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Abstract. We consider the realization of level 1 infinite-dimensional modules
for the double Yangian DY (sl;) found by K. Iohara. We use the correspond-
ing vertex operators to generate a family of nonlocal h-vertex algebras Wy,
N € Zxo. Finally, we construct combinatorial bases of Wy and establish a
connection with the sum side of the Rogers—Ramanujan identity.
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Introduction

In [[7], B. L. Feigin and A. V. Stoyanovsky introduced the principal subspaces of
the integrable highest weight modules for affine Lie algebras; for more information
see also [B, B, 11, 20]. The quasi-particle bases of these subspaces provide an
interpretation of the sum sides of various combinatorial identities; see [2, [7, 8]. For
example, the principal subspace of the level 1 integrable highest weight ;[z -module
L = L(Ay), with the highest weight vector vy, € L, has a basis

Bwo) = {e(rm) - --e(ri)va, i <=1, rj—rjp1 22, j=1,....,m—1, m > 0},

where e(z) = Y., ,e(r)z7""t € Hom(L, L((2))) denotes the commutative ver-
tex operator associated with the positive simple root of sly. The difference-two
condition r; — r;;1 = 2, which is a consequence of the integrability relations on
L,

e(2)? = (%e(z)) e(z) =0 or equivalently e(z)_1e(2) =e(z)_2e(z) =0, (1)

see [[15], establishes an interpretation of the sum side in the Rogers—-Ramanujan
identity

2

q . 1
Z (1 - Q) T (1 - q”) B H (1 — q5n+1)(1 _ q5n+4)' (2)

n=0 n=0
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In this paper, we are interested in finding a vertex-operator theoretic in-
terpretation of the sum side in (E), in terms of the level 1 infinite-dimensional
modules for the double Yangian DY (sly), whose realization was given by K. Io-
hara in [9]. The realization provides the explicit formulas for the action of the
double Yangian generators on a certain C[[h]]-module Fy. Moreover, these gen-
erators can be arranged into formal series F(z), F(z), HX(2) in DY (sk)[[z*']],
which can be then viewed as elements of &,(Fy) = Hom(Fy, Fo((2))[[h]]). Using
the approach similar to [[16]-[19] we construct the so-called nonlocal h-vertez al-
gebras Wy C En(Fo)[t], N € Zsp, generated by the (nonlocal) vertex operator
E(z) in &,(Fp). The additional variable ¢ is introduced in order to simplify the
definition of the vertex operator products on Wy ;. However, our original goal is
to consider nonlocal h-vertex algebras in &,(Fy) which are obtained by evaluating
the elements of Wy, at t =1.

In contrast to more general constructions of quantum vertexr algebras in
[6], [16]-[19], we employ the h-derivation 0 /0nz: a(z) — (a(z + h) — a(z))/h to
introduce the new products of vertex operators, so that we obtain the following
analogue of ([l]) in W,:

E(2)* = (%E(z)) E(z+h) =0 or equivalently

E(z)_1E(z) = E(z)2F(z) =0,

cf. quantum integrability [4, p]. The relations of the above form enable us
to construct bases of Wy, and consequently, to show that the C[[h]]-module
Wy = Wy |t=1 inherits the nonlocal h-vertex algebra structure from Wy ;. Also,
we immediately obtain the corresponding bases By, of Wy . Finally, the suitably
defined character for Wy coincides with the sum side in (R). The similar approach
was adopted in [12, 13], where the difference-two conditions in the quantum affine
algebra setting were interpreted via ¢*-derivation b(z) — (b(2¢?) —b(2))/2(¢*—1).

In the end, motivated by the presentations of principal subspaces in [3, 21],
we use the bases By, to determine the kernels of certain natural nonlocal h-vertex
algebra maps

. —)fN+2 WN+1 fN+1\ WN I > ... fs W2 f2 > W1 h > Wo.

More precisely, we prove that the maps fy for N > 3 are isomorphisms while
the maps fo and f; are epimorphisms whose kernels are generated by F(z)_1E(z)
and F(z)_oE(z) respectively.

1. Nonlocal h-vertex algebras

The goal of this section is to prove Theorem which states that any quasi-
commutative set of vertex operators generates a nonlocal h-vertex algebra.

1.1. Preliminaries. Let V be a C][[h]]-module. The h-adic topology on V is a
topology generated by the basis v + A"V, v € V., n € Z>y. Recall that V is said
to be separated if N,>1h"V = 0 and that V is said to be torsion-free if hv # 0 for
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all nonzero v € V'; see [10] for more details. Denote by &,(V) the C[[h]]-module
consisting of the operators

a(z) =) a2z € (End V) [[*]] (1.3)
TEZL

such that for every b € V we have, with respect to the h-adic topology, a,.b—0
when r—o0. More precisely, the element a(z) € (End V) [[2*!]] belongs to &,(V)
if for every b € V and nonnegative integer n there exists an integer m such
that a,b € A"V for all r > m. We will denote by Hom,(V,V((21,...,2m)))
the C[[h]]-module Hom(V,V ((z1,...,2m))[[R]]). In particular, we have &,(V) =
Homy(V,V((2))). Denote by E(V) the C[[h]]-submodule Hom(V,V((z))) C
En(V). Observe that if element () belongs to £(V), then for any b € V we
have a,b = 0 for sufficiently large integer r. The next definition was motivated
by [, Definition 3.3] and [L8, Definition 2.9].

Definition 1.1. A nonlocal h-vertez algebra is a triple (V,Y,1), where V is a
separated and torsion-free C[[h]]-module with a C[[A]]-module map

Y (-, 20): V — Hom(V,V((20))) (vl)
arY(a,z) = Zarzo_r_l

and a distinguished element 1 in V' such that the following conditions hold:

Y(1,z0)a=a forallaeV, (v2)

Y(a,20)1 € V[[z]] and limOY(a, 20)1=a forallaeV, (v3)
zZ0—r

Y(a, zo+ 22)Y (b, 22)c = Y (Y (a, 20)b, z2)c  for all a,b,c € V. (v4)

Note that (@) is equivalent to

(a,b),c = Z (l ; 1)arl (bsyic) forall a,b,c €V, r,s € Z. (1.4)
120

Requirement, (El) implies that the infinite sum in g) contains only finitely many
nonzero summands, so that the right-hand side in (yv4) is well-defined. Even though
the notion of (h-adic) associativity is usually expressed somewhat differently and
also, more generally, see for example [0, [1§], its particular form in Definition
will be suitable for the setting of this paper.

