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Abstract. Modules for the Lie algebra of Hamiltonian vector fields on a
torus, which admit a compatible action for the commutative algebra of mul-
tivariate Laurent polynomials, and have finite dimensional weight spaces, are
called category J . This paper classifies the indecomposable and the irreducible
modules in category J .
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1. Introduction

An important class of simple infinite dimensional Lie algebras are the Lie al-
gebras of Cartan type, which arise in the study of vector fields on a manifold.
These are categorized into four series, the general, special, Hamiltonian, and con-
tact, denoted Wy, Sy, Hy and Ky respectively. Type Wy is the Lie algebra of
derivations of Ry = Clzy,...,xy], whose elements are vector fields of the form
X = Zfil f,-a%i where f; € Ry (some sources allow Ry to be all formal power
series, C[[z1,...,2n]]). The remaining three series are defined using the Lie deriva-
tive Lxw, of a specific differential form w with respect to vector field X . Specifi-
cally Sy = {X|Lx(dzy A+ Ndan) =0}, Hop = {X|Lx (O 1%, dxi Adayi) = 0}
and Koy = {X|Lx(w) = Pw}, where w = doomi1 + D oy Tmtid®; — TidTom
and P € Royy1 (see [8] for more details).

Recent works have studied the representation theory of the Lie algebra of
derivations Der(Ay), where Ay = C[ti",...,t%']. Elements of Der(Ay) can be
identified with the polynomial vector fields on a torus (see Section 2). An interest-
ing class of modules, called (A, Der(Ay))-modules is considered in [7], which are
modules that admit a compatible action by both Der(Ay) and the commutative
algebra Ay. In said paper Eswara Rao classifies all irreducible (Ay,Der(Axy))-
modules with finite dimensional weight spaces. These modules are presented in [2]
as category J, and the classification is extended to all indecomposable modules
by showing that Der(Ay) has polynomial action.
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A similar result is achieved in [3], again using the strategy of showing
polynomial action, where category J is considered for Sy, the divergence zero
vector fields on a torus. An inductive proof is used to show that the general case
follows from the case N = 2, which turns out to be exceptional.

The current paper now considers category J for the Lie algebra of Hamil-
tonian vector fields on an N dimensional torus, denoted Hy, where N is even.
The goal is to classify all indecomposable and all irreducible category J modules.
Theorem 4.4 is the main result and is summarized below (the action of Hy will
be given later).

Theorem. Let §7, be the vector fields in Hy with non-negative degree, and by
the 2m + 1 dimensional Heisenberg algebra. Let X\ € CN and Jy a subcategory of
modules in J supported on X+ ZN | where N = 2m > 2. There is an equivalence
of categories between the category of finite dimensional modules for $% @ by and
Jr. This equivalence maps V to Ay @V where V is a finite dimensional module

for 5; ®bn.

To obtain this result the general strategy of [3] is applied. Since Hy = S,, the
basis of induction has already been shown (see [3] Proposition 3.7). Irreducible
representations for the case N = 2 are studied in [6] by Jiang and Lin and,
although not shown here, their paper provides a crucial step in proving the N = 2
case (see [3] Lemma 3.1).

This paper is organized in the following way. Section 2 will present Lie
algebra Hy and define its category J modules. It will be shown here that the
action of Hy on any module from category J is determined completely by the
action restricted to a single weight space V. Section 3 is main part of the proof
for the classification theorem. Starting with the previously proven N = 2 case
as the basis of induction, it is shown that Hy acts by certain End(V')-valued
polynomials for all N. In Section 4 the polynomial action of Hy is seen to be
a representation of Lie algebras £} and by, and the main result can be stated.
For simple modules of category J the action simplifies considerably. Section 5
is devoted to irreducible representations, and exhibits the main result when only
simple modules are considered.

2. Preliminaries

Let Ay = C[t{',...,t%'] be the algebra of Laurent polynomials over C. El-
ements of Ay are presented with multi-index notation " = ¢'...t}Y where
r=(ry,...,rn) € ZV. Let {e1,...,en} denote the standard basis for Z. For
k€ ZN, k[ =ki+--+ky, k= k!, ky!and () = g5 Denote the set of
non-negative integers by Zxg.

