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Abstract. In [2] and [1], the regularity of the Radon-Nikodym derivative
of the convolutions of orbital measures on a compact symmetric space of rank
one was studied. The aim of this paper is to extend the results obtained in [1]
to the case of complex Grassmannians. More precisely, let M = U/K , where
U = SU(p + q) and K = S(U(p)× U(q)) , be the complex Grassmannian of a
p -plane in Cp+q , p ≥ q ≥ 2 , a1, ..., ar be r points in U , and consider the con-
volution product νa1

∗ ... ∗ νar
of the orbital measures νa1

, ..., νar
supported on

Ka1K, ..., KarK . By a result of Ragozin [10], if r ≥ dimM, then νa1
∗ ... ∗ νar

is absolutely continuous with respect to the Haar measure of U . The aim of this
paper is to investigate the Ck−regularity of the Radon-Nikodym derivative of
νa1 ∗ ... ∗ νar with respect to the Haar measure of U .
Mathematics Subject Classification 2000: Primary 43A77, 43A90; Secondary
53C35, 28C10.
Key Words and Phrases: Convolution of orbital measures, Grassmannians,
spherical functions, Radon-Nikodym derivative.

1. Introduction

The regularity of the convolution of orbital measures on compact symmetric spaces
was considered by several authors. In [10] Ragozin proved that the convolution of
m orbital measures on a compact symmetric space M = U/K , with dimM = m
is absolutely continuous with respect to the Haar measure of U . In [2] and [1],
the regularity of the Radon-Nikodym derivative of the convolution of some orbital
measures on compact symmetric spaces M = U/K of rank one, with respect to
the Haar measure of U , was considered. Following the philosophy which says
that if a result is true for Grassmannians (real, complex, queternionic) then it
should be true for all compact symmetric spaces ([14], p. 29), we consider in this
paper the smoothness of the Radon-Nikodym derivative of a convolution of some
orbital measures on complex Grassmannians. Let M = SU (n) /S (U (p)× U (q)) ,
where p and q are integers satisfying p ≥ q ≥ 2 , and n = p + q , a1, . . . , ar
be r -points of U − NU (K) , where NU (K) is the normalizer of K in U , νaj an
orbital measure supported on KajK , j = 1, · · · r (see section 2) and suppose
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that the orbital measure νa1 ∗ ... ∗ νar is absolutely continuous with respect to the
Haar measure µSU(n) of SU (n) , and denote by fa1,...,ar its density, or its Radon-
Nikodym derivative.

Let k be a positive integer, and let s be a real number such that

s > k +
n2 − 1

2
and C (p, q, s) ≥ 2pq, (1)

where

C (p, q, s) :=
1 + 2s+ n(n−1)

2

2p− q
. (2)

The aim of this paper is to prove the following

Theorem (Main Theorem). Let k be a positive integer and s as in (1) and
C (p, q, s) as in (2). If

r > C (p, q, s) ,

then
fa1,...,ar ∈ Ck (SU(n)) .

The paper is organized as follows. In section 2 we review few basic facts
about orbital measures, Fourier transform, and Plancherel theorem. In section 3,
we review basic facts about complex Grassmannians and restricted roots. In sec-
tion 4 we review the properties of spherical functions on complex Grassmannians.
In section 5 we give a proof of the main result of the paper.

2. Some Preliminary Results

2.1. Convolution of Orbital Measures.
Let G be a non-compact real semisimple Lie group, g its Lie algebra, θ a

Cartan involution, and
g = k⊕ p,

the corresponding Cartan decomposition. Then

u = k⊕
√
−1p,

is a real Lie subalgebra of the Lie algebra gC , the complexification of g . Let U be
a Lie group with Lie algebra u . Then U is compact and semisimple. Let a be a
maximal Abelian subspace of p . Then

G = K exp (a)K and U = K exp
(√

−1 a
)
K,

where K is the Lie subgroup of U with the Lie algebra k .
Let a1 ,..., ar be points in U − NU(K) , and define the following positive

functionals

Iaj (f) =

∫
K

∫
K

f (k1ajk2) dµK (k1) dµK (k2) , j = 1, · · · r,
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where f is an arbitrary continuous function on U and µK is the normalized Haar
measure of K , i.e., µK (K) = 1 . By a very well known result of Radon and Riesz,
the positive functional Iaj defines a positive Borel measure νaj , i.e., there exist
a positive Radon measure νaj such that for all continuous functions f on U , we
have

Iaj (f) =
⟨
νaj , f

⟩
=

∫
U

f(g)dνaj (g) .

