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Abstract. Let G be a Poisson-Lie group equipped with a left invariant
Riemannian metric compatible with the Poisson structure on G. There are
many ways to lift the Poisson structure and the metric to the tangent bundle
TG of G. In this paper, we study in different cases the compatibility between
the lifted Poisson structure and the lifted metric on TG.

Mathematics Subject Classification 2010: 53D17, 58B20, 70G65.

Key Words and Phrases: Poisson Geometry, Riemannian Geometry, Lie group
and Lie algebra.

1. Introduction

The compatibility between Riemannian and Poisson structures introduced geomet-
rically on a differential manifold by Hawkins in [8, 9], and defined algebraically
by A.Bahayou and M.Boucetta [1], on a Poisson-Lie group, equipped with a left
invariant Riemannian metric, plays an important role in non commutative de-
formation theory of the graded algebra of differential forms. In fact, Hawkins
showed that, if a deformation of the graded algebra 2*(M) of differential forms
on a Riemannian manifold (M, (,)) comes from a deformation of spectral triplet
describing the Riemannian structure, then the Poisson tensor II on M (associated
with the deformation) and the Riemannian metric (,) would verify the following
compatibility conditions:

(Hy) The metric contravariant connection D associated to (I, (,)) is flat.
(Hy) The metacurvature M of D is zero, i.e., the connection D is metaflat.

(H3) The Poisson tensor I is compatible with the Riemannian volume pu, i.e.,

The metric contravariant connection associated naturally to (IL, (,)) is an analogue
of the Levi-Civita connection. It has appeared first in [2]. We also call this
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connection Levi-Civita contravariant connection. The metacurvature, introduced
by Hawkins in [9], is a (2, 3)-tensor field (symmetric in the contravariant indices
and antisymmetric in the covariant indices) associated naturally to any torsion-
free and flat contravariant connection.
A triple (M,1I, (,)) satisfying conditions H; and H, (resp. H;, Hs and Hj) is
said to be compatible (resp. strongly compatible) in the sense of Hawkins.
A.Bahayou and M.Boucetta [1], showed that, in the case of a Poisson-Lie group,
endowed with a left invariant Riemannian metric, satisfying Hawkins compatibility
conditions the last geometric problem, is equivalent to an algebraic problem defined
as follows:
Let (G,Ilg, (,)c) be a Poisson-Lie group endowed with a left invariant Riemannian
metric (,)q and let (g, g*) its Lie bialgebra. Let (,), be the scalar product on g
associated with the metric (,)c. We denote by (, )4+, the associated scalar product
on g* defined by:

(o, B)g = (#(a), 4(6))s;
where f : g* — g is the isomorphism defined by (,),. Then, (G,Ilg, (,)q) is
strongly compatible in the sense of Hawkins if, and only if, the following conditions
are satisfied:

(B1) The Lie algebra (g*, [, ]+, (,)g+) is an orthogonal direct sum

* l * *
g =S:® g%, 9",

where S¢ = {a € g*,ad, + ad, = 0} is an abelian Lie subalgebra (ad,
denotes the adjoint of ad, with respect to (,)q-) and [g*, g*] the derived
ideal is also abelian. In this case A.Bahayou and M.Boucetta called this
algebra (g%, [, ]+, (,)g+) @ Milnor Lie algebra.

(B2) For any a, 8,7 € Sg;
M (a, B,7) = =DEDGdy = adaadgp(y) = 0 :

DY is the Levi-Civita contravariant connection associated to (Ilg, {,)q),
ME is the metacurvature of DY and p = —d : g* — g* Ag* is the 1-cocycle,
dual of the Lie bracket [,]; on g, extended as a differential to A9™8=2g*.

(B;) If (G,1lg) is connected and unimodular Poisson-Lie group, then the Lie
algebra (g*,[,]4+) is unimodular (i.e., for all a € g*, tr(ad,) = 0), and for all
X eg,
pligcxte) =0,
where ¢ is the 1-cocycle associated with Ilg and g, is a left invariant volume
form on G.

The condition H; is equivalent to the condition By, H, is equivalent to By and
Hj; is equivalent to Bs.

The algebraic name of a Milnor Lie algebra comes from the fact that, in [10], Mil-
nor showed that a left invariant Riemannian metric on a Lie group G is flat if,
and only if, the Lie algebra g of GG split as an orthogonal direct sum g=b®u
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of an abelian Lie subalgebra b with an abelian ideal u and for any b € b, ad, is
skew-symmetric.

Now, let (,)g+ be a scalar product on g* and (,)f, be the left invariant contravari-
ant Riemannian metric on G induced by (,)s. We say that (G,Ilg, (,)) is a
Riemannian Poisson-Lie group if, and only if, the Poisson tenseur Il; and the
metric (,)§ are compatible in the sense given by M.Boucetta in [3], as follows:

[Ad;(Aa’y + adElc(g)(a)’y), Ad;(ﬁ)]g* + [Ad;(()é), Ad;(AB'V + ad;[lG(g)(g)7>}g* =0,

for all o, 3,7 € g* and for any g € G, where [,]4+ is the Lie bracket on g*, A is
the infinitesimal Levi-Civita connection associated with ([,]4, {, )g+) and IIF(g) is
defined by II{(g) = (Ly-1).I(g), where (L,). denotes the tangent map of the
left translation of G by g.

The notion of Riemannian Lie algebra is introduced by M.Boucetta [3], as Lie
algebra (g, [, ] (,)g) equipped with a scalar product (,), satisfying the following
condition:

[BxY, Z], + [X, BzY], = 0,

for all X,Y,Z € g, where B is the infinitesimal Levi-Civita connection associated
with ([7 ]97 <7 >Q)

Let (G,Ilg) be a Poisson-Lie group with multiplicative Poisson tensor Ilg. By
M.Boumaiza and N.Zaalani [5], the tangent bundle T'G' of G with its tangent
Poisson structure IIrg defined in the sense of Sanchez de Alvarez [11] is a Poisson-
Lie group,with Lie-bialgebra (gx g, g* X g*), where gx g is the semi-direct product
Lie algebra with bracket:

[(X,Y), (X7 Y ]gug = ([X, X', [X, Y+, X)), (X,Y), (X,Y7) € gxg, (1)
and g* X g* is the semi-direct product Lie algebra with bracket:

[(c, B), (o, B)]gege = (lv, By + 8, g, [B, Bg), (a. B), (o, f) € g"xg". (2)

We call (TG,Ilrg) the Sanchez de Alvarez tangent Poisson-Lie group of G.

The tangent Lie group T'G is isomorphic to G x g (g viewed as an abelian Lie
group with respect to the addition).

On the tangent bundle T'G, we can define the following three metrics:

- The natural left invariant Riemannian metric (,)rq associated to (,)s defined
on g x g by:

<(X’ Y)’ (X/’ Y,)>TG’(67 0) = <X7 X/>G(€) + <Y7 Yl)G(6)7 (X7 Y)? (X/7Y/) cgxg
(3)

Since T'G is isomorphic to G' x g, this metric coincides with the product metric
(,)axg on G X g.
- The natural lifted Riemannian metric {, )3, introduced by Sasaki [12].
- The natural lifted Riemannian metric (,)%, introduced by J. Cheeger and D.
Gromoll [6].
We show that these three metrics (,)rq, (,)7¢ and (,)%; on TG, coincides at
the neutral element (e, 0) of TG.
We show that, if (G,1g,(,)¢) is compatible in the sense of Hawkins, then
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(TG, rg, (,)rc) is compatible in the sense of Hawkins if, and only if, (G,Il¢) is
a trivial Poisson-Lie group. We also show that, if (G,Ilg, (,)¢) is a Riemannian
Poisson-Lie group, then (T'G,Ilrq, (,)re) is a Riemannian Poisson-Lie group if,
and only if, (G,Ilg) is a trivial Poison-Lie group.