For i € {1,...,N}, let d; = tia%. The derivations of Ay, Der(Ay) =
Spang {tTdi\i e{l,...,N},re ZN}, forms a Lie algebra called the Witt algebra
denoted here by Wy, with Lie bracket [t"d;, t°d;] = s;t""*d; —r;t""°d,;. By setting
t; = eV forall j e {1,..., N}, Wy may be identified with the Lie algebra of
(complex-valued) polynomial vector fields on an N dimensional torus, where 6; is
the jth angular coordinate.
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The focus of this paper is on the subalgebra of Hamiltonian vector fields Hy. Let
X = Zf\il fid; € Wy and from now on let N = 2m. The change of coordinates

t = = V=165 gives - i 8t] =+/— t] 5; = +/—1d;. Thus X can be expressed

X =—V- ZJ L fj( ) The deﬁnmg property, Lx(>20, db; Adbyii) =0, of
Hy yields that for :1 My fi = gt =N tmyigit— and fog = — g =
— /=1t 2 5 for some u € AN, or X = d;. Thus Hy is spanned by elements
X, = Z;nltmﬂ T Ou d — {0 ot Ld,n1i, and d;. Obtain homogeneous elements by

letting u = t", for r e ZN | and set h(r) = Y7 rpyit’d; — rit"dpyi . So

Hy = Spanc{d;, h(r)li € {1,...,N},r € Z"}

and has commutative Cartan subalgebra Spanc{d;|j € {1,...,N}}. The Lie
bracket in terms of homogeneous elements is given by [d;, h(r)] = r;h(r) and

m

[A(r)s k()] = D (rmsisi — i) h(r + 9)-

Note that h(0) =0, and [h(r), h(—r)] = 0.

Families of modules called category J, have been defined for Wy and Sy in [2] and
[3] respectively. An analogous category of modules for Hy is defined as follows:

Definition 2.1. Let N > 2 with N even. An Hy-module J belongs to category
J if the following properties hold:

(J1) The action of d; on J is diagonalizable for all i € {1,..., N}.

(J2) Module J is a free Ax-module of finite rank.

(J3) Forany X € Hy,f € Ay and v e J, X(fv) = (Xf)v+ f(Xv).

Any submodule of J € J must be invariant under the actions of both Ay and Hy .
By (J2) any module in J is a finite direct sum of indecomposable modules, hence
the goal is to classify indecomposable modules J € J. Property (J1) decomposes
J into weight spaces, J = @, e~ Jx where Jy = {v € J|djv = \jv}. Note that
h(r)Jyx C Jyi, since,

d;(h(r)v) = h(r)d;v + [d;, h(r)]v = (N + ri)h(r)v

for v € Jy. Similarly by (J3) t"Jx C Jy;r. These two relations partition the
weights of J into ZN-cosets of CV, and decompose .J into a direct sum of
submodules, each corresponding to a distinct coset. Thus if J is indecomposable
its set of weights is one such coset A +Z" for X € CV and J = @, zn Jrtr-
Denote by Jy, the subcategory of J supported on A + Z" for a fixed A\ € CV
and from now on assume that J € J,.

Let V = J\. The invertible map t" : V' — J,,, identifies all weight spaces
with V' and since J is a free module for the associative algebra Ay it follows
that any basis for V is also basis for J viewed as a free Ay-module. The finite
rank condition of (J2) implies that V' must be finite dimensional. This yields that
J = Ay®V . Homogeneous elements of J will be denoted t*®uv, for s € ZN v € V.
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The action of h(r) on J maps 1 ® V — t" ® V. This induces an endomorphism
H(r) on V given by H(r)v = (7" o h(r))v. The action in (J3) can then be
expressed as