By construction, the measure νaj is K -bi-invariant. Hence, without loss of gener-
ality, we can assume that

aj = exp
(√

−1Xj

)
,

for some Xj in a .
The convolution of the measures νaj , j = 1, ..., r , denoted by νa1 ∗ ... ∗ νar ,

is the positive measure corresponding to the positive functional

Ia1,...,ar (f) =

∫
U

· · ·
∫
U

f (x1 . . . xr) dνa1 (x1) ...dνar (xr)

=

∫
K

· · ·
∫
K

f (k1a1k2 · · · krarkr+1) dµK (k1) ...dµK (kr+1) ,

i.e.,
Ia1,...,ar (f) =

∫
U

f (g) d (νa1 ∗ ... ∗ νar) (g) .

In all what follows, to simplify the notations, we will denote νa1 ∗ ...∗νar by νa1···ar .
The absolute continuity of the measure νa1···ar with respect to the Haar measure
of U is characterized in terms of its support as is explained in the following

Proposition 2.1. Let a1, . . . , ar be as above. Then the measure νa1···ar is abso-
lutely continuous with respect to the Haar measure of U if and only if Ka1 . . . KarK
has a non-empty interior.

The proof of the Proposition relies on the following very well known result,
for which we include a proof to make the paper self contained. Recall that the
support of a measure µ on U , denoted by Supp (µ) , is the complement of the
largest open subset of U on which the measure µ is zero.

Lemma 2.2.
Supp (νa1···ar) = Ka1K . . .KarK.

Proof. Let x /∈ Supp (νa1) ... Supp (νar) . Then there exists a neighborhood V
of x such that

V ∩ (Supp (νa1) ... Supp (νar)) = ∅.

Let f be a continuous function in U such that its support is in V , i.e.,

Supp (f) = {x ∈ U | f (x) ̸= 0} ⊂ V.
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Since∫
U

· · ·
∫
U

f (x1 . . . xr) dνa1 (x1) ...dνar (xr) =

=

∫
Supp(νa1)

dνa1 (x1)· · ·
∫
Supp(νar )

f (x1 . . . xr) dνar (xr) ,

and since for xj ∈ Supp
(
νaj
)
, for j = 1, ..., r , we deduce that

x1 . . . xr ∈ Supp (νa1) ... Supp (νar) ,

hence f (x1 . . . xr) = 0 . Hence x ̸∈ Supp (νa1···ar) . Consequently, we deduce that

Supp (νa1···ar) ⊂ Supp (νa1) ... Supp (νar). (3)

Let Ṽ be an open subset of U , such that Ṽ is of (νa1 ∗ · · · ∗ νar)-measure zero,
and let f be a nonzero continuous function with compact support C ⊂ Ṽ , and
values in [0, 1] , f|C = 1 , and f = 0 outside of Ṽ . By assumption∫

U

· · ·
∫
U

f (x1 . . . xr) dνa1 (x1) ...dνar (xr) = 0.

So the open set defined by

S = {(x1, . . . , xr) ∈ U r | f (x1 . . . xr) >
1

10
}

is of (νa1 ⊗ · · · ⊗ νar)-measure zero, and therefore

S ∩ Supp (νa1 ⊗ · · · ⊗ νar) = S ∩ (Supp (νa1)× ... × Supp (νar))

= ∅.

Since the map (x1, . . . , xr) −→ x1 . . . xr is continuous, we deduce that

C ∩ Supp (νa1) ... Supp (νar) = ∅.