In parallel with vertex algebra theory, see for example [14, Chapter 3|, one
can straightforwardly introduce the following notions:

Definition 1.2.  An ideal of a nonlocal h-vertex algebra V is any C[[h]]-
submodule I of V', which satisfies / = {v € V' : h™v € I for some n > 0}, such
that a,v and v,.a belong to I forallae I, veV and r € Z.

Definition 1.3. A homomorphism of nonlocal h-vertex algebras (Vi,Y;, 1)
and (Va,Y5,1?) is a C[[h]]-module map f: V; — V4 such that

fAWYy=1® and  f(a.b) = f(a),f(b) foralla,bec Vi, reZ.
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Monomorphism, epimorphism and isomorphism of nonlocal h-vertex alge-
bras can be defined as usual. The kernel of any nonlocal h-vertex algebra homo-
morphism f: V — W is an ideal in V' and the quotient C[[A]]-module V/kerf is
a nonlocal h-vertex algebra. Clearly, if f is an epimorphism, nonlocal h-vertex
algebras V/kerf and W are isomorphic.

1.2. Quasi-commutativity and h-derivation. From now on, we assume that
V' is an arbitrary topologically free C[[h]]-module, i.e. a C[[h]]-module which is
separated, torsion-free and complete with respect to the h-adic topology. The next

definition can be viewed as a special case of quasi compatibility [16, Definition 2.10],
extended on &, (V)[t].

Definition 1.4. A sequence (3 72 ar;(2)t/,. .., > 0" amj(2)t7) in E(V)[t] is
said to be quasi-commutative if for any choice of (j1,. .., jm) such that 0 < ji < ng
we have

a1, (z1)a2,4,(22) -+ @ (2m) € Homy (V, V((21, ..., 2m)))- (1.5)

A subset S of &,(V)[t] is said to be quasi-commutative if every finite sequence in
S is quasi-commutative.

Let b(z1,...,2n) be an element of Homy,(V,V((z1,...,2y))). By applying
b(z1,...,%y,) on an arbitrary v € V we obtain a series in V((z1,...,2zm))[[h]]-
For any nonnegative integer [ the coefficient of h' in this series belongs to
V((z1,...,2m)). Therefore, we can replace the variables zi,...,z, in this co-
efficient by =z, thus getting an element of V((z)). Consequently, we can re-
place the variables zi,..., 2, in b(z1,...,2,) by z, thus obtaining the element
c(z) =b(z,...,2) € E(V). We will denote such substitution by

c(z)=lim b(z1,...,2y,) or, more briefly, by ¢(z) =0b(z,...,2).
Zm—2

.....

For any a(z) in &,(V) define its h-derivation by

0, _a(z+h) —a(z)
a’;a(z) = . .

On the right-hand side, as well as in the rest of this paper, we use the usual
expansion convention: the negative powers of (w; + ... + w,) are expanded
in nonnegative powers of ws,...,w,. Hence, in particular, (z + h)" for n <
—1 is viewed as an element of C[z!][[h]]. The numerator on the right-hand
side of () is divisible by h, so, since V is h-adically complete, we see that
(On/0Ohz)a(z) belongs to E,(V). In order to simplify our notation we will often
denote (95 /0,2")a(z) by a'(2).
Define the operator R, on Homy(V,V((21,...,2m))) by

(1.6)

R o b(21, .00 2y 2, 2ty oy 2m) 2 O(21, -0 2, 2 F Ry 24, 2m).

The C[[A]]-module Homy(V,V((z1,...,2y))) is invariant under the actions of
the C[[h]]-linear operators 0p,/0nz; and R.,. Hence, for an arbitrary quasi-
commutative sequence (ay(z,t),...,an(z,t)) in E,(V)[t], the sequence obtained
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by replacing any entry a;(z,t) by (On/0hz)aj(z,t) or R,a;(z,t) is again quasi-
commutative.

Proposition 1.5.  For any quasi-commutative pair (a(z),b(z)) in E,(V) and
for any positive integer r we have

) ) = 3 () 1ate+ (- ) € &),

(b) (a(2)b(2))") = Z (;ﬂ)a(l)(z)b(r_l)(z +1h) € & (V).

1.3. Construction of nonlocal h-vertex algebras. We now use h-derivation
(IL.6) to introduce the r-th products among quasi-commutative operators:

Definition 1.6. Let N be a nonnegative integer and let

(a(z,),b(z,1)) = (X2ilg ail2)t', 2250 b (2)F)

be a quasi-commutative pair in &,(V)[t]. For any integer r define the element
CL(Z, t)(—r—l,N)b<Z7 t) by

a(z, ) (r1.n)b(2, 1) = Z (@i(2)t) __yy (03(2)F)

where for r < 0 we set a(z,t)—r—1,5b(2,t) = 0 while for 7 > 0 we define

) . 1 o
(@i ()t o1y (b;(2)F) = = Tim a"” (20)b;(z + (i + 7 + N)R)EH N,

(2
Tt z1—z

Note that the element a(z,t)_,—1.n)b(2,t), as defined above, belongs to
En(V)[t] due to the discussion preceding Proposition [L.5. In order to simplify our
notation, we will often denote the expression a(z,t)un)b(2,t) by a(z,t),b(z,t).
Even though the given product depends on the choice of the nonnegative integer
N, this should not cause any confusion because the value of N will be clearly
specified in the context. For example, throughout the rest of this section we
assume that N is a fixed nonnegative integer.

We should say that different products of (nonlocal) vertex operators which
also involve the shift of their argument were already studied earlier; see e.g. [[L7].

