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Abstract. Hom-type algebras, in particular Hom-Lie algebras, have attracted
quite much attention in recent years. A Hom-Lie algebra is called involutive if its
Hom map is multiplicative and involutive. In this paper, we obtain an explicit
construction of the free involutive Hom-associative algebra on a Hom-module.
We then apply this construction to obtain the universal enveloping algebra of
an involutive Hom-Lie algebra. Finally we generalize the well-known Poincaré-
Birkhoff-Witt theorem for enveloping algebras of Lie algebras to involutive Hom-
Lie algebras.
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1. Introduction
Hom-type algebras are a type of deformations of classical algebraic structures
where the quadratic relations defining an algebraic structure are twisted by a linear
operator. With their origin traced back to the 1990s [3, 6, 10], Hom-Lie algebra
was introduced by J. T. Hartwig, D. Larsson and S. D. Silvestrov [7] to describe the
structures on certain deformations of the Witt algebra and the Virasoro algebra.

Since then, Hom-type algebras have been studied quite extensively with
broad applications in mathematics and physics [2, 8, 9, 11, 15, 12, 17, 23, 24]. In
particular, further studies of Hom-Lie algebras are pursued in the aspects such as
formal deformation theory, cohomology theory, representation theory, bialgebras,
2-algebras and classical Yang-Baxter equations [1, 14, 16, 18, 19, 21, 22].

Hom-associative algebras were introduced by A. Makhlouf and D. Silver-
strov [13] to generalize the classical construction of Lie algebras from associative
algebra by taking commutators to Hom-Lie algebras. The universal enveloping
algebra of a Lie algebra is obtained as a suitable quotient of the free associative al-
gebra, namely the tensor algebra, on the underlying module of the Lie algebra. For
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the lack of a suitable construction of free Hom-associative algebras, D. Yau [24, 25]
took a different approach by constructing the free Hom-nonassociative algebra via
weighted trees. Then the universal enveloping algebra of a Hom-Lie algebra is
obtained as a suitable quotient of the free Hom-nonassociative algebra. The next
natural step is to generalize to Hom-Lie algebras the well-known Poincaré-Birkhoff-
Witt Theorem which gives a basis of the enveloping (associative) algebra from a
basis of the Lie algebra. Because of the size of the weighted trees, this construc-
tion of the enveloping algebra of a Hom-Lie algebra makes it challenging to obtain
a Poincaré-Birkhoff-Witt type theorem for Hom-Lie algebras. See the discussion
in [8].

In a recent paper [26], an explicit construction of free involutive Hom-
associative algebras generated by a set was given, without having to go into the
Hom-nonassociative realm. This construction resembles the classical construction
of the free associative algebra on a set as a noncommutative algebra and thus makes
it possible to adapt the classical theory of enveloping algebras of Lie algebras to the
Hom setting, namely to construct the universal enveloping algebra of an involutive
Hom-Lie algebra from a free involutive Hom-associative algebra and to attempt
for a Poincaré-Birkhoff-Witt type theorem for this enveloping algebra.

We carry out this approach in this paper. In Section 2 we first modify and
generalize the aforementioned construction in [26] to obtain the free involutive
Hom-associative algebra on a Hom-module, in a form closely analogous to the ten-
sor algebra. Built on this construction we provide in Section 3 another construction
of the enveloping algebra of involutive Hom-Lie algebras, in addition to the one
given in [24]. This new construction resembles the classical construction of the
universal enveloping associative algebra of a Lie algebra from the tensor algebra.
Based on this new construction of enveloping Hom-associative algebras, we obtain
in Section 4 a Poincaré-Birkhoff-Witt theorem for an involutive Hom-Lie algebras,
that is, we obtain a canonical basis for the enveloping algebra of an involutive
Hom-Lie algebra, generalizing the classical Poincaré-Birkhoff-Witt theorem. As in
the classical case, a consequence is that the map from the Hom-Lie algebra to the
enveloping algebra is injective, verifying a conjecture raised in [8] in the involutive
case. See Section 4 for an outline of the proof.

Throughout this paper, k denotes a commutative ring with an identity,
which is further assumed to be a field whose characteristic is not two in the last
section.

2. Free involutive Hom-associative algebras

The main purpose of this section is to construct the free involutive Hom-associative
algebra on a Hom-module. In Section 2.1 we recall the basic concepts and give the
construction of this free object, stated in Theorem 2.4. The proof of this theorem
is given in Section 2.2.

2.1. Free involutive Hom-associative algebras on a Hom-module.

We first recall the basic concepts.
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Definition 2.1. (a) A Hom-module is a pair (V, αV ) consisting of a k-module
V and a linear operator αV : V → V . It is also called an operated module in [5].
(b) A Hom-associative algebra is a triple (A, ·, αA) consisting of a k-module A ,
a linear map · : A⊗ A → A , called the multiplication, and a multiplicative linear
operator αA : A → A (namely αA(x · y) = αA(x) · αA(y)) satisfying the Hom-
associativity for all x, y, z ∈ A :

αA(x) · (y · z) = (x · y) · αA(z). (1)

(c) A Hom-associative algebra (A, ·, αA) (resp. Hom-module (V, αV )) is said to
be involutive if α2

A = id (resp. α2
V = id).

(d) Let (V, αV ) and (W,αW ) be Hom-modules. A k-linear map f : V → W is
called a morphism of Hom-modules if f(αV (x)) = αW (f(x)) for all x ∈ V .
(e) Let (A, ·, αA) and (B, ∗, αB) be Hom-associative algebras. A k-linear map
f : A → B is a morphism of Hom-associative algebras if

f(x · y) = f(x) ∗ f(y) and f(αA(x)) = αB(f(x)) for allx, y ∈ A.

(f) Let (A, ·, αA) be a Hom-associative algebra. A submodule B ⊆ A is called
a Hom-associative subalgebra of A if B is closed under the multiplication · and
αA(B) ⊆ B .
(g) Let (A, ·, αA) be a Hom-associative algebra. A submodule I ⊆ A is called a
Hom-ideal of A if x · y ∈ I, y · x ∈ I for all x ∈ I, y ∈ A , and αA(I) ⊆ I .

As in the classic case, the quotient of a Hom-associative algebra modulo a
Hom-ideal is a Hom-associative algebra. Examples and studies of Hom-associative
algebras can be found in [12, 13] and the references therein.

Free involutive Hom-associative algebra on an involutive Hom-module can
be defined from the left adjoint functor of the forgetful functor from the category
of involutive Hom-associative algebras to the category of involutive Hom-modules.
In concrete terms, we have

Definition 2.2. Let (V, αV ) be an involutive Hom-module. A free involu-
tive Hom-associative algebra on V is then an involutive Hom-associative alge-
bra (FIHA(V ), ∗, αF ) together with a morphism of Hom-modules jV : (V, αV ) →
(FIHA(V ), αF ) with the property that, for any involutive Hom-associative alge-
bra (A, ·, αA) together with a morphism f : (V, αV ) → (A,αA) of Hom-modules,
there is a unique morphism f : (FIHA(V ), ∗, αF ) → (A, ·, αA) of Hom-associative
algebras such that f = f ◦ jV .

The well-known construction of the (non-unitary) free associative algebra
on a module V is the tensor algebra T+(V ) := ⊕n>1V

⊗n equipped with the
concatenation tensor product. Modifying [26], we will give a construction of
the free involutive Hom-associative algebra on an involutive Hom-module (V, αV )
which takes a form similar to the tensor algebra, hence called the Hom-tensor
algebra and denoted by T+

h (V ) .
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As a k-module, T+
h (V ) is the same as the tensor algebra:

T+
h (V ) :=

⊕
n>1

V ⊗n.