Consequently,
Supp (νa1) ... Supp (νar) ⊂ Supp (νa1···ar) . (4)

Combining (3) and (4) , we get

Supp (νa1···ar) = Supp (νa1) ... Supp (νar). (5)

Using the fact that, in a locally compact group, a product of a closed subgroup
by a compact subgroup is closed (see [7], Theorem 4.4) and the fact that in our
setting the group U is compact, an induction argument gives

Supp (νa1) ... Supp (νar) = Supp (νa1) ... Supp (νar) . (6)

The Lemma follows from (5) , (6) and Supp
(
νaj
)
= KajK .
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As a consequence of the Lemma above, we deduce the following

Proof of Proposition 2.1. Let µU be the Haar measure of U . Suppose
that νa1···ar is absolutely continuous with respect to µU . By Lemma 2.2 we
deduce that Ka1K . . .KarK is of non-empty interior, for, if Ka1K . . .KarK
is of empty interior, then it will be of measure zero with respect to µU , and
therefore νa1···ar will be singular with respect to µU . Conversely, suppose that
Ka1K . . .KarK is of non-empty interior. Then the map f : Kr+1 −→ U given
by f (k1, ..., kr+1) = k1a1 · · · arkr+1 is of maximal rank, i.e., rank f = dimU . Let
E be a µU -measurable set and suppose that µU (E) = 0 . By definition of νa1···ar ,
we have

νa1···ar (E) = Ia1···ar (χE)

=

∫
K

· · ·
∫
K

χE (k1a1 · · · arkr+1) d µK (k1) · · · d µK (kr+1)

= f∗µKr+1 (E) = µKr+1

(
f−1 (E)

)
,

where f∗µKr+1 is the push-forward of the Haar measure on Kr+1 . Using similar
arguments as in the proof of Theorem 2.5 in [10], we deduce that

νa1···ar (E) = 0.

We infer that νa1···ar is absolutely continuous with respect to the Haar measure
µU . Hence the proposition.

The following corollary is implicit in [10]

Corollary 2.3. Let a1, . . . , ar be as above. If r ≥ U/K and U/K is a compact
irreducible Hermitian symmetric space, then the measure νa1···ar is absolutely
continuous with respect to the Haar measure of U .

Proof. Since U/K is a compact irreducible Hermitian symmetric space, by [13],
the condition 2.1 in [10] is satisfied. If r ≥ U/K , then the proof of Theorem 2.5 in
[10] implies that Ka1K . . .KarK is of nonempty interior. The Corollary follows
from Proposition 2.1.

2.2. Plancherel Theorem. Let U be a compact Lie group and let π be a
unitary irreducible representation of U with a U -invariant inner product (., .) on
Eπ . Consider the Hilbert space End (Eπ) with respect to the Hilbert-Schmidt
inner product

(T, S)HS = Tr (S∗ ◦ T ) =
∑
i

(Tvi, Svi)

where T, S ∈ End (Eπ) , S∗ the adjoint of S and {vi} an orthonormal basis of
Eπ . Consider the Hilbert space direct sum

Op(Û) =
⊕̂
[π]∈Û

End (Eπ),
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where the inner product is defined by

⟨(Sπ)[π]∈Û , (Tπ)[π]∈Û⟩Op(Û) =
∑
[π]∈Û

⟨Sπ, Tπ⟩HS.

Plancherel theorem states that there exist an isomorphism

F : L2(U) −→ Op(Û)

defined by
Ff =

(
(dimEπ)

1
2π(f)

)
[π]∈Û

,

such that
⟨f1, f2⟩L2(U) = ⟨Ff1,Ff2⟩Op(Û),

for f1, f2 ∈ L2(U) , where

π(f) =

∫
U

f(g)π(g−1) dµU (g) .

Similarly, the Fourier transform of a measure µ on U , denoted by F (µ) is defined
by

F (µ) =
(
(dimEπ)

1
2π(µ)

)
[π]∈Û

,

where
π(µ) =

∫
U

π(g−1) dµ (g) .

Suppose that νa1···ar is absolutely continuous with respect to the Haar
measure of U , and let fa1,...,ar be the Radon-Nikodym derivative of νa1···ar with
respect to the Haar measure µU of U . Then π (µ) = π (fa1,...,ar) , and consequently,

F (νa1···ar) = F (fa1,...,ar) .

For more details, see [1] and [11].