Lemma 1.7.  Let (a1(z,t),...,am(z,t)) and (ar(z,t), ax1(z,t)) for some k =
L,...,m —1 be two quasi-commutative sequences in E,(V)[t]. Then for every
integer r the sequence

(a1(z,t), ..., ap—1(z, 1), ak(2,t) r_1ap11(2,t), agpra(2, 1), ..., am(z, 1))

1S quast-commutative.
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Proof.  Although the proof is similar to more general [16, Proposition 2.18], see
also [13, Lemma 2.8], we write some details in order to take care of the variations
in definition of vertex operator products. The statement of lemma clear@holds

for r < 0, so suppose that r is a nonnegative integer. Due to Definition it is
sufficient to consider a sequence of homogeneous elements (a;(2)t*,. .. ay(2)t*™)
in &,(V)[t] satisfying
ar(zk) a1 (2r41) € Homp (V. V (25, 2541))) and (1.7)
ai(z1) -+ am(zm) € Homp(V,V((21,. .., 2m)))- (1.8)

Due to part (H) of Proposition @ the product (ag(2)t**)_,_1(ags1(2)t*+1) can be
written as a C[h~!]-linear combination of (ay(z+h)t* ) _1(ags1(2)t*+1), where
[ =0,...,r. Therefore, it is sufficient to prove that the sequence

(a1 (Z)toq’ - ,ak_l(z>t04k—17 (ak(z + lh)tak—’—r)_l(ak_,_l(z)ta’“'l),
a/k+2<z)tak+2’ . 7a/m(z)tam>
is quasi-commutative for all [ =0,...,r. Since
(ap(z + IR)E*T) ) (apy(2)t%+1)
= 11111 ak(Zl + lh)ak+1 (Z —|— (Oék + r + N)h)tak+ak+1+T+N
Z1—%2
= ak(z + lh)ak+1(z + (ak +7r+ N)h)tak+ozk+1+r+N’

we only have to verify that for any [ =0,...,r the expression

ay(z1) -+ ap—1(zp—1)ar(zx + h)agr1(zk + (e + 7+ N)h)agro(zes2) -+ - am(2m)

bﬁgngs to Hom,(V,V((z1,. .., 2k, Zk+2y-- -5 2m))). This follows from () and
(L.8). n

For any quasi-commutative pair (a(z,t),b(z,t)) in E,(V)[t] define
Y(a(z,t),20)b(z,t) = Za(z,t)rb(z,t)zo_r_l € (En(V)[t]) [[20]]- (1.9)

Let 1 € &,(V)[t] be the identity V' — V. The next definition is motivated by the
similar notion introduced in [18§].

Definition 1.8. A quasi-commutative set S C &,(V)[t] is said to be Y -closed
if a(z,t),0(z,t) belongs to S for all a(z,t),b(z,t) €S, r € Z.

The next corollary is a direct consequence of Definition @ and Lemma .

Corollary 1.9.  All mazimal quasi-commutative Cl[h]]-submodules of E,(V)[t]
are Y -closed and contain 1.

Lemma 1.10. If M is a mazimal quasi-commutative Cl[h]]-submodule of
En(V)[t], then the triple (M,Y,1) is a nonlocal h-vertex algebra with vertex oper-
ator map Y given by ([L.9).
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Proof. Since M is a C[[h]]-submodule of &,(V)[t], it is clearly separated and

torsion-free. By Corollary M is Y -closed and contains 1. Axiom (v1) clearly
holds since the expression in ) possesses only nonnegative powers of the variable
2p. The fact that axioms (v2)— (@) hold on M can be easily verified by a direct

calculation. For example, let us prove (v4).

Let a(2)t®, b(2)t? and c(2)t" be three homogeneous elements in M. Sup-
pose that N = 0. First, we calculate Y (Y (a(2)t*, 20)b(2)t?, 25) c(2)t?. Using (@)
we get

tatB+y+rts

el (a(’")(z)b(z + (o + r)h))(s) c(z+ (a+ B+r+s)h)zpz;.  (1.10)
r,s>0 .

By part () of Proposition this equals to

5 totBtytrts

Z Z rlll(s —1)!

r,s2>0 [=0

(@)D (2 + (a + 7+ Dh)) e(z + (a + B+ 7+ s)h) 2523,

(1.11)
Next, we calculate Y (a(2)t?, zo + 22)Y (b(2)t?, z5)c(2)t?. Using () we get

tatB+ytuto

O D(2) (5™ (z + (@ +wh)e(z + (a+ B +u+v)h)) (20 + 22)"25.
u,v=>0 T

(1.12)
By expanding (zg + 22)" we obtain

Y potBtytuto

2.2 (w— )l “

uav>0 l:0

W(2) (b7 (z + (a +uh)e(z + (a+ B +u+v)h)) 20 25T

(1.13)
Since the sequences (a(2)t®, b(2)t?, c(2)t?), (a(2)t*, b(2)t?) and (b(2)t?, c(2)t7) are
quasi-commutative, the expressions

lim <lim (a" ()b D (2o + (a+ 7+ Dh)) e(zs + (a+ B+ + s)h)) , (1.14)

Z3—Z zZo—rZ

lim (a(““l)(z) lim (07D (z + (a+ 7+ Dh)e(zs + (a+ B +7+ s)h))) (1.15)

zZ9—Z2 Z3—22

are (well-defined and) equal. Furthermore, both (llT}I) and (llﬂ) are equal to
m (a0 (20)b" D (22 + (@ + 7+ Dh)c(zs + (a+ B+ 7+ s)h)) .

21,22,23—Z

Thus, by applying the substitutions = v — [ and s = v+ [ on (), we see
that j) and ([L.13) coincide, so (@) follows. Finally, for positive N, the proof
of (v4) is immediately obtained by replacing o by a + N and § by f+ N in
(L20)-(L.13). .

Let S be a quasi-commutative subset of £,(V)[t]. By Zorn’s Lemma, S is
contained in a maximal quasi-commutative C[[h]]-submodule M of &,(V)[t]. By
Lemma [1.10, M is a nonlocal h-vertex algebra. Denote by (S) the intersection of
all nonlocal h-vertex algebras which contain S U {1} and whose vertex operator
map satisfies (@) We have
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Theorem 1.11.  ((S),Y,1) is a nonlocal h-vertex algebra.