W)t @) = (Fmyisi = Fismi)t ™ @ v+ 177 @ H(r)o. (1)
i=1
Thus the action of H(r) on V' determines the action of h(r) on J. The Lie bracket
for H(r) terms is
[H(r), H(s)] = [t7"h(r), t™"h(s)]

= 7" (h(r)(E7*))h(s) =t (h(s)(t™"))h(r) + 7" °[h(r), h(s)]

=t ( i Pt =5) = Ti( =5ms) )R (s)

=1

—t7° ( Z Spmti(—T3) — Si(—Teri))tS_rh(T)
i=1
+tF Z(Tm+i8i — TiSm+i) (1 + 5)

=1
m

= Z(T’iSeri - Tm+z’8i)<H(T) + H(S) — H(T + 3))

=1

3. Polynomial action

The concept of a polynomial module was introduced in [1] and then generalized
in [4]. Polynomial modules were used in [2] for classifying category J modules
for Wy . This technique was applied in the previous chapter to the Sy case and
will be used again here. The main idea is to show that H(r) acts on V by an
End(V')-valued polynomial in r with constant term zero. Specifically,

Proposition 3.1. Let N > 2 (with N even) and let J = Ay @ V' be an
Hn -module in category J. Then H(r) acts on V' by

k
:
H = 3 P 00P.

N
kezd,

for all r € ZV , where P € End(V) and do not depend on r, and the summation
is finite.

The Kronecker delta function is to ensure that H(0) = 0. This will be proven by
induction on N with the base case N = 2 already shown in [3] since Hy = S,.

Lemma 3.2. Let N =2 and J = Ay ®V be a module for Ho in category J .
Then H(r) acts on V' by
k
-
H(r)= > HP<’€> — 0,0P,

ke,
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for all v € Z2, where P") € End(V') and do not depend on r, and the summation
is finite.

See [3], Proposition 3.7 for details, where it is shown that the action of H(r) may
be interpolated by an End(V')-valued polynomial in r at all points in the plane
except for the origin.

The fact that two (multivariate) polynomials are equal if they agree on a cube
of arbitrary size was used repeatedly in [3] as it will be used here. The following
Lemma will be required and is presented here without proof (cf.[3] Lemma 3.5).

Lemma 3.3. Let S=5; x---x Sy € CV, where each S; is a set with K + 1
elements, and let F' and G be polynomials of degree at most K in N wariables,
Xi,..., XN, that agree on S. Then F'=G.

Proof of Proposition 3.1. Proceed by induction on N = 2m with basis of
induction given by Lemma 3.2. Let 7; = r—r;e; —rpi€meq for i € {1,...,m}. By
induction hypothesis H(7;) acts by an End(V')-valued polynomial in r for 7; # 0.
Let k€ {1,...,m} with k # i. Then H(e;+e;) and H(e; + €,4k) also act by an
End(V')-valued polynomials in 7 since e; + e, and e; + €, are constant. Then

[H(7:), H(e; + ex)] = —rman(H(7;) + H(e; + ex) — H(T; + e; + er)),
and
[H(7:), H(e; + emir)] = re(H(F;) + H(e; + emar) — H(Ti + € + emir)).
Rearranging these equations gives
Tk H(T; + €; + eg) = romyr (H(T3) + H(e; +ex)) + [H(T;), H(e; + eg)],
and
reH (7 + € + emar) = e(H (7)) + H(e; + emar)) — [H(T), H(e; + emr)]s

so that the terms on the right side act by an End(V')-valued polynomial in r for
7i # 0. Thus 7, H(7; +e;+ex) and rpH (7 + €; + eniy) act by polynomial when
7; # 0, and hence for all » € Z". It can be shown in a similar fashion that both
TmakH(Ti + emyi + ex) and 1y H (7 + €m4i + €mar) act as polynomials for all r.
This holds for all i # k, and in particular it follows that r; H(r;e; + rpi€mai +
€m+ii + €mik) acts by polynomial for all ». Now consider the Lie bracket

