Journal of Lie Theory
Volume 28 (2018) 581-607
(© 2018 Heldermann Verlag

A Characterization of the L?-Range
of the Poisson Transform
with Real and Singular Spectral Parameter
on Symmetric Spaces of Noncompact Type

Koichi Kaizuka*

Communicated by G. Olafsson

Abstract. In the previous work, we proved the Strichartz conjecture con-
cerning an image characterization of the Poisson transform with real and regular
spectral parameter. In this paper, by developing weighted L?-estimates on sym-
metric spaces of noncompact type, we extend our previous result to the case of
real and singular spectral parameter. In the real and singular case, a certain
degeneracy appears in the scattering formula for the Poisson transform.
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1. Introduction

Let us start with a famous result on a characterization of the joint eigenspaces
of invariant differential operators on a symmetric space X of noncompact type.
In [10], Helgason conjectured that any joint eigenfunction on symmetric spaces
of noncompact type is expressed as the image of the Poisson transform of an
analytic functional on the boundary B. This conjecture, now called the Helgason
conjecture, was proved by Kashiwara et al. [17]. After that, various kinds of image
characterizations of the Poisson transform have been extensively studied by many
people in connection with representation theory, harmonic analysis, and spectral
theory (see e.g. [5], [20], [24], and [6], [7], [14], [16], [18], [19], [21], [28], [29], [30]
dealing with L?*(B) or LP(B)).

From the point of view of the spectral theory, Strichartz [29] conjectured an
image characterization of the Poisson transform of L?(B) when spectral parameter
is real and regular (see [29, Conjecture 4.5]). In [16], using the idea of the scattering
theory (see e.g. [1], [2]), the author proved the conjecture as follows. (For the
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details, see [16], Theorem 3.3 and Theorem 6.1.) We assume that \ € aj,, and
f € Ex(X). Then the joint eigenfunction f is expressed as f = P,F for some
F € L*(B) (which is in fact unique) if and only if

1 1/2
111 = sup =17 </ |f<x>|2dx) < o0,
Rl/2 B(o,R)

where [ denotes the rank of X and B(o, R) the open ball in X centered at the
origin o = eK with radius R. Moreover, there exists a positive constant C'

independent of A € aj., such that

CHeWF 2@y < IPAFI, < CleMWIIFl2z), (1.1)

where ¢(\) denotes Harish-Chandra’s e-function. In addition, the joint eigenfunc-
tion PyF' satisfies the following scattering formula at infinity.

N AT e () [Uy 2 F (b)), (1.2)

where W denotes the Weyl group, U, » a unitary intertwining operator between
two spherical principal series representations 7y and 7, (see Lemma 3.4), and
f1 =~ fo means that

lim — - *dx = 0.
fm g [, 106~ R@)Pds =0

The right hand side of (1.2) can be viewed as follows. The joint eigenfunction is
approximated by oscillating |W|-wave functions e =47 @) “amplitudes e(w),
and boundary values U, F(b) when A is real and regular. As in the case of
scattering theory for Laplacians, the mean-L?-norm ||-||, and the equivalence
relation ~ give a precise characterization of oscillating joint eigenfunctions. (cf.
6], 18], [19].

In this paper, we develop our scattering theory and prove an image charac-
terization of the Poisson transform Py, of L?(B) for a real and singular spectral
parameter Ao € a,, = a* \ a;,,. When a sequence {);}32, C ay,, converges to
Ao € 0%, the term |e();)] in (1.1) diverges to infinity as j — oo. Hence, we can
see that the mean- L?>-norm || - ||, is not well-defined in the singular case. We also
see that the coefficients ¢(w);) in (1.2) diverges. In fact, it turns out that joint
eigenfunctions degenerate at infinity in the real and singular case (cf. van den Ban
and Schlichtkrull [5, Corollary 16.4] or Oshima [23, Theorem 3.6])). It is known
that a similar phenomenon happens also in the scattering theory for self-adjoint
operators (e.g. Schrodinger operators). Roughly speaking, spectral parameters
A €a® and \g € a,, of D(X) correspond to that of continuous spectrum and of
threshold spectrum of self-adjoint operators, respectively.

As a natural consequence of the above observation, in order to characterize
the L?-image of the Poisson transform for A € a%,,, we have to replace the norm
| -]], with a suitable mean- L?*-norm in accordance with the order of degeneracy
of A € afy,,- For 0 >0, f € L}, (X), we define a norm | -], , by

1 1/2
£l i=sw e ([ ifpar)
B(o,R)

sing *



KAizuka 583

Then B:(X) := {f € L2 .(X);||f|l+o < 0o} becomes a Banach space equipped
with the norm |||, ,. We define an equivalence relation ~ on B;(X) as follows.

For fi, fo € BX(X), we write f; ~ fy in BX(X) if

1/2
Rhi%o % (/B(O,R) lfrle) = f2($)|2d$> -0

For Ay € a3, we put Wy, = {w € Wi;whg = Ao}, B3, = {o € I7; (o, Ag) = 0}.

sing

We define 1y € N, the order of degeneracy of A\, by

y :l—l—Q\Ego\

Remark 1.1. The positive integer vy := [ + 2|%¢| is called the pseudo-
dimension of X in [8]. The pseudo-dimension vy also appears in the spectral
analysis at the threshold for the Laplace-Beltrami operator on X (see e.g. [15,
Theorem 1.1]). Hence, 1y can be interpreted as an analogous order for vy .

We give a characterization and an asymptotic behavior of a joint eigenfunc-
tion f € &,,(X) when f belongs to the Banach space B} ,(X). Now let us state
our main result (for the details, see Theorem 2.1 and Theorem 6.1).

Main Theorem. For any f € E\,(X), [ is written as f = Py, F for some
F e L*(B) if and only if f € B} 5(X). Moreover, we have the scattering formula

flay Y e A gy (@ Xo;w) Ui Fl(ba)  in B (X)),
[wW]EW/Wa,

where ag denotes a certain real-valued function on X X ag,, x W.

Unfortunately, in the real and singular case, our method in [16] does not
directly work because of singularities of the e-function. We therefore modify
our previous method by adopting two crucial techniques. The first one is an
elimination technique of the singularity of the c-function by a certain polynomial
function. This technique was developed in [5], [22] and applied to derive asymptotic
expnasions or bounds of the elementary spherical function in the general case. The
second one is a face decomposition of the positive Weyl chamber near Weyl walls.
The estimates of the elementary spherical function near Weyl walls obtained by the
first technique are not sharp enough to be immediately applied to the scattering
formula. In order to neglect the error factors of the estimates in the scattering
formula, we cut the positive Weyl chamber along Weyl walls by a function having
logarithmic growth at infinity. By making use of those two techniques, we obtain
a global estimate of the elementary spherical function and establish the stationary
scattering theory for joint eigenfunctions in the real and singular case.