To equip it with a Hom-associative algebra structure, we first extend the linear
map αV on V to a linear map αT on V ⊗n, n > 1, by the tensor multiplicativity.
Define

αT (a) = αT (a1 ⊗ · · · ⊗ an) := αV (a1)⊗ · · · ⊗ αV (an) (2)
for any pure tensor a := a1 ⊗ · · · ⊗ an ∈ V ⊗n and further extend to T+

h (V ) by
additivity. Note that αT is compatible with the tensor product in T+

h (V ) , that is,

αT (a⊗ b) = αT (a)⊗ αT (b) for all a ∈ V ⊗m, b ∈ V ⊗n. (3)

Since (V, αV ) is involutive, we obtain

α2
T = id. (4)

We next define a binary operation ⊙ = ⊙V on T+
h (V ) . For any pure tensors

a = a1 ⊗ · · · ⊗ am ∈ V ⊗m and b = b1 ⊗ · · · ⊗ bn ∈ V ⊗n , we define a ⊙ b by
induction on n > 1 . When n = 1 , we have b ∈ V and then define

a⊙ b := a⊗ b (5)

Assume that a ⊙ b has been defined when n 6 k with k > 1 . Consider a =
a1 ⊗ · · · ⊗ am ∈ V ⊗m and b = b1 ⊗ · · · ⊗ bk+1 ∈ V ⊗(k+1) . We then define

a⊙ b :=
(
αT (a)⊙ (b1 ⊗ · · · ⊗ bk)

)
⊗ αT (bk+1) (6)

and apply the induction hypothesis to the right hand side. There is also an explicit
formula for ⊙ :

Lemma 2.3. For a ∈ V ⊗m and b ∈ V ⊗n , where m,n > 1, we have

a⊙ b = αn−1
T (a)⊗ b1 ⊗ αT (b2 ⊗ · · · ⊗ bn). (7)

Proof. We prove by induction on n > 1 with the case when n = 1 given in
Eq. (5). Assume that the lemma has been proved when n = k for k > 1 . For
b ∈ V ⊗(k+1) we write b = b′ ⊗ bk+1 with b′ := b1 ⊗ · · · ⊗ bk . Then by Eq. (6) and
the induction hypothesis we derive

a⊙b =
(
αT (a)⊙(b1⊗· · ·⊗bk)

)
⊗αT (bk+1) = αk

T (a)⊗b1⊗αT (b2⊗· · ·⊗bk)⊗αT (bk+1),

as needed.

Extending ⊙ biadditively, we obtain a binary operation

⊙ : T+
h (V )⊗ T+

h (V ) → T+
h (V ).

Finally define iV : V → T+
h (V ) to be the canonical inclusion map.

The following is our main result on the free involutive Hom-associative algebra
on an involutive Hom-module, generalizing [26]. It will be proved in the next
subsection.



Guo, Zhang and Zheng 739

Theorem 2.4. Let (V, αV ) be an involutive Hom-module. Let T+
h (V ), αT , ⊙

and iV be defined as above. Then
(a) The Hom-tensor algebra T+

h (V ) := (T+
h (V ), ⊙, αT ) is an involutive Hom-

associative algebra.
(b) The quadruple (T+

h (V ), ⊙, αT , iV ) is the free involutive Hom-associative
algebra on (V, αV ).

2.2. Proof of Theorem 2.4.
In this section we give the proof of Theorem 2.4.
(a) The involution property of αT is already established in Eq. (4). We first prove
the multiplicativity

αT (u⊙ v) = αT (u)⊙ αT (v) for all u, v ∈ T+
h (V ), (8)

for which we just need to verify it for pure tensors u = a ∈ V ⊗m and v = b =
b1 ⊗ b′ ∈ V ⊗n , where m,n > 1 . By Eqs. (4) and (7) we have

αT (a⊙ b) = αT (α
n−1
T (a)⊗ b1 ⊗ αT (b

′)) = αn
T (a)⊗ αT (b1)⊗ b′

and αT (a)⊙ αT (b) = αn−1
T (αT (a))⊗ αT (b1)⊗ b′ , as needed.

We next verify the Hom-associativity:

αT (a)⊙ (b⊙ c) = (a⊙ b)⊙ αT (c) for all a ∈ V ⊗m, b ∈ V ⊗n, c ∈ V ⊗ℓ. (9)

Again we only need to verify it when a ∈ g⊗m, b = b1 ⊗ b′ ∈ g⊗n and c = c1 ⊗ c′ ∈
g⊗ℓ are pure tensors. Then we have

αT (a)⊙ (b⊙ c) = αT (a)⊙
(
αℓ−1
T (b)⊗ c1 ⊗ αT (c

′)
)

= αn+ℓ
T (a)⊗ αℓ−1

T (b1)⊗ αℓ
T (b

′)⊗ αT (c1)⊗ c′,

(a⊙ b)⊙ αT (c) = (αn−1
T (a)⊗ b1 ⊗ αT (b

′))⊙ αT (c)

= αn−1+ℓ−1
T (a)⊗ αℓ−1

T (b1)⊗ αℓ
T (b

′)⊗ αT (c1)⊗ α2
T (c

′),

again giving what is needed by Eq. (4).
(b) Let (A, ∗, αA) be an involutive Hom-associative algebra. Let f : V → A be
a morphism of Hom-modules. We will construct a morphism of Hom-associative
algebras

f : T+
h (V ) → A

by inductively defining f(a) for pure tensors a ∈ V ⊗n . For n = 1 , we have a ∈ V
and define

f(a) := f(a). (10)

Inductively, for any pure tensor a = a1 ⊗ a2 ⊗ · · · ⊗ an+1 = a′ ⊗ an+1 ∈ V ⊗(n+1)

with a′ = a1 ⊗ · · · ⊗ an ∈ V ⊗n , we define

f(a) := f(a′) ∗ f(an+1). (11)
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Since iV (a) = a for a ∈ V , we have

(f ◦ iV )(a) = f(a). (12)

We next prove that the k-linear map f defined above is indeed a morphism
of Hom-associative algebras. We first verify that f satisfies

f(αT (a)) = αA(f(a)) for all a ∈ T+
h (V ), (13)

by checking it for any pure tensor a ∈ V ⊗n by induction on n > 1 . When n = 1 ,
we have a ∈ V . Since f : (V, αV ) → (A,αA) is a morphism of Hom-modules, by
the definition of f , we have

f(αT (a)) = f(αV (a)) = αA(f(a)) = αA(f(a)). (14)

For the inductive step, consider a = a′ ⊗ an+1 ∈ V ⊗(n+1) with a′ ∈ V ⊗n, n > 1 .
Then

f(αT (a)) = f(αT (a
′)⊗ αT (an+1)) (by Eq. (3))

= f(αT (a
′)) ∗ f(αT (an+1)) (by Eq. (11))

= αA(f(a
′)) ∗ αA(f(an+1)) (by the induction hypothesis)

= αA(f(a
′) ∗ f(an+1))

= αA(f(a)) (by Eq. (11)),

completing the inductive proof of Eq. (13). We next verify

f(a⊙ b) = f(a) ∗ f(b) for all a, b ∈ T+
h (V ), (15)

by checking it for pure tensors a ∈ V ⊗m and b ∈ V ⊗m inductively on n > 1 .
When n = 1 , we have b ∈ V . By the definition of f , we get

f(a⊙ b) = f(a⊗ b) = f(a) ∗ f(b).

Assuming that Eq. (15) has been proved for m 6 k for k > 1 , consider b =
b′ ⊗ bk+1 ∈ V ⊗(k+1) , where b′ ∈ V ⊗k . Then we obtain

f(a⊙ b) = f((αT (a)⊙ b′)⊗ αT (bk+1)) (by (6))
= f((αT (a)⊙ b′)) ∗ f(αT (bk+1)) (by (11))
=

(
f(αT (a)) ∗ f(b′)

)
∗ αA(f(bk+1)) (by (13) and induction hypothesis)

= αA(f(αT (a))) ∗
(
f(b′) ∗ α2

A(f(bk+1))
)

(by Hom-associativity)
= f(a) ∗

(
f(b′) ∗ f(bk+1)

)
(by α2

A = id and (13))
= f(a) ∗ f(b) (by (11)).

This completes the induction.
We finally prove the uniqueness of f . Suppose that there is another morphism
of Hom-associative algebras f̃ : T+

h (V ) → A such that f̃ ◦ iV = f . We prove
f(a) = f̃(a) for a ∈ V ⊗n by induction on n > 1 . When n = 1 , we have a ∈ V .
Then we get

f̃(a) = (f̃ ◦ iV )(a) = f(a) = f(a).
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Assume f(a) = f̃(a) holds for a ∈ V ⊗n with n > 1 . Let a = a′ ⊗ an+1 =
a′⊙an+1 ∈ V ⊗(n+1) , where a′ ∈ V ⊗n . Then applying the induction hypothesis, we
obtain

f(a) = f(a′ ⊙ an+1) = f(a′) ∗ f(an+1) = f̃(a′) ∗ f̃(an+1) = f̃(a′ ⊙ an+1) = f̃(a).