[PmaeH (7 + € + ex), miH(rie; + Tmgi€mti + €mti + €mik)]
= Pkl (Tt + 1) (e + 1) (H (7 +€; + ex)
+H(rie; + TmyiCmti + €mti + €mik) — H(r + €; 4 €mii + €k + emk)) -

Isolating the term

PonakTi(Tmas + 1) (i + D) H(r + €; 4 €mai + €1 + €mak)
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on the right side shows that it must act by polynomial, call it @, for all r € ZY
since all other terms do. Similarly form the Lie brackets

1 H (75 + €; + emqr), i H (ri€; + Timpi€mis + €mpi + k)],
[Pk H (Ti + €myi + €x), Tmyi H (Tiei + Tmgi€myi + €i + emir)],

(1 H (T + €mti + €mtk), Tmai H (15 + Tigi€meri + € + €x)]

to show that

Tkl (Tmgi + 1) (T + 1D H (7 4 €5 + emyi + €k + emyr),
PmakTmai(Ti + 1) (re + DVH(r + €; + emai + ex + emaik),
TkTmti(Ti + 1) (Pmak + D H(r + € + emyi + € + emyr)

act by polynomials s, @3, and Q4 respectively, for all r € Z~ . Note that

Tk(Tmtk + 1) Q1 = Tk (ke + 1) Q2

which implies that both r,,,; and r+1 are factors of (), since they do not divide
Tk(Tmak + 1) (both 7, and 7, + 1 are factors of ()3). Comparing @); and @3,

Tmai(Ti + 1)Q1 = 13(Tss + 1)Qs,

and so both r; and 7,,,;+1 are factors of )1 since they do not divide r,,4;(r;+1).
Thus Q1 = rmerri(Tmes + 1)(rg + 1)P for some polynomial P;, and hence
H(r+e + enyi +ex+ emyr) = P for ryyrpe # 0 and 74,1 # —1. By
continuing this process of equating the (); with appropriate linear factors, it can
be shown that H(r + e; + €4 + €x + emar) acts by a polynomial

P, on the region {r;, 7 # 0} NV {rmii, "mir # —1},

P5 on the region {r, i, "mix 7 0} N {ry, 7 # —1}, and

Py on the region {r,, i, rx # 0} N {7y, rpmyr # —1}.
Since these four regions are obtained by deleting a finite number of hyperplanes
from ZY their intersection contains a cube of arbitrary size. By Lemma 3.3,
since Py, Py, P; and P, agree on this cube they must be equal, and so H(r +

ei + emsi + € + emyr) acts by polynomial on the union of the four regions,

which is {(riv Teri) 7é (07 0)7 <_17 _1)} N {(Tk, Terk) 7é (07 0)7 (_17 _1)} Shifting
coordinates, this implies that H(r) acts by polynomial P on the region

R = {(Tivrm-i-i) 7£ (07 0)7 (17 1)} N {(Tka Tm-Hf) 7£ (07 0)7 (17 1>}

What remains is to extend this region to all r € Z™ \ {0}.
Let £ be the Lie algebra spanned by elements H(r) for r € Z~, and
consider the automorphisms o; : £ — L given by

oi(H(r)) = H(r1y ooy —Tiye ooy —Tmgiy -+ T'N),

for i € {1,...,m}. The region R may be expanded by considering automorphisms
o; of L since whatever was proven for £ will also be true of its image under o;.
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Thus o;(H(r)) acts by polynomial P on R which implies that H(r) acts by P

on {(rh rm-‘ri) 7é (07 O)a (_17 —1)}ﬂ {(Tka Tm-i—k) 7é (07 0)7 (17 1)} I_Jemma 3.3 may be
applied to the intersection of these regions, showing that P = P there, and hence
H(r) acts by P on their union

R = {(Tiarm-i—i) 7£ (O’O)} N {(Tkarm-i-k) 7é (070)7 (17 1)}

In the same way, applying o to R yields that H(r) acts by P on the region
Rig = {(ri;rm+i) # (0,0)} 0 {(rs, Psre) # (0,0)}.

