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Abstract. We revisit the construction of higher spin representations by Kleinschmidt and

Nicolai for Fpg, generalize it to arbitrary simply laced types, and provide a coordinate-free

approach to the %—Spin and %-spin representations. Moreover, we discuss the relationship

between our findings and the representation theory of Syms pointed out to us by Levy.
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1. Introduction

Generalized spin representations of the maximal compact subalgebra of the split
real Kac-Moody algebra of type Ej have been introduced in [4], [5] and generalized
to arbitrary symmetrizable types in [7]. The purpose of this note is to revisit some
of the higher spin representations of type Ejo studied in [9], notably %—spin and
g—spin, generalize these to arbitrary simply laced types, and propose a coordinate-
free approach which we carry out for %—Spin and g—spin.

The terminology §-spin representation originates in the representation theory
of SU(2) = Spin(3): To each irreducible unitary representation of p: SU(2) —
GL(V) there exists n € N such that V is isomorphic to the space of complex
homogeneous polynomials of degree m in two variables (i.e., V = Sym"(C?))
endowed with the natural action of SU(2). (See, e.g., [3, Proposition 11.5.3].)

It is convenient to denote V(%) := Sym"(C?) as one then arrives at the concise
Clebsch-Gordan formula

V)@ V() ZV(la=0b)@eV(la—=bl+1)®---®dV(a+D),

cf. e.g. [3, p. 87]. The module V(%) is called the %-spin representation of SU(2) =
Spin(3) and those for odd n are exactly the ones on which —1 acts non-trivially,
i.e., the ones that do not induce a representation of SO(3).

The terminology that we use in the present note and that we borrowed from string
theory is based on the analogy to the situation of SU(2) = Spin(3). A generalized
spin representation (p, W) as in Definition 2.2 is by definition of spin % Under
certain circumstances such a representation on the vector space W can be extended
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to the tensor product V @ W where V' = Sym"(h*); the resulting representation
is called to be of spin n + %

Our main result is the following coordinate-free criterion for the existence of such
extensions of generalized spin representations:

Theorem. Let g be a simply laced split real Kac-Moody algebra, let ) be a Cartan
subalgebra of g, let \ be the set consisting of the simple roots {ay,...,a,} of g
and roots that are sums of two distinct simple roots, let € be the mazximal compact
subalgebra of g, and let (-|-) denote the induced invariant bilinear form on b*. Let
() be normalized in the usual way such that (a|a) = 2 for all real roots o which
will be denoted by A" . Recall that o is real if 3w € W s.t. a = w(wy) for a
stmple root o; and W is the Weyl group of g. A map X: X — End (V') satisfying
the following (anti-)commutator relations for all a, f € A

[X(a), X(8)] = 0 if (alB) =0
[X(a),X(9)} = X(@+8) if(alf)=F1anda e

provides a finite-dimensional representation o of € via the assignment

on the Berman generators Xi,..., X, of €, where the I'(a;), 1 < i < n are the
anti-symmetric real matrices from (11) on page 923 induced by the generalized spin
representation of €. Define X%: A — End (h*) via

I
a— Xs(a) = —a(a])+ §1dh*-
For ae A™ let 7, := a(al-) €End (h*) and define X3: A—End (Sym*(h*)) via

1
a— Xs(a) = 7o ®Ta — (Ta ®idyg + idg ® 7o) + §idb* ® idgs.

Then X% and Xg fulfill the above equalities for all real roots «, B satisfying
(a|B) € {0,£1} and thus each provides a representation o of €.

The results for this note have been obtained during and shortly after the first
author’s MSc thesis project [11] in mathematics. It would be interesting to under-

stand how these representations decompose into irreducible components. We refer
to [9], [10] for some investigations in this direction using coordinates.

Paul Levy pointed out to us that both assignments X 3 and X 5 are of the form

X(a) = p(sq) — %id

where p(s,) denotes the natural reflection action of the fundamental generator s,
induced on h*, resp. Sym?(h*). For simple roots o, B forming a subdiagram of
type A, one obtains the equivalence

{X(a),X(B)} = X(axp) < p(saspsa)—p(sass)—p(sasa)+p(sa)+p(ss)—id = 0.
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Among the irreducible representations of Symg,, the trivial and the geometric
representations satisfy the above identity, whereas the sign representation does
not. One in fact arrives at a characterization of those representations p: W —
GL(V) of the Weyl group W of g that can be used for extending generalized
spin representations via the assignment X () := p(s,) — 3id: exactly those whose
restrictions to any standard subgroup Symg = (s,,sz) < W (where «, § are
adjacent simple roots of g) do not contain a sign representation as an irreducible
component will do.

Since neither of the given W-modules h* and Sym?(h*) contain a Syms-sign rep-
resentation, they both can be used for extending generalized spin representations.
The module Sym®(h*) on the other hand does contain a sign representation and

so the I-spin representations discussed in [9], [10] still remain elusive.

Moreover, note that a map X: A — End(V) as in the statement of the Theorem
naturally extends to the set of all those positive real roots that can be written as
iterated sums of simple roots such that each partial sum itself is a positive real
root. It is well-known that in the finite-dimensional situation this set equals the
set of all positive (real) roots; in the simply-laced affine case it can be shown that
this set also equals the set of all positive real roots (cf. [11]). To the best of our
knowledge the question what this set looks like in general is open.

Our note contains several redundancies. First, we reproduce the method to obtain

extensions of generalized spin representations of F;y and its application to 2 and

g-spin representations proposed by Kleinschmidt and Nicolai in order to 2mauke
their work [9], [10] accessible to a wider mathematical audience and to point out
that their approach actually works for any simply-laced Dynkin diagram. Second,
we propose and apply our own coordinate-free method. Third, we interpret our
findings in terms of Syms-representation theory based on Levy’s observations.
This organization of our note leads to various existence proofs of % and g—spin
representations and to a wealth of starting points for further investigation. We
refer to the Outlook & Comments section at the end of this note for a discussion

of some of these starting points.

Acknowledgements. The first author thanks the Albert Einstein Institute in
Golm for the hospitality in 2017. The second author gratefully acknowledges par-
tial support from DFG via the project KO4323/13. The second author also thanks
the Albert Einstein Institute in Golm for the hospitality in 2015 and in particular
Axel Kleinschmidt and Hermann Nicolai for various discussions concerning the
contents of [9]. The authors moreover thank Paul Levy for very valuable com-
ments on a preliminary version of this note and for pointing out the relationship
of their findings to the representation theory of Sym,. Finally, the authors thank
an anonymous referee for a wealth of very helpful comments and suggestions.

