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Abstract.  An automatic conformal invariance result is proved for systems of second-order
differential operators on generalized flag manifolds. The result states that a purely algebraic
datum (analogous to the symbol of a differential operator) that has the correct shape to have
arisen from a conformally invariant system of second-order operators on a homogeneous line
bundle does, in fact, arise from such a system on a suitable bundle.
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1. Introduction

Let G be a connected real semisimple Lie group, ) a parabolic subgroup, and
€ — G/@Q a homogeneous vector bundle. The Lie algebra g acts on I'(€). If
X € g then we write II¢(X): I'(§) — I'(€) for the corresponding first-order
differential operator. A system Dj,...,D,, of differential operators on I'(€) is
conformally invariant if for all X € g we have

[HE (X), Dj] = Z Cij(X)Dz’

where the C;;(X) are smooth functions on G/@). The solution space of a confor-
mally invariant system is a U(g)-module via IIg. For this reason, as well as others
connected with the study of the geometry and analysis of the space G/@, it is in-
teresting to find conformally invariant systems and to investigate their properties.
We note, as the referee has pointed out, that the term “conformally invariant” is
sometimes used in the literature to refer only to specific instances of the above
setting that are more closely connected with conformal geometry.

Let ¢ = [ & n be a Levi decomposition of q and E be the representation of
q that corresponds to €. Assume that FE is irreducible. A leading subspace
U C U(g) Quq) E* is an irreducible [-submodule such that nU = {0}. The
theory of conformally invariant systems reveals that the equivalence classes of
irreducible conformally invariant systems on & are in one-to-one correspondence
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with the leading subspaces. Each leading subspace has a degree, which corresponds
to the order of the differential operators comprising the associated system. One
always has the trivial leading subspace C ® E* of degree zero; the corresponding
conformally invariant system consists of the identity operator on I'(£). Leading
subspaces of positive degree correspond to non-trivial conformally invariant sys-
tems on €. (Barchini, Zierau, and the author [2] have developed the theory of
conformally invariant systems in greater generality than is required for the claims
of the present paragraph. The specific claims made here may be found elsewhere in
the literature, beginning with the pioneering work of Kostant [5] for a system con-
sisting of a single operator, but [2] may still prove a convenient reference because
the definitions and notation used there are compatible with those used here.)

Since the algebra [ has a non-zero abelianization, the [-module £ may be em-
bedded into a continuous family of twists. We denote these twists generically
by E*, where s parametrizes the space X(I) of characters of [. All the mod-
ules U(g) ®ny(q) (£°)* are realized on the same space and a subspace that is an
[-submodule for one s is so for all s. Thus if U C U(g) ®y() £* is an irreducible
[-submodule then we may regard U instead as a submodule of U(g) @y (E£°)*.
We denote U regarded in this way by U®. It now makes sense to ask whether
there is some s such that U? is a leading subspace.

If U C U(g) ®u £ is an irreducible [-submodule of degree one then there is
always a value of s such that U® is a leading subspace. Indeed, the collection of
such s is a codimension-one affine subspace of X([). This type of statement
is what the author calls an automatic conformal invariance result. The fact
that this result holds for degree-one systems has been proved several times in
the literature from several different perspectives, sometimes in a disguised form.
Xiao’s work [12] is a recent entry-point to the literature on degree-one leading
subspaces and the associated systems of operators. In addition to establishing
the automatic conformal invariance result, Xiao describes how to construct the
degree-one subspaces U to which the result may be applied. The work of Johnson,
Korényi, and Reimann [3] is a significant earlier contribution that is not cited by
Xiao. The works of Orsted [10] and of Slovdk and Soucek [11] both contain proofs
of the automatic conformal invariance result for first-order systems. There are, in
addition, a number of earlier works that establish the result in special situations.
The method of the present work could be used to give a short, self-contained proof
of the automatic conformal invariance result for first-order systems. However, this
is not done on account of the number of proofs already available in the literature.

The main result of the present work is roughly that if € is a line bundle and
U C U(g) ®u(q) £* is an irreducible [-submodule of degree two then there is
some s such that U?® is a leading subspace. That is, degree-two subspaces are
automatically associated to conformally invariant systems in this setting. A precise
statement of the result requires some more care and is given in Theorems 4.1 and
4.3. First, we must exclude certain trivial counterexamples from the statement.
This is done implicitly below by giving a parameterization of the degree-two
subspaces that are not counterexamples and stating the results in terms of this
parameterization. Secondly, the suitable degree-two subspaces come in two kinds.
For those of the first kind, the set of s such that U® is a leading subspace is once
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again a codimension-one affine subspace of X([), which is precisely identified in
Theorem 4.1. For those of the second kind, the set of s such that U® is a leading
subspace is a codimension-two affine subspace of X([). Note that subspaces of
the second kind only occur when the dimension of X(I) is at least two, so the
set of suitable s is still guaranteed to be non-empty. In addition, a subspace of
the second kind sometimes fits into a parametric family of such subspaces, which
introduces a second parameter into the statement. We identify when this happens
in Lemma 4.2.

