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Abstract. In his generalization of reductive homogeneous spaces, Lev Sabinin
introduced hyporeductive and pseudoreductive local loops. Sabinin proved that
these loops admit a satisfactory Lie theoretical approach. In this paper we
derive Sabinin’s results in an algebraic context by means of nonassociative Hopf
algebras that encode the information about the nonassociative products of these
local loops.
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1. Introduction
The knowledge of homogeneous spaces firmly relays on their infinitesimal analysis.
Symmetric and reductive homogeneous spaces are archetypal examples. In 1954
Nomizu [57] studied invariant affine connections on reductive homogeneous spaces
G/H under this premise. In this context, reductive means that the Lie tangent
algebra g of the connected Lie group G splits as g = h ⊕ m , where h is the Lie
algebra of the closed subgroup H , and m is a complement satisfying AdH(m) ⊆ m .
Nomizu proved that invariant affine connections on these manifolds are in bijection
with certain nonassociative products on m admitting AdH as automorphisms.
Later, in [80], Yamaguti introduced the notion of general Lie triple system as an
abstract model for the complement m . Other names for these triple systems are
Lie triple algebras [34] and Lie-Yamaguti algebras [35]. The importance of the local
study of homogeneous spaces and their generalizations was beyond doubt, and it
was confirmed in the landmark paper [79] where Wolf described the geometry and
structure of isotropy irreducible homogeneous spaces through heavy and extensive
computations based on the representation theory of Lie algebras.

A new approach to the local study of affine manifolds was proposed in [32]
by Kikkawa: around any point e of such a manifold, there exists a locally defined
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product
xy := expx(τ

e
x(exp

−1
e (y))) (1)

where τ ex denotes the parallel transportation from e to x . Thus, it is possible to
classify affine connections according to the algebraic properties of these products.
In [60] Sabinin devised a program to model affinely connected spaces in terms of
algebraic structures, which also allowed him to consider discrete spaces. In the
work of Sabinin, loops (nonassociative groups to say) play an important role. For
instance, the geodesic sum defined in (1) is a (partial) loop.

The relation between geometry and loops is old and, as far as this paper is
concerned, authoritative books and surveys are [3, 4, 5, 8, 9, 55, 59, 66, 67, 70, 76]
among others. However a concise, and therefore unwittingly partial, introduction
is required to put hyporeductive and pseudoreductive loops in context for clarity.

Links between geometry and loops can be traced to the work of Hilbert
[18] where, using incidence configurations, he found coordinate systems for certain
geometries and introduced two binary operations + and · on the set of coordinates
thus obtaining a division ring. The validity of Desargues’s theorem was tied to
the associativity of this ring. Influenced by Dehn, in [48] Moufang considered
a weaker version of Desargues’s theorem. The corresponding projective planes
were coordinatized by rings whose nonzero elements form a Moufang loop, i.e. a
loop that satisfies any of the Moufang identities1. Thus, properties of the loop
reflect geometrical properties of the plane, a point of view also found in Sabinin’s
work. The Lie theory for Moufang loops began with Malcev who in [39] outlined
the way ahead when noticing that, since the Baker-Campbell-Hausdorff formula
depends on two elements, the Lie theory for groups could probably be extended to
diassociative loops such as Moufang loops and binary Lie algebras such as Malcev
algebras. Unfortunately, it was too early for a general nonassoaciative Lie theory
to show up since techniques from other areas were required.

A 3-web consists of a set P (points) and three disjoint sets Li (i = 1, 2, 3)
of subsets of P such that: lines of the same type (say Li ) have no points in
common, two lines of different type have exactly one point in common, and
through any point there is exactly one line of each type. The product of two
lines of different types is defined to be the third line passing through their point
of intersection. After identifying the sets of lines, a quasigroup, i.e. a nonunital
loop, is obtained. Web geometry originated in 1926-27 in work by Baschke and
Thomsen, and has been studied in detail by Blaschke, Thomsen, Reidemeister,
Bol, Akivis, Goldberg, Shelekhov, Chern, Griffiths and others [59]. The theory
of quasigroups was developed by Belousov and his school, while Akivis promoted
the study of differentiable 3-webs, as for instance in [1] where he studied the local
theory of 3-webs through affine connections and locally analytic quasigroups. At
that point it was clear that affine connections, rather than a not already known
general Baker-Campbell-Hausdorff formula, would become essential to address the
problem of formulating a general nonassociative Lie theory.

In [36] Kuzmin established a Lie correspondence between local analytic
loops and Malcev algebras. The study of these algebras was then heavily promoted

1The left, middle and right Moufang identies x(y(xz)) = ((xy)x)z , (xy)(zx) = (x(yz))x
((xy)z)y = x(y(zy)) are equivalent for loops.
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by Kuzmin and Sagle. This correspondence was made global in the work of
Kerdman [31] and P. Nagy [52]. In [33] Kikkawa completed the study of locally
reductive spaces initiated by Yamaguti, and in [34] he dealt with the geometry
and Lie theory of homogeneous Lie loops.

In 1976 Akivis made a major contribution. In his study of local algebras
of 3-webs and associated quasigroups [2] he introduced the notion of W-algebra,
now termed Akivis algebra by Hofmann and Strambach [23], the first attempt
of a general tangent algebra for analytic loops. No going back was possible.
In [40, 41, 42] Mikheev and Sabinin established a Lie correspondence for Bol
loops in terms of Akivis algebras. In [23] Hofmann and Strambach developed
a nonassociative Lie theory in terms of Akivis algebras. Also J. D. Smith in [75]
used Akivis and comtran algebras to study formal n-loops. However, the theory
was not entirely satisfactory: the same Akivis algebra might correspond to several
nonisomorphic loops. So, there was a feeling that Akivis algebras were not general
enough.

A second major contribution in the study of local loops occurred in 1987.
Mikheev and Sabinin [42], assisted by the language of affine connections, well
established in this context at that time, classified local analytic loops in terms
of Sabinin algebras, a broad generalization of Akivis algebras. Thus, after thirty
years of advances, a nonassociative Lie theory for local analytic loops was finally
obtained. Since then, other general algebraic structures for tangent spaces of
local differentiable loops have been proposed, notably by Sabinin [61] and Figula
[10]. Partial expansions of the Baker-Campbell-Hausdorff formula have also been
computed for Bruck loops by G. Nagy [49] (see also [54]) and by Hofmann and
Strambach for general loops in terms of Akivis algebras [24] (also see [25]). For a
modern treatment of Sabinin algebras see [78]. But this is only half the story.

Another active approach that ties together geometry and groups in the
spirit of Klein’s Erlangen programm which has strongly influenced the study of
loops is based on the properties of the group of collineations. Baer, in [6], studied
projective planes by means of their collineation groups, and a general classification
along these lines was obtained by Lenz [37] and Barlotti [7]. Many prominent
authors such as Pickert, who stimulated the work on the foundations of topological
webs and planes, Salzmann and his students, who worked on collineation groups
of compact connected projective planes, or Hofmann, who investigated a general
theory of topological loops, contributed to the development of a global approach
to loops [19, 20, 21] (see [24] for an historical account and [22] for topological left
loops). The group generated by all the left or all the right translations, or by
both types of translations, acts transitively on a loop, so the loop is some sort
of homogeneous space. Although for analytic loops these groups might not be
Lie groups in general, and this is an active line of research, for finite loops this
approach lead to important results on varieties of loops such as Lagrange, Sylow or
Feit-Thompson theorems among many others. Thus, while the work of Sabinin and
his school was mostly local because of his approach to affinely connected manifolds
as manifolds with a covering of local loops, the study of global loops has been an
essential part of the theory of loops and quasigroups from the very beginning, and
it is also related to other topics such as H-spaces. In [56] Niemenmaa and Kepka
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described the groups that appear as multiplication groups of loops (see also the
work of Figula [12]). An important contribution was the work of P. Nagy and
Strambach [53] on loops as invariant sections of groups. The book [55] is a good
reference on these techniques. This approach based on sharply transitive sections
has been successfully used by Figula and Strambach to classify topological loops of
low dimensions with conditions on the group of translations (see [11, 12, 13, 14, 15]
and references there in). Algebraic loops have also been studied by G. Nagy [50, 51]
and Grishkov and G. Nagy [16] among others.