2. Generalized %-spin representations

Recall the notion of a Kac-Moody algebra from [8]. Let A be a symmetrizable
generalized Cartan matrix and (b, II,IIV) be a realization of A over R so that for
he ;= h®g C the triple (hc, I1, 1Y) is a realization of A over C. Let =: C — C be
complex conjugation and denote by wy the “-semilinear involution on the complex
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Kac-Moody algebra gc(A) determined by

Wo (61) = _fz , Wo (fz) = —€;, Wo (h) =—-hVh c b

Call wg the compact involution of gc(A) and €c(A) := Fix wy the mazimal compact
subalgebra of gc(A).

Let g(A) be the split real form of gc(A), i.e., the real Kac-Moody algebra obtained
as the fixed points of complex conjugation * acting naturally on the complex vector
space underlying gc(A). Let we and w denote the Chevalley involutions on these
Kac-Moody algebras. Then one has

gc(A) D Fix wy = Fix w @ iw_q,

where w_; denotes the —1 eigenspace of w on g(A). The fixed point subalgebra
t(A) = Fix w is called the mazimal compact subalgebra of g(A).

A Kac-Moody algebra g(A) is called simply laced if the off-diagonal entries of its
generalized Cartan matrix are only 0 or —1.

Theorem 2.1 (Berman).  Let g(A) be a simply laced real Kac-Moody algebra
and € its maximal compact subalgebra. Then € is isomorphic to the free Lie algebra
over R of generators Xy, ..., X, modulo the ideal generated by the relations

[XZ', [Xzan” = —Xj ’Lf aij = —1, (md [XZ,X]] = O Zf aij = O
via the isomorphism given by X; — e; — f;.
Proof.  See [1], also [2] and [7]. u

Definition 2.2. A representation p: € — End (C?) is called a generalized spin
representation if for the generators Xy,..., X,, of £ one has

1
p(Xi)Qz—ZidS Vi=1,...,n.

Proposition 2.3.  Let p: ¢ — End (C*) be a generalized spin representation
and denote by [A, B] := AB — BA the commutator and by {A, B} := AB + BA
the anti-commutator. Then for 1 <1 # j <n one has

0 (Xi),p(X;)]=0ifa; =0 < (i,j) donot forman edge of the Dynkin diagram
{p(Xi),p(X;)}=0ifa;; =—1 & (i,7) form an edge of the Dynkin diagram.

Proof. If (i,j) do not form an edge of the Dynkin diagram then a;; = 0 and
so [X;, X;] = 0 according to Theorem 2.1 which is carried over to End (C*), since
p is a homomorphism. If (4,j) form an edge, which is to say a;; = —1, then by
Theorem 2.1 one has [X;, [X;, X|]] = —X; and setting A = p(X;), B = p(Xj)
one computes in End (C?):
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[A,[A,B]]= —B < A’B— ABA — ABA + BA>

& —iB—QABA—%B:—B & —2ABA = —

-B

B |- A from the right

N | —

& %AB:—%BA & AB+ BA=0.

Note that multiplication with A preserves equivalence because A is invertible,
since A7! = —4A. (]

Corollary 2.4.  Given matrices Ay, ..., A, € C**5 with

(i) A? =—7id,,

(i) [Ai, Aj] =0, if (i,7) do not form an edge of the Dynkin diagram,

(iii) {A;, A;} =0, if (4,4) form an edge of the Dynkin diagram,

the extension of the map X; — A; defines a generalized spin representation p from
t on C°.

Proof. (i) is a necessary condition by the definition of spin representations.
Assertion (ii) ensures that the commutation relations between X;, X; are respected
by p if (4,j) do not form an edge, because in this case [X;, X;] = 0. Finally, (iii)

ensures that for a;; # 0 the relation [X;, [X;, X;]] = —X; for i # j is respected
by p since according to the proof of Proposition 2.3 the condition {A, B} =0 is
equivalent to [A, [4, B]] = —B as long as A? = B* = —1id,. m

The existence of generalized spin representations has been established in [7].

Theorem 2.5. For 1 <r <n let t<, ;== (Xy,...,X,) denote the subalgebra of
t that is generated by the first r generators. Furthermore, let p: t<, — End (C*)
be a generalized spin representation as in Definition 2.2.

If X, 41 centralizes t<,, that is to say X, 11 commutes with all generators Xy, ..., X,,
then there exists a generalized spin representation p': t<,.; — End(C®) with
p"EQ = p given by sending X,.1 to %z -idy.

If X,41 does not centralize <., then p can be extended to a generalized spin
representation p': t<,.1 — End (C* @ C®). For this define a sign automorphism
So - EST — ES’I‘ by

() X, if (4,7 + 1) do not form an edge of the Dynkin diagram,
S i) =
0 =X, if (i, + 1) form an edge of the Dynkin diagram,

and define the extension via
1. 0 i
oo, =p@posy and p (X)) = 5id, ® (l 0) .

Proof.  See [7, Theorem 3.9]. n
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Definition 2.6.  Given a graph G = (V, E) with vertices V' and edges E, a
subset M C V is called a coclique if the subgraph that is induced from G on M
does not contain any edges. A coclique M of G is called maximal if it is maximal
with respect to inclusion.

Corollary 2.7.  Given a simply laced Kac-Moody algebra g(A) of rank n and
a mazximal coclique of size 1, then there exists a generalized spin representation
p: €t — End(C?®), where s =2""" with compact image.

Proof.  See [7, Corollary 3.10 and Theorem 3.14]. n

3. Extending a generalized %—spin representation
— following Kleinschmidt and Nicolai

Throughout this section let g be a simply laced split real Kac-Moody algebra
with maximal compact subalgebra €. By Corollary 2.7 there exists a generalized
%—spin representation p: € — End(C'). In this section we make use of Clifford
algebras in order to define higher generalized spin representations as carried out
by Kleinschmidt and Nicolai [9] for Ej.

Let V®.S be the tensor product of two R-vector spaces V' with basis {el, ey e’“}
and S with basis {f1,...,fi}. Then {e'® f; | 1 <i <k, 1 <j<I} is a natural
R-basis of V ® S. Endow V with a nondegenerate symmetric bilinear form ¢,
and S with a positive definite bilinear form ¢o such that the basis {fi,..., fi} is
orthonormal, i.e.,

QZ(faafﬁ):(saB for 05,56{1,...,[}.

Let (Gab) I<ap<k denote the Gram matrix of ¢; with respect to the basis {el, cee ek} ,

i.e., the matrix whose components are given by
G =q (e*,¢") for a,be{l,... .k}

Define q := q1 ® g2 as the bilinear extension of ¢; and ¢ to V ® S so that on the
chosen basis {¢'® f; | 1<i<k, 1<j<I} one has for ,3 € {1,...,l}, and
a,be{l,... k}

q(€" ® far€”® f5) = @1 (e%,€") - @2 (fa, f5) = G™Sagp.
The bilinear form ¢ induces a quadratic form
Q:VeS—->R:w— qww).