Then we conclude f = f̃ , and the proof of Theorem 2.4 is complete.

3. Universal enveloping Hom-associative algebra of an involutive
Hom-Lie algebra

The first construction of the enveloping Hom-associative algebra of a Hom-Lie
algebra was obtained by D. Yau in [24, Theorem 2]. He obtained his construction
as a suitable quotient of his explicit construction by trees, of the free Hom-
nonassociative algebra on the Hom-module underlying the given Hom-Lie algebra.
Applying our explicit construction of free involutive Hom-associative algebras
in the previous section, we will provide a construction of the enveloping Hom-
associative algebra of an involutive Hom-Lie algebra. Its tensor form makes it more
convenient for the study of the Poincaré-Birkhoff-Witt type theorem in Section 4.
We begin with recalling the definition of a Hom-Lie algebra [7].

Definition 3.1. (a) A Hom-Lie algebra is a triple (g, [, ]g, βg) consisting of a
k-module g , a bilinear map [, ]g : g × g → g and a linear map βg : g → g
satisfying

[x, y]g = −[y, x]g, (16)
the Hom-Jacobi identity

[βg(x), [y, z]g]g + [βg(y), [z, x]g]g + [βg(z), [x, y]g]g = 0, (17)

and βg([x, y]g) = [βg(x), βg(y)]g for all x, y, z ∈ g. (18)

(b) A morphism of Hom-Lie algebras f : (g, [, ]g, βg) → (k, [, ]k, βk) is a k-linear
map f : g → k such that

f([x, y]g) = [f(x), f(y)]k and f(βg(x)) = βk(f(x)) for all x, y ∈ g.

(c) A Hom-Lie algebra (g, [, ]g, βg) is called involutive if β2
g = id .

As in the case of an associative algebra and a Lie algebra, a Hom-associative
algebra (A, ·, αA) gives a Hom-Lie algebra by antisymmetrization. We denote this
Hom-Lie algebra by (A, [ , ]A, βA) . So βA = αA and [x, y]A = x · y − y · x for
x, y ∈ A .

Definition 3.2. Let g := (g, [, ]g, βg) be a Hom-Lie algebra. A universal envelo-
ping Hom-associative algebra of g is a Hom-associative algebra Ug := (Ug, ∗U, αU) ,
together with a morphism ϕg : (g, [ , ]g, βg) → (Ug, [ , ]Ug , βUg) of Hom-Lie alge-
bras, that satisfies the following universal property: for any Hom-associative al-
gebra A := (A, ·A, αA) , and any Hom-Lie algebra morphism ξ : (g, [ , ]g, βg) →
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(A, [ , ]A, βA) , there exists a unique morphism ξ̂ : Ug → A of Hom-associative al-
gebras such that ξ̂ϕg = ξ .

We next show that in the involutive case, the verification of the universal property
can be suitably weakened.

Lemma 3.3. Let (g, [, ]g, βg) be an involutive Hom-Lie algebra.
(a) Let (A, ·, αA) be a Hom-associative algebra. Let f :(g, [, ]g, βg)→(A, [ , ]A, βA) be

a morphism of Hom-Lie algebras and let B be the Hom-associative subalgebra
of A generated by f(g). Then B is involutive.

(b) The universal enveloping Hom-associative algebra (Ug, ϕg) of (g, [, ]g, βg), if
exists, is involutive.

(c) If the universal property of (Ug, ϕg) in Definition 3.2 is verified for all involu-
tive Hom-associative algebras, then it holds for all Hom-associative algebras,
implying that (Ug, ϕg) is a universal enveloping Hom-associative algebra of g.

Proof. (a) Let
C := {x ∈ A |α2

A(x) = x}. (19)
Then C is clearly a submodule. Also for x, y ∈ C , from αA(xy) = αA(x)αA(y) ,
we have α2

A(xy) = α2
A(x)α

2
A(y) = xy and hence xy ∈ C . Further, from x ∈ C , we

obtain α2
A(αA(x)) = αA(α

2
A(x)) = αA(x) and hence αA(x) ∈ C . Therefore C is

a Hom-associative subalgebra of A . Since f is a morphism of Hom-Lie algebras,
from the equation β2

g = id , we obtain

α2
A(f(x)) = β2

A(f(x)) = f(β2
g (x)) = f(x). (20)

Hence imf ⊆ C . Therefore C is a Hom-associative subalgebra of A that contains
imf . Then C contains B and so B is involutive.
(b) From its universal property, Ug is generated by ϕg(g) as a Hom-associative
algebra. Hence (b) is a special case of (a).
(c) We only need to prove that, assuming that the universal property of Ug

holds for involutive Hom-associative algebras, then it holds for all Hom-associative
algebras. Thus let (A, ·, αA) be a Hom-associative algebra and let ξ : (g, [, ]g, βg) →
(A, [ , ]A, βA) be a morphism of Hom-Lie algebras. Let C = {x ∈ A |α2

A(x) = x}
be the involutive Hom-associative subalgebra of A defined in Eq. (19). By (a) and
its proof, im ξ is contained in C and thus ξ is the composition of a morphism
ξC : (g, [, ]g, βg) → (C, [ , ]C , βC) of Hom-associative algebras with the inclusion
C → A . By our assumption, there is a morphism ξ̂C : Ug → C of Hom-associative
algebras such that ξ̂Cϕg = ξC . Then composing with the inclusion C → A , we
obtain a morphism ξ̂ : Ug → A of Hom-associative algebras such that ξ̂ϕg = ξ .
Further, suppose ξ̂′ : Ug → A is another morphism of Hom-associative algebras
such that ξ̂′ϕg = ξ . Since Ug is involutive by (b), im ξ̂′ is involutive. Hence ξ̂′ is
the composition of a morphism ξ̂′C : Ug → C with the inclusion C → A . Also,
ξ̂′Cϕg = ξC . Since C is involutive, by our assumption at the beginning of the proof,
the morphisms ξ̂C and ξ̂′C coincide. Then ξ̂ and ξ̂′ coincide. This completes the
proof.
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Now we are ready to give our construction of the universal enveloping Hom-
associative algebra of an involutive Hom-Lie algebra.

Theorem 3.4. Let g := (g, [, ]g, βg) be an involutive Hom-Lie algebra. Let
T+
h (g) := (T+

h (g),⊙, αT ) be the free Hom-associative algebra on the Hom-module
underlying g obtained in Theorem 2.4. Let Ig,β be the Hom-ideal of T+

h (g)
generated by the set

{x⊗ y − y ⊗ x− [x, y]g |x, y ∈ g} (21)

and let Uh(g) := T+
h (g)/Ig,β be the quotient Hom-associative algebra. Let

ϕ0 := π ◦ ig : g
ig−→T+

h (g)
π−→Uh(g), x 7→ x+ Ig,β,

be the composition of the natural inclusion ig : g → T+
h (g) with the quotient map

π : T+
h (g) → Uh(g). Then (Uh(g), ϕ0) is a universal enveloping Hom-associative

algebra of g. The universal enveloping Hom-associative algebra of g is unique up
to isomorphism.

Proof. The proof is similar to the case of the enveloping algebra of a Lie algebra.
We provide details for completion. Let ~ denote the multiplication on Uh(g) .
We first verify that ϕ0 : (g, [ , ]g, βg) → (Ug, [ , ]Ug , βUg) is a morphism of Hom-Lie
algebras. Since both ig and π are Hom-module morphisms, so is their composition
ϕ0 . Since x⊗ y − y ⊗ x− [x, y]g is in Ig,β = kerπ for x, y ∈ g , we obtain

ϕ0([x, y]g) = π([x, y]g) = π(x⊗ y − y ⊗ x) = π(x⊙ y − y ⊙ x)

= π(x)~ π(y)− π(y)~ π(x) = ϕ0(x)~ ϕ0(y)− ϕ0(y)~ ϕ0(x)

= [ϕ0(x), ϕ0(y)]Uh(g),

as needed.
We next prove that Uh(g) satisfies the desired universal property. Applying
Lemma 3.3 (c), we only need to consider an arbitrary Hom-associative algebra
A := (A, ∗A, αA) that is involutive. Let ξ : (g, [ , ]g, βg) → (A, [ , ]A, βA) be a
morphism of Hom-Lie algebras. Since T+

h (g) is the free involutive Hom-associative
algebra on the underlying Hom-module of g , by Theorem 2.4, there exists a Hom-
associative algebra morphism ξ : T+

h (g) → A such that ξ ◦ ig = ξ . Since ξ is a
morphism of Hom-Lie algebras, we have

ξ(x⊗ y − y ⊗ x) = ξ(x⊙ y − y ⊙ x) = ξ(x) ∗A ξ(y)− ξ(y) ∗A ξ(x)

=ξ(x) ∗A ξ(y)− ξ(y) ∗A ξ(x) = [ξ(x), ξ(y)]A = ξ([x, y]g) = ξ([x, y]g).