But let us return to homogeneous reductive spaces and their generaliza-
tions from a local point of view. In 1977 Sabinin introduced odular structures to
model affinely connected manifolds in an algebraic way [60]. The central idea was
that those manifolds are nothing else but manifolds with a covering of local odules
(certain loops with some extra operations) satisfying some natural algebraic iden-
tities. Thus, it was possible to classify affine connections according to properties
of these loops, and vice versa. For instance, given a reductive homogeneous space
G/H and g = h ⊕ m , where g is the Lie algebra of G , h is the Lie algebra of
the closed subgroup H and m is a complement satisfying AdH(m) ⊆ m , around
ē := eH ∈ G/H (e denotes the identity element of G) we have a local product

x̄ · ȳ := σ(x̄)y

where x̄ := xH and σ(x̄) is the unique element in exp(m) such that σ(x̄)H =
xH . The reductive property of G/H and hxH = hσ(x̄)H = hσ(x̄)h−1H imply
σ(hx̄) = hσ(x̄)h−1 , so

(hx̄) · (hȳ) = σ(hx̄)hy = hσ(x̄)h−1hy = hσ(x̄)y = h(x̄ · ȳ). (2)

With the theory of loops and quasigroups in mind, (2) can be easily generalized
in many different ways since not only automorphisms of loops have traditionally
been of interest.

An autotopism of a loop or quasigroup is a triple (f0, f1, f2) of invertible
maps satisfying f0(xy) = f1(x)f2(y) for any x and y . Automorphisms are just
autotopisms of the form (f, f, f) , while in autotopisms of the form (f, g, f) the
component f is called pseudoautomorphism. Hypoautomorphisms are related to
autotopisms (f, f, g) . These triples appear in web and projective geometry be-
cause equivalence of 3-webs (resp. projective planes) corresponds to isotopism of
quasigroups (resp. ternary rings) rather than to isomorphism. Thus, instead of im-
posing that the elements of H act as automorphisms of the geodesic sum, Sabinin
considered the more natural situation where they appear just as components of
autotopisms. This motivated the introduction, among others, of hyporeductive and
pseudoreductive loops as a reasonable generalization of geodesic sums on reductive
homogeneous spaces. More precisely, given a loop and the left and right multi-
plication operators Lu : x 7→ ux and Ru : x 7→ xu , the map r(u, v) := R−1

uvRvRu

belongs to the stabilizer of the identity element. Instead of imposing that r(u, v)
is an automorphism as in (2), in pseudoreductive loops we require autotopisms of
the form

(P (u, v), r(u, v), P (u, v))
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for some P (u, v) . In the case of hyporeductive loops, this condition is relaxed and
we only require autotopisms of the form

(H(u, v), H(u, v), H ′(u, v))

where H(u, v) := Ru◦vr(u, v) , H ′(u, v) := L−1
u◦vH(u, v) and u ◦ v is some element

(see sections 4 and 5 for precise definitions). The Lie theory of hyporeductive loops
appeared in [62, 63, 64]. A geometric interpretation was given in [26]. See [27, 28]
for examples and [29] for the description of the corresponding Akivis algebras.
The Lie theory of pseudoreductive loops was developed in [65]. A generalization of
symmetric spaces in the spirit of Loos [38] is the notion of transsymmetric space
[68, 69]. The deep connection between symmetric spaces and loops is the topic of
the work of P. Nagy and Strambach [54].

However, while geometrical methods, either local or global, were relishing
the well-deserved landslide victory, another breakthrough was to come. In 1999
[71, 72] Shestakov proved that, in the same way as the product of any Lie algebra
can be recovered as the commutator product of a certain associative algebra, the
binary and ternary operations of any Akivis algebra can be obtained from the
binary product of certain nonassociative algebra. This put Akivis algebras on
an algebraic basis. Even more, in 2001 [73, 74] Shestakov and Umirbaev proved
that any nonassociative algebra can be viewed as a Sabinin algebra with certain
operations derived from its binary product. The space of primitive elements
of a nonassociative bialgebra is closed under these operations, so it becomes a
Sabinin algebra. Since this space can be identified with the tangent space at
the identity element of the corresponding formal loop, a more algebraic approach
to a nonassociative Lie theory was now possible. The equivalence, over fields
of characteristic zero, between the categories of formal loops, Sabinin algebras
and (connected) nonassociative Hopf algebras was obtained in [58], and a bridge
between Sabinin’s approach and the work of Shestakov and Umirbaev appeared in
[43]. See [44] for a survey on this topic.

The use of nonassociative Hopf algebras in the treatment of loops is, in
our opinion, indeed valuable. For instance, a general nonassociative version of the
Baker-Campbell-Hausdorff formula has been recently found [45, 46]. A Lie theory
for commutative automorphic loops has also been obtained with these techniques
[17], while no similar approach from differential geometry was available. The
freeness of the loop of formal power series, with coefficient 1 , generated by free
nonassociative variables has been proved with the help of nonassociative Hopf
algebras [47]. Thus, the introduction of new algebraic techniques in this field
might facilitate some aspects to other researches.

In this paper we continue our project and we transport Sabinin’s results on
the Lie theory for hyporeductive and pseudoreductive loops to an algebraic setting
with the help of nonassociative Hopf algebras. To that end, in sections 4 and 5
we will define hyporeductive and pseudoreductive Hopf algebras, we will describe
the space of primitive elements in terms of some triples (g, s, c) composed of a Lie
algebra g , a Lie subalgebra s and a complement c satisfying certain properties, and
finally we will show how to formally integrate these triples to recover hyporeductive
and pseudoreductive Hopf algebras. This approach is obviously inspired by the
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notion of sharply transitive section [55]. Preliminaries on nonassociative Hopf
algebras and Sabinin algebras are included in Section 2, while the general result
on the formal integration of triples is proved in Section 3. We hope this paper will
contribute to motivate classifications similar to those in [79].

Notation. Given a Lie algebra g and a subset c ⊆ g , the Lie subalgebra of g
generated by c will be denoted by Lieg⟨c⟩ . The subalgebra

Ng(c) := {x ∈ g | [x, c] ⊆ c}
will appear frequently. For a subalgebra s of g , coreg(s) is, by definition, the
largest ideal of g contained in s . If there is no likelihood of confusion, we will write
N(s) instead of Ng(s) . The symmetric group of degree n will be denoted by Sn .
Since almost all algebras in this paper lack associativity, an order for parentheses
in powers is mandatory. We will stick to the convention cn := ((cc) · · · )c . Finally,
all bialgebras in this paper are assumed to be coassociative, cocommutative and
unital, and the characteristic of the base field k is zero.

2. Preliminaries

In this section we will review some basic results and definitions required in the
present work. See [44] for an expository paper on nonassociative Hopf algebras.

2.1. Loops. A loop (Q, xy, e) is a non-empty set Q endowed with:
• a product xy for which the left and right multiplication operators Lx : y 7→
xy and Rx : y 7→ yx are bijective for all x ∈ Q , and

• a distinguished element e ∈ Q , called the unit element (or identity element),
such that ex = x = xe for all x ∈ Q .