One defines the Clifford algebra S = CI(V ® S, Q) as the quotient of the tensor
algebra T (V' ® S) modulo the ideal I generated by elements of the form

1
w®w—§Q(w)-1 , weV®s.

In S one therefore has w? = 1Q(w), which can be restated via polarization as

wu+ow = q(v,w). (1)
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On the level of the basis for o, 5 € {1,...,1}, a,b € {1,...,k} this reads as

(" ® fa) (" ® f3) + (" ® f5) (e* @ fo) = G™Sap,

which one may repackage in a compact notation by defining® for o € {1,...,1},
Ae{l,... k}
b = '@ fa (2)
thus yielding the identity for a, 8 € {1,...,l}, A, B {1,...,k}
{02, 65} = 000f + 6500 = G*P0us. (3)

Since {e' ® f; | 1 <i<k, 1 <j<I}isabasisof V®S, the set {gzﬁ;‘} 1< A<k,
1<a< l} is a generating set of the R-algebra §.

Lemma 3.1. For X,Y € R¥** and S, T € R™*! consider the following elements
of S:

k l k l
A B » (e
A= > XaSPolef.  Bi= ) > YepT¢Sey .
AB=1 a,f=1 C,D=1+,6=1

Under the hypothesis that for all o, f € {1,...,1l} and for all A,B € {1,...,k}
XS = —XpaSP* and YT = —Yp T (4)

the commutator of A and B is equal to

A4,B] = Sy ¢ (1Y )45 {8 T} +4X. Y} as [S,T17) 6 . (5)

AB=1 a,=1

where (anti-)commutators of X and Y, resp. S and T are taken with respect to
the bilinear forms as follows:

k
(X Yus = D (XacGPYpp — YacGP Xps) (6)
¢,p=1
k
(XY} s = Y (XucGPYpp + YacGP Xpp) , (7)
C, D=1
!
S, T]aﬁ _ Z (50”5757"56 _ TM&,(;S‘W) 7 (8)
~v,0=1
!
{57 T}aﬁ _ Z (SO"Y(SM;TJ’B—FTON&YgS&ﬁ)- (9)

7,6=1

1So far our use of calligraphic letters for indices has no additional meaning. When studying
coordinates of spin g—representations these calligraphic letters will convey an additional structure
that fits with the notation introduced here. We refer to Remark 6.3 for details.



922 LAUTENBACHER AND KOHL

Remark 3.2. (1) On the level of the tensor product matrices, hypothesis (4)
simply requires anti-symmetry: X7 @ ST = -X® S.
(2) The lemma can be found as [9, (4.17), p. 13 and footnote 10, p. 14].

Proof of Lemma 3.1. One computes
Y] {8, TYP 4 {X, ¥} 45 [, T = (XY )t — (VX)) ((ST)*+(T5)*)
+ (XY ) + (Y X)a8) ((ST)™ = (T5)*)
= (XY) 45 (ST)™ + (XY) 45 (T5)™ — (YX) 45 (ST)™ — (YX) 45 (T5)™
F(XY) 45 (ST —(XY) 5 (TS)* +(Y X) 5 (ST)* (Y X) 45 (T'S)*”
=2 (XY)AB (ST)aﬁ -2 (YX)AB (Ts)aﬁa (10)

where in analogy to the (anti-)commutators one abbreviates

k k
(XY) 45 = Z XacGPYps, (YX)u5= Z VeGP Xopg,
C.D=1 C.D=1

(ST)* = i S6.,sT%, (TS)™ = i 775,558
¥,6=1 7v,6=1
Several applications of equality (3) yield
(0265, 6505 ] = GudfdSos — 6505 ba s
= Gu$0505 + 005 05 — G050 0)
= Gu b3 8505 — 020505 05 + G03a05 6 — G050 05
= GLORAOF + G ISIRGE — P850 o5 + G007 8 — GP 4056 0f
= Gud0585 — 6L 50505 + GU0s0L 07 — GP00sedn s
+ G0,005 0 — GPH65a05 05
= G008 — GPEa3p020C + G400 6P 88 — GP40,00S 08
=GB, GAOP — GPBls s + G400 0P 8 — GPAdsa 05
Extending the above commutator linearly then yields

k l
[A, B} =3 Y NG VeSS, TGP — $2YepGPPX S T 5550C

A’B7C’ Q’,B,’Y,
D=1 =1

+¢F YepGEAX 45577 %T’%? - ¢$YCDGDAXABTV55MSQ5¢§

which can then be transformed by renaming indices and using symmetry of the
bilinear forms and anti-symmetry of the tensor product matrices (cf. (4)):

[A,E] qb XABG YCDSQB% Tﬁ/é YDCGCBXABSaﬂTM‘;vB) Qb?

P%
'_'Q
Q
QMN
Q

+\°£“

&5 (YerGAXapS* 00,17 = Ype G X asT"6,05°7) 05
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1=

l
D o2 (XusGPYep S5, T + X upGPYep 565, T) 65
s ouByy,
T P (- YDCGCAXABTM%SW - YDCGCAXABT‘S%SWSO‘B) o5

?r“UM?v &QMPY‘

1 BD=1 B,=1

l

> G (XY) 4p (ST)™ ¢F — 2 Z Z &5 (Y X)pg (TS)” 5
5:
l

2 0 | (XY ) 4 (ST)™ = (Y X) 4 (T5)"°| 67
AD=1 a,0=1

which in view of (10) completes the proof. u

Remark 3.3. In fact, we never used in the proof of Lemma 3.1 that the form
g2 was anisotropic. The computations hold in general for arbitrary non-degenerate
forms. The definiteness of ¢ only becomes relevant now, when using the preceding
lemma in order to construct various representations of €. The generalized spin
representation p: € — End(C®) from Corollary 2.7 provides anti-symmetric real
2s X 2s-matrices

I'(ai) == 2p (X) (11)
for all simple roots aq,...,a, of g. Taking these as the matrix S in Lemma 3.1
ko l=2s
A= 30 ) XasS*0l0f
AB=1 a,f=1

leaves one with the task of finding suitable symmetric matrices for X.

Note that, since we assumed ¢y to be anisotropic and conducted our computations
with respect to an orthonormal basis for that form, the formulae given in (8)
and (9) actually coincide with the standard definition of commutators and anti-
commutators of matrices. In particular, the results from Proposition 2.3 are
applicable.

Definition 3.4. Now let A denote the finite set of real roots
(1,7) form an edge of}

the Dynkin diagram (12)

)\::{ai|1§i§n}u{ai+aj€Are

Note that for «, 8 € X one has («|f5) € {£1,0}.

