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Abstract. In this paper, we classify Lorentzian Lie groups of dimension 4
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1. Introduction

Let (M, {(-,-)) be a pseudo-Riemannian manifold. A conformal vector field X on
M is a vector field satisfying

where £x(-,-) is the Lie derivative and p is a smooth function. It connects with
the topological structure of the pseudo-Riemannian manifold [7, 8]. An important
class of conformal vector fields are Killing vector fields, i.e., vector fields such that
Lx(-,-) = 0. Killing vector fields provide a close link between the geometry of a
manifold M and the algebra of I(M) which is the set of all isometries in M (see
[9])-

In this paper, we mainly study Lorentzian Lie groups, i.e. Lie groups with
left-invariant Lorentzian metrics. In fact, there are many studies on homogeneous
Lorentzian manifolds of dimensions 3 and 4. In dimension 3, similar to the result
for Riemannian case in [10], it was proved in [3] that any non-symmetric three-
dimensional homogeneous Lorentzian manifold is isometric to a Lorentzian Lie
group. The above result also holds for four dimensional Riemannian Lie groups [2].
In [4], Calvaruso and Zaeim proved that for most of the Segre types of the Ricci
operator, a four-dimensional locally homogeneous Lorentzian manifold is either
Ricci-parallel, or locally isometric to a four-dimensional Lorentzian Lie group.
Moreover, they classified four dimensional Einstein Lorentzian Lie groups and
described four dimensional Lorentzian Lie group (see [5]).
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Recently, there are some studies on non-Killing conformal vector fields on
pseudo-Riemannian Lie groups. Firstly, any left-invariant conformal vector field
on a Riemannian Lie group is Killing. Furthermore, it is proved in [1] that any left-
invariant conformal vector field on an unimodular pseudo-Riemannian Lie group
is a Killing vector field. Also in [1], there is a non-Killing left-invariant conformal
vector field on a Lorentzian Lie group of dimension 4.

In this paper, we classify Lorentzian Lie groups of dimension 4 admitting
non-Killing left-invariant conformal vector fields, i.e. the following theorem.

Theorem 1.1.  Let G be a four dimensional Lorentzian Lie group with the Lie
algebra g. If g admits a non-Killing left-invariant conformal vector field, then
there is a basis {e1,es,e3,€4} of g such that the basis of |g, 9] is {e1,e2,e3}, the
Lorentzian metric associated with the basis {ey, ea, e3,e4} is defined by

10 0 0
01 0 O
00 0 -1
00 -1 O

and the non-zero brackets are one of the following cases:

(1) [er,eq] = Aier + Aaea, [ea, eq] = Aiea — Aoer, [er,ea] = Aes, [es,e4] =
2)\1e3, where A\iAy # 0. Here, the non-Killing conformal vector field is the
constant multiple of e4.

(2) [e1,ed] = Mier, [ea,eq] = Aiea, [es,eq] = 2)1e3, [e1, 2] = Aes, where
My # 0. For this case, the non-Killing conformal vector field is the constant
multiple of ey.

(3)  ler,ea] = Xes, [es,e3] = —2\es, [ea,ea] = Aoer — Mieg — Azes,
leg, €1] = —A1e1 — dgeg + (g — Af\—’l\:”)eg, where A\ AaA3\y # 0. For this case, the
non-Killing conformal vector field is the constant multiple of 61—;\\—362—1-2’\721634—/\—264.

(4) [es,e] = —Aier + daez, [er,ea] = Aes, les,ea] = —Aiey — ’\A—’\fe?”
les, €3] = —2Aie3, where A\Ay # 0. For this case, the non-Killing conformal
2
vector field is the constant multiple of ﬁ—fel + 2)‘72%63 + ey.
(5) [e1,eq] = aer + Bex+es, [ea,e4] = —Per +aea +nes, [e3, eq] = 2aes,

where a # 0, B,v,n € R. For this case, the non-Killing conformal vector field is
the constant multiple of —2(ay+ fn)e; +2(8y—an)es+ (v +n?)es +2(a?+ %)ey .