Since associativity is not required in the definition, this algebraic structure is
usually thought as the no-associative counterpart of groups. The inverse map for
groups is replaced in loop theory by the left and right divisions

x\y := L−1
x (y) and x/y := R−1

y (x).

Clearly
x\(xy) = y = x(x\y) and (xy)/y = x = (x/y)y.

2.2. Formal loops. Differential manifolds with affine connections have tradi-
tionally been a natural source of loops. Given such a manifold M and a point
e ∈M , then the geodesic sum

xy := expx(τ
e
x(exp

−1
e (y))),

where τ ex stands for the parallel transport from e to x , defines a binary operation
U × U → M on a neighborhood U of e . The point e is the unit element of this
operation, and the left and right multiplication operators by x are invertible when
restricted to small neighborhoods of e . In case (x, y) 7→ xy is analytic and we
only study this product around e , we can assume M = Rn , e = (0, . . . , 0) and
xy = (p1(x, y), . . . , pn(x, y)) where pi(x, y) are power series (i = 1, . . . , n). The
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algebra of formal power series on x1, . . . , xn can be identified with the dual space of
the symmetric algebra R[V ] on V := Rn . Under this identifications, xy is nothing
else but a linear map p : R[V ] ⊗ R[V ] → V for which p(u ⊗ 1) and p(1 ⊗ u) are
both equal to the projection of u onto V .
In an algebraic setting the convergence of the series p1(x, y), . . . , pn(x, y) is relaxed,
and analytic loops are replaced by formal loops. Given a vector space V over a
field k , a formal loop (over V ) is a linear map F : k[V ]⊗ k[V ] → V such that

F |k[V ]⊗1 = πV = F |1⊗k[V ]

where k[V ] stands for the symmetric k -algebra on V , and πV denotes the pro-
jection of k[V ] onto V that kills homogeneous elements of degree ̸= 1 .

2.3. Nonassociative connected bialgebras. The category of formal loops
over a field k of characteristic zero is equivalent to the category of connected
nonassociative bialgebras [43]. Any formal loop F defines a coalgebra morphism
F ′ := exp∗(F ) by

F ′ : k[V ]⊗ k[V ] → k[V ]

u⊗ v 7→ uv :=
∞∑
n=0

1

n!
F (u(1) ⊗ v(1)) ◦ · · · ◦ F (u(n) ⊗ v(n))

where the product ◦ in the formula is the usual commutative and associative
product on k[V ] , that we will not use anymore. The comultiplication ∆ is the
homomorphism of unital commutative and associative algebras

∆: k[V ] → k[V ]⊗ k[V ]

determined by ∆(a) = a ⊗ 1 + 1 ⊗ a for all a ∈ V . Sweedler’s sigma notation
for ∆(u) is ∆(u) =

∑
u(1) ⊗ u(2) or, with the Einstein convention, just ∆(u) =

u(1) ⊗ u(2) . The counit ϵ : k[V ] → k is analogously determined by ϵ(a) = 0 for all
a ∈ V . Endowed with the new product uv := F ′(u⊗v) and the unit η : k → k[V ]
(ξ 7→ ξ1) we obtain a nonassociative connected bialgebra (k[V ],∆, ϵ, F ′, η) . The
formal loop is recovered as F = πV F

′ .

2.4. Left and right divisions. Non-associative Hopf algebras. Associative
connected bialgebras are Hopf algebras, i.e. for any such bialgebra there exists a
map, the antipode, related to the bialgebra structure by S(u(1))u(2) = ϵ(u)1 =
u(1)S(u(2)) for all u . This useful map is no longer available in the nonassociative
setting. However, the existence of two maps (the left and the right division)
\, / : k[V ]⊗ k[V ] → k[V ] satisfying

u(1)\(u(2)v) = ϵ(u)v = u(1)(u(2)\v) and (uv(1))/v(2) = ϵ(v)u = (u/v(1))v(2) (3)

can be proved for any nonassociative connected bialgebra [58]. These are the
nonassociative counterpart of the antipode S . In the associative case one has
u\v = S(u)v and u/v = uS(v) . In this paper we will only consider coassociative
(i.e u(1)(1)⊗u(1)(2)⊗u(2) = u(1)⊗u(2)(1)⊗u(2)(2) ) and cocommutative (i.e. u(1)⊗u(2) =
u(2) ⊗ u(1) ) coalgebras. In this setting, a nonassociative Hopf algebra is a unital
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bialgebra with a left and a right division satisfying (3). The adjective connected
means that the Hopf algebra is isomorphic to (k[V ],∆, ϵ, uv, η, \, /) for some space
V (the space of primitive elements).

2.5. Primitive elements and Sabinin algebras. V can be thought as the
tangent space at the identity element of the formal loop (k[V ], F ) . In terms of the
comultiplication, V is the nothing else but the vector space of primitive elements,
Prim(k[V ]) , of k[V ] , i.e. those elements satisfying

∆(a) = a⊗ 1 + 1⊗ a.

The space of primitive elements is not closed under the product uv . However, many
multilinear maps for which V is stable, such as the commutator [u, v] := uv − vu
or the associator (u, v, w) := (uv)w − u(vw) , can be obtained out of the binary
product uv . The precise algebraic structure of Prim(k[V ]) was determined by
Shestakov and Umirbaev [74]. Later, in [58], it was named Sabinin algebra since it
was first introduced by Sabinin and Mikheev as the right algebraic structure on the
tangent space at the identity element to classify local loops. A Sabinin algebra is a
rather complex algebraic structure endowed with two infinite families of multilinear
operations satisfying certain axioms that generalize those of Lie algebras.

2.6. Shestakov-Umirbaev operations. Let X := {x1, x2, . . . , y, y1, y2, . . . , z}
be a set of symbols, and let k{X} be the free unital nonassociative algebra
generated by X . Define homomorphisms of unital algebras

∆: k{X} → k{X} ⊗ k{X} and ϵ : k{X} → k

determined by ∆(a) = a⊗ 1 + 1⊗ a and ϵ(a) = 0 for any a ∈ X . Consider u :=
((x1x2) · · · )xm , v := ((y1y2) · · · )yn , u := x1⊗· · ·⊗xm and v := y1⊗· · ·⊗yn . The
element ∆(u) = u(1)⊗u(2) has been defined, and the notation ∆(u) = u(1)⊗u(2) has
the obvious meaning. We can recursively define intermediate elements p(u; v; z) =
p(x1, . . . , xm; y1, . . . , yn; z) from the associator (u, v, w) := (uv)w − u(vw) by

(u, v, z) = (u(1)v(1))p(u(2); v(2); z)

to obtain elements ⟨x1, ..., xm; y, z⟩ and Φ(x1, ..., xm; y1, ..., yn; yn+1) (m,n≥1) by

⟨1; y, z⟩ := −[y, z], ⟨x1, . . . , xm; y, z⟩ := −p(u; y; z) + p(u; z; y) and
Φ(x1, . . . , xn; y1, . . . , ym; ym+1)

:=
1

n!(m+ 1)!

