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Abstract. The results in this paper provide a comparison between the K -structure of
unipotent representations and regular sections of bundles on nilpotent orbits. Precisely, let
Go = %(a,b) with @ + b = 2n, the nonlinear double cover of Spin(a,b), and let K =
Spin(a,C) x Spin(b,C) be the complexification of the maximal compact subgroup of Go. We
consider the nilpotent orbit O. parametrized by [3 22¢ 127=4=3] with k& > 0. We provide a
list of unipotent representations that are genuine, and prove that the list is complete using the
coherent continuation representation. Separately we compute K -spectra of the regular functions
on certain real forms O of O, transforming according to appropriate characters ¢ under C(0O),

and then match them with the K -types of the genuine unipotent representations. The results
provide instances for the orbit philosophy.
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1. Introduction

In this paper we pursue the problems addessed in [6] for the real Spin groups.
A major difference is the fact that we consider nonlinear covers of the real Spin
groups.

We review the setup from [6]. Let G be a connected complex semisimple group
(viewed as a real group) and let g,g",gc be its Lie algebra, dual Lie algebra,
and complexified Lie algebra, respectively. Special unipotent representations of G
were introduced in [7]. To each nilpotent orbit O¥ C g¥ an infinitesimal character
Aov is associated via the Jacobson-Morozov theorem; the orbit is associated to
a Lie triple {e",h", f¥} and A\pov = hY/2 determines an infinitesimal character.
Special unipotent representations are defined as the irreducible (gc, K)-modules =
satisfying

(1) the infinitesimal character is (Apv, Aov), and

(2) the annihilator of = in the universal enveloping algebra U(gc), denoted by
Anny(g)=, is the unique maximal primitive ideal of U(gc) with infinitesimal
character (Ao, A\o).
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Denote by Ug(OV, Aov) the set of unipotent representations of G associated to
OY. In [3], the unitarity of these representations is established for the case of
classical groups, and the whole unitary dual for such groups is determined. In the
process, a larger set of representations is introduced which are called unipotent.
A finite set of infinitesimal characters Apv v is associated to each OV, and an
irreducible module = is unipotent, if it satisfies (1) and (2) with the more general
Aov sv instead. The results in [3] can be viewed as proving that the modules in
Uc(OY, Aov sv) are the building blocks of the unitary dual.

In [4] a different viewpoint is taken. Instead of parametrizing by OV, the unipotent
representations are parametrized by nilpotent orbits O C g. The precise setting is
as follows. Let Gy C G be the real points of a complex linear reductive algebraic
group G with Lie algebra gy and maximal compact subgroup Ky. Let gy = €5+ 50
be the Cartan decomposition, and g = £ + s be the complexification. Let K be
the complexification of Ky. Then K acts on s by the adjoint action. We denote
by Ck(e) ={g € K | Ad(g)e = e}, the centralizer of e € s in K.

For a general reductive real Lie group Gy, [25] associates to each irreducible
admissible representation = the associated cycle AC(Z), a union of nilpotent
K-orbits in s, and an algebraic representation of each centralizer Ck(e) of a
representative e for each orbit in AC(Z). The main results in [26] Chapter 7 and
[25] Theorem 4.11 imply that when the complements of the orbits in AC(Z) have

codimension strictly greater than 1 in their closures,

with 1 an algebraic representation, and Y an S(g/¢)-module supported on orbits
of strictly smaller dimension.

Definition 1.1. Let e € s be a nilpotent element, and let O := K -e C s be the
K -adjoint orbit of e. We say that an irreducible admissible representation = is
associated to O, it O occurs with nonzero multiplicity in the associated cycle. We
will write Ug, (O, ) for the set of irreducible representations of Gy with maximal
annihilator with infinitesimal character A\, and associated to O.

Let Ck(O) := Ck(e) denote the centralizer of e in K, with e a representative
of O, and let Ax(0) := Ck(0)/Ck(0)° be the component group. In the case of
Gy being a connected complex group viewed as a real group, it is conjectured that
there exists an infinitesimal character Ao such that in addition,

Conjecture 1.2.  For each O there is A\p such that there is a 1-1 correspondence

(VNS A/(B) «— Z(0,v¢) € Ug, (O, \o) satisfying the additional condition
where  R(O, ) = Indg, (o) (¥)
={f:K—Vy| flgr) =v(@ ") f(g) Vg € K, x € Cx(O)} (2)

is the ring of regular functions on O transforming according to .
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It is also natural to conjecture that there is a choice of Ao such that the represen-
tations are unitary.

Candidates for parameters Ao satisfying the Conjecture above are listed in [4].
Essentially they coincide with the Aov v introduced in [3]. The validity of the
conjecture is established for large classes of nilpotent orbits in the classical complex
groups. Such parameters Ao are available for the exceptional groups as well, [4]
for Fy, and to appear elsewhere for type E.

We now turn to the specifics of the real Spin groups. We use the same infinites-
imal characters Ao, associated to the corresponding complex orbit, and consider
representations with maximal annihilator.

Definition 1.3. A nilpotent K-orbit in s is called small if
dim O < rank (&) + |AT(€, 1), (3)

where t C £ is a Cartan subalgebra, and AT (€, 1) is a positive system.

These orbits have the property that there is a chance that the multiplicity of
any p € K be uniformly bounded. The reason is as follows. Let (I, X) be an
admissible representation of Go, and p be the highest weight of a representation
(m,V) € K which is dominant for A*(¢,t). Assume that dim Homg[r, II] < C,
and I has associated variety O (cf.[25]). Then

dim{v:ve X belongs to an isotypic component with ||u|| < ¢t} < /A7 ®bl+dimt

The dimension of (m, V) grows like HATEO1 the number of representations with
highest weight ||u|] < t grows like t4m! and the multiplicities are assumed
uniformly bounded. On the other hand, considerations involving primitive ideals
imply that the dimension of this set grows like 4™ ¢¢/2 with e € O, and half the
dimension of (the complex orbit) G -e is the dimension of the ( K-orbit) K -e € s.

In the complex case, the appropriate condition for bounded multiplicities is that
the orbit be spherical, i.e. the Borel subgroup has an open orbit, and results of [19]
provide a classification. For the real Spin groups, there is no difference between
small and spherical, and we do not elaborate on this.

More precisely, we choose infinitesimal characters correponding to the complex
case for which the orbits are minimal such that a (g, K)-module associated to
such an orbit exits. We then compute the genuine representations for

(Go, K) = (Spin(a,b), Spin(a, C) x Spin(b,C))

satisfying these conditions, compute the K —spectrum and compare to the spec-
trum rational functions on the corresponding orbits. (Here we write (Gg, K) to

emphasize that Gy is the nonlinear double cover of Spin(a,b).)
Write 2n=a+b, a=2p, a=2p+1, b=2q,and b=2q—1.

The representations are associated to real forms of the complex nilpotent orbit

O.=[32% 1243 | >0.
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The condition &£ > 0 insures that these orbits are not special in the sense of Lusztig.
So there are no representations with integral infinitesimal character associated to
O.. The infinitesimal character is

A=(n—k—2,...,1,0:k+1/2,...,3/2,1/2), (4)

same as in [4]. — Here is a summary of the results.

In Section 2 we list the real forms of the nilpotent orbit and describe the (com-
ponent groups) of their centralizers. In Section 3 we analyze the K -structure of
certain R(O, ). In Section 4 we match them with a set of representations obtained
by restriction from those listed in [17]. It is not clear that certain of these re-
strictions are irreducible. An alternative way to construct a set of representations
with the required properties is to apply the derived functors construction to high-
est weight modules with the appropriate infinitesimal character and annihilator.
The calculations are in the spirit of [13] and [21]. A comparison of the restrictions
with the alternate construction shows that indeed certain of these restrictions are
reducible.