The results described in the previous paragraph simplify the proofs of a number of
earlier results and also guarantee the existence of many new conformally invariant
systems of second-order operators. The explicit study of second-order confor-
mally invariant systems on homogeneous line bundles has typically proceeded by
constructing a candidate degree-two subspace U and then verifying by explicit
computation that U?® is a leading subspace for suitable s. In light of the present
results, the success of the second step was, in fact, inevitable in each of these cases.
Among other results, Barchini, Zierau, and the author [1] constructed second-order
conformally invariant systems on G/Q, with @) the Heisenberg parabolic, by this
method. This work was extended to () a quasi-Heisenberg maximal parabolic by
Kubo [6, 8, 9] using the same method. The author [4] constructed second-order
conformally invariant systems on G/@, with @ the intersection of two maximal
parabolics of abelian type, by a hybrid method that was a step towards the general
results proved here.

It would be very interesting to have a uniform explicit description of all degree-two
subspaces for a general parabolic in a semisimple group in the scalar case, perhaps
along the lines of the description of all degree-one subspaces given by Xiao [12].
This would bring the existence theory for second-order systems on line bundles to
a comparable degree of completeness with that of the existence theory for first-
order systems on vector bundles. One possible complication for this goal is that all
degree-one subspaces are standard (meaning that the associated homomorphism of
generalized Verma modules is a standard homomorphism), whereas the results of
Kubo [7] reveal that this is not the case for all degree-two subspaces. No automatic
conformal invariance result is possible for general degree-three subspaces; Barchini,
Zierau, and the author [2, Theorem 21] have given examples of degree-three
subspaces in the scalar case no twist of which is a leading subspace. It does not
appear to be known whether there could be an automatic conformal invariance
result for degree-two subspaces in the non-scalar case (corresponding to second-
order systems on vector bundles). It seems unlikely that such a result could be
true, but examples are needed.

2. Background on graded Lie algebras

One purpose of this section is to assemble the notation and facts about simple
Z-graded Lie algebras that we shall require below. However, we shall prove more
than we strictly require. For the applications in this paper, we need only the j =1
cases of Proposition 2.1, Corollary 2.2, Part (4) of Proposition 2.3, and Proposition
2.5. With the possible exception of Part (4) of Proposition 2.3, these special cases
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have simpler proofs and are also commonplaces, but the more general results seem
to the author to be interesting and worth recording.

Let F' be an algebraically closed field of characteristic zero, g a simple Lie algebra
over F', and t C g a Cartan subalgebra. Let R = R(g,t) be the root system of g
with respect to t and

to={H et|a(H)ecQforal o € R}
and
to={ et | \N(H)eQforall H € tg}

the associated Q-forms of t and t*, respectively. Equip t with a positive-definite
bilinear form (-, -) that is invariant under the Weyl group W(R) of R and is
normalized so that the square-length of the long roots is 2. This choice establishes
an isomorphism between tg to t; under which H <> A when a(H) = (o, \)
for all « € R. When this is so, we say that H corresponds to A\ and vice
versa. In particular, we shall regard the coroot system as a subset of t via
this correspondence. This done, the coroot of o € R is & = 2a/||]|?.

Let A C 5 denote the weight lattice of R. Let R* C R be a positive system and
R? the corresponding set of simple roots. For each a € R® let w, € A be the
associated fundamental weight. These weights are characterized by the condition
that (wa, f) = dop for all o, 8 € R® and they make up a basis for A. For g € R*
let Zs € tgp be the element that corresponds to 2wws/||3||*. These elements satisfy
a(Zg) = 0qp for all a, f € R*. Let S C R® and define

Hy =) Za,

a€eS
if S
so that B(Hy) = {(1) 1fg i R’s \ S, (1)

The map ad(Hp): g — g is semisimple and has integral eigenvalues. Let g(j) be
the j-eigenspace of ad(Hy) for j € Z and let r € N be the largest value for which

g(r) # {0}. Then

r

o= P ai) (2)
j=-r
is a Z-grading of g. The subspace g(0) is a reductive subalgebra of g and we have
a decomposition

8(0) = 3(g(0)) © 8(0)™,

where g(0)** = [g(0),g(0)] is the semisimple part of g(0). The ideal g(0)** of
g(0) decomposes as the direct sum of simple ideals. These simple ideals are in
one-to-one correspondence with the connected components of the graph obtained
from the Dynkin diagram of g by deleting the nodes corresponding to the elements
of S and the edges incident on them. We call this graph the S-deleted Dynkin
diagram of g. For v € R let H, € tg be the element that corresponds to 4. The
set {H, | a € R*\ S} is a basis for tM g(0)*® and the set {Z, | & € S} is a basis
for 3(g(0)). For a € S, the fundamental weight w, vanishes on tN g(0)** and
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so extends to a character of g(0). We denote this extension by the same symbol.
The set {w, | @ € S} is a basis for the space of characters of g(0). If s € F?
then we let w® be the character of g(0) that is defined by

2 =3 su. ®

aesS

We shall frequently have to consider finite-dimensional g(0)-modules, so we make
a few remarks about them. Let V' be such a g(0)-module. If V' is irreducible
then 3(g(0)) acts on V' via a character and V' remains irreducible when regarded
as a g(0)**-module. In general, the module V' need not be completely reducible;
it will be so if and only if the action of 3(g(0)) on V is semisimple. All the g(0)-
modules we shall encounter will be of this type. Note that submodules, direct
sums, contragredients, and tensor products of completely reducible g(0)-modules
are also completely reducible.