Proposition 3.5. A map X: A = R*** that takes values in the set of symmet-
ric matrices which satisfy for all o, B € A

X(a), X(8)] = O, if (al®) =0, (13)
(X(@).X(®)} = ;X0 F(af)=F mdatpe) (4)

(with respect to the commutator and anti-commutator convention from (6) and
(7)) together with the anti-symmetric real matrices I' (aq), ..., ' (o) from (11)
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turns the ansatz
Z Z Xas(ea)T () dri
AB=1 a,f=1

into a finite-dimensional representation o of t by defining o on the Berman
generators Xy,..., X, of € as 0 (X;) = J(;).

Remark 3.6. The observation that (13) and (14) are the key identities for
extending generalized spin representations has been made in [9, (4.23), p. 15; (5.1),
p. 18].

Proof of Proposition 3.5. By the homomorphism theorem it suffices to esta-
blish that the commutator [/J\(ai),j(aj)} satisfies the relations from Theorem 2.1.

By Lemma 3.1 one has

o) Tta)] = 35 32 41X (0. X (0] 1) T )}

AB=1 a,8=1

+ 30> et X (i), X ()} 45 [T () T ()] 0

AB=1 a,p=1

In case (i,7) is not an edge of the Dynkin diagram this yields
[J(0),3(a)] =0

as desired, because in this case one has [I' («;), I («;)] = 0 by Proposition 2.3 and,
furthermore, (o;|a;) =0, ie., [X (o), X (a;)] = 0 by hypothesis (13).

In case (7,7) is an edge of the Dynkin diagram one has {I' (¢;),I' (oj)} = 0 by
Proposition 2.3 and so

(X (00), X ()} = 3X (04 + )

by hypothesis (14). Thus,

T3] = 32 3 ¢;§.%X (0 + a5) s [T () T ()] 65
AB=1 ap=1

Applying the commutator with j\(ozi) again according to Lemma 3.1 yields

=23 S A (00, X (04 )] g {1 (e D () T )]} 05
AB=1 «a,f=1
b5 3 Y G (), X (o + )} I () D (o) T ()1 08



LAUTENBACHER AND KOHL 925

Since (oy|oy + ;) =1, by hypothesis (14) one has

1
X (i), X (@i +ay)} = 5 X ().
Moreover, [I' (), [l (o;),T (o)]] = =4 (a;j) because p(X;) = sT ( ;) is a gen-
eralized spin representation of € (cf. Proposition 2.3 and its proof). Furthermore,

{L (i), [T (i), T ()]} =T () T' (i) T (@) = T (i) T () T' (i)
+ I (i) I' () T' (i) = T () T' (i) T () = 0,

because I' () I' (o;) commutes with I' («;) (cf. Corollary 2.4). Altogether,

[F(aa), [3te. 3] = 5 >y 65X (05) 5 (AT ()" o

AB=1 «a,f=1

== 62X () 45 T ()" 05 = =T(avy),
A.B

again as desired in view of Theorem 2.1. One concludes that the assignment
o (Xi) == J(e)

defines a finite-dimensional representation of . [ |

4. Extending a generalized %—spin representation
— a coordinate-free approach

In this section we discuss a coordinate-free version of Proposition 3.5. We stress
that in this section we make use of the usual definition of (anti-)commutators: For
A, B e End(V) let [A,B] = AoB—BoA € End(V) and {A,B} = AocB+BoA €
End(V) denote the commutator and the anti-commutator respectively, where o
denotes composition of (linear) maps.

Recall the definition of the set A in Definition 3.4. Then the following holds:

Proposition 4.1. A map X: X\ — End (V) satisfying for all o, 5 € A

[X(a), X(B)] = 0 if (a]f) =0 (15)
{X(a), X(B)} = X(a£p) if(alf)=Flandatfel (16)

provides a finite-dimensional representation o of € via the assignment

on the Berman generators Xy, ..., X, of €, where the I'(o;), 1 < i < n are the
anti-symmetric real matrices from (11).

Remark 4.2. (1) Defining X: A — End (R) = R as the constant map X = 3
provides the generalized spin representation from [7], cf. Corollary 2.4. On the
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other hand, in the approach taken by Kleinschmidt and Nicolai described in
Proposition 3.5 one needs to define X: A — R as the constant map X = %
in order to obtain the generalized spin representation from [7]. This difference
in normalization stems from the differences in normalizations of the underlying
Clifford algebras when comparing [7, Example 3.2] with (1) on page 920. Similar
differences are visible in the formulae for the %—spin representations given in (18)

on page 928 and (19) on page 929 below.

(2) Contrary to Proposition 3.5, the above coordinate-free version does not require
the map X: A — End(V) to take images in the set of self-adjoint/symmetric
operators.

(3) Paul Levy pointed out to us the following. Let W be the Weyl group of g
and let p: W — GL(V) be a representation. The ansatz X(a) := p(s,) — 3id
leads to

p(sasp) + p(spsa) — p(sa) — plsg) + 5 id

= (ot = 30) (ntsn) = 510) + (pto0) = 314) (st - 510)

1. L.
= {(X(a), X(8)} = X(a+ B) = plsars) — 5 id = plsasssa) — 5 id
for each pair «, # forming an As-subdiagram. One concludes that

{X(a), X(B)} = X(a+p)

is in fact equivalent to

Plsas35a) — p(sas5) — plsasa) + p(sa) + plss) —id = 0. (17)

Similar computations imply that in fact any case covered by (16) using the ansatz
X(a) = p(sa) — 31d is equivalent to (17). Furthermore, one quickly computes
that [p(sa) —id, p(sg) —id] = 0 whenever («|f) = 0, because this is equivalent to
SaSs = $3So. We conclude that for the ansatz X (a) := p(s,) — id it suffices to
check (17) for each pair «, § forming an Aj-subdiagram.

Paul Levy also pointed out to us that the identity

Pl5a585) — pl5ass) — plsssa) + plsa) + plss) —id = 0

holds if and only if the given representation W > Syms = (s,, s5) — GL(V): w —
p(w) does not contain a sign representation as an irreducible component. Indeed,
among the irreducible representations of Sym; the trivial and the geometric rep-
resentations satisfy (17) whereas the sign representation does not.

Proof of Proposition 4.1. By the homomorphism theorem it suffices to establish
that the commutator [0 (X;), 0 (X;)] satisfies the relations from Theorem 2.1.
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In case (i,j) do not form an edge, one computes the following:

() X (i) @ T (a;) T (i)

because [X(a;), X (a;)] = 0 by hypothesis (15) and [I' (o), (a;)] = 0 by Pro-
position 2.3. In case (i,7) is an edge, Proposition 2.3 and hypothesis (16) yield
{T'(a;), ' ()} =0 and {X (), X ()} = X (a; + o) .