Section 5 contains technicalities about Spin groups used to prove some of the
results. Section 6 computes the coherent continuation representation and shows
that the list of represenations in Section 4 is complete; these are all the genuine
representations with the given infinitesimal character associated to real forms of
O.. Section 7 provides a construction of the representations using cohomological
induction from highest weight modules.

A summary of the main results is in the following Theorem. The detailed results
are in Sections 2 and 4.

Theorem 1.4. Let (@B,I?): (%(a, b), Spin(a, C)x Spin(b, C)) with a+b=2n.
Let O be a certain real form (given in Section 2) of the complex nilpotent orbit
[32% 1204%=3] k>0, and A= (n—k—2,...,1,00k +1/2,...,3/2,1/2). A
list of genuine unipotent representations in Uz, (O, \) is completely provided for
the eight cases (see Section 4). In each case, we compute 7|z, the K -types of T,

for each w € Méo((’), A); separately we compute K -spectra of the regular functions
on O transforming according to appropriate characters ¥ under Cz(O), and then

match them with the K -types of the genuine unipotent representations.

There is a significant difference from the complex case; condition (1) cannot hold
in its stated form for the real case. This can already be seen for SL(2,R). The
spherical principal series with infinitesimal character zero is unipotent, and its
associated cycle contains two nilpotent orbits. So its K -structure does not match
any R(O, ). The phenomenon is analyzed in detail in [25]. A necessary condition
for it to hold is that the complement of O in its closure have codimension bigger
than one. This is the case for the orbits studied in this paper. In particular
this condition implies that the associated cycle only contains one orbit. Even
so, because we are dealing with a nonlinear cover, the correct ¢ turn out to
be 1-dimensional characters of Cz(O) which are not trivial on the connected
component.
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Some of the results, particularly counting the representations and restricting from
the odd Spin groups to the even ones, have their origin in [22]. There are relations
to the work in [15] and [16] which we intend to pursue in future research.

Much of this work was done while the second author visited Cornell University,
and continued later while the first author visited Academia Sinica in Taiwan. We
would like to thank the institutions for their support.

2. Preliminaries

2.1. Nilpotent orbits

We follow [8]. Nilpotent orbits in so(a,b) are parametrized by orthogonal signed
Young diagrams of signature (a,b) with numerals. We write a real orbit of the
diagram [3 2% 120=4k=3] a5 [322k1+¢19] (possibly with I, I1), where 3¢ denotes
the block of size 3 starting with sign €; 17¢ denotes ¢ blocks of size 1 labeled +,
and c is omitted when ¢ = 1; similarly for 17¢.

The following eight cases of signed diagrams are treated in this paper.

Casel:a=2p=2k+2, O =[3"2%17]1 1 O = [372%1%;.11
b=2p=2k+2,

Case2:a=2p=2k+2+2r,, O=[32%12++], 1 O=[3t2%1 172+
b=2q=2k+2,

Case 3:a=2p=2k+2, O = [3722%172-+1), ;O = [372%1F172]
b=2q=2k+2+2r_,

Case4d:a=2p+1=2k+1, O = [3t2%17177 O = [372%171+]

b=2g—1=2k+]1,

Case5:a=2p+1=2k+3+2r,, O =I[3"2%1H2+H]]
b=2g—1=2k+1,

Case 6:a=2p+1=2k+1, O = [372% 12—+
b=2g—1=2k+3+2r_

Case T:a=2p+1=2k+1+2r,, O=[32%1"17%+] (withr, >?2)
b=2¢—1=2k+3

Case8:a=2p+1=2k+3, O =3 217 (withr_ > 2)
b=2¢—1=2k+1+2r_.

As will become apparent at the end, these are the only K -orbits that are associated
to genuine representations. Cases 1 and 4 are invariant under exchanging + and
—, Cases 2,3, 5,6 and 7,8 correspond under exchanging + and —. Nilpotent
orbits I, I in Cases 1,2,3 are treated the same way. We will omit details for cases
that match under these correspondences.

The proof of the next Proposition, and details about the nature of the component
groups, are in Section 5.
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Proposition 2.1.
Case 1: If 0= [3+22k1_][’11 or {3_2%"1—’—][711, then Af((O) = 7y X L.

Case 2,3: [f O = [3722F1H2+H4 1 with vy > 0, then Ap(O) = Zs.
Case 2,3: If O = [372%17172™], with ry > 0, then Az(O) .

12
N

2
Case 4: If O = [3722¥171"2], then Az(O) = Z,.

Case 5,6: If O = [3722*1F], with vy =0, then Az(O) = Z,.
Case 5,6: If O = [3722102+ 1] with r. > 0, then Az(O) = 1.
Case 7,8: If O = [3722F171%2"+], with ry > 2, then Az(O) = Z,.

The cases are paired according to the + and — interchanged.

3. Regular sections

We compute the centralizers needed for R(O,1) in € and in K. We use the stan-
dard roots and basis for so(a,b). The Cartan subalgebra is the fundamental one, a
basis is given by H(¢;), and the root vectors are X (£e;+¢;), X (+£e;). Realizations
in terms of the Clifford algebra, and explicit calculations are in Section 5.

Let {e, h, f} with e € O be a Lie triple such that h € £ and f € s. We denote by
o Ci(h); the i-eigenspace of ad(h) in €,
o Ci(e); the i-eigenspace of ad(h) in the centralizer of e in &,

° C@(h)+ = Z Cg(h)z, and Cg(€)+ = Z OE(6>Z'.
i>0 >0
3.1. Spin(2p, 2q)

These are Cases 1,23, so p=k+1, g =k + 1+ r_. The compact Cartan sub-
algebra has coordinates (z1,...,Zks1 | Yly - Yks Yktls - - - Ybtr_+1) with Cartan
involution 6(x;) ==y, 0(y;) =y;.

We describe the centralizer for [3722%172=F1|; in £ in detail. Representatives for
e and h are

e=X(e1 — €pirr1) + X(e1 + €pint1) + Z X (€ + €pti-1)

2<i<k+1
h=HQ2e)+ > Hlg+epi)=(21...,1|1,...,1,0,...,0).
2<i<k+1 Y X
Then Ce(h)o = gl(1) x gl(k) x gl(k) x so(2r_ 4 2)

Ce(h)1 = Span{X(e1 —¢;), 2<i <k +1,
X(eprjtepn), 1<j <k <l<gql,

Ce(h)2 = Span{X(e; +¢;), 2<i<j<k+1,
X(epsi + €6peg), 1< <j <k},

Ce(h)s = Span{ X (e; +¢;), 2 <i < k+1}.
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Similarly  Ce(e)o = gl(1) x gl(k) x so(2r_ + 1)
Ce(e)1 = Span{X (1 — &) + X(epri-1 T €prpt1), 2 <0 <k +1,
X(eprjtepn), 1<) <k, k+2<1<q}, (6)
Ci(e)a = Ci(h)a,
Ce(e)s = Ce(h)s.

The gl(k) C Ci(e)g is embedded in gl(k) x gl(k) C C(h)y via z — (x, —z"), and
50(2r_ 4+ 1) C so(2r_ + 2) is the standard inclusion.

We denote by DetX a character of C¢(e), a power of the determinant of gl(p—1) =
gl(k). Assume p is even throughout. This has the effect that for an irreducible
representation, V* = V, and details can easily be filled in for the other case.
Because we are considering genuine representations of the nonlinear double cover,
we need to compute regular functions for 1 which are not trivial on the connected
component of the identity. So 1) = DetX where x is a half-integer. This holds for
all cases.

Case 1. As already noted, p = k+ 1 and ¢ = k£ + 1. We treat the orbit O =
[3722k17]; only. The other orbits in this Case are related by outer automorphisms
as follows.