Note that
ag)ag) a™1e(S) forallry,...,r, €Z,aY,.. 0™ €S, m>0 (1.16)

On the other hand, due to (), the C][h]]-span of all elements of the form (|L.16)
is a nonlocal h-vertex algebra. Hence, we have

(S) = span {ag)ag) . ..aﬁ,’z) 1:7r,....tm€Z,aM, ....a™eS m> 0}.
Cl[n]]
(1.17)

2. Nonlocal h-vertex algebras associated with double Yangian
I)S((ﬁ[z)

In this section, we use Theorem to construct examples of nonlocal h-vertex
algebras associated with Iohara’s realization of certain DY (sl,)-modules, as well
as their combinatorial bases; see Theorem R.13 and Theorem P.15

2.1. Bosonic representations of DY(sly). We follow [9] to introduce the
double Yangian for sl, and its level 1 infinite-dimensional modules. The double
Yangian DY (sly) is defined as the h-adically completed associative algebra over
C[[Rh]] generated by the coefficients of the series

H (2)=1+ hthz_k_l, H (z)=1- hthz_k_l,

k>0 k<0

E(z) = Zekz_k_l, F(z) = Z fez Rt

kEZ keZ

and the central element ¢, subject to the defining relations

[H*(2), H (w)] = 0, (2.1)
(25 —wy + h) (2 —ws — h)H=(2)HT (w)

= (24 —wg — h)(24 —wx + hYHT (w)H*(2), (2.2)

L N1 i,y FZx—w—h

H*(z2) " E(w)H*(2) = mE(w), (2.3)
HE(2) () HE () = Z:—Z;Zﬂw), (2.4)
(z—w—h)E(2)E(w)=(z2—w+ h)E(w)E(2), (2.5)
(z—w+h)F(z2)F(w) = (z —w— h)F(w)F(z), (2.6)
(), F@)] = 1 (3e — wy)H () 8z —w ) H (w0)), (27

where 2z =z £ he/4 and §(z —w) = >, 2 " 1" is a delta function.
Let h = CaV, where oV = diag(1,—1), be Cartan subalgebra of sly, let
(Q = Za be the root lattice generated by the simple root a € b*, a: a¥ — 2, and



Kozi¢ 681

let P = Z\ be the weight lattice generated by the fundamental weight A = a/2.
Denote by (+,-) the standard bilinear form on h* defined by («a, ) = 2. Denote
by s the Heisenberg algebra generated by the elements a;, k € Z, k # 0, and the
central element ¢ subject to the relations

lag, a;] = kdyyioc for k,l € Z, k,1 #0.
Consider the h-adically completed tensor product
o= Cllh]Jla : k € Zuo) @ CUANQIEN, i = 0,1,

where C[[h]][Q] is the group algebra of Q) over C[[h]] and \; = J;jpA. Define the

action of the elements ¢, a, 0,, e, where k € Z,k # 0, and p,v € P, on F; by

vy v _ s Jaf®e” for k <0,
c-(fee)=fxe, a <f®e>_{[ak,f]®e” for k > 0. (2.8)
b (foe)=(fee ad e-(fae)=foet. (29

By action (@) F; becomes a level 1 module for the Heisenberg algebra s. Set
¢ =1, so that z+ = z+ h/4 and introduce the following notation:

EE(2) = exp <i;a_l;k <(z¢+ g)k+ (z¥ - g)k)) ,

B (2) = exp <3F > %Zi’“) :

k>0

We recall the construction of level 1 DY (sly)-modules from [J, Theorem 4.7]:

Theorem 2.1.  The following assignments define a DY (sly)-module structure
on Fj:

s e (z_ ((Hg)": (Z_gy)) ()

H™(2) — exp <—Z% (( —I—h)k—(z—h)’“>>7

k>0

E(z) = E*(2)EH(z)e” <z—i— Z)a

F(z) = E-(2)Ex(z)e® <z _ Z) -

We will also need the operator

O_(2) = exp <Z % (z + zh)k) (2.10)

k>0
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which appears in the construction of the type 1 intertwiners in [9, Theorem 4.8].
In order to simplify our notation, we will denote Ef(z) by Fi(z). In the next
proposition, the operators Fi(z) and ®_(z) are viewed as the elements of &,(F),
where F = Fy D F;.

Proposition 2.2.  The following relations hold on F:

(Zl — 2'2)(21 — Z9 + h)

Bo() B () = T B (o) B, (2.11)
By (21)0_(2) = %@(zga(zg. (2.12)

Furthermore, we have
E(2)E(z) = E(2)E(z + h) =0, (2.13)
E(2)®_(z—h/2) = 0. (2.14)

Proof.  Formulas () and ) can_be verified by a direct calculation. They
imply, together with Theorem and (E), that E(z1)E(z9) and E(z1)®_(z2)
belong to Homy, (F, F((21,22))), so the pairs (E(z), E(z)) and (E(z),P_(2)) in
En(F) are quasi-commutative. Hence, the expressions

lim E(z)E(z), lim E(z)E(2p+h) and lim E(z)P_(z2 — h/2)

21,22—2 21,22—2 21,22—2
(2.15)

are well-defined elements of &,(F). Finally, we conclude b () and () that
the operators in (@) are equal to zero, thus proving (R.13) and (R.14). n

Set U(z2) =®_(2 — h/2)e* € E,(F). Relation () implies
E(z1)V(z2) = (21 — 20)V(22)E(21) (2.16)

on F. By applying 0}'/0,z7 on (R.16) and using part () of Proposition we
obtain

Proposition 2.3.  For any nonnegative integer n the following relation holds
on F:

EM (20)0(2) = U(2) (nET "V (21) + (21 — 20 + nh)EM™(2)) . (2.17)