Suppose now that V' is a finite-dimensional irreducible g(0)-module. Then V' has
a one-dimensional highest weight space V as g(0)**-module. The algebra t acts
on V., via some functional Ay : t — F and we call Ay the extended highest weight
of V. It restricts to the usual highest weight of V' as a g(0)**-module on tNg(0)**
and to the central character of V on 3(g(0)). In particular, Ay, determines V' up to
isomorphism. It is worth noting that the central character wy of V is the element
wy of the space of characters of g(0) that satisfies (wy,ws) = (Av,@,) for all
a € S. Now let V be any finite-dimensional completely reducible g(0)-module.
Then V' decomposes as the direct sum of various simultaneous eigenspaces for
t. In keeping with the above terminology, we call these eigenspaces the extended
weight spaces of V and the functionals by which t acts on them the extended
weights of V. If V is any g(0)-module and s € F¥ then we let V* = @w* ®@ V be
the g(0)-module obtained by twisting V' by w®. If V is completely reducible then
the extended weights of V* are obtained by adding w® to the extended weights of
V. In particular, \ys = Ay + @® and wys = wy + @®.

Let j € Z with 1 < |j| <r and define

R(j) ={y € R | ~(Ho) = j}.

For v € R let g, denote the y-root space of g. The subspace g(j) of g is a
¢(0)-module and we have
g(]) = @ g’Yﬂ

YER(j)

from which it follows that g(j) is completely reducible. The set R is partially
ordered by the relation £; < 3y if and only if (51, @,) < (62, w,) for all a € R®.
If 51,82 € R(j) and p; < [ then there is a list vq,...,v, of simple roots such
that 1+ +---+y € Rfor 0<I<kand By =01+ + -+ 7. Since both
p1 and [ lie in R(j) we must have v, € R*\ S for all 1 <[ < k. It follows that
the g(0)**-lowest weight spaces in g(j) are precisely the weight spaces g, with
~ a minimal element of R(j). Similarly, the g(0)**-highest weight spaces in g(j)
are precisely the weight spaces g, with v a maximal element of R(j). Thus the
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irreducible g(0)-submodules of g(j) may be expressed as

0. 8.0 = P o

YER(j), v>B

with 8 € R(j)min O as

Wi 8)= @ o

YER(F), v<B

with 8 € R(J)max- In these two displays the standard interval notation associated
with a partially ordered set is being used. The g(0)-module g(—j) is isomorphic to
the contragredient of g(j), since the Killing form of g restricts to a non-degenerate
g(0)-invariant pairing between g(—7j) and g(j). More precisely, if 8 € R(j)min
then we have

g(]v [ﬁa OO))* = g(_j7 (_007 _B])

via the pairing induced by the Killing form of g. Similarly, if 5 € R(j)max then
we have

9(J, (=00, 81)" = (=, [, 00))

in the same way. The g(0)-module g(7) is extended-weight-multiplicity-free, since
the extended weight spaces are precisely the root spaces and the root and extended
weight coincide. In particular, g(7) is multiplicity-free as a g(0)-module. It follows
from this and Schur’s Lemma that

Endg(o) (9(4)) = ™

where n; is the cardinality of R(j)min, which coincides with the cardinality of
R(j)max and also with the number of irreducible constituents of g(j).

Proposition 2.1. Let j € Z with 1 < |j| < r. Then the map 3(g(0)) —
Endgo)(9(j)) given by Z +— ad(Z)‘g(j) is surjective. In particular, the number of

irreducible constituents of the g(0)-module g(j) is
n; = |5 = dim{Z € 3(g(0)) | [Z, X] = 0 for all X € g(j)}-

Proof.  Let t be the subalgebra of g generated by g(—75), g(0), and g(j). Then
t C v and the set of roots 7 such that g, C vt is closed under negation. It follows
that v is reductive in g and, in particular, reductive. We have the decomposition
vt = 3(t) ®v*, and 3(v) C t since t is self-centralizing. Given this, the fact that
t C g(0) C v implies that 3(t) C 3(g(0)). In order that Z € 3(g(0)) should lie in
3(v) it is necessary and sufficient that [Z, X] = 0 for all X € g(j). The necessity
follows from the definition and the sufficiency from the duality between g(j) and
g(—7) that was observed above. We conclude that

3(t) = {Z €3(0(0)) | [Z, X] = 0 for all X €g(j)}. (4)

Observe that t N t*® is a Cartan subalgebra of v**. The orthogonal projection
t — tNt* with respect to the Killing form induces an inclusion of (tNt**)* into
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t* and identifies the root system R(v**,tNt*) with a subsystem of R(g,t). In
particular, the positive system R*(g,t) that has already been chosen induces a
positive system RT(t** t N t**). We wish to determine the corresponding simple
system R°(v**,tNt*). Suppose that v € R*(x**,tN1*"). Then 3* = g, must be
contained either in g(0) or in g(|j|). The reason is that for all other root spaces g,
that appear in v**, the root 7 is either visibly negative or visibly a non-trivial sum
of positive roots. The root system R(g(0)**,tNg(0)*) is contained in R(t*, tNt"*)
and it follows that the set of simple roots v € R*(v**, t N t**) such that g, C g(0)
is precisely R*\ S. Now suppose that v € R*(v*, tNt*) is such that g, C g(|j|).
Then g, is necessarily a g(0)**-lowest weight space for g(|j|), for otherwise ~
could be expressed as the sum of an element of R™(g(0)**,tN g(0)**) and some
other root whose root space lies in g(|j|), contradicting the assumed simplicity of
v. Conversely, if v is a g(0)*-lowest weight for g(|j|) then v € R*(x**,t N t*%),
because no such non-trivial decomposition of v is possible. Let {y1,...,7,,} be
the set of roots that are g(0)**-lowest weights in g(|j|). The argument we have
just given shows that