If (G,1lg) is a Poisson-Lie group, there exists a linear Poisson structure II; on
g, induced by Il and making g an abelian Poisson-Lie group. Let TG = G x g
identified with the direct product Poisson-Lie group of (G,Ils) and (g,1l;), with
Lie-bialgebra (g x g,g" x g*), where g x g is the direct product Lie algebra with
bracket:

[(Xay)7<X/7Y/)]9><B = ([XvX/]970)7 <X7Y)7 (leyl) cgxg, (4)
and g* x g* is the direct product Lie algebra with bracket:

[(Oé,ﬁ), (O/a B/)]Q*XE* = ([av O/]g*’ [57 5,]9*)7 (Oé, 5)7 (O‘/76/> € g* X g*' (5)

We show that, (G, Ilg, (,)q) is strongly compatible in the sense of Hawkins if, and
only if, (T'G = G x g,Hgxy, (, )axg) is strongly compatible in the sense of Hawkins.
We also show that, (G,Ilg, (,)¢) is a Riemannian Poison-Lie group if, and only
if, (TG =G x g,1lgxg, (,)axg) s a Riemannian Poisson-Lie group.

Note that, in [9], Hawkins showed that a deformation of the differential graded
algebra of differential forms *(M), defines a generalized Poisson bracket {, } on
this space. Hawkins also showed that a generalized Poisson bracket making 2*(M)
a differential graded Poisson algebra exists if, and only if, (M, 11, (,)) is compatible
in the sense of Hawkins. This lifting of Hawkins compatibility conditions to T'G
defines a generalized Poisson bracket on Q*(T'G), the graded algebra of differential
forms on TG.

Finally, note that, by geometric approach it is more difficult to construct examples
of compatible Riemannian metrics and Poisson structures. Nevertheless, the al-
gebraic approach allows us to construct some interesting examples of Poisson-Lie
groups, strongly compatible in the sense of Hawkins.

2. Preliminaries

Contravariant connection. Contravariant connections on Poisson mani-
folds were defined by Vaismann [13] and studied in detail by Fernandes [7]. This no-
tion appears extensively in the context of noncommutative deformations (see[8, 9]).
Let (M,II) be a Poisson manifold. We associate with the Poisson tensor II the
anchor map Iy : T*M — TM defined by S(Ili(a)) = II(e, B) and the Koszul
bracket [,]; on differential 1-forms given by:

[, fln = Lnywpf = Ly — d(I(e, 5)).

A contravariant connection on M, with respect to 11, is a R-bilinear map
D:QY M) x QM) — QL (M), (a,B) — Daj,
such that for all f € C*(M)

Dyaff = fDaB,  DalfB) = [Daf + Ls(a)(f)B.
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The torsion and the curvature of a contravariant connection D are formally iden-
tical to the usual ones:

T(Oé, /8) = Daﬁ - D,Ba - [Oé, ﬁ]l’[

R(O" 5)7 = ’DalDﬁfV - D5Da7 - ’D[Ofﬂ]nfy' (6)

These are respectively (2,1) and (3,1)-type tensor fields. When 7" = 0 (resp.
R =0), D is called torsion-free (resp. flat).

Let (M,II) be a Poisson manifold. Let (,) be a covariant Riemannian metric on
M and let (,)* be the contravariant Riemannian metric associated to (,). The
metric contravariant connection associated to (II, (, )*) is the unique contravariant
connection D such that D is torsion-free and the metric (,)* is parallel with
respect to D, i.e.,

My(a)(8,7)" = (DalB, 1) + (B, Da)".
The connection D is the contravariant analogue of the Levi-Civita connection and
can be defined by the Koszul formula:

2(Daf, )" = Iy(a)(8,7)" + Hy(B){a, )" — Ii(y){a, B)* 7)
+ <[Oéa6]l_[ ’7> <[’7a a]H76>* + <[ ] >

We call D the Levi-Civita contravariant connection associated to (II, (,)*).
The metacurvature. In this subsection we recall briefly the definition of
the metacurvature introduced by Hawkins in [9].
Let (M,II) be a Poisson manifold and D a torsion-free and flat contravariant
connection on M with respect to II. In [9], Hawkins showed that such a connection
defines a bracket {,} on the space of differential forms Q*(M) such that:
1. The bracket {,} is R-bilinear, antisymmetric of degree 0, i.e.,

{o,0} = —(=1)0eD =y, 5},

2. The exterior differential d is a derivation with respect to {, }, i.e.,
d{o,v} = {do,v} + (=1)**{a, dv}.
3. {,}, satisfies the product rule,

{o,0 AV} = {o,0} Av + (—1)de@deey A {5 1)

4. For any f,g € C>°(M) and for any o € Q*(M), the bracket {f, g} coincides
with the initial Poisson bracket on M and

{f, 0'} = DdfO'.
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Hawkins called this bracket {,} a generalized Poisson bracket and showed that
there exists a (2,3) tensor M symmetric in the contravariant indices and antisym-
metric in the covariant indices such that the generalized Poisson bracket satisfies
the graded Jacobi identity,

{0’ {Uv V}} - {{0’ U}’ V} - (_1)deg(g) deg(v){v7 {07 V}} = 07

if, and only if, M is identically zero.
M is called metacurvature of D and given by

M(dfvaaﬁ) = {f7 {OC,B}} - {{f7a}7ﬂ} - {{f7 6},0&}. (8)

Hawkins showed in [9] that, for any parallel 1-form a with respect to D (i.e.,
Da = 0) and every 1-form f, the value of the generalized Poisson bracket at «
and [ is given by,
{Oé,ﬁ} = —nga.
Thus, it is easily deduced from the equation (8) that for any parallel 1-forms «,
and any 1-form 3,
M(a, B,7) = DD, da (9)

The connection D is said metaflat if, M is identically zero.

Now, let (G,IIz) be a Poisson-Lie group with Lie-bialgebra (g,g*). A
covariant Riemannian metric (, ) on G (that acts on the tangent bundle T'G), is
said to be left invariant if, the action of G by left translations L, : G — G, g € G is
an isometry action. This covariant metric (, ) defines a left invariant contravariant
metric (,)§ on G (acting on the cotangent bundle T*G), given by:

(o, B)e = (#e), §(B))e-

Where ¢ : T*G — TG is the isomorphism defined by the metric (,)q.

Note that, the Koszul bracket of two left invariant 1-forms is a left invariant 1-
form (see [14]) and, if one identifies g* with the space of left invariant 1-forms, the
Koszul bracket [, i1 coincides with the Lie bracket [, ]s+ of g*.

Denote by D¢ the Levi-Civita contravariant connection associated to (Ilg, (,)&).
Since the Riemannian metric (,); is left invariant, for any a,f8,v € g*, (7)
becomes:

2(D5 8,7 (e) = ([, Bl mele) + ([ alg, )& (e) + ([v, Bl a)ile),  (10)

where [, ]+ is the Lie bracket on g*.
Note that, the restriction of DY to g* x g* defines a product on g* (we also call
this product, infinitesimal Levi-Civita connection). The vanishing of the curvature

of DY is equivalent to the vanishing of the restriction of the curvature of D¢ to
*

g*.
A.Bahayou and M.Boucetta [1], showed that D¢ is flat if, and only if, the Lie

1
algebra, g* = Sg®[g*, g*| is a Milnor Lie algebra and the Levi-Civita contravariant

connection is given, for any g € g* by :

_ 0 if ac(gg’
Db = { adaff = [, By if a€ Se. (11)
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and for any a € Sg, D% = 0.
L
If g* =S @ [g", g*] is a Milnor Lie algebra the metacurvature M is given by:

; - 0 if o Boryelg g
Me B = { ~D.Dydy = adaadap(7) forall a,f,€ Sg, 2

where p: g* — g* A g* is the dual of the Lie bracket [,]; on g (see[1]).