Let (,n be the outer automorphisms determined by

Cixy, ooy p | Y1y s Yp) = (T, Tt =T | YLy ooy Yp1s —Up)s
N, T | Yy Yp) = (Yny e Yp | T, X))

(7)

The other three orbits in Case 1 are conjugate to O by an outer automorphism
and are denoted by O¢, O", O,

The centralizer Ci(h) is isomorphic to gl(1) x gl(p — 1) x gl(p — 1) x s0(2).
A representation of K will be denoted by its highest weight,

V:V(al,...,ap\bl,...,bp), a12a22--~2|ap|, blzbgzz‘bp|

All a;,b; € Z or a;,b; € Z + %, but a; — b; need not be integers; V' is genuine
precisely when a; — b; ¢ Z. We will compute

Homg, o) [V*, x] = Homgy ey, [V*/(Ce(€) V), x] == (V*/(Ce(e)* V)™ (8)

in two steps. In the first step we define a parabolic subalgebra p = m+n such that
e € n, Ce(e) € p, and in addition n C C¢(e)™. By Kostant’s theorem V*/(nV*) is
known, and the computation of (8) reduces to a similar computation in m. This
is done in step 2.

Step 1. Let & := H(eg+---+¢,) =(1,...,1]0,...,0). It determines a parabolic
subalgebra p = m + n C £ where

= Ci(§) = gl(p) x s0(2p),
n = Span{X(e; +¢;), 1 <i+#j<p}CCele)+ Cele)s.
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Kostant’s theorem on cohomology of finite dimensional representations implies
that V*/(nV*) is the irreducible m-module generated by its lowest weight. We

denote it
W(—ap,—ap,l,...,—al | bl,...,bp>. (9)

The assumption p even implies V* = V. Since we have Ci(e)o + Ce(e); C m and
Ce(e)™ Nm = Cy(e)™, it is enough to compute

W/ (Cle)* Nm)W]X = [W/(Cale)* W)X,

Step 2. Let q = [+-u C m be the parabolic subalgebra in m determined by h, i.e.

[ = gl(1) xgl(p—1) x gl(p— 1) x s0(2)
u = Span{X(el — 6i)7 X<6p_1+i + €2p)7 X(Ep—l—l—i + 6p—1+j>’ 2 S ) 7é ] S p},

with Cn(h) =1, Cn(h)* =u. Then

Cw(e)o = Span{H (e; — €p_14:), X (€; — €;)+X(—€p_14+i + €p—144) },
Cn(e)t = Span{ X (¢, — €)X (€p14i — €2p), X (€1 — €)= X (€p—14i + €2p) }

As in the case of g, Cu(e)o = gl(p — 1) embeds in gl(p — 1) x gl(p —1) C [ as
z— (0;z | —2%0).

Themodule W isaquotient of a (generalized) Verma module M (X)=U(m) @y g) F>
with A the weight of ¥ made dominant for § :

(—al; —Clp, e, Qa9 | _bp—h ey —bl; —bp)
The ; denotes the fact that this is a (highest) weight of

[=gl(l) xgl(p—1) x gl(p — 1) x s0(2).

The positive system for AT ([) is the standard one for the Levi component. The
nilradical decomposes u = Cy,(e)T @ s where s = Span{X(e; —¢;), 2 < i < p} isa
representation of gl(1) x gl(p — 1) x s0(2p). The (generalized) Bernstein-Gelfand-
Gelfand resolution is

0--+ — EB Mw-A) — - —> EB Mw-\) — M(\) — W — 0, (10)
weW weW
Hw)=k f(w)=1
with w - X := w(A+ p(m)) — p(m), and w € W, the W ([)-coset representatives
that make w - A dominant for A™*([). This is a free Cy(e)™ -resolution so we can
compute homology by considering

0 — P Mw-A) — - — P Mw-N) — MQX)—0, (11)

weW+ weW+
Hw)=k £(w)=1

where for an m-module X, X denotes X/((C(e)™)X).
As a module for gl(1) x gl(p — 1) x s0(2p), s has highest weight (1;0,...,0,—1 |
0,...,0). Thus S™(s) = (m;0,...,0,—m | 0,...,0;0).
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Let p = (—ay;—0ay,...,—as | =Bp-1....,—F1;—0,) be the highest weight of an
[-module. By the Littlewood-Richardson rule,

S™(s) ® F,

= ZW(—OQ + m; —Qp — Myp, ..., —02 — My ’ —Bpfl, ceey —51, —51,) (12)

The sum in (12) is taken over the set

p
{mi | m; >0, > my=m, mi <oy —ay, 3<i<p}.
=2

Lemma 3.1.  Homg, (), [S™(5) ® F), : x| # 0 if and only if
Bl Za2+X252 Z Zapfl"i_XZﬂpfl Z&p‘i‘x-

The multiplicity is 1.

Proof.  The multiplicity of x is nonzero precisely when
—a; —m; + PBi_1 = x forsomem; >0, 2<1i<p.

The condition 0 < m; < a;_1 — «; implies F;_1 < ;1 + x for 3 < i < p. [ ]

Corollary 3.2.  Homg,)[V, x] # 0 only if
bl Za2+XZb2 Z Zapfl"i_xszfl Zap+X-

The multiplicity is < 1, and the action of adh is —2 > a;.

1<i<p

Proof.  The first two statements follow from the surjection
M(N) = S(s) @c Fy — W — 0. (13)

The action of ad h is computed from the module

W(—a1 + m; —bpfl, ey —bl ‘ —bpfl, ceey —bl, —bp)
with m = > (a; — bi—1). The value is
2<i<p
2(—0/1 + Z —a; + bifl) + 2( Z —bj) = -2 Z a;. |
2<i<p 1<j<p-1 1<i<p

We will need Lemma 3.3 in order to prove Proposition 3.4.

Let g = gl(r,C), V(a) = V(ay,...,a,) an irreducible finite dimensional represen-
tation with highest weight (ai,...,a,) with a; € N. Let s = C" be the standard
representation with basis ey, ..., e,.. The Littlewood-Richardson rule implies that

S(s) @ V(a) = ZV(al +my,...,a. +m,)

with multiplicity 1, sum over mo < ay —ao, ..., m, < G,_1 — a,.
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We need explicit information about the highest weights that occur in the decom-
position. A typical weight of the tensor product will be denoted by e™ ® v(a’)

with e™ := eTll _..el and v(d’) an eigenvector of V' with weight (ai,...,a.).
The weight m + a = (my + a4, ..., m, + a,) is spanned by monomials of the form
(@) m+d=m+a

Order the monomials by m’ lexicographically. The lowest term is €™ ® v(a).

Lemma 3.3.  The highest weight corresponding to V(m + a) has lowest term
e ® v(a).

Proof. Let ¢™ ® v(a’) be a lowest monomial occuring in the highest weight.
Since the factor occurs, a lowest term must occur. It must be annihilated by the
action of all root vectors X (¢; — €;) with ¢ < j. The formula is

X e @u=Xe" Qv+ e @ Xv.

The formula is X (& — ¢;)e™ = (m;-)e;nll . e:ngﬂ e e;n;_l e

Thus each monomial is mapped into a term that is strictly higher (possibly zero)
plus the term e™ @ Xv which is lexicographically at the same level.

Applied to the highest weight expression, this implies that Xv = 0 for any
X = X(e; — €j). Thus the lowest term must be a multiple of the highest weight

v(a), which occurs with multiplicity one. It follows that m' = m as well. [

Proposition 3.4.  Homg,)[V, x] # 0 only if
ar+x=>br >ag+ x> a,+ x> by

The multiplicities are < 1.

Proof.  We need to prove three inequalities:
CL1+X2b1, CLP—FXZﬂ:bp.