The purpose of this paper and [16] is to give a time-independent framework
of the scattering theory, called the stationary scattering theory, for a system of
invariant differential operators. Here, we would like to mention that there is
another approach of time-dependent scattering theory. In [26], Semenov-Tjan-
Sanskil introduced a wave equation with the multi-time variables H € a for
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D(X), called the multitemporal wave equation. The time-dependent scattering
theory and related results for the multitemporal wave equation have been further
developed by Helgason [11], Phillips and Shahshahani [25], Shahshahani [27].

Finally, this paper is organized as follows. In Section 2, in the first part, we
introduce basic notation for harmonic analysis on symmetric spaces of noncompact
type. In the last part, we state our main result (Theorem 2.1) in detail. In Section
3, we recall basic properties of the Poisson transform, Radon transform, and
Helgason Fourier transform on symmetric spaces of noncompact type. In Section
4, we give a global estimate for the elementary spherical function on the positive
Weyl chamber in the real and singular case (Lemma 4.4). In Section 5, we show
a Fourier restriction estimate for the Helgason Fourier transform (Lemma 5.1). In
Section 6, by Lemma 4.4 and Lemma 5.1, we derive the scattering formula for the
Poisson transform (Theorem 6.1). In Section 7, we prove the main result (Theorem
2.1) and our main theorem. In Section 8, as an application of Theorem 2.1, we
give an explicit realization of an inner product of the Hilbert space associated with
the left-regular representation.

2. Notation and main result

Let N, Ny, R, R, , and C denote the sets of positive integers, nonnegative integers,
real numbers, positive real numbers, and complex numbers, respectively. Let ¢ be
the imaginary unit defined by ¢ = v/—1. Let Rez and Im z denote the real part
and the imaginary part of z € C, respectively. If {X;}; is a disjoint collection of
sets, we use the symbol L;X; as a union of disjoint sets X;. For a function, or
a distribution f, we denote its support by supp f. For nonnegative functions f;
and fy on a set, we write f; < fs if there exists a positive constant C' such that
C~1f, < fi < Cfy. For a smooth manifold M, we denote the spaces of C-valued
smooth functions on M and that of compact support by C*(M) and C§°(M),
respectively. Let C(M) denote the space of C-valued continuous functions on
M.

We basically follow the notation in the book [13] of Helgason for harmonic
analysis on symmetric spaces. Let G be a noncompact, connected, semisimple Lie
group with finite center, K C G a maximal compact subgroup, and X = G/K
the associated symmetric space. Let g and € be the Lie algebras of G and
K, respectively. Let 6 be the Cartan involution associated with the Cartan
decomposition g = ¢ @ p of g. Let B(-,-) denote the Killing form on g given
by B(Xi,Xs) = Tr(adX; o adXy) for X, Xy € g. We define the inner product
(-,-) on g by (X1,Xs) = —B(X1,0(X2)) for X1, X, € g. Then the Killing form
metric induces the G-invariant metric on X = G/K. Let Ly be the Laplace-
Beltrami operator on X . Let d(-,-) denote the distance function on X. We put
r(z) = d(xz,0) for v € X. Let B(z,R) denote the open ball in X centered at
x € X with radius R. Let dg be a suitable normalized Haar measure on G. Let
dx be a left-G-invariant measure on X. We put L*(X) = L*(X,dz). Let a be
a maximal abelian subspace of p and a* its dual space. Let | = dimg a be the
rank of X. For o € a*, we put g, = {Y € g;[H,Y]| = o(H)Y for all H € a}.
We set ¥ = {a € a*\ {0};9, # {0}}, the set of restricted roots of g with
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respect to a. Let m be the centralizer of a in £. Then we have the following
root space decomposition g = a @ m & {Baexnda}t of g with respect to a. Let
teg = {H € a;a(H) # 0 forall @« € X} be the set of regular elements in
a. We choose a connected component a,, in a. Let a™ denote the connected
component, called a positive Weyl chamber. We also define the sets of indivisible
roots, positive roots, and positive indivisible roots by ¥y = {a € Z;a/2 ¢ X},
Y ={ae;a>00na’},and X = SN+, respectively. Let [T = {ay,..., o}
denote the set of positive simple roots. We put n = Gpex+g, and 1 = On. Let
p = %Za€2+ mea be the half sum of positive roots, counted with multiplicity
Mo = dimpg,. We set A = expa, N = expn, and N = expn. Then we
have the Iwasawa decomposition G = KAN of G. Each g € G is uniquely
written as g = k(g) exp(H(g))n(g), where k(g) € K, H(g) € a and n(g) € N.
Those mappings ¢ — k(g), g — H(g), and g — n(g) are smooth. Let M
denote the centralizer and M’ the normalizer of A in K. Let W be the factor
group M'/M, called the Weyl group of X. The group W acts as a group of
linear transformations on a* by (sA\)(H) = A(s™' - H) for H € a, A € a* and
s € W, where g- X = Ad(¢g)X for g € G, X € g. Wepuwt B = K/M, B
is the boundary of X. Let db be the normalized left- K -invariant measure on
B. For simplicity, we write L*(B) = L*(B,db). We set A(z,b) = —H(g'k) for
(z,b) = (gK,kM) € X x B. Let a® (resp. af) denote the complexification of a
(resp. a*). We extend the bilinear form (-,-) on a to the C-bilinear form on a®
in the standard way. For \ € ai, we define A, € a® so that (A, H) = \(H) for
H € a. Let (,-) denote the C-bilinear form on af given by (X, ) = (A, A,)
for A\, ;o € ag. We also put af = {A € a*; Ay € a}, aj, = {A € 0% Ay € ayeg ),
and aj,, = 0°\ ay,. Weset Ay = (A, a)/(a,a) for A € ai, o € X. The Killing
form metric on g induces the Euclidean measure on a and a*. We multiply these
measures by the factor (27)7"/? and obtain invariant measures dH and d\ on
a and a*, respectively. We often identify K -invariant functions on X with W -
invariant functions on a or A via the mapping A > a — a-0 € X . For simplicity,
we write f(ef) for a K-invariant function f(z) on X. For a complex vector
space V', let S(V) denote the symmetric algebra over V' considered as the space
of polynomial functions on V*. For p € S(af), we define a constant coefficient
differential operator d(p) on a by 9(p)e™H) = p(iH)e* ). When there is no
fear of confusion, we identify S(a%) with S(a®) via the map a% > A — A, € a®.

Let D(X) denote the algebra of differential operators on X which are in-
variant under the action of G. Let D(A) be the algebra of differential operators
which are invariant under all translation actions and Dy, (A) its subalgebra con-
sisting of W -invariant elements. For D € D(X), let Ay(D) denote the N-radial
part of D. Then we have the following Harish-Chandra’s isomorphism (see e.g.
Helgason [13], Chapter II, §2, Theorem 2.1, p. 70).

I': D(X) 5D+ e*pAN(D) oef € Dw(A),

where e denotes the smooth function on A defined by e(a) = ef°8) . For
D € D(A), we define a polynomial function D(\) on af by the following equation.