The Sasaki metric and the Cheeger-Gromoll metric on TG. Let
(G, (,)g) be a Lie group equipped with a Riemannian metric and let V¢ the Levi-
Civita connection associated to (,)q.
The differential of the projection 7 : TG — G is a smooth map dn : TTG — TG.
For (g,u) € TG, we denote by V4., the Kernel of dr at (g, u),

V(g = ker(dn(g,u)),

and call it the vertical subspace of T{,.,)TG.

Now we define a smooth linear map depending of the Levi-Civita connection V.
Let V' be an open neighborhood of ¢ in G and W an open neighborhood of 0
in T,G such that the exponential map exp, : T,G — G is a diffeomorphism of
W onto V. Furthermore, let 7 : 7=%(V) — T,G be the translation map which
translates every Y € 7~!(V) in a parallel manner form y = 7(Y) to g along
the unique geodesic arc in V' connecting g and y. Then the connection map
Kgu : T4y TG — TyG of the Levi-Civita connection V& defined by

K(gvu)(Z) =d(expyo R_, o T)(Z),

where Z € T()/TG and R_, is the translation map defined by R_,(X) = X —u,
for X € T;G. The horizontal subspace H, ) of T(,.,)T'G is defined by

Hy) = ker(Kgu))-

The tangent space 1{,.,)T'G of the tangent bundle T'G at the point (g,u) is a
direct sum of its vertical and horizontal subspaces, i.e.,

Tty TG = Hgu) © Vg,
and each tangent vector Z € T(,,)T'G can be decomposed as
Z=X"+Y"

where X" is the horizontal lift of X € T,G and Y" is the vertical lift of Y € T,G,
such that X and Y are uniquely determined by X =dn(Z) and Y = K(Z).
The Sasaki metric (,)75 on the tangent bundle TG is the natural Riemannian
metric on T'G (see [12]) given by

»
\‘3‘
h<
=
I
<
E
I
uO
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where XY € T,G, X(hgm € Hy,,,) is the horizontal lift of X and Y(;u) € Vigu)
is the vertical lift of Y.

The Cheeger-Gromoll metric (, )% is the natural Riemannian metric on the tan-
gent bundle TG (see [6]) such that:

(X" YMEa(g,u) = (X, Y)a(9)
<Xh7 YU>%G(97 u) =0
<Xv’Yv>gG(gvu) = ﬁ(<X7 Y>G(g) + <X7 u>G(g)<Y7 U>G(g)),

where r denotes | u |= y/(u, u)¢.

3. Compatibility conditions in the sense of Hawkins.

Proposition 3.1.  Let (G,{(,)g) be a Lie group equipped with a left invariant
Riemannian metric (,)q, the left invariant Sasaki metric {,)o and the left in-
variant Cheeger-Gromoll metric (,)%, on the tangent bundle TG coincide with
the natural Riemannian metric (,)re at the neutral element (e,0) of TG, given
by:

<(X7 0)7 (X/7 0)>TG(67 ) = <X= X/>G<€)

0
<(07 Y)v (O’ Y/)>TG(67 0) = <K Y/>G<€>
<(X7 0)7 (O’ Y/)>TG’(67 0) = 0,
forall (X,Y), (X", Y')egxg

Proof. Let m: TG — G : (g,u) — g be the natural projection, the differential
mapping dr(e,0) at the point (e,0) is given by

dr(e,0) :gxg—g:(X,)Y)— X,
then the vertical subspace V(. o) of g x g is given by

V(c0) = ker(dn(e,0)) = {0} x g.
The connection map Ko : g X g — g at the point (e,0) is given, for all
(X,Y) egxgby

Ko (X,Y) =d(exp.o RgoT)(X,Y) =Y,
then the horizontal subspace H. o) of g x g is given by
H(&O) = ker(K(e’O)) =gXx {0} |

The natural left invariant contravariant metric (, )%, on T'G associated to
(,)rc at the point (e,0) is given, for all (a, f), (¢/, ') € g* x g* by,

{(a,0), (c/,0))7g(e,0) = (o, a")5(e)
((0,8),(0,60)7a(e,0) = (B,8)5(e) (13)
<(a70)7<076/)>;6’(670) = 0.

Compatibility between the natural metric and the Sanchez de

Alvarez Poisson structure. This subsection is devoted to the compatibility
between the natural metric and the Sanchez de Alvarez Poisson structure on T'G.
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Proposition 3.2.  Let (G,11g, (,)s) be a Poisson-Lie group equipped with the
left invariant contravariant Riemannian metric (,)¢ and let (TG, yq, (,)ra) be
the Sanchez de Alvarez tangent Poisson-Lie group of G equipped with the natural
left invariant contravariant metric {, o (13). Let DS and DTY be the Levi-Civita
contravariant connections associated with the pairs (g, (,)&) and (Urg, (,)ra)
respectively. Then for all («, ), (o, '), (&, ") € g* x g*, we have:

1. (D5 (a’,0), (@",0))5¢ = 0.

2. (DTS (a!,0), (0, ")) = {(0, 5D’ + DGa)), (0, ")

3. (D) (0,8), (", 0))pe = (DFB' + 3ad,5,0), (0", 0) 7

4o (DTG (0,), (0, 8" =

5. (DIS, (),0), (@, 0))5 = {(DSe’ + adt, 8,0, (o, 0))

6. (DL, (@,0), (0, ")) = 0.

7. (DI, (0.5, (0, 0)) = 0.

8. (DIS,(0,8), (0, ")) = (0, DGA), (0, 8"

Proof.  According to equations (2), (10) and (13) we obtain:

1.
2<D€34G0)<O/7 0)7 (O/l7 0)>*TG = <[(a7 0)7 (Oé,v O)]g* Xg*s (O/l’ O)>§“G
+ <[(O//7 0)7 (0/7 0)]9* Xg*s <a7 O)>§“G
+ ([(a”,0), (@, 0)]grsge, (@', 0)) 7
=0
2.

= ([(, 0), (a’ 0)g=xge» (0, 8")) 76
+ ([(0,87), (&, 0)]g=scqe, (0, 0)) 76
+ <[( "), (@, 0)]ge g, (@' 0))7g
=(([8", @'lg=, 0), (@, 0) 76 +(([8", elg=, 0), (@', 0))7¢

= ”,0/] a)g + (6" alg a')s,

since DY is a torsion-free and the metric (, )z is parallel with respect to D,
then

2(D{a0)(c,0), (0, 8"))7¢ = (Dga + Do, B")¢;
= ((0, D5’ + Dgia), (0, ")) ¢
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3.
2ADES (0, 8), (2" 0 = {[(2,0), (0, 8y g (2", 0
(0,00, 0 8)grwge (0,0
+ ([(@”,0), (a, 0)]- fxg (0,80 ra
= (o e, 0"V + ([0, By 005
= (DS a"; <DG5 )i
= (D', 0" — (', D
i g+ DEa";
— (DS + (DEF, " + {5 e
= 2((DSH + Jadt80). (", 0
4.