RE(e™, tne™) = (RE\ S)U {71, ..., 7, }- (5)
We now have two evaluations of the rank of ¢**. By (4),

rank(t*?) = dim(t) — dim(3(x))
= |R°| — dim{Z € 3(g(0)) | [Z,X] =0 for all X € g(5)}
and, by (5),
rank(v*) = |R*| — | S| + n;.

By equating these, we obtain
= |5 = dim{Z € 3(g(0)) | [Z, X] =0 for all X € g(j)},

as claimed. Since dim(3(g(0))) = |S|, this equation also implies that the dimension
of the algebra Endg(g(j)), which is n;, is equal to the dimension of the image
(%)

of the map Z ad |g . It follows that the map is surjective. [ ]

Note that R(1)mi, = S5, so that g(1) always has |S| irreducible constituents, the
maximum number of constituents that can appear in any g(j). Also note that
R(r)max consists of the highest root alone, so that g(r) is always irreducible.

Corollary 2.2. Let j € Z with 1 < |j| < r. If 51,02 € R(j)min are distinct

then
[g(j7 [ﬂla OO))7 g(_jv (—OO, _/BQD] - {0}

Proof. Let X € g(j,[f1,00)) and Y € g(—j,(—o00,—fs]). By Proposition
2.1, we may find Z € 3(g(0)) such that [Z,X] = X and [Z,Y] = 0. Then
X,¥] = [[Z.X],Y] = [Z, [X, Y]] = 0 because X, Y] € g(0). .

Let 1 < j <r. For 8 € R(j)mmn let ag be the subspace of g(0) spanned by the
commutators [X,Y] with X € g(j,[8,00)) and Y € g(—j, (—o0,—0]).
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Proposition 2.3.  Let 1 < j<r and 8 € R(j)min- Then
(1) ag is an ideal of g(0);
(2) ag is reductive;

(3) ay = agng(0)* is the direct sum of the simple ideals in g(0)** that correspond
to those components of the S-deleted Dynkin diagram of g that contain a
simple root o such that («, ) # 0;

(4)  3(ag) = ag N 3(g(0)) is one-dimensional. A functional w in the span of
{was | @ € S} vanishes on 3(ag) if and only if (w,B) =0.

Proof. The fact that [g(0), as] C ag follows from the definition of ag and the
fact that g(j,[3,00)) and g(—j, (—o00, —f]) are g(0)-modules. Thus Part (1) is
verified. Part (2) and the equalities a3’ = agNg(0)* and 3(ag) = agN3(g(0)) are
general facts about ideals in reductive algebras.

Let @« € R*\ S. Since f € R(j)min, the a-string through S has the form
B,B+a,...,8+ qa with ¢ = 2(a, 8)/]|]|?. If (o, 8) # 0 then B+ o € R(j)
and we conclude that [Xgyia, X_s] lies in ag. This commutator is a non-zero
multiple of X, and so the root space g, is contained in ag. It follows from this
that the simple ideal corresponding to the component of the S-deleted Dynkin
diagram containing « is contained in ag, as claimed. Now suppose that C' is a
component of the S-deleted Dynkin diagram such that («, ) = 0 for all a € C
and let ¢ be the corresponding simple ideal of g(0). If a € C then g — « is
not a root, because 5 € R(j)min, and the fact that (a, 5) = 0 then implies that
B+ « is not a root either. Thus X_, and X, annihilate Xz for all « € C'. These
elements generate ¢ and so ¢- X3 = {0}. Since ¢ is an ideal in g(0) it follows that ¢
annihilates the g(0)-module generated by Xz, which is g(j, [8,00)). In particular,
if v € R(j)N[B,00) and o € C then v+ « is not a root. Now the roots whose
root spaces lie in ag are those of the form v, — v with 71,7 € R(j) N [B,00). It
follows from what we have just done that no « in C' is of this form and so ¢ is
not contained in ag. This completes the proof of Part (3).