2.2. Nonlocal h-vertex algebra Wj. Define S ={E(z)} C EL(Fo).
Lemma 2.4.  The set S s quasi-commutative.
Proof. = We will prove by induction over n that the expression F(z)--- E(z,)

belongs to Homy, (Fo, Fo((21,-..,2,))). Suppose that this holds for some n > 1.
Then, we have

E(Zl) cee E(2n+1> c Homh(]:o, Fo((21)>((22, ey Zn+1))). (218)
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Due to (@) and (), we can write E(z1)--- E(z,41) as

E(z1) - E(zpp1) = P21, ..., 2p1 ) E_(21)e®E(23) - - - E(2pg1) B4 (21) (21 + h/4)%
(2.19)

for some polynomial P(z1,...,2,+1) in Clh, 21,..., 2,51]. Since () is an ele-

ment of Homy,(Fo, Fo((2a,- .., 2n41))((21))), we conclude by (E) that the prod-

uct E(z1) -+ E(zn41) belongs to Homy, (Fo, Fo((21,- .-, 2n+1))), as required. n

Let N be a nonnegative integer. Recall Lemma @ and Theorem .
Define

Wit = (S) C En(Fo)t]

to be the nonlocal h-vertex algebra with vertex operator map

Y™ (a(z,t), 20)b(2, 1) = Za(z,t)(r,N)b(z,t)zO_T_l for all a(z,t),b(z,t) € Wi
rEZ

(2.20)
Moreover, associativity (@), which can be written as

[—r—1
(a(r,N)b) (s,N) C= Z ( 7; )a(rl,N) (b(s+l,N)c) y @y ba S WN,ta (MRS Za

=0

(2.21)
implies that Wy is a unital associative algebra with unit 1 and the product given
by a-b=ainb for all a,b € Wy,.

Throughout the rest of this subsection we assume that N is equal to zero
and we denote the products a(z,t).0)b(2,t) of the elements a(z,t),b(z,t) € Wo,
by a(z,t),b(z,t).

Due to (), nonlocal h-vertex algebra Wy, is equal to the C][[h]]-span of
monomials

E(2) E(2)n 1, r,o < —1,m 2 0. (2.22)

A inaller spanning set can be easily found by using the following consequence of
(2.13):

Tm **

Lemma 2.5.  The following relations hold in Wy, :
E(z)-1E(2) =0 and E(z)_2E(z) =0. (2.23)

Let B C Wy, be the set of monomials
E(z) E(2)n 1, m <=1, 0,1, <=3, m>=0. (2.24)

Tm * *

Lemma 2.6. The set B spans Wy ;.

Proof.  Suppose that monomial () satisfies
Ty ooy Thr1 < —3  and  rp > —2 for some 2 < k < m. (2.25)

We will show that the given monomial can be expressed as a linear combination
of monomials () satisfying

Tony oo s T < —3, (2.26)

so the lemma will follow by induction.
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Suppose that 7, = —2. Set a = b = E(2), ¢ = E(2)p,_, ... E(2)r, 1,
(r,s) = (=2,7%-1) and N = 0 in (@) Due to the second equality in (R.23),
the left-hand side in (R.21)) equals zero, so we can express the original monomial
satisfying (R.25) as a linear combination of the monomials satisfying (2.26).

Suppose that 1, = —1. Set a = b = E(2), ¢ = E(2)p_, .- E(2)s 1,
(r,s) = (=1,r4—1) and N = 0 in () Due to the first equality in (R.23),
the left-hand side in (R.21]) equals zero, so we can express the original monomial
satisfying (R.25) as a linear combination of the monomials satisfying (2.26) and a
monomial satisfying

Tmy oo 3 Tl < —3, Tk < —2. (227)

Now, we may proceed with the monomial satisfying () as in the case rp, =
—9 [

Due to Lemma @, for any element a(z,t) of the nonlocal h-vertex algebra
Wo,. the sequence (E(z),...,FE(z),a(z,t)) is quasi-commutative. Therefore, the
product F(z+ sgh)_1...E(z+ sih)_ja(z,t) is a well-defined element of &, (Fo)[t]
for any choice of integers si,...,s;. We will usually omit the subscript indices
and denote this product by E(z + szh)--- E(z + sih)a(z,1).

Our next goal is to prove that the set B is linearly independent. Denote by
L the following subset of &,(Fp):

L={E(z+sgh) --E(z+sh)1:
817‘..,8,@62;0,]{320, Sj_1—8j>2, ]:2,7]{3}

For any monomial L = E(z + sih)--- E(z + s1h)1 in £ we say that the integer
k is the length of L and write I(L) = k. Also, we say that the integer s; is the
height of L and write ht(L) = s;. In particular, we have [(1) = ht(1) = 0.

Lemma 2.7.  The set L is linearly independent.

Proof. Let n > 0 be a minimal integer such that there exists a linear combi-
nation

arLy + ...+ apL, =0, (2.28)

where Ly, ..., L, are distinct monomials in £ and ay,...,a, € C[[h]] are nonzero
scalars. Due to Theorem @ and () the set £ does not contain zero, so n > 1.
Without loss of generality we can assume that there exists a nonnegative integer
s such that E(z + sh) is a factor of L, and is not a factor of L,,_q, i.e.

Lj:E(z+s£ﬁ;gh)---E(z+sgj)h)1, j=1...,n, where
5 = 5,&") for some k=1,...,m, and s # S](qu) forall k =1,...,mpu_1.

Consider the operator O4(z): L + U(z+sh) ' LY (z+sh). Relation (2.16)
implies O4(2)L; = b;L;, j =1,...,n, for some b; € C[[h]] such that b, =0 and
b,—1 # 0. Hence, by applying the operator O4(z) on linear combination () we
obtain contradiction to minimality of n. [ ]
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Lemma @ implies that the set B does not contain zero and, furthermore,
that for any two elements F; = F(z) E(2),, 1 and Ey = E(z)s,, ... E(2)s, 1
in B we have

TRt

E,=F, if and only if k=m and r;=s;forj=1,... k.