∑
σ∈Sn,τ∈Sm+1

p(xσ(1), xσ(2), . . . , xσ(n); yτ(1), yτ(2), . . . , yτ(m); yτ(m+1))

where Sk is the symmetric group or degree k . These nonassociative polyno-
mials ⟨x1, . . . , xn; y, z⟩ and Φ(x1, . . . , xn; y1, . . . , ym; ym+1) can be evaluated on
any nonassociative algebra H , thus they define multilinear maps on H called
Shestakov-Umirbaev operations. With these new operations H becomes a Sabinin
algebra denoted by UX(H) , and in case H is a nonassociative Hopf algebra then
Prim(H) is a Sabinin subalgebra of UX(H) . In Section 6 we will use this con-
struction.
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2.7. Formal integration. Formal loops are equivalent to nonassociative con-
nected Hopf algebras. Thus, the formal integration of a Sabinin algebra to a formal
loop amounts to constructing such a Hopf algebra out of a given Sabinin algebra.
The only requirement for this construction is that the Sabinin algebra structure
is recovered from the Hopf algebra as the space of primitive elements endowed
with the Shestakov-Umirbaev operations. For instance, the formal integration of a
Lie algebra corresponds essentially to the construction of its universal enveloping
algebra and the proof of the Poincaré-Birkhoff-Witt Theorem.

In the approach to hyporeductive and pseudoreductive local loops, triples
consisting of a Lie algebra, a subalgebra and a complement of this subalgebra
overshadow Sabinin algebras. In fact, all multilinear operations conforming the
Sabinin algebra structure of the tangent space at the identity element of any of
these loops can be obtained from just three products of arieties 2, 2 and 3 derived
from a certain triple related to the fundamental vector fields of an adequate affine
connection; hence, no need for the whole power of Sabinin algebras is required.
We adopt this point of view in this paper, and we formally integrate triples rather
than Sabinin algebras.

3. Right monoalternative Hopf algebras

3.1. Triples. Let us consider a category whose objects are triples τ = (g, s, c)
where g is a Lie algebra, s is a subalgebra of g , and c is a subspace such that
g = s⊕ c . A morphism φ : τ → τ ′ is a homomorphism of Lie algebras φ : g → g′

satisfying φ(s) ⊆ s′ and φ(c) ⊆ c′ . Associated to any triple τ we have two
more triples τinn and τred defined by τinn = (ginn, sinn, c) , where ginn := Lieg⟨c⟩ ,
sinn := ginn ∩ s and τred := (ginn/ core(sinn), sinn/ core(sinn), c)

2. We will say that
the triples τ and τ ′ are equivalent if τred is isomorphic to τ ′red .
3.2. Triples from bialgebras. Any unital bialgebra U determines a triple

T (U) := (g(U), s(U), c(U))

where

g(U) :={f ∈ Endk(U) | ∆(f(u)) = f(u(1))⊗ u(2) + u(1) ⊗ f(u(2)) ∀u∈U},
s(U) :={f ∈ g(U) | f(1) = 0} and
c(U) :={Ra | a ∈ Prim(U)}.

Lemma 3.1. Let U be a unital connected bialgebra. Then, T (U)inn = T (U)red .

Proof. Unital connected bialgebras are spanned by products ((c1c2) · · · )cn
where c1, . . . , cn ∈ Prim(U) and n ≥ 0 [74]. We will show by induction on n
that any element in core(s(U)inn) kills these generators. The case n = 0 is clear
by the definition of s(U) . The general case follows from f(ucn) = fRcn(u) =
[f,Rcn ](u) + Rcnf(u) for any f ∈ core(s(U)inn) and u = ((c1c2) · · · )cn−1 . Thus,
core(s(U)inn) = {0} .

2 core(sinn) := coreginn(sinn) .
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3.3. Formal integration of triples. A right monoalternative bialgebra is a
bialgebra satisfying

((xy(1)) · · · )y(n) = x((y(1)y(2)) · · · y(n))
for any x, y and any n ≥ 0 . The following result can be essentially found in [43, 58],
although there it is formulated in terms of Sabinin algebras. An approach through
these algebras is natural when the families of Hopf algebras under consideration
are rooted to varieties of loops.

Theorem 3.2. Let τ = (g, s, c) be a triple. We have:
(1) There exist a right monoalternative (connected) Hopf algebra Uτ and a mor-

phism ι : τ → T (Uτ ) whose restriction to c gives a linear isomorphism of c
and c(Uτ ).

(2) For any right monoalternative unital bialgebra U ′ and any morphism ι′ : τ →
T (U ′) there exists a unique homomorphism of bialgebras ψ : Uτ → U ′ such
that ι′c(1) = ψ(ιc(1)) for any c ∈ c.

(3) τ and T (Uτ ) are equivalent.
(4) Given triples τ and τ ′ , Uτ is isomorphic to Uτ ′ if and only if τ is equivalent

to τ ′ .

Proof. Consider the universal enveloping algebra U(g) of g . The left ideal
U(g)s and the left module Uτ := U(g)/U(g)s , which is also a coalgebra isomorphic
to k[c] . The element u + U(g)s ∈ Uτ will be denoted by ū . Let us fix a basis B
of c . By the Poincaré-Birkhoff-Witt theorem, a basis of Uτ consists of elements∑

σ∈Sn

cσ(1) · · · cσ(n)

where c1, . . . , cn ∈ B and n ≥ 0 . We use this basis to define a product on Uτ as
follows:

ū

(∑
σ∈Sn

cσ(1) · · · cσ(n)

)
:=
∑
σ∈Sn

cσ(n) · · · cσ(1)u. (4)

Notice that the indexes in the right-hand side of the previous equality can be
arranged in any order. Clearly

ū

(∑
σ∈Sn

cσ(1) · · · cσ(n)

)
=
∑
σ∈Sn

((ūcσ(1)) · · · )cσ(n). (5)

It is easy to check that endowed with this product and the coalgebra structure
previously mentioned, Uτ is a connected unital bialgebra. Property (5) is in fact
independent of the chosen basis B , i.e. for any other basis B′ of c we also have

ū

(∑
σ∈Sn

c′σ(1) · · · c′σ(n)

)
=
∑
σ∈Sn

((ūc′σ(1)) · · · )c′σ(n)

for any c′1, . . . , c
′
n ∈ B′ . Thus ūc̄n = ((ūc̄) · · · )c̄ (6)
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for any c ∈ c . Since {c̄n | c ∈ c, n ≥ 0} linearly spans Uτ , and

c̄n(1) ⊗ · · · ⊗ c̄n(m) =
∑

i1+···+im=n

n!

i1! · · · im!
c̄i1 ⊗ · · · ⊗ c̄im ,

we can conclude that Uτ is right monoalternative. The action of g on Uτ defines
a homomorphism of Lie algebras ι : g → gl(Uτ ) with

∆(ιx(ū)) = ∆(xu) = xu(1) ⊗ u(2) + u(1) ⊗ xu(2)

= ιx(u(1))⊗ u(2) + u(1) ⊗ ιx(u(2)).

Hence, ι determines a homomorphism of Lie algebras ι : g → g(Uτ ) . Moreover,
for any d ∈ s and c ∈ c , ι(d)(1̄) = d̄ = 0̄ and ιc(ū) = cu = ūc̄ = Rc̄(ū) . Hence, ι
is a morphism from τ to T (Uτ ) . The restriction of ι to c is a linear isomorphism
of c , and {Rc̄ | c ∈ c} = {Rc̄ | c̄ ∈ Prim(Uτ )} = c(Uτ ) .

Now we will prove (2). Let U ′ be a right monoalternative unital bialgebra
and ι′ : τ → T (U ′) a morphism. We can extend ι′ to a homomorphism of unital
associative algebras φ : U(g) → Endk(U

′) to obtain a linear map ψ : U(g) → U ′

defined by ψ(u) := φu(1) , where φu denotes the image of u under φ . For any
d ∈ s and any u ∈ U(g) we have ψ(ud) = φud(1) = φuφd(1) = φu(ι

′
d(1)) = 0 .