Dei)\(loga) _ D(y)\)ei}\(loga) on A.
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For example, for the (modified) Laplace-Beltrami operator we have I'(Ly +|p|?) =
Ly and T'(Lx + |p|*)(A) = (A, \), where L4 denotes the Euclidean Laplacian on
A with respect to the Killing form metric. Hence \g = 0 € a, , corresponds to
the threshold spectrum 0 of Ly + [p|*.

Let ¢()\) denote Harish-Chandra’s e-function defined by the integral

*
sing

N

where dn and dn = 6(dn) denote the Haar measures on N and N respectively
normalized so that ¢(—ip) = 1. More precisely, Harish-Chandra’s e-function is
written in terms of the beta function.

e = T calh.

aeEg
Mmey . _ Pa Mag Moq\
Ca(A):B(Pa,T) 13(7 TaT) !
. meq iAa My M2y
B ary T o B(— Ty T o )
X B(i\ 2) (2 + 12 )

where B(z1, z3) denotes the beta function defined by B(z1, z2) = I'(21)I'(22) /T (21 +
z3). The above formula is called the Gindikin-Karpelvi¢ formula (see e.g. [9],
Chapter 4, §4.7, Theorem 4.7.5). Now we put

m(A) = J] (@A), b)) =m(iNe().

aeEg
For A € af, we consider the following joint eigenspace.
E\(X) ={f € CF(X); Df(x) = T(D)(iA) f(x) for D € D(X)} .

It is known that for any homomorphism y : D(X) — C, there exists A € af
such that x(D) =T'(D)(i)\) (see e.g. Helgason [12], Chapter III, §3, Lemma 3.11,
p. 364). Hence the eigenspaces of the above type exhaust all joint eigenspaces.
For A € af and an integrable function F' on B, the Poisson transform Py of F
is defined by

PrF(z) = / TP AED) (B db.
B
It follows immediately from the equation
DeHAAED) — P(D)(iN)ePAAED) D e D(X)

that PyF € Ex(X) for A € ai. For A € af, the elementary spherical function
oa(x) on X is given by

oa() = / e(ATPALD)) g,
B
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For A\ € af,., we set mo(\) = Haezg (a, A). We define the meromorphic

- )
sing o

function bo(A) on a by bo(A) = mwo(iX)e(N). Let (&3 (X), |- ..y/2) denote the

Banach space defined by

£3,(X) = {f € Eu(X)i I ey < 0}

We have 0(mg)(mg) > 0 (see e.g. [32], part I, Corollary 7, p. 59) and set

Then our first main result is as follows.

Theorem 2.1. We assume that Ao € a

sing *

(i) There exists a positive constant C independent of Ao such that for any
F € L?(B), we have

CHbo (M) 1 E Nl 2y < IProF oz < Clbo(No) || F |l L2(p)- (2.2)

Moreover, we have

lim

R—oo V0

/B( o [PaoF' () |*dz = 75]bo(Mo) [*[| F [ 2 (2.3)

where 7o denotes the positive constant defined by (2.1).

(i) The Poisson transform Py, is a topological isomorphism from L*(B) onto

E3(X).

(iii) The inverse image F' € L*(B) of f € & (X) is given by the following
formula.

1 )
F(b) = lim 7 %|bo(Ao)| > —- e(ZPoFR)(A@Y) £ (1) dx  in L*(B).
R—o0 R 0 B(O,R)

We will prove Theorem 2.1 in a similar way to Theorem 3.3 in [16]. A
uniform Fourier restriction estimate for the Helgason Fourier transform and the
scattering formula for the Poisson transform lead us naturally to conclude Theorem
2.1. However, there is an essential difference between the proof of the singular case
and that of the regular case. In our argument of the singular case, we have to take
into account two difficulties; the singularity of Harish-Chandra’s e-function ¢(\)
at Weyl walls on a*, and degeneracy of joint eigenfunctions at infinity on X.

In order to deal with the singularity of the c-function, we employ the elim-
ination technique by the polynomial function 7. By multiplying the polynomial
function mo(\) and acting the differential operator 0(m), we can eliminate the
singularity at A and recover an original function (cf. [5, §9], [22, §2]). For exam-
ple, we have a somewhat tautological but essential identity

A(mo)(10)r, = (o) [0 (A) o] [x=ro- (2.4)
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The above identity enables us to eliminate the singularity of each coefficient in
the Harish-Chandra expansion (see Theorem 4.1) and obtain a global estimate of
the elementary spherical function away from Weyl walls (see Lemma 4.4 (i)). We
must also handle an asymptotic behavior of the elementary spherical function near
Weyl walls. By combining identity (2.4), the method of the Trombi-Varadarajan
expansion (cf. [9], [31]), and a face decomposition of at, we get a global estimate
of ¢y, near Weyl walls (see Lemma 4.4 (ii)). Then those two estimates yield the
scattering formula. Moreover, a similar argument works for a uniform Fourier
restriction estimate.

Once we obtain a uniform Fourier restriction estimate and the scattering
formula, the rest of the proof of Theorem 2.1 proceeds as in [16]. For this reason,
we sometimes omit the detailed proof in this paper.

3. Preliminaries

In this section, we give a brief summary on well-known results related to the Pois-
son, Radon, and Helgason Fourier transform on symmetric spaces of noncompact

type.

First, we recall basic properties of the Poisson transform on symmetric
spaces of noncompact type, to be used in later sections. The element A\ € af. is
said to be simple if the mapping

F € C™(B) = P\F € &,(X)

is injective. (For an equivalent definition, see [13], Chapter I1, §5, No.4, Definition,
p. 151.) For X € a%, we define a linear subspace £3(B) of L*(B) by

L3(B) = {Z aje(_i’\J“p)(A(gj'o’b)); a; €C,g; € G,r € N} .
j=1
Lemma 3.1 ([13], Chapter III, §2, Lemma 2.2, p. 228).  If —\ € af is simple,
then L3(B) is a dense subspace of L*(B).

Here, we set

where ap = a/(a, 04>. Then the following simplicity criterion is well-known.

Theorem 3.2 ([13], Chapter III, §4, Theorem 4.4 and Theorem 4.5, p. 260).  Let
A€ al.. Then X is simple if and only if e(\) # 0.

By Lemma 3.1 and Theorem 3.2, if A € a*, then A is simple and £3(B) is
dense in L?(B). By the simplicity, for A € a* we define a Hilbert space H,(X)
equipped with an inner product (-, ) by
HA(X) = {f =P\F;F € LQ(B)}
(f17f2) = (F17F2)L2(B) for f] (] =1 2)
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(For the details, see e.g. [13], Chapter III, § 7, No. 2 and the proof of Theorem 6.2
therein.) We recall that the elementary spherical function satisfies the symmetric
identity

ox(h~lg-0) = / (D) (A(gr08)) (~irp) (All0)) (3.1)
B

for A € af, g,h € G (see e.g. [13], Chapter III, §1, Theorem 1.1, p. 200). Then
the Hilbert space H,(X) coincides with the closed hull (with respect to (-,-)x)
of the subspace consisting of finite linear combinations of the G-translates of ¢, .
For A € a*, let us define two unitary representations of G, (T, HA(X)) and
(1x, L*(B)), as follows.

