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Abstract. For the enveloping algebra A of the Lie algebra sl2 n V2 , explicit
descriptions of its prime, primitive, completely prime and maximal spectra are
given. A classification of simple weight sl2 n V2 -modules is given. Generators
and defining relations are found for the centralizer CA(H) in A of the Cartan
element H of sl2 . Explicit descriptions of the prime, primitive, completely prime
and maximal spectra of CA(H) are given. Simple CA(H) -modules are classified.
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1. Introduction
In this paper, module means a left module, K is a field of characteristic zero and
K∗ := K \ {0} . The Lie algebra sl2 n V2 is the semi-direct product of the simple
Lie algebra sl2 with the (unique) simple 2-dimensional sl2 -module V2 (viewed as
an abelian Lie algebra). The Lie algebra sl2 n V2 admits a 1-dimensional central
extension which is called the Schrödinger algebra s . Classifications of simple weight
modules with finite dimensional weight spaces over the Schrödinger algebra were
given in [10] and [13]. In [11], the authors gave a classification of primitive ideals
of the enveloping algebra of the Schrödinger algebra with nonzero central charge.
A classification of uniserial sl2 n V2 -modules was obtained in [9]. The universal
enveloping algebra A := U(sl2 n V2) has a close relation with the infinitesimal
Hecke algebras of sl2 , [16]. The first Hochschild cohomology of A was obtained in
[16], which is a rank one free module over the center. The description of primitive
ideals of the algebra A given in [16, Theorem 6.2] is not correct (for z = 0 in that
paper), i.e., the claim that all prime ideals are primitive is not correct.

Spectra of the algebra A . In Section 2, an explicit description of
the set of prime ideals of the algebra A together with their inclusions is given
(Theorem 2.8). Using a classification of prime ideals of A (Theorem 2.8) explicit
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descriptions of the sets of maximal, primitive and completely prime ideals are
obtained (Corollary 2.9, Theorem 2.10 and Corollary 2.11, respectively). The
group AutK(A) of automorphisms of the algebra A is large as the algebra A
contains plenty of ad-locally nilpotent elements. An ideal of an algebra is called
a characteristic ideal if it is invariant under all the automorphisms of the algebra.
Corollary 2.12 is an explicit description of the characteristic prime ideals of A . It
says that almost all prime ideals apart from an obvious set are characteristic ones.

The centralizer CA(H), its generators and defining relations. Let
h = KH be the Cartan subalgebra of the Lie algebra sl2 and CA(H) be the
centralizer of H in A . The aim of Section 3 is to find explicit generators and
defining relations for the algebra CA(H) (Theorem 3.4) (there are three quadratic
relations and one cubic), to prove that the centre of the algebra CA(H) is a
polynomial algebra K[C,H] (Theorem 3.4) and the algebra CA(H) is a free module
over its centre (Proposition 3.6), to realize the algebra CA(H) as an algebra of
differential operators, to prove various properties of the factor algebras Cλ,µ of
CA(H) . Results of this section are used in many proofs of the paper.

Classification of simple weight A-modules. An A-module M is called
a weight module if M = ⊕µ∈KMµ where Mµ = {m ∈ M |Hm = µm} . Each
nonzero component Mµ is a CA(H)-module. If, in addition, the weight A-module
M is simple then all nonzero components Mµ are simple CA(H)-modules. So,
the problem of classification of simple weight A-modules is closely related to the
problem of classification of all simple CA(H)-modules, which can be seen as the
first, the more difficult, of two steps. The second one is about how ‘to assemble’
some of the simple CA(H)-modules into a simple A-module. The difficulty of
the first step stems from the fact that the algebra CA(H) is of comparable size
to the algebra A itself (GK(CA(H)) = 4 and GK(A) = 5 where GK stands for
the Gelfand-Kirillov dimension) and the defining relations of the algebra CA(H)
are much more complex than the defining relations of the algebra A (see, (15)–
(18)). An advantage is that the algebra CA(H) has an additional central element
H . Moreover, the centre of CA(H) is a polynomial algebra K[C,H] (Theorem
3.4) where C = FX2 − HXY − EY 2 is a central element of the algebra A

where E , F and H are the canonical basis of the Lie algebra sl2 . A problem
of classification of simple modules is reduced to the one but for the factor algebras
Cλ,µ := CA(H)/(C − λ,H − µ) where λ, µ ∈ K . We assume that the field K is
algebraically closed. There are two distinct cases: λ ̸= 0 and λ = 0 . They require
different approaches. The common feature is a discovery of the fact that in order to
study simple modules over the algebras Cλ,µ we embed them into larger algebras
for which classifications of simple modules are known. A surprise is that the sets of
simple modules of the algebras Cλ,µ and their over-algebras are tightly connected.
In the case λ ̸= 0 , such an algebra is the first Weyl algebra, but in the second
case when λ = 0 , it is a skew polynomial algebra K[h][t;σ] where σ(h) = h − 1 .
Classifications of simple Cλ,µ -modules is given in Section 4 (Theorem 4.8 and
Theorem 4.11). Using it a classification of simple weight A-modules is given in
Section 6. A typical simple weight A-module depends on an arbitrarily large
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number of independent parameters. The set of simple A-modules is partitioned
into 5 classes each of them is dealt separately with different techniques (Lemma
6.1, Proposition 6.4, Theorem 6.6 and Theorem 6.7).

The algebras CA(H), Cλ,µ and their spectra. It is proved that the
algebra CA(H) is a free module over its centre and an explicit basis is given
(Proposition 3.6). One of the important moments is a realization of the algebras
CA(H) and Cλ,µ as algebras of differential operators (Proposition 3.7). The
algebras Cλ,µ are simple iff λ ̸= 0 (Theorem 4.5 and Proposition 4.9). For every
λ ̸= 0 , the algebra Cλ,µ is a subalgebra of the first Weyl algebra A′

1 . Theorem
4.8 classifies all simple Cλ,µ -modules, it shows that the algebra Cλ,µ has exactly
one more simple module than the Weyl algebra A′

1 . A similar result holds for the
algebras C0,µ (Theorem 4.11) but the Weyl algebra A′

1 is replaced by the skew
polynomial algebra R = K[h][t;σ] where σ(h) = h − 1 . In this case, all simple
t-torsionfree R-modules are also simple t-torsionfree C0,µ -modules, and vice versa
(Theorem 4.11.(2)).

In Section 5, the prime, completely prime, maximal and primitive spectra
of the algebra CA(H) are classified together with inclusions of primes (Theorem
5.3, Corollary 5.4, Corollary 5.5 and Theorem 5.6, respectively).

2. The prime ideals of A

The aim of this section is to describe the prime ideals of the algebra A (Theorem
2.8). As a result, the sets of maximal, primitive, completely prime and prime
characteristic ideals are described (Corollary 2.9, Theorem 2.10, Corollary 2.11
and Corollary 2.12, respectively). An explicit classification of prime ideals that
are invariant under all automorphisms of the algebra A is given (Corollary 2.12).

The n-th Weyl algebra An = An(K) is an associative algebra which is gener-
ated by elements x1, . . . , xn, y1, . . . , yn subject to the defining relations: [xi, xj] =
0, [yi, yj] = 0 and [yi, xj] = δij where [a, b] := ab − ba and δij is the Kronecker
delta function. The Weyl algebra An is a simple Noetherian domain of Gefand-
Kirillov dimension 2n . For an algebra R , we denote by Z(R) its centre. For an
element r ∈ R , we denote by (r) the ideal of R generated by the element r .

Lemma 2.1. [15, Lemma 14.6.5] Let B be a K-algebra, S = B ⊗ An be the
tensor product of the algebra B and the Weyl algebra An , δ be a K-derivation
of S and T = S[t; δ]. Then there exists an element s ∈ S such that the algebra
T = B[t′; δ′]⊗An is a tensor product of algebras where t′ = t+s and δ′ = δ+ads.

Recall that the Lie algebra sl2 = KF ⊕ KH ⊕ KE is a simple Lie algebra
over K where the Lie bracket is given by the rule: [H,E] = 2E, [H,F ] = −2F
and [E,F ] = H . Let V2 = KX ⊕ KY be the 2-dimensional simple sl2 -module
with basis X and Y : H ·X = X, H · Y = −Y, E ·X = 0, E · Y = X, F ·X = Y
and F · Y = 0 . Let a := sl2 n V2 be the semi-direct product of Lie algebras where
V2 is viewed as an abelian Lie algebra. In more detail, the Lie algebra a admits
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the basis {H,E, F,X, Y } and the Lie bracket is defined as follows

[H,E] = 2E, [H,F ] = −2F, [E,F ] = H, [E,X] = 0, [E, Y ] = X,

[F,X] = Y, [F, Y ] = 0, [H,X] = X, [H, Y ] = −Y, [X,Y ] = 0.

Recall that A = U(a) is the enveloping algebra of the Lie algebra a .

An involution ∗ of A. Let Λ be an algebra. An anti-isomorphism τ of
the algebra Λ (i.e., τ(ab) = τ(b)τ(a) for all a, b ∈ Λ) is called an involution if
τ 2 = idΛ. The algebra A admits the following involution ∗ :

F ∗ = −E, H∗ = H, E∗ = −F, Y ∗ = X, X∗ = Y. (1)

There is an automorphism S of the algebra A such that

S(F ) = E, S(H) = −H, S(E) = F, S(Y ) = −X, S(X) = −Y, (2)

and S2 = idA .

The 1-spatial ageing algebra A. Let A be the subalgebra of A gener-
ated by the elements H, E, X and Y . The algebra A is called the 1-spatial ageing
algebra and is studied in details in [7]. A classification of simple weight modules
over the 1-spatial ageing algebra was given in [14]. Let AX be the localization of
A at the powers of X . Let ∂ := HX−1 +EYX−2 ∈ AX . Then [∂,X] = 1 and so
the subalgebra A1 := K⟨∂,X⟩ of AX is the first Weyl algebra. The algebra AX is
a central simple algebra of Gelfand-Kirillov dimension 4 (see [7, Lemma 2.2.(1)]).
In fact, AX is a tensor product of two central simple algebras

AX = A1,X ⊗ A+
1 (3)

where A1,X is the localization of A1 at the powers of X and A+
1 := K⟨EX−1, Y ⟩

is the first Weyl algebra since [EX−1, Y ] = 1 (see [7, (4)]).

The centre of the algebra A. Using the defining relations of the algebra
A , the algebra A is a skew polynomial algebra

A = A[F ;σ, δ] (4)

where σ is an automorphism of A such that σ(H) = H+2, σ(E) = E, σ(Y ) = Y ,
σ(X) = X ; and δ is a σ -derivation of the algebra A such that δ(H) = 0, δ(E) =
−H, δ(Y ) = 0 and δ(X) = Y . Then the localization AX of A at the powers of X
is a skew polynomial algebra

AX = AX [F ;σ, δ] (5)

where σ and δ are defined as in (4). The key idea of finding the centre of A is
by ‘deleting the automorphism’ σ first and then using Lemma 2.1 ‘deleting the
derivation’. In more detail, let Φ := FX2 , then by (5) and (3),

AX = AX [Φ; δ
′] = (A1,X ⊗ A+

1 )[Φ; δ
′] (6)
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is an Ore extension where δ′ is a derivation of the algebra AX given by the
rule: δ′(∂) = −2∂Y X, δ′(X) = Y X2, δ′(EX−1) = −∂X2 and δ′(Y ) = 0 . The
element s = −∂X2Y satisfies the conditions of Lemma 2.1. Specifically, the
element C := Φ + s = FX2 −HXY − EY 2 commutes with the elements of A+

1 ,
moreover, the element C commutes with the elements of A1,X and hence,

AX = K[C]⊗ A1,X ⊗ A+
1 = K[C]⊗AX (7)

is a tensor product of algebras. By (7), the skew field Frac(A) is isomorphic to the
skew field of fractions of the second Weyl algebra A2

(
K(C)

)
over the field K(C)

of rational functions. Moreover, Z
(
Frac(A)

)
= K(C) .

Lemma 2.2. 1. Z(A) = Z(AX) = K[C] where C = FX2 −HXY − EY 2 .

2. S(C) = −C where S is the automorphism (2) of A.

Proof. 1. By (7), Z(AX) = Z(K[C]) ⊗ Z(A1,X) ⊗ Z(A+
1 ) = K[C] . Since

K[C] ⊆ Z(A) ⊆ A ∩ Z(AX) = K[C] , we have Z(A) = K[C] .
2. Statement 2 is obvious.

The result of Lemma 2.2.(1) was proved in Corollary 23 of [11], they use a
different approach.

Lemma 2.3. 1. In the algebra A, (X) = (Y ) = AX + AY = XA+ Y A.

2. Let U := U(sl2). Then A/(X) ≃ U.

Proof. 1. The equality (X) = (Y ) follows from the equalities FX −XF = Y
and EY −Y E = X. So, (X) = (Y ) = (X,Y ) . Let us show that XA ⊆ AX +AY
and Y A ⊆ AX + AY . Recall that A = A[F ;σ, δ] (see (4)) and X is a normal
element of A , XA = X

∑
i>0AF i =

∑
i>0AXF i = AX +

∑
i>1AXF i = AX +∑

i>1A(F iX − iF i−1Y ) ⊆ AX + AY . The second inclusion follows from the first
one by applying the automorphism S (see (2)). So, (X,Y ) = AX + AY . By
applying the involution ∗ to this equality we obtain that (X,Y ) = XA+ Y A.

2. By statement 1, A/(X) = A/(X,Y ) ≃ U.

Lemma 2.4. For all i > 1, (X i) = (X)i.

Proof. To prove the statement we use induction on i . The case i = 1 is obvious.
Suppose that i > 1 and the equality (Xj) = (X)j holds for all 1 6 j 6 i − 1 .
By Lemma 2.3.(1), AX ⊆ XA + Y A . It follows from the equality FX i =
X iF + iX i−1Y that X i−1Y ∈ (X i) . Now, (X)i = (X)i−1(X) = (X i−1)(X) =
AX i−1AXA ⊆ AX i−1(XA + Y A) ⊆ (X i) + AX i−1Y A ⊆ (X i) . Therefore,
(X)i = (X i).