Therefore, ψ induces a linear map ψ : Uτ → U ′ which satisfies

ψ(ūc̄) = ψ(cu) = ψ(cu) = φcu(1) = φcφu(1) = Rφc(1)φu(1) = φu(1)φc(1)

= ψ(ū)ψ(c̄),

for any c ∈ c and u ∈ U(g) . Together with the right monoalternativity of Uτ and
U ′–recall (6)–this proves that ψ is a homomorphism of algebras. With little extra
effort we get that ψ is also a homomorphism of unital bialgebras.

For any c ∈ c , ι′c = Rι′c(1) = Rφc(1) = Rψ(c) = Rψ(c̄) = Rψ(ιc(1̄)) , and since
{ιc(1̄) | c ∈ c} generates the algebra Uτ , ψ is the unique homomorphism Uτ → U ′

that satisfies this property.
In order to prove (3) we consider the morphism ι : τ → T (Uτ ) . It restricts to

a surjective homomorphism ginn → g(Uτ )inn whose kernel is contained in core(sinn) .
In fact, core(sinn) is also contained in this kernel since the image of core(sinn) is
an ideal of g(Uτ )inn living in s(Uτ )inn , and the only such an ideal is {0} . This
proves the isomorphism τred ∼= T (Uτ )inn = T (Uτ )red .

The statement in item (4) will follow from the existence of isomorphisms
Uτ ∼= UT (Uτ )inn

∼= Uτred that we proceed to prove. As in item (2), Uτ is a g(Uτ )inn -
module and we have a map ψ : U(g(Uτ )inn) → Uτ with ψ(f) := f(1̄) which,
thanks to the monoalternativity, induces a homomorphism of unital bialgebras
ψ : UT (Uτ )inn → Uτ . On the one hand, UT (Uτ )inn has a basis

{
∑
σ∈Sn

Rcσ(n)
· · ·Rcσ(1)

| c1, . . . , cn ∈ c, n ≥ 0};

on the other hand, {
∑

σ∈Sn
cσ(1) · · · cσ(n) | c1, . . . , cn ∈ c, n ≥ 0} is a basis of Uτ ,

and ψ bijectively maps the former basis onto the latter; thus ψ is an isomorphism.
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This shows the existence of an isomorphism Uτ ∼= UT (Uτ )red . The isomorphism
UT (Uτ )red

∼= Uτred is induced by the isomorphism T (Uτ )red ∼= τred .
Let us assume that τ and τ ′ are equivalent triples, i.e. τred ∼= τ ′red . Thus,

Uτred
∼= Uτ ′red and, by the previous paragraph, Uτ is isomorphic to Uτ ′ . Conversely,

if Uτ is isomorphic to Uτ ′ then T (Uτ )red is isomorphic to T (Uτ ′)red , which leads
to an isomorphism τred ∼= τ ′red .

While in the previous proof we have used the notation ū for elements in
Uτ , once this algebra is obtained there is no need for writing the bar, and we will
do not so. Even more, it will become apparent that it is much more convenient to
consider an isomorphic copy ρc of c as being a part of the triple τ , while keeping
c for the space of primitive elements of Uτ ; thus,

τ = (g, s, ρc) and c = Prim(Uτ ).

The conceptual benefit of this change is that now the morphism ι : τ → T (Uτ )
maps ρc to Rc , i.e. ρc is sought as the abstract counterpart of Rc , while g behaves
as an abstract version of, and probably larger than, the Lie algebra generated by
the right multiplication operators by primitive elements in Uτ . The action of g on
Uτ extends to a homomorphism U(g) → Endk(Uτ ) . Again, although not totally
correct, it would be helpful to use the same symbol to denote both, the element
in U(g) and its image in Endk(Uτ ) . Thus, we will freely write f(u) for elements
f ∈ U(g) and u ∈ Uτ .

3.4. Natural factorization of U(g). For any triple τ = (g, s, ρc) we will show
that a natural factorization of U(g) , needed in Section 4, exists. The following
lemma follows easily from the existence of Poincaré-Birkhoff-Witt bases.

Lemma 3.3. Let τ = (g, s, ρc) be a triple. Then, U(s) is the largest subcoalgebra
contained in {f ∈ U(g) | f(1) = ϵ(f)1}.

Now we define elements ρu (u∈Uτ ) in U(g) that play the role of the right mul-
tiplication operators Ru (u∈Uτ ). Let us fix a basis B of c , and recall the basis{∑

σ∈Sn

((cσ(1)cσ(2)) · · · )cσ(n) | c1, . . . , cn ∈ B, n ≥ 0

}

of Uτ . Define ρ∑
σ∈Sn

((cσ(1)cσ(2))··· )cσ(n)
:=
∑
σ∈Sn

ρcσ(n)
· · · ρcσ(1)

∈ U(g) (7)

for any c1, . . . , cn ∈ c and any n ≥ 0 . We obtain in this way an injective morphism
of coalgebras Uτ → U(g) defined by u 7→ ρu . Clearly ρu(x) = xu for all u, x∈ Uτ .

Proposition 3.4. Let τ = (g, s, ρc) be a triple. The coalgebra morphism

π : U(g) → U(g), f 7→ S(ρf(1)(1))f(2)

is a projection of U(g) onto U(s).
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Proof. On the one hand, lmπ is a subcoalgebra of U(g) and any f ∈ lmπ
satisfies π(f)(1) = S(ρf(1)(1))f(2)(1) = S(ρf(1)(1))ρf(2)(1)(1) = ϵ(ρf(1))1 = ϵ(f)1 ;
thus, by Lemma 3.3, lmπ ⊆ U(s) . On the other hand, for any f ∈ U(s) ,
π(f) = S(ρf(1)(1))f(2) = S(ρϵ(f(1))1)f(2) = ϵ(f(1))f(2) = f . Therefore, π is a
projection of U(g) onto U(s) .

The following corollary is an immediate consequence of: 1) the existence of
Poincaré-Birkhoff-Witt bases for U(g) , and 2) the way we defined ρu in (7).

Corollary 3.5. Let τ = (g, s, ρc) be a triple. The mapping f 7→ ρf(1)(1)π(f(2))
defines a coalgebra isomorphism U(g) ∼= ρUτ ⊗k U(s).

4. Hyporeductive Hopf algebras
In this section we will introduce hyporeductive Hopf algebras by analogy with hy-
poreductive loops. We will describe hyporeductive triples associated to these Hopf
algebras, closely following Sabinin’s work, and finally we will formally integrate
hyporeductive triples to obtain the corresponding hyporeductive Hopf algebras.
4.1. Hyporeductive loops, triples and Hopf algebras. A loop Q is called
(right) hyporeductive3 if the following properties hold:

• Right hypospeciality : there exists a map ◦ : Q × Q → Q such that u ◦ e =
e = e ◦ u , where e stands for the identity element of Q , and

H(u, v)(xy) = H(u, v)(x)H ′(u, v)(y),

where by definition H(u, v)(x) :=r(u, v)(x)(u◦v) , r(u, v)(x) :=((xu)v)/(uv)
and H ′(u, v)(y) := (u ◦ v)\H(u, v)(y) .

• Right monoalternativity : ((xy)y · · · )y = x((yy) · · · y) for all n ≥ 0 , where y
appears n times in each side of the equality.

Definition 4.1. A triple τ = (g, s, ρc) is called hyporeductive if g = Ng(ρc) + ρc .

The Lie algebra generated by the fundamental vector fields of any analytic hy-
poreductive loop determines such a triple [66].