(Ta\(9)/)(x) = fg™" - ), f e HA(X),
b) = AN p(g7t ) F e L*(B).

—
>
—
Q
N—
&S
S—
~~

It is well-known that the unitary representation 7, is irreducible and unitary
equivalent to 7, (w € W) for all A € a* (see e.g. [13], Chapter VI, §3). By
the definition of 7, T\, and (3.1), we have the following intertwining property.

Proposition 3.3.  For X\ € a*, the Poisson transform Py is a unitary inter-
twining operator from (1x, L*(B)) to (Tx, HA(X)).

Schur’s lemma also implies an existence of the intertwining operator U, ,,
appeared in (1.2) and main theorem.

Lemma 3.4. Forw e W, \ € a*, there exists a unique unitary intertwining op-

erator Uy x from (7x, L*(B)) to (T, L*(B)) such that U, x[el=AFP(Ag0))](h) =
e(fiw)‘+p)(A(g'07b)) fOfr' g - G

Next, we introduce the Helgason Fourier transform F and the modified
Radon transform R respectively as follows.

Ff\Db) = / eTAERA@D) £ ()dx, (N, b) € a* x B,
X

Rf(H,b) = eP<H>/ f(kef'n - 0)dn, (H,b) = (H,kM) € a x B.
N
We also define a standard Fourier transform F, on a by

Fof(\) = / " f(HYdH, )€ a*.

a

Then a simple change of variables yields the Fourier slice theorem:
FIAb) = Fo [Rf(-,0)] (V). (3.2)

We have also the Plancherel theorem for the Helgason Fourier transform.
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Theorem 3.5 (Plancherel theorem).  The Helgason Fourier transform can be
uniquely extended to the unitary isomorphism

F o LA(X) = L3 (a* x B, W] |e(\)|"2dAdb),

where the Hilbert space LY, (a* x B, |[W| ™ e(N)|2d\db) consisting of the elements
of the Hilbert space L*(a* x B,|W|™t|c(\)|2d\db) satisfying the following W -
wmvariant condition.

/ (EATAACD) () )b — / (A +R)A@D) (. b b,
B

B

Then we have the Plancherel formula

J1r@Par =it [ FrO P 2
X a*xB

(For the details, see e.g. [13], Chapter III, §1, Theorem 1.5, pp. 202-203.)

4. A global estimate of the elementary spherical function
First, we recall the Harish—NChandra expansion of the elementary spherical function.
Weput A=3%" . Noa, A=>" 1 Za,and AT = A\ {o}. We set
op =A{A € ag; (p, 1) =21\, )}, peEA,
TJ[ — a(*c \ U/,LEA+O-/.L’
Theorem 4.1 ([12], Chapter IV, §5, Theorem 5.5, p. 430).  Suppose that \ € af

satisfies i(wg A\ — wa ) €& A for wi,wy € W with wy # ws and w\ € TT for all
w € W. Then we have

or(ef) = Z c(w))e™r=) ZF (wX)e M) on AT

weWw BEA

where the rational function I', on ag is given by I'y = 1 and the following recursion
formula for € A*.

(g, 1) = 20, MV ITu(N)
=23 ma Y DuajaMN {1+ p = 2ja, ) —i{a, \)}.

a€xt  jeN
Moreover, the above series converges absolutely at each point in At and uniformly
on each subchamber {e € AT;a(H) > c> 0,a € I1}.
We also recall a uniform estimate for the rational functions I',(X) (x € AT)
n [9]. We put
={\ € a{{;;milg[l(lm Aoy > —n}, n>0,
aec
Tim(e) = {X € ai; | Im \| < e}, e > 0.

We define a weight function m on the nonnegative root lattice A by m(u) =
l !
> jamy for p=73%7_ mja; € A
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Theorem 4.2 ([9, Chapter 4, §4.5, Theorem 4.5.4]).  We can find ny > 0 with
the following property: T,y C T'; and there are constants C > 0, so = 0 such
that

T (A)] < Cm(p)™

forall pe A*, AXe Ty,

We note that Tin(eo) C T,, for sufficiently small ey > 0. Then Cauchy’s
integral formula implies the following uniform derivative estimates for I',,.

Corollary 4.3.  For p € S(ay), there exists a positive constant C' = C(p) such
that for any p € AT, X\ € a*, we have

[0()TW(N)] < Cm(p)*.

Next, in order to consider an asymptotic behavior o), on a®, we introduce
a face decomposition of a®. Let I be a subset of IT. Let ¥;, X7, and X, denote
the root system, the positive root system, and positive indivisible root system
generated by I, respectively. Let a; be the subspace of a spanned by {A,}aer
and a = a; @ a’ the orthogonal decomposition of a with respect to the Killing
form metric. Then we have also a* = (a;)* @ (a!)*. Let H = H; + H! and
A = A; + A be the orthogonal decompositions of H € a and A € a* corresponding
to a=a;®a’ and a* = (a;)* ® (a’)*, respectively. For H € a, we set

m(H) =7%(H) := mina(H), 7'(H) := min a(H).

a€ll a€elI\T

Then we have a stratification

at = |_| {Heat;7'(H)>0and a(H) =0foralla € I'}.

Icm
We split the positive Weyl chamber a™ along Weyl walls as follows.
Dy ={H €a*;a(H) > 1for all « € 1T},

Dr={H € at;a(H) > slog(e + |H|) for all « € TT'\ I,
a(H) < slog(e+ |H]) for alla« € I} \ Dy, (4.1)

ARV,

where s > 1 is a constant to be determined later. Then we have the face
decomposition
Cl+ = Dl L [HQQIQHDI] L DH.

We note that Dy is a bounded subset of a™.

For a nonempty subset I C II, let P; denote the standard parabolic
subgroup P; of G. P; has Langlands decomposition P; = Mjexp(al)N1. We
put K; = M;N K. Then K; is a maximal compact subgroup of M; and the
coset space X; = M;/K; a symmetric space of noncompact type. X is called a
boundary symmetric space associated to P;. Let W; be a fixed subgroup of W
at a’, ie. Wy ={w e Wi;w-H" = H forall H' € a’}. Let ¢}, denote the
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elementary spherical function on X; (for the details, see e.g. [9], Chapter 5, §5.8,
and (5.8.26) therein):

spng(m) - / 6_(i>\1+p1)(H(m71kI))dkla m e MI)
Kp

where dk; denotes the normalized Haar measure on K;. We write the function
c()) in the form
c(A) = er(Ne' (V)

where ¢;(A) and ¢/(\) denote the products over i, and X \ ¥, of the factor
ca(A), respectively. We define Ay = >° ; Noar, AT = 37 1\, Noaw so that the
decomposition A = A; + A’ holds. We also set AL = A’ \ {o}. For w € W, we

put
wow(H) = mo(w™" - H), by,(\) = mo(iX)e(w).