Proposition 2.5. Let q ∈ Max(K[C]) \ {(C)}. Then
1. The ideal (q) := Aq of A is a maximal, completely prime ideal.
2. The factor algebra A/(q) is a simple algebra.
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Proof. Notice that q = K[C]q where q = q(C) ∈ K[C] is an irreducible
polynomial such that q(0) ∈ K∗.

(i) The factor algebra A/(q) is a simple algebra, i.e., (q) is a maximal
ideal of A : By (7), AX/(q)X ≃ Lq ⊗ A1,X ⊗ A+

1 is a central simple algebra where
Lq := K[C]/q is a finite field extension of K . Hence, the algebra A/(q) is a
simple algebra iff (X i, q) = A for all i > 1 . By Lemma 2.4, (X i) = (X)i for all
i > 1 . Therefore, (X i, q) = (X i) + (q) = (X)i + (q) for all i > 1 . It remains
to show that (X)i + (q) = A for all i > 1 . By Lemma 2.3.(1), (X) = (X,Y ) .
If i = 1 then (X) + (q) = (X,Y, q) =

(
X,Y, q(0)

)
= A , since q(0) ∈ K∗ . Now,

A = Ai =
(
(X) + (q)

)i ⊆ (X)i + (q) ⊆ A , i.e., (X)i + (q) = A , as required.

(ii) (q) is a completely prime ideal of A : Since AX/(q)X ≃ Lq⊗A1,X ⊗A+
1

is a domain, the ideal A ∩ (q)X is a completely prime ideal of A . Now, it suffices
to show that (q) = A ∩ (q)X . But this is obvious since by statement (i), the ideal
(q) is a maximal ideal of A .

(iii) Z
(
A/(q)

)
= Lq : Since Lq ⊆ Z

(
A/(q)

)
⊆ Z

(
AX/(q)X

)
= Lq , we have

Z
(
A/(q)

)
= Lq .

Proposition 2.6. A ∩ (C)X = (C) and the ideal (C) of A is a completely
prime ideal.

Proof. Recall that A = A[F ;σ, δ] (see (4)), X is a normal element in A and
C = X2F + s′ where s′ = −X(H − 1)Y − EY 2 .
(i) If Xf ∈ (C) for some f ∈ A then f ∈ (C) : Notice that Xf = Cg for some
g ∈ A . To prove the statement (i) we use induction on the degree m = degF (f)

of the element f ∈ A . Since A is a domain, degF (fg) = degF (f) + degF (g) for
all f, g ∈ A . The case when m 6 0 (i.e., f ∈ A) is obvious since the equality
Xf = Cg holds iff f = g = 0 (since degF (Xf) 6 0 and degF (Cg) > 1 providing
g ̸= 0). So, we may assume that m > 1 . We can write the element f as a
sum f = f0 + f1F + · · · + fmF

m where fi ∈ A and fm ̸= 0 . The equality
Xf = Cg implies that degF (g) = degF (Xf) − degF (C) = m − 1 . Therefore,
g = g0 + g1F + · · ·+ gm−1F

m−1 for some gi ∈ A and gm−1 ̸= 0 . Then

Xf0 +Xf1F + · · ·+XfmF
m = (X2F + s′)

(
g0 + g1F + · · ·+ gm−1F

m−1
)

=X2
(
σ(g0)F+δ(g0)

)
+X2

(
σ(g1)F+δ(g1

)
F · · ·+X2

(
σ(gm−1)F+δ(gm−1)

)
Fm−1

+ s′g1F + · · ·+ s′gm−1F
m−1

= X2δ(g0) + s′g0 +
(
X2σ(g0) +X2δ(g1) + s′g1

)
F + · · ·+X2σ(gm−1)F

m.

Comparing the terms of degree zero we have the equality Xf0 = X2δ(g0) + s′g0 =

X2δ(g0)−
(
X(H − 1)Y +EY 2

)
g0 , i.e., X

(
f0−Xδ(g0)+ (H − 1)Y g0

)
= −EY 2g0 .

All terms in the equality belong to the algebra A . Since X is a normal element of
A such that A/AX is a domain and the element EY 2 does not belong to the ideal
AX (see [7]), we have g0 ∈ AX , i.e., g0 = Xh0 for some h0 ∈ A . Now, the element
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g can be written as g = Xh0 + g′F where g′ = 0 if m = 1 , and degF (g
′) = m− 2

if m > 2 . Then Xf = C(Xh0 + g′F ) and so X(f − Ch0) = Cg′F . Notice
that Cg′F has zero constant term as a noncommutative polynomial in F (where
the coefficients are written on the left). Therefore, the element f − Ch0 has zero
constant term, and hence can be written as f −Ch0 = f ′F for some f ′ ∈ A with
degF (f

′) < degF (f) . Now, Xf ′F = Cg′F , hence Xf ′ = Cg′ ∈ (C) (by deleting
F ). By induction, f ′ ∈ (C) , and then f = Ch0 + f ′F ∈ (C) , as required.

(ii) A ∩ (C)X = (C) : Let u ∈ A ∩ (C)X . Then X iu ∈ (C) for some i ∈ N . By
statement (i), u ∈ (C) .

(iii) The ideal (C) of A is a completely prime ideal: By (7), AX/(C)X ≃ A1,X⊗A+
1

is a domain. By statement (ii), the algebra A/(C) is a subalgebra of AX/(C)X ,
so A/(C) is a domain. This means that the ideal (C) is a completely prime ideal
of A .

For an algebra R , let Spec (R) be the set of its prime ideals. The set
(Spec (R),⊆) is a partially ordered set (poset) with respect to inclusion of prime
ideals. Each element r ∈ R determines two maps from R to R , r· : x 7→ rx and
·r : x 7→ xr where x ∈ R. Recall that, for an element r ∈ R , we denote by (r) the
ideal of R generated by the element r .

Proposition 2.7. ([6]) Let R be a Noetherian ring and s be an element of R

such that Ss := {si | i ∈ N} is a left denominator set of the ring R and (si) = (s)i

for all i > 1 (e.g., s is a normal element such that ker(·sR) ⊆ ker(sR·)). Then
Spec (R) = Spec(R, s) ⊔ Specs(R) where Spec(R, s) := {p ∈ Spec (R) | s ∈ p},
Specs(R) = {q ∈ Spec (R) | s /∈ q} and

(a) the map Spec(R, s) 7→ Spec (R/(s)), p 7→ p/(s), is a bijection with the inverse
q 7→ π−1(q) where π : R → R/(s), r 7→ r + (s),

(b) the map Specs(R) → Spec (Rs), p 7→ S−1
s p, is a bijection with the inverse

q 7→ σ−1(q) where σ : R → Rs := S−1
s R, r 7→ r

1
.

(c) For all p ∈ Spec (R, s) and q ∈ Specs(R), p ̸⊆ q.

In this paper, we will identify the sets in the statements (a) and (b) above
via the bijections given there. The next theorem gives an explicit description of
the poset (Spec (A),⊆).

Theorem 2.8. Let U := U(sl2). The prime spectrum of the algebra A is a
disjoint union

Spec(A)=Spec(U)⊔Spec(AX) = {(X, p)|p∈Spec(U)}⊔{Aq|q∈Spec(K[C])}. (8)
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Furthermore,

Spec (U) \ {0}

(X)

(C)

0

{
Aq | q ∈ Max (K[C]) \ {(C)}

}
(9)

Proof. By Lemma 2.3.(2), A/(X) ≃ U . By Lemma 2.4 and Proposition 2.7,

Spec (A) = Spec (A,X) ⊔ Spec (AX). (10)

Therefore, Spec (A) = {(X, p) | p ∈ Spec (U)} ⊔ {A ∩ AXq | q ∈ Spec (K[C])}. By
Proposition 2.5.(1), A∩AXq = (q) for all q ∈ Max (K[C])\{(C)} . By Proposition
2.6, A ∩ AXC = (C) . Therefore, (8) holds. For all q ∈ Max (K[C]) \ {(C)} , the
ideals Aq of A are maximal. Notice that (C) ⊆ (X) . Therefore, (9) holds.

The next result is an explicit description of the set of maximal ideals of the
algebra A .

Corollary 2.9. Max (A) = Max (U) ⊔
{
Aq | q ∈ Max (K[C]) \ {(C)}

}
.

Proof. It is clear by (9).

An annihilator of a simple module is called a primitive ideal. Every primitive
ideal is a prime ideal but the reverse does not hold, in general. The next theorem
is a description of the set of primitive ideals of the algebra A .

Theorem 2.10. Prim (A) = Prim (U) ⊔
{
Aq | q ∈ SpecK[C] \ {0}

}
.

Proof. Clearly, Prim (U) ⊆ Prim (A) and {Aq | q ∈ Max (K[C]) \ {(C)}} ⊆
Prim (A) since Aq is a maximal ideal (Corollary 2.9). The ideal (X) is not a
primitive ideal, since the factor algebra A/(X) ≃ U contains central elements. 0
is not a primitive ideal since the centre of A is non-trivial. In view of (9) it suffices
to show that (C) ∈ Prim (A) . The algebra A is a Jacobson algebra since it is
a universal enveloping algebra of a finite dimensional Lie algebra [15, Corollary
9.1.8]. Therefore, any prime ideal of A is an intersection of primitive ideals lying
over it. Clearly, (X) =

∩
(X)⊆P,P∈Spec (U)\{0} P . Since (C) is a prime ideal it must

be primitive, by (9).

Recall that a prime ideal p of an algebra A is called a completely prime
ideal if the factor algebra A/p is a domain. The next corollary is a description of
the set Specc(A) of completely prime ideals of the algebra A .
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Corollary 2.11. The set Specc(A) of completely prime ideals of A is equal to

Specc(A) = Specc(U) ⊔
{
Aq | q ∈ Spec (K[C])

}
=

{
(X, p) | p ∈ Spec (U), p ̸= annU(M) for some simple finite dimensional

U-module M of dimK(M) > 2
}

⊔
{
Aq | q ∈ Spec (K[C])

}
.

Proof. The result follows from Proposition 2.5.(1) and Proposition 2.6.

Let A be a K-algebra and AutK(A) be its group of automorphisms. An
ideal a of the algebra A is called a characteristic ideal if σ(a) = a for all
σ ∈ AutK(A) . Let Specch(A) be the set of prime characteristic ideals of A , the,
so-called, characteristic prime spectrum of A .

For each element (λ, µ) ∈ (K∗)2 , there is an automorphism tλ,µ of the
algebra A given by the rule

tλ,µ : A → A, E 7→ λE, F 7→ λ−1F, H 7→ H, X 7→ µX, Y 7→ λ−1µY. (11)

Clearly, tλ,µtλ′,µ′ = tλλ′,µµ′ and t−1
λ,µ = tλ−1,µ−1 . So, the 2-dimensional algebraic

torus T2 :=
{
tλ,µ | (λ, µ) ∈ (K∗)2

}
≃ (K∗)2 is a subgroup of AutK(A) . We note

that tλ,µ(C) = λ−1µ2C.

Corollary 2.12. Let G := AutK(A) and Q :=
{
Aq | q ∈ Max (K[C]) \ {(C)}

}
.

Then the set Q is G-invariant and Specch(A) = Spec(A) \ Q.

Proof. By (9), the ideals 0, (C) and (X) are characteristic. Then, for each
σ ∈ G , σ(C) = λσC for some λσ ∈ K∗ . Hence, the subset Q of Spec(A) is G-
invariant. Since (X) is a characteristic ideal of A , there is a group homomorphism

AutK(A) → AutK(U), σ 7→ σ̄ : a+ (X) 7→ σ(a) + (X).

All ideals of U are characteristic ideals, [3]. To finish the proof notice that none
of the ideals in Q is T2 -invariant (since tλ,µ(C) = λ−1µ2C ).

3. The centralizer CA(H) and its defining relations
The aim of this section is to find explicit generators and defining relations for
the centralizer CA(H) of the element H in A (Theorem 3.4), to prove that the
centre of the algebra CA(H) is a polynomial algebra K[C,H] (Theorem 3.4) and
the algebra CA(H) is a free module over its centre (Proposition 3.6), to realize
the algebra CA(H) as an algebra of differential operators and to prove various
properties of the factor algebra Cλ,µ of CA(H) . Results of this section is used in
many proofs of the paper.

The centralizer of the element H . The subalgebra E of A is generated
by the elements E,X and Y that satisfy the defining relations:

EY − Y E = X, EX = XE and Y X = XY.
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So, the algebra E is isomorphic to the enveloping algebra of the 3-dimensional
Heisenberg Lie algebra. Recall that the 1-spatial ageing algebra A is the subalge-
bra of A generated by the elements H,E,X and Y . Then

A = E[H; δ] (12)

is an Ore extension where δ is the derivation of the algebra E such that δ(E) =
2E, δ(X) = X and δ(Y ) = −Y . The localization AX of the algebra A at the
powers of the element X is an Ore extension

AX = EX [H; δ] (13)

where EX is the localization of the algebra E at the powers of the element X and
δ is the derivation of the algebra EX given by the rule: δ(E) = 2E, δ(X) = X

and δ(Y ) = −Y.

For an algebra R and a non-empty subset S ⊆ R , CR(S) := {r ∈ R | rs =
sr for all s ∈ S} is the centralizer of S in R . The next lemma describes the
structure of the algebras AX and CAX

(H) .

Lemma 3.1. 1. CAX
(H) = K[H]⊗A′

1 is a tensor product of algebras where
A′

1 := K⟨e, t⟩ is the (first) Weyl algebra with canonical generators e := EX−2

and t := XY (where [e, t] = 1).

2. CAX
(H) = K[C,H]⊗ A′

1 and Z
(
CAX

(H)
)
= K[C,H].

3. AX = CAX
(H)[X±1;σ] is a skew polynomial algebra where σ(C) = C, σ(H) =

H−1, σ(e) = e and σ(t) = t. In particular, the algebra AX = K[C]⊗A′
1⊗B1

is a tensor product of algebras where B1 = K[H][X±1;σ] is a central simple
algebra and σ(H) = H − 1.

Proof. 1. By (13), AX = EX [H; δ] . So, CAX
(H) = Eδ

X [H] where Eδ
X =

{a ∈ EX | δ(a) = 0}. Let us show that Eδ
X = A′

1. By the explicit nature of the
derivation δ ,

Eδ
X =

⊕
i,k∈N;j∈Z

{KEiXjY k | δ(EiXjY k) = 0}.