Definition 4.2. A nonassociative Hopf algebra U is called hyporeductive if the
following properties hold:

• Right hypospeciality : there exists a coalgebra morphism ◦ : U⊗U → U such
that u ◦ 1 = ϵ(u)1 = 1 ◦ u and

H(u, v)(xy) = H(u(1), v(1))(x)H
′(u(2), v(2))(y),

where by definition H(u, v)(x) := r(u(1), v(2))(x)(u(2) ◦ v(2)) ,

r(u, v)(x) := ((xu(1))v(1))/(u(2)v(2))

and H ′(u, v)(y) := (u(1) ◦ v(1))\H(u(2), v(2))(y)

3For analytic loops this definition agrees with the definition in [62, 66].
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• Right monoalternativity : (((xy(1))y(2)) · · · )y(n) = x((y(1)y(2)) · · · y(n)) for all
n ≥ 0 .

Observe that for any a ∈ Prim(U) the monoalternativity implies r(a, a) = R2
a −

Ra2 = 0 . Hence,

2r(a, b) = r(a, b)− r(b, a) = RbRa −Rab −RaRb +Rba = −[Ra, Rb]−R[a,b] (8)

for all a, b ∈ Prim(U) .

Lemma 4.3. Let U be a hyporeductive Hopf algebra. For any a, b ∈ Prim(U),
the element a ◦ b is primitive.

Proof. Since ◦ is a coalgebra morphism and 1 ◦ a = 0 = a ◦ 1 for any primitive
a , then ∆(a ◦ b) = (a ◦ b)⊗ 1 + (a ◦ 1)⊗ (1 ◦ b) + (1 ◦ b)⊗ (a ◦ 1) + 1⊗ (a ◦ b) =
(a ◦ b)⊗ 1 + 1⊗ (a ◦ b) .

Proposition 4.4. Let U be a hyporeductive Hopf algebra. Then, T (U)inn is a
hyporeductive triple.

Proof. On the one hand, given a, b ∈ Prim(U) , the hypospeciality of U implies
H(a, b)(xy) = H(a, b)(x)y + xH ′(a, b)(y) , and hence [H(a, b), Ry] = RH′(a,b)(y) ; on
the other hand, by (8), −2H(a, b) = −2r(a, b) − 2Ra◦b = [Ra, Rb] + R[a,b]−2a◦b .
Therefore,

[[Ra, Rb] +R[a,b]−2a◦b, Rc] = R−2H′(a,b)(c).

This proves: (1) g(U)inn = span⟨Ra, [Ra, Rb] | a, b ∈ Prim(U)⟩ , and (2) g(U)inn =
Ng(U)inn(c(U)) + c(U) .

4.2. Formal integration of hyporeductive triples. We will prove that for
any hyporeductive triple τ , the nonassociative Hopf algebra Uτ is hyporeductive.
To this end, let us fix a hyporeductive triple τ = (g, s, ρc) and let us denote Ng(ρc)
just by n .

Lemma 4.5. There exists a coalgebra morphism σ : U(s) → U(n) such that πσ
is the identity map of U(s).

Proof. We include a proof for completeness. Since g = s ⊕ ρc = n + ρc , then
we can chose a linear map θ : U(s) → n such that πθ(d) = d for any d ∈ s , and
θ(1) = 0 . Let us extend this map to a coalgebra morphism θ′ : U(s) → U(n) by
θ′ = exp∗(θ) , where

exp∗(θ)(x) :=
∞∑
n=0

1

n!
θ(x(1)) · · · θ(x(n)).

The coalgebra morphism Ψ := πθ′ : U(s) → U(s) is an isomorphism since its
restriction to s is the identity map of s (see [77], Theorem 12.2.6); in fact,
Ψ(d) = πθ′(d) = πθ(d) = d for all d ∈ s . A coalgebra morphism that fulfills
the requirement in the statement is σ := θ′Ψ−1 .
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For the coalgebra morphism σ in Lemma 4.5 we have

σ(f) = ρσ(f(1))(1)πσ(f(2)) = ρσ(f(1))(1)f(2). (9)

Theorem 4.6. Let τ be a hyporeductive triple. Then, Uτ is a hyporeductive
Hopf algebra.

Proof. We first define the map ◦ required for the hypospeciality. To this
end, observe that the elements ρ(u, v) := S(ρu(1)v(1))ρv(2)ρu(2) (u, v ∈ Uτ ) span
a coalgebra and they satisfy

ρ(u, v)(1) = S(ρu(1)v(1))(u(2)v(2)) = S(ρu(1)v(1))ρu(2)v(2)(1) = ϵ(u)ϵ(v)1.

Thus, by Lemma 3.3, ρ(u, v) ∈ U(s) . This ensures that the map

u ◦ v := σ(ρ(u, v))(1)

is well-defined. Clearly, u ◦ 1 = ϵ(u)1 , 1 ◦ v = ϵ(v)1 and

σ(ρ(u, v)) = ρu(1)◦v(1)ρ(u(2), v(2)) ∈ U(n). (10)

The hypospeciality of Uτ will be a consequence of

ρu(1)◦v(1)ρ(u(2), v(2))ρUτS(ρu(3)◦v(3)ρ(u(4), v(4))) ⊆ ρUτ

or, more generally, it will follow from f(1)ρUτS(f(2)) ⊆ ρUτ for all f ∈ U(n) . The
advantage is that we only have to prove it for generators in n of U(n) . Clearly
[f, ρc] ⊆ ρc by definition of n . In general,

[f, ρcn ] = [f, ρnc ] =
∑

ρc · · · ρcρf ′(c)ρc · · · ρc

for some f ′(c) ∈ c . Hence, the linearization of ρcn = ρnc leads to [f, ρcn ] ∈ ρUτ .
Finally, consider f := ρu(1)◦v(1)ρ(u(2), v(2)) . Evaluating at 1 we obtain

f(1)ρyS(f(2)) = ρf(1)ρyS(f(2))(1) ; thus, f(1)(S(f(2))(x)y) = x(f(1)(S(f(2))(1)y)) and

f(xy) = f(1)(x)f(2)(S(f(3))(1)y) = f(1)(x)(f(2)(1)\f(3)(y)).

Since ρu(x) = Ru(x) , ρ(u, v)(x) = r(u, v)(x) and f(x) = H(u, v)(x) , we are
done.

5. Pseudoreductive Hopf algebras
In this section we introduce pseudoreductive Hopf algebras by analogy with pseu-
doreductive loops. We will describe pseudoreductive triples associated to these
Hopf algebras, and finally we will formally integrate pseudoreductive triples to
obtain pseudoreductive Hopf algebras. Our approach sticks again to the work of
Sabinin on analytic loops, and we cannot avoid his clever use of the formula for
the differential of the exponential map without resorting to artificial arguments.
5.1. Pseudoreductive loops, triples and Hopf algebras. A loop Q is called
(right) pseudoreductive if the following properties hold:



796 Pérez-Izquierdo

• Right pseudospeciality : there exists a map • : Q×Q→ Q such that e • u =
e = u • e (e stands for the identity element of Q) and

P (u, v)(xy) = r(u, v)(x)P (u, v)(y)

where P (u, v)(x) := r(u, v)(x)(u • v) .

• Right monoalternativity : ((xy)y · · · )y = x((yy) · · · y) for all n ≥ 0 , where y
appears n times in each side of the equality.

Definition 5.1. A nonassociative Hopf algebra U is called (right) pseudore-
ductive if the following properties hold:

• Right pseudospeciality : there exists a coalgebra morphism • : U ⊗ U → U
such that 1 • u = ϵ(u)1 = u • 1 and

P (u, v)(xy) = r(u(1), v(1))(x)P (u(2), v(2))(y)

where P (u, v)(x) := r(u(1), v(2))(x)(u(2) • v(2)) .

