga)| < d(u® - 0,0)
= d(exp(Ad(agr)X) - 0,0)
< |Ad(ag)X|.

Here X isin £, exp X = u, and | X| < s with s small, for we assume that u belongs
to a small neighbourhood of the origin in K. Notice that Ad(ap)X = e 2 X so
that
|Ad(ar) X| < el | x| < ledtnl .

Therefore exp (AT (u*®aga)) - o lies in the ball with centre aga - o and radius
el2dfrll s Assume that the latter quantity is smaller than 7y, i.e. that s <
ee el )2C(1 4 ). Since a € exp(a® N bS) implies that aga - 0 € By(0)°, it
follows from (i) that

k0 (arua - 0) = kg (exp(AT (uRaga) - 0)
< (1+4¢)k](aga- o) Yu e U

as required to conclude the proof of (ii), and of the lemma. [
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We now prove Theorem 4.1.

Proof.  Fix £ > 0. Consider the function f =01p, o) =blp, (1.0

is as in Lemma 4.2 (i), b = |B,,(0)| ™', and 1 denotes the characteristic function
of E. Clearly f is in L?(X), its integral vanishes and its support is contained in
Bgri1(0). Then f belongs to H!(X), by Remark 2.4.

We shall prove that if R is large enough, then £7°/2f is not in L'(X). We
observe that this implies that the Riesz transform R' does not map H'(X) into
LY(X;Th). Indeed, by Cheeger’s inequality and [7, Theorem VIIL.3.2], there exists
a positive constant ¢ such that

-1_y, Where 7

ar

IR, = e [l 1l

and the right hand side is infinite.

We continue the proof of the fact that £7°/2f is not in L'(X). Observe
that

frrileo)=b| o dutyo)—b| e o duy-o)
“ Bﬁo (0) Bno (aél’o)
=b [k§(y 'z 0) — k§(y"arz - 0)] du(y - 0)
“Bﬁo(o)
=b [5G (27 'y - 0) = kG (@ ag'y - 0)] du(y - o).

o Bﬁo (o)

We have used the fact that x3(v™'-0) = k(v - 0) in the last equality.

We now choose z = ua, where u is in a small neighbourhood U of the
identity in K (as in Lemma 4.2 (ii)) and a € exp (¢; N bSg), where for & in (0,1),
¢; denotes the proper subcone of the positive Weyl chamber a*, defined by

¢s=1{H €a":p(H)>d|p||H|}.

Thus arx € Bz(0)¢ for R sufficiently large and ara € exp(a™). By Lemma 4.2 (i),
the last integrand above is bounded from below by

1Tz kJ(x7' o) — (1 +¢) Hg(x’1a§1 - 0)

2 G (AR - 0)

1—{—5/{8@'0) 1 —(1+¢)

kg (x - 0)

We have used again the fact that (v -0) = k(v - 0) in the last equality. Then
Lemma 4.2 (ii) implies that k(agz - 0) < (1 + ¢€) kg (aga - 0) for all such =, and
we are left with the problem of estimating

1 kg (agra - o)
T - 1 — (1 3 0APRT 7
1+€’%0(0J 0) ( +€) mg(a-o)

Va € exp [¢; N bS]

from below.
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A straightforward consequence of [2, Theor. 4.2.2], and of the sharp esti-
mate of the spherical function ¢y, is that for every d close to 1, there exist positive
constants ¢ and C' such that

¢ [H|@=60/2 o=p =l < ¢ (yexp H - 0) < C [H|@0/2 o=o(=lollH] - (9)

for all v in K and for all A in ¢5 N b{. Therefore

rglara-0) _ (‘HR +H V>("“)/ 2 o=p(HrtH)=lp| [ Hr+H|+p(H)+|ol | H|
’L{‘;g(a : 0) - ’H’ (25)
<c (M) I ol =)
| H|
Observe that
1 |Hp+H| _3
< < = VH € ¢s N b5p,
2= H] "2 11 D2r

and that the exponential on the right hand side of (25) is dominated by e~lFIf,
By choosing R large enough, we may conclude that

k§(agra - 0) .
5)18((1—.0)<€ VaEexp |:C5m[12R].

Altogether, we have proved that for R large enough

—(14¢)

1
|f*kg|dpu >0 J kg dp.
0 l+e U-exp(csNbS ) 0

JU-exp(QgﬂbgR)

It is not hard to prove that the last integral is equal to infinity. Indeed, integrate
in Cartan co-ordinates, use the fact that s is K -bi-invariant, and obtain that
the last integral is equal to

() |

C(gﬂbgR

kg(exp H -0)§(H)dH > cux(U) J | H| (=072 op ) =lollH] g

C(gﬂbgR

In the last inequality we have used the fact that §(H) > ce?) for some positive
constant ¢ when H is in ¢5 (see (4)). If the rank ¢ is equal to one, then
p(H) = |p| |H|, ¢sNbS reduces to the half line [r,00), and the integrand becomes
|H|~'*7/2 which is nonintegrable on [r,c0). If £ > 2, then we pass to polar
co-ordinates in a and see that the last integral is equal to

arccos ¢ 00
CJ do (Sin 9)2—2 J 8(U+€—3)/2 e|p| (cos0—1)s dS,

0 r

which is easily seen to diverge for all ¢ > 0.
This concludes the proof that £7°/2f is not in L'(X). [



496

[12]

[13]

[14]

[15]

MAUCERI, MEDA, AND VALLARINO

References

Anker, J.-Ph., Sharp estimates for some functions of the Laplacian on non-
compact symmetric spaces, Duke Math. J. 65 (1992), 257-297.