The module M(w - A) decomposes according to the Baker-Campbell-Hausdorff
formula

M(w- ) = 5(5) @ Fyr ® C(€) U W) ® Fyn,

and the summands are Cy(e)g-stable. We say the factors are transverse to each
other. Suppose b; < a; + x, and w corresponds to the reflection s, _.,. Then the
complement of M (w - \) contains a Ci(€e)™-component with weight

(—ag+14+m's—ay,+mb, -+ —as+mh, —ay +my | =bp_1,...,—b1;—bp),

satisfying m’ = mj + --- + mj, and —a; —my = —b; + x; similar equalities as in
Lemma 3.1 hold for the other coordinates. The assumption b; > a; + x guarantees
that such a weight occurs. The vectors are of the form S ® Av,., with A in the
universal enveloping algebra of the first factor gl(p — 1), and X € S™(s). The
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image under the differential is ASX (e, — €,)* *"! @ vy. This is nonzero and in
the transverse to Cyp(e)TU(u) ® F,.. The proof uses Lemma 3.3.
For the other two inequality, the analogous argument applies using the fact that
the spaces

53 = Span{ X (64 & €p) 1<icp-1

are also transverses. |

To prove that the weights in Proposition 3.4 actually occur, it is enough to show
that these weights do not occur in the term in the BGG resolution (13) with
l(w) = 1. Recall

(p—1) p—1 p—3 (p—3)

= = (— e, — —1,....—(p—1):
p p(m) ( 2 Y 2 Y 2 ) Y 2 ‘ ) Y (p )7())7
(p—1) (p—1) (p—3)
Atp=(-a1— 5% 77""_2_7‘
—bp1—1,=bp,o—2,....,—by — (p—1);=bp) (14)

For the case ¢(w) = 1, there are three elements. We enumerate them as w, w9, ws,
With Wy = 8¢ ¢, W2 = Se,y1—en» W3 = Se, 1+4e, - Lhen

wy - A= (—ay+1;—a,,...,—ag,—a; — 1| =b,_1,...,—b1;—=b,),
we - A= (—a1;—ap,...,—as | =b,+1,...,—by;—b,_1 — 1),
ws - A= (—a1;—ap,...,—as | by +1,...,=by;—b,1 +1).
Lemma 3.5. M(w;-\) has vectors transforming according to x of Cy(e)

(trivial on Cy(e)™ ), only if

wy: —ay—1—mg=—by+x for somemsy >0, i.e. by >a;+Yx
wy: —a, —m, = —b,+14+x for somem, >0, i.e. b,>a,+x
ws: —ap—my=>b,+14+x for somem, >0, ie. —b,>a,+x.

The multiplicities are 1, and the eigenvalue of adh is =2 >  a;.
1<i<p—1

Proof. Asin (12), the weights in M (w; - \), M(wy- ) and M(wsz-\) are of
the form

(—ag +1+m;—a, —my,...,—az—mg,—a; — 1 —mao | —=by_1,..., —b1;=bp),
(—ay +m;—ay, —my,...,—ag —mao | =b, +1,--- —by;—b,_1 — 1),
(—ay +m;—a, —my,...,—ag —mgy | b, +1,--- —by;—by_1 + 1),
respectively. The proof is completed as in the case ¢(w) = 0. [ ]
Theorem 3.6. A representation V(ai,...,a, | by,...,b,) has vectors trans-

forming as x of Ce(e) if and only if

ar+x>b1 > >a,+ x> by, (15)
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and the multiplicity is 1. In summary,

Indc () =EPV(ar,....a, | bi,....b),

satisfying a1+xzblz~~~2ap+)(2|bp|.

Proof.  The proof is straightforward from the BGG resolution (13), Proposition
3.4, and Lemma 3.5. [

Theorem 3.6 can be interpreted as computing regular functions on the universal
cover O of O transforming according to x under C¢(e)q. We decompose it further:

) (Det¥)| . (16)

€)

~ oyt C~(
R(O, DetX) := Indlc(f((e)o (DetX) = Indgf((e) [IndC’f(
The inner induced module splits into
Cgle X
e o(DetX) Z Y
where ¢ are the irreducible representations of C (e) restricted to Det* on Cz(e)°.

We compute R(O,v) = Indc —(e)(¥) for K for x = —1/2; these are the cases

matching representations. The formula in Theorem 3.6 specializes to

R(O, Det’m) = @V(al,...,ap | by,...,by)

Ind

satisfying a; > by +1/2 > - » > |bp] +1/2.

Lemma 3.7. Let v;, 1 <1 <4, be the following [?—types parametrized by their
highest weights:

vo=(1/2,...,1/210,...,0), 05 = (3/2,1/2,...,1/20,...,0),
vs=(1,.... 1| 1/2,.. ., 1/2)va=(1,...,1]1/2,...,1/2,—1/2).

Let 1; be the restriction of the highest weight of v; to Cz(e). Then
Cr(e) 1/2
Ind % o (Det™ Z b

We write Cz(0) := Cx(e).

Proposition 3.8.  The induced representation (16) decomposes as
Indc (op(Det™/?) ZR (O, 1),

where V=V (B +1/2,...,6,+1/2]6,... ,5,,) and

R(O, 1) =IndE_o (1) = @V, Y _(8i+4,) € 22,
R(O,4n) =IndE () = @V, S_(6i+6) €22+ 1,

satisfying b1 > 61 > ..., > B, > |9,| and B;,6; € Z,
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R(O,43) = Indg(f((m (Ws)= PV, > (Bi+4) €2z,
R(O.4) = ndE_0)(Wa) = @V, Y (Bi+6;) €2Z+1,
satisfying b1 > 61 > ..., > By, > |0,| and B;,6; € Z+1/2.

The analogous results for the other orbits in case 1 follow by applying the outer

automorphisms in (7)

Case 2,3. It is enough to consider the three nilpotent orbits,

(a) O=[3v2%17241;;;  h=H(2,1,...,1,+1 | 1,...,1,0,0,...,0),
h\k,_/ T ——
(b) O = [3722k1F1-2] h=H(,...,1,0|2,1,...,1,0,...,0).
T ‘k,_/\,_/

Case (a). O = [3722F 12—+,
We assume p = k+1,¢ = k+ 14 2r_ with r_ > 0. Denote Or; =
[3T22F1=27=+1]; ;1 according to the semisimple elements in the Lie triple

hrr=(2,1,...,1,%1 | 1,...,1,0,0,...,0).
T T N——

The orbits are conjugate by the outer automorphim

Cilxr, sy | yn, oo yg) = (X1, ey =X | Y1, o, —Yg)-

We only treat the case © = O;. Similar result holds for O¢ = Oy;.

Proposition 3.9. A representation V(ay,...,a, | bi,...,by) has invariant
vectors under Cy(e)™ which transform according to DetX under Ci(e)o = gl(k) x
s0(2r_ — 1) if and only if byyo =---=b, =0 and

ar+x>b>a+x>-->a,+x>0,>0,
and the multiplicity is 1.