Let Hs (U) be the Sobolev space of functions in L2 (U) whose weak deriva-
tives up to order s are in L2 (U) , and denote by ||.||Hs(U) be the corresponding
Sobolev norm. Using Plancherel theorem which says that

||fa1,...,ar ||L2(U) = ||F (fa1,...,ar) ||Op(Û),

and the properties of Fourier Transform, we deduce the following

Proposition 2.4 ([1]). With the above notation defined, we have

∥fa1,...,ar∥
2
Hs(U) =

∑
[π]∈ÛK

dπ (1 + κπ)
s

r∏
k=1

|φπ (ak)|2 ,

where ÛK is the set of equivalence classes of irreducible spherical representations of
the Gelfand pair (U,K), dπ = dimEπ , κπ is the Casimir constant corresponding
to the representation π , and φπ is the spherical function corresponding to the
spherical representation π.
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3. The Case of SU (p + q) /S (U (p) × U (q))

Let p and q be two integers such that p ≥ q ≥ 2 , n = p+ q, and let

Ip,q =

(
Ip 0
0 −Iq

)
where Ij is the j × j identity matrix. Let

τ : SL (n,C) −→ SL (n,C)
g 7−→ τ (g) = Ip,q (g

∗)−1 Ip,q.

Using the fact that I2p,q = Ip+q , we get

G = SU (p, q) = {g ∈ SL (n,C) | τ (g) = g}
= {g ∈ SL (n,C) | g∗Ip,qg = Ip,q} .

The group SU (p, q) is the linear isometry group for the indefinite Hermitian form

p∑
j=1

|zj|2 −
p+q∑

j=1+p

|zj|2 ,

and it is a noncompact real form of the complexification GC = SL (n,C) of G .
Let su (p, q) be the Lie algebra of SU (p, q) , i.e.,

g = su (p, q) = {A ∈ M(n,C) | A∗Ip,q + Ip,qA = 0, Tr (A) = 0} ,

and let
θ (X) = Ip,qX

T Ip,q, X in su (p, q)

be a Cartan involution of su (p, q) . The corresponding Cartan decomposition is
given by

g = su (p, q) = k⊕ p,

where

k =

{
X =

(
A 0
0 B

)
| A ∈ u (p) , B ∈ u (q) and Tr (A) + Tr (B) = 0

}
and

p =

{
X =

(
0 Z

Z
T

0

)
| Z ∈ Mp,q (C)

}
.

Let K be the compact Lie subgroup of SU(p, q) with Lie algebra k . Then K is a
maximal compact subgroup of SU(p, q) and is given by

K = S (U (p)× U (q))

=

{
X =

(
A 0
0 B

)
∈ SL (n,C) | A ∈ U (p) , B ∈ U (q)

}
.

Then it can be seen that

SU (p, q) /S (U (p)× U (q)) ∼= DI
p.q,
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where,
DI

p.q =
{
A ∈ M (p, q,C) | Iq − A

T
A > 0

}
,

M (p, q,C) is the set of p × q matrices with complex entries, and > stands for
positive definite. Let

u = k⊕
√
−1p.

Then u is a Lie real subalgebra of sl (n,C) . If we denote by U the Lie subgroup
of SL (n,C) with Lie algebra u , then

U = SU(n).

Moreover, the symmetric space
Grass (p, q) = SU(p+ q)/S(U(p)× U(q))

is the Grassmann manifold of q complex planes in Cp+q . It can be shown, (see
[9]), that the manifold Grass (p, q) is a compact Hermitian symmetric space dual
of the noncompact Hermitian symmetric space DI

p.q . Identifying M (p, q,C) with
Cpq, we get the Borel embedding, which is not needed in this paper,

DI
p.q ⊂ Cpq ⊂ Grass (p, q) .

Let a be a maximal Abelian subalgebra of p . Then a consists of matrices of the
form

H (t1, ..., tq) =



t1

0 0
...

tq
0 0 0

tq
... 0 0

t1


.

The map (t1, ..., tq) −→ H (t1, ..., tq) gives an identification of a with Rq . Let αj

be the element of a∗ , the dual of a , defined by
αj (H (t1, ..., tq)) = tj.