Let E = E(2),,...E(2),, 1 be an arbitrary monomial in B. We say that the
integer k is the length of the monomial E and write [(E) = k. For any nonnegative

integer k define
B, ={EeB:I(E)<k}. (2.29)

We say that the integer m = —(ry + ... + rx + k) is the height of the monomial
E and write ht(E) = m. In particular, [(1) = ht(1) = 0. For any nonnegative

integer m define
B ={E € B : ht(E) <m}. (2.30)

Example 1.  Consider the monomial E = E(z)_3FE(z) _4E(z)_¢FE(2)-11 € B.
We have
(E)=4 and ht(E)=—(-3—4—6—1+4) = 10.

For any A C &,(Fy)[t] denote by A |~ the set of elements of A evaluated
at t=1,
A |t:1 = {CL(Z, 1) . a(z,t) € A} C gh(fo)

Lemma 2.8.  The set (B<) |t=1 is linearly independent.

Proof. We first consider the set B<y. Note that the linear independence of
the set B<; can be easily established using Lemma R.7. Now, let n be a minimal
integer such that there exists a linear combination

B+ ...+ a,FE, =0, whereay,...,a, € C[[h]] are nonzero, (2.31)
of distinct monomials
El,...,Emelggl, Em+1,...,En€BQf:B<2\B<1, 1<m<n—1.

Lemma @ implies that the sets B<s and (B<2) |;=1 do not contain zero, so n > 1.
Applying the operator h%/2 on (.31)) we obtain a new linear combination

h(h™°Pra By + ..o+ B %mta, By ) 4+ b2 (a1 Bt + - -« + apB,) = 0,

which, together with (), contradicts minimality of n. Therefore, it is sufficient
to prove that the set By is linearly independent.

We will prove by induction over k that every set B;k of monomials E € By
satisfying ht(E) < k is linearly independent. This is clearly true for & = 2 since
the set By? contains only one element, F(z)_sE(z)_11 # 0. Assume that the set
B5* is linearly independent for some k > 2. The set Bi*! = BS*\Bs* consists
of the monomials

E"(2) = E(2),_r3FE(z)_, 1, r=1,... k.
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By Lemma @ the elements
L(2) = E(z+ (k—s)h)E(z + (k + Dh)t* s=1,...k,
are linearly independent. Therefore, due to the induction hypothesis, the set
BsPU{L(2) : s=1,...,k}

is linearly independent; this can be proved by arguing as in the proof of Lemma

Using part (H) of Proposition @ we can express every E"(z) as a C[h™!]-
linear combination of the monomials L*(z) modulo C[[h]]-span of Bs*:

k

k—r+2
I _ 1 —k—1 s+rrs <k _
E"(z)=h E (s—r—i—Q)(_l) L*(z) mod %3[52}11182 , r=1,...,k,

s=1

where (Z) =0 for b < 0. Since the matrix ((’;:::[;)(—1)8”)?8:1 is regular, we

conclude that the set
Bs* = BSFU{E"(2) i r=1,...,k}

is linearly independent, thus completing the induction step.
Finally, one can easily check that the above arguments hold for the elements
of the set (B<2) |1=1 C En(Fo) as well, so the lemma follows. n

Recall that By = B<y \ B<; and define LBy = LBy U B¢y, where
LBy ={L(2)B(z + (ht(L(z)) + 2+ 1h) : L(z) € L, B(z) € By, > 0}.
By Lemma @ the sets LB<s and (LBcs)|;=1 do not contain zero.
Lemma 2.9.  The set (LB<2) |t=1 is linearly independent.

Proof.  Due to the first part of the proof of Lemma @, it is sufficient to prove
that the set (LBs)|;=1 is linearly independent. Let n > 0 be a minimal integer
such that there exists a linear combination

n

> apLi(z)Ax(z) =0, (2.32)

k=1

where scalars a; € C[[h]] are nonzero, Li(z),..., Li(z) € L are distinct and each

Ak (2) is a C[[h]]-linear combination of some elements B(z + (ht(Ly(z)) +2+1)h),

where | > 0 and B(z) € (By) |t=1. Again, due to the first part of the proof of

Lemma P.§, we can assume that all the monomials Ly(z), k =1,...,n, are of the

same length. Next, by Lemma PR.§, we can assume that their length is not zero.
If n > 1, there exists a minimal nonnegative integer s such that

Li(2)¥ (24 sh) =0 and L;(2)V(z+sh)#0 forsomei,j=1,... n.
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Recall () and apply the operator M + W(z + sh)"'!MU(z + sh) on linear
combination () As a result, the summand a;L;(2)A;(z) will get annihilated.
Furthermore, we have W(z + sh)'a;L;(2)A;(2)¥(z + sh) # 0. Some other
summands ayL(2)Ag(2), k # 1,7, in (2.39) may also get annihilated. However,
since s is minimal, by applying the operator M — W¥(z + sh)M¥(z + sh)™! on
this new linear combination, we obtain

> erarLip(z)Ap(z) =0, where g, € {0,1}, 5 =0, ¢ =1, (2.33)
k=1
which contradicts minimality of n.
Hence, in order to prove that the set (£B5) |=1 is linearly independent, it
is sufficient to consider only one summand in (2.33), i.e. the expression of the form

L(z)C(z) =0 with C(z) = i b B(z 4+ (ht(L(2)) + 2 + Ix)h), (2.34)

where by € C[[h]] are nonzero scalars, Bi(z),..., B,(z) are distinct elements of
(Bs) |t=1, L(z) € L and I € Zsy. If C(z) = 0, Lemma @ implies by = 0 for
all k = 1,...,m, so the proof is over. Otherwise, write C'(z) as a C((h))-linear
combination of distinct elements J1(z2),...,J.(z) € L,
C(z) = chjk(z) # 0 with nonzero ¢, € C((h)). (2.35)
k=1

Choose an integer p such that dy = hPc, € C[[h]] for all £k = 1,...,r. By
combining (2.34) and (R.35) we obtain a C[[h]]-linear combination of distinct
elements L(2)Jx(z) € L,

> dpL(2)Jk(2) =0,
k=1
thus contradicting Lemma @ [ ]

For an arbitrary monomial £ = F(z), ...FE(2), 1 in B define partial

heights

kot

htj(E) = ht(E(2)p, - E(2)p_, ., 1) forj=1,... k. (2.36)
Notice that hty(E) = ht(E). Next, if [(E) > 3, define the leading term E of E
by
E =E(2)E(z + hty(E)h) - - E(z + ht;_3(E)h)
: E(Z + htk_Q(E)h)TQE(Z + htk_g(E)h)rl 1.