Proof. The representation W(ay, ..., ags1 } bi, ... bg;bgs1, ..., by) has so(2r_+1)

-fixed vectors only if by = --- = by = 0 by Helgason’s theorem; in that case, the
fixed vector is the highest weight (bx.1,0,...,0). Otherwise the proof is identical
to Case 1. ]

As in equation (16), we compute R(O,v) for K and y = —1/2 — r_; these are
the cases matching representations. From Proposition 3.9,

R(Oy, Det™1/*77=) = Indf_(o(Det /277~
:@V(al,...,ap|b1,...,bp,0,...70) (17)

satisfying a3 > b1 +1/2+7r_>--->a,>b,+1/24+r_>0.
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Proposition 3.10.  Let

= (r_+1/2,....,r—+1/2)]0,...,0) |CI~(()
Yo=(r-+3/2,7r-+1/2,...,7-+1/2]0,...,0) |c.()

The induced representation (17) decomposes as
Idf_(o,0(Det™/277=) = R(Or,41) + R(Oy, ),
where V = V(B +r-+1/2,...,8,+r—+1/2|61,...,6,,0,...,0), and
R(Op, 1) = IndK ©on @V with Z Bi +0;) € 2Z,
R(Op, 1) = IndK o @V with Y (B +6;) € 2Z+ 1,
satisfying b1 > 01 > ..., > B, > |0,| and p;,6; € Z. The corresponding results for

R(Oq1,v°) follow by applying the automorphism (.

Case (b). O = [312%1-172+]
We assume p=k+1+r,, ¢g=k+ 1 with r, > 0. A representative of the orbit
is

e =X(e1 — epig) + X(e1 + €pig) + Z X (€ + epj-1),

2<j<k+1
h=(2,1,...,1,0,...,0 | 1,...,1,0).
Proposition 3.11. A representation V(ay,...,a, | bi,...,by) has invariant
vectors under Cy(e)t transforming according to DetX under Ci(e)y = gl(k) X
s0(2ry) if and only if ajyo =--- =a, =0 and

ar+xX>bi>a+ x>0y > >a,+ x> |y

Proof.  The proof follows Case 1. The fact that azio = --- = a, = 0 follows
from the requirement that the character be trivial on the so(2r, )-factor. u

As before, x = ry —1/2 is the case corresponding to representations. Proposition
3.11 specializes to

R(O, Det™+~1/?) = Indg{ e)o(Det”_l/Q)
=@ V(ar....,a0,0,...,0]by,....0) (18)
satisfying a1 +7r4 —1/2>0y > - >a,+1r —1/2 > |b,].
Proposition 3.12.  Let

b1 = (0,0 ry —1/2, ..,y = 1/2) |o(o),
¢2:(0,...,0|T+—1/2,...,—(T+—1/2)) |Ci€(e)
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Then the induced representation (18) decomposes as
I op(Det™* %) = R(O, 1) + R(O, 62),
where V:V(Bl,...,ﬁq,o,...,() | 01,...,04) and

R(O,¢1) = Ind§_o)(61) = @DV with > (8 +4;) € 2,
R(O, ) = IndE_o)(d2) = DV with > (8 +0;) € 22+ 1,

satisfying Br+ry—1/2> 6 > ..., > By+ri—1/2 > |0,4] and 5; € Z, §; € Z+1/2.

3.2. Spin(2p +1,2q — 1)

These are Cases 4-8. The two orbits in Case 4 are obtained from Case 7 and Case
8 by putting r, = 1 and r_ = 1, and they are related by the automorphisms in
(7). So we deal with Cases 5, 6 and Cases 7, 8.

Case 5, 6. The orbit is O = [372%172+ 1] and 2p+1=2k+3+2r, 2gq—1 =
2k + 1. The fundamental Cartan subalgebra has coordinates

(:L‘h ey Tht1y Th42y - - - axk’-‘rl-i-mr ‘ Y1y - Yk, Z)

with Cartan involution 6(z;) = z;, 0(y;) = y;, 0(2) = —=.
Representatives for e and h are

e = X(e1)n + Z X (€ + €pyi-1)

2<i<k+1
h = H(2¢) + He+e,-1)=1(2,1,...,1,0,...,0 | 1,...,1;0
Ga)+ 3 Hle+ i) = )
2<i<k+1 k 4 k
where the last coordinate after the ”;” is the z. Then

Ce(h)o = gl(1) x gl(k) x so(2ry + 1) x gl(k),
Ce(h); = Span{ X (e1 — &), X(€)e; X(€ptiz1)es 2 <7 < k41,

X(ej£e), 1<ji<k+1<l<p}, (19)
Ci(h)2 = Span{ X (€1)c, X(€& +€j), X(€pri1 + €prj1), 2<i<j<k+1},
Ce(h)s = Span{X (€1 + ¢;), 2<i < k+1}.

Similarly

Ce(e)o = gl(1) x gl(k) x so(2r, +1)
03(6)1 = Span{X(el — EZ‘) + X<€p+i,1)c, 2 S 7 S k =+ 1, X(Q + 6[),
2<i<k+1<I<p, X(ep1i)e 2<i<k+1,1<j <k}, (20)

The gl(k) embeds in gl(k) x gl(k) as before z — (x, —a?).
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Proposition 3.13. A representation V(ay,...,a, | bi,...,bs—1) has vectors
invariant for Ce(e)t which transform according to DetX under Cy(e)g = gl(1) x
gl(k) x s0(2ry + 1) if and only if agyo =---=a, =0, and

ap+x=>b1 > >ap+ x> by > apy1 + X (21)

Proof. Step 1. Let p = m+n C £ be the parabolic subalgebra determined by

¢=(1,...,1,0,...,0 | 0,...,0;0).
—— e~ ~—
k+1 T4 k

Then n C Ce(e)™, and we can apply Kostant’s theorem to reduce the computation
tom = gl(k+1) x s0(2ry + 1) x gl(k). The n-coinvariants are the module

W(—al,...,—akH;aHQ,...ap bl;---abk)'

We have assumed £ even for simplicity. By Helgason’s theorem, ajio= ... = a, = 0.
We must compute the multiplicity of a character x trivial on the nilradical of Cy,(e).

Step 2. Let ¢ = [+ u C m be the parabolic subalgebra determined by (the
restriction of) h :

[=gl(1) x gl(k) x gl(k) x s0(2k + 1).
The proof proceeds as in Case 1 and Cases 2,3 ; see also Cases 7, 8. [ ]

When ry > 0, a; € Z and b; € Z + 1/2. When ry = 0, Az(O) has two
components. The character x is not determined by its differntial; there are two
possibilities, corresponding to a; € Z,b; € Z+1/2 and a; € Z+1/2, b; € Z.

Case 7, 8. The fundamental Cartan subalgebra has coordinates
(xla vy Tyl ‘ Y1y oo Yks Yk+1y - -+ s Yktr_ Z)

with Cartan involution 6(x;) = z;, 0(y;) = y;, 0(2) = —z. We describe the
centralizer for [3722%1t172"-] with r_ > 2 in ¢ in detail. Representatives for e
and h from the previous section are

e=X(e)+ Z X (& + €pri-1)

2<i<k+1
h = H(2¢) + H(e; +€pi1)=1(2,1,...,1 | 1,...,1,0,...,0;0
e+ Y Hi+ i) = )
2<i<k+1 : M g
where the last coordinate after the ”;” is the z. Then

Ce(h)o = gl(1) x gl(k) x gl(k) x so(2r_ + 1),
Ce(h)1 = Span{ X (e1 — &), X(€), X(epri-1), 2<i < k+1,

X(eprjtep), 1<j <k <l<gq}, (22)
Ce(h)2 = Span{X(e1), X(€; + €;), X(epri-1 + €psj1), 2<i<j<k+ 1},
Ce(h)s = Span{ X (e; +¢;), 2 <i<k+1}.
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Similarly

Ce(e)o = gl(1) x gl(k) x s0(2r_)
Ce(e)r = Span{ X (€1 — €) + X(€pti-1 £ €pit1), 2 <0 <k +1,
X(eprj Eepinr), 1 <j<k, k+2<1<q—1}, (23)
Ce(e)2 = Ce(h)2
Ce(e)s = Ce(h)s.

The gl(k) C Ce(e)o is embedded in gl(k) x gl(k) C Ce(h)o as before, x +— (x, —a),
and so(2r_) C so(2r_ + 1) in the standard way.