Then the set of restricted roots, denoted by Φ (g, a) , consists of the following
±αi and ± 2αi, i = 1, ..., q, and ± (αi ± αj) , 1 ≤ i < j ≤ q.

with multiplicities
mαi

= 2 (p− q) ,m2αi
= 1, and mαi±αj

= 2.

Hence, if p = q , then Φ (g, a) consists of the following roots
±2αi, i = 1, ..., q, and ± (αi ± αj) , 1 ≤ i < j ≤ q.

With respect to the following Weyl chamber
a+ = {H (t1, ..., tq) ∈ a | t1 > t2 > ... > tq > 0}

the simple roots consist of
α1 − α2, α2 − α3, . . . , αq−1 − αq, αq if p > q,

and
α1 − α2, α2 − α3, . . . , αq−1 − αq, 2αq if p = q.
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4. Spherical Functions of the Grassmannian
Grass(p, q) = SU (p + q) /S (U (p) × U (q))

A highest restricted spherical weight λ of the symmetric pair

(SU(p+ q), S(U(p)× U(q)))

corresponding to the spherical irreducible representation πλ is of the form (see [4])

λ =

q∑
j=1

mλ
jαj,

where mj are even integers satisfying

mλ
1 ≥ mλ

2 ≥ · · · ≥ mλ
q ≥ 0.

Let
al = exp

(√
−1H

(
tl1, ..., t

l
q

))
,

where H
(
tl1, ..., t

l
q

)
∈ a+ , for l = 1, ..., r . If we denote the spherical function cor-

responding to the spherical representation πλ by φλ , then by Berezin-Karpelevich
formula (see [3], [8], [4]), we have

φλ

(
exp

(√
−1H

(
tl1, ..., t

l
q

)))
=

ϑ
(
tl1, ..., t

l
q

)
det
[
P̃nλ

j

(
cos tlk

)]
1≤j,k≤q∏

1≤j<k≤q

(
σ
(
nλ
j

)
− σ

(
nλ
k

)) , (7)

where

ϑ
(
tl1, ..., t

l
q

)
=

2
q(q−1)

2

q∏
j=1

j! (j + p− q)q−j

∏
1≤j<k≤q

(
cos tlj − cos tlk

) , (8)

and the integers nλ
1 , ..., n

λ
p are related to the indices mλ

j of the weight πλ above by

nλ
j = mλ

j + q − j, j = 1, . . . , q,

hence nλ
1 > nλ

2 > · · · > nλ
q ≥ 0 , and σ

(
nλ
j

)
= nλ

j

(
nλ
j + p− q + 1

)
,

P̃nλ
j

(
cos tlk

)
=

P
(p−q,0)

nλ
j

(
cos tlk

)
P

(p−q,0)

nλ
j

(1)
(9)

=2 F1

(
−nλ

j , n
λ
j + p− q + 1, p− q + 1, sin2

(
tlk
2

))
,

where 2F1 (. , . , . , . ) is the Gauss hyper-geometric function and P
(a,b)
j is the Jacobi

polynomial. From now on, to simplify the notation, we put mλ
j = mj and

nλ
j = nj . Recall the following result of Darboux which gives the expansion of

P
(a,b)
j

(
cos ⟨β,α⟩

⟨α,α⟩t
)

for j large enough.
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Lemma 4.1. (Darboux [5]) Let a and b be real numbers. Then

P
(a,b)
j

(
cos

⟨β, α⟩
⟨α, α⟩

t

)
=

cos
(

⟨β,α⟩
⟨α,α⟩jt+

1
2
(a+ b+ 1) ⟨β,α⟩

⟨α,α⟩t−
1
2
aπ − 1

4
π
)
+O

(
j−

1
2

)
√
jπ
(
sin ⟨β,α⟩

2⟨α,α⟩t
)a+ 1

2
(
cos ⟨β,α⟩

2⟨α,α⟩t
)b+ 1

2

,

as j → ∞ uniformly on any subinterval δ ≤ ⟨β,α⟩
⟨α,α⟩t ≤ π − δ, δ > 0.