Thus Ig,β is contained in ker ξ and ξ induces a morphism ξ̂ : Uh(g) → A of
Hom-associative algebras such that ξ = ξ̂π . Then ξ̂ϕ0 = ξ̂πig = ξig = ξ.

It remains to prove the uniqueness of ξ̂ . Suppose that there exists another
morphism ξ̂′ : Uh(g) → A of Hom-associative algebras such that ξ̂′ϕ0 = ξ . We
just need to prove ξ̂(u) = ξ̂′(u) for any u ∈ Uh(g) . Since T+

h (g) =
⊕

n>1 g
⊗n , we

just need to prove
ξ̂π(a) = ξ̂′π(a) (22)
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for a ∈ g⊗n with n > 1 , for which we apply the induction on n > 1 . For n = 1 ,
namely for a ∈ g , we have

ξ̂π(a) = ξ̂πig(a) = ξig(a) = ξ(a) = ξ̂′ϕ0(a) = ξ̂′π(a).

Assume that Eq. (22) has been proved for n > 1 . Let a = a′ ⊗ an+1 ∈ g⊗(n+1) ,
where a′ ∈ g⊗n . Since ξ̂π and ξ̂′π are morphisms of Hom-associative algebras, by
Eq. (5), the induction hypothesis and the initial step, we have

ξ̂π(a) = ξ̂π(a′ ⊙ an+1) = ξ̂(π(a′)) ∗A ξ̂(π(an+1)) = ξ̂′(π(a′)) ∗A ξ̂′(π(an+1))

= ξ̂′π(a′ ⊙ an+1) = ξ̂′(π(a)).

This completes the inductive proof of the uniqueness of ξ̂ . Thus (Uh(g), ϕ0) is a
universal enveloping algebra of g .
The proof of the uniqueness of Uh(g) up to isomorphism is standard. We include
the details for completeness. Suppose that (Uh(g)1, ϕ1) is another universal en-
veloping algebra of g . By the universal property of (Uh(g), ϕ0) and (Uh(g)1, ϕ1) ,
there exist homomorphisms f : Uh(g) → Uh(g)1 and f1 : Uh(g)1 → Uh(g) of
Hom-associative algebras such that fϕ0 = ϕ1 and f1ϕ1 = ϕ0 . Then

(f1f)ϕ0 = ϕ0 = idUh(g)ϕ0.

Since idUh(g) and f1f are both Hom-associative homomorphisms, by the uniqueness
in the universal property of (Uh(g), ϕ0) , we have f1f = idUh(g) . Similarly, ff1 =
idUh(g)1 . This shows that f and f1 are isomorphisms. Thus Uh(g) is unique up to
isomorphism.

4. The Poincaré-Birkhoff-Witt theorem for involutive Hom-Lie
algebras

In this section we prove a Poincaré-Birkhoff-Witt (PBW) type theorem, namely
Theorem 4.3, for involutive Hom-Lie algebras. After giving some motivation and
two preparatory results, the statement of the theorem and its proof modulo the
two preparatory results are given in Section 4.1. Proofs of the two preparatory
results are provided in Sections 4.2 and 4.3 respectively.

4.1. The Poincaré-Birkhoff-Witt theorem.
Let g be a Lie algebra with an ordered basis X = {xi | i ∈ ω} indexed

by a well ordered set ω . Let Ig be the ideal of the free associative algebra
T+(g) := ⊕n>1g

⊗n on g generated by the set
{x⊗ y − y ⊗ x− [x, y]g |x, y ∈ g} , (23)

so that Ug := T+(g)/Ig is the universal enveloping algebra of g . The Poincaré-
Birkhoff-Witt (PBW) Theorem states that the linear subspace Ig of T+(g) has a
canonical linear complement which has a basis given by

W := {xi1 ⊗ · · · ⊗ xin | i1 > · · · > in, n > 1}, (24)
called the PBW basis of Ug . One of its proofs, as presented in [20], is based on
the fact that Ig is linearly generated by the set{

a⊗ (x⊗ y − y ⊗ x− [x, y]g)⊗ b |x, y ∈ X, a ∈ g⊗m, b ∈ g⊗n,m, n > 0
}
. (25)
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Then the proof is essentially to show that the rewriting system [4] from the above
linear generators is convergent.

Now let (g, [ ]g, βg) be an involutive Hom-Lie algebra. The tensor alge-
bra like construction T+

h (g) of the free involutive Hom-associative algebra on g
obtained in Theorem 2.4 and the resulting universal enveloping Hom-associative
algebra Uh(g) := T+

h (g)/Ig,β in Theorem 3.4 suggest that the proof of the classical
PBW theorem might be adapted to prove a PBW theorem for involutive Hom-Lie
algebras. This is the motivation for our approach. But there are two challenges to
address.

The first challenge in this approach is the complexity of the multiplication
T+
h (g) . The multiplication in T+(g) is simply the tensor concatenation product,

while the one in T+
h (g) is not. Further the generating of a Hom-ideal is more

complicated than the generating of an ideal for the lack of the associativity. Thus
whereas one time left and right multiplication on the generating set is enough
to linearly generate an ideal in an associative algebra, iterated left and right
multiplications are needed to generate a Hom-ideal in general.

Thus our first task is to express a linear generating system of Ig,β in terms
of the tensor product. We carry out this task in Section 4, in two steps. We
first unravel the iterated multiplications in Ig,β to show that only two iterations of
multiplication is necessary. We then show that the resulting generators, after the
application of a suitable twist operator φ , has a tensor form that is similar to the
linear generators in Eq. (25) in the Lie algebra case. This is presented in our first
preparatory result, Proposition 4.1, for the PBW theorem of involutive Hom-Lie
algebras.

To simplify notations, we denote a := βg(a) for a ∈ g and more generally
a := αT (a) for a ∈ g⊗n, n > 1 . We define a linear operator

φ : g⊗n −→ g⊗n, a := a1 ⊗ a2 ⊗ · · · ⊗ an 7→ ã1 ⊗ ã2 ⊗ · · · ⊗ ãn, (26)

where
ãi =

{
ai, i = 2k + 1 and k > 1;
ai, otherwise.

In other words, φ involutes the 3rd, 5th, 7th, ..., tensor factors of a pure tensor a .

Proposition 4.1. Let (g, [ , ]g, βg) be an involutive Hom-Lie algebra.
Let φ : T+

h (g) → T+
h (g) be as defined in Eq. (26). Let Ig,β be the Hom-ideal of T+

h (g)
defined in Theorem 3.4 such that Uh(g) = T+

h (g)/Ig,β is the universal enveloping
algebra of g. Denote

Jg,β :=
∑
i,j>0

∑
a∈g⊗i

b∈g⊗j

∑
x,y∈g

(
a⊗ (x⊗ y − y ⊗ x)⊗ b− αT (a)⊗ [x, y]g ⊗ αT (b)

)
, (27)

with the convention that a tenor factor c ∈ g⊗k is suppressed if k = 0. Then

φ(Ig,β) = Jg,β.
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This proposition will be rephrased as Proposition 4.5 and proved in Section 4.2.

Our second challenge in adapting the rewriting system proof of the classical PBW
Theorem is that there might not be a basis of g that is stable under the action of the
Hom map βg , but only does so up to a sign. In order to give a uniform approach to
include the possible cases, we first prove the following PBW decomposition which
includes a parameter, applicable to the various cases of βg by taking various values
of the parameter, eventually leading to the proof of the Hom-PBW Theorem 4.3.