Proposition 3.14. A representation V(ay,...,a, | bi,...,bs—1) has vectors
invariant under Ci(e)™ and transforming according to DetX under Cy(e)y =
gl(k) x so(2r_) if and only if byro =---=0b,_1 =0, and

ai+x=>br>ay+ x> 2bp > apg1r + X = by (24)

Proof. The proof is essentially the same as for the other cases.
Step 1. Let p = m + n C £ be the parabolic subalgebra determined by

¢=(1,...,1]0,...,0;0).
N——
k+1

Then n C Cy(e)t, and we can apply Kostant’s theorem to reduce the computation
to m = gl(k+1) xs0(2k+142r_). Let W(ax,...,aps1 | br,- bp, Oprs s bryr)
(¢—1=k+r_) be an irreducible representation of m parametrized by its highest
weight, and y be a character of Cy(e) trivial on the nilradical. We will compute

[W(al, e A } bl, ceay bk, bk+1, Ce ,bk+r7)}x.

Step 2. Let ¢ = [+ u C m be the parabolic subalgebra determined by (the
restriction of) h :

[ gl(1) x gl(k) x gl(k) x so(2r_ +1).

Then Cp(e)o = gl(k) x 50(2r_), Cun(e)2 = Cn(h)y and Cy(e)s = Cu(h)s.
Cu(e)1 C Cn(h); has complements sg, s+ spanned by

s = Span{X(e; —¢), 2<i<k+ 1},
s_ = Span{ X (€p4; — €piq-1), 1 <i <k}
5y — Span{X(Ep_H- + €p+q—1)7 1 S 1 S k’}

Then S™(s) = V(m;0,...,0,—m ‘ 0,...0;0,0,...,0) as before. The (generalized)

k r_—1
Bernstein-Gelfand-Gelfand resolution, using q, is

0o — P Mw-A) — - — P Mw-A) — M) — W — 0, (25)

weWw+ weW T
Yw)=k f(w)=1
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with w - X := w(A + p(m)) — p(m), and w € W, the W ([)-coset representatives
that make w - A dominant for A*([). This is a free Cy(e)*-resolution so we can
compute homology by considering

0--— P Mw-X)— - — @ Mw-X) — M) —0, (26)

weW+ weW+
Lw)=k L(w)=1

where for an m-module X, X denotes X/((Cw(e)™)X). The weight A is

(—ay, —Qgat, ..., —ay | — gy ooy =b1, bgrn, - Dg1).

The fact that by = --- = b1 = 0 follows from Helgason’s theorem for the pair
s50(2r_) C s0(2r_ 4+ 1). The fixed vector is the highest weight. u
The x relevant to matching with representations are

Case 4, X =-1/2,

Case 5,6 with r,. =0, x=1/2,

Case 5,6 with r, > 0, x=ry+1/2

Case 7,8, X=-r_+1/2.

Proposition 3.15. The K— structure in Cases 4—8 is as follows.
Case 4: O = [372217172]. In this case Az(O) = Zy. Let

ey =(1/2,...,1/210,...,0)|c e, w2 =(3/2,1/2,...,1/210,...,0)|c.()
Then R(O, Det'?) = R(O, ) + R(O, ),
with V=V (B +1/2,....6,+1/2|6,...,6,) and
R(O.¢1) =ndl_ o)1) = @V with Y (8 +4;) € 22,
R(O,4y) = Indf_o)(12) = @DV with Y (8 +6;) € 2Z+1,

satisfying 1 > 01> ...,> B, >0, >0 and B;,0; € Z.

The automorphism n in (7) relates the result for R(O, ), with O = [37221717?]
and the corresponding " .

Case 5, 6: O = [3722*17]. In this case Az(O) = Zsy. Let
U= (0,0 1/2,0 . 120, o= (1/2,...,1/2] 1., Dl (27)
Then R(O, Det'/?) = R(O, ) + R(O, 1)
with V=V (B1,...., | 61,-..,8,.1) and
R(O,41) =ndE_ o ()= DV, i€z, 6, €Z+1/2,
R(O,4s) =ndE_ o (o) = DV, ieZ+1/2, 5,7,
satisfying b1 +1/2>6 > ...,> Bp1 +1/2> 0,1 > B, +1/2.
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Case 5, 6: O = [372% 102+ with v > 0. In this case Az(O) = 1. Then

R(O, Det™++1/2) = R(O, Det’+*1/?)
=@PVB- B0, 061, 640)

satisfying 1 +ry +1/2 > 60 > ..., > o1 +1/2 > 61 2> By, Bi € Z, and
0; € Z+1)2.

Case 7, 8: O = [372%1T17%~]. Let

Gr=(r-—1/2ro = 1/2]0,....0)lcg o),
Vo= (r—+1/2,r_=1/2,...,r_ —1/2 07“'70)’0&(6)‘

In this case Ap(O) = Zy. Then
R(O, Det™"=*1%) = R(O, 1) + R(O, 1),

with V:V(ﬁl+r_1/2,...,5p+r_—1/2 | 61,...,0,,0,...,0) and

R(O,41) =IndE o (1) = @V with S (5 +5;) € 22,
R(O, ) =IndE o () = @DV with S (5 +8;) € 22+ 1,

satisfying [y > 01> >0, >6, >0 and p;,0; € Z.

Proof.  The calculations of R(@, DetX) are essentially the same for all Cases 4,
5,6 and 7,8. The calculations of the R(O, 1) are different. In Cases 4 and 7,8 the
disconnectedness of the centralizer is already present for K = SO(2p + 1,2 — 1).
More precisely, Az(O) = Ag(O) is nontrivial. In Cases 5,6 with r_ = 0 and
Az(0) # Ag(O). Finally in Cases 5,6 with r— > 0, Az(O) = 1, and there is
nothing further to prove.

For R(O, DetX) in Cases 5,6, we give details for O = [3722¥1]. Then

e=X(er)n + Z X(ej+ eprjo1)s h=(2,1,...,1 | 1,...,1;0).
2<j<k+1 k k

The centralizers Ci(h) and Ce(e) are as in (22) and (23) with r_ = 0.

Let V(ay, ..., a1 ! bi,...,bg) be a K -type. Then Steps 1 and 2 imply that V
has a Ci(e)T-fixed vector transforming according to DetX if and only if

a12b1+x2...bk+xzak+1.

The genuine I?-types must satisfy a; € Z,b; € Z + % or a; € Z + %, b; € Z and x
a half-integer. The case y = —1/2 is relevant to the representations.

The element (—1, —1I) acts by —1 on the representation. The two elements (1, —1)
and (—1,1) therefore act by opposite signs. Then

R(O, DetX) = R(O, ) + R(O, 1),
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where 1 = (0,...,0 | 1/2,...,1/2)|c ), ¥2=(1/2,...,1/2 [ 1,...;D]c (o)
and where 11,1, are again the corresponding K -types restricting to C'z(e). This
coincides with the result in the statement if replacing + by —.

For Cases 4 and 7,8 we give details for R(O, DetX) with O = [3722%1-1%2] in Case
4. Other cases are similar. The component group satisfies Az(O) = A (O) = Zs.
We use the realization

e =X(e1 — eprhi1) + X(e1 + €prpi1) + Z X (€ + €pri-1)
2<i<k+1

(28)
h=2H(er)+ > H(e+epp)=(2,1,...,1 | 1,...,1,00).
2<i<k+1 Y Y
Ce(h)o = gl(1) x gl(k) x gl(k) x s0(3),
Ce(h)1 = Span{X(e1 —€;), X(€pri-1 £ €pyry1), 2<i <k +1,
Xei cy X (e i—1)cy 2§Z§k+1 )
(€ Xleppi-t) ) 0

Ce(h)g = Span{X(el)c, X(Gl + Ej), 2 S 7 < ] S k + 1,
X(€prio1+€prj1), 2<i<j<k+1},
Cg(h);; = Span{X(q + 61'), 2<1 < k + 1}

Similarly
Cile)o 2 gl(1) x gl(k) x 50(2),
C@(e)l = Span{X(el — Gi) —+ X(€p+i71 + €p+k+1)7 2 S 7 S k -+ 1,
X(Ei)ca X(Ep—i-i—l)C) 2 S 'L S k: + 1}7 (30)

Ce(e)a = Ce(h)s,
09(6)3 = Ce(h)g

The gl(k) C Ce(e)g is embedded in gl(k) x gl(k) C Ce(h)o as before, z — (z, —x').