Lemma 4.2. For j a sufficiently large integer, and t a real number such that
δ ≤ t ≤ π − δ, δ > 0, we have ∣∣∣P̃j(cos t)

∣∣∣ ≤ β (t)

jp−q+ 1
2

,

where P̃j(cos t) is defined as in (9).

Proof. Suppose that j ̸= 0 , t > 0 , t ̸∈ πZ , hence sin t ̸= 0 . By Lemma 4.1,
we have

∣∣∣P (p−q,0)
j (cos t)

∣∣∣ = ∣∣∣∣∣cos(jt+ 1
2
[p− q + 1]t+ 1

2
(p− q)π − 1

4
π) +O(j−

1
2 )

√
jπ(sin t

2
)p−q+ 1

2 (cos t
2
)
1
2

∣∣∣∣∣
≤ c

√
j
∣∣∣(sin t

2
)p−q+ 1

2 (cos t
2
)
1
2

∣∣∣ ≤ c(t)√
j
,

where
c(t) =

c∣∣∣(sin t
2
)p−q+ 1

2 (cos t
2
)
1
2

∣∣∣ .
Since

P
(p−q,0)
j (1) =

(p− q + 1)j
j!

,

and
j!

(p− q + 1)j
=

Γ(p− q + 1)

jp−q
,

where Γ is the Euler Gamma function given by Γ (x) =
∫∞
0

tx−1 exp (−t)d t , we
have ∣∣∣P̃j(cos t)

∣∣∣ ≤ β(t)

jp−q+ 1
2

,

where
β(t) = c(t)Γ(p− q + 1).
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Proposition 4.3. Let λ = (m1, . . . ,mq, 0, ...., 0), with m1 ≥ · · · ≥ mq ≥ 0,
and let nj = mj + q − j . For sufficiently large nj we have

∣∣φπλ

(
exp

(√
−1H (t1, ..., tq)

))∣∣ ≤



C(t1,...,tq)
q∏

j=1
n

1
2 (2p−q)

j

if λ = (m1, . . . ,mq, 0, ...., 0) ,

where m1 ≥ · · · ≥ mq > 0,

C(t1,...,tq)
q−1∏
j=1

nj
1
2 (2p−q+3)

if λ = (m1, . . . ,mq, 0, ...., 0) ,

where m1 ≥ · · · ≥ mq = 0.

Proof. For j < k , we have

σ (nj)− σ (nk) ≥ nj (nj + p− q + 1)− nk (nk + p− q + 1)

≥ n2
j − n2

k.

(10)

Combining (7) , (10) , and Hadamard inequality we get,

∣∣φπλ

(
exp

(√
−1H (t1, ..., tq)

))∣∣ ≤ |ϑ (t1, ..., tq)|∏
1≤j<k≤q

(
n2
j − n2

k

) ∣∣∣∣det [P̃nj
(cos tk)

]
1≤j,k≤q

∣∣∣∣

≤ |ϑ (t1, ..., tq)|∏
1≤j<k≤q

(
n2
j − n2

k

) q∏
j=1

√
q∑

k=1

∣∣∣P̃nj
(cos tk)

∣∣∣2.
Now we have two cases

Case 1 (λ = (m1,m2, . . . ,mq, 0, . . . , 0) , where mq > 0 , hence also nq > 0). As
a consequence of

n2
j − n2

k = (nj − nk) (nj + nk) where j < k

≥ (nj + nk) since nj − nk ≥ 1

≥ √
njnk, since (nj + nk) ≥ 2

√
njnk,

∏
1≤j<k≤q

njnk =

q−1∏
j=1

q∏
k=j+1

njnk =

q−1∏
j=1

n
(q−j)
j nj+1 . . . nq =

q∏
j=1

n
(q−1)
j ,

and Lemma 4.2, we get

∣∣φπλ

(
exp

(√
−1H (t1, ..., tq)

))∣∣ ≤ |ϑ (t1, ..., tq)|∏
1≤j<k≤q

(
n2
j − n2

k

) q∏
j=1

√
q∑

k=1

∣∣∣P̃nj
(cos tk)

∣∣∣2
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≤ |ϑ (t1, ..., tq)|∏
1≤j<k≤q