The main objective of this section is to show a global estimate for the
elementary spherical function in the real and singular case. By adopting the
elimination technique and the face decomposition, we prove the following auxiliary
estimates to be used in the proof of Lemma 6.3.

Lemma 4.4. (i) (Estimate away from Weyl walls) For g € af,,, there
exists a positive constant C' = C(X\g) such that

O(mo)(mo)pag () — W] D e 0Py (H)bo (Ao

[w]eW/Wy,

<C{+[H) + eIy (14 [H) ol e 1 e D,

(ii) (Estimate along Weyl walls) For \g € a%,,, I CII,# 0, there exist positive

sing ’

constants s = 1 (which appeared in (4.1)) and C = C(s, \o, I) such that
[Pro(€) < COU+ [H 25511+ [H|)PolA(H) 2, H e Dy,

where A(H) denotes the Weyl denominator defined by

aeXt

In the general case, van den Ban and Schlichtkrull [5], and Narayanan et al.
[22] dealt with asymptotic expansions of the elementary spherical function away
from Weyl walls by the elimination technique. Thus the inequality in Lemma
4.4 (i) is essentially not new (see e.g. [22, Theorem 3.1]). However, in order to
compare (ii) with (i), we give a proof for all inequalities in Lemma 4.4 in the paper.
It seems that the inequality in Lemma 4.4 (ii) is new, but not sharp because of
the singular term A(H)™'/2. On the other hand, in the real and regular case,
the Trombi-Varadarajan expansion (see [31, Theorem 2.11.2], [9, Theorem 7.6.2],
and [4, Theorem 2.2.8]) gives a very precise information about an asymptotic
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expansion for the elementary spherical function along faces of the Weyl chamber.
In the singular case, it may be a future work to obtain more precise estimate along
faces which is similar to the Trombi-Varadarajan expansion. For the present, the
inequality in Lemma 4.4 (ii) is enough to construct our weighted L?-theory.

In order to prove Lemma 4.4, we first give derivative estimates for remainder
terms in the Harish-Chandra expansion and the Trombi-Varadarajan expansion.
Here, we note that I', =0 for p € A\ 2A in Theorem 4.1. For H € a*, A\ € a*,
we put

LY(H N = Y Tu(h e,
pE2AT

T (HA) = > T (A)e (b)), (4.2)

H1E2AT
I
75 €2A+

We also define
NH) =[] () +1)™™, Hea
acext

so that A(H) < e>?")A'(H) holds on a*.

Lemma 4.5. (i) (Estimate away from Weyl walls) For p € S(af), there
exists a positive constant C' = C(p) such that

O(p)T (H, )] < Ce™)
for X€a*, H € at with 7(H) > 1.

(ii) (Estimate along Weyl walls) For p € S(ag), I C II,# 0, there exists a
positive constant C' = C(p,I) such that

O(p)TF (H,N)| < CA/(H)~CotDe=2r' )
fOT A € a*) H e a+ with TI(H) 2 1.

Proof. (i) By Corollary 4.3 and the inequality >.°_ m®e™™ < Ct=(0+D for
t € R, we have

> o)L\ e < cemr Haj ~(s0+1) (4.3)

pE2AT

for H € a™. Therefore, we obtain the assertion for H € a* with 7(H) > 1.
(ii) In a similar manner as in the proof of (i), by Corollary 4.3, we get

S 10T W] < O™ g ) o0

H1E2A T n1E2A
p2€2AT p2€2AL
l (s0+1)
—2# (H) {H }
Jj=1

Thus, we complete the proof. [ |



594 KAIZUKA

Now, by making use of Lemma 4.5, we prove Lemma 4.4.

Proof of Lemma 4.4. (i) For A € a},,, H € Dy, by taking the summation
for AT in the Harish-Chandra expansion, we write

=) el e(w)) {1+ T (H,wA)} . (4.4)
weW

Here, for S C ¥, we put mg(\) = [laes(A, ). Then (2.4), (4.4), and the Leibniz
rule demonstrate that

8(770)(770)90,\0(€H) = My(H, No) + Ri1(H, Xo) + R2(H, No), (4.5)
where
Mo(H, No) = Y _ el™o=2 gy (H)bo (o),
weW
1(H,20) = ) Z (2o ;= Pholrg, (i~ H) [0(ms,)bo ) (o),
weW S;1S,=
51;&2(/{0

2(H, \o) = Z Z eliwho—p)(H) ; |EA0|7TS (Zw_lH)

weW S1US2LS3=
X [0(7s,)bo.u] (Ao) [O(ms )T (H w )], -
For w € W,wy € W,,, we see that
TC0,wwo (H) = (det wO)Tl'O’w(H), bO,wwo ()\) = (det U)o)ilb[)’w()\).

Hence, for the main term My(H, \g), we have

Mo(H, No) = [Wy,| Y el Uy (H)bou(Ao). (4.6)

[w]EW/ Wy,
For the first remainder term R;(H, \y), an elementary computation shows that
[R1(H, Ao)| < Cag (1 + [H[)Po T emelD), (4.7)
For the second remainder term Ro(H, ), Lemma 4.5 (i) yields that
|Ro(H, Xo)| < Crg(1+ [H|)PSolemptD=2r(D) (4.8)

By combining (4.5), (4.6), (4.7), and (4.8), we obtain the assertion.
(ii) First, by rearranging the terms in the Harish-Chandra expansion, or by
taking the leading term in the Trombi-Varadarajan expansion, we write

g0)\(6H) _ Z e(iw)\fp)(HI)cI(wA)QO{w/\)l<€H1)
[w]eW\W

+ Yy e (AT (H,w)), (4.9)

weWw
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where T'f is defined by (4.2). For each w € W, wo(A\)e! (w)) and mo(\)e(w)) are
smooth near )\g. In a small neighborhood of Ay, we set

Rig(H ) =0(mo) ¢ > ™0 m()e! (wh)pf,, (€™ o,
[w]eW\W

Rro(H, ) {Z WA= ) e (N e(wN)TT (H, wA)} .

weWw

Then (2.4) and (4.9) show that
(9(770)(7r0)g0,\0 (GH) = R[J(H, )\0) + R1,2<H, )\0) (410)
For the first term R;1(H, ) in (4.10), we have

Ris(Hh)= Y Y e 0Mag (i tH)
[GWI\Wlelszuss
/\0

X a<7TSz) {770()‘>cl(w)‘>}|)\:)\0 8(7TS3> {@{wA),(eHI)} ‘A:AO :
A direct computation yields that
+ e _ %
0(p)es, ()] < O, (1+ [Hyl)Fortaesr) e=oitD = e (ap)™, Ar € aj.