Theorem 4.2. (PBW Decomposition with a Parameter) Let (g, [ , ]g, βg) be an
involutive Hom-Lie algebra such that βg(X) = X for a well-ordered basis X of g.
Let W be as defined in Eq. (24). Let µ ∈ k be given. Denote

Jg,β,µ :=
∑
i,j>0

∑
a∈g⊗i

b∈g⊗j

∑
x,y∈g

(
a⊗(x⊗y−y⊗x)⊗b−µi+jαT (a)⊗ [x, y]g⊗αT (b)

)
(28)

Then we have the decomposition

T+
h (g) = Jg,β,µ ⊕ kW. (29)

This theorem will be restated as Theorem 4.6 and proved in Section 4.3.

With these two preparatory results at our disposal, we can now state and prove
our Poincaré-Birkhoff-Witt theorem for involutive Hom-Lie algebras.

Theorem 4.3. Let k be a field whose characteristic is not 2 and let (g, [ , ]g, βg)
be an involutive Hom-Lie algebra on k. Let the linear map φ : T+

h (g) → T+
h (g),

the Hom-ideal Ig,β of T+
h (g) and the linear subspace Jg,β be defined in Eqs. (26),

(27) and Theorem 3.4. Then there is a well-ordered basis X of g such that, for

W := WX := {xi1 ⊗ · · · ⊗ xin | i1 > · · · > in, n > 1},

the following statements hold.

(a) T+
h (g) = Jg,β ⊕ kW. (30)

(b) (PBW Theorem) φ(W ) is a basis of T+
h (g)/Ig,β .

Proof. (a) Let g+ and g− be the eigenspace of 1 and −1 of βg on g respectively.
Then from we have the well-known decomposition

g = g+ ⊕ g−

(from x = β(x)+x
2

+ β(x)−x
2

∈ g+ + g− ). Let Y+ and Y− be a basis of g+ and g−
respectively. Let |Z| denote the cardinality of a set Z . We proceed with the proof
in two cases:
Case 1. |Y+| > |Y−|. Fix an injection τ : Y− → Y+ . Then the set

X := {τ(x) + x, τ(x)− x |x ∈ Y−} ∪ (Y+\Y−)
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is a basis of g and βg(X) = X since βg(τ(x)± x) = τ(x)∓ x . Let W be defined
with respect to a given well-order on X . Take µ = 1 in Eq. (28). Then by Eq. (27),
Jg,β,1 = Jg,β . By Theorem 4.2, T+

h (g) = Jg,β,1 ⊕ kW . Thus T+
h (g) = Jg,β ⊕ kW .

Case 2. |Y+| 6 |Y−|. Let γ := −βg . Then it is direct to check that (g, [ , ]g, γ) is
also an involutive Hom-Lie algebra. Further for this involutive Hom-Lie algebra,
we are in Case 1. Take β to be γ and take µ = −1 in Eq. (28). Then by Eq. (27),
Jg,γ,−1 = Jg,−β,−1 = Jg,β . Then by Theorem 4.2, we obtain

T+
h (g) = Jg,−β,−1 ⊕ kW = Jg,β ⊕ kW.

(b) follows from Proposition 4.1 and (a):

T+
h (g) = φ(T+

h (g)) = φ(Jg,β ⊕ kW ) = φ(Jg,β)⊕ kφ(W ) = Ig,β ⊕ kφ(W ).

4.2. Tensor representation of the Hom-ideal Ig,β .

In this subsection we study linear generators of the Hom-ideal Ig,β and express
them in terms of the tensor product. Since β2

g = id , βg is bijective. So

βg(g) = g. (31)

It also gives φ2 = id . So we also have

φ(g⊗n) = g⊗n. (32)

We next give some properties of the linear operator αT and the multiplication ⊙ .
First, by Eqs. (2) and (31), we obtain

αm
T (g

⊗n) = g⊗n,m > 0, n > 1. (33)

Then for any natural numbers r, s > 1 , by Eq.(7), we have

g⊗r ⊙ g⊗s = αs−1
T (g⊗r)⊗ g⊗ αT (g

⊗(s−1)) = g⊗r+s. (34)

For a := a1 ⊗ a2 ⊗ · · · ⊗ an ∈ g⊗n and n > 1 , we denote ℓ(a) := n , called the
length of a .

Lemma 4.4. Let u := u1 ⊗ u2 ⊗ · · · ⊗ um ∈ g⊗m, v := v1 ⊗ v2 ⊗ · · · ⊗ vk ∈ g⊗k

and w := w1 ⊗ w2 ⊗ · · · ⊗ wn ∈ g⊗n . Let φ be defined as in Eq. (26). Then
(a) φ(u) = u1 ⊗ u2 ⊗ αT (u3)⊗ α2

T (u4)⊗ · · · ⊗ αm−2
T (um) = u1 ⊗⊗m

k=2α
k−2
T (uk).

(b) φ(αT (u)) = αT (φ(u)).

(c) φ(u⊗w) = φ(u)⊗ αm−1
T (w1)⊗ · · · ⊗ αm+n−2

T (wn).
(d) If the lengths ℓ(v) > 1 and ℓ(u) = ℓ(v) + 1, i.e., m = k+1, then there exists

c ∈ g⊗n such that

φ(u⊗w) = φ(u)⊗ c and φ(v⊗w) = φ(v)⊗ αT (c).
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Proof. (a) This follows from the definition of φ since α2
T = id .

(b) By (a), we get

φ
(
αT (u)

)
= φ

(
αT (u1)⊗ αT (u2)⊗ · · · ⊗ αT (un−2)⊗ αT (un−1)⊗ αT (un)

)
= αT (u1)⊗⊗m

k=2α
k−2
T (αT (uk)) = αT (u1)⊗⊗m

k=2α
k−1
T (uk)

= αT

(
u1 ⊗⊗m

k=2α
k−2
T (uk)

)
= αT (φ(u)).

(c) By (a), we obtain

φ(u⊗w) = φ(u1 ⊗ u2 ⊗ u3 ⊗ · · · ⊗ um ⊗ w1 ⊗ · · · ⊗ wn)

= u1 ⊗ u2 ⊗ αT (u3)⊗ · · · ⊗ αm−2
T (um)⊗ αm−1

T (w1)⊗ · · · ⊗ αm+n−2
T (wn)

= φ(u)⊗ αm−1
T (w1)⊗ · · · ⊗ αm+n−2

T (wn).

(d) In (c), denote c := αm−1
T (w1) ⊗ · · · ⊗ αm+n−2

T (wn) . Then c is in g⊗n and (c)
becomes

φ(u⊗w) = φ(u)⊗ c.

Since k = m− 1 , (d) also gives

φ(v⊗w) = φ(v)⊗ αm−2
T (w1)⊗ · · · ⊗ αm+n−3

T (wn) = φ(v)⊗ αT (c).

We now prove Proposition 4.1 with some additional information.

Proposition 4.5. (= Proposition 4.1) Let (g, [ , ]g, βg) be an involutive Hom-Lie
algebra. Let φ : T+

h (g) → T+
h (g) be as defined in Eq. (26). Let Ig,β be the Hom-

ideal of T+
h (g) defined in Theorem 3.4. Let

Jg,β :=
∑
i,j>0

∑
a∈g⊗i

b∈g⊗j

∑
x,y∈g

(
a⊗ (x⊗ y − y ⊗ x)⊗ b− αT (a)⊗ [x, y]g ⊗ αT (b)

)
. (35)

Then

(a) Ig,β =
∑
i,j>0

∑
x,y∈g

(
g⊗i⊙ (x⊗ y− y⊗x− [x, y]β)

)
⊙g⊗j. (36)

Here the factor g⊗i (resp. g⊗j ) is suppressed in the sum if i = 0 (resp. j = 0).

(b) φ(Ig,β) = Jg,β.