Hence

[0 (Xi), 0 (X;)] = X () )
= X (i) X () @ T () )
- X (o)X (a,) (az)
= {X (), X (o)} @ T () I' () = X () X () @ {T (i) , T ()}
=X (a;+ ;) T () I' ()
Moreover, since the matrices %F(al), s %F(an) provide a generalized spin repre-
sentation, by definition one has T'(a;)? = 4p (X;)* = —idg and by Proposition 2.3
the matrices I' (o;) and I' (o;) anti-commute. Therefore one has the following:
[0 (X3), [0 (Xi), 0 (X;)]]
= (X (a;) T () o (X (i + ;) T () I' (7))
— (X (i +a;) @I () T (a)) o (X () @ T (7))
= (X () X (i + a;)) @ ([ () ' (;) I' ()
— (X (i + o) X () @ (I' (i) ' () T' ()
= — (X (i) X (ai + o)) @ T (aj) = (X (s + o) X () @ T' (o)
= —{X (), X (ai+ o)} @' (q)) = =X (o) @ ' (aj) = =0 (X;). u

5. Towards g-spin representations

Let V := b*. If the generalized Cartan matrix A is invertible, then V =
spang{asi,...,a,}; otherwise V' is of higher dimension k := 2n — rk(A). In both
cases the invariant bilinear form on g induces a nondegenerate bilinear form (-|-)

on V. Let v', .., v¥ be a basis of V and define
G* = (v*,0").
That is, (G%)i<q, b<k is the Gram matrix of the bilinear form (-|-) on V with
respect to the basis vl .., v*. Moreover, define (Gap)1<ap<t = (G®)1<ap<i , i-e.,
k

> GGy = bn

b=1
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Note that the matrix (Gap)i<ap<i is symmetric as well since inversion and trans-
position of matrices commute.

Proposition 5.1.  Let a = Y.F  an' € V =b* be a real root®. Then the map

X:\A— Rka; a (X(a)ab)lga,bgk
1 1

defined via X(a)g = — 5% + ZGab (18)

yields a set of matrices that satisfy hypotheses (13) and (14) of Proposition 3.5.
In particular, this provides a finite-dimensional representation of € via o(X;) =
X (o) @T (ay).

Remark 5.2. Formula (18) is [9, (4.21), p. 15].

Proof of Proposition 5.1. It suffices to establish the hypotheses of Proposi-
tion 3.5. Note first that the matrices X (a) are symmetric by definition. For
a,f € XA with («|f) = 0 one computes

k
X(@ X0t 3 (~gaucn+ 16 & (=300 + 6o

b,c=1
b 1 1 1 1
be
-3 (—éﬂaﬁb +4 Gab) G (—aacad + Zch)

b,c=1

k
Z 1 1 1 X
- (Z aaabicﬁcﬁd 4 Baﬂbicacad ) GG + 3 /Baﬁbichd

b,c=1

16

1 1 1

=1 (a|B) Ba — 1 6a (a|B) aa — g Qaa + gﬁaﬂd — gﬂaﬂd + 3Qaq = 0.

1 1
- = Gabicﬁc@d + = Gabicacad + — G G"Gog — 16 Gabichd)

Moreover, for («|8) = F1 one computes

k
(XK@, XDy LY (~jous t 16 ) 6 (~5001+ G

b,c=1
+ E B + G are (2 +1G
aMb ab 2acad 4 cd

b,c=1
1

1 1 1 1
- Zaaﬁd (a|ﬁ) - gaaad - _ﬁaﬁd + _Gabichd + _ﬂaad (Oé|ﬂ)

——ﬁaﬁd OéaOéd-i- GabG “Gea

2We warn the reader that in this proposition the a; do not denote simple roots but instead
the real coefficients of an arbitrary real root o expanded with respect to some basis of h*. In
order to avoid ambiguity we will denote simple roots by a; whenever they appear in the context
of this proposition.
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_1 (—aaad — BaBa F (@afla + Bacra) + %Gad)

4
= % (—% (Oéa + ﬁa) (ad + Bd) + iGad) = %X(O{ + B)ad- | |

We conclude this section with the following coordinate-free version of Proposi-
tion 5.1.

Proposition 5.3.  For V = bh* let (-|-) denote the induced invariant bilinear
form on b*. Define X: A™ — End (h*) via

a— X(a) == —alal)+ %idh*. (19)

Then X satisfies (15) and (16) for all real roots o, f with («|B) € {0,4+1} and
thus provides a representation o of €.

Proof. First consider a, f € A™ such that («|8) = 0. Then one has

(@), X090 = (~a(al) + iy ) (=851 + i)

- (s + %idh*) (atal) + idr )

= a(alB) (B]) — %a (al ) - —ﬁ (5| ) + —@dh* — B(Bla) (al-)
+ B(ﬂ\ )+ @(a\ )—iz’dh* —0.

Moreover, for (a|8) = F1 one has the followmg.

(X(@). X030 = (~a(ab) + gid- ) (=551 + gy
+ (-5 61+ i (—a (@l + 5y )

= a(@l8) (81 — ya(al) — 5B (51 + —Zdb*
+8(Bla) (o) — 5B (81 — 5o (al) + iy

o (81 F B (@] — ar(al) ~ B (8] + gidy:
= — (£ (8]) £ (o) +a(al) + 8 (81)) + gidy:

—(aiﬁ)(aiﬂ-)—i—%idh*:X(aiﬁ). ]

Remark 5.4. Note that the canonical (non-reduced geometric) Weyl group
representation p: W — GL(b*) acts via p(s4)(z) = = — (a|z)a and so one
has X (a) = p(sa) — 3id. Therefore Remark 4.2 applies and the statement of
Proposition 5.3 in fact follows from the observation that p (restricted to any
standard subgroup Symy) does not contain the sign representation as an irreducible
component.
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6. Towards g-spin representations

Definition 6.1. Let (Ty3)a5 € R¥* and (U.q)eq € R¥!. Then (T(ab))ab € Rkxk

denotes the matrix with components

1 1
T(ab) = §Tab =+ §Tba-

Moreover, for 1 < a,b,c <k and 1 <d <[ define

1 1
Ta(bUc)d = ETabUCd + §TacUbd~

This notation is called the symmetrizer bracket.

Lemma 6.2.  As in Section 5 let v', ..., v* be a basis of b*, let (G®)ap be
the Gram matriz of the invariant form with respect to this basis, let (Gap)ap be its

inverse, let o = Zle v, B = Zle Bivt € b*, and let

k k
N DI
j=1 j=1
Then the following identities hold:
k
Z ozgahGg(CGd)h = Qg = Qe0g)
g,h=1
k
Z agahﬂ(gGh)(cﬁd) = (a|B) Of(cﬁd)

g;h=1
k

1 1
Z aWGryeanGIG" B, GryeBay = §a(aﬁb)a(cﬁd)+§(a|ﬁ) oGy (P

e7f7g7h:1

k
Z Ga GGG By GryBay = BaGry(Ba

e7f7g7h’:1

k
D GuGrGUG " Gy Gy = GGy

e7f7g7h:1
Proof. Observe first that
Za Gge = Z G, G ge = Z GG ' = Q.
g,i=1 g,i=1

and

Zagﬁg ZGW @By = ZalG% (a]B).

g,ai=1 g,a=1

(21)

(22)
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Equality (20) can then be established as follows:

N | —

k k
> %Gy Ga = 5 Y GTuGMay (GoGan + GgaGen)
Jj=1

g?hzl g’h’i’ j
1 k
) hi . hi
= 5 E GchglOéiGth ]ij + GdgGgZOéiGchG jOéj
g,h.t,j=1

=3 (g + agore) = ey = eig.