The paper is organized as follows. In Section 2, we recall some facts on non-
Killing left-invariant conformal vector field on pseudo-Riemannian Lie groups. In
Section 3, we first prove dim[g,g] = dimg — 1 for a Lorentzian Lie group G
admitting a non-Killing left-invariant conformal vector field, here g is the Lie
algebra of G. Furthermore, we classify the Lorentzian Lie group G admitting a
non-Killing left-invariant conformal vector field of dimension 4, i.e. Theorem 1.1.
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2. Preliminaries

Let G be a Lie group with the Lie algebra g and let (-,-) be a left-invariant
pseudo-Riemannian metric on G. Assume that V is the Levi-Civita connection
associated with (-,-). Then,

[(X,Y]=VxY —VyX. (2.1)
For a left-invariant metric (-,-) on G, we have
(VzX,Y)+ (X, VzY) =0, (2.2)

for any X,Y,Z € g. By (2.1) and (2.2),
(VxY,Z) = %(<[X7Y]»Z> — (Y, 2], X) +([Z, X}, Y)),

where XY, Z € g. Assume that X € g is a conformal vector field, i.e.

Lx () =2p(, ). (2.3)

It follows that, 0= £x(X,X) = 2p|X?.

If (-,-) is a left-invariant Riemannian metric, then p = 0 or X = 0. That is,
X is Killing or X is trivial. For this reason, we focus on a left-invariant pseudo-
Riemannian metric (-, ).

Lemma 2.1 ([1]). Let notations be as above. If X € g is a non-Killing
conformal vector field, then X is a lightlike vector field, i.e., (X, X) =0.

Lemma 2.2 ([1]).  Let G be an unimodular pseudo-Riemannian Lie group. Then
any left-invariant conformal vector field on G is a Killing vector field.

For non-unimodular pseudo-Riemannian Lie groups, we have the following result.

Lemma 2.3 ([1]). Let G be a non-unimodular pseudo-Riemannian Lie group.
If G admits a non-Killing left-invariant conformal vector field, then

dim C(g) < min(p,q), dim[g,g] > dimg — min(p, q).

Here g is the Lie algebra of G, C(g) is the center of g and (p,q) is the signature
of the pseudo-Riemannian metric.

Also, there are non-Killing left-invariant conformal vector fields on non-
unimodular Lorentzian Lie groups [1, 6].

3. The proof of Theorem 1.1

By Lemma 2.3, if a Lorentzian Lie group G admits a non-Killing left-invariant
conformal vector field, then dim[g,g] > dimg — 1. Furthermore, we have the
following theorem.
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Theorem 3.1.  Let G be a Lorentzian Lie group admitting a non-Killing left-
invariant conformal vector field. Then dim[g, g] = dimg — 1.

Proof.  Otherwise, dim[g,g] = dimg. It implies g is unimodular. Then the
theorem follows from Lemma 2.2. ]

In the following, assume that G is a four dimensional Lorentzian Lie group
admitting a non-Killing left-invariant conformal vector field. Then the Lie algebra
g of G is non-unimodular and dimlg, g] = 3. Furthermore, we have the following
lemma.

Lemma 3.2.  The 4-dimensional Lorentzian Lie group G admitting a non-
Killing left-invariant conformal vector field is solvable.

Proof. Otherwise, the complex Lie algebra gc of g is § x t. Here s is the
3-dimensional simple Lie subalgebra and v is the 1-dimensional radical of g. Then
gc is unimodular. That is, g is unimodular. Then the lemma follows from
Lemma 2.2. |

Let G be a four dimensional Lorentzian Lie group, Then there is a basis
{e1, eq,€3,e4} of g such that the basis of [g, g] is {e1, e2, e3} and Lorentzian metric
associated with the basis {e1, s, e3,e4} is defined by

10 0 O
01 0 O
00 0 -1 (3-4)
00 -1 0

Assume that G admits a non-Killing conformal vector field X = ae; + Bes +vesz +
4
564. Then X is hghthke Set adX(ej) = Z Q3j€iy Tgy Aij S R, Z,] € {1, 2, 3, 4} By
i=1
_<[X7 eiL ej> - <ei7 [X, ej]> - 2p<6,', €j>7
we have:

11 = Q22 = —pP, aA31 = A14, 0AaA32 = A24, aA21 = —A12,
as3 = —2p, a3 =agg =azs =0, ay =0, 1=1,2,3,4.