For I(E) < 2 we define the leading term E of E by E = E.

Example 2. Partial heights of the monomial
E=FE(z) 5E(2) 3E(2) 4E(2) 21 € B

are

hti(E) =4, hty(E) =6, ht3(E)=9, hts(E)=ht(F) =10,
so its leading term equals E = E(z)E(z + 4h)E(z 4+ 6h)_4E(z +6h) 5 1.
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For any two monomi_als FE; ;- Fy € B wehave E; = E, ifand only if £y = E,.
The set of leading terms B := {E : E € B} is a subset of £B<,, so Lemma @
implies

Corollary 2.10.  The set Bl,—; is linearly independent.

For any two elements E; = E(Z)T(i) . E(Z)T(i) 1€ B,i=1,2, of the same
m 1
length m > 3 define equivalence relation ~ and partial ordering < by

El NE2 lf (7«(1)’.”7,’2())1)) = (7“(2),...,’[":(32));

By < Ey if (rri), o ,rél)) < (r,(n), e ,r§2)) in lexicographical order.

Example 3.  Observe that the elements of the same length m > 3 are compared
with respect to their factors m,...,3, so that, e.g., for m = 4 we only consider
the factors 4 and 3. For example, we have

E(Z),3E(Z) 4E(Z),6E(Z),2 1~ E(Z>,3E(Z),4E(Z>,5E(Z),1 1
because (—3,—4) = (—3,—4) and
E(2)3E(2)-6E(2)—21 < E(z)_3E(2)_4E(2) _sE(2)-11

4
E(z)_4E(z)_
3 3,—4).

(
because (—4,—3) < (

Theorem 2.11.  The set B forms a basis for Wy .

Proof. Let
> aBy=0, ap €C[[M)], ax #0, k=1,....n, (2.37)
k=1

be a linear combination of distinct elements Bi,..., B, € B. Without loss of

generality we can assume that all the elements B have the same length and that
B,,...,Bpi1 <Bp~...~B forsomem=1,... n.
There exist nonzero scalars by, ..., b, € C[h*!], so that we can express
(Bi = 01B1) |i=1 5, (B — bwBum) li=1 s Bt =1 -+ -, By =1
as a C[h*!]-linear combination of some elements from
C:= (LB \{B1,....Bn})|,_,
By rewriting ()) we obtain

a;b;B; =1 = Z&i (b;B; — B;) |i=1 — Z a;B;|i=1 - (2.38)
i=1 i=1 j=mt

This implies that the left-hand side in (), which is nonzero by Corollary ,
belongs to the C((h))-span of C, thus contradicting Lemma P.9. Therefore, the
set B is linearly independent. The theorem now follows from Lemma P.6. [ ]
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Proof of Theorem clearly implies

Corollary 2.12.  The set B|;=; is linearly independent.

Consider the evaluation &,(Fy)[t] — En(Fo) at t =1,
ev: a(z,t) — a(z,1) = a(z,t) =1 (2.39)

By Corollary , its restriction evy = ev }Wo,t to Wy, is injective. Hence, we can
transfer the nonlocal h-vertex algebra structure from Wy, to Wy == Wy, |im1 C
En(Fo) by defining the vertex operator map Yy(-, 29): Wo — Hom(Wy, Wo((20))),

Yo(a(z), 20)b(z) = Z a(2)r0)b(2)25" 7Y, alz),b(z) € W, (2.40)

reZ

Yo(a(2), 20)b(z) = 3 ((ev3? a(2))o(evi b)) |yz ™" (241)
reZ
Note that the r-th products on the right-hand side of () are products in the
nonlocal h-vertex algebra Wy,;. As in (R.40), we will denote the r-th product of
a(z),b(z) € Wy by a(2),0)b(2). One can easily verify that (W, Yy, 1) is a nonlocal
h-vertex algebra. Now, we can employ the nonlocal h-vertex algebra structure on
Wy to define the set

BWO = {E<z)(rm,0) . --E(Z>(r1,0) 1:rm<—1,r...,tm<—3, m2> O} C W,
(2.42)
which is equal to B, . The next theorem summarizes the main results of this
subsection.

Theorem 2.13. (W), Yy, 1) is a nonlocal h-vertex algebra. The set By, forms
a basis for Wy .

2.3. Nonlocal h-vertex algebras Wy for positive N. Throughout this
subsection, unless specified otherwise, we assume that N is a fixed positive integer;
recall Definition [L.6. In Subsection P, we introduced the nonlocal h-vertex algebras
Wi C En(Fo)[t] whose vertex operator map Y™) was given by ()

Using (ﬁ) one can prove that

E(2)(—r—1-6,y,E(2) # 0 forall r > 0 and E(z)-1)E(z) =0. (2.43)
Let By C Wi, be the set of all monomials
E@)pmy) - E2)enl, m<—=1,ry... 1 <—2,m2>0.
For N > 1 let Bny C Wy, be the set of all monomials
E(2) Ny - E(2)eny 1, 71,000 < =1, m 2> 0.

By arguing as in the proof of Lemma @ one can prove
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Lemma 2.14.  Nonlocal h-vertex algebra Wy, is equal to the C[[h]]-span of
By -

We can now proceed as in Subsection E and prove that the subsets By, =
(B(N)) li=1 of E,(Fo), where N > 1, are linearly independent. The arguments
used therein can be directly generalized to the N > 0 case, so we omit the proof.
As with the N = 0 case, the restriction evy = ev |WN,t of evaluation (R.39) to
Wi+ for positive N is injective, so we can transfer the nonlocal h-vertex algebra
structure from Wy, to Wy == Wit |i=1 C En(Fo) as follows. The vertex operator
map Yn(+, 20): Wy — Hom(Wx, Wx((20))),

Yn(a(z), 20)b(z) = Za(z)(nmb(z)zo_’"_l, a(z),b(z) € Wy,

reZ

is defined by

Ya(a(z), 20)b(2) = Y ((eviy* a(2))om (v 0(2))) [, 207"

reZ

Theorem 2.15. (Wx,Yn,1) is a nonlocal h-vertex algebra. The set By,
forms a basis for Wy .