There is a g(0)-module homomorphism

9(J, [8,00)) ® g(—J, (=00, =f]) = ag

given on simple tensors by X®Y +— [X Y] and this homomorphism is surjective by
definition. Since g(j,[3,00)) and g(—j, (—oo, —f]) are irreducible, the multiplicity
of the trivial module in the tensor product is at most one and so the multiplicity
of the trivial module in ag is also at most one. This is the same as saying that
dim (as N 3(g(0))) < 1. The element Hz = [Xg, X_g| lies in ag and we may
express it as Hg = Z + W where Z € 3(ag) C 3(g(0)) and W € af’ C g(0)*.
If w lies in the span of {w, | @ € S} then w extends to a character of g(0);
in particular, w vanishes on g(0)** and so w(Hz) = w(Z). On the other hand,
w(Hg) = (w, B) = 2(w, B)/||B]?. If we choose @ = w, where o € S is one of
the simple roots that appear in 5 then (w, ) # 0. From this we conclude that
Z # 0 and hence that 3(ag) has dimension exactly one. Moreover, Z is a basis
for 3(ag) and so the identity w(Z) = 2(w, 8)/||3]|* implies the last statement in
Part (4). n
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Let j € Z with 1 < |j] < 7. Although g(j) is extended-weight-multiplicity-free,
it is not necessarily weight-multiplicity-free as a g(0)**-module. However, we do
at least have the following observation.

Lemma 2.4. Let j€Z with 1 < |j| <7 and 8 € R(j)min- Then g(J,[s,0))
is weight-multiplicity-free as a g(0)*° -module.

Proof. Let A\; and Ay be distinct extended weights that appear in the extended
weight space decomposition of g(j,[3,00)). On restriction to 3(g(0)), A; and
Ay agree with § and hence with each other. Thus A; and Ay do not agree on
restriction to tNg(0)**. This means that distinct extended weights that appear in
9(J,[B,00)) remain distinct as weights when g(j, [8,00)) is regarded as a g(0)%°-
module. The conclusion follows from this. ]

Proposition 2.5. Let j € Z with 1 < |j| <r and W be an irreducible g(0)-
module. Then the g(0)-module g(j) @ W is multiplicity-free.

Proof.  List R(j)wmin s Bi,..., B, so that

is the decomposition of g(j) into irreducible g(0)-modules. Note that 3(g(0))
acts on the summand g(j,[8;,00)) via the restriction of the functional f; to
3(g(0)). It follows from Proposition 2.1 that the list /Bl{g(g(ﬂ))"'"/an‘;,(g(O)) is
linearly independent. In particular, the list contains no repetition. By Schur’s
Lemma there is a functional A: 3(g(0)) — F such that 3(g(0)) acts on W via A.
We have

0()) @ W =P, [8i,0) @ W (6)

and 3(g(0)) acts on the summand g(j, [8;, 00)) @ W via ; + A. Thus the action of
3(g9(0)) on g(j) ® W separates the summands in (6). It follows from this that it is
sufficient to establish that g(j, [5;, 00)) @ W is multiplicity-free as a g(0)**-module.
This is true, by a standard fact about tensor products, because g(j,[f;, 00)) is
weight-multiplicity-free as a g(0)*-module by Lemma 2.4, and W is irreducible
as a g(0)**-module. u

3. Background on generalized Verma modules

In this section we introduce the notation that we shall use for generalized Verma
modules and recall a few basic facts about them. We continue with the assumptions
and notation of Section 2. Let

a=EP i)

J20
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be the parabolic subalgebra of g associated to the subset S of simple roots and

n=EPal)

Jj>0

be its nilradical. The opposite parabolic subalgebra is

i=Eali)

J<0

and its nilradical is

n=EPal).

j<0
Let V be an irreducible g(0)-module. We may, and always shall, extend consider

V' as a g-module by making n act trivially on V. The generalized Verma module
associated to V' is then

My (V) = U(g) @uq) V-

By the PBW Theorem, M,(V') may be identified with U(n)®V as a U(n)-module.
A subspace U C My (V) that is invariant under g(0), irreducible as a g(0)-module,
and satisfies nU = {0} will be called a leading subspace. The subspace F @ V
is always a leading subspace, which we call the tautological leading subspace, but
there may be others. If U is a leading subspace of My(V') then we may form the
generalized Verma module M, (U). The map Mq(U) — M,(V) given on simple
tensors by a ® u +— au is a homomorphism of U(g)-modules. The image of the
tautological leading subspace in M,(U) under this map is U, so that U may be
recovered from the associated homomorphism.

The derivation ad(Hp): g — g extends to a derivation x — Hox — xHy of U(g),
which we shall denote by the same symbol. This derivation is locally finite,
semisimple, and has integral eigenvalues. If = € U(g) and v € V' then

Ho(z ® v) = (ad(Ho)z + Av(Ho)z) @ v

and it follows that multiplication by Hy is a locally finite, semisimple map of
M, (V). By identifying M, (V') with U(7)® V', we see that this map has eigenvalues
in the set =N+ Ay (Hp). We write M (V) for the (k+ Ay (Hy))-eigenspace of the
map. Let U C My(V) be an irreducible g(0)-submodule. By Schur’s Lemma, we
necessarily have U C Mq_d(V) for some d € N, which we call the degree of U.
Note that d = Ay (Ho) — Au(Hp). The tautological leading subspace is the unique
subspace of degree zero.