A similar computation yields equality (21):

k k
Z Oégahﬁ(gGh)(cﬁd) = 411 Z Oég@h <ﬁgthﬁd + ﬁhchBd + ﬁgGhdﬁc + ﬁhngﬁc)
g,h=1 g,h=1
= 1 (@lB)achs + (a]B)aubi + (al8) aub + (al ) agfi)
= 2 (alB) (acBa + 0uf) = (0l8) e

For equality (22) one computes the following:

k
16 ) awGheanGUG" b,Grycba

e, f,g,h=1
k
= Z (0o Grears + pGoetry + 0 Gyrae + apGopore) el
SHIM=L(B,GheBa + BrGaeBa + ByGhaBe + BnGaale)
k

= Z (aaébgah + p0an0? + agOpn?d + ozb5agozh)
GP=E (By,GhefBa + BrGaeBa + BeGraBe + BrnGoale)

= aafpacfa + (| ) aaGyeBa + aafBpfera + (] B) aaGrafe
+ (a]B) apGacBa + BawareBa + (] B) G aaBe + BacwBeara
+ (a]B) aaGreBa + aafprcBa + (] B) aaGraBe + tafBpBeaia
+ Bacwrefa + (| B) apGacfa + BacwBerq + (| B) G aafe
= 2 (aBpacBa + afBpBeca + BacwaeBa + Bacwfeorg)
+ 2 (| B) (aGrefa + aGrafc + GacBa + Gaale)

= 8a(af)t(cBa) + 8 (alB) Gy By
Equalities (23) and (24) can be shown in the same manner. n

Throughout this section let g be a simply laced split real Kac-Moody algebra with
maximal compact subalgebra €. By Corollary 2.7 there exists a generalized %—Spin
representation p: € — End(C!). In analogy to Sections 3 and 5 we make use of
Clifford algebras in order to define higher spin representations.
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Define V := Sym?(h*). Then, given a basis v', ..., v* of b*, the vector space V
admits the natural basis {% (v @v2 + 02 @0v") | 1 <ip <iy < k}. These basis
elements will be denoted as v'v? := 3 (v' @ v 4+ v ® v') where it is understood
that v'v7 and v/v" are identical. Given an orthonormal basis fi, ..., fs of S asin
Section 3 one arrives at a basis {v"v2® f; |1 <i; <is <k, 1<j<Il} of V®S.
In analogy to (2) define

ngb = v’ ® fo = v ® fo =: ngla (25)

The invariant symmetric bilinear form (-|-) on h* induces a natural symmetric
bilinear form on h* ®h* which, by symmetry, factors through a symmetric bilinear
form ¢ on V = Sym?*(h*). If (G%)1<ap<k as in Section 5 denotes the Gram matrix

of (-|-) with respect to the basis v!, ..., v*, the computation

@ (v’ vv?) = i @ (v @0+ 0" @ v 0 @ v+ 0! @0°)
1

=1 [Ch (va R v, ¢ ® vd) + ¢ (v“ v, vl ® vc)}

1
+ 1 (a1 (Ub ®v*v°® Ud) +q (Ub ® v, ® v°)]
(Gachd + GadGbc + Gchad + deGac>

(Gachb + GadGcb) — % (deGca + Gchda)

N — DN — | —

(Gcade + Gchad) _ Ga(CGd)b _ Gb(ch)a _ Gb(dGc)a _ Gc(aGb)d

shows that the various symmetrizer brackets for all a, b, ¢, d € {1, ..., k} all describe
the Gram matrix of ¢; with respect to the basis {v'v2 | 1 < i; < iy < k}. In
analogy to Section 3 define a symmetric bilinear form on the tensor product V ® .S
via

q( Zlba ¢2d) — Ga(CGd)b(Sag

Remark 6.3. The above equality between various symmetrizer brackets makes
it meaningful to define

1 1 1 1
A ab ba B._ cd dc
Po = 5% + 5% Pg = 5% + 5%

and
GAB — Ga(ch)b — Gc(aGb)d —- GBA

in order to make the formalism of Lemma 3.1 and Proposition 3.5 applicable also
in the situation of V' = Sym?(h*) by interpreting A and B as multi-indices whose
constituents vary independently between 1 and k. For instance, expanding the

commutator
k

(X V]5= Y (XucGPYpp— VeGP Xpp)
D=1
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from (6) into the current setting with

A corresponding to a, b, B corresponding to ¢, d,
C corresponding to e, f, D corresponding to g, h
then yields
k
(X, Y] e = Z (Xaber GOGM!Y gt — Yapey GG X gy ca)
e,f,g,h=1

where the symmetrizer bracket can be dropped because of the symmetry properties
of X and Y.

Proposition 6.4. Let a = Zle vt € b* be a real root. Then the matrices
given by

1 1
§OéaOébOécOéd - a(aGb)(cad) + ZGa(ch)b (26)

satisfy for all o, 8 € A™ such that (a|B) =0

[X(a), X(B)lapea =

Z Dabef GG X (B) ghcd + X (B)apes GG X () ghea) = 0

g,h=1

X(a)abcd =

and for all o, € A™ such that («|f) =
{X(), X(B)}apea =

k
1
= > (X(@abes GG X (B)gnca + X (B)abes GG X () ghea) = S X(a=£h).
e,f,g,h=1

In particular, the assigment X; — X (o) defines a finite-dimensional representa-
tion of €.

Remark 6.5. Formula (26) is [9, (5.4), p. 18].

Proof of Proposition 6.4. It suffices to establish the hypotheses of Proposition
3.5. By definition, X («) is symmetric Define

abcd Z X abefGenghX(ﬁ)ghcd
e, f,g,h=1
and calculate the following; for the sake of the exposition in the next calculation
we use Einstein’s summation convention, i.e., equal indices are summed over if one
is upper and one is lower.