The element e™(¢1%¢6) represents the nontrivial element in the component group.
The vector in V(ay,. .., ax1 ‘ b1, ... bk, bpy1) which is Ce(e)t-invariant and trans-
forms according to DetX, has weight

(—ar +kx — Z a; + Z bj,—bz+X7--~,—bk+X| — b,y =bp, brg).

2<i<hk+1 1<j<k
The nontrivial element of Az(O) acts by

e (X <ichi1 Gt <kt bj+kX)’

and has different values according to the parity of the sum in the exponent. This
accounts for the decomposition

R(O, DetX) = R(O, 1) + R(O,15). n
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4. Representations

We will obtain representations associated to the various O by restricting the rep-
resentations of (g’ = so(p/,¢'), K’ = Spin(p’) x Spin(q’)) constructed in [17]. They
are unitary, associated to the orbit @' = [22F2 12n=4k=3] "and have infinitesimal
character

N=mnm-k—1-1/2,...,1/2;k+1,...,1).

We recall their K’-spectrum from [17]. Let G = %(p’,q’) be such that p’ is
odd and ¢ even.

p —1=¢": There are four representations

(Moo Ag2 | A+ 172,000 Mg 2 +1/2) X\ €7,
()‘17 Mg /2 ’ A H1/2,00 =Ny — 1/2) \i €7,
(Ao Agya | M+ 172,00 A e +1/2) N €Z+1/2,
(Al, Agp | M+ 1/20 =M e = 1/2), N €EZ+1/2

P —1>¢': There are two representations,

A,
(Ala q/27 770|>\1+p2q )
( | a

o
)\17 /27 . 70|>\1+p q _)\ /2_ 2 ))

q/_p/ q/_p/
()\1+ 5 7"-7)\(;)’71)/2_'_ 5 ‘ )\1,...,)\(17/71)/2,0’,_,70 .

p' —1 < ¢': One representation,

Theorem 4.1. The representations attached to O have the following K -structure.

Case 1. Gy = %(Qp, 2p), 2p=2k+2, (rp. =0)
There are eight representations obtained by restriction from Spin(2p+1,2p), with
K -structure:

My (01,0 | B+ 1/2,..., 8, +1/2)  with Y (6;+ B;) € 2Z,

Myt (01,00 | B+ 1/2,. ., 8, +1/2)  with Y (6;+ B;) € 2Z+1,
satisfying 1> 61 > -+ > B, > |6,|, Bi, §; € Z;

T3 (01,0 | But1/2,. =B, —1/2)  with Y (8i+f;) € 2Z+1,

T (01,0 | B 12, =B, —1/2)  with Y (6;+ B)) € 2Z,
satisfying By > 61> - > B, > |8,], Bi, §; € Z;

o1 (01,6, | B+ 1/2,...,8,+1/2)  with Y (6;+ B;) € 2Z,

02t (01,00 | BL+1/2,. B+ 1/2)  with Y (6 + ;) €22+ 1,

satzsfymg ﬁl 2 51 Z e 2 ﬁp 2 |5p|7 Bia 5] € Z+ 1/2;
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&1 (01,6 | B+ 1/2,..., =B, = 1/2)  with Y (6;+ B;) € 2Z+ 1,
&1 (01,6 | Bi+1/2,..., =B, = 1/2) with Y (6;+ B)) € 2Z,
satisfying 1 > 61 > -+ > B, > [0,], Bs, 0; € Z+1/2.

Another eight representations are obtained by restriction from %(2}9, 2p + 1),
with K -structure:

T (B 1/2, B+ 12 | B, 8y)  with Y (0 + B)) € 22,

Mt (i 1/2, . B+ 1/2] 61,...,8,)  with Y (64 B;) € 2Z+ 1,
satisfying By > 6, > -+ > B, > |6,|,8:,0; € Z;

T (Bit1/2, =B —1/2 | b1, 8,)  with Y (6i+f;) € 2Z+ 1,

T B+ 12, =By —1/2 | 61,...,8,)  with Y (5i+f;) € 22,
satisfying B1 > 61> - > B, > 10,|, Bi, 0; € Z;

o3 (B1+1/2,... .8+ 1/2] 61,....5,) with Y (6;+B)) € 2Z,

ort (Bi+1/2,.. B+ 1/2] 61,....8,) with Y (6;+8) € 2Z+1,
satisfying 1> 01 > - > B, > |8,|, Bi, 0, € Z+1/2;

& (Bi+1/2,..., =B, —1/2 | 61,...,6,) with Z(éﬁ@») €27 + 1,

G (Bi+1/2,...,=B,—1/2|61,...,8,) with Y (6;+ ) € 2Z,
satisfying By = 61> - > B, 2 |6,l, By 6 € Z+1/2.
The representations with the same subscripts have the same central character.

Case 2. Gy :%(Qpﬂq), 2p=2k+2+2r,,2¢=2k+2, r, =p—q>0,
(Case 3 is corresponding to Case 2 with + replaced by —.)

There are four representations obtained by restriction from %(2}7—1— 1,2q), with
K -structure, using S := S(8; + ;) :

Tyt (01,0,00,0,...,0 | Br+ry+1/2,.., B8, +rs +1/2) with S € 27,
Mot (01,0, 00,0,...,0 | Br+ry+1/2,..., 8,41 +1/2) with S € 27+ 1,
o1t (01,..,00,0,...,0 | Bidry +1/2,...,—(By+ 71 +1/2))  with S € 2Z + 1,
o2t (01,0, 00,0,...,0 | Bidry +1/2,..., = (B + 71 +1/2))  with S € 2Z,

satisfying By > 61> By = --- > ;2 0, 2 0, B0, € Z.

There are two representations obtained by restriction from %(2}9, 2q + 1), with
K -structure:

7t (B By 0,0.0,0 | 61,00, 6,) with S € 27,
T2t (Bryeea By 0,0..,0 | 61,00, 6,) with S € 27+ 1,
satisfying b1 +ry —1/2> 01> - > B, +ry —1/2> |9, , Bi € Z,6; € Z+1/2.

The representations m;,0;, 7; have the same central character for 1 =1,2.
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Case 4. Go=Spin(2p+1,2p+1), 2p+1=2k+1, ry =1 or r_ = L.
There is one representation (which may decompose further) obtained by restriction
from Spin(2p + 2,2p + 1), with K -structure

m (01,0 | B+ 1/2,...,8,+1/2)

satisfying B1 > 6, > --- > [, > 0, > 0, and B;,0; € Z.
There is another representation (which may decompose further) obtained by re-

striction from %(2}9 +1,2p+2), with K -structure

T (B 1/2,. . By +1/2 | 61,...,5,)

satisfying fy > 01 > -+ > [y > 0p > 0, and B3;,0; € Z. The representations m
and 7y have different central characters.

Case 5. Gy = Spin(2p+1,2¢—1), 2p+1 =2k +3+2r,,2¢g—1 = 2k + 1,
(ro =p—¢q). (Case 6 is corresponding to Case 5 with + replaced by —.)