Denote aja, a1y, ass by (,n,0 respectively, with the basis {eq, es, €3, €4}, we have:

-p ¢ 0

| ¢ = 0 0
adX = 00 -2 0
0 0 0 0

Clearly, we can change the position of 1 and € in the above matrix by changing
the order of e; and ey in the basis. Furthermore, we can adjust the basis of g such
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that 70 = 0. Otherwise, 6 # 0. Then under the basis {e}, e, = 5 — %el, es, e},
the Lorentzian metric is defined by

10 0 O
01 0 O
00 0 -1
00 -1 0
and the matrix expression of adX is
—-» ¢ 0 7
¢ —=p 0 0
N0 -2 0 (3.5)
0 0 0 0

We still denote {e}, ey, e3,e4} by {e1, e, e3,e4}.

By Lemma 3.2, we know g is solvable. Therefore, [g, g] is a 3-dimensional
nilpotent Lie algebra. Firstly, we consider the case when [g, g] is not abelian. That
is, [g, g] is a 3-dimensional Heisenberg Lie algebra. Let {x,y, z} be a basis of [g, g
satisfying [z,y| = z. Then we have

adX (z) = adX[z,y] = [adX (x),adX (y)] = kz.
That is, the center z of [g, g] is the eigenvector of adX .
Casel: 7n=0

For this case, if ( # 0, we know that there is a basis {e1, e, e3,e4} of g such that
the basis of [g, g] is {e1, e2, e3} and the Lorentzian metric associated with the basis
{e1, ea,€3,e4} is defined by (3.1). Moreover, relative to the basis {ej, €s, €3, €4}

- ¢ 0 0

| ¢ = 0 0
WX =19 0 -2 0
0O 0 0 0

It is easy to see that ez is the center of [g,g], and (e3,e3) = 0. Set [e1,es] =
Aes, (A # 0). Clearly, we have

[X,e1] = —ABes + 6 - [eq, e1] = —pey — Cea.
Notice ¢ # 0, we have § # 0, so

_per+ Cea — Afes
[61, 64] = 5 .

Similarly, we have

pes — Cep + Aaes
[627 64] - 5 ) [637 64] — 5

Since —([X, €], X) = 2p(e;, X), i =1,2,3,4, we obtain

pa=(B, pB=—Ca, 2py=0.
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Notice p # 0, we have a = = v = 0. So the non-zero brackets are the following

_ per+ Qe _pex — (e
el = 222 [ e] = 22T
2
[61,62] = )\63, [63, 64] = paeg,

and the non-Killing conformal vector field X = des. Replacing &, % by A; and
Ao, we have the case (1) of Theorem 1.1.
If ¢ =0, relative to the basis {e1,es,€e3,e4},

—p 0 0 0
[ 0o —p 0 o0
WX =19 0 —2 0
0O 0 0 0

By —([X,e&],X) =2p(e;, X), i =1,2,3,4, we obtain « = =~ =0. Now we
assert that ez is the center of [g, g].

To see this, we suppose z is the the center of [g, g], set [e1,e3] = Az, A € R, by
Jacobi identity, we have

[X, [er, €3]] = [[X, ed], e3] + [en, [X, es]] = —ple, es] — 2pler, e5] = —3pAz.

Since z is the eigenvector of adX , and the eigenvalues of the operator adX are
—p and —2p, thus, [X, e}, e3]] = [X,\z] = kAz, where k = —p, or k = —2p.
Thus, [eq,e3] = 0, and we can also obtain [es, e3] = 0. So e is the center of g, g].
In this case, the non-zero brackets are the following:

[61764] - &7 [62764] - @7
) )
2pes

[63764] - T) [617 62] = )\637)\ 7£ 07

the non-Killing conformal vector field X = des. Replacing & by A;, we have the
case (2) of Theorem 1.1.