1 1
Sabed = <§aaaba@af - a(aGb)(eaf) + ZGa(er)b) GG

1 1
<§5gﬂh5c5d — BeGhy(cBay + ZGg(ch)h)
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1 1
= Zaaabagahﬂgﬁhﬁcﬂd - §aaabagah6(gGh)(c6d) + gaaabagahGQ(ch)h

1 e e
—§Oé(aGb)(eOéf)5 B BeBa + a@Gryeap GG B GryeBay

1 1
_Za(aGb)(eaf)GenghGg(ch)h + gGa(er)bﬁeﬁfﬁcﬁd

1 1
—;LGa(er)bGeng "BgGry(Bay + EGa(er)bGeng "Gy eGan

1

1 1
= 7 (] B)? BB — 5 (o] B) atgopev(cBay + 5

1

1 1
—3 (a]B) v(aBr)BeBa + §Oé(a5b)0é(c5d) t3 (a]B) @Gy (eBay
1 1 1 1
—L—Loé(aGb)(cOéd) + gﬂaﬁbﬂcﬁd - Zﬁ(aGb)(cﬁd) + 1_6Ga(ch)b-
Next one computes the commutator Cupeq = [X(v), X(B)],.q in the case of
(a|5) =0 to be equal to

k

C’abcal - Z (X(a)abefGenghX(ﬁ)gh cd — X(ﬂ)abefGenghX(O‘)gh cd)
e, f,g,h=1

1 1
= 3%a0ctq + §Oé(a5b)04(cﬁd) — Z@(aGb)(cad)

1 1 1
+§Ba/ﬁbﬁcﬂd - ZB(aGb)(cﬁd) + 1_6Ga(ch)b - (CY s ﬂ)
1

1 1
= 000t + §Oé(aﬁb)04(cﬁd) - Zloé(aGb)(cOéd)

1 1 1
+§5aﬁbﬁcﬁd - Zﬁ(aGb)(cﬁd) + TﬁGa(ch)b

1 1 1
—gﬁaﬁbﬁcﬁd - §B(aab)ﬁ(cad) + Zﬁ(aGb)(cﬁd)
1

1
_gaaabacad + Za(aGb)(cad) - 1_6Ga(ch)b =0,

since a(eByya(cfay = Bacw)Bera). Here the symbol (« <+ 3) denotes a repetition
of all previous terms with the roles of o and 8 interchanged. In a similar fashion
one calculates the anti-commutator

k
Aabcd = Z (X(a>abefGenghX(5)ghcd + X(B)abefGenghX(a)ghcd)

67f7g7h:1

for (a|8) = £1 to be

1 1
Aabcd = Zaaabﬁcﬁd + Eaaaba(cﬁd) + gaaabacad

1 1 1
T §a(a5b)ﬁcﬁd + §Oé(aﬁb)04(cﬁd) + §Q(aGb)(cﬁd)
1 1 1 1
- = aG c SMa c - = aG c _Ga CG
1 %Gyt + 85 BoBeBa 45( b)(cBa) + 16 CacCap

= LBbeas F SBubiBion + BB
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1 1
BlaCtp)ettq + §B(aab)ﬂ(cad) + Eﬁ(aGb)(cad)

+H
e Bl SR

1 1 1
BaGryeBa) + gaaabacad — Za(aGb)(cad) + 1_6Ga(ch)b

1

1 1 1
=Z%%%%?§mﬂwu%$§ﬁwwwm+z%%&&

1 1 1 1
+ Zﬁaﬁbacad + Oé(aﬁb)oé(cﬁd) + iﬁaﬁbﬁ(c@d) + ia(aﬁb)ﬁcﬁd + Zﬁaﬁbﬁcﬁd

1 1 1 1 1
— §a(aGb)(cad) + §Oé(aGb)(cﬁd) + 55(aGb)(cOéd) — 55(aGb)(cﬂd) + gGa(ch)b

1
4

1
+ﬂ%%&&+&&%%+%&%&+&%%&+m&&%+&%&%)

F 5 (Bubobecva-+ BubucceBa+ BucBeba + aloBeBa) + 3Bl

1 1
—3 ((0Gry(eta) F @GoyeBay F BaGoycta) + BaGryBay) + gGa(ch)b

= 1@ F A0 F A F A)ula F B — 5(0 F )Gl F B + SGatGay

1
= PO F o (e + cqoupBetig + a o + BaipOicrq)

1
- §X(Oé + 6)abcd'

This proves the claim. [ ]

Again, we conclude this section with a coordinate-free version of Proposition 6.4.

Proposition 6.6.  For V = bh* let (-|-) denote the induced invariant bilinear
form on b*. Moreover, for a € A™ let 7, := «a(a|-) € End(h*). Define
X: A™ — End (Sym*(h*)) via

1
ar X(a) = Tq @M — (T ® idy + idy @ mo) + éidh* ®idy-.  (27)

Then X satisfies (15) and (16) for all real roots a, f with («|f) € {0,4£1} and
thus provides a representation o of € by sending

X0 (X)) = X () @ T (e).

Proof. Observe

o, if («|B) =0,
T ka8, i (alf) = £1,

and abbreviate ,mg := o (f]-) and 1 = idy«. One computes for («|f) =0 that
1
(X (), X(B)] = TaTp @ TaTg — TaTg @ Mo — Mo @ TaTs + 57 ® o

1
—7Ta7Tﬁ®7Tﬁ+7Ta7Tg®1+7Ta®ﬂ'g—§7Ta®1
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1
—Wﬁ®wawﬁ+ﬂﬂ®wa+1®ﬂa7r5—§-1®7Ta

1 1 1
+§7r5®7r5—5(7r5®1+1®7r5)+1—l-1®1—(a<—>5)

1 1
:§7ra®7ra+7ra®7r5—§7ra®1+7r5®7ra

1 1 1 1
—5~1®7ra+§7r5®7r5—5(7r5®1+1®7rﬂ)+1-1®1—(o¢<—>ﬁ):0

because the first part is symmetric in a and 3. (Here the symbol (« <> §) again
denotes a repetition of all previous terms with the roles of « and [ interchanged.)
Before evaluating the anti-commutator consider for («|f8) = F1

Taxp = (@ B) (£ B|-) = To L ap L T + Tp = To — TaTg — TaTe + T3
and, thus,
Tt @ Taxpg = (Ta £ aTpE Mo+ 7T8) ® (T £ o7 £ 7o + Tp)
= (Mo — TaTg — MM + T3) ® (Mo — TaTg — TaTe + T3)
= Mo ® Ty — Ty @ MaTg — My & Ty + Mo ® T
T & Mo + TaTp & TaTp + TaTg & T — TaTp @ g

—TETa @ My + TTa Q ToTg + TgTa Q TTa — TaTa & Tg
+7T3 Q@ Ty — T @ Mg — T3 @ M + T @ Ta. (28)