Now apply Lemma 3.3 to the intersection of regions R, for various k£ to show
that H(r) acts by P on

R = U Rix = {(ri7rm+i) £ (an)} N {ﬂ # O}'
k=1
k#i

Applying the same lemma again to these regions shows that H(r) acts by P on

URi = m{fz # 0}

Fix s € Z" and let 5, = sper, + Smiremir for k € {1,...,m}. Further assume
that 5, # 0. Then

[H(Ek), H(T — gk)] = (Skrm+k - Serka)(H(gk) -+ H(T — §k> — H(’T’))
and so (SkTmtk = SmarTh) H(r) =
(SkTmrk — Smanri) (H (Sk) + H(r — 5)) — [H(5), H(r — Sk)].

From what was proven above, all operators on the right side of this equation

act by polynomial on N, {7; # 8;}, and hence (sg"mir — Smixts)H (1) acts by

polynomial 7" on this region. Similarly for s’ € ZN, (s} rmir — b, o) H(r) acts

by polynomial 77 on N* {7; # §,.} and on the intersection of these regions
(kT = SpaseTe) T = (SkTmrk — Smnri) T,

implying that (sgrmix — SmaxTx) is a factor of T'. Thus H(r) acts by polynomial

when (sg7mar — SmakTk) 7 0 and hence acts by polynomial on the region

Toke = {SkTmsk # SmakTr} N (ﬂ{ﬁ #+ §k}> )

i=1
Again use Lemma 3.3 to patch together the regions which H(r) acts by polynomial.

First (ﬂ{ﬂ =+ 0}) U Tk = { (s Tmar) # (0,0)} N {r # 31}

Then U <ﬂ{fz #* 0}) UTer = { (%, mar) 7 (0,0)},

sezZN \i=1

and UGk mmn) # (0,00} = {r # 0},
k=1
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Thus H(r) acts by End(V')-valued polynomial in r for all » # 0. To include r =0
and to accommodate the fact that H(0) = 0, a delta function is added, and so
H(r) may be expressed

k
,
_ L pl) _ (0)
H(r) = E k!P 0r 0P,
kezl,
for all r € ZV, where P") € End(V), and the sum is finite. m

4. Classification

The result of the previous section is that the action of the H(r) operators are now
in terms of the P*) k € Z%,. Following the ideas of [2] and [3], the Lie brackets
between the operators P*) are computed below and show that these operators
realize a representation of a familiar Lie algebra. This will yield a classification of
the modules in category J .

To compute the Lie bracket [P, P®)] use Proposition 3.1 and consider a region
where 7,5 # 0 so that

HOLHE)I = Y 3 S o) @)

jEZ>OkGZN
The left side of this evaluates to
Z(nsmﬂ — Tmaisi) (H(r)+ H(s) — H(r + s))
i=1

m 4
:;(T’ism+i_rm+i3i) Z j' ])-l- Z k' - Z (T —;!S> 210

i€zE, kezy, ezl

Then [P, P®)] is obtained by extracting the coefficient of T,Z’f above for various
j and k. For |j|,|k] > 1

m

Z(jm+iki — ji/ferz')P(j*k*ei*emﬂ).

i=1

B
S8
x
I

If [j] <1 then [PU), P®)] =0 for all k with the exception that [P() Plem+)] =
P (and the usual anticommutativity property holds).
Consider the Lie algebra of derivations of polynomials in N variables,

0
Der(Clzy,...,zn]) = Spang {xT .

ae{L”wNLreZ%}.

This has as a subalgebra the Hamiltonian Lie algebra given by

m

Hy = Spang {X(T) = Z (S A a@ —

r—e;

i1 Z; O ti
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with Lie bracket [X(r), X(s)] = Z(rmﬂ-si — TiSmti) X (r + 5 — € — €myi) -

i=1
(Notation )y is used in place of Hy from the introduction so as not to confuse
it with operators H(r)).

Let $5 = Spanc {X(r) € Hn||r| > 1} and let by be the Heisenberg algebra
Spanc {p', ¢",cli € {1,...,m}} with [p’,¢'] = ¢ and all other brackets zero. The
bracket for the P*) operators found above demonstrates the following.