Remark 2.16. Note that the nonlocal h-vertex algebras Wy, N > 0, are not
h-adically complete. For example, (3., E(z + lh)h'), is a Cauchy sequence in
Wy, with respect to the h-adic topology, but its h-adic limit, > ,°, E(z+lh)h! €
En(Fo) does not belong to Wy . Therefore, Wy is not an h-adic nonlocal vertex
algebra, as defined in [[18, Definition 2.9], even though it satisfies all the remaining
axioms in the aforementioned definition. However, the triple (WN, ?N, 1), where
Yy is the C((h))-linear extension of the vertex operator map Yy to the vector
space Wy = Wy ®@cypy C((h)), is a nonlocal vertex algebra over C((h)); see [16,
Definition 2.3].

Suppose that N > 0. We will now employ Theorem and Theorem
to determine the connection between the nonlocal h-vertex algebras Wy, which
is already implicitly suggested by the form of their bases By, .

For any N > 1 there exists a unique C[[h]]-module map fn: Wy — Wy_4
such that

BWN = E(Z)(rm,N) e E(z)(rl,N) 1 l—f—N—) E(z)(rm,Nfl) .. E(Z)(m,Nfl) 1€ Wy_q.
In particular, fy(1) = 1. Therefore, we have a sequence of C|[[h]]-module maps,

N

. ——-)fNJrQ WN+1 fN+1> WN > .. fs % W2 f2

Wy, —Is W,

Proposition 2.17.  The C|[h]]-module maps fy: Wy — Wx_1 are epimor-
phisms of nonlocal h-vertex algebras. Furthermore, maps fn for N = 3 are
isomorphisms.
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Proof. By (), for any nonnegative integer M we have

[—r—1
(CL(nM)b) (5,M) c= Z < le )a(r_l,M) (b(s-i-l,M)C) , a, b, cE WM, r,sE Z.
=0

(2.44)
Fix negative integer r and choose two arbitrary basis elements

a' = E(z),0 ) B(2) 0 py 1 € Bwy, i=1,2.

Using () for M = N we can express CL%TJ\,)OL2 = (a%r’N)az)(_le) 1ec Wy as
G%T’N)CLZ = b1 + ... Brby  for some Si,...,0, € C, by,..., b € BWN- (245)

Indeed, this can be done by the technique which was described in the proof of
Lemma @ Since formulas in (2.44) for M = N and M = N — 1 coincide and

fn(a') = E(z)(%’N*D - E(2)po y 1€ fnBwy), i=12,
we can use () for M = N — 1 analogously, to express fn(a')yn—1)fn(a?) as
fr(a) oy fv(a®) = Bifn(br) + .. B fu(br). (2.46)
Equalities () and (R.46) imply that
In(ag,na®) = fu(a') -1y fn(a®),

so we conclude that fy: Wy — Wy_1 is a homomorphism of nonlocal h-vertex
algebras. Finally, surjectivity of fy for N > 1 and injectivity of fy for N > 3
follows from Theorem P.13 and Theorem @ ]

For N = 1,2 let Iy be an ideal in the nonlocal h-vertex algebra Wy
generated by
KN(Z) = E(Z)(_(g_N)’N)E(Z) c WN.

More precisely, Iy is the intersection of all ideals in Wy which contain Ky(z).

Proposition 2.18.  For N = 1,2 the kernel of the epimorphism fy is equal to
In. Hence
WO%Wl/Il and ngWQ/]Q.

Proof. Let N =1,2. By Lemma @ and () we have fy(Kn(z)) =0, so
the ideal I is contained in the kernel of fy. On the other hand, by arguing as
in the proof of Lemma (see also Lemma P.14)) one can prove that there exists
a C[[h]]-module epimorphism gy: Wx_1 — Wx /Iy such that

BWJ\F1 > E(Z)(rm,N—l) . E(Z)(rm,N—l) 1 igi) E(Z)(T”“N) o E(Z)(W“N) 1-+1y.

Since the nonlocal h-vertex algebras Wy_; and Wy /kerfy are isomorphic, this
implies that kerfy C Iy and the proposition follows. [ ]



692 Koz1¢

2.4. Character formulas. Suppose that N > 0. Motivated by [12, Section
4.3], we define the degree deg E' of the element F = E(2), n)- .- £(2)@,n) 1 in
BWN by

k
degE=k—Y (k=m+1)(ry+1). (2.47)

m=1

Consider the corresponding direct sum decomposition

WN:@W}V”), where W](\;L):s;ﬁa]r}l{EeBwN cdeg B =n}.
30 cllh

The C[[h]]-submodules W](V" ) are finite-dimensional, so we can define their charac-
ter by
ch, Wy = Z dim W](\?)q”.
n=>0
Character formulas for Wy can be easily determined from the bases By, provided
by Theorem and Theorem @ The character ch, Wy is equal to the sum
side in the Rogers—Ramanujan identity

2

q" - 1 .
Z (1 — q) . (1 — qn) - H (1 _ q5n+1)(1 _ q5n+4)7 (248)

n=0 n>0

the character ch, W is equal to the sum side in the Euler identity
n(n+1)/2

q o n
Lia—ga-p e

1 _
n=0 q nz1

and finally, the character ch, Wy for N > 2 is equal to

Remark 2.19. Lemma @ and Theorem imply that the set £ forms a basis
for the nonlocal vertex algebra W, ; recall Remark . Moreover, the difference-
two _conditions in the definition of £ provide an interpretation of the sum side in
(@), as well as the motivation for the definition of degree in (2.47).
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