Now, δ(EiXjY k) = (2i + j − k)EiXjY k = 0 , i.e., j = k − 2i . So, EiXjY k =
EiXk−2iY k = (EX−2)i · (XY )k . Therefore, Eδ

X = A′
1.

2. By (7), AX = K[C] ⊗ AX . So, CAX
(H) = K[C] ⊗ CAX

(H) =
K[C,H] ⊗ A′

1 , by statement 1. The Weyl algebra A′
1 is a central algebra, hence

Z
(
CAX

(H)
)
= K[C,H] .

3. Statement 3 follows from statement 2.

Lemma 3.2. Let t := XY . For i > 1, the following identities hold in the
algebra A.

1. F iX2i = FX2
(
FX2 + 2t

)(
FX2 + 4t

)
· · ·

(
FX2 + 2(i− 1)t

)
.

2. EiY 2i = EY 2
(
EY 2 + 2t

)(
EY 2 + 4t

)
· · ·

(
EY 2 + 2(i− 1)t

)
.
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Proof. 1. We use induction on i > 1 . The initial case when i = 1 is obvious.
So, let i > 1 and suppose that the identity holds for all integers < i . Then

F iX2i = F · FX2
(
FX2 + 2t

)(
FX2 + 4t

)
· · ·

(
FX2 + 2(i− 2)t

)
·X2

= FX2
(
FX2 + 2t

)(
FX2 + 4t

)
· · ·

(
FX2 + 2(i− 1)t

)
since FX2 ·X2 = X2 ·

(
FX2 + 2t

)
.

2. Statement 2 follows from statement 1 by applying the automorphism S ,
see (2).

The reader is referred to [1, 2, 4] for information about generalized Weyl
algebras. The algebra U is a generalized Weyl algebra,

U ≃ K[H,∆]
(
σ, a =

1

4

(
∆−H(H + 2)

))
(14)

where ∆ := 4FE + H(H + 2) is the Casimir element of the enveloping algebra
U and σ is the automorphism of the algebra K[H,∆] defined by σ(H) = H − 2
and σ(∆) = ∆ , [1]. In particular, U is a Z-graded algebra U =

⊕
i∈ZDvi

where D := K[H,∆] = K[H,FE] , vi = Ei if i > 1 , v0 = 1 and vi = F |i|

if i 6 −1 . The polynomial algebra K[X,Y ] ⊂ A is also a Z-graded algebra
K[X,Y ] =

⊕
j∈ZK[t]wj where t = XY , Wj = Xj if j > 1 , w0 = 1 and wj = Y j

if j 6 −1 . Note that the algebra A is a Z-graded algebra A =
⊕

i∈ZAi where
Ai := {a ∈ A | [H, a] = ia} . Clearly, CA(H) = A0. The following lemma gives the
generators of the algebra CA(H) .

Lemma 3.3. The algebra
CA(H) = K⟨H,FE,XY, FX2, EY 2⟩ = K⟨C,H, FE,XY, FX2⟩

is a Noetherian algebra.

Proof. Since A = ⊕i∈ZAi is a Z-graded Noetherian algebra, the algebra A0 =
CA(H) is a Noetherian algebra. The algebra A = U ⊗ K[X,Y ] is a tensor
product of vector spaces. Hence A =

⊕
i∈ZDvi ⊗

⊕
j∈ZK[t]wj where vi, t and

wj are as above. Using the relations [E, t] = X2 and [F, t] = Y 2 , we see that
A =

∑
i,j∈ZD[t]viwj where D[t] =

⊕
i>0Dti is a vector space. Notice that

Ak =
∑

{D[t]viwj | i, j ∈ Z; 2i+ j = k} . In particular, CA(H) =

A0 =
∑
i,j∈Z;
2i+j=0

D[t]viwj =
∑
i∈Z

D[t]viw−2i =
∑
i>1

D[t]F iX2i +D[t] +
∑
i>1

D[t]EiY 2i.

Now, using Lemma 3.2 and the equalities [FX2, t] = t2 and [EY 2, t] = t2 , we see
that

CA(H) =
∑
i>1

D[t]
(
FX2

)i
+D[t] +

∑
i>1

D[t]
(
EY 2

)i
.

Hence, CA(H) = K⟨H,FE,XY, FX2, EY 2⟩ . Since C = FX2−HXY −EY 2 , the
second equality in the lemma follows.
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The next theorem describes defining relations of the algebra CA(H) and
shows that its centre is a polynomial algebra K[H,C] .

Theorem 3.4. Let Φ := FX2 and Θ := FE . Then the algebra CA(H) is
of Gelfand-Kirillov dimension 4 and generated by the elements C,H, t,Φ and Θ
subject to the following defining relations (where C and H are central in the
algebra CA(H)):

[Φ, t] = t2, (15)
[Θ, t] = 2Φ− (H + 2)t− C, (16)
[Θ,Φ] = 2Θt+HΦ, (17)
Θt2 = Φ(Φ−Ht− C). (18)

Furthermore, Z
(
CA(H)

)
= K[C,H].

Proof. (i) Generators of CA(H) : By Lemma 3.3, the algebra CA(H) is gener-
ated by the elements C,H, t,Φ and Θ . It is clear that C and H are central in
CA(H) and the elements satisfy the relations (15)–(18). It remains to show that
these are defining relations.

(ii) GK
(
CA(H)

)
= 4 : Let D be the subalgebra of CA(H) generated

by the elements C,H, t and Φ . Then D = K[C,H] ⊗ K[t][Φ; δ] is a tensor
product of algebras where δ is the K-derivation of the algebra K[t] defined by
δ(t) = t2 . Clearly, D is a Noetherian domain of Gelfand-Kirillov dimension 4.
Now, the inclusions D ⊆ CA(H) ⊆ CAX

(H) yield the inequalities 4 = GK(D) 6
GK

(
CA(H)

)
6 GK

(
CAX

(H)
)
= 4 (see Lemma 3.1.(2)). Hence, GK

(
CA(H)

)
= 4.

Notice that t is a normal element of the algebra D and D/(t) ≃ K[C,H,Φ] is a
domain. In particular, (t) is a completely prime ideal of the algebra D .

Let C be the K-algebra generated by the symbols C,H, t,Φ and Θ subject
to the defining relations (15)–(18) with C and H central in C .

(iii) GK(C) = 4 :There is a natural epimorphism of algebras f :C � CA(H) .
Our aim is to show that f is an algebra isomorphism. Let Ct be the localization
of C at the powers of the element t . Then by (18), we see that Ct ≃ Dt =
K[C,H]⊗K[t±1][Φ; δ] where D = K[C,H]⊗K[t][Φ; δ] is a subalgebra of C . Hence,
GK(Ct) = 4 . Now, the inclusions D ⊆ C ⊆ Ct yield that 4 = GK(D) 6 GK(C) 6
GK(Ct) = 4 . Hence, GK(C) = 4.

(iv) The algebra C is a domain: Let E be the algebra generated by the
symbols C,H, t,Φ and Θ subject to the defining relations (15)–(17) with C and
H central in E . Then E is an Ore extension

E = K[C,H, t][Φ; δ][Θ;σ, δ′] = D[Θ;σ, δ′] (19)

where σ is the automorphism of the algebra D defined by σ(C) = C, σ(H) =
H, σ(t) = t and σ(Φ) = Φ + 2t ; δ′ is the σ -derivation of the algebra D given
by the rule: δ′(C) = δ′(H) = 0 , δ′(t) = 2Φ − (H + 2)t − C and δ′(Φ) =
(H + 4)Φ − 2(H + 2)t − 2C . In particular, E is a Noetherian domain. Let
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Z := Θt2−Φ(Φ−Ht−C) . Then Z is a central element of the algebra E . Clearly,
C ≃ E/(Z) . To prove that C is a domain, it suffices to show that the ideal (Z) of
E is a completely prime ideal. Let Et be the localization of the algebra E at the
powers of the element t . Then Et ≃ K[C,H,Z, t±1][Φ; δ] = K[C,H,Z]⊗K[t±1][Φ; δ]
is a tensor product of algebras where δ is a derivation of the algebra K[t±1] such
that δ(t) = t2 . Hence, Et/(Z)t ≃ K[C,H]⊗K[t±1][Φ; δ] is a domain.

Claim 1: If tu ∈ (Z) for some u ∈ E , then u ∈ (Z).
Proof of Claim 1: Recall that E = D[Θ;σ, δ′] (see (19)), t is a normal element of
the algebra D , Z = t2Θ+ ξ is a central element of E where

ξ := (H + 4)tΦ− (H + 2)t2 − 2Ct+ CΦ− Φ2 ∈ D .
Notice that tu = Zv for some element v ∈ E . To prove Claim 1, we use
induction on the degree m = degΘ(u) of the element u ∈ E . Since E is a
domain, degΘ(fg) = degΘ(f) + degΘ(g) for all f, g ∈ E . The case when m 6 0 ,
i.e., u ∈ D is obvious. So, we may assume that m > 1 . The element u can
be written as u = u0 + u1Θ + · · · + umΘ

m where ui ∈ D and um ̸= 0 . The
equality tu = Zv implies that degΘ(v) = m − 1 , since degΘ(Z) = 1 . Therefore,
v = v0 + v1Θ+ · · ·+ vm−1Θ

m−1 for some vi ∈ D and vm−1 ̸= 0 . Then

tu0 + tu1Θ+ · · ·+ tumΘ
m = (t2Θ+ ξ)(v0 + v1Θ+ · · ·+ vm−1Θ

m−1)

=t2
(
σ(v0)Θ+δ′(v0)

)
+t2

(
σ(v1)Θ+δ′(v1)

)
Θ+ · · ·+t2

(
σ(vm−1)Θ+δ′(vm−1)

)
Θm−1

+ξv0 + ξv1Θ+ · · ·+ ξvm−1Θ
m−1

= t2δ′(v0) + ξv0 +
(
t2σ(v0) + t2δ′(v1) + ξv1

)
Θ+ · · ·+ t2σ(vm−1)Θ

m.

Comparing the terms of degree zero we have the equality tu0 = t2δ′(v0)+ ξv0 , i.e.,

t
(
u0 − tδ′(v0)− (H + 4)Φv0 + (H + 2)tv0 + 2Cv0

)
= Φ(C − Φ)v0.

All terms in the equality belong to the algebra D . Since t is a normal element
of the algebra D such that D/Dt ≃ K[C,H,Φ] is a domain and the elements
Φ and C − Φ do not belong to the ideal Dt , we have v0 ∈ Dt , i.e., v0 = tw0

for some w0 ∈ D . Now, the element v can be written as v = tw0 + v′Θ where
v′ = 0 if m = 1 , and degΘ(v

′) = m − 2 if m > 2 . Then tu = Z(tw0 + v′Θ)
and so t(u − Zw0) = Zv′Θ . Hence, u − Zw0 = u′Θ for some u′ ∈ E with
degΘ(u

′) < degΘ(u) . Now, tu′Θ = Zv′Θ , hence tu′ = Zv′ ∈ (Z) (by deleting Θ).
By induction, u′ ∈ (Z) , and then u = Zw0+u′Θ ∈ (Z) . This completes the proof
of the Claim 1.

Claim 2: E ∩ (Z)t = (Z).

Proof of Claim 2: Clearly, (Z) ⊆ E ∩ (Z)t . It remains to establish the reverse
inclusion. Let u ∈ E ∩ (Z)t . Then tiu ∈ (Z) for some i ∈ N . Then by the Claim
1, u ∈ (Z) . Hence, E ∩ (Z)t = (Z).

By Claim 2, the algebra E/(Z) is a subalgebra of Et/(Z)t . So, E/(Z) is a
domain. In particular, the algebra C ≃ E/(Z) is a Noetherian domain.

(v) C ≃ CA(H) : Since GK(C) = GK
(
CA(H)

)
= 4 and the algebra C is a

domain. The algebra epimorphism f : C −� CA(H) must be an isomorphism, i.e.,
C ≃ CA(H) , by [12, Proposition 3.15]. This means that the relations (15)–(18) are
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defining relations of the algebra CA(H) together with the condition that C and
H are central elements. By Lemma 3.1.(2), Z

(
CA(H)

)
= K[C,H] .

The Weyl algebra A′
1 = K[h][t, e;σ, a = h] is a GWA where σ(h) = h − 1

and h := et . So, A′
1 = ⊕i∈ZA

′
1,i is a Z-graded algebra where A′

1,0 = K[h] is
a polynomial algebra in h and, for i > 1 , A′

1,±i = K[h]v±i where vi = ti and
v−i = ei . The algebra CAX

(H) = ⊕i∈ZCAX
(H)i is a Z-graded algebra where

CAX
(H)i = K[C,H]⊗ A′

1,i.

By Lemma 3.1, the algebra CA(H) is a subalgebra of CAX
(H) = K[C,H]⊗A′

1

where

Φ = C +Ht+ et2 = C + (h+H)t, (20)
Θ = FE = FX2 · EX−2 = Φe = Ce+ (h+H)(h− 1), (21)

since et = h and te = h− 1 .
In order to prove Proposition 3.6, we need to change the generators of the

algebra (we replace Φ by ϕ = ht).

Corollary 3.5. Let ϕ := EY 2 . Then ϕ = et2 = ht and the algebra CA(H) is
generated by the elements C,H, t, ϕ and Θ subject to the defining relations

[ϕ, t] = t2, (22)
[Θ, t] = 2ϕ+ (H − 2)t+ C, (23)
[Θ, ϕ] = 2Θt+ (−ϕ+ 2t)H, (24)
Θt2 = (ϕ+Ht+ C)ϕ. (25)

Proof. Since ϕ = EX−2X2Y 2 = et2 = ht = Φ−C−Ht , the algebra CA(H) is
generated by the elements C,H, t, ϕ and Θ . It is routine to check that the defining
relations (15)–(18) can be written as (22)–(25), respectively.