(njnk)
1
2

q∏
j=1

√√√√√ q∑
k=1

∣∣∣∣∣∣ β(tk)n
p−q+ 1

2
j

∣∣∣∣∣∣
2

=
|ϑ (t1, ..., tq)|∏q

j=1n
1
2
(q−1)

j

q∏
j=1

β(t1, . . . , tq)

n
p−q+ 1

2
j



=
β(t1, . . . , tq)

q |ϑ (t1, ..., tq)|∏q
j=1n

1
2
(q−1)

j

q∏
j=1

n
p−q+ 1

2
j

=
C(t1, . . . , tq)∏q

j=1n
1
2
(2p−q)

j

,

with

β(t1, . . . , tq)=

√√√√ q∑
k=1

|β(tk)|2 and C(t1, . . . , tq)=β(t1, . . . , tq)
q |ϑ (t1, . . . , tq)| , (11)

where ϑ (t1, ..., tq) is defined as in (8).

Case 2 (λ = (m1,m2, . . . ,mq−1, 0, . . . , 0) , hence nq = 0). In this case we have

n2
j − n2

k =


n2
j if k = q,

n2
j − n2

k ≥ 2
√
njnk otherwise.

Since P̃0 (cos tk) = 1, again, as a consequence of Hadamard inequality, we get

∣∣φπλ

(
exp

(√
−1H (t1, ..., tq)

))∣∣ ≤ |ϑ (t1, ..., tq)|∏
1≤j<k≤q

(
n2
j − n2

k

) ∣∣∣∣det [P̃nj
(cos tk)

]
1≤j,k≤q

∣∣∣∣
≤

√
q |ϑ (t1, ..., tq)|∏

1≤j<k≤q

(
n2
j − n2

k

) q−1∏
j=1

√
q∑

k=1

∣∣∣P̃nj
(cos tk)

∣∣∣2

≤
√
q |ϑ (t1, ..., tq)|∏

1≤j<k≤q−1

(
n2
j − n2

k

) ∏
1≤j≤q−1

n2
j

q−1∏
j=1

√√√√√ q∑
k=1

∣∣∣∣∣∣ β(tk)

n
(p−q+ 1

2)
j

∣∣∣∣∣∣
2

≤
√
q |ϑ (t1, ..., tq)|∏

1≤j<k≤q−1

√
njnk

∏
1≤j≤q−1

n2
j

q−1∏
j=1

β(t1, . . . , tq)

n
p−q+ 1

2
j


≤ C (t1, . . . , tq)

q−1∏
j=1

nj
q−2
2

q−1∏
j=1

n2
j

q−1∏
j=1

n
p−q+ 1

2
j

≤ C (t1, . . . , tq)
q−1∏
j=1

nj
1
2
(2p−q+3)

,

with C(t1, . . . , tq) =
√
qβ(t1, . . . , tq)

q−1 |ϑ (t1, ..., tq)|, where β(t1, . . . , tq) is as in
(11) and ϑ (t1, ..., tq) is defined as in (8).
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5. Proof of the Main Theorem
Proposition 5.1. With the above notation defined, we have ∥fa1,...,ar∥

2
Hs(U) ≤

C (a1, . . . , ar)

 ∑
n1>n2>···>nq>0

1

n
r(2p−q)−2s−n(n−1)

2
1

∏q
j=2n

r(2p−q)
j

+
∑

n1>n2>···>nq=0

1

n
r(2p−q+3)−2s−n(n−1)

2
1

∏q−1
j=1n

r(2p−q+3)
j

 ,

where C (a1, . . . , ar) is a positive constant depending on a1, . . . , ar .