2(D(a)(0, 8, (0, 8")) 1 = ((lev, B, 0), (0, 8")) s + (8", @]+, 0), (0, 8))
(

{
+ (0,8, 81g), (@, 0)) g
0

2(Dys) (', 0), (@”,0)) 76 = ([(0,8), (¢, 0)]gewege, (@, 0)) 7
+ ([(@",0), (0, B)]g=xqr, (@', 0)) 7
+ ([(@",0), (o, 0)lg+xge, (0, B)) 7
= ([8,&]g-, a")G + ([0, Blg+, )&
— (DG, a")5—(Dfa” oY (B, D"y (8, Dl
= (D§d/, 0/'>G +{a", D) + (B, [, a"lg )

=2((D§o’ + §adi,/ﬁ, 0), (&, 0))7¢-

2(@2‘%%)(0/, 0)? (Oa ﬂ”»’?(} = [(07 5)? (0/7 0)]9*“9*’ (0’ /8”»;“(}

(

+ {[(0, 8), (0, B)]g=xg, (@', 0)) 7
+ <[(07 ﬁ”>> (alv 0)]9*“9*7 <07 6));’G
0

2<D(7(;%)(07 5/)7 (O//a O))?FG

[(0, 8), (0, 8)]g=wg=» (@, 0)) 76
[(@”,0), (0, B)lg+wg*> (0, 8)7c
(0,
);

Q

(
(
(0,

(

[ ! 0)7 )]9 xg* ><07B)>TG
B, Bg), (0", 0)) 7 + ([, Blg+, 0), (0, 8)) 7
[0//7 6/ [1 ) 0)7 (0 5)>TG

Q

(
(
[

{
+
_|_

{
+

0
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8.
21 (0, 8. (0. 816 = (1(0.8), (0, 8]+ (0. 8"
{100, 8"), (0, B)]ge g (0, )
{100, 87, (0, )]gena» (0, )
= ([8, e+ B + (18" B+ 85 + (18", B+ B
— (DSB8
= 2((0, DB, (0, ") .

Proposition 3.3.  Let D¢ and DT be the Levi-Civita contravariant connec-
tions associated with the pairs (g, (,)&) and (g, (,)5q) respectively. For any
(o, B), (/, B") € g* X g* we can get:

1) Digi(@',0) = (0, 5(Da’ + Dgav)),

2) Di)(0,8) = (DB’ + 5ad,, 3, 0),

3) D (@’,0) = (DFd + fad,,3,0),

4) DIS,(0,8) = (0,DGA).

Proof.  Using the proposition (3.2) we obtain:
1)

(Diac (@, 0), (", 8") e = (Dl (', 0), (0, 0)) 3¢ + (Diey (', 0), (0, 8"))

1
= <(07 §(Dga/ + Dga))’ (O/l7 BH»}G’
then, D% (/,0) = (0, 3(DF o’ + DG av)).
In the same way, we can obtain 2), 3) and 4). ]

Proposition 3.4. Let R® and RTY be the curvatures of D¢ and DTC respec-
twely. Then for all (a, B), (!, 5, (", 5") € g* x g*, we have:

1.
R™((a,0), (o, 0))(a, 0)
1
— 5(RG(a,a’)a” +Df, ) @+ DEDE, o/ — DEDE,a
1
+ adg(é(DG /,+D QX )) _adi/(é(DG /,+D //O[)) O)
2.

R™((,0), (o, 0))(0, 5")
1

= 5 (0. (#%(a,a)8" + D o, B) + (DGadt "~ DSad 5")

G /
+ (D(Dcﬂ’”r Lad!, 1) —D(D&;ﬂ’”r%adéﬁ”)a))'
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3.
RT((0,6), (', 0))(a”,0)
1
=5 (O, RY(B,a))a” + RE(B, ") + 2 g o +DE,DEA
1 G
- §D ladt H/B D DG ”+ Lad! //6) />
7
RTC((0,8), (o, 0))(0, 8)
1
_ (RG(B, o)+ 5(D§ad,, 8" + ad, D"
+ adjg 0, 8"+ ad(pe oy 1aqt, 50 0), 0) :
d.

RT((0,8), (0, 8)) (", 0)
= (RG(575/> ;(Dﬂadtuﬁ +D5/adaﬂﬁ+adin[ﬁ7ﬁl]g*

t t /
* ad(”zia’/+%ad3//6’>5 t ad(DEa"+%adguﬁ>5 ) 0)‘

6. R™9((0,5),(0,8))(0,8") = (0, RE(B, 8")5").

Proof.  Using the equation (6) and the proposition (3.3), we find:

RTG((Q/ 0) (O/ 0))(0// 0)
= Diay Pia 0) (0", 0) = Dl Diap (0", 0)
— Di(a0), (0 0)]grug- (@ 0)

1 1
2(DG,O/’ +D%a')) — D{go)(O 2(DGO/’ +D%a))

1 1
- (51)5293, o/ + SDEDGal + adt( L Do + DG, 0)

= Dia) (0,

| 1
. (gpg‘,pga” + 5D DS+ iadg/(E(DG " 1 DS,q)), o)

1
=2 (RG(a o'+ DE . a" + DEDG,0" — DEDSa

+ ad  (L(DEa” +DC,a')) — adt, (L (DEa” + DG, a)), o).

2 2
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R"((a,0), (o',0))(0, 8")
= Da0) D(0)(0: 8") = Do) Dy (0. ")
~ Do (@ o)y (0:8")
= Diso)(DoB" + %adi/ﬁ'@ 0) — Do) (DS A" + %adiﬁ", 0)

1 1
= 5 (0. (#%(a,)8" + DG ). B) + 5(DSadly 3" — Dfad,,8")

G /
+ (D(DGﬂ"+ Lad!, 1) _D(DSﬂ"+%adaﬁ")a)>

RTC((0, B), (o', 0)) (", 0)
= D4y Dy (@”,0) = D5 oy D (@, 0)
- Dﬁ(fﬁ),(anonm* (a”,0)
= Dy (0, ;(D%Hpa,,a)) D@?O)(D%u ada,,ﬁ,o)

— D{§ar. 0)(",0)

70/]9* ,0

1
_ - (o, RE(B,a/)a" + RE(B,")a’ + DE o' + DS DG

|
_ §D "ad //6 D(DGa//+ adt,,ﬂ) />

R™((0,8), (a,0))(0, B")
= D05 Dfar0) (0, 8") — D) Doy (0, 8)

= D) (o 00 - (0,87

= Do (DS B + §adta/ B3".0) — DS (0, DG B")
— Di§ o 100 (0, 87)

_ (RG(B, o/)ﬁ” + %(Dgadg, 8" + ad', DS 5"

t /! t
+ ad[,B,a/]g* 5 + ad(DS/B,/+%ad;/6,/)6)’ O) .
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5.
RT4((0,8), (0, 87)(a",0)
- DE{)%)D%%’)(O‘H’O) D(0 B’)D(o B)( a”,0)
= D{05).08))gr g (@ 0)
= Do h) (DG + %adg,,ﬁ’, 0) — Dl (D§ " + %adg .3,0)
— (D, 0"+ gadtulB,Fye, 0)
= (RG(B, Ba” + %(Dgadg,, B+ DGad,, 8 + adl.[B, 8y
+ ad(pg s dadt, 500 adzDga”+%adg,,,8)ﬁ/>70>'
6.