By (21), for all n > 1 , Θn =
∑n

i=0Θn,ie
i for some Θn,i ∈ K[C,H, h] with

degh Θn,i = 2(n− i) . Moreover, Θn,n = Cn and Θn,0 = (h+H)n(h− 1)n. For all
n > 1 ,

ϕn = ϕnt
n where ϕn := h(h− 1) · · · (h− n+ 1). (26)

For all i > 1 and j > 0 ,

Θiϕj =
i∑

s=0

Θi,sσ
−s(ϕj)e

stj =
i∑

s=0

Θi,sσ
−s(ϕj)(−s, j)v−s+j =

i∑
s=0

Pi,j,sv−s+j

where (−s, j) = h(h+1) · · · (h+s−1) for 1 6 s 6 j ; (−s, j) = σ−(s−j)
(
(−j, j)

)
=

(h+ s− 1) · · · (h+ s− j) for all s > j ; and (0, j) := 1 ; Pi,j,s ∈ K[C,H, h] with

degh Pi,j,s = 2(i− s) + j +min(s, j) = (2i+ j)− 2s+min(s, j) 6 2i+ j
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and degh Pi,j,s = 2i+ j iff s = 0 . For all i > 1 and j > 0 we have

Θiϕjt =
i∑

s=0

Θi,sσ
−s(ϕj)e

stj+1 =
i∑

s=0

Θi,sσ
−s(ϕj)(−s, j + 1)v−s+j+1

=
i∑

s=0

Qi,j,sv−s+j+1,

where Qi,j,s ∈ K[C,H, h] with

deghQi,j,s = 2(i− s) + j +min(s, j + 1) = 2i+ j − 2s+min(s, j + 1) 6 2i+ j

and degh Qi,j,s = 2i+ j iff s = 0 .

Proposition 3.6. The algebra CA(H) is a free module over its centre. Fur-
thermore, the set B(H) := {Θiϕjtk, ϕltm | i > 1, k = 0, 1 and j, l,m ∈ N} is a free
basis of the Z

(
CA(H)

)
-module CA(H).

Proof. Let M be a free semigroup generated by the symbols Θ and ϕ , i.e., M
is the set of all words in letters Θ and ϕ . Let a be an element of CA(H) . By (22)
and (23), the element a is a linear combination of the elements m′tkC lHm where
m′ ∈ M and k, l,m ∈ N . By (24), the element a is a linear combination of the
elements ϕiΘjtkC lHm where i, j, k, l,m ∈ N . Using the induction on the degree
degΘ with respect to the variable Θ (i.e., degΘ(Θ) = 1 and degΘ(ϕ) = degΘ(t) =
degΘ(C) = degΘ(H) = 0) and the relation (25), i.e., Θt2 = (ϕ + Ht + C)ϕ , and
the relations (22)–(24), it follows that the element a is a linear combination of the
elements bC lHm where b ∈ B(H).

To finish the proof of the proposition it suffices to show that the elements of
the set B(H) are K(C,H)-linearly independent in the algebra K(C,H)⊗A′

1 (since
CA(H) ⊆ K[C,H]⊗A′

1 ⊆ K(C,H)⊗A′
1 where K(C,H) is the field of fractions of

the polynomial algebra K[C,H]). Let F := K(C,H) . Then the algebra F ⊗ A′
1

is the Weyl algebra A′
1(F) over the field F . By (22) and the equality ϕ = ht

(Corollary 3.5), the F -subalgebra of A′
1(F) generated by the elements t and ϕ

is equal to F [t][ϕ; t2 d
dt
]. Therefore, the elements {ϕltm | l,m ∈ N} are F -linearly

independent.
Suppose that the elements of the set B(H) are linearly dependent over the

field F . Fix a non-trivial linear combinations,

L :=
∑

i>1,j>0

Θiϕj(λij + µijt) +
∑
k,l>0

γklϕ
ktl

where λij, µij, γkl ∈ F . Then necessarily one of the elements λij +µijt is nonzero.
We seek a contradiction. Let N := max{2i+ j |λij +µijt ≠ 0} . Then N > 2 . Let
j0 = min{j | 2i + j = N, λij + µijt ̸= 0} . Then either λi0,j0 ̸= 0 or µi0,j0 ̸= 0 (or
both) where i0 =

1
2
(N − j0) .

Notice that L =
∑

Livi for some elements Li ∈ F [h] . Suppose that
λi0,j0 ̸= 0 . Then Lj0 = λi0,j0Pi0,j0,0 + α where α ∈ F [h] with degh α < N (since
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ϕktl = h(h − 1) · · · (h − k + 1)tk+l and degh h(h − 1) · · · (h − k + 1) = k 6 k + l ,
degh Pi0,j0,0 = 2i0 + j0 = N > j0 as i0 > 1). Therefore, λi0,j0 = 0 , a contradiction.
Similarly, if µi0,j0 ̸= 0 . Then Lj0+1 = µi0,j0Qi0,j0,0 + β where β ∈ F [h] with
degh β < N (since degh Qi0,j0,0 = 2i0 + j0 = N > j0 + 1 as i0 > 1). Therefore,
µi0,j0 = 0 , a contradiction. The proof of the proposition is complete.

The algebras Cλ,µ . For elements λ, µ ∈ K , let Cλ,µ := Cλ,µ
A (H) :=

CA(H)/(C − λ,H − µ) . By Theorem 3.4 and Corollary 3.5, the algebra Cλ,µ

is generated by the images of the elements {Φ,Θ, t} or {ϕ,Θ, t} in Cλ,µ . For
simplicity reason, we denote by the same letters their images. By Lemma 3.1.(2),

Cλ,µ
AX

:= Cλ,µ
AX

(H) := CAX
(H)/(C − λ,H − µ) ≃ A′

1.

So, there is a natural algebra homomorphism Cλ,µ → Cλ,µ
AX

= A′
1 . The following

proposition shows that the homomorphism is a monomorphism.

Proposition 3.7. Let λ, µ ∈ K. Then

1. The algebra Cλ,µ is generated by the elements ϕ,Θ and t subject to the
defining relations

[ϕ, t] = t2, (27)
[Θ, t] = 2ϕ+ (µ− 2)t+ λ, (28)
[Θ, ϕ] = 2Θt+ (−ϕ+ 2t)µ, (29)
Θt2 = (ϕ+ µt+ λ)ϕ. (30)

2. The set Bλ,µ = {Θiϕjtk, ϕltm | i > 1, k = 0, 1 and j, l,m ∈ N} is a K-basis
for the algebra Cλ,µ .

3. The algebra homomorphism

Cλ,µ −→ Cλ,µ
AX

= A′
1, t 7→ t, ϕ 7→ ht, Θ 7→ λe+ (h+ µ)(h− 1),

is a monomorphism.

4. The ideal (C − λ,H − µ) of the algebra CA(H) is equal to the intersection
of CA(H) and the ideal (C − λ,H − µ) of the algebra CAX

(H).

5. GK(Cλ,µ) = 2 and Z(Cλ,µ) = K.

Proof. 1. Statement 1 follows from Corollary 3.5.
2. and 3. By repeating the proof of Proposition 3.6 (where the elements C

and H are replaced by λ and µ , respectively), we have that the elements of Bλ,µ

span the vector space Cλ,µ . Let C
λ,µ be the image of the algebra Cλ,µ in A′

1 and
B

λ,µ be the image of the set Bλ,µ in A′
1 . The set B

λ,µ spans C
λ,µ . By repeating

the proof of Proposition 3.6 (where the elements C and H are replaced by λ and
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µ , respectively), we have that the set B
λ,µ is a K-basis for the algebra C

λ,µ . Now,
statements 2 and 3 follows.

4. Statement 4 follows from statement 3.
5. By statement 3, the subalgebra J of Cλ,µ generated by the elements t

and ϕ is isomorphic to the algebra K[t][ϕ; t2 d
dt
] . The inclusions J ⊆ Cλ,µ ⊆ A′

1

yield the inequalities 2 = GK(J) 6 GK(Cλ,µ) 6 GK(A′
1) = 2 , i.e., GK(Cλ,µ) = 2.

Notice that the centralizers of the elements t and ϕ = ht in the Weyl algebra A′
1

are K[t] and K[ϕ] , respectively. Therefore, K ⊆ Z(Cλ,µ) = K[t] ∩K[ϕ] = K , i.e.,
Z(Cλ,µ) = K.

By Proposition 3.7.(1,3), we have the inclusions of algebras

Cλ,µ ⊂ A′
1 ⊂ A′

1,t = Cλ,µ
t (31)

where A′
1,t and Cλ,µ

t are localizations of the algebras A′
1 and Cλ,µ at the powers

of the element t .
The Weyl algebra A′

1 has a standard ascending filtration {A′
1,i}i∈N by the total

degree of the variables e and t (deg(eitj) = i+ j for all i, j > 0). The associated
graded algebra grA′

1 is a polynomial algebra K[e, t] , by abusing the notation. The
subalgebra Cλ,µ of A′

1 has the induced filtration {Cλ,µ ∩ A′
1,i}i∈N . Therefore,

the associated graded algebra gr(Cλ,µ) is a subalgebra of the polynomial algebra
gr(A′

1) . The elements t, ϕ and Θ have total degrees 1, 3 and 4 , respectively; and
their images in gr(Cλ,µ) are t, et2 and e2t2 , respectively.

Now, let us consider Cλ,µ as an abstract algebra and equip it with the
degree filtration F = {Fi}i∈N where deg(t) = 1, deg(ϕ) = 3 and deg(Θ) = 4 . By
(27)–(30), the associated graded algebra grF(C

λ,µ) is a commutative algebra which
is an epimorphic image of the factor algebra K[t, ϕ,Θ]/(Θt2 −ϕ2) . So, by abusing
the notation, the algebra grF(C

λ,µ) is generated by (the images of) the elements
t, ϕ and Θ that commute (see (27)–(29)) and satisfy the relation Θt2 = ϕ2 , see
(30).

Lemma 3.8. 1. For all i ∈ N, Fi = Cλ,µ ∩ A′
1,i .

2. grF(C
λ,µ) = K[t, ϕ,Θ]/(Θt2 − ϕ2), grF(C

λ,µ) = gr(Cλ,µ) ⊂ gr(A′
1) = K[t, e]

where ϕ = et2 and Θ = e2t2 as elements of K[e, t].

3. The algebra gr(A′
1) is not a finitely generated gr(Cλ,µ)-module.

4. The algebra A′
1 is not a finitely generated left/right Cλ,µ -module.

Proof. 1. By Proposition 3.7.(2), the set Bλ,µ is a K-basis of the algebra
Cλ,µ . We keep the notation as above. Since grF(C

λ,µ) is a commutative algebra,
each vector space Fn is a linear span of elements of Bλ,µ with degrees 6 n
(deg(Θiϕjtk) = 4i + 3j + k and deg(ϕltm) = 3l + m). Then, also each vector
space Cλ,µ ∩ A′

1,n is a linear space of elements of Bλ,µ with total degree 6 n
(deg(Θiϕjtk) = 4i+3j+ k and deg(ϕltm) = 3l+m). Therefore, Fn = Cλ,µ ∩A′

1,n

for all n > 0 .



542 Bavula and Lu

2. The set Bλ,µ is a K-basis of the factor algebra Λ = K[t, ϕ,Θ]/(Θt2−ϕ2) .
Therefore, the algebra epimorphism Λ → grF(C

λ,µ) is an isomorphism. Now,
statement 2 follows from statement 1.

3. By statement 2, gr(Cλ,µ) ⊆ D = K[t, et] . Since the polynomial algebra
K[t, e] is not a finitely generated D -module, it is not a finitely generated gr(Cλ,µ)-
module.

4. Statement 4 follows from statement 3.

Corollary 3.9. Let M be a finitely generated Cλ,µ -module. Then GK(M) ∈
{0, 1, 2}.

Proof. The statement follows from Lemma 3.8.(2).

4. Classification of simple CA(H)-modules

In this section, K is an algebraically closed field. In this section, a classification
of simple CA(H)-modules is given. This classification is used in a classification
of simple weight A-modules which is obtained in Section 6. Two cases where the
element C acts as zero or nonzero are very different cases, they are dealt with
separately with different techniques. For an algebra A , we denote by Â the set of
isomorphism classes of simple A-modules. If P is a property of simple modules
which is invariant under isomorphisms of modules then Â(P) stands for the set of
all isomorphism classes of simple A-modules that satisfy P . Clearly,

ĈA(H) =
⊔

λ,µ∈K

Ĉλ,µ. (32)

The simple Cλ,µ -module Mλ,µ (where λ ̸= 0). Suppose that λ ̸= 0 and
µ is arbitrary. By Proposition 3.7.(3), Cλ,µ is a subalgebra of the Weyl algebra A′

1

where ϕ = ht and Θ = λe+(h+µ)(h−1) . The A′
1 -module M := A′

1/A
′
1t = K[e]1̄

is a free K[e]-module of rank 1 where 1̄ := 1 + A′
1t . The A′

1 -module M is simple
and can be identified with the algebra K[e] as a vector space. Then the element
t acts on M as − d

de
. The concept of dege is well-defined for M ≃ K[e] . Since

Θ · ei1̄ = λei+11̄ + · · · for all i > 0 (where the three dots denote a polynomial
of degree < i + 1) and t acts on M as − d

de
, the Cλ,µ -module M is simple. We

denote it by Mλ,µ .

Lemma 4.1. Let λ ∈ K∗ and µ ∈ K. Then

1. The Cλ,µ -module Mλ,µ is a simple module of GK dimension 1, Mλ,µ ≃
Cλ,µ/Cλ,µ(t, ϕ) and the map t : Mλ,µ → Mλ,µ, m 7→ tm, is a surjection.

2. Cλ,µ = K[Θ]⊕ Cλ,µ(t, ϕ) and Cλ,µ(t, ϕ) = K[Θ]ϕ⊕ Cλ,µt.

Proof. It follows from Proposition 3.7.(3) that

1 = GKK[Θ](M
λ,µ) 6 GKCλ,µ(Mλ,µ) 6 GKA′

1
(Mλ,µ) = 1,
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i.e., GKCλ,µ(Mλ,µ) = 1 . The map t· = − d
de

: Mλ,µ ≃ K[e] → Mλ,µ ≃ K[e] is
a surjection. Since t1̄ = 0 and ϕ1̄ = ht · 1̄ = 0 , there is a natural Cλ,µ -module
epimorphism Cλ,µ/Cλ,µ(t, ϕ)−� Mλ,µ which is necessarily an isomorphism, by
Proposition 3.6. In particular, Cλ,µ = K[Θ] ⊕ Cλ,µ(t, ϕ). Then Cλ,µ(t, ϕ) =
K[Θ]ϕ⊕ Cλ,µt (by Proposition 3.6, (27) and (30)).