Proposition 4.1.  The map p: H @ by — End(V) given by
p(X(r)) =P for |r| > 1, p(p') = P, p(g") = P+, p(c) = PO,
is a finite dimensional representation of 9% ® by on V for N =2m > 2.

Proposition 4.2.  Let £, = Spanc { X(r) € Hn||r| =n+2}. In the grading
AN =B, | L., component £ is isomorphic to the symplectic algebra spy and
each £, is an irreducible spy -module.

Proof. Let E, be the matrix with a 1 in entry (a,b) and zeros elsewhere. An
isomorphism between £y and sp, is obtained by identifying basis elements

9 o 9 0 0 0

Tim—— — Tmtj T+ + Tm+j 7
O T 0x ’ ox T 0x;’

m+i’xl axm+j o Ot j
of £ with E; ; — By jmti, Eim+j + Ejmtis Emtij + Emtji respectively from spy,
where 4,5 € {1,...,m}. Then each £, is an spy-module via the adjoint action
of £y. The Cartan subalgebra of sp, is spanned by diagonal elements E;; —
Ertim+i, and raising operators (positive root spaces) are spanned by E; 4, E; j—
Em+j,m+i7 Ei,m+j + Ej,m+i for i < ]

Every finite dimensional simple sp,-module is a highest weight module, and so
by Weyl’'s Theorem on complete reducibility it suffices to show that there ex-
ists a unique (up to scalar) highest weight vector in each £;. This requires
showing that there is a unique v € £, which is annihilated by the adjoint
action of all raising operators. Elements X(r) of £, are weight vectors as

[a:i£ — me%,X(T)} = (r; — Tmyi) X (r) for all i, and any scalar multiple
of X(ney) = —af 8I3+1 is a highest weight vector of £,, since for any ¢ < j,
0 . 0 0 0 0 . 0 0
T y L =Y, Timg— — Tm+j y L =Y,
0T yi ! 01 aﬂﬁj I OTymti ! 0T 41

It remains to show that there are no other highest weight vectors.

A weight vector u € £, of weight A can be expressed as a finite sum u =
> er Cr X (r) where X(r) has weight A for each r € I and C, € CV. The task of
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finding highest weight vectors amounts to finding all such « with [X(s),u] = 0,
for s = 2e;,e; + emq; and e; + e; with ¢« < j. By linear independence

0= [X(2¢), Z Cro(=2rmei) X(r+e; — emyi)

rel

implies that C, = 0 whenever r,,,; # 0 for some i. Since u is a weight vector
this means that u = X(r) for some r with r,,;; =+ =rg, = 0. Then

0=[X(e;+emtj),ul =r;X(r+e —e;)

implies 7; = 0 for all 4,7 with ¢ < j. This leaves only the case 7 = ne; and thus
X (ney) is the unique highest weight vector of £, up to scalar. [ ]

Notice that [X(e; + emti), X(ne;)] = nX(ne;) for n > 0, suggesting that in
the representation of spy on £, there are infinitely many distinct eigenvalues.
However the following Lemma shows that this cannot be the case, meaning that for
the representation p of Proposition 4.1, there exists ko such that p(X(ke;)) =0
for all k > ky. The fact that each £; is an irreducible sp,-module implies that
all of £, acts trivially on V' for k > k.

Lemma 4.3. Let £ be a Lie algebra with nonzero elements y,y1,ya,... with
the property that [y,vy;] = cuy; for i =1,2,..., and o; € C. Then for a finite
dimensional representation (U, p) of £, there are at most (dimU)? — dim U + 1
distinct eigenvalues for which p(y;) # 0.

This Lemma and its proof are given in [2]. It is also used in the proof of Lemma
3.2 found in [3]. With this the groundwork is laid for the main result.