For the anti-commutator one computes

1
{X(), X (B)} = TaTp @ TaTg — TaTp @ Mo — Mo @ TaTg + 57a ® Ty

1
— MaTg @ Mg + Mg ® 1 + 7y ®7r[3—§7ra® 1

1
—7rg®7ra7rg+7rg®7ra+1®7ra7r5—5-1@7@

1 1 1
+§7T,3®7T5—§(7T5®1+1®7T/3)+Z-1®1—|—(0z<—>5)

= ToTg Q Mg — Mg @ Mo — Mo @ MaTg — ToTg @ T3 (29)
1 1
+7ra®7r5—7T5®7Ta7r5+7r5®7ra+§7r5®7rg+§7ra®7ra (30)
+ Mo @ Mo — MTo @ Tg — Mg @ Mo — METa & Mo (31)
1 1
+7r5®7ra—Wa®ﬂgﬂa+ﬂa®ﬂg+§ﬂa®ﬂa+§7T5®7T5 (32)
1 1 1 1
—|—7Ta7'('5®1—§ﬂ'a®1+1®ﬂ'a71'5—5-1®7Ta—§7rﬁ®1—§1®7T5 (33)
1 1 1 1
+7r57ra®1—§7T5®1—|—1®7r57ra—§1®7r5—§7ra®1—§-1®7ra (34)

+2 1®1
1 .
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The lines (29)—(32) equal the term

Mo ® To — Mq @ Mg — My @ MTe + T ® Tg
—TETa @ My — TgTa Q Tg + Mg Q@ TaTa + Mg Q To
=TT Q Mo + TaTg Q@ MaTg — Mg & g + To & T3
Mg QT — TR MMy — Tg Q MoTg + Tg X My

which is almost identical to the expression for 7,43 ® 7415 derived in formula (28)
if it were not for the underlined terms. Nevertheless, for A € h* one evaluates

(TaTp @ TaTa + MpTa © Tas) (h,h) = (Fa(Blh)) @ (F5 (alh))
+(F8 (alh)) @ (Fa (8]h))
= (afh) (Blh) - (a® B+ @ a)

whereas

(Mo @ g + M3 @ 7,) (hyh) = a(alh)® (Blh) B
+(Blh) B @ a(alh)
= (alh) (Blh) - (a® f+F®a)
= (MaTg ® MMy + TaTe @ Tama) (h, h)

for arbitrary h € h*. Thus, using the diagonalizability of real symmetric tensors
of degree two, the first four lines of the anti-commutator are equal to m,13® Ta13.
The lines (33)—(34) are evaluated to be

1 1 1 1
+7ra7r/3®1—§7ra®1+1®7ra7rﬁ—5-1®7Ta—§7r5®1—§1®7r5

1 1 1 1
+7T57Ta®1—§7T5®1+1®7T57TQ—§1®7T5—§7Ta®1—§‘1®ﬂ'a

1 1 1 1
= 7Ta7Tg—§7Ta—§7T5+7T57Ta—§7T —5Ma ®1

2 2 2
= — (Tq — TaTg — TpTa + T3) @ 1

1 1 1 1
+1@ | Tams — oa ™ 578 + Mo — 57 — 5Ta
-1® (7]-0( — Mg — Mgy + 7TB)
= —Totp & 1-1® Tats-
So one finds that for («|8) = F1 one has
2
{X(), X(B)} = Totp @ Matp — Marp ®1 = 1@ Masp + 7 - 1®1

1
= Waiﬁ(g)ﬁaiﬁ—Waig®1—1®7rai5+§.1@1
= X(a£p)

as desired. ]
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Remark 6.7.  Again note that the canonical Weyl group representation p: W —
GL(Sym®(h*)) yields X () = p(sq) — 2id. Therefore Remark 4.2 applies and the
statement of Proposition 6.6 in fact follows from the observation that p (restricted
to any standard subgroup Symj) does not contain the sign representation as an
irreducible component.

7. Outlook and comments

We stress that the representations we construct here very likely are not irreducible
so that instead of calling the whole module a %-spin representation (n € {3,5})
one should actually rather reserve this name for one (or several) appropriately
chosen submodules. Also note that the amalgamation methods from [6, Section 11]
allow one to integrate the constructed Lie algebra representations to group level
and that the resulting group representations are afforded by the so-called spin
cover of the maximal compact subgroup of the ambient Kac-Moody group, but
not by the maximal compact subgroup itself.

We arrive at the first open problem for further research:

Problem 7.1.  Classify the submodules of the two representations constructed
in the Theorem.

We firmly believe higher % -spin representations (n > 7) to exist. A machine-based
construction of a %—spin representation can be found in [9]. There are at least two
viable strategies for the systematic construction of higher spin representations.
The first one is to emulate the Clebsch—Gordan formula once Problem 7.1 is solved:
study tensor products (and their submodule structure) of an odd number of copies
of the existing %—, %—, g—spin representations. The second strategy is to make use
of the observation by Paul Levy alluded to in the introduction of this note and
discussed in more detail in Remark 4.2; that is, develop a systematic representation
theory for simply-laced Coxeter groups (notably of the submodules of Sym"™(h*)),
identify those that do not contain the sign representation, and as discussed in
Remark 4.2 make use of the ansatz X(a) := p(sa) — 3id. We point out that
indeed the third symmetric power of the natural reflection representation of the
Coxeter group Sym, does contain a sign representation and, thus, one will have
to pass to a properly chosen submodule of Sym?(h*) in order to have any chance

of constructing a %—Spin representation for € using Levy’s observation.

Altogether, one may formulate the following problem:

Problem 7.2.  Approach higher #-spin representations (n > 7)
e by studying the submodules of tensor products of an odd number of copies of

the existing %—, %-, g—spin representations (i.e., by emulating the Clebsch—
Gordan formula),

e by exhibiting sign representation-free submodules of the Coxeter group-
module Sym"(h*) and making use of the ansatz X (a) 1= p(sa) — 3id (i.e.,
by a systematic use of Levy’s observation).
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Furthermore, compare the results of the two approaches in order to check whether
one may classify the representations resulting from the ansatz X () := p(s,) — id
and whether a Clebsch—Gordan-type formula might hold in this context.

We currently do not have any intuition concerning the possible existence of finite-
dimensional representations of £ that do not come from the ansatz X(«a) :=

p(sa) — 31d.

The non-simply laced situation is likely to be very wild. Already the %-spin
representations afford many interdependencies stemming from various covering and
folding techniques of diagrams, allowing some fixed £ to act on %—Spin modules
corresponding to various diagrams. (See [6, Section 17| for the corresponding
phenomenon on group level.) Moreover, in the non-simply laced case the spin cover
need not be universal, as can already be seen in the finite-dimensional situation
for the diagram C,, since m1(U(n)) = Z, which potentially complicates things even
further as the natural dichotomy “integrates to SO(3)” vs. “integrates to Spin(3)

only” of soz(R)-modules is likely to give way to something much more involved.
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