The simple Cλ,µ -module Nλ,µ (where λ ̸= 0). By Lemma 4.1, there is
a short exact sequence of Cλ,µ -modules

0 −→ Nλ,µ −→ Cλ,µ/Cλ,µt −→ Mλ,µ −→ 0 (33)

where Nλ,µ := Cλ,µ(t, ϕ)/Cλ,µt = K[Θ]ϕ1̃ and 1̃ = 1 + Cλ,µt. Clearly,
K[Θ]N

λ,µ ≃ K[Θ] (Lemma 4.1.(2)), tϕ1̃ = 0 and (ϕ+ λ)ϕ1̃ = 0 (by (30)).

Lemma 4.2. Let λ ∈ K∗ and µ ∈ K. Then the Cλ,µ -module Nλ,µ is a
simple module of GK dimension 1, Nλ,µ ≃ Cλ,µ/Cλ,µ(t, ϕ + λ) and the map
t· : Nλ,µ → Nλ,µ, n 7→ tn, is a surjection.

Proof. Since K[Θ]N
λ,µ ≃ K[Θ] , the concept of degΘ of the elements of Nλ,µ is

well-defined (degΘ(Θiϕ1̃) := i for all i > 0). Let us show that, for all n > 0 ,

t ·Θnϕ1̃ = λnΘn−1ϕ1̃ + · · · , (34)
(ϕ+ λ) ·Θnϕ1̃ = −λn(µ+ n− 1)Θn−1ϕ1̃ + · · · , (35)

where the three dots means a term of degΘ < n− 1 . We use induction on n . The
case n = 0 was proved above (tϕ1̃ = 0 and (ϕ + λ)ϕ1̃ = 0). Suppose that n > 0
and the equalities are true for all n′ < n . Then

t ·Θn+1ϕ1̃ =
(
[t,Θ] + Θt

)
Θnϕ1̃

= −
(
2ϕ+ (µ− 2)t+ λ

)
Θnϕ1̃ + λnΘnϕ1̃ + · · ·

= −
(
− λ+ 2(ϕ+ λ)

)
Θnϕ1̃ + λnΘnϕ1̃ + · · ·

= λ(n+ 1)Θnϕ1̃ + · · · ,
(ϕ+ λ) ·Θn+1ϕ1̃ =

(
[ϕ+ λ,Θ] + Θ(ϕ+ λ)

)
Θnϕ1̃

= −
(
2Θt+ (−ϕ+ 2t)µ

)
Θnϕ1̃− λn(µ+ n− 1)Θnϕ1̃ + · · ·

= −
(
2λn+ λµ

)
Θnϕ1̃− λn(µ+ n− 1)Θnϕ1̃ + · · ·

= −λ(n+ 1)(µ+ n)Θnϕ1̃ + · · · .

By (34), the Cλ,µ -module Nλ,µ is simple. By (34) and (35), GK(Nλ,µ) = 1 . By
(34), the map t· : Nλ,µ → Nλ,µ is a surjection. Finally, by Lemma 4.1.(2),

Cλ,µ = K[Θ]⊕K[Θ]ϕ⊕ Cλ,µt = K[Θ]⊕K[Θ](ϕ+ λ)⊕ Cλ,µt.

Therefore, the canonical Cλ,µ -module epimorphism Cλ,µ/Cλ,µ(t, ϕ + λ) → Nλ,µ

must be an isomorphism.
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Corollary 4.3. The map t· : Cλ,µ/Cλ,µt → Cλ,µ/Cλ,µt, a+Cλ,µt 7→ ta+Cλ,µt,
is a surjection provided λ ̸= 0.

Proof. By Lemma 4.1.(1) and Lemma 4.2, the maps t· : Nλ,µ → Nλ,µ and
t· : Mλ,µ → Mλ,µ are surjections, hence so is the map t· in the lemma, in view of
the short exact sequence (33).

Lemma 4.4. Let R be a ring, s, r ∈ R and
sm,n : R/Rrn → R/Rrn, a+Rrn 7→ sma+Rrn , for m,n > 1.

If the map s1,1 is a surjection then all the maps sm,n are surjections and R =
smR +Rrn for all m,n > 1.

Proof. If the map sm,n is a surjection then R = smR + Rrn . For each i > 1 ,
consider the map si := s· : Rri/Rri+1 → Rri/Rri+1, ari +Rri+1 7→ sari +Rri+1 .
In the commutative diagram

R/Rr
s1,1 //

·ri
��

R/Rr

·ri
��

Rri/Rri+1
si

// Rri/Rri+1

the vertical maps are surjection. Since the map s1,1 is surjective, the map si is
also surjective. By considering the finite filtration of the abelian group R/Rrn ,

0 ⊆ Rrn−1/Rrn ⊆ Rrn−2/Rrn ⊆ . . . ⊆ R/Rrn,

we see that the map s1,n is a surjection. Then so is its powers (s1,n)
m = sm,n.

Theorem 4.5. For all λ ∈ K∗ and µ ∈ K, the algebra Cλ,µ is a central simple
algebra of Gelfand-Kirillov dimension 2.

Proof. In view of Proposition 3.7.(5), it remains to show that the algebra Cλ,µ

is simple (where λ ∈ K∗ and µ ∈ K). By Corollary 4.3 and Lemma 4.4 (where
s = r = t), Cλ,µ = tnCλ,µ + Cλ,µtn . In particular, Cλ,µ = (tn) for all n > 1 . Let
a be a nonzero ideal of the algebra Cλ,µ . We have to show that a = Cλ,µ . By
(31), the algebra Cλ,µ

t = A′
1,t is a simple Noetherian algebra. Therefore, tn ∈ a

for some n > 1 , and so a = Cλ,µ , as required.

Proposition 4.6. Let λ ∈ K∗ and µ ∈ K. Then, for all nonzero elements
a ∈ A′

1 , the Cλ,µ -module A′
1/A

′
1a has finite length but the Cλ,µ -module A′

1 has
infinite length.

Proof. The A′
1 -module M = A′

1/A
′
1a = A′

11̄ (where 1̄ = 1 + A′
1a) admits the

standard filtration {Mi := A′
1,i1̄} . Then dim(Mi) = e(M)i+s for all i ≫ 0 where

e(M) ∈ N \ {0} is the multiplicity of the A′
1 -module M and s ∈ Z . The algebra

Cλ,µ is simple (since λ ̸= 0). Hence, every simple Cλ,µ -module has GK dimension



Bavula and Lu 545

1. Then using a concept of multiplicity of a finitely generated Cλ,µ -module (see
Lemma 3.8.(2)), we must have that the Cλ,µ -module M has finite length. By
Lemma 3.8.(4), the Cλ,µ -module A′

1 has infinite length.

Classification of simple Cλ,µ -modules where λ ̸= 0. The Weyl algebra
A′

1 is a subalgebra of the skew Laurent polynomial algebra B = K(h)[t, t−1;σ]
where σ(h) = h − 1 . The algebra B is the localization S−1A′

1 of the Weyl
algebra A′

1 at S := K[h] \ {0} . The algebra B is a Euclidean ring with left
and right division algorithms. The algebra B is a principle left and right ideal
domain. Each simple B -module is isomorphic to B/Bb where b is an irreducible
(indecomposable) element of B . B -modules B/Bb and B/Bc are isomorphic iff
the elements b and c are similar, i.e., there exists an element d ∈ B such that 1
is the greatest common right divisor of c and d , and bd is the least common left
multiple.

Let α, β ∈ S = K[h] \ {0} . We write α < β if there are no roots λ and µ

of the polynomials α and β , respectively, such that λ− µ ∈ N .
Definition. [4]. An element b = emβm+em−1βm−1+· · ·+β0 , where m > 0 ,

βi ∈ K[h] and β0, βm ̸= 0 , is called normal if β0 < βm and β0 < h .
The simple modules over the (first) Weyl algebra was classified by Block

[8] and later using a different approach with a short proof by Bavula [2, 4]. For
a simple A′

1 -module M there are two options either S−1M = 0 or S−1M ̸= 0 .
Accordingly, we say that the simple module is K[h]-torsion or K[h]-torsionfree,
respectively.

Theorem 4.7. [2, 4]. Â′
1 = Â′

1 (K[h]-torsion) ⊔ Â′
1 (K[h]-torsionfree) where

1. Â′
1 (K[h]-torsion) = {A′

1/A
′
1t, A′

1/A
′
1e, A′

1/A
′
1(h − λO) | O ∈ K/Z \ {Z}}

where λO is any fixed element of O = λO + Z.

2. Each simple K[h]-torsionfree A′
1 -module is isomorphic to Mb := A′

1/A
′
1∩Bb

for a normal, irreducible element b. Simple A′
1 -modules Mb and Mb′ are

isomorphic iff the elements b and b′ are similar.

The following theorem gives a classification of simple Cλ,µ -modules where
λ ̸= 0 . It shows that there is a tight connection between the sets of simple Cλ,µ -
modules and A′

1 -modules. The theorem gives an explicit construction for each
simple Cλ,µ -module as a factor module Cλ,µ/I where I is a left maximal ideal
of Cλ,µ . Let M be an A-module. The sum of all simple submodules of the A-
module M is called the socle of M , denoted by socA(M) . A submodule M ′ of M
is called essential if its intersection with any nonzero submodule of M is nonzero.
For Cλ,µ -module M , we denote by lCλ,µ(M) its length.

Theorem 4.8. Let λ ∈ K∗ and µ ∈ K. Then

1. The map soc = socCλ,µ : Â′
1 −→ Ĉλ,µ, [M ] 7→ [socCλ,µ(M)], is an injection,

and Ĉλ,µ = soc(Â′
1) ⊔ {Nλ,µ}. Furthermore,
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(a) the map soctf : Â′
1 (t-torsionfree) −→ Ĉλ,µ (t-torsionfree),

[M ] 7→ [socCλ,µ(M)], is a bijection, but

(b) the map soctt : Â′
1 (t-torsion) = {A′

1/A
′
1t} −→ Ĉλ,µ (t-torsion) =

{Mλ,µ, Nλ,µ}, [A′
1/A

′
1t] 7→ [Mλ,µ], is an injection which is not a

bijection. In particular, the simple Cλ,µ -modules Mλ,µ and Nλ,µ are
not isomorphic and the short exact sequence (33) splits.

2. For each [M ] ∈ Â′
1 (K[h]-torsion), the Cλ,µ -module M is simple, i.e.,

socCλ,µ(M) = M .

3. For each [M ] ∈ Â′
1 (K[h]-torsionfree),i.e.,M=Mb=A′

1/A
′
1 ∩ Bb where b∈B

is as in Theorem 4.7.(2), Nb := Cλ,µ/Cλ,µ ∩ Bb ⊆ Mb and socCλ,µ(Mb) =
socCλ,µ(Nb) ≃ Nbt−n for all n ≫ 0.

Proof. 1. Let M be a simple A′
1 -module. By Proposition 4.6, the Cλ,µ -

module M has finite length. In particular, socCλ,µ(M) ̸= 0 . Let us show that
socCλ,µ(M) is a simple Cλ,µ -module. Let Mt be the localization of the A′

1 -
module M at the powers of the element t . If Mt = 0 , i.e., M ≃ A′

1/A
′
1t , then

socCλ,µ(A′
1/A

′
1t) = A′

1/A
′
1t since the Cλ,µ -module A′

1/A
′
1t = Mλ,µ is simple, as we

have seen above. If Mt ̸= 0 , then the A′
1 -module M is an essential submodule

of Mt . By (31), the Cλ,µ -module M is also an essential Cλ,µ -submodule of Mt .
Therefore, socCλ,µ(M) is a simple Cλ,µ -module. This implies that the map soc
is an injection (if simple A′

1 -modules M and M ′ are isomorphic they are also
isomorphic as Cλ,µ -module, and so socCλ,µ(M) ≃ socCλ,µ(M ′)).

(a) The map soctf is a bijection: It remains to show that the map soctf

is a surjection. Let N be a simple t-torsionfree Cλ,µ -module. Then Nt is a
simple Cλ,µ

t -module which is automatically a simple A′
1,t -module, by (31). Then

N = socCλ,µ(Nt) ⊆ M := socA′
1
(Nt) ⊆ Nt and M ̸= 0 (by Proposition 4.6), and

therefore M is a simple t-torsionfree A′
1 -module (since M is an essential A′

1 -
submodule of Mt = Nt ). Now, N = socCλ,µ(M) , as we have seen above. So, the
map soctf is a bijection.

(b) The A′
1 -module A′

1/A
′
1t is a simple t-torsion A′

1 -module. Hence,
Â′

1 (t-torsion) = {A′
1/A

′
1t} . Let us show that Ĉλ,µ (t-torsion) = {Mλ,µ, Nλ,µ} .

By Lemma 4.1.(1), the Cλ,µ -module Mλ,µ = A′
1/A

′
1t is simple and t-torsion.

By Lemma 4.2 and (34), the Cλ,µ -module Nλ,µ is simple and t-torsion. The
Cλ,µ -modules Mλ,µ and Nλ,µ are not isomorphic since Mλ,µ = ∪n>1ker(ϕ

n·) and
Nλ,µ = ∪n>1ker((ϕ + λ)n·) (by (35)). Let M be a simple t-torsion Cλ,µ -module.
It remains to show that either M ≃ Mλ,µ or M ≃ Nλ,µ . The Cλ,µ -module M is
an epimorphic image of the Cλ,µ -module Cλ,µ/Cλ,µt . By (33), either M ≃ Mλ,µ

or, otherwise, M ≃ Nλ,µ . Since both cases do occur the short exact sequence (33)
splits otherwise the only first case (M ≃ Mλ,µ ) would occur. Now, the statement
(b) is obvious. Then, Ĉλ,µ = soc(Â′

1) ⊔ {Nλ,µ} .
2. By Theorem 4.7.(1), there are 3 cases to consider. The first case,

i.e., A′
1/A

′
1t = Mλ,µ , is obvious. Let M = A′

1/A
′
1e . Then M = K[t]1̄ where

1̄ := 1 + A′
1e . If N is a nonzero Cλ,µ -module then necessarily N = fK[t]1̄ for



Bavula and Lu 547

some nonzero polynomial f ∈ K[t] . Since dimK(M/N) < ∞ and the algebra Cλ,µ

is a simple infinite dimensional algebra (Theorem 4.5) we must have N = M , i.e.,
the Cλ,µ -module A′

1/A
′
1e is simple.