Theorem 4.4. Let A\ € CV and let J\ be a subcategory of modules in J
supported on X+ ZN , where N = 2m > 2. There is an equivalence of categories
between the category of finite dimensional modules for $% ® bn and Jy. This
equivalence maps V to Ay@V where V is a finite dimensional module for H3,®by .
The action of Hy on AN®V s given by d,(t°@v)=(s,+N\a)t°®@v, and for r#0,

m

h(r)(t* @ v) = Z(Tm—i-isi — TiSmpa )l @ U+ @ ple)v
i=1

088 Y () ) v+ 700 Y T X (3

N
kezl,
|k|>1

Proof. Following the definition of category [J, it was noted that each module
in J, may be identified with Ay ® V', where V is any weight space. Combining
(J1) and (J3) gives the action for d;, and applying Proposition 3.1 to (1) yields

m

k
h(r)(t* ®v) = Z(rm+i3i — Sy TP QU+ ® Z %P(k)va

— N
=1 kezy,
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for r # 0, and h(0) = 0 otherwise. Proposition 4.1 shows that V is a finite
dimensional $7, @ hy-module, and (3) is obtained from the expression above.

On the other hand suppose V is a finite dimensional module for $% & hy.
Identify the elements of §} @ by with the P*® as in Proposition 4.1 and let

H(r) = ZkezN o 2 P®) . This sum has only finitely many nonzero terms because

in the decompos1t10n 9y = D, £k, there exits ky such that £ acts trivially
on V for all kK > ky. The Lie bracket for H(r) terms is obtained from (2), and
defining the action of h(r) on Ay ® V' by (1) recovers the commutator relations
for Hy. Thus Ay ® V is a finite dimensional H -module. n

5. Irreducible Representations

The action of H simplifies considerably when only simple modules from category
J are considered. The central element of the Heisenberg algebra acts trivially in
a finite dimensional irreducible representation, and so an N dimensional abelian
algebra ay = Spang {C;|i € {1,..., N}} replaces hy.

The following Lemma will be used to show that the action of 53}; reduces to that
of spy. See Lemma 2.4 in [5] for the proof.

Lemma 5.1 ([5], Lemma 2.4). Let g be a finite dimensional Lie algebra over
C with solvable radical Rad(g). Then [g,Rad(g)] acts trivially on any finite
dimensional irreducible g-module.

To apply this lemma let g = $y/I @ ay, where [ is the ideal I = @, £
which acts trivially on V' for some ko. Then Rad(g) = (., Lx)/I @ ay since
(£, L] C Logk- So [g,Rad(g)] = (B, Lr)/I acts trivially by Lemma 5.1, and
hence the ideal €, ., £r must act trivially on V.

Theorem 5.2. Let A\ € CV and let J\ be a subcategory of modules in J
supported on X\ +7ZN. For N = 2m > 2, there is a one-to-one correspondence
between the finite dimensional irreducible modules for spy @ ay and the irreducible
modules in Jx. This correspondence maps a finite dimensional irreducible module
V' for spy @ ay to Ay @ V..  The action of Hy on Ay @ V is given by
do(t° @ u) = (Sq + Aa)t* ® v and for all r

m

h(r)(t* @ v) = Z(Tm+i(3z' + fnti) = Ti(Smri + )T @0

=1

+t® Z (20 (Bmii) + 1m0 (Bii = Emyimai) — 179(Eimei)) v
i=1

+t e E (TmtiTmti P(Emtji + Emtij) + 1itmsj0(Eij — Emyim+j)
ij=1
i<j

—1i7j0(Eimtj + Ejmsi)) v,

where p; 1is the action of C; € ay, and ¢ is an irreducible representation of spy .
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Proof. Since @k>0 £ acts trivially on V', the action of f)j{, reduces to that of
Lo = spy. As mentioned above, the Heisenberg algebra is replaced by abelian
algebra ay, and by Schur’s Lemma its elements C; act by scalars p; in an
irreducible representation. Thus the action in (3) reduces to that above. Theorem
4.4 gives the correspondence between these sets of modules. [ ]

Acknowledgments. Many thanks to Professor Yuly Billig for his generous help
on this paper.
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