Anker, J.-Ph., and L. Ji, Heat kernel and Green function estimates on
noncompact symmetric spaces I, Geom. Funct. Anal. 9 (1999), 1035-1091.

Aubin, Th., “A course in differential geometry”, Graduate Studies in Math-
ematics 27, American Mathematical Society, Providence, RI, 2001.

Auscher, P., A. McIntosh and E. Russ, Hardy spaces of differential forms on
Riemannian manifolds, J. Geom. Anal. 18 (2008), 192-248.

Carbonaro, A., G. Mauceri and S. Meda, H' and BMO for certain locally
doubling metric measure spaces, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 8
(2009), 543-582.

Carbonaro, A.; A. McIntosh and A. Morris, Local Hardy spaces of differential
forms on Riemannian manifolds, J. Geom. Anal. 23 (2013), 106-169.

Chavel, 1., “Riemannian geometry. A modern introduction,”Second edi-
tion, Cambridge Studies in Advanced Mathematics 98, Cambridge University
Press, Cambridge, 2006.

Coifman, R. R., and G. Weiss, FEztensions of Hardy spaces and their use in
analysis, Bull. Amer. Math. Soc. 83 (1977), 569-645.

Eymard, P., L’algébre de Fourier d’'un groupe localement compact, Bull. Soc.
Math. France 92 (1964), 181-236.

Fefferman, C., and E. M. Stein, Hardy spaces of several variables, Acta Math.
129 (1972), 137-193.

Grigor'yan, A., “Estimates of heat kernels on Riemannian manifolds”, in:
Spectral Theory and Geometry, ICMS Instructional Conference Edinburgh
1988, London Math. Soc. Lecture Note Ser. 273, Cambridge University Press,
Cambridge 1999.

Helgason, S., “Differential geometry, Lie groups, and symmetric spaces”, Pure
and Applied Mathematics 80, Academic Press, New York-London, 1978.

—, “Groups and Geometric Analysis”, Pure and Applied Mathematics 113,
Academic Press, Orlando, 1984.

Lohoué, N., Comparaison des champs de vecteurs et des puissances du lapla-

cien sur une variété riemannienne d courbure non positive, J. Funct. Anal.
61 (1985), 164-201.

—, Transformées de Riesz et Fonctions Sommables, Amer. J. Math. 114
(1992), 875-922.



[16]

[17]

[18]

[19]

[20]

[21]

[25]

[20]

MAUCERI, MEDA, AND VALLARINO 497

Marias, M., and E. Russ, H!-boundedness of Riesz transforms and imaginary
powers of the Laplacian on Riemannian manifolds, Ark. Mat. 41 (2003),
115-132.

Mauceri, G., and S. Meda, Equivalence of norms on finite linear combinations
of atoms, Math. Z. 269 (2011), 253-260.

Mauceri, G., S. Meda and M. Vallarino, Hardy type spaces on certain noncom-
pact manifolds and applications, J. London Math. Soc. 84 (2011), 243-268.

—, Atomic decomposition of Hardy type spaces on certain noncompact mani-
folds, J. Geom. Anal. 22 (2012), 864-891.

—, Harmonic Bergman spaces, the Poisson equation and the dual of Hardy-
type spaces on certain noncompact manifolds, to appear in Ann. Sc. Norm.
Super. Pisa CI. Sci., arXiv:1305.1127.

—, Sharp endpoint results for imaginary powers and Riesz transforms on
certain noncompact manifolds, Studia Math. 224, (2014), 153-168.

—,  Endpoint results for spherical multipliers on noncompact symmetric
spaces, submitted.

Russ, E., H!' — L' boundedness of Riesz transforms on Riemannian manifolds
and on graphs, Potential Anal. 14 (2001), 301-330.

Stein, E. M., “Topics in Harmonic Analysis related to Littlewood-Paley
theory”, Annals of Math. Studies 63, Princeton University Press, Princeton,
N.J., 1970.

Strichartz, R. S., Analysis of the Laplacian on the complete Riemannian
manifold, J. Funct. Anal. 52 (1983), 48-79.

Taylor, M. E., Hardy spaces and bmo on manifolds with bounded geometry,
J. Geom. Anal. 19 (2009), 137-190.

Giancarlo Mauceri Stefano Meda

Dipartimento di Matematica Dipartimento di Matematica e Appli-
Universita di Genova cazioni

via Dodecaneso 35 Universita di Milano-Bicocca

1-16146 Genova, Italy via R. Cozzi 53
mauceri@dima.unige.it 1-20125 Milano, Italy

stefano.meda@unimib.it

Maria Vallarino

Dipartimento di Scienze Matematiche
“Giuseppe L. Lagrange”

Politecnico di Torino

Corso Duca degli Abruzzi 24

1-10129 Torino, Italy
maria.vallarino@polito.it

Received March 15, 2017
and in final form December 4, 2017