Finally, let M = A′
1/A

′
1(h − ν) where ν = νO ̸∈ Z . Then M = ⊕i∈ZKvi1̄

where 1̄ := 1 + A′
1(h − ν) , v0 := 1 and, for all i > 1 , vi = ti and v−i = ei .

For all i > 1 and j ∈ Z , tivj 1̄ = λijvi+j for some λij ∈ K∗ . Therefore, the
element t acts as a bijection on the module M and M = K[t, t−1]1̄ ≃ K[t, t−1] ,
as K[t, t−1]-modules. If N is a nonzero submodule of M then N = gM for some
nonzero element g of K[t, t−1] . Since dimK(M/N) < ∞ and the algebra Cλ,µ is
a simple infinite dimensional algebra (Theorem 4.5) we must have N = M . This
means that the Cλ,µ -module M is simple.

3. Let M = Mb = A′
11̄ where 1̄ = 1+A′

1∩Bb . Recall that the Cλ,µ -module
M has finite length and let N be a simple Cλ,µ -submodule of M (statement 1).
Since h = et , the A′

1 -module M is t-torsionfree, and so 0 ̸= Nt ⊆ Mt . The
Cλ,µ

t -module Nt is also an A′
1,t -module since Cλ,µ

t = A′
1,t (see (31)). Therefore,

Nt = Mt , since the A′
1,t -module Mt is simple and Nt is its nonzero A′

1,t -submodule.
Notice that Nt = Mt = A′

1,t/A
′
1,t ∩ Bb = Cλ,µ

t /Cλ,µ
t ∩ Bb ⊇ Cλ,µ/Cλ,µ ∩ Bb =

Nb ̸= 0 and (Nb)t = Mt . Hence, N = socCλ,µ(Nb) . Clearly, Nb = Cλ,µ1̃ where
1̃ := 1 + Cλ,µ ∩ Bb . For each n ∈ N , let Nn = Cλ,µtn1̃ . Then Nn ̸= 0 since
(Nn)t = (Nb)t ̸= 0 . Since the Cλ,µ -module Nb has finite length the descending
chain of Cλ,µ -submodules of Nb , Nb = N0 ⊇ N1 ⊇ · · · , stabilizes, say, at m ’th
step, i.e., Nb = N0 ⊇ N1 ⊇ · · · ⊇ Nm = Nm+1 = . . . and Nm ̸= 0 . Since
(M/N)t = Mt/Nt = Mt/Mt = 0 , we must have tn1̄ ∈ N , i.e., N = Nn for some
n . Then necessarily n > m and Nm = N . Now, for all n > m ,

N = Cλ,µtn1̃ ≃ Cλ,µtn + Cλ,µ ∩Bb

Cλ,µ ∩Bb
≃ Cλ,µtn

Cλ,µtn ∩Bb
≃ Cλ,µ/Cλ,µ ∩Bbt−n.

The algebras C0,µ . The subalgebra R of the Weyl algebra A′
1 which is

generated by the elements t and h = et is a skew polynomial algebra R = K[h][t;σ]
where σ(h) = h−1 . The algebra R is a homogeneous subalgebra of the Z-graded
algebra A′

1 , it is the non-negative part of the Z-grading of A′
1 . By Proposition

3.7.(3), for all µ ∈ K , C0,µ ⊂ R ⊂ A′
1 and the subalgebra C0,µ of R is generated

by the elements t, ϕ = ht and Θ = (h + µ)(h − 1) . Clearly, K[Θ] ⊆ K[h] and
K[h] = K[Θ] ⊕ K[Θ]h . The element t is a normal element of the algebra R and
(t) = ⊕i>1K[h]ti.

Proposition 4.9. Let µ ∈ K.
1. C0,µ = K[Θ] ⊕

⊕
i>1K[h]ti and C0,µ ∩ Rt = Rt =

⊕
i>1K[h]ti = (t, ϕ) =

(t) where (t, ϕ) is the ideal of C0,µ generated by the elements t and ϕ.
Furthermore, (t, ϕ) = C0,µt+ C0,µϕ.

2. C0,µ ⊂ R ⊂ Rt = C0,µ
t = A′

1,t.

3. Spec(C0,µ) = {0, (t), (t,m) |m ∈ Max(K[Θ])}, C0,µ/(t) ≃ K[Θ], and
C0,µ/(t,m) ≃ K[Θ]/m. In particular, all prime ideals of C0,µ are completely
prime.

4. Max(C0,µ) = {(t,m) |m ∈ Max(K[Θ])}.
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Proof. 1. The equality (t, ϕ) = (t) follows from (28). Multiplying the equality
K[h] = K[Θ]⊕K[Θ]h by the element t on the right yields

K[h]t = K[Θ]t⊕K[Θ]ϕ ⊆ C0,µ .
For all i > 1 , C0,µ ⊇ (K[h]t)i = K[h]ti , and so C0,µ = K[Θ] ⊕

⊕
K[h]ti (since

C0,µ ⊆ R). Then C0,µ ∩ Rt = Rt =
⊕

i>1K[h]ti = (t, ϕ) . By Proposition 3.6,
(t, ϕ) = C0,µt+ C0,µϕ.

2. Statement 2 follows from statement 1 and (31).
3. and 4. The ideal (t) of C0,µ is a completely prime ideal since C0,µ/(t) ≃

K[Θ] , by statement 1. Therefore, the set of prime ideals that properly contain the
ideal (t) is {(t,m) |m ∈ Max(K[Θ])} . Each such an ideal is a completely prime,
maximal ideal of C0,µ . The algebra C0,µ is a domain, so 0 is the completely prime
ideal of C0,µ . To finish the proof of statements 3 and 4 it suffices to show that if p
is a nonzero prime ideal of C0,µ then (t) ⊆ p . Recall that Rt = (t) , by statement
1. By statement 2, C0,µ

t = A′
1,t is a simple Noetherian domain. Therefore, tn ∈ p .

Hence, p ⊇ Rtn · t = Rtn+1 = (Rt)n+1 , and so p ⊇ Rt since p is a prime ideal and
Rt = (t) .

Classification of simple C0,µ -modules. The set S = K[h] \ {0} is a
(left and right) Ore set of the domain C0,µ and B := S−1C0,µ = K(h)[t;σ] is a
skew polynomial algebra where σ(h) = h− 1 . The algebra B is a (left and right)
principle ideal domain. Let Irr(B) be the set of irreducible elements of B .

In [5], simple modules for an arbitrary Ore extension D[X;σ, δ] are classified
where D is a commutative Dedekind domain, σ is an automorphism of D and δ
is a σ -derivation of D . The ring R = K[h][t;σ] is a very special case of such an
Ore extension.

Theorem 4.10.
1. R̂ (K[h]-torsion) = R̂ (t-torsion) = R̂/(t) =

{
[R/R(h− ν, t)] | ν ∈ K

}
.

2. R̂ (K[h]-torsionfree)=R̂ (t-torsionfree)={[Mb] | b∈Irr(B), R=Rt+R ∩ Bb},
where Mb := R/R∩Bb; Mb ≃ Mb′ iff the elements b and b′ are similar (iff
B/Bb ≃ B/Bb′ as B -modules).

Proof. 1. The last two equalities in statement 1 follow from the fact that t is a
normal element of R . Then, clearly, R̂ (K[h]-torsion) ⊇ R̂/(t) . It remains to show
that the reverse inclusion holds. Let M be a simple K[h]-torsion R-module. The
filed K is algebraically closed, so the R-module M is an epimorphic image of the
R-module R/R(h−ν) = K[t]1̄ for some ν ∈ K where 1̄ = 1+R(h−ν) . It follows
from the equalities hti1̄ = (ν + i)ti1̄ for all i > 0 that tK[t]1̄ is the only maximal
R-submodule of R/R(h− ν) . So, M ≃ R/R(h− ν, t) ∈ R̂/(t) , as required.

2. The first equality in statement 1 implies (in fact, is equivalent to) the
first equality in statement 2. By [5, Theorem 1.3]

R̂ (K[h]-torsionfree) = {[Mb] | b ∈ Irr(B), R = Rt+R ∩Bb}
(the condition (LO) of [5, Theorem 1.3] is equivalent to the condition R =
Rt+R ∩Bb).
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Theorem 4.11 gives a classification of simple C0,µ -modules. It shows a
close connection between the sets Ĉ0,µ and R̂ , they are almost identical, i.e.,
Ĉ0,µ (t-torsionfree) = R̂ (t-torsionfree) .

Theorem 4.11.

1. Ĉ0,µ (t-torsion) = {[M ] ∈ Ĉ0,µ | (t)M = 0} = Ĉ0,µ/(t)
= {[C0,µ/C0,µ(Θ− ν, t, ϕ)] | ν ∈ K}.

2. Ĉ0,µ (t-torsionfree) = R̂ (t-torsionfree) = R̂ (K[h]-torsionfree)
= {[Mb = R/R ∩Bb] | b ∈ Irr(B), R = Rt+R ∩Bb} (see Theorem 4.10).

Proof. 1. The last two equalities are obvious. Clearly, Ĉ0,µ (t-torsion) ⊇
Ĉ0,µ/(t) . It remains to show that the reverse inclusion holds. If M is a simple
t-torsion C0,µ -module that either (t)M = 0 or, otherwise, (t)M = M . The
second case is impossible since otherwise, M = (t)M = RtM ∈ R̂ (t-torsionfree) ,
a contradiction (t is a normal element of R). So, (t)M = 0 , as required.
2. In view of Theorem 4.10.(2), it remains to show that the first equality holds. Let
[M ] ∈ Ĉ0,µ (t-torsionfree) . By statement 1, M = (t)M = RtM ∈ R̂ (t-torsionfree) .
Given [N ] ∈ R̂ (t-torsionfree) . To finish the proof of statement 2, it suffices to show
that N is a simple C0,µ -module. If L is a nonzero C0,µ -submodule of N then
N ⊇ L ⊇ (t)L ̸= 0 , since N is t-torsionfree. Then (t)L = RtL = N , since N is a
simple R-module. Hence, L = N , i.e., N is a simple C0,µ -module, as required.

5. The prime spectrum of the algebra CA(H)

In this section, K is an algebraically closed field. In this section, the prime, com-
pletely prime, maximal and primitive spectra of the algebra CA(H) are described
together with inclusions of primes. (Theorem 5.3, Corollary 5.4, Corollary 5.5 and
Theorem 5.6).

Proposition 5.1. 1. For all p ∈ Spec (K[C,H]),
CA(H)p = CA(H) ∩ CAX

(H)p

is a completely prime ideal of CA(H) and p = K[C,H] ∩ CA(H)p.

2. The map Spec (K[C,H]) → Spec
(
CA(H)

)
, p 7→ CA(H)p, is an injection.

Proof. 1. Let p ∈ Spec (K[C,H]) . By Proposition 3.6, p = K[C,H]∩CA(H)p .
Clearly, CA(H)p ⊆ Ip := CA(H) ∩ CAX

(H)p and Ip is a completely prime ideal
of the algebra CA(H) since CA(H)/Ip ⊆ CAX

(H)/CAX
(H)p ≃ K[C,H]/p⊗A′

1 , a
domain. The field K is an algebraically closed field, so
Max(K[C,H]) = {(C − λ,H − µ) |λ, µ ∈ K} .

Claim: CA(H)m = Im for all m ∈ Max(K[C,H]) : Notice that m =
(C − λ,H − µ) where λ, µ ∈ K . Suppose that λ ̸= 0 . By Theorem 4.5,
CA(H)m is a maximal ideal of CA(H) . Since CA(H)m ⊆ Im ̸= CA(H) , the
inclusion must be the equality. Suppose that λ = 0 , i.e., m = (C,H − µ) . Since
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CAX
(H) = K[C,H] ⊗ A′

1 (Lemma 3.1.(2)) and C0,µ ⊆ CAX
(H)/CAX

(H)m ≃ A′
1

(a domain), the ideal q := Im/CA(H)m of C0,µ is a prime ideal. By Proposition
4.9.(3), either q = 0 or, otherwise, t ∈ q . The later case is impossible since
CAX

(H)/CAX
(H)m ≃ A′

1 ∋ t ̸= 0. Therefore, q = 0 . The proof of the claim is
complete.
Let V (p) := {m ∈ Max(K[C,H]) | p ⊆ m} . Then p ⊆

∩
m∈V (p) m = rad(p) =

p , i.e., p =
∩

m∈V (p)m . Then, by Proposition 3.6 and the claim, CA(H)p =∩
m∈V (p) CA(H)m =

∩
m∈V (p) CA(H) ∩ CAX

(H)m = CA(H) ∩
∩

m∈V (p)CAX
(H)m =

CA(H) ∩ (
∩

m∈V (p) m)⊗ A′
1 = CA(H) ∩ p⊗ A′

1 = CA(H) ∩ CAX
(H)p .

2. By statement 1, the map is well-defined and it is an injection (since
p = K[C,H] ∩ CA(H)p , see statement 1).

By Proposition 5.1.(2), we identify the poset
(
Spec (K[C,H]),⊆

)
with its

isomorphic copy in
(
Spec

(
CA(H)

)
,⊆

)
. Let At and CA(H)t be the (left and

right) localizations of the algebras A and CA(H) at the powers of the element
t , respectively. The inclusions of algebras A ⊂ AX ⊂ At yield the inclusions of
the centralizers CA(H) ⊂ CAX

(H) ⊂ CAt(H) . By Lemma 3.1.(3), At = (AX)t =
CAX

(H)t[X
±1;σ] . Then by Lemma 3.1.(2), CAt(H) = CAX

(H)t = K[C,H]⊗A′
1,t .