Let s € F¥. The module M,(V*) is realized on the same underlying space as
the module M;(V'). Moreover, the identity map of the underlying spaces is an
isomorphism between the g(0)-modules M,(V*®) and My(V)*. In particular, if
U C My(V) is a g(0)-invariant subspace then the twist U® C My(V?) is realized
on the same underlying space as U. If U is an irreducible g(0)-module then so
also is U®. In contrast, the property of being a leading subspace is not invariant
under twisting.
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Let p denote half the sum of the positive roots of g. If U and V are irreducible
g(0)-modules then we define an inhomogeneous linear form in s € F'¥ by

lov(s) =2(A\v — Au, @ + p) + [|Av]” = [[Au ]l

If U C My(V) has degree d > 1 then {yy is non-constant and, in particular,
non-zero. To establish this, it suffices to show that (Ay — Ay, @?®) is not identically
zero. If we choose sy € F° such that w® corresponds to the element H, then
Ay — Au, @) = (A\v — Ay)(Hy) = d > 1, as required.

Lemma 3.1.  Let V' be an irreducible g(0)-module and U C My(V) an irre-
ducible g(0)-submodule. If s € F° is such that US C My(V*) is a leading subspace
then lyy(s) =0.

Proof.  Since U* is a leading subspace in M (V) there is a non-zero homomor-
phism from the module My(U®) to the module M,(V*) and so these two modules
must have the same infinitesimal character. If we regard the infinitesimal character
as an element of t*/W(R), where W(R) denotes the Weyl group of R, in the usual
way then this means that there is some o € W(R) such that o(Ay + @w® + p) =
Ay + @* + p. In particular, we have |[A\y + @® + p||* = ||\v + @® + p||*. The
identity £y (s) = 0 results from this by expanding and simplifying. |

4. Second-order systems

In this section we prove our main results, Theorems 4.1 and 4.3.

Let 8 € S. For brevity, we shall write g(1,[5,00)) as g(1,5) and, similarly,
g(—1,(—o0,—p]) as g(—1,—p) in this section. Let S = {f1,...,5,}. We have
the decomposition

sym*(g(—1) = P sym*(g(-1,-8) @ P (-1, -8)@g(-1,-8). (7)

1<i<n 1<i<j<n

The center of g(0) acts on g(—1, —f;) via the restriction of the functional —/; to
the center. There are elements Zi,...,Z, in 3(g(0)) such that 5;(Z;) = §;;. It
follows from this that the various summands in (7) have distinct central characters.
Thus if F is an irreducible g(0)-submodule of sym?(g(—1)) then E must be
contained in one of the summands. If F is contained in sym?(g(—1,—3;)) for
some 7 then we say that E is of the first kind. If E is contained in g(—1,—/;) ®
g(—1,—0;) for some i < j then we say that E is of the second kind.

There is a g(0)-homomorphism s: sym?(g(—1)) — U(n) that satisfies s(XY) =
$(XY +YX) on monomials. By mild abuse of notation, let F denote the trivial
g(0)-module. The homomorphism s gives rise to a g(0)-module homomorphism
sym?(g(—1)) — U(n) ® F which sends the monomial XY to s(XY)® 1. As we
have observed, U(n) ® F may be identified with My(F') and so we may regard this
map as a g(0)-module homomorphism 6: sym?(g(—1)) — M,(F). The image of
0 lies in M ?(F). Let E C sym®(g(—1)) be an irreducible submodule of the first
kind. Then U = 0(E) is a degree-two irreducible g(0)-submodule of M,(F'). We
say that U corresponds to E. Note that (yp(s) = lrp(s).



980 KABLE

If M is a g(0)-module then all the g(0)-modules M?® are realized on the same
underlying space. If v € M then we shall write v® for the vector v regarded as
an element of the module M?.

Theorem 4.1. Let E C sym?(g(—1)) be an irreducible submodule of the first
kind and U C Mq4(F) be the corresponding degree-two submodule. Then U® is a
leading subspace in Mq(F*) if and only if Lpp(s) = 0.

Proof. One direction follows from Lemma 3.1. It remains to show that if
lgrp(s) =0 then nU® = {0}. To do this it suffices to show that if /gp(s) = 0 then
g(1)U® = {0}. We have E C sym?(g(—1,—4;)) for some i. If X,Y € g(—1) and
W € g(1) then

W(%(XY +YX)®1%)
= (= (W YDX + = (W, XY + S[W,X],Y] 4 S[W Y] X]) ©1° (3)

in My(F*?). It follows from this identity and Corollary 2.2 that if W € g(1, ;)
with 7 # ¢ and £ € U then W¢® = 0. Thus we are reduced to showing that if
lgr(s) =0 then g(1, 8;)U® = {0}. By (8), there is a g(0)-module homomorphism

U g(L,8) ® 0(sym®(9(=1,—4)))" — a(~1, —5) ® F*

that satisfies W®¢&® — WE® on simple tensors. We wish to show that if {pp(s) =0
then

e (g(1, ;) © U*) = {0}.
Let ¢* denote the restriction of ¥® to g(1, ;) ® U*.
By Proposition 2.5 the dimension of the space

HOHIQ(O) (g(]vﬂl) ® US?Q(_L _/B’L) ® FS) (9)

is at most one. If it were zero then we would have 1* = 0 for all s and this would
contradict Lemma 3.1 since {gpr(s) is not identically zero. Thus the dimension of
the space (9) is exactly one. Moreover, the space (9) is independent of s in the
sense that the underlying spaces of the two modules do not vary with s and a map
between these spaces that belongs to (9) for one value of s belongs to it for all
values of s. Thus we may choose a basis ¢ for (9). There is a function c¢: F¥ — F
such that 1* = c(s)p for all s € F'.