• Right monoalternativity : (((xy(1))y(2)) · · · )y(n) = x((y(1)y(2)) · · · y(n)) for all
n ≥ 0 .

Definition 5.2. We will say that a triple τ = (g, s, ρc) is pseudoreductive if
there exists a map ζ : s → ρc such that

(PRT1) d+ ζ(d) ∈ Ng(ρc) for all d ∈ s , and
(PRT2) ad2n

ρc (ζ(s)) ⊆ ρc for all n ≥ 0 and ρc ∈ ρc .

Notice that the first condition is equivalent to τ being hyporeductive.

Lemma 5.3. Let U be a pseudoreductive Hopf algebra. For any a, b ∈ Prim(U),
a • b is also primitive.

Proof. See the proof of Lemma 4.3.

Proposition 5.4. Let U be a pseudoreductive Hopf algebra. For any a, b, c ∈
Prim(U) we have [r(a, b) +

1

2
Ra•b, Rc] = Rr(a,b)(c)+ 1

2
[c,a•b] . Hence, T (U)inn is a

hyporeductive triple.

Proof. Fix a, b, c ∈ Prim(U) . On the one hand, P (a, b) = r(a, b) + Ra•b and
P (a, b)Ry = Ryr(a, b) +RP (a,b)(y) so

[r(a, b) +
1

2
Ra•b, Rc] = −Ra•bRc +RP (a,b)(c) +

1

2
[Ra•b, Rc]

= −1

2
Ra•bRc −

1

2
RcRa•b +RP (a,b)(c);

on the other hand, the monoalternativity implies Ra•bRc+RcRa•b = R(a•b)c+c(a•b) ,
i.e. [r(a, b)+ 1

2
Ra•b, Rc] is the right multiplication operator by the primitive element

r(a, b)(c) + 1
2
[c, a • b] = [r(a, b) + 1

2
Ra•b, Rc](1) .
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The following result highlights the property behind the axiom (PRT2) in the
definition of pseudoreductive triples.

Proposition 5.5. Let U be a pseudoreductive connected Hopf algebra. Then

Ra•bRy +RyRa•b = R(a•b)y+y(a•b) (11)

for all a, b ∈ Prim(U) and y ∈ U .

Proof. By Proposition 5.4 we have [r(a, b)+ 1
2
Ra•b, Rc] = Rr(a,b)(c)+ 1

2
[c,a•b] , and

by monoalternativity [r(a, b) + 1
2
Ra•b, Rcn ] ∈ RU for all a, b, c ∈ Prim(U) . The set

{cn | n ≥ 0, c ∈ Prim(U)} spans U (U is connected), thus

−1

2
(Ra•bRy +RyRa•b) +RP (a,b)(y) = [r(a, b) +

1

2
Ra•b, Ry] ∈ RU

for all y ∈ U . This proves Ra•bRy +RyRa•b ∈ RU . After evaluating this operator
at 1 we get the result.

We can use (11) to prove that T (U)inn satisfies (PRT2) for the initial value n = 1 .
For any a, b, c ∈ Prim(U) ,

[Rc, [Rc, Ra•b]] = R2
cRa•b − 2RcRa•bRc +Ra•bR

2
c

= 3(Rc2Ra•b +Ra•bRc2)− 2(Ra•bRcRc +RcRa•bRc +RcRcRa•b).

Both expressions in parentheses are multiplication operators, so [Rc, [Rc, Ra•b]] ∈
c(U) . Unfortunately it is much more difficult to prove that T (U)inn is a pseudore-
ductive triple if we use this approach. Sabinin [66] gave a short proof for analytic
loops. It is convenient to fix two parameters s, t so that we have at our disposal
the algebra of formal power series A[[s, t]] with coefficients in another algebra A .
If A is associative and unital, expressions such as exp(ta) make sense in A[[s, t]] .
If A is nonassociative then although

expl(ta) := 1 + ta+
1

2!
(ta)(ta) +

1

3!
((ta)(ta))(ta) + · · · =

∞∑
n=0

1

n!
(ta)n

requires our convention about powers, for the most part, it is again a well-defined
element in A[[s, t]] .

Proposition 5.6. Let U be a pseudoreductive Hopf algebra. Then, T (U)inn is
a pseudoreductive triple.

Proof. Identity (11) implies
n∑
i=0

(
n

i

)
Ri
a•bRyR

n−i
a•b ∈ RU for any a, b ∈

Prim(U) and y ∈ U . Thus, exp(tRa•b) exp(sRc) exp(tRa•b) ∈ RU [[s,t]] for all
a, b, c ∈ Prim(U) . Evaluating at 1 we obtain

exp(tRa•b) exp(sRc) exp(tRa•b) = R(expl(ta•b) expl(sc)) expl(ta•b). (12)
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The element (expl(ta•b) expl(sc)) expl(ta•b) is group-like (see [46] for a discussion
on group-like elements), so there exists c(s, t) = c(s, t; a, b) ∈ Prim(U)[[s, t]] such
that f(s, t) := Rc(s,t) satisfies

exp(tRa•b) exp(sRc) exp(tRa•b) = exp(f(s, t)).

Taking derivatives with respect to t we have4

exp(− adf(s,t))− Id

− adf(s,t)

(
∂f

∂t

)
= exp(−f(s, t))∂ exp(f(s, t))

∂t

= exp(−f(s, t))Ra•b exp(f(s, t)) +Ra•b

= exp(− adf(s,t))(Ra•b) +Ra•b.

Therefore,

∂f

∂t
=

adf(s,t)
exp(adf(s,t))− Id

(Ra•b) +
− adf(s,t)

exp(− adf(s,t))− Id
(Ra•b)

= 2
∑
2m≥0

β2m
(2m)!

ad2m
f(s,t)(Ra•b)

where 0 ̸= β2m is the 2m-th Betti number. Evaluating at t = 0 , since f(s, 0) = Rsc

and f ∈ RU [[s,t]] , we obtain ad2m
Rc

(Ra•b) ∈ c(U) for all m ≥ 0 and a, b, c ∈ Prim(U) .
This proves the pseudospeciality of T (U)inn .

Equality (12) naturally appears in the context of Bruck loops and symmet-
ric homogeneous spaces. These structures are related to Lie triple systems, i.e.
subspaces of Lie algebras closed under the double commutator. Axiom (PRT2)
evokes these structures, and our presentation aimed for it.
5.2. Formal integration of pseudoreductive triples.

Theorem 5.7. Let τ be a pseudoreductive triple. Then, Uτ is a pseudoreductive
Hopf algebra.

Proof. Let τ = (g, s, ρc) be a pseudoreductive triple. The pseudoreductive
structure of τ induces via ι : τ → T (Uτ ) a corresponding pseudoreductive structure
on the triple T (Uτ )inn . Thus, there exists a map ζ : s(Uτ )inn → c(Uτ ) such that
d+ ζ(d) ∈ Ng(Uτ )inn(c(Uτ )) . Given a, b ∈ Prim(Uτ ) we define a • b by

Ra•b := ζ(2r(a, b)).

With this choice we get [r(a, b) + 1
2
Ra•b, Rc] = Rr(a,b)(c)+ 1

2
[c,a•b] for any c ∈

Prim(Uτ ) . The monoalternativity makes this identity valid for all y ∈ Uτ , i.e.

[r(a, b) +
1

2
Ra•b, Ry] = Rr(a,b)(y)+ 1

2
[y,a•b].