Proof. It is known that κλ > 0 (see [6]). By Cauchy Schwarz,

κλ = ⟨λ+ 2ρ, λ⟩ ≤ ∥λ+ 2ρ∥ ∥λ∥ ≤ ∥λ∥2 + 2 ∥ρ∥ ∥λ∥ ≤ C ∥λ∥2 ,

where C is a positive constant,

ρ =
1

2

∑
α∈Σ+

mαα,

and Σ+ = {αi, 2αi (i = 1, . . . , q) , αi ± αj, (1 ≤ i < j ≤ q)} is the set of positive
restricted roots. Since on a finite dimensional vector space all norms are equivalent,
after changing the constant, if necessary, we can assume that

κλ ≤ C m2
1 ≤ C n2

1. (12)

Similarly, Weyl dimension formula (see [6]) gives us

dλ ≤ (1 + ∥λ∥))
n(n−1)

2 ≤ C m
n(n−1)

2
1 ≤ C n

n(n−1)
2

1 . (13)
By Proposition 2.4, the estimates (12) , (13) and Proposition 4.3 we get

∥fa1,...,ar∥
2
Hs(U) ≤ C (a1, . . . , ar)

 ∑
n1>n2>···>nq>0

n
2s+

n(n−1)
2

1∏q
j=1n

r(2p−q)
j

+
∑

n1>n2>···>nq=0

n
2s+

n(n−1)
2

1∏q−1
j=1n

r(2p−q+3)
j


≤ C (a1, . . . , ar)

 ∑
n1>n2>···>nq>0

1

n
r(2p−q)−2s−n(n−1)

2
1

∏q
j=2n

r(2p−q)
j

+
∑

n1>n2>···>nq=0

1

n
r(2p−q+3)−2s−n(n−1)

2
1

∏q−1
j=1n

r(2p−q+3)
j

 .

Corollary 5.2. If r >
1 + 2s+ n(n−1)

2

2p− q
, then the function fa1,...,ar is in Hs (U),

i.e., ∥fa1,...,ar∥Hs(U) < ∞.
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Proof. Since
∑

n1>···>nq>0

1

n
r(2p−q)−2s−n(n−1)

2
1

∏q
j=2n

r(2p−q)
j

≤
∞∑
n=1

1

n
r(2p−q)−2s−n(n−1)

2
1

q∏
i=2

(
n1∑
k=1

1

kr(2p−q)

)

≤
∞∑
n=1

1

n
r(2p−q)−2s−n(n−1)

2
1

q∏
i=2

(
∞∑
k=1

1

kr(2p−q)

)
,

and since 2p − q ≥ p ≥ 2 , hence r (2p− q) ≥ 2 , we deduce that the series∑∞
k=1

1
kr(2p−q) is convergent. Hence the series∑

n1>n2>···>nq>0

1

n
r(2p−q)−2s−n(n−1)

2
1

∏q
j=2n

r(2p−q)
j

is convergent for

r >
1 + 2s+ n(n−1)

2

2p− q
.

A similar argument implies that the series∑
n1>n2>···>nq=0

1

n
r(2p−q+3)−2s−n(n−1)

2
1

∏q−1
j=2n

r(2p−q+3)
j

is convergent for

r >
1 + 2s+ n(n−1)

2

2p− q + 3
.

Hence the Corollary.

Proof of the Main Theorem. Note first that

dim (SU (n) /S (U (p)× U (q))) = 2pq.

Let s be a positive real number for which C(p, q, s) ≥ 2pq and let r be a positive
integer such that r > C(p, q, s) . Then by , νa1···ar is absolutely continuous with
respect to the Haar measure of SU (n) , hence

d νa1···ar = fa1,...,ard µSU(n).

Since r > C (p, q, s) , by Corollary 5.2, fa1,...,ar ∈ Hs (U) . Let k be a positive
integer and choose the real number s as above and satisfying

s > k +
n2 − 1

2
.

Then the Main Theorem is a consequence of the Sobolev Embedding Theorem
([1], Theorem 2) .
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Let k be a positive integer, such that

k >
dimSU (n)

4
=

n2 − 1

4
, (14)

and let s be a real number such that

s > 2k +
n2 − 1

2
and C (p, q, s) ≥ 2pq, (15)

where C (p, q, s) is as in (2) . As a consequence of our Main Theorem and [12]
(Theorem 1 , part (1)), we get the following

Corollary 5.3. Let k be a positive integer satisfying (14) and s a real number
satisfying (15). If r > C (p, q, s), then the Fourier series∑

[π]∈Ĝ

dπTr (π (fa1,...,ar) π (g))

of the density function fa1,...,ar converges absolutely and uniformly to fa1,...,ar .
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