An appropriately scaled highest weight vector in £ has the form

X g X+ Z ap Xy Xp—p—v
HE(Bi,00)NR(1)
p—Bi—VvER, pFv
for some v € [3;,00) N R(1) and some scalars a, € F. Note that the restriction
p # v in the second term is present because E C sym?(g(—1,—03;)) and so
X_,X 5 = X_pX_,. It follows that an appropriately scaled highest weight
vector in U® has the form
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1
58 = §(X—6iX—V + X—VX—Bi) ®1°

a S
+ Z f(X*HXN*Bi*V + Xﬂ*ﬁi*l’X*lJ ® 1%

HE(Bi,00)NR(1)
p—Bi—veER, pFv

It follows from this and (8) that
¢S(Xﬁi ® 55) = (1 + 55¢V)ws(Hﬁ¢>X*V I +(e1°

where ¢ € g(—1,—0;) is independent of s. Since ; € S, Hz ¢ ¢(0)* and
so w®(Hg,) is a non-constant linear form. We conclude from this that ¢(s) is a
non-constant inhomogeneous linear form on F*.

If ¢(s) = 0 for some s € F* then ¥* = 0 and so U® is a leading subspace in
M,(F*?). Lemma 3.1 then implies that {zp(s) = 0. That is, the vanishing of the
non-constant inhomogeneous form ¢(s) entails the vanishing of the non-constant
inhomogeneous linear form ¢gp(s). It follows that there is some k € F'* such that
c(s) = klgp(s). Thus {gp(s) = 0 implies that ¢(s) = 0 and hence that U® is a
leading subspace in M,(F*), as required. [

Suppose now that E is an irreducible g(0)-submodule of sym?(g(—1)) of the
second kind. Then there are ¢ < j such that E' lies in the image of the summand
g(—1,—3;)®g(—1, —f;) under the isomorphism (7). The image of this summand is
spanned by the monomials XY with X € g(—1,—-4;) and Y € g(—1,—4;) and so
we denote it by g(—1,—8;)g(—1, —5;). Let z € F'. There is a g(0)-homomorphism
0.: 9(—1,—Fi)a(—1,—5;) = M,(F) that satisfies

6.(XY) = (%(XY LYX) XY @l

on monomials. The image of 6. lies in M;?(F). It is possible that 6, does not
in fact depend on z. This will be the case when g(—1,—4;) and g(—1,—5;)
commute with one another in g. We take a momentary detour to identify the
condition under which this does not happen. If the condition of Lemma 4.2 holds
then there must be at least one irreducible constituent £ of g(—1, —f;)g(—1, —5;)
such that the restriction of 6, to E genuinely depends on z.

Lemma 4.2. Let 1 <i < j<n. We have [g(—1,—-03;),8(—1,—05;)] # {0} if
and only if the shortest path from B; to B; in the Dynkin diagram does not pass
through any element of S\ {B;, 5,} -

Proof.  Suppose that [g(—1,—0;),9(—1,—0;)] # {0}. As a g(0)-module, the
space [g(—1,—p;),9(—1,—p5;)] is a quotient of g(—1, —f;) ® g(—1, — ;) and so the
highest weights of its irreducible constituents have the form —g; — v; with —v;
a weight of g(—1,—p;). These weights have the form —v; = —f; — p with p a
linear combination of elements of R*\ S. It follows that 3; 4+ 5; + p € R for some
g which is a linear combination of elements of R*\S. The support of a root in the
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Dynkin diagram is necessarily connected and so {3;, 5;} UT is connected, where
T C R*\ S is the support of p. The shortest path from f; to 3; therefore involves
only f;, ;, and certain elements of 7", and therefore does not pass through any
other element of S, as required.

Now suppose that the shortest path from 3; to [, passes through no element of
S\{B:,B;}. Let T C R*\ S be set of nodes besides §; and f; that occur on the
path. Then T is a connected subset of the Dynkin diagram and so u = > T is a
root in g(0)**. Moreover, T'U {f;} and T U {f;, 5;} are connected subsets of the
Dynkin diagram and so 3; + @ and 3; + 3; + p are both roots. Thus

9-8i—B;—n = [g—ﬁw g—ﬁj—u] - [g(_lv _Bi)a g(—l, _ﬁj)]
and so [g(~1, — ), a(~1,—8,)] # {0}, as required. .

By an affine subspace of F° we mean a subset of the form ¢ + A where t € F°
and A C F?® is a subspace. The codimension of the affine subspace t + A is the
codimension of A.

Theorem 4.3. Let 1 < i < j <n and E C g(—1,—-p;)g(—1,—p5;) be an
irreducible submodule. Let z € F' and U, = 0,(E) C My(F) be the corresponding
degree-two submodule. Then there is an affine subspace I' C F° of codimension
two such that U is a leading subspace if and only if s € I'.

Moreover, T C {s € F | {gp(s) = 0}.

Proof. It suffices to prove that there exists an affine subspace I' of the required
kind such that s € I if and only if g(1)U = {0}. Let X € g(—1,—4;) and
Y € g(—1,-0;). Ift W € g(1,5) with k& ¢ {i,5} then it follows from Corollary
2.2 that W6,(XY) = 0 in My(F*) regardless of the value of s. Thus the condition
g(1)U? = {0} is equivalent to the conjunction of the conditions g(1, 5;,)US = {0}
and (1, 3)U2 = {0}.