Proof. (a) Since the Hom-ideal Ig,β is generated by the elements of the form
x ⊗ y − y ⊗ x − [x, y]g, x, y ∈ g, the right hand side is contained in the left hand
side. To prove that the left hand side is contained in the right hand side, we just
need to prove that the right hand side is a Hom-ideal of T+

h (g) , that is, it is closed
under the left and right multiplication, and the operator αT . So we will check
these conditions one by one.
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For any natural number k > 0 , we have((
g⊗i ⊙ (x⊗ y − y ⊗ x− [x, y]g)

)
⊙ g⊗j

)
⊙ g⊗k

= αT

(
g⊗i ⊙ (x⊗ y − y ⊗ x− [x, y]g)

)
⊙ (g⊗j ⊙ αT (g

⊗k)) (Hom-associativity)
= αT

(
g⊗i ⊙ (x⊗ y − y ⊗ x− [x, y]g)

)
⊙ g⊗j+k (by Eqs. (33) and (34))

=
(
αT (g

⊗i)⊙ αT (x⊗ y − y ⊗ x− [x, y]g)
)
⊙ g⊗j+k (by Eq. (8))

=
(
g⊗i⊙

(
αT (x)⊗αT (y)−αT (y)⊗αT (x)−[αT (x), αT (y)]g

))
⊙g⊗j+k

(by Eqs. (3) and (33)), which is contained in
∑

s,t∈g
(
g⊗i⊙ (s⊗ t− t⊗s− [s, t]g)

)
⊙

g⊗j+k) since αT (g) = g . Thus the right hand side of Eq. (36) is closed under the
right multiplication. A similar argument shows that it is also closed under the left
multiplication. By Eqs. (3), (8), and (33), we get

αT ((g
⊗i ⊙ (x⊗ y − y ⊗ x[x, y]g))⊙ g⊗j)

= (g⊗i ⊙ (αT (x)⊗ αT (y)− αT (y)⊗ αT (x)− [αT (x), αT (y)]g))⊙ g⊗j

which is contained in
∑

s,t∈g(g
⊗i⊙ (s⊗ t− t⊗ s− [s, t]g))⊙ g⊗j. So the right hand

side of Eq. (36) is a Hom-ideal of (T+
h (g),⊙, αT ) containing the elements of the

form x⊗ y − y ⊗ x− [x, y]g, x, y ∈ g . Hence it contains the left hand side.
(b) We first prove that φ(Ig,β) is contained in Jg,β . By (a) we just need to verify
that, for arbitrary a := a1 ⊗ · · · ⊗ ai ∈ g⊗i , b := b1 ⊗ · · · ⊗ bj ∈ g⊗j, i, j > 0 , and
x, y ∈ g , the element φ

(
(a⊙ (x⊗ y − y ⊗ x− [x, y]g))⊙ b

)
is contained in Jg,β .

By the definition of ⊙ in Eqs. (5) and (6), we get(
a⊙ (x⊗ y − y ⊗ x− [x, y]g)

)
⊙ b

=

(
αT (a)⊗

(
x⊗ αT (y)− y ⊗ αT (x)

)
− a⊗ [x, y]g

)
⊙ b

= αj−1
T

(
αT (a)⊗

(
x⊗ αT (y)− y ⊗ αT (x)

))
⊗ b1 ⊗ αT (b2 ⊗ · · · ⊗ bj)

−αj−1
T

(
a⊗ [x, y]g

)
⊗ b1 ⊗ αT (b2 ⊗ · · · ⊗ bj).

The two terms share the same right factor w := b1 ⊗ αT (b2 ⊗ · · · ⊗ bj) but the
lengths of their left factors differ by one. So by Lemma 4.4 (d), there exists c ∈ g⊗i

such that

φ

((
a⊙ (x⊗ y − y ⊗ x− [x, y]g)

)
⊙ b

)
= φ

(
αj−1
T

(
αT (a)⊗ (x⊗ αT (y)−y ⊗ αT (x))

))
⊗ c−φ

(
αj−1
T

(
a⊗ [x, y]g

))
⊗ αT (c)

= φ

(
αj
T (a)⊗

(
αj−1
T (x)⊗ αj

T (y)− αj−1
T (y)⊗ αj

T (x)
))

⊗ c

− φ

(
αj−1
T (a)⊗ [αj−1

T (x), αj−1
T (y)]g

)
⊗ αT (c) (by Eqs. (3) and (18))
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= φ(αj
T (a))⊗

(
αi−1
T (αj−1

T (x))⊗ αi
T (α

j
T (y))− αi−1

T (αj−1
T (y))⊗ αi

T (α
j
T (x))

)
⊗ c

− φ(αj−1
T (a))⊗ αi−1

T ([αj−1
T (x), αj−1

T (y)]g)⊗ αT (c) (by Lemma 4.4 (d))

= φ(αj
T (a))⊗

(
αi+j
T (x)⊗ αi+j

T (y)− αi+j
T (y)⊗ αi+j

T (x)
)
⊗ c

− αT (φ(α
j
T (a)))⊗ [αi+j

T (x), αi+j
T (y)]g ⊗ αT (c) (by Lemma 4.4 (d), (4) and (18)).

This is an element in
∑

u∈g⊗i

v∈g⊗j

∑
s,t∈g u⊗ (s⊗ t− t⊗ s)⊗ v−αT (u)⊗ [s, t]g ⊗αT (v)

by taking u := φ(αj
T (a)), v := c, s := αi+j

T (x) and t := αi+j
T (y) . Thus φ(Ig,β) is

contained in Jg,β . On the other hand, since φ and αT are bijective. The above
argument shows that any term u⊗ (s⊗ t− t⊗s)⊗v−αT (u)⊗ [s, t]g⊗αT (v) in the
previous sum can be expressed in the form φ

((
a⊙ (x⊗ y − y ⊗ x− [x, y]g)

)
⊙ b

)
.

Thus φ is surjective. This completes the proof.

4.3. A parameterized PBW decomposition.
In this section, we take g to be an involutive Hom-Lie algebra with an ordered
basis X . So X = {xi | i ∈ ω} for a linearly ordered set ω .

Theorem 4.6. (= Theorem 4.2) Let (g, [ , ]g, βg) be an involutive Hom-Lie alge-
bra such that βg(X) = X . Let W be as defined in Eq. (24). Let µ ∈ k be given.
Denote

Jg,β,µ :=
∑
i,j>0

∑
a∈g⊗i

b∈g⊗j

∑
x,y∈g

(
a⊗

(
(x⊗y−y⊗x)⊗b

)
−µi+jαT (a)⊗[x, y]g⊗αT (b)

)
. (37)

Then we have the linear decomposition

T+
h (g) = Jg,β,µ ⊕ kW. (38)

We note that the sum in Eq. (37) remains the same when x, y in the sum are taken
from X .

Proof. We follow the proof of the classical PBW Theorem as presented in [20].
We need to prove that

T+
h (g) = Jg,β,µ + kW and Jg,β,µ

∩
kW = 0.

We first introduce notations. Let n > 2 . Let x := xi1⊗xi2⊗· · ·⊗xin ∈ X⊗n ⊆ g⊗n .
Define the index of x to be

d := ind(x) :=
∣∣ {(r, s) | r < s and ir < is, 1 6 r, s 6 n}

∣∣.
Let gn,d be the linear span of all pure tensors x of degree n and index d . Then
we obtain

g⊗n =
⊕
d>0

gn,d. (39)
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In particular, gn,0 = kW (n) , where

W (n) := {xi1 ⊗ xi2 ⊗ · · · ⊗ xin ∈ X⊗n | i1 > i2 > · · · > in}.

To prove T+
h (g) = Jg,β,µ + kW , by the equation kW =

∑
i>1 kW

(i) , we just need
to prove that

g⊗n ⊆ Jg,β,µ +
∑

16q6n

kW (q) (40)

by induction on n > 1 . For n = 1 , we have kW (1) = g . So g ⊆ Jg,β,µ + kW (1) .
Assume that Eq. (40) has been proved for n > 1 . Since g⊗(n+1) =

∑
d>0 gn+1,d , we

just need to prove that

gn+1,d ⊆ Jg,β,µ +
∑

16q6n+1

kW (q), for all d > 0.