R™€((0,5),(0,)(0,8")
= Di.5Dio.) (0, 8") — Do, Do (0, 5")
= D{(65).0.8)gerpe (0:87)
= (0,D5D58") = (0,D5DFS") = (0, D 1, 8)
= (0,R%(8,8)B"). n

Theorem 3.5. Let (G,1lg, (,)¢) be a Poisson-Lie group equipped with a left
invariant Riemannian metric (,)c and let (TG, 1rq, (,)re) be the Sanchez de Al-
varez tangent Poisson-Lie group of G equipped with the natural left invariant Rie-
mannian metric (,)rq. If (G,1q, (,)q) is compatible in the sense of Hawkins, then
(TG, rg, (,)rc) is compatible in the sense of Hawkins if, and only if, (G,1g) is
a trivial Poisson-Lie group.

Proof. The Levi-Civita contravariant connection D¢ is flat if, and only if,

1L
g* = Sg @ [g*, g%] is a Milnor Lie algebra. If D is flat then, for any 3 € g*,

0 if ae [9*79*]
{ ady = o, Bl if a€Sq (14)

and for any a € Sg, D% =0 [1].

According to proposition (3.3), if DY is flat then, DTY is flat if, and only if,
IIg = 0. In fact, if g # 0, for any («, 5) € [g* X g*, g* X g*] = [g%, 0%] X [g%, ¢"]
and for any (o/, 3') € g* x g*, we can deduce from proposition (3.3) that, if D is
flat,

DEB =

1 /
D(a ,8)( ) = 5(‘&%5 +ad’, 3, DS a).

Since Il # 0 there exists a € [g*, g*] and o’ € Sg such that [/, a]g # 0. Then
there exists a and o such that, DSa = adya = [o/, o]y # 0. Hence

1 /
(ad}, 8" + adl, 8, Dda) # (0,0),

DI, (o, 6) =
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Then DT¢ does not verify the first condition of (14) and D7 is not flat.

If II; =0, then DY =0 and D¢ = 0.

We can deduce:

If Il # 0, then (T'G,1rg, (,)7c) is not compatible in the sense of Hawkins.

If IIg = 0, then Ily¢ = 0 and (T'G,Irg, (, )re) is compatible in the sense of
Hawkins. [

Corollary 3.6.  Let (g*,[,]¢,(,)g) be a Lie algebra equipped with a scalar
product and let (g* X g%, [, |grxg*s (s )grxgr) be the semi-direct product Lie algebra
equipped with the natural scalar product. If (g%, [, g+, (,)g*) is a Milnor Lie algebra,
then (g* & g%, [, g xgs (s )arxg) @ a Milnor Lie algebra if, and only if, (g%, [,]g+) is
an abelian Lie algebra.

Proof. It is a direct consequence of the previous theorem. [ |

Compatibility between the natural metric and the product Pois-
son structure on TG. Let (G,Ilg) be a Poisson-Lie group with Lie bialgebra
(g,8%). The linearized Poisson structure of Il at e is the linear Poisson structure
II; on g, whose value at X € g is given by:

I,(X) = dJa(X).

The linear Poisson structure II; on g = 7.G, making (g, II;) an abelian Poisson-
Lie group with Lie bialgebra (g, g*) such that the Lie bracket of g is zero and the
Lie bracket of g* is [, |4

Let (TG = G x g,11gy,) identified with the direct product Poisson-Lie group of
(G,11g) and (g,11;), with Lie-bialgebra (g x g,g* x g*), where g x g is the direct
product Lie algebra with bracket defined in (4) and g* x g* is the direct product
Lie algebra with bracket defined in (5).

Let (,)&x, be the natural left invariant contravariant product metric on G x g
defined for all (a, §), (¢, f) € g* x g* by:

(@, 8), (&, B')) g = (@) + (B, ) (15)

*

where (,)¢ is the left invariant Riemannian metric on G and (,); = (,)g is
the scalar product on g* considered as a left invariant contravariant Riemannian
metric on g.

Proposition 3.7. Let D%, D% and D? be the Levi-Civita connections as-
sociated respectively to (Ilaxg, (;)Gxg), (Ha, (,)6) and (Ilg, (,)g<). Then for all
(o, B), (/. B") € g* x g*, we have:

DS (', 8) = (DI, DEB)).
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Proof.  According to equations (5), (10) and (15) we obtain:

2D, ), (0", 5"))isng = ([ ), (0, B g (07, 5o

+{[(0”,8"), (0, 8)]gr e (0 )

+ {8, (@ Bl (i

<[aa]g*, s+ (10 0 e @+ {[o, ol @)
{08 e B3+ (188 T 8) (8" g ),

= DS, a")i; + 2D, B,

= 2(DGal . DY), (0, ")y .

Proposition 3.8.  Let RE*%, RY and R® be the curvatures of D% D¢ and
D9 respectively. Then for all («, B), (!, B), (&, 5") € g* X g*, we have:

RE9((a, B), (o, B))(a", B") = (R%(a, &), RY(B, B')8").
Proof.  Using the equation (6) and the proposition (3.7), we obtain:

RGXQ((Oé,ﬂ), (06/7/6/)>(O// 6 ) ,D(Gaxﬂg),D(Gaxgﬂl ( " B//) ,D(Gax%l D(C;xﬂg( B//)
Gxg "ol
= Difad), @ )] rg (@5
_ D(Gaxﬁg) (DG/O/, 'D%/ﬂ ) D((ixg )(DGOz" DQB//)
GXxg " QN
= Dl 5,510 (@ 87)
(DGDG, " DG DG "o D[a O/] Oz”, ,Dg,D%/B// Dg Dg ﬁ”
N D[ﬂ,ﬁ’]g*ﬂﬂ)
— (RG(O%O‘//)O//7 Rg(ﬁ,ﬁ,)ﬁ”)- -

Remark 3.9. The restriction of DY to g* x g* coincides with D¢ and the
restriction of the curvature RY of DY to g* coincides with R?, i.e

DFf =D5B, R(a,f)y = R, B),

for all a, 8,7~ € g*.

Lemma 3.10.  The direct product Lie algebra (g* X g, [, ]grxg*s (s )grxg*) 1S @
Milnor Lie algebra if, and only if, (g%, [,]g, (,)g+) i a Milnor Lie algebra. Fur-
thermore

g xg = (Sc X SG) B ([9*,9*] X [g*,g*]>-

Proof.  According to proposition (3.8), D%*9 is flat if, and only if, D¢ is flat,
which is equivalent to (g* X g, [, ]g*xg*s (, )g*xg*) 15 @ Milnor Lie algebra if, and only
if, (g%, [, ]g*, (; )g+) is @ Milnor Lie algebra. Furthermore if (g* X g*, [, Jg*xg*s (; )g* xg*)
is a Milnor Lie algebra, then,

1
9" X g = Sax, ®[g" x g", 9" x g7,
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where

SGXQ = {(a>ﬁ) € g* X g*a ad(a,ﬁ) + adiaﬂ) t: (0;f O)}
= {(o, ) € g* x g, (adq, adg) + (ad,, ads) = (0,0)}
= SG X Sg,

and [g* x g*, 9" x g*] = [g*,8%] X [¢%,8*] = S&.,, is the orthogonal of Sg.g with
respect to the scalar product (,)g«xg- on g* x g*. It’s clear that [g*, g*] x [g*, g*]
is an abelian ideal. [

Lemma 3.11.  Let M%*% MY and M?® be the metacurvatures of D>, DY
and D? respectively. Then, if (g* X g, [, ]g*xg*» (s )a*xg*) @5 @ Milnor Lie algebra
we have:

1. For all (o, B), (. 5"), (", ") € Sg x Sg,

MGXQ((Q,ﬁ), (a,75,)7 (Oé”,ﬁ”)) _ (MG(Oé,O/,Ot”),O).