Since e 1) < CA(H)™? on o™, and X, X}, C X, we obtain

|Riy(H, M) < C (14 [H )= (14| H) Pl A2 (4.11)

On the other hand, for the second term R;o(H,\) in (4.10), we first prove a
rough inequality without singularities on Weyl walls. It follows from (4.10) that

|Rr2(H, Xo)| < (mo)(m0) | ox, ()] + [Riri (H, No)|
< Oy (1 + [H|)PPe ler(), (4.12)

Next, we consider a fine inequality involving singularities on Weyl walls. We see
that

Rio(H, o) = Z Z elwA=p)( 7T5 (tw™ 1HI)

weW S1US5S3
=x9
A0

x O(ms,) {mo(Ne(wA)}H,_y, O(ms,) {T7 (H,wA) |, -
By Lemma 4.5 (ii), we deduce that
|Rra(H, M) < O (1+ [H|)Pl A/ (H)~ (ot empl) =201 (4.13)
for H € a™ with 7/(H) > 1. By interpolating (4.12) and (4.13), we get

|Rra(H, Xo)| < C(1 + |H|)3%0 le= (ot )T () o=p(H) A/ () ~1/2, (4.14)
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For H € D!, we have 7/(H) > slog(e + |H|). We therefore take a constant s
which appeared in (4.1) so that s > 3|3{|(so + 1), and hence

e~GotD D) (1 1 | F|) IS (4.15)
By (4.14), (4.15), and A(H)™Y2 < e M) A/(H)~1/2 | we obtain
|Rro(H, Xo)| < CA(H)™V?, HeD. (4.16)

By combining (4.10), (4.11), and (4.16), we obtain the assertion. ]

5. A uniform Fourier restriction estimate

In this section, we prove a uniform estimate of a Fourier restriction operator for
the Helgason Fourier transform.

First, we introduce three Banach spaces B,(X), Bi(X), and B (X) for
oc€eR,. Weput Q = {z € X;r(z) <1}, Q; = {z € X;2771 < r(z) < 27}
for j € N. Let xq,(x) denote the characteristic function of the set ;. For
f e L (X), we define the norm ||- 5, (x) by

loc
HUHB(,(X) = ZQUj ||XQJ'UHL2(X) :
=0
We define the Banach space B,(X) by
B, (X) = {u € L (X); ull g, x) < 0}

Then the dual space B} (X) of B,(X) is realized as follows.

115500 = 590 {2 xo, o -
0

By(X) = {1 € Lo(X) 1S ) < o0}

An elementary computation yields the equivalence of the two norms | - || 5. ) and

|| ||*7o"

1 o\ e
L (x) S — d < . (X) -
sy < sz ([ 10Pes) < 2 Wl
We also define B*(X) = {f € B*(X); f ~0in B*(X)}. Then B*(X) is a closed
subspace of B(X).

For X\ € a*, we define a Fourier restriction operator F, from C§°(X) into
L*(B) by
[FafI(b) = Ff(AB),  f € C(X).

Then we have the following uniform Fourier restriction estimate.
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Lemma 5.1.  For Ay € aj,,, the Fourier restriction operator JFy, can be

uniquely extended to a linear continuous operator from By, ;(X) into L*(B).
Moreover, there exists a positive constant C' independent of \g such that

[Froullr2s) < Clbo(Ao)l[[ull 5, »0x) (5.1)
or equivalently, for R > 1, and u € L*(X) with suppu C B(o, R), we have
| Frotullz2(my < CR2(bo (M) [l 22 x)- (5.2)

Proof.  The equivalence of (5.1) and (5.2) immediately follows from the defini-
tion of B,,/2(X). Hence it is sufficient to prove (5.2) for R > 1, v € C§°(X) with
suppu C B(o, R).

We introduce a certain modified e-function ¢€(\) on a* as in the proof of
[16, Proposition 6.3] (see Anker [3] for the original construction of ¢())). We can
choose b(A\) € C*(a*) so that

B[ = [b(N)| (5.3)

and the tempered distribution F_ 1[571] has compact support in a. We define a
modified e-function €(\) by

e(\) == w(iN) " 'B(N).

Let E denote the compactly supported distribution on a defined by £ := F, ! [c'].
We take Ry > 0 so that

supp E C {H € a;|H| < Ro}. (5.4)

We define the Fourier multipliers Jy, J; on a by Jy = F,'[c'F], Ji =
F e ' Fi. By using |e(A\)|7! < [¢(\)] !, we get

a

c HJlRuHLQ(axB,deb) < HJORUHL2(axB,deb) <C ||J1Ru||L2(a><B,deb) (5.5)

for u € L*(X). For Ay € a,,, we also define a modified function bo(A) of boy(A)
by
bo(A) = mo(iA)e(A).

Then the function ZO(A) is smooth in a small neighborhood of Ay and EO(AO) #£0.
For any A € af,, R > 1, and u € C§°(X) with suppu C B(o, R), the Fourier

reg’

slice theorem (3.2) shows that

7o (iN)bo(N) " Fau(b) = / e 1 Ru(H, b)dH.
By differentiating the above equality, we obtain
d(m0) {wo()\)go()\)‘lfw(b)} — / e~ NI o (— HYJyRu(H, b)dH.

a
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Then it follows from the equality

O(mo) {mo(NBo(N) " Fru(d) }| = (o) (mo)bo(Ao) ' Fryu(h)

A=Xo

that

f,\ou(b) = [a(ﬂ'o)(ﬂ'o)]_lgo()\o) /e_i)‘O(H)WO(—H)JlRu(H, b)dH (56)

Since E = F'[¢""], we have Jif = E x f for f € C3°(a), where * denotes the
convolution on a. Hence we see that

JIRu(H,b) = [E * Ru(-,b)|(H).
By using the assumption suppu C B(o, R) and (5.4), we get
supp J1Ru(-,b) C{H € a;|H| < R+ Ry}, be B.

Then the Schwartz inequality yields that

[ () IR B)AH| < CRY? R

a

Therefore, by taking the L?>-norm on B of the both hand side of (5.6) and applying
the above inequality, we obtain

||~7:Aou||L2(B) < CRVO/2|b0(/\0)| ||J1RU||L2(axB,deb) : (5.7)
By (5.3), (5.5), (5.7), and the Plancherel formula, we deduce that
13l 2y < CR™2[bo (M) el o, - =

Since P,, is the adjoint operator of F),,, Lemma 5.1 immediately yields the
following corollary.

Corollary 5.2.  We assume that Ao € a§,,. Then we have the linear continuous
map
Pro - L*(B) = Bj, 5(X).

Moreover, there exists a positive constant C' independent of g such that

HPAOF”B;O/Q(X) < O‘bo()‘oﬂ ||FHL2(B)a Fe LQ(B)- (5-8)

6. Scattering formula for the Poisson transform

This section is devoted to prove the scattering formula for the Poisson transform
in the singular case. Let X,oe = K - (AT - 0) be the regular set in X. Then the
mapping ¢ : (kM,a) — ka-o is a diffeomorphism from K/M x AT onto X,e,. For
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T € X,eq, We associate the radial part A*(z) € a® and the boundary point b, € B
by (bz,exp(A*(x))) = (), ie.

r = kyexp(At(x)) - o,
b, = k.M.