Let X € g(—1,-03), Y € g(—1,-03;), and W € g(1,5;). A calculation using
Corollary 2.2 and the Jacobi identity shows that

W((%(XY +YX)+2[X,Y]) ® 15)
= (ws([W,X])Y—i-(z—i—%)[[W,X],Y]) ® 1°. (10)

It follows that there is a g(0)-module homomorphism

Usg(1,8) ®@0.(g(—1,—B)a(—1,8))" — a(—1,-5;) ® F*
that satisfies U (W ® &%) = WE® on simple tensors. Let f denote the restriction
of ¥¢ to g(1,8;) @ US. Then g(1,5;)Us = {0} if and only if ¢ = 0. Similarly, if
X eg(—1,-8), Y eg(—1,-p;),and W € g(1, ;) then
1
W((E(XY +YX)+2[X,Y])® 18)

= (@ (W, YDX + (=2 + W, Y], X]) & 1°. ()
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It follows that there is a g(0)-module homomorphism

\I,j 9(17 5]) ® ez(g(_lv _ﬁi)g(_la ﬁj))s — g(_17 _ﬁl) ® F*

that satisfies W? (W ® &%) = WE® on simple tensors. Let 17 denote the restriction
of U4 to g(1, ;) ® U:. Then g(1,3;)U; = {0} if and only if 5 = 0.

By Proposition 2.5 the spaces

Homg(()) (g(l’ﬁz) ® Uzs7g(_]-7 _Bj) ® FS)
and

Homg) (9(1, 8;) © U2, g(~1, =) © F*)

both have dimension at most one. In fact, since g(1, ;) and g(—1,—0;) are con-
tragredient modules as are g(1, 5;) and g(—1, —/f;), the two spaces are isomorphic
to one another. If both had dimension zero then it would follow that U; is a
leading subspace for all s, contrary to Lemma 3.1. Thus both spaces have dimen-
sion one and we may choose bases ¢; and ¢; for them. The construction of the
previous paragraph implies that there are functions ¢;: F° — F and ¢;: F° — F
such that 1} = ¢;(s)p; and % = ¢;(s)gp; for all s € F.

A highest weight vector in E has the form

aﬁiX*ﬁiX*/Bj*V + aﬁjX*ﬁrVXfﬁj + E : auX*MX*T
WE(Bi,00)NR(1)
T€(Bj,00)NR(1)
ptT=Bi+p;+v

where either v = 0 or v is a positive root in R(0). If v = 0 then the third term is
zero and we may assume after rescaling that ag, = ag, = 1/2. If v # 0 then we at
least have ag, # 0 and ag, # 0. Let &, be the image of this highest weight vector
under 6,. Then & is a highest weight vector in U} for all s and by considering
Vi (X, ®&7) and ¥3(Xp, ®&7) as we did in the proof of Theorem 4.1 we conclude
again that ¢;(s) and c;(s) are non-constant inhomogeneous linear forms on F'.
The map ¢; is non-zero and so we may choose a vector v € g(1, 5;) @ U? such that
©i(v) #0. We have ¢ (v) = ¢;(s)p;(v). Inspection of (10) shows that

Y =) (X))@ +(e1° (12)
p=1

where X, € [g(1,3:),9(—1,—08;)] = ag,, Y, € g(—1,—p;), and ( is independent of
s. The value of @w®(X,) depends only on the the component of X, in 3(as,). By
Part (4) of Proposition 2.3, 3(ag,) is one-dimensional. Let us choose a basis Z; for
3(ag,). We may rewrite (12) as

Yi(v) =@ (Z) ) 2V, @ " +(@1°

p=1

with suitable =, € F. It follows from this and the fact that ¢;(s) is non-constant
that there are k; € F* and d; € F such that ¢;(s) = k;@w*(Z;) + d;. A parallel
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argument shows that c;(s) = k;jw®(Z;)+d; where Z; is a basis for 3(ag,), k; € F*,
and d; € F'.

By Part (4) of Proposition 2.3, for w in the span of {w, | a € S} we have
w(Z;) = 0 if and only if (w, ;) = 0 and w(Z;) = 0 if and only if (w, §;) = 0.
Since 3; and (3 are distinct simple roots they are linearly independent. It follows
that Z; and Z; are linearly independent and hence that the homogeneous linear
forms @w*(Z;) and @w®(Z;) are linearly independent. Thus

I'={se F°|c(s) =0and ¢j(s) = 0}

is a codimension two affine subspace of F*¥. The construction of ¢;(s) and c¢;(s)
shows that U; is a leading subspace if and only if s € I'. Finally, Lemma 3.1
implies that if s € I' then ¢gp(s) = 0. This completes the proof. [ |

Note that the proof of Theorem 4.3 shows that the affine subspace I' has the form
I' = sy + A where

A={s€ F°|w(Z)=0and @ (Z;) =0}

with Z; a basis for 3(ag,) and Z; a basis for 3(ag,). The space A is independent
of F and of z. The dependence of I' on these objects is through the value of sg.
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