2. For all (o, B), (o, ) or (o, ") € [g%,97] x g%, 97],
MGXQ((O{, 6); (O&l, 6/)7 (Oé”, 6”)) = 0.
Proof.

1. If (e, B), (&, B), (&, B") € Sg X Sg, we deduce from the equation (12) and
the proposition (3.7) that:

ME((a, B), (o, B), (o, 8") = —DEEDIS, d(a”, B)

— —D (DS da, DY, dp")
= —(D$DSda", DYDY, dB")

= (adaada/p(a”),adgadgzpl(ﬁ”))
= (M%a,a’,0"),0),

where p : g* — g* A g* is the dual of the Lie bracket on the Lie algebra g
of G and p; : g* — g" A g* is the dual on the Lie bracket of the abelian Lie
algebra g of the abelian Lie group g.

2. If (o, B), (&, B") or (&, 5") € [g* x g%, 9" x g*| = [g%, g"] X [g%, g%], we deduce
from (12) that:

MGXQ((Q,/B), (O/76/)7 (O&”,ﬂ”)) = 0. -

We call a Lie algebra (g, [,];) unimodular if for any X € g, tr(adx) = 0.
We call a Lie group G unimodular if its Lie algebra (g, [,],) is unimodular.

Proposition 3.12.  Let (G,1lg) be a Poisson-Lie group and (g,1l;) the abelian
Poisson-Lie group equipped with the linear Poisson structure I1y. Let (G x g, 1gyg)
be the product Poisson-Lie group of (G,1lg) and (g,1l;). Then:
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1. The product Lie group G x g is unimodular if, and only if, G is unimodular.

2. The direct product Lie algebra g* x g* is unimodular if, and only if, g* is
unimodular.

Proof. Let (gxg,g*xg*) be the Lie bialgebra of the product Poisson-Lie group
(G X 8, HGxg)-

1. The abelian Lie group g is unimodular, since its Lie algebra is abelian, i.e.,
for all X|Y € g, adxY = [X,Y], = 0, thus for all X € g, tr(adx) = 0.
Then for all (X,Y) € gxg,

tr(ad(x,yy) = tr(adxy).
2. For any («, ) € g* x ¢g*,

tr(adg,g) = tr(ads x adg) = tr(ada) + tr(adg).

If g* x g* is unimodular, then for any («, ) € g* x g*,
tr(ad(a,s)) = tr(ads) + tr(adg) = 0,

and for a = g, 2tr(ad,) = 0, then g* is unimodular.
If g* is unimodular then for any (a, 8) € g* x g*,

tr(ad,) = tr(adg) = 0 = tr(ad(a,ﬁ)) =0,

then g* x g* is unimodular. [ |

Theorem 3.13.  Let (G,11g, {,)q) be a Poisson-Lie group equipped with a left
invariant Riemannian metric (,)q and let (TG = G x g,1lgxg, (,)axg) be the
tangent bundle identified with the product Poisson Lie group of (G,1lg) and
(9,11y), with (,)axg is the natural Riemannian metric on G x g. Then, the
triple (G,1g, (,)q) is strongly compatible in the sense of Hawkins if, and only
if, (TG =G x g,Heaxg, (, )axg) s strongly compatible in the sense of Hawkins.

Proof.  According to lemma (3.10), g* is a Milnor Lie algebra if, and only if,
the direct product Lie algebra g* x g* is a Milnor Lie algebra. By lemma (3.11),
DC is metaflat if and only if, D¢ is metaflat.

According to proposition (3.12), the product Lie group G x g is unimodular if,
and only if, G is unimodular, moreover the direct product Lie algebra g* x g* is
unimodular if, and only if, g* is unimodular.

The projection maps m : G xg— G;(¢9,Y)—~gand m: Gxg—g;(9,Y) =Y,
are Poisson-Lie group homomorphisms.

Denote by &, & and &, the 1-cocycle associated to Ilg, II; and Ilg., respectively.
We denote also by p, p; and po, the dual of the Lie brackets on the Lie algebras
of G, g and G x g respectively.

If 4 (resp. v) is a left invariant volume form on G (resp. on g), its pull back
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mi(n) = (i,0), (resp. m(v) = (0,v)) is also a left invariant volume form on
G x {0} (resp. on {e} x g.) Then for all (X,Y) € g x g we find:

palicyx vy (1, v)) = —d(igx (T
= —d(igxy)m
= _7T1<d(27r*1§2(
= (pligx)m),0) +
= (p(igx)1), 0)

T (p) + 73 (v)))

(1)) — dligy(x y)m3(v))
)M)_WZ(d(Zmﬁz Y)V)
(0, p1 (i ryv))

9

since p; =0, (g is an abelian Lie group). Hence,
pligoxyp) = 0 < palicxy)(p,v)) = 0. u

Remark 3.14. 1. According to proposition (3.1), if (G,11g, (, )g) is compat-
ible in the sense of Hawkins, then the Sanchez de Alvarez tangent Poisson
Lie group (TG, Il1¢) equipped with the left invariant Sasaki metric (, )3 or
the left invariant Cheeger-Gromoll metric (,)% is compatible in the sense
of Hawkins if, and only if, (G,Ils) is a trivial Poisson-Lie group.

2. (G,1g, (,)q) is strongly compatible in the sense of Hawkins if, and only if,
(TG = G x g,1lgxy) equipped with the left invariant Sasaki metric (, )7 or
the left invariant Cheeger-Gromoll metric (, )% is also strongly compatible
in the sense of Hawkins.

4. Riemannian Lie algebra

Let (G, (,)c) be a Lie group endowed with a left invariant Riemannian metric (, )¢g
and (g, [,]q, (,)g) its Lie algebra endowed with the scalar product (,), associated
to (,)¢. The infinitesimal Levi-Civita connection associated with ([,]g, (,)g) is the
bilinear map B : g X g — g given by

2<BXY> Z>g = <[X: Y]ga Z>g + <[Z» X]97Y>g + <[Z» Y]mX)ga (16)

for all XY, 7 € g.
Note that B is the unique bilinear map from g x g to g which verifies:

1. BxY — By X =[X,Y];
2. for any X € g, Bx : g — g is skew-adjoint i.e.,

(BxY,Z)g+ (Y,BxZ); =0, Y,Z € g.

The triple (g, (,)q, [,]5) is said Riemannian Lie algebra [3, 4] if, for all X,Y,Z € g:
[BxY, Z), + [X, BzY], = 0. (17)

Since (,)q is left invariant, the Levi-Civita covariant connection V¢ of ()¢ is
entirely determined by B. We denote V¢ = V%(e). Then, for all X,Y € g, we
have,

V&Y = ByY.
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Let (g % g, [, Jgug: (, )gxg) be the semi-direct product Lie algebra with bracket (1),
equipped with the natural scalar product, given by:

(X Y), (XY ) axg = (X, X)g + (YY), (X,Y), (X Y) €gxg.  (18)
Proposition 4.1.  Let V® and V™ be the Levi-Civita connections associated

respectively to (L ]97 <7 )9) and ([7 }EPW? <7 >9><9) . Then fO’/’ all (X7 Y)7 (Xla Y/) S gxg

we have:

1. V(”XO X', 0)

(V& X", 0).

0, V%Y’ + ladl, X).