Then we have the Weyl integration formula on X:
/ f(x)dx = / f(ka-o)A(H)dHdb(kM).
X K/Mx A+

For z € Xieq, Ao € ., w € W, we define an amplitude function ag(x, Ao; w) by

sing
|W/\0’
9(mo)(mo)

Then our second main result is as follows.

CLQ(QT,)\O;UJ) = 7To7w(A+(l'))b0,w()\0).

Theorem 6.1. For \g € a’,,, F' € L*(B), we have the following asymptotic

sing ’
expansion in B; ,(X) for the Poisson transform.

Py F(x) ~ Z e@WAo=P AT @) g0 (12 X3 w) U rg F(b2) (6.1)
[’w]EW/W)\O
~ ATVP(AN(z) Y e @ ag(z s w) [Un s Fl(be). (6.2)
[w]eW/Wa,

Remark 6.2. In the singular case, degenerate terms ag( -, Ao; w), which have
polynomial growth at infinity, appear in the scattering formula. The amplitude
ao(x, \o; w) satisfies a K -invariance in the x-variable, and a homogeneous prop-

erty; ag(etf -0, \g;w) = t|29‘0|a0<€H -0, \;w) for H € aff,, t € R. Then we can
see that the amplitudes ag(x, \g;w) are unique among functions satisfying the
K -invariance, the homogeneous property, and the scattering formula (6.1). We
also note that since e P = A(tH)~"Y/2(1 + o(t™')) as t — oo for H € a*, the
right hand side of (6.1) is a priori equivalent to that of (6.2) in B} ,,(X).

We prove the scattering formula (6.1) in the following three steps: (1)
F(b) = 1 and hence Py [1] = @y,; (2) F(b) = eFrotalgod) =g ¢ G; (3)
F e L*(B).

Lemma 6.3 (Step 1).  For \g € a%,,, we have

sing ’
Pro(T) Z e(imof’))(ﬁ(@)ao(%)\osw) i B;O/Q(X)'

[w]eW/Wy,

Proof. Let xi(x) and x;(x) be the characteristic functions of the sets K exp(D;)-
o and K exp(Dy) -0 on X, respectively. Then Lemma 4.4 (i) yields that

Xi(@)px () = xa(z) Y oA g,z A;w) in By 5(X).  (6.3)
[l €W/ Wi,
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By applying Lemma 4.4 (ii) for I C II,# 0, we get

1
Rvo

/ (@) (@) de < CLi(R),
B(o,R)

where
1

= Rl/g

Li(R) /HKR (U )™ (1 + )5l .

HeD!
For H € Dy, o € I, we have a(H) < slog(e + |H|). Hence, there exists a
positive constant C' such that |H;| < Clog(e + |H|) for H € D;. Then, since
vo =1+ 2|8 |, it follows that

Li(R) < C(log(e + R))4IZ$\

|H|<1
RHeD!

By the inequality o(H) < s(log(e+ R))/R for o € I and RH € Dy with |H| < 1,

we get
11
/ 1dH | < C (M) )
|H|<1 R

RHeD!

Then the above inequality yields that
L;(R) < CR™ M (log(e + R))4|E°+‘+|I‘ —0 as R — oc.
Therefore, we obtain
X1(x)er,(2) 20 in By »(X). (6.4)

Since |ao(z, Ao; w)] < C(1 + r(z))* ! it is obvious that

L—xa(x) > )@@ goz Aiw) ~ 0 in B (X). (6.5)
[w}GW/WXO
By combining (6.3), (6.4), and (6.5), we complete the proof. n

In the proof of Step 2, we need the following lemma.

Lemma 6.4 ([16, Lemma 5.3]). Fory=h-o0¢€ X with h € G, and a regular
point & € Xyeg N (h - Xieg), we put

Ri(w,y) = AT (h™" - a) — A*(2) + A(y, b,).

Then there exists a positive constant C(y) bounded on each compact subset in X
such that
27 (At (2
R (2,9)] S C()e ™™ 0 € Xieg N (h - Xreg)- (6.6)

For A € a*, g € G, we put F),(b) = e(=*+P)(Agob)  Then the symmetric
identity (3.1) is written as @y, (g7" - x) = Py Fi,4(x) and leads us to the following
lemma.
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Lemma 6.5 (Step 2).  For Ay € sing, g € G, we have the following asymptotic
expansion in B} ,(X).
PAOF)\mg('T) = Z e(iw)\07p)(A+(x))a’0<x7 /\07 w>Fw)\0,g(bx)'
[w]eW /Wy,

Proof. Weput z,=¢ ' -z for z € X, g € G. Since By »(X) and éjo/z(X)
are invariant under the action of GG, Lemma 6.3 shows that

ProlTg) = Y oA gy (2 Agsw) i By (X)),
[’w]GW/W/\O

For each term in the right hand side of the above asymptotic expansion, inequality
(6.6) in Lemma 6.4 yields that

liw0—p) (AT (2)) _ (iwho—p)(A* (1)) o

wAo g(bx) < Cefp(AﬂI))*QT(AﬂL(x))

and

@0 (g, Ao; w) — ao(x, Ao; w)| < C(1+1(x)) o

Then, as in the same manner of the proof of Theorem 6.1 (Step I) in [16], we
obtain the assertion. [

Proof of Theorem 6.1. Corollary 5.2, Lemma 6.5, and Lemma 3.1 imply
that the scattering formula (6.1) holds for a general F € L*(B). The proof is
completely parallel to the one of Theorem 6.1 (Step II) in [16]. Thus we omit the
proof. [ |

7. Proof of the main result

In this section, we prove Theorem 2.1. As in the regular case, the uniform estimate
(Corollary 5.2) and the scattering formula (Theorem 6.1) for the Poisson transform
yield a series of claims in Theorem 2.1.

First, we prove Theorem 2.1 (i).

Proof of Theorem 2.1 (i). The inequality of the right hand side of (2.2)
follows from inequality (5.8) in Corollary 5.2. Hence it suffices to show (2.3). We
define a linear continuous map M,, : L*(B) — By (X)) by

My F(z) = ATV (AT () > e ag(a, Ag; w)[Unx Fl(ba)-

[’LU] GW/W)\O

Then we have

1 1
~ / \PAOF(:U)IQ dr = — / ‘MAOF<£L‘)’2 de + I(R) + I(R), (7.1
R Jp(o,r) R Jpom)
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where
1
W)= g [ PG - Mu () e
2 I
1(R) = = /B e {PaF(2) = My, ()} P F()| da.