4Consider the free associative algebra k⟨x, x′⟩ and the derivation d := x′ ∂
∂x

. With the
natural Hopf algebra structure (x, x′ are primitive) the map γ(u) = S(u(1))d(u(2)) satisfies
γ(ux) = [γ(u), x]+ϵ(u)x′ . By allowing formal power series, we easily obtain exp(−x)d(exp(x)) =

γ(exp(x)) = exp(− adx)−Id
− adx

(x′) .
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Let us consider the function f(s, t) in

exp(tRa•b) exp(sRc) exp(tRa•b) = exp(f(s, t))

used in the proof of Proposition 5.6. Beware, now we cannot assume f(s, t) ∈
c(Uτ )[[s, t]] . However, this function is uniquely determined by

∂f

∂t
= 2

∑
2m≥0

β2m
(2m)!

ad2m
f(s,t)(Ra•b)

and the inital condition f(s, 0) = Rsc ∈ c(Uτ )[[s, t]] , which by (PRT2) ensures
f(s, t) ∈ c(Uτ )[[s, t]] and exp(f(s, t)) ∈ RUτ [[s,t]] . In particular,

∂ exp(f)

∂t
(s, 0) ∈ RUτ [[s]]

implies Ra•bRy + RyRa•b = R(a•b)y+y(a•b) for all a, b ∈ Prim(Uτ ) and y ∈ Uτ .
Therefore, if we define P (a, b) := r(a, b) +Ra•b then

P (a, b)(xy) = r(a, b)(x)y + xP (a, b)(y). (13)

Let p be the Lie algebra generated by {P (a, b) | a, b ∈ Prim(Uτ )} and let θ be
a linear map U(s(Uτ )inn) → p such that θ(d) = d + 2ζ(d) for all d ∈ s(Uτ )inn ,
i.e. θ(r(a, b)) = P (a, b) , and θ(1) = 0 . We extend θ to a coalgebra morphism
θ′ : U(s(Uτ )inn) → U(p) by θ′ = exp∗(θ) as in the proof of Lemma 4.5. We also
define the isomorphism Ψ := πθ′ and elements

u • v := θ′Ψ−1(r(u, v))(1).

Any operator θ′Ψ(r(u, v)) = Ru(1)•v(1)r(u(2), v(2)) belongs to U(p) , so (13) implies

Ru(1)•v(1)r(u(2), v(2))(xy) = r(u(1), v(1))(x)Ru(2)•v(2))r(u(3), v(3))(y)

as desired.

6. Hyporeductive triple algebras
Hyporeductive loops can also be constructed from hyporeductive triple algebras. In
this section we discuss these structures from the point of view of Sabinin algebras.

6.1. Hyporeductive triple algebras. The origin of hyporeductive triple alge-
bras is linked to the following construction. Let τ = (g, s, c) be a hyporeductive
triple (here it would be more convenient to return to the original notation c in-
stead of ρc ), so g = n+ c where n = Ng(c) . We can choose a subspace h ⊆ n such
that g = h⊕ c . This decomposition induces two binary products a · b , a ∗ b and a
triple product [c; a, b] on c as follows

[a, b] = h(a, b) + a · b, h(a, b) = s(a, b) + a ∗ b, [h(a, b), c] = [c; a, b] (14)

with h(a, b) ∈ h , s(a, b) ∈ s and a, b, c ∈ c . The new algebraic structure
(c, a · b, a ∗ b, [c; a, b]) is characterized by twelve axioms (apart from the obvious
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skew-commutativity) coming from the Jacobi identity [30]. Conversely, given a
hyporeductive triple algebra (c, a · b, a ∗ b, [c; a, b]) there exists a Lie algebra E(c)
generated by c with relations

[[a, b]− a · b, c] = [c; a, b]

for any a, b, c ∈ c . This Lie algebra splits as

E(c) = s⊕ c with s := span⟨[a, b]− a · b | a, b ∈ c⟩

being a subalgebra. Thus, (E(c), s, c) is a hyporeductive triple [30]. The hypore-
ductive triple algebra (c, a · b, a ∗ b, [c; a, b]) is recovered from this triple by (14).
Unfortunately, the construction of hyporeductive triple algebras from hyporeduc-
tive triples involves the choice of h .

The formal integration of a hyporeductive triple algebra (c, a·b, a∗b, [c; a, b])
might be understood as the construction of a hyporeductive (connected) Hopf
algebra U(c) such that c = Prim(U(c)) and

[a, b] = a ∗ b+ a · b and [[Ra, Rb] +Ra·b, Rc] = R[c;a,b]. (15)

It is not difficult to check that if we begin with the Lie algebra E(c)opp (recall
that gopp has the opposite product −[x, y] instead of the product [x, y] of g) and
the triple (E(c)opp, sopp, c) then the corresponding hyporeductive Hopf algebra
associated to this triple satisfies the required properties.
6.2. Sabinin algebras associated to hyporeductive triple algebras. As
discussed at the beginning of this paper, the algebraic structure of the tangent
space of any analytic loop is known as Sabinin algebra. For general loops, two
families of multilinear operations ⟨x1, . . . , xm; y, z⟩ , Φ(x1, . . . , xm; y1, . . . , yn; yn+1)
take part in the description of the corresponding Sabinin tangent algebra. However,
for right monoalternative loops only the operations ⟨x1, . . . , xn; y, z⟩ , n ≥ 0 are
required since Φ(x1, . . . , xm; y1, . . . , yn; yn+1) = 0 for these loops. The connection
of hyporeductive triple algebras with the infinitesimal study of hyporeductive loops
suggests that a Sabinin algebra can be obtained out of any such triple algebra. The
“underline” notation from Section 2 is quite useful for that.

Theorem 6.1. Let (c, a · b, a ∗ b, [c; a, b]) be a hyporeductive triple algebra. The
multilinear operations

⟨1; y, z⟩ := −y · z − z ∗ y
⟨uxm+1; y, z⟩ := ⟨u;xm+1, y · z⟩+ ⟨u(1);xm+1, ⟨u(2); y, z⟩⟩+ ϵ(u)[xm+1; y, z]

define a Sabinin algebra structure on c.

Proof. Let U(c) be the hyporeductive Hopf algebra that formally integrates
(c, a · b, a ∗ b, [c; a, b]) . We will compute the Shestakov-Umirbaev operations (re-
call Section 2) ⟨−;−,−⟩ of UX(U(c)) to obtain the desired Sabinin algebra
(c, ⟨−;−,−⟩) . By (15) we have

{((uxm+1)z)y − ((uxm+1)y)z − (uxm+1)(y · z)}−
− {((uz)y)xm+1 − ((uy)z)xm+1 + (u(y · z))xm+1} = u[xm+1; y, z],
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for any x1, . . . , xm, xm+1, y, z ∈ c , u = ((x1x2) · · · )xm and u = x1 ⊗ · · · ⊗ xm , so

(uxm+1)(1)⟨(uxm+1)
(2)
; y, z⟩+

+ u(1)⟨u(2); y · z, xm+1⟩ − (u(1)⟨u(2); y, z⟩)xm+1 = u[xm+1; y, z],

which implies

u(1)⟨u(2); ⟨u(3); y, z⟩, xm+1⟩+
+ u(1)⟨u(2)xm+1; y, z⟩+ u(1)⟨u(2); y · z, xm+1⟩ = u[xm+1; y, z].

Dividing by u(1) we get

⟨uxm+1; y, z⟩ = ⟨u;xm+1, y · z⟩+ ⟨u(1);xm+1, ⟨u(2); y, z⟩⟩+ ϵ(u)[xm+1; y, z],

and, by definition of ⟨1; y, z⟩ and the properties of U(c) , ⟨1; y, z⟩ = −y∗z−y ·z .

Acknowledgments. I would like to thank Prof. K. H. Hofmann and the anony-
mous referee for valuable comments to even out the presentation of a topic resulting
from the efforts of many schools.
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