Case II: 1 #0

For this case, if ¢ # 0, we know there is a basis {ej,es, e3,e4} of g such that
the basis of [g,g] is {e1,e2,e3} and Lorentzian metric associated with the basis
{e1, €9, €3,e4} is defined by (3.1). Moreover, relative to the basis {ej, €2, €3, €4}

—-» ¢ 0 7

| ¢ = 0 0
adX =1 " 0 9, (3.6)

0 0 0 0

It is easy to see eg is the center of [g,g]. Set [e1,es] = Aeg where A # 0. Since
—([X, €], X) =2p(e;, X), i =1,2,3,4, we obtain

5:_C_O‘7 _ N 5:M,

7 - ) 37
p 2p ] (37)
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By (3.3),(3.4), we can obtain the non-zero brackets relations:

—2p*ne;
= T2 = Aeg, A £ 0
[64763] (pg + Cz)av [61762] €3, 7é ’
les, 2] = pr(Cer — pes — Aaes)
e (r* +()a ’
lea 1] = —p*ner — pnges + (pn® — AnCa)es
4, €1 (p2+<2)a Y

and the non-Killing conformal vector field

2 2
+
X =ale; — £€2 + £€3 + M&L].
p 2p PN
p°n oné Apn P’

Replacing by A1, A2, Az, Ag,

PP+’ (PG’ P+ (PP +Ca
we have the case (3) of Theorem 1.1.

If ( =0, we know there is a basis {ey, e, e3,e4} of g such that the basis of [g, g
is {e1, ez, e3} and Lorentzian metric associated with the basis {ej, e, e3,e4} is
defined by (3.1). Moreover, relative to the basis {e1, ez, e3,¢e4}

- 0 0 7

_ 0 —p 0 0
adX = n 0 —2p 0 | (3.8)

0O 0 0 0

It is easy to see that the eigenvalues of the operator adX are —p,—2p. The
corresponding eigenvectors are kies + ko(eq + %63), kes, here ki, ko, k € R. Since

—([X,ei], X) =2p{e;, X), 1=1,2,3,4.
We obtain

) 25
a=", g=0, y=1

=1 3.9
) Ly (3.9)

Notice the center of [g, g] is the eigenvector adX . By the same argument
in case (2), we know that eg is the center of [g, g]. Set [e1, e2] = Aeg where A # 0.
By (3.5),(3.6), we can obtain the non-zero brackets:

—per + ne
[647 61] - %7 [617 62] - >\637)\ 7é 07
enes] = —p?ey — Andes e, €3] = —2pes
4, €2 p(; ’ 4,C3 5 )

and the non-Killing conformal vector field
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Replacing £, 1 by A; and )z, we have the case (4) of Theorem 1.1.

Finally, we study the case when [g, g] is abelian. First, there is a basis {ej, g, €3, €4}
of g such that the Lorentzian metric associated with the basis {ej, s, €3,€e4} is
given by

0
1
0
0

o O O

-1 0

and the basis of [g, g] is e, e, e3. Let non-zero Lie brackets be the following:
le1, e4] = ey 4 Beg +ves,  [ea, e4] = ger +mey +nes,  [es, eq] = wey +veg + yes.

Notice g admits a non-Killing conformal vector field X . So g is non-unimodular,

4
ie. a+m-+y#0. Suppose X = > z;¢; is a left-invariant conformal vector field.
i=1
Then we have

20xy — 2p  Pry+ qry WLy A
B | betaxy 4+ qrs 2mas — 2p VT4 B
0—£X<7>_2p<7>_ Wy VT4 0 —yx4+2p
A B —yrs + 2p C
where A = —yxy — axy — quey — wrs, B = —nxy — fr; — mxy — vrs, and

C = 2(yxy + nxg + yx3). If yry = 0, then p = 0, ie. X is a Killing vector
field. Since X is non-Killing, we have yxy # 0. This implies that w = v = 0,
p=azxry, B=—q a=m= %y =# (0. Moreover,

ay + fn By —an V% 4 n?

X = py|l———— =L "
24 a2 + 32 €1 a2 + 32 €2 2(a? + B2)

es + ey4l,

which is the case (5) of Theorem 1.1. In summary, we have Theorem 1.1.
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