(

2. V(NXO (0,Y")
yy(X',0) =
(

(
(0, V§ X' + Lady X').
(3

0,Y") = (VLY + V&, Y),0).

(0 Y)
Proof. According to equations (1), (16) and (18), the techniques used in the
proof of this proposition are the same techniques used in the proof of proposition
(3.3). ]

Proposition 4.2.  Let (g,[,]q, (,)q) be a Lie algebra equipped with a scalar
product (,)y and let (g X @,[, lgug: (; Jaxq) D€ the semi-direct product Lie algebra
equipped with the natural scalar product (, )gxq- If (9, [, 14, (,)q) is Riemannian Lie
algebra then, (g X g, [, ]gxg, (; )gxg) % a Riemannian Lie algebra if, and only if,
(9,[,]5) is an abelian Lie algebra.

Proof. By M.Boucetta [4], (g,[,]s, (;)q) is @ Riemannian Lie algebra if and only
if V9 is flat. N

The Levi-Civita connection V9 is flat if, and only if, g = [g, g] ® S is a Milnor Lie
algebra. If V9 is flat, then for all Y € g,

0 if X¢€lg g
{ adyY = [X.Y], if XeS, (19)

and for all X € S = {X € g;ad’, +adx =0}, VIX =0 [1].

According to proposition (4.1), if V¢ is flat then, V™ is flat if, and only if, g is
abelian. In fact, if g is not abelian, for any (X,Y) € [g x g,g9 x g] = [g,9] ¥ [g, g]
and for any (X',Y’) € g x g, we can deduce from proposition (4.1) that, if V9 is
flat then,

VLY =

1
Since g is not abelian there exists Y € [g,g] and Y’ € S such that [Y’,Y], # 0.
Then there exists Y and Y’ such that, V3, Y = adyY = [V, Y], # 0. Hence
1
Vi (XY) = (VY ady, X + ady X) # (0,0).

Then V* does not verify the first condition of (19) and V* is not flat.
If g is abelian, then g x g is also abelian and (g % g, [, |gxgs (, )gxg) 18 & Riemannian
Lie algebra. [ |
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Proposition 4.3.  Let (g,[,]4, (,)g) and (&, [,]¢, (, )e) be two Lie algebras equipped
with a scalar product (,), and (,)e respectively and let (g X &, [,]gxe, (; )gxe) e the
direct product Lie algebra equipped with the natural scalar product (,)gxe. Then:

1. (gx [, ]gxe: (, )gxe) is a Riemannian Lie algebra if, and only if, (g,[, s, (,)g)
and (¢, ]e, (,)e) are Riemannian Lie algebras.

2. (g x €[, ]gxe, (, Ygxe) s a Milnor Lie algebra if, and only if, (g,[,]q, (,)y) and
(€, [, ]e, (, )e) are Milnor Lie algebras.

Proof.

1. Forall (X,Y), (X", Y’) € gx¢, the infinitesimal Levi-Civita connection B9**
associated with ([, |gxe, (, )gxt) is given by

By (X, Y") = (BY X', ByY?),

where B? and B! are the infinitesimal Levi-Civita connections associated

respectively to ([,]q, (,)g) and ([, ]e, (;)e)-
Then for all (X,Y), (X", Y"),(X",Y") € g x £ we find:

B (XY, (XY gt + [(X, V), BEL iy (X', V) ges
(B, BYY'), (X", Y gre + [(X, V), (Blr X', B Y Ygxe
— ([BYX', X"]q. [BYY', Y")e) + (X, B X'lg, [V, By Y 'h)
= ([BYX", X")g + [X, B X'g, [BYY', Y] + [Y, By Y ).

From equation (17), g x ¢ is a Riemannian Lie algebra if, and only if, g and
¢ are Riemannian Lie algebras.

2. Denote by V#* V¢ and V! the Levi-Civita connections associated re-

Spectively to ([7]g><37 <7>g><€)7 ([7]g><>>g) and ([7]37 <7>E)' Let REXE) Rg and
R' be the curvatures of V9! V¢ and V' respectively. Then for all
(X, Y), (XY, (X", Y") € g x ¢, we find:

RYH(X,Y), (X, Y)(X",Y") = (RY(X, X") X", R{(Y,Y")Y").
Then V®* is flat if, and only if, V® and V¢ are flat, which is equivalent to:

(g x €[, ]gxe, (s )gxe) is a Milnor Lie algebra if and only if (g,[,]q, (,)s) and
(€, [, ]¢, (, )e) are Milnor Lie algebras. ]

5. Riemannian Poisson-Lie group

Let (G,Ilg) be a Poisson Lie-group and (g, g*) its Lie bialgebra. Let (,)g« be a
scalar product on g*. A left invariant contravariant metric (,)§ on G is given by:

(@, 8)c(9) = (T2 Lg(@), TI Ly(B))g (€),
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where «, 8 € Q'(G),g € G and e the neutral element of G.
Let A:g" x g* — g* be the infinitesimal Levi-Civita connection associated with

((,)g*s [, ]g+) given for all «, 3,7 € g* by:

2(AaB,7)g = (o Blgs Mar + ([y: g, B +{[7: Blgrs @

where [, ] is the Lie bracket on g*.
Since the Riemannian metric (,)% on G is left invariant, then the Levi-Civita
contravariant connection D¢ associated to (Ilg, (,)%) is given by

D= AdB, a,f€g".

Let (G,1g, (,)¢) be a Poisson Lie-group equipped with a left invariant contravari-
ant Riemannian metric (,)% and let II¥ : G — g A g, the mapping defined by
II¢(g) = (Ly-1).Ig(g) where (L,). denotes the tangent map of the left translation
of G by g.

By M.Boucetta [3], (G,Ilg, (,)&) is a Riemannian Poisson-Lie group if, and only
if:

[AdZ(Aa’Y—i-adElc(g)(a)’Y)?Ad;(ﬁ)]g* +[Adg(a), Ad;(Aﬁ7+adElG(g)(5)7)]g* =0, (20)

for all a, 3,7 € g*,g € G, where A is the infinitesimal Levi-Civita connection
associated with ((,)g+,[,]g*)-

Lemma 5.1. Let (G, g, (,)§) be a Poisson-Lie group equipped with a left invari-
ant contravariant Riemannian metric. Then, the dual Lie algebra (g*, [, ]g, (,)g+)
is a Riemannian Lie algebra if and only if D¢ is flat.

Proof. Let G* be the dual of G: the connected and simply connected Poisson
Lie group associated with g*. The connection on g* identifies with the Levi Civita
covariant connection associated with the Riemannian metric on G* (where g* is
regarded as Lie algebra of left invariant vector fields on G*), hence by [4], one can
deduce that the dual Lie algebra (g*, [, ], (,)g+) is a Riemannian Lie algebra if,
and only if, D% is flat. [ |

Theorem 5.2.  Let (G,1lg, (,)) be a Poisson-Lie group equipped with a left
invariant contravariant Riemannian metric (,)g and let (TG, Irq, (,)5qa) the
Sanchez de Alvarez tangent Poisson-Lie group of G with the natural left invariant
contravariant Riemannian metric (,\)ro. If (G, g, (,)&) is a Riemannian Pois-
son Lie group then (T'G,Irq, (,)5q) is a Riemannian Poisson-Lie group if, and
only if, (G,1lg) is a trivial Poisson-Lie group.

Proof. If (G,Ag, (,)¢) is a Riemannian Poisson-Lie group then, (g*, [, |5, (, )g*)
is a Riemannian Lie algebra [3].