We accomplish this by induction on d > 0 . For d = 0 , we have gn+1,0 = kW (n+1) .
Assume that, for e > 0 , gn+1,e ⊆ Jg,β,µ +

∑
16q6n+1 kW

(q) has been proved. Let
x = xi1 ⊗ xi2 ⊗ · · · ⊗ xin+1 ∈ X⊗(n+1) ∩ gn+1,e+1. Since e+1 > 1 , we can choose an
integer 1 6 r 6 n such that ir < ir+1 . Define x′ = xi1⊗· · ·⊗xir+1⊗xir⊗· · ·⊗xin+1

to be the pure tensor formed by interchanging xir with xir+1 in d . Then x′ ∈
gn+1,e ⊆ Jg,β,µ +

∑
16q6n+1 kW

(q) . Since the definition of Jg,β,µ gives

x− x′ ≡ µn−1αT (xi1 ⊗· · ·⊗xir−1)⊗ [xir , xir+1 ]g⊗αT (xir+2 ⊗· · ·⊗xin+1)(mod Jg,β,µ),

by the induction hypothesis on n , we have

x ∈ Jg,β,µ +
∑

16q6n+1

kW (q) +
∑

16q6n

kW (q).

So x is in Jg,β,µ +
∑

16q6n+1 kW
(q) . This proves that

gn+1,e+1 ⊆ Jg,β,µ +
∑

16q6n+1

kW (q).

Together with the induction hypothesis on d , we obtain

g⊗n+1 ⊆ Jg,β,µ +
∑

16q6n+1

kW (q).

This completes the induction on n .
We next prove that Jg,β,µ

∩
kW = 0 . We achieve this by constructing an operator

L on T+
h (g) such that

(1) L(t) = t for all t ∈ W ;

(2) if p > 2, 1 6 s 6 p− 1, and is < is+1, then (41)
L(xi1 ⊗ · · · ⊗ xis ⊗ xis+1 ⊗ · · · ⊗ xip) = L(xi1 ⊗ · · · ⊗ xis+1 ⊗ xis ⊗ · · · ⊗ xip)

+ L(µp−2αT (xi1 ⊗ · · · ⊗ xs−1)⊗ [xis , xis+1 ]g ⊗ αT (xis+2 ⊗ · · · ⊗ xip)).
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We define L on
∑

16q6n g
⊗q by induction on n > 1 . For n = 1 , we define

L to be the identity on g . Suppose that n > 2 and that L is an operator
on

∑
16q6n g

⊗q satisfying Eq. (41) for all pure tensors of degree n . We will
extend L to an operator on

∑
16q6n+1 g

⊗q that satisfies Eq. (41) for all pure tensors
x = xi1 ⊗· · ·⊗xin+1 ∈ X⊗(n+1) ⊆ g⊗(n+1)(=

∑
d>0 gn+1,d) . For this we by induction

on d := ind(x) . For d = 0 , we define L(x) = x . Assume that L(x) has been defined
for x ∈

∑
16p6e gn+1,p , where e > 0 . Consider x ∈ gn+1,e+1 . Choose an integer r ,

1 6 r 6 n , such that ir < ir+1 . Then we define

L(x) :=L(xi1 ⊗ · · · ⊗ xir+1 ⊗ xir ⊗ · · · ⊗ xin+1)

+ L(µn−1αT (xi1 ⊗ · · · ⊗ xir−1)⊗ [xir , xir+1 ]g ⊗ αT (xir+2 ⊗ · · · ⊗ xin+1)).

We next verify that L(x) is well-defined, independent of the choice of the integer
1 6 r 6 n such that ir < ir+1 . For this purpose, let ℓ be another integer,
1 6 ℓ 6 n , with iℓ < iℓ+1 . Let

u := L(xi1 ⊗ · · · ⊗ xir+1 ⊗ xir ⊗ · · · ⊗ xin+1)+

+ L(µn−1αT (xi1 ⊗ · · · ⊗ xir−1)⊗ [xir , xir+1 ]g ⊗ αT (xir+2 ⊗ · · · ⊗ xin+1)),

and
v := L(xi1 ⊗ · · · ⊗ xiℓ+1

⊗ xiℓ ⊗ · · · ⊗ xin+1)+

+ L(µn−1αT (xi1 ⊗ · · · ⊗ xiℓ−1
)⊗ [xiℓ , xiℓ+1

]g ⊗ αT (xiℓ+2
⊗ · · · ⊗ xin+1)).

Then, by the induction hypothesis, u, v ∈
∑

06p6e gn+1,p +
∑

16q6n g
⊗q and satisfy

Eq. (41). We need to check u = v . We distinguish two cases.
Case 1: |r − ℓ| > 2. Then r − ℓ > 2 or ℓ − r > 2 , and so n > 3 . Without loss
of generality, we suppose ℓ− r > 2 . Since u, v ∈

∑
06p6e gn+1,p +

∑
16q6n g

⊗q , by
the induction hypothesis, we have

u = L(xi1 ⊗ · · · ⊗ xir+1 ⊗ xir ⊗ · · · ⊗ xiℓ ⊗ xiℓ+1
⊗ · · · ⊗ xin+1)

+ L(µn−1αT (xi1 ⊗ ...⊗ xir−1)⊗ [xir , xir+1 ]g ⊗ αT (...⊗ xiℓ ⊗ xiℓ+1
⊗ ...⊗ xin+1))

= L(xi1 ⊗ · · · ⊗ xir+1 ⊗ xir ⊗ · · · ⊗ xiℓ+1
⊗ xiℓ ⊗ · · · ⊗ xin+1)

+ L(µn−1αT (xi1 ⊗ · · · ⊗ xir+1 ⊗ xir ⊗ · · · )⊗ [xiℓ , xiℓ+1
]g ⊗ αT (· · · ⊗ xin+1))

+ L(µn−1αT (xi1 ⊗ · · · )⊗ [xir , xir+1 ]g ⊗ αT (· · · ⊗ xiℓ ⊗ xiℓ+1
⊗ · · · ⊗ xin+1))

and
v = L(xi1 ⊗ · · · ⊗ xir ⊗ xir+l

⊗ · · · ⊗ xiℓ+1
⊗ xiℓ ⊗ · · · ⊗ xin+1)

+ L(µn−1αT (xi1 ⊗ ...⊗ xir ⊗ xir+l
⊗ ...)⊗ [xiℓ , xiℓ+1

]g ⊗ αT (xir+2 ⊗ ...⊗ xin+1))

= L(xi1 ⊗ · · · ⊗ xir+1 ⊗ xir ⊗ · · · ⊗ xiℓ+1
⊗ xiℓ ⊗ · · · ⊗ xin+1)

+ L(µn−1αT (xi1 ⊗ · · · )⊗ [xir , xir+l
]g ⊗ αT (· · · ⊗ xiℓ+1

⊗ xiℓ ⊗ · · · ⊗ xin+1))

+ L(µn−1αT (xi1 ⊗ · · · ⊗ xir ⊗ xir+l
· · · )⊗ [xiℓ , xiℓ+1

]g ⊗ αT (· · · ⊗ xin+1))

Moreover, since βg(X) = X and xir ̸= xir+1 , xiℓ ̸= xiℓ+1
, we have αT (xir),

αT (xir+1), αT (xiℓ), αT (xiℓ+1
) ∈ X and αT (xir) ̸= αT (xir+1) , αT (xiℓ) ̸= αT (xiℓ+1

) .
Depending on whether or not αT (xir) > αT (xir+1) and αT (xiℓ) > αT (xiℓ+1

) , there
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are four cases to consider. We just consider the case of αT (xir) > αT (xir+1)
and αT (xiℓ) < αT (xℓ+1) . The other cases are similar. Then by the induction
hypothesis, we obtain

L(µn−1αT (xi1 ⊗ · · · ⊗ xir+1 ⊗ xir ⊗ · · · )⊗ [xiℓ , xiℓ+1
]g ⊗ αT (· · · ⊗ xin+1)) =

= L(µn−1αT (xi1 ⊗ · · · ⊗ xir ⊗ xir+1 ⊗ · · · )⊗ [xiℓ , xiℓ+1
]g ⊗ αT (· · · ⊗ xin+1))+

+L(µ2n−3(xi1 ⊗ ...⊗ [αT (xir+1), αT (xir)]g ⊗ ...⊗ [αT (xiℓ), αT (xiℓ+1
)]g ⊗ ...⊗ xin+1)).

and

L(µn−1αT (xi1 ⊗ · · · )⊗ [xir , xir+1 ]g ⊗ αT (· · · ⊗ xiℓ ⊗ xiℓ+1
⊗ · · · ⊗ xin+1)) =

= L(µn−1αT (xi1 ⊗ · · · )⊗ [xir , xir+1 ]g ⊗ αT (· · · ⊗ xiℓ+1
⊗ xiℓ ⊗ · · · ⊗ xin+1))+

+L(µ2n−3(xi1 ⊗ ...⊗ [αT (xir), αT (xir+1)]g ⊗ ...⊗ [αT (xiℓ), αT (xiℓ+1
)]g ⊗ ...⊗ xin+1)).