For the first term in the right hand side of (7.1), we see that

1 2
F d
i [ MG s

S UET S
9 2 H|<1
{ (7TO>(7TO)} [w1],[wo] |He|aJr
EW/Wi

X b07w1 (Ao)bofm ()‘0) (U'wh)\OF7 Uw2,)\0F>L2(B) . (72)

6(Zw1>\0_lw2A0)(RH)7TD7w1 (H)Tro7w2 (H)dH

Here we note that [bo.(Ao)| = [bo(Ao)l, [UwaoF'll12p) = 1F [l 12(5), and wido =
we A if and only if [wy] = [wy] in W/W,,. Then the Riemann-Lebesgue lemma
yields that the sum over [w;] # [ws] in (7.2) converges to 0 as R — oo and hence

lim
R—oo RVo

/B M FP = 5 00 [P

On the other hand, Theorem 6.1 means that Py, F — M, F € E;O/Q(X) and
I;(R) — 0 as R — oo. The Holder inequality yields that

1(R)] < 20 (R)2 [Pa FL o -
Thus we obtain Ir(R) — 0 as R — o0. ]

Here, we recall generalized spherical functions on X. Let K denote the
set of equivalence class of unitary representations of K. For ¢ € K , let Vs be
a representation space of the class §. Let VM denote the subspace consisting of
§(M)-invariant vectors in Vs. We define Ky = {6 € K; VM # {0}}. We put
d(8) = dim Vy, 1(6) = dimV;™. For § € Ky, A € af, the generalized spherical
function @, s5(z) is defined by

Dy 5(z) = / AP AEM)) 5 (k) .
K

As a direct consequence of Theorem 2.1 (i) and Theorem 6.1, we obtain the
following two corollaries. The proof of each corollary is almost parallel to that of
Corollary 7.1 in [16]. We therefore omit the proof.

Corollary 7.1.  We assume that Ao € ag,,. Then there exists a positive con-
stant C' independent of \g such that

v U
oo L2l iy o yon, )

ol 2]
. < C|by(A
e 5. < Cloo(Mo)

a()
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for € KM, vy € VM and vy € V5. Moreover, we have

2 2
1 2 [[oal” [Joa|

. - 2 _ 2
Aim . [(@ag.s(w)v1, v2)|” d = 75 [bo (o) a0)
. 2 2
Jm o [ o Tons@ls e = o B 1),
where || - ||gg denotes the Hilbert-Schmidt norm.

Corollary 7.2.  We assume that Ao € a%,,. Then for ¢ € Ky, vy € VM and
vy € Vi, we have

(@rgs(@)vr,v) = Y AT aq (2, Mo; w) (3(ke) Tyt ang 1, v2)
[’LU]EW/W/\O

in B;O/Q(X), where T'y, » denotes a certain meromorphic function on af with
values in Hom(V;M, VM) . (For the definition of Ty, x, see [15], Chapter III, § 2,
and Theorem 2.10 therein.)

Let £(B) denote the space of K -finite smooth functions on B. In the
sequel, a functional T on B means that T is a linear form on a domain D(T)
satisfying £,,(B) C D(T) C C(B). For a functional " on B and F € D(T) we
write

T(F) = /B Fb)dT(b).

Let £(X) denote the topological vector space consisting of smooth functions on
X with the usual Fréchet topology. Then, as is well-known, we have the following
representation theorem for the Poisson transform.

Theorem 7.3 (Helgason [13], Chapter V, §6, Theorem 6.2, p.528).  Let f be an
arbitrary joint eigenfunction of D(X). Then there exist A € ai. and a functional
T on B such that

f(:c) :/e(m+p)(A(:r,b))dT(b)_
B

Moreover, let us denote by T ~ 3 s & d() Tr(Asd(k)) a formal Fourier series
expansion of T'. Here As is given by

As = /K §(k~1YdT (k) € Hom(Vs, VM), (7.3)

where T' denotes the lift of T to K. Then f(x) has the convergent series expansion
in E(X) of the form

fl) =" d(5) Tr(As®x5(x)).

SRy

Next, we consider Theorem 2.1 (ii), (iii). Since the proof is a repetition of
that of Theorem 3.3 (ii), (iii) in [16], we give only a brief proof.
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Proof of Theorem 2.1 (ii), (iii). (ii) It suffices to prove that the linear op-
erator Py, : L*(B) — & (X) is surjective. By Theorem 7.3, there exists a func-
tional 7" on B which has the Fourier series expansion T~ » 75 d(0) Tr(A50(k)),
where As € Hom(Vs, VM) is given by (7.3), such that

= ) d(0) Tr(As®y4(z)) in E(X).
seRy
The Schur orthogonality relations imply that

1
R»o /B o)ffde = ) d( ) e / o )Ilqh,a(a:)AaIIQHsdx. (7.4)

5€K1\4

Then, in the same manner as the proof of Theorem 3.3 (ii) in [16], equality (7.4)
and Corollary 7.1 yield that

75 1b0(Ao)|? Z d(6)?]| Asllfis < IIf 1oz < 00

seKnm

Hence the Fourier series ) ;. d(0) Tr(A;0(k)) converges in L*(B). Thus there
exists a unique F € L*(B) such that T' = F' as a functional on B. Moreover, we
obtain f = Py, F

(iii) For f =Py F € & (X) with F' € L*(B), we put

1 / ~
(—z)\o—f—p)(A(ac,b))f( )d
(& X )ax.
R™ J (o)

Then (2.3) implies that Fyr converges to F weakly in L?(B) as R — oo.
Therefore it suffices to show that the norm convergence holds. As in the same
manner in the proof of Theorem 3.3 (iii) in [16], Lemma 7.1 and the Schur
orthogonality relation show that limg o [[Fo,rll 25y = [|F]| 12(p)- n

Fo.r(b) =7 2bo(Mo)| 2

8. Concluding remarks

As an application of Theorem 2.1, we give an explicit realization of an inner product
of the Hilbert space associated with the left-regular representation.

First, we observe that the left-regular action of G induces a representation
on the Banach space B} (X). For g € G, f € BX(X), we define

(L) fl(w) = flg™" - ).
Lemma 8.1. (L, B:(X)) is a (strongly) continuous representation of G.

Proof. The inclusion B(g-o0, R) C B(o, R+71(g-0)) and G-invariantness of dz
imply the inequality | L(g)fll.., < (1+7(g- )" | fll.,. Since |fll.o < Iz
and Cg°(X) (or L*(X)) is dense in B*(X), the strong continuity of L on B}(X)
immediately follows from that of L on L?(X). n
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It follows immediately from Theorem 2.1 that &5 (X) = H,,(X) as a set.
Moreover, the polarization form yields the following realization of the inner product
(+,+)x, of the Hilbert space H,(X).

Corollary 8.2.  For \g € a%,,, f1, fo € Hx(X), we have

(oo = Jim 3 o) [ ) e

Finally, we observe that the unitary representation Ty, on H,,(X) can be
regarded as a uniform limit of a family of representations on Banach spaces. For

fe& (X), Ry >1, we define

1 1/2
_ 1 —1 2
Iy = 35" o0 sup s ([ iftwpar)

R>Rg
Then the normed space (€5 (X), || - [|z,) is a Banach space. In a similar manner as
Lemma 8.1, we can also consider the left-regular representation on (5 (X), [ - [Iz,)-

Furthermore, by (2.3), we obtain

O fly, < F gy < Cll g,

S 1y = 1/l
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