By Corollary 3.5, CA(H)t = K[C,H]⊗ A′
1,t . Therefore,

CAt(H) = CA(H)t = K[C,H]⊗ A′
1,t. (36)

The factor algebra C := CA(H)/(C). Since (C) = CA(H)C
Pr .5.1.(1)

=
CA(H) ∩ CAX

(H)C = CA(H) ∩ CAX
(H) ∩ CAt(H)C = CA(H) ∩ CAt(H)C , the

algebra C := CA(H)/(C) is a subalgebra of the factor algebra CAt(H)/CAt(H)C ≃
K[H]⊗A′

1,t that is generated by the elements t, ϕ = ht,H and Θ = (h+H)(h−1)

(see (21)). In particular, C is a Noetherian domain with GK(C) = 3 . Denote by
R the subalgebra K[H]⊗R of K[H]⊗A′

1,t where R = K[h][t;σ] and σ(h) = h−1 .
Clearly, R = K[H, h][t;σ] where σ(H) = H and σ(h) = h− 1 , and C ⊆ R . The
element t is normal element of the algebra R and Rt =

⊕
i>1K[H, h]ti . Clearly,

K[Θ, H] ⊆ K[H, h] and K[H, h] = K[Θ, H]⊕K[Θ, H]h since Θ = (h+H)(h− 1)
in R .

Lemma 5.2.

1. C = K[Θ, H]⊕
⊕

i>1K[H, h]ti = K[Θ, H]⊕Rt is a Noetherian domain with
GK(C) = 3 and C ∩Rt = Rt =

⊕
i>1K[H, h]ti = (t, ϕ) = (t).

2. C/(t) ≃ K[Θ, H], a polynomial algebra in Θ and H .

3. For all n > 1, [Θ, tn] = n(2ϕ+ C)tn−1 + n(H − n− 1)tn.

Proof. 1. The equality (t, ϕ) = (t) follows from (23). Multiplying the equality
K[H, h] = K[Θ, H] ⊕ K[Θ, H]h by the element t on the right yields the equality
K[H, h]t = K[Θ, H]t⊕K[Θ, H]ϕ ⊆ C . For all i > 1 , C ⊇ (K[H, h]t)i = K[H, h]ti ,
and so C = K[Θ, H]⊕Rt .
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2. Statement 2 follows from statement 1.
3. The case n = 1 is obvious, see (23). Suppose that n > 2 and the equality

holds for all n′ < n . Then

[Θ, tn] = [Θ, t]tn−1 + t[Θ, tn−1]

= (2ϕ+ C)tn−1 + (H − 2)tn + (n− 1)t
(
(2ϕ+ C)tn−2 + (H − n)tn−1

)
and using the equalities t(2ϕ+C) = (2ϕ+C)t− 2t2 and tH = Ht we obtain the
result.

Theorem 5.3. Spec
(
CA(H)

)
= Spec (K[C,H]) ⊔ {(C, t), (C,H−µ, t), (C,H−

µ, t,Θ − ν) |µ, ν ∈ K} and the inclusions between the prime ideals of CA(H) are
given in the following diagram:

(C,H − µ, t,Θ− ν)

{(C, q, t), | q ∈ Qµ,ν} (C,H − µ, t)

(C, t) (C,H − µ)

(C) (H − µ) Spec (K[C,H]) \ {(C), V (C),W (H)}

0

(37)

where Qµ,ν := {q ∈ Spec (K[H,Θ]) | htq = 1, q ⊆ (H − µ,Θ − ν)}, V (C) :=
{(C,H − µ) |µ ∈ K} and W (H) := {(H − µ) |µ ∈ K}.

Proof. By Proposition 5.1.(2) and (36), each prime ideal P of the algebra
CA(H) is either equal to CA(H)p for some prime ideal p of K[C,H] or, otherwise,
tn ∈ P for some n > 1 . From now on, we assume that the second case holds
(tn ∈ P ).

(i) If P is a prime ideal of CA(H) such that tn ∈ P for some n > 1 then
C ∈ P . To prove the statement we use induction on n . Let n = 1 , i.e., (t) ⊆ P .
By (23), 2ϕ ≡ −C mod P . Then, by (25), C2 ≡ 0 mod P . Hence, (C)2 ⊆ P
and so C ∈ P .

Suppose that n > 1 and the statement is true for all n′ < n . We assume
that tn−1 /∈ P . By Lemma 5.2.(3), (2ϕ + C)tn−1 ∈ P . Then, multiplying the
equality (25) on the right by tn−1 , we obtain that 0 ≡ (ϕ+ C)ϕtn−1 ≡ −1

4
C2tn−1

mod P , i.e., (C)2(tn−1) ⊆ P . Therefore, (C)2 ⊆ P since tn−1 /∈ P , and finally
C ∈ P , as required.



552 Bavula and Lu

(ii) (C, t) ⊆ P : The ideal P := P/(C) of the algebra C (see Lemma 5.2)
is a prime ideal that contains the element tn where n > 1 . Using the notation of
Lemma 5.2, it suffices to show that the ideal (t) = Rt of C is contained in P .
Since tn ∈ P , we have that P ⊇ Rtn · t = Rtn+1 = (Rt)n+1 , and so P ⊇ Rt , as
required.

By Lemma 5.2.(2), C/(C, t) ≃ C/(t) ≃ K[Θ, H] . Now, the description of
Spec (CA(H)) of the theorem is obvious. The inclusions in (37) are obvious. By
Lemma 5.2.(2) and the statement (ii), these are the only possible inclusions.

Remark. Using Corollary 3.5 and Theorem 5.3, for each prime ideal P , we
can easily write down the defining relations of the algebra CA(H)/P . Using
Proposition 3.6, Proposition 4.9 and Lemma 5.2, we can also give a K-basis for
the algebra CA(H)/P .

Corollary 5.4. Every prime ideal of CA(H) is completely prime.

Proof. The result follows from Theorem 5.3, Proposition 5.1.(1) and Proposi-
tion 4.9.(3).

The next corollary describes the set Max(CA(H)) of maximal ideals of the
algebra CA(H) .

Corollary 5.5.
Max(CA(H)) = {(C − λ,H − µ), (C,H − µ, t,Θ− ν) |λ ∈ K∗;µ, ν ∈ K}.

The following theorem is a description of the set
Prim (CA(H)) := {annCA(H)(M) |M ∈ ĈA(H)}

of primitive ideals of the algebra CA(H) .

Theorem 5.6. Prim
(
CA(H)

)
=

{(C − λ,H − µ) |λ, µ ∈ K} ⊔ {(C,H − µ, t,Θ− ν) |µ, ν ∈ K}.

Proof. Let R be the RHS of the equality. Since the elements C and H are
central in CA(H) , each primitive ideal P must contain an ideal (C − λ,H − µ)
for some λ, µ ∈ K . By Theorem 4.11 and Proposition 4.9.(3), annC0,µ(Mb) = 0

for all [Mb] ∈ Ĉ0,µ (t-torsionfree) since the algebra C0,µ
t is simple, i.e., (C,H − µ)

is a primitive ideal. Every ideal which is not of the type (C,H − µ) is maximal
(Corollary 5.5), hence primitive. So, all ideals in R are primitive. In view of (37),
it suffices to show that the ideals (C,H − µ, t) are not primitive. This is obvious
since CA(H)/(C,H − µ, t) ≃ C0,µ/(t) ≃ K[Θ] is a commutative algebra.

6. A classification of simple weight A-modules
The aim of this section is to give a classification of simple weight A-modules.
They are partitioned into several classes of modules which are classified separately
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using different techniques. The key idea is to use the classification of simple
CA(H)-modules. In this section, we assume that K is an algebraically closed
field of characteristic zero. For each coset O ∈ K/Z , we fix a representative
µO ∈ O = µO + Z . An A-module M is called a weight module provided that
M =

⊕
µ∈K Mµ where Mµ = {m ∈ M |Hm = µm}. An element µ ∈ K such

that Mµ ̸= 0 is called a weight of M . Let Wt(M) be the set of all weights of
the A-module M . For an algebra A , let Â be the set of isomorphism classes
of simple A-modules and Â (weight) be the set of isomorphism classes of simple
weight A-modules. Let M be an A-module and x ∈ A . We say that M is
x-torsion provided that for each element m ∈ M there exists a natural number
i ∈ N such that xim = 0 , and that M is x-torsionfree if the only element of M
annihilated by the element x is 0 . Since the set {X i | i ∈ N} is an Ore set in A ,

Â (weight) = Â (weight, X-torsion) ⊔ Â (weight, X-torsionfree). (38)

Description of the set Â (weight, X-torsion). An explicit description of
the set Â (weight, X-torsion) is given in Theorem 6.5. Clearly,

Â (weight, X-torsion) = Â (weight, X-torsion, Y -torsion)
⊔ Â (weight, X-torsion, Y -torsionfree).

(39)

Lemma 6.1. Let M ∈ Â (weight, X-torsion, Y -torsion). Then XM = YM =
0, i.e.,

Â (weight, X-torsion, Y -torsion) = Û (weight).

Proof. Let M ∈ Â (weight, X-torsion, Y -torsion) . There exists a nonzero
weight vector m ∈ M such that Xm = 0 and Y m = 0 , since XY = Y X .
Notice that M = Am (since M is a simple A-module). So, the A-module M
is an epimorphic image of the A-module A/(AX + AY ) = A/(X,Y ) = U , by
Lemma 2.3.

Lemma 6.2. 1. Let M ∈ Â (weight, X-torsion, Y -torsionfree). Then the
central element C acts on M as a nonzero scalar CM .

2. Let M ∈ Â (weight, Y -torsion, X-torsionfree). Then the central element C

acts on M as a nonzero scalar CM .

Proof. 1. Since M is a simple A-module, the central element C acts on M
as a scalar CM . It remains to show that CM ̸= 0 . Suppose this is not the case,
then there is a nonzero weight vector m ∈ M such that Xm = 0 and Cm = 0 .
Since C = FX2 − (H + 2)Y X − Y 2E , we have Y 2Em = 0 and so Em = 0 , since
M is Y -torsionfree. Let m′ = Y m then m′ ̸= 0 and Xm′ = Em′ = 0 . So, the
A-module M ′ := Am′ =

∑
i,j>0KF iY jm′ is a proper submodule of the A-module

M (since m /∈ M ′ ). This contradicts to the fact that M is a simple module.
2. Statement 2 follows from statement 1 by applying the automorphism S

of A , see (2).
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For λ, µ ∈ K , we define the left A-modules X µ := A/A(H − µ,X)
and Xλ,µ := A/A(C − λ,H − µ,X) . Clearly, Xλ,µ ≃ X µ/(C − λ)X µ . Since
XH = (H−2)X , using the PBW Theorem we see that X µ = ⊕i,j,k>0KF iY jEk1̃ =
K[F ] ⊗ V 1̃ where 1̃ := 1 + A(H − µ,X) and V = ⊕j,k>0KY jEk . It follows
from the equalities [E, Y ] = X and X 1̃ = 0 and the fact that the element X
commutes with E and Y that Y jEk1̃ = EkY j 1̃ . Hence, abusing the notation
we can write V 1̃ = K[Y,E]1̃ where K[Y,E] is a polynomial algebra in letters Y

and E . Therefore, V 1̃ = Σ⊗K[EY 2]1̃ where Σ := K[Y ]Y 2 ⊕K[E]⊕ YK[E] and
K[EY 2] is a polynomial in EY 2 . Now,

X µ = K[F ]⊗ Σ⊗K[EY 2]1̃ ≃ K[F ]⊗ Σ⊗K[EY 2]

is an isomorphism of vector spaces. Since C = FX2 −HYX − EY 2, (C − λ)1̃ =
−(EY 2 + λ)1̃ ,

(C − λ)X µ = K[F ]⊗ Σ⊗K[EY 2](−EY 2 − λ)1̃.

Therefore,
Xλ,µ ≃ X µ/(C − λ)X µ ≃ K[F ]⊗ Σ1̄

where 1̄ = 1+A(C−λ,H−µ,X) , and the equality of statement 1 of the following
proposition follows. Furthermore, the proposition shows that for all λ ∈ K∗ , the
modules Xλ,µ are simple, weight, X -torsion, Y -torsionfree A-modules. Later in
Proposition 6.4.(1), we will see that the set Â (weight, X-torsion, Y -torsionfree)
consists precisely of the modules Xλ,µ . Moreover, the K-bases, weight space
decompositions and annihilators of Xλ,µ are given.

Proposition 6.3. Let λ ∈ K∗ and µ ∈ K. Then
1. The A-module Xλ,µ =

⊕
i>0,j>2

KF iY j 1̄ ⊕
⊕
i,k>0

KF iEk1̄ ⊕
⊕
i,k>0

KY F iEk1̄ is a

simple module where 1̄ = 1 + A(C − λ,H − µ,X).

2. Recall that Θ = FE . Then

Xλ,µ =
⊕

i>0,j>2

KF iY j 1̄⊕
( ⊕
i>1,k>0

KF iΘk1̄⊕
⊕
k>0

KΘk1̄⊕
⊕

i>1,k>0

KEiΘk1̄
)

⊕
( ⊕
i>1,k>0

KY F iΘk1̄⊕
⊕
k>0

KYΘk1̄⊕
⊕

i>1,k>0

KY EiΘk1̄
)
.

3. The weight space
(
Xλ,µ

)
µ+i

of Xλ,µ that corresponds to the weight µ + i

(where i ∈ Z) is

(
Xλ,µ

)
µ+i

=



K[Θ]1̄, i = 0,
ErK[Θ]1̄, i = 2r, r > 1,
Y ErK[Θ]1̄, i = 2r − 1, r > 1,

F rK[Θ]1̄⊕
r−1⊕
j=0

KF jY 2(r−j)1̄, i = −2r, r > 1,

YK[Θ]1̄, i = −1,

Y F r−1K[Θ]1̄⊕
r−2⊕
j=0

KF jY 2(r−j)−11̄, i=− 2(r − 1)− 1, r>2.



Bavula and Lu 555

In particular, Wt(Xλ,µ) = {µ + i | i ∈ Z} and each weight space is infinite
dimensional.

4. annA

(
Xλ,µ

)
= (C − λ).

5. Xλ,µ is an X -torsion, Y -torsionfree weight A-module.

Proof. 1. It remains to show that the A-module Xλ,µ is simple. We use
notation as above. Using the definition of C , we have the equality EY 21̄ = −λ1̄ .
Then, for all k > 1 , Y 2kEk1̄ = (EY 2)k1̄ = (−λ)k1̄ (since V 1̃ = K[Y,E]1̃). Since
EY 21̄ = −λ1̄ ̸= 0 , the map Y · : Σ1̄ → Σ1̄, s1̄ 7→ Y s1̄ , is an injection. Let
u be a nonzero element of Xλ,µ . To prove that the A-module Xλ,µ is simple
it suffices to show that au = 1̄ for some a ∈ A . It follows from the equalities
XF i = F iX−iF i−1Y , X 1̄=0 and Xλ,µ=K[F ]⊗Σ1̄ , that the map X· : Xλ,µ→Xλ,µ ,
u 7→ Xu, acts as d

dF
⊗ (−Y ·)Σ . So, we can assume that u = s1̄ where 0 ̸= s ∈ Σ .