According to proposition (3.3), if D¢ is flat, then DT is flat if, and only if, Il
is trivial. Then by lemma (5.1) we deduce that, if (g*, [, |5+, (, )g+) is a Riemannian
Lie algebra, then g* x g* is a Riemannian Lie algebra if, and only if, (g*, [, ]s) is
an abelian Lie algebra.
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If Il # 0, then g* x g* is not a Riemannian Lie algebra and (TG, Iz, (, )rq) is
not a Riemannian Poisson-Lie group.

If I = 0, then Ily¢ = 0 and (TG,Ilzg, (,)5s) is a Riemannian Poisson-Lie
group. [

Theorem 5.3.  Let (G,1lg, (,)) be a Poisson-Lie group equipped with the left
invariant contravariant Riemannian metric (, ) and let (TG = Gxg,lgxg, (; )irxg)
be the tangent bundle identified with the product Poisson Lie group of (G,1lg) and
(9,11y), with (,)¢y, 4s the natural contravariant Riemannian metric on G X g.
Then, (TG = G x g,1lgxg, (;)Gxg) 9 a Riemannian Poisson-Lie group if, and
only if, (G,1lg,{,)s) is a Riemannian Poisson Lie group.

Proof. The infinitesimal Levi-Cevita connection A“*?® associated to
([JWXG"? <a >g*><9*) is given for any (Oz, O‘,)v (5) 5,) €g" xg" by:

AGYS (B,8) = D8 (8, 8) = (DSB, DLB) = (Auf, Awf3').

Since the Lie group g is abelian then for all (¢, X) € G x g,(X,Y) € g x g and
for any (o, /) € g* x g* we get:

Ad{, xy(a (a, ') = (Ad;a,o/), adfxyy)(a,a’) = (ad%«,0).
Moreover for all (g, X) € G x g we find:
I77%(g, X )(a, o) = (I (9) (), Ty (X ) ().
Then for any («, '), (8, 5'), (8,5) € g* x g*, we obtain:

[Ad, (A, (7:7") + adfioxa ) vy an (V7)) Adfy x) (85 )
+[Ad)(kg,X)(O‘7 o), Ad?g,x)(A(g,g/)(Va 7))+ adHGXQ ( )T
- [Ad?gﬁX)((Aa%A ') +ad>€HlG(g)(o¢),Hg(X)(a ))< )) (Ad*ﬁ B)]gwx
_’_[(Ad*a a’), Ad)(kg X) ((AB% Agy') + ad?nl (g)(ﬁ),HE(X)(B'))(% Y ))]E*XB*
= ([Ad*(A 7+adnG )(aﬂ) Ad*ﬁ]g*, [Aa"V/aﬁ/]g*)
H((Adsa, Ad( Ay ol [0, A e
= ([Ad;(Asy + adHG )(a)v) Ad}Blg- + [Adj o, Ad; (Apy + ad;
(A, B + [, ApyTge)-
Then from equations (17) and (20), (TG = G x g,lgxg, (, )Gx,) 18 @ Riemannian

Poisson Lie group if, and only if, (G, Ilg, (,)&) is a Riemannian Poisson-Lie group.
[

1S (g Mo

Remark 5.4. 1. If (G,1g, (,)s) is a Riemannian Poisson-Lie group then

by the proposition (3.1), the Sanchez de Alvarez tangent Poisson Lie group

(TG, lpg) equipped with the left invariant contravariant Sasaki metric (, )4+,

or the left invariant contravariant Cheeger-Gromoll metric (, )% is a Rie-
mannian Poisson-Lie group if, and only if, (G,Ils) is a trivial Poisson-Lie

group.



H22 ALOUI AND ZAALANI

2. (G,11g,(,)s) is a Riemannian Poisson-Lie group if, and only if, the pair
(TG = G x g,1lgy,) equipped with the left invariant contravariant Sasaki
metric ()43 or the left invariant contravariant Cheeger-Gromoll metric

*C . . . . .
(, )% is also a Riemannian Poisson Lie group.

6. Example

A.Bahayou and M.Boucetta [1] proved that a connected and simply connected
3-dimensional Poisson-Lie group (G,Ilg, (,)s) equipped with a left invariant Rie-
mannian metric (, )¢ is strongly compatible in the sense of Hawkins if and only if,
it is isomorphic to one of the following triples:

1. (R3 TIgs, (, )gs), where R? is equipped with its abelian Lie group structure,
(,)rs is the canonical Euclidian metric and

0 9, 0
Mps = Ao A (22— y 2
w =g A Eg—vg)
where A € R or,
1 z =z
2. (H3, 11y, {,)n,), where Hz = 01y |(z,y,2) €R® ,, and
0 01
0 0 0
My = Mo —y=) A o5 )iy = do® + dy® + a(dz — 2dy)?,
d, 0, 0,

where A € R and a > 0.
Let (e, e9,e3) be an orthonormal basis of R?. The Lie algebra R?® with bracket,

1, €alrs = Aes, [e1, e3]lrs = —Aea, [ez, e3]rs = 0,
is a Milnor Lie algebra. Furthermore
[R* R3] =< {e, e3} >, the subspace spanned by{es, es}, Sps =< {e;} >, and

1 1
]RS =< {61} > P < {62,63} >=R x {OR2} D {0} x RR.

Let (b3, b%) be the Lie bialgebra of (Hs,Ily,) and (e, es,e3) be an orthonormal
basis of h3. The Lie algebra b3 with bracket

[61763]@ = — ey, [62’63]@; = Xei, e, ez]hg =0,
is a Milnor Lie algebra. Moreover [, b5] =< {e1,e2} >, S, =< {e3} > and
1
f); =< {63} > 0P < {61,62} > .

The direct product Lie algebra R? x R? = R® of the Milnor Lie algebra (R?, [, |gs)
is a Milnor Lie algebra. Moreover R3 x R3 =

1 1
RS =< {61} > X < {64} >0 < {62,63} > X < {65766} >= R2X{OR4}@{OR2}XR4,
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where (ey4, €5, €g) is an orthonormal basis of R3.
The direct product Lie algebra b3 x b3 of the Milnor Lie algebra (b3, [, ]y;) is a
Milnor Lie algebra. Furthermore

1
h; x by =<{es} > x <{es} > ® < {e1,ea} > x < {ey,e5} >,

where (ey4, €5, €6) is an orthonormal basis of bj.

If we identify (TG = G x g,Ilgx,) with the direct product Poisson-Lie group of
(G,Ilg) and (g,1I;), then (TG = G x g,Ilgxg, (, )axg) 1S strongly compatible in
the sense of Hawkins if and only if, it is isomorphic to one of the following triples:

1. (RS, TIgs, (, )gs), where R® is equipped with its abelian Lie group structure,
(,)re is the canonical Euclidian metric, with coordinate (z,vy, z,u, v, w) and
Poisson tensor

o .9 9 ) o 0
Mrs = A\— — = — — =
Re = A A(Zay va) trg Mg — g

where A € R or,

2. (H?) X h37HH3><h37 <7 >H3><b3>7 where

1 z =z 0 u w
H3Xh3: ( 0 1 Yy ) 0 0 w >,(x,y,z,u,v,w)€R6 )
0 01 0 0 0
and
I )\(aza ya)/\a—i—)\(u8 Ua)/\a
Hzxbh; — o I 9 a9 o, 9,
3 X ay 81 az a’v au 8w

(\Vrw, = do* + dy* + a(dz — xdy)? + du® + dv* + a(dw — udv)?, a > 0,

where A € R and (z,v, 2, u, v, w) € RS,
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