Plugging these into the previous expressions of u , we get

u = L(xi1 ⊗ · · · ⊗ xir+1 ⊗ xir ⊗ · · · ⊗ xiℓ+1
⊗ xiℓ ⊗ · · · ⊗ xin+1)

+ L(µn−1αT (xi1 ⊗ · · · ⊗ xir ⊗ xir+1 ⊗ · · · )⊗ [xiℓ , xiℓ+1
]g ⊗ αT (· · · ⊗ xin+1))

+ L(µn−1αT (xi1 ⊗ · · · )⊗ [xir , xir+1 ]g ⊗ αT (· · · ⊗ xiℓ+1
⊗ xiℓ ⊗ · · · ⊗ xin+1))

+ L(µ2n−3(xi1 ⊗...⊗ [αT (xir+1), αT (xir)]g ⊗...⊗ [αT (xiℓ), αT (xiℓ+1
)]g ⊗...⊗ xin+1))

+ L(µ2n−3(xi1 ⊗...⊗ [αT (xir), αT (xir+1)]g ⊗...⊗ [αT (xiℓ), αT (xiℓ+1
)]g ⊗...⊗ xin+1))

= L(xi1 ⊗ · · · ⊗ xir+1 ⊗ xir ⊗ · · · ⊗ xiℓ+1
⊗ xiℓ ⊗ · · · ⊗ xin+1)

+ L(µn−1αT (xi1 ⊗ · · · ⊗ xir ⊗ xir+1 ⊗ · · · )⊗ [xiℓ , xiℓ+1
]g ⊗ αT (· · · ⊗ xin+1))

+ L(µn−1αT (xi1 ⊗ · · · )⊗ [xir , xir+1 ]g ⊗ αT (· · · ⊗ xiℓ+1
⊗ xiℓ ⊗ · · · ⊗ xin+1))

(by skew-symmetry [xir , xir+1 ]g = −[xir+1 , xir ]g)
= v.

Case 2: |r − ℓ| = 1. Without loss of generality, we assume ℓ = r + 1 . Then
ir < ir+1 < ir+2 . By the induction hypothesis, we obtain

u = L(xi1 ⊗ · · · ⊗ xir+1 ⊗ xir ⊗ xir+2 ⊗ · · · ⊗ xin+1)

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir−1)⊗ [xir , xir+1 ]g ⊗ αT (xir+2 ⊗ · · · ⊗ xin+1))

= L(xi1 ⊗ · · · ⊗ xir+1 ⊗ xir+2 ⊗ xir ⊗ · · · ⊗ xin+1)

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir+1)⊗ [xir , xir+2 ]g ⊗ αT (· · · ⊗ xin+1))

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir−1)⊗ [xir , xir+1 ]g ⊗ αT (xir+2 ⊗ · · · ⊗ xin+1))

= L(xi1 ⊗ · · · ⊗ xir+2 ⊗ xir+1 ⊗ xir ⊗ · · · ⊗ xin+1)

+L(µn−1αT (xi1 ⊗ · · · )⊗ [xir+1 , xir+2 ]g ⊗ αT (xir ⊗ · · · ⊗ xin+1))

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir+1)⊗ [xir , xir+2 ]g ⊗ αT (· · · ⊗ xin+1))

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir−1)⊗ [xir , xir+1 ]g ⊗ αT (xir+2 ⊗ · · · ⊗ xin+1).

and
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v = L(xi1 ⊗ · · · ⊗ xir ⊗ xir+2 ⊗ xir+1 ⊗ · · · ⊗ xin+1)

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir)⊗ [xir+1, xir+2 ]g ⊗ αT (· · · ⊗ xin+1))

= L(xi1 ⊗ · · · ⊗ xir+2 ⊗ xir ⊗ xir+1 ⊗ · · · ⊗ xin+1)

+L(µn−1αT (xi1 ⊗ · · · )⊗ [xir , xir+2 ]g ⊗ αT (xir+1 ⊗ · · · ⊗ xin+1))

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir)⊗ [xir+1, xir+2 ]g ⊗ αT (· · · ⊗ xin+1))

= L(xi1 ⊗ · · · ⊗ xir+2 ⊗ xir+1 ⊗ xir ⊗ · · · ⊗ xin+1)

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir+2)⊗ [xir , xir+1]g ⊗ αT (· · · ⊗ xin+1))

+L(µn−1αT (xi1 ⊗ · · · )⊗ [xir , xir+2 ]g ⊗ αT (xir+1 ⊗ · · · ⊗ xin+1))

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir)⊗ [xir+1, xir+2 ]g ⊗ αT (· · · ⊗ xin+1)).

By the induction hypothesis, for any x < y , t1 ∈ g⊗m , t2 ∈ g⊗k , m + k = n− 2 ,
we have

L(t1 ⊗ x⊗ y ⊗ t2)− L(t1 ⊗ y ⊗ x⊗ t2) = L(µm+kαT (t1)⊗ [x, y]⊗ αT (t2)).

So the sum of the last three terms of the previous expression of u is

L(µn−1αT (xi1 ⊗ · · · )⊗ [xir+1 , xir+2 ]g ⊗ αT (xir ⊗ · · · ⊗ xin+1))

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir+1)⊗ [xir , xir+2 ]g ⊗ αT (· · · ⊗ xin+1))

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir−1)⊗ [xir , xir+1 ]g ⊗ αT (xir+2 ⊗ · · · ⊗ xin+1)

= L(µn−1αT (xi1 ⊗ · · · )⊗ αT (xir)⊗ [xir+1 , xir+2 ]g ⊗ αT (· · · ⊗ xin+1))

+L(µ2n−3(xi1 ⊗ · · · ⊗ [[xir+1 , xir+2 ]g, αT (xir)]g ⊗ · · · ⊗ xin+1))

+L(µn−1αT (xi1 ⊗ · · · )⊗ [xir , xir+2 ]g ⊗ αT (xir+1)⊗ αT (· · · ⊗ xin+1))

+L(µ2n−3xi1 ⊗ · · · ⊗ [αT (xir+1), [xir , xir+2 ]g]g ⊗ · · · ⊗ xin+1)

+L(µn−1αT (xi1 ⊗ ...⊗ xir−1)⊗ αT (xir+2)⊗ [xir , xir+1 ]g ⊗⊗αT (...⊗ xin+1))

+L(µ2n−3xi1 ⊗ · · · ⊗ xir−1 ⊗ [[xir , xir+1 ]g, αT (xir+2)]g ⊗ · · · ⊗ xin+1)

= L(µn−1αT (xi1 ⊗ · · · ⊗ xir)⊗ [xir+1 , xir+2 ]g ⊗ αT (· · · ⊗ xin+1))

+L(µn−1αT (xi1 ⊗ · · · )⊗ [xir , xir+2 ]g ⊗ αT (xir+1 ⊗ · · · ⊗ xin+1))

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir+2)⊗ [xir , xir+1 ]g ⊗⊗αT (· · · ⊗ xin+1))

by the Hom-Jacobi identity. Thus

u = L(xi1 ⊗ · · · ⊗ xir+2 ⊗ xir+1 ⊗ xir ⊗ · · · ⊗ xin+1)

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir)⊗ [xir+1 , xir+2 ]g ⊗ αT (· · · ⊗ xin+1))

+L(µn−1αT (xi1 ⊗ · · · )⊗ [xir , xir+2 ]g ⊗ αT (xir+1 ⊗ · · · ⊗ xin+1))

+L(µn−1αT (xi1 ⊗ · · · ⊗ xir+2)⊗ [xir , xir+1 ]g ⊗ αT (· · · ⊗ xin+1))

= v.

Then we get u = v in both cases. So the assignment L is a well-defined map.
Let x ∈ Jg,β

∩
kW . Then by the definition of L , we have L(x) = x and L(x) = 0 .

Thus x = 0 and so Jg,β
∩

kW = 0 .
This completes the proof of Theorem 4.6.
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