Notice that s = pY 2+
∑m

i=0(λi+µiY )Ei for some p ∈ K[Y ] and λi, µi ∈ K .
Then

Y 2mu = Y 2ms1̄ =
(
pY 2m+2 +

m∑
i=0

(λi + µiY )Y 2(m−i)Y 2iEi
)
1̄

=
(
pY 2m+2 +

m∑
i=0

(λi + µiY )Y 2(m−i)(−λ)i
)
1̄ = f 1̄

where f ∈ K[Y ] \ {0} (since s ̸= 0). So, we may assume that u = f 1̄ where 0 ̸=
f ∈ K[Y ] . Let f =

∑l
i=0 γiY

i where γi ∈ K and γl ̸= 0 . Since HY i1̄ = (µ− i)Y i1̄
for all i and all the eigenvalues {µ− i | i > 0} are distinct, there is a polynomial
g ∈ K[H] such that gf 1̄ = Y l1̄ . If l = 0 , we are done. We may assume that
l > 1 . Multiplying (if necessary) the equality above by Y we may assume that
l = 2k for some natural number k ∈ N . Then (−λ)−kEkY 2k1̄ = 1̄ , as required.

2. Using the fact that the algebra U is a generalized Weyl algebra

U = K[Θ, H][E,F ;σ, a = Θ]

where σ(Θ) = Θ+H , σ(H) = H−2 and the equality F iEi = Θσ−1(Θ) · · ·σ−i+1(Θ) ,
we see that⊕

i,k>0

KF iEk1̄ =
⊕

i>1,k>0

KF iΘk1̄⊕
⊕
k>0

KΘk1̄⊕
⊕

i>1,k>0

KEiΘk1̄.

Then statement 2 follows from statement 1.
3. Statement 3 follows from statement 2.
4. It is clear that (C − λ) ⊆ annA

(
Xλ,µ

)
. By Proposition 2.5.(1), the ideal

(C − λ) of A is a maximal ideal, hence (C − λ) = annA

(
Xλ,µ

)
.

5. Clearly, Xλ,µ is an X -torsion, weight A-module. By statement 1, Xλ,µ

is a simple module, it must be Y -torsionfree (since, otherwise, by Lemma 6.1,
CXλ,µ = 0 , a contradiction).
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The sets Â (weight, X-torsion) and Â (weight, Y -torsion). For λ, µ ∈ K ,
let us consider the A-module Yλ,µ := A/A(C−λ,H−µ, Y ) . Then Yλ,µ ≃ SX−λ,−µ

where SX−λ,−µ is the A-module X−λ,−µ twisted by the automorphism S of the
algebra A (S(H) = −H, S(C) = −C, S(Y ) = −X ). The subgroup Z of (K,+)
acts on K in the obvious way. For each λ ∈ K , O(λ) := λ + Z is the orbit of λ
under the action of Z . The set of all Z-orbits can be identified with the elements
of the factor group K/Z . For each orbit O ∈ K/Z , we fix an element µO ∈ O.

Proposition 6.4.

1. Â (weight, X-torsion, Y -torsionfree) =
{
[Xλ,µO ] |λ ∈ K∗,O ∈ K/Z

}
and the

A-modules Xλ,µO and Xλ′,µO′ are isomorphic iff λ = λ′ and O = O′ .

2. Â (weight, X-torsionfree, Y -torsion) =
{
[Yλ,µO ] |λ ∈ K∗,O ∈ K/Z

}
and the

A-modules Yλ,µO and Yλ′,µO′ are isomorphic iff λ = λ′ and O = O′ .

Proof. 1. Let M ∈ Â (weight, X-torsion, Y -torsionfree) . By Lemma 6.2, CM =
λ ̸= 0 for some λ ∈ K∗ . Then M is a factor module of Xλ,µ for some µ ∈ K.
By Proposition 6.3.(1), the module Xλ,µ is a simple module, hence M ≃ Xλ,µ .
Clearly, Xλ,µ ≃ Xλ′,µ′ iff λ = λ′ and µ = µ′ + i for some i ∈ Z .

2. Since Yλ,µ ≃ SX−λ,−µ , statement 2 follows from statement 1.

The next theorem gives a complete description of simple, weight, X -torsion
A-modules and of simple, weight, Y -torsion A-modules.

Theorem 6.5.

1. Â (weight, X-torsion) = Û (weight) ⊔
{
[Xλ,µO ] |λ ∈ K∗,O ∈ K/Z

}
.

2. Â (weight, Y -torsion) = Û (weight) ⊔
{
[Yλ,µO ] |λ ∈ K∗,O ∈ K/Z

}
.

Proof. 1. The theorem follows from the equality (39), Lemma 6.1 and Propo-
sition 6.4.

2. Statement 2 follows from statement 1.

Description of the set Â (weight, X-torsionfree). Since the element C

belongs to the centre of the algebra A and the field K is algebraically closed,

Â (weight) =
⊔
λ∈K

Â(λ) (weight) (40)

where A(λ) := A/(C − λ) . Moreover,

Â(λ) (weight, X-torsionfree) = Â(λ) (weight, X-torsionfree, Y -torsionfree)⊔
Â(λ) (weight, X-torsionfree, Y -torsion). (41)
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The simple modules in the set Â(λ) (weight, X-torsionfree, Y -torsion) are classified
by Proposition 6.4.(2). So, in order to finish the classification of simple weight A-
modules it remains to describe the set Â(λ) (weight, X-torsionfree, Y -torsionfree) .

The set Â(0) (weight, X-torsionfree, Y -torsionfree). We denote by Ct the
algebra in (36). Let [M ] ∈ Ĉ0,µ (t-torsionfree) . By Theorem 4.11.(2), the element
t acts bijectively on M (since t is a normal element of R and (t) = Rt). Therefore,
the CA(H)-module M is also a Ct -module. Using the equality At = Ct[X

±1;σ] ,
let us define an At -module

M̃ := At ⊗Ct M =
⊕
i∈Z

X i ⊗M =
⊕
i>1

Y i ⊗M ⊕
⊕
i>0

X i ⊗M. (42)

Clearly, M̃ is a weight A-module with Wt(M̃) = O(µ) = µ + Z and M̃µ+i =

X i ⊗ M for all i ∈ Z . The A-module M̃ is X - and Y -torsionfree. Moreover,
the A-module M̃ is simple since if N is a nonzero submodule of M̃ then it
contains a nonzero element X i ⊗ m for some i ∈ Z and m ∈ M . If i = 0 then
N = Am = M̃ . If i < 0 then N ∋ X |i|X i ⊗m = 1⊗m , and so N = M̃ . If i > 0

then N ∋ Y iX i ⊗m = 1⊗ tim ̸= 0 , and so N = M̃ . If M ′ ∈ Ĉ0,µ′ (t-torsionfree)
then the A-modules M̃ and M̃ ′ are isomorphic iff O(µ) = O(µ′) and the C0,µ -
modules M and X i ⊗ M ′ are isomorphic where µ = µ′ + i for a unique i ∈ Z .
Clearly, GK(M̃) = 2. The following theorem is an explicit description of the set
Â(0) (weight, X-torsionfree, Y -torsionfree) .

Theorem 6.6. Â(0) (weight, X-torsionfree, Y -torsionfree)
= {[M̃ ] | [M ] ∈ Ĉ0,µO (t-torsionfree), O ∈ K/Z} and GK(M̃) = 2 for all M̃ .

Proof. It suffices to show that if M ∈ Â(0) (weight, X-torsionfree, Y -torsionfree)
then M ≃ M̃ for some [M ] ∈ Ĉ0,µO (t-torsionfree) . Fix µ ∈ Wt(M) . Since the el-
ements X and Y act injectively on M , we have that O(µ) ⊆ Wt(M) . So, we may
assume that µ = µO where O = O(µ) . Then M := Mµ ∈ Ĉ0,µO (t-torsionfree) ,
and so M ⊇

⊕
i>1 Y

iM ⊕
⊕

i>0X
iM = M̃ , by (42) and simplicity of M̃ . So,

M = M̃ , as required.

The set Â(λ) (weight, X-torsionfree, Y -torsionfree) where λ ̸= 0. Recall
that At = Ct[X

±1;σ] . Let [M ] ∈ Ĉλ,µ (t-torsionfree) . Then [Mt] ∈ Ĉλ,µ
t . The

At -module

M⋄ := At ⊗Ct Mt =
⊕
i∈Z

X i ⊗Mt (43)

is a simple, weight At -module with Wt(M⋄) = O(µ) = µ+Z and M⋄
µ+i = X i⊗Mt

for all i ∈ Z (if N is a nonzero submodule of M⋄ then it contains a nonzero element
X i ⊗ m for some i ∈ Z and m ∈ Mt . Then N ∋ X−iX i ⊗ m = 1 ⊗ m , and so
N = M⋄ ). For all i ∈ Z ,

M⋄
i = X i ⊗Mt ≃ Mσ−i

t (44)
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where Mσ−i

t is the Ct -module twisted by the automorphism σ−i of the algebra
Ct . (Recall that At = Ct[X

±1;σ]). By Theorem 4.8 and Theorem 4.7,

Ĉλ,µ (t-torsionfree) =
{
[
A′

1

A′
1e
], [

A′
1

A′
1(h− νO)

] | O ∈ K/Z \ {Z}
}

⊔
{
[soc(Nb)] | b ∈ Irr(B)/ ∼, b is normal

}
where Irr(B)/ ∼ is the set of equivalence classes of irreducible elements of the
algebra B = K(h)[t±1;σ] and Nb = Cλ,µ/Cλ,µ ∩ Bb . Moreover, by Theorem
4.8.(3), soc(Nb) ≃ Nbt−n for all n ≫ 0 .

For all λ ∈ K∗ and µ ∈ K , the module mλ,µ := Cλ,µ
t /Cλ,µ

t e is a simple
CA(H)-module. Hence, socCA(H)(m

λ,µ) = mλ,µ . Notice that( A′
1

A′
1e

)⋄
=

⊕
i∈Z

X i ⊗
A′

1,t

A′
1,te

≃
⊕
i∈Z

X i ⊗ Cλ,µ
t

Cλ,µ
t e

=
⊕
i∈Z

X i ⊗mλ,µ

and X i ⊗ mλ,µ ≃ mλ,µ+i as CA(H)-modules. Then there are equalities of A-
modules

socA

((
A′

1

A′
1e

)⋄)
=

⊕
i∈Z

socCA(H)(X
i ⊗mλ,µ) =

⊕
i∈Z

mλ,µ+i. (45)

For all λ ∈ K∗, µ ∈ K and O ∈ K/Z\{Z} , the module Mλ,µ,O := Cλ,µ
t /Cλ,µ

t (h−νO)

is a simple CA(H)-module. Hence, socCA(H)(M
λ,µ,O) = Mλ,µ,O. Since

(
A′

1

A′
1(h−νO)

)⋄

=
⊕
i∈Z

X i ⊗
A′

1,t

A′
1,t(h− νO)

≃
⊕
i∈Z

X i ⊗ Cλ,µ
t

Cλ,µ
t (h− νO)

=
⊕
i∈Z

X i ⊗Mλ,µ,O

and X i ⊗ Mλ,µ,O ≃ Mλ,µ+i,O as CA(H)-modules. Then there are equalities of
A-modules

socA

((
A′

1

A′
1(h− νO)

)⋄)
=

⊕
i∈Z

socCA(H)(X
i ⊗Mλ,µ,O) =

⊕
i∈Z

Mλ,µ+i,O. (46)

If M ≃ Nb = Cλ,µ/Cλ,µ ∩ Bb for an irreducible element b of B =
K(h)[t±1;σ] . For all i ∈ Z ,

Mσ−i

t ⊇ Cλ,µ+i
t

Cλ,µ+i
t ∩Bσi(b)

=: Nσi(b).

By Theorem 4.8.(3),

socCA(H)(M
σ−i

t ) = socCA(H)(Nσi(b)) = Nσi(b)t−ni

for all ni ≫ 0 . Then the A-module

socA(M
⋄) =

⊕
i∈Z

socCA(H)(X
i ⊗Mt) ≃

⊕
i∈Z

Nσi(b)t−ni (47)

belongs to the set Â(λ) (weight, X-torsionfree, Y -torsionfree) . The next theorem
shows that all elements of the set Â(λ) (weight, X-torsionfree, Y -torsionfree) are
precisely of this kind.
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Theorem 6.7. Let λ ∈ K∗ and µ ∈ K. Then

Â(λ) (weight, X-torsionfree, Y -torsionfree)

= {[socA(M⋄)] | [M ] ∈ Ĉλ,µO (t-torsionfree), O ∈ K/Z}

and socA(M
⋄) is explicitly described in (45), (46) and (47), the A- modules

socA(M
⋄) and socA(M

′⋄) are isomorphic iff λ = λ′ , O = O′ and M ≃ M ′ ;
GK(socA(M

⋄)) = 2.

Proof. Let [M] ∈ Â(λ) (weight, X-torsionfree, Y -torsionfree) . Then Wt(M) =

O ∈ K/Z . Let µ = µO . Then M := Mµ ∈ Ĉλ,µ (t-torsionfree) and Mt ∈
Ĉλ,µ

t . Clearly, M ⊆ Mt = M⋄ , and so M = socA(M
⋄) . Given [M ′] ∈

Ĉλ′,µO′ (t-torsionfree) . If socA(M
⋄) ≃ socA(M

′⋄) then M⋄ = socA(M
⋄)t ≃

socA(M
′⋄)t = M ′⋄ as At -modules, and so λ = λ′ , O = O′ and Mt ≃ M ′

t as Cλ,µO
t -

modules. Then M = socCA(H)(Mt) ≃ socCA(H)(M
′
t) = M ′ as CA(H)-modules.

Clearly, GK(socA(M
⋄)) = 2.
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