When r = 0, there are two representations obtained by restriction from the group

%(2}7 +1,2p), with K -structure:

o (617'”7&]7 ’ (51,...,51)_1) wzthb’, GZ,éj €Z+1/2
T (51,...,5}, ’ (51,...,51)_1) with B; €Z+1/2,(5j e,

satisfying B1+1/2> 86, > -+ > Bp_1+1/2 > 8,1 > Bp+1/2. The representations
w1 and wo have different central characters.

When ry > 0, there is a representation obtained by restriction from the group
Spin(2p + 1,2q), with K -structure:
m: (B, Bg,0,...,0 | 01,...,0,—
(51 6q | 1 q 1)

p—q

satisfying b1 +r4+1/2> 01> - > By +1ry +1/2> 0401 > By +14+1/2, and
Bi EZ,éj EZ+1/2

Case 7. Go = Spin(2p+1,2¢—1), 2p+1 =2k +1+42r,,2¢g — 1 = 2k + 3,
(ro =p—q+2) (Case 8 is corresponding to Case 7 with + replaced by —.)
There is one representation (which may decompose further) obtained by restriction

from %(2}) +2,2¢ — 1), with K -structure

T (01,0, 00-1,0,..,0 | Br+re —1/2,.0 Bgr + 1y — 1/2)

p—q+1

satisfying b1 > 61 > -+ > [y_1 > 941 > 0, and §;,9; € Z.
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4.1. Proof of Theorem 4.1
Case 1. Let p =2p+1,¢ =2p,s0p'—1=¢, and ’% = % The restrictions
of the four representations of %(2}7 + 1,2p) are:

(01, s 0y | Bi+1/2,...,£(8, +1/2)), Bi,6; € Z,

(01,06, | Bi+1/2,...,£(8,+1/2)), B0, € Z+1/2,
satisfying 1 > d; > --- > B, > |0,|. Similarly we get another four representations
by restricting from %(2}9, 2p +1).
The center of %(2}9, 2p) does not act by a scalar, so these representations
decompose further into the sixteen listed in the theorem. Also, the highest weights
of the K -types of an irreducible representation must differ by the root lattice.
Case 2, 3. We consider a=2p=2k+2+2r,, b=2q=2k+2, r, =p—q> 0 only.
Let p' = 2p+1, ¢ = 2¢. This is the case p' — 1 > ¢/, and so 5% = r  +1/2.
The restrictions of the two representations of %(p’ ,q') are

01y 0g,0,..,0 | Br+re+1/2,..., B+ 1y +1/2)
(01,---,00,0,...,0 | Br4ry +1/2,...,=(8,+ 714 +1/2))

satisfying 6y > 01 > 81> --- >, >0, >0, 3;,0; € Z.

Let p) =2k+3=2¢+1, ¢ =2k+2+2r, =2p. This is the case p’ — 1 < ¢/, and

/ /

1P = r, —1/2. The restriction of the single representation of %(p’ ,q) s

L =
(Bis--sBey0,...,0 | 01,00, 8,)

satisfying By +7r. —1/2> 6 > - > B, +ry —1/2>6,| , Bi € Z, §; € Z+1)2.

The center of Spin(2p,2q) does not act by a scalar, so these representations

decompose further into the six listed in the theorem. Also, the highest weights of
the K -types of an irreducible representation must differ by the root lattice.

Case 4. Thus a =2p+1=2k+1and b=2¢—1=2k+1. Let p’ =2p+2 and
¢ = 2p+ 1. There are two representations, and they restrict to the same

(01,...6, | Bi+1/2,...,8,+1/2)

satisfying 31 > 01...08, > 9, > 0.

Similarly for p’ = 2p+1 and ¢’ = 2p+2. These representations decompose further,
not detected by the action of the center; see Conjecture 4.2 and the introduction.
Their K -structure differs by whether ) d;+ > f; is in the root lattice or not. We
write m = 7€ + 7°.

Case 5, 6. We consider a = 2p+1 =2k+3+2r,, b =2¢—1=2k+1,
ry =p—q>0only Let p =2p+1=2k+3+4+2r.,¢d =2¢=2k+ 2. When
ry >0, p'—1>¢ and 1% = r, +1/2. The restrictions of the two representations
that occur for Spin(p’,q’) coincide:

(Brse s By 0,...,0 | 61,00, 64-1)

pP—q

such that 8y +7r. +1/2> 01>+ > [ 1+7r. +1/2> 0,1 > B, + 74 +1/2, and
Bi EZ,@- €Z+1/2.
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The case when 7, = 0 satisfies p’'—1 = ¢'. In addition to the representation above,
there are two more representations. Their restriction has K -structure

Brs-o s By | O1see s 8pn)
satisfying By +1/2> 6, > fy+1/2> - > 6,1 > B, +1/2.

Case 7, 8. We consider a = 2p+1 =2k+1+4+2r,, b = 2¢—1 = 2k + 3,
ry =p—q+2>0only Let P =2¢—1=2k+3,¢d =2p+2=2k+2+2r,.
In this case, p' — 1 < ¢/, and # =1, — 1/2. The representation of %(p’, q)
restricts to

(015 0g-1,0,...,0 | Br+ry —1/2,... By + 14 — 1/2)
p—q+1

satisfying 81 > 01 > 1 > -+ > Bgo1 > 0g-1 > 0, B;,0; € Z. As in Case 4, this
representation decomposes further, not detected by the action of the center; see
Conjecture 4.2 and the introduction. We write 7 = 7€ + 7°.

Conjecture 4.2.  Each representation in Case 4, Cases 7 and 8 decomposes into
two irreducible factors; we write m = 7€ + 7°.

The derived functors construction of the representations verifies this conjecture.
Since we have omitted the details of this alternate construction, we list the above
as a conjecture.

4.2. Infinitesimal character and restriction. Let g = s0(2n,C) C ¢ =
s0(2n + 1,C), and G = SO(2n,C) and G' = SO(2n + 1,C) the corresponding
groups sharing a (#-stable) Cartan subgroup H = T'A. Let Z' be the unique
maximal primitive ideal with infinitesimal character

N=(m—-k—1-1/2,...3/2,1/2:k+1,...,1).

There is a unique (g’, K’)-module 7' with these properties, and it is spherical
unitary. In particular 7' = U(g')/Z’. Let m be any module with annihilator
Z'. Then g acts via the map X € g+— X -1 € U(g')/Z'. Write 7’ = my + m;
where 7y is the unique spherical irreducible (g, K)-submodule. The image of
U(g) is contained in my. We aim to show that my has infinitesimal character
A=n—k—2,...,0;k+1/2,...,3/2,1/2). Then all the factors of the restriction
of m to g have this infinitesimal character as well. In particular this is true for the
factors in the restrictions of the modules of so(p’, ¢') considered in Theorem 4.1.

It is enough to check the action of g on the spherical function correponding to 7.
By [10] pages 31-32, its restiction to A is (up to a multiple),

ZwGW(Bn) E(lU) e“’)\/

H (667;/2 _ e—ei/2> . A

with A =T, crp.) (e*/? — /%) and R(D,) the standard positive roots for type
D,,. The claim follows if we show that the restriction of ¢’ to G is the spherical
function

¢ =

ZSEW(DH) 6(8)€S>\

A

o=
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The next Lemma completes the proof.

Lemma 4.3. Z e(s)e™ - H (eei/2 —e /%) = Z e(w)e™ .

SEW (Dn) weW (Bn)

Proof.  Both sides are skew invariant under W (D,,). It is enough to count the
occurences of the dominant regular weights on the right. On the left there are
only two such weights, (n—k—1/2,n—k—3/2,...,k+3/2,k+1,...,3/2,+1/2)
occuring with opposite signs. On the left, the weights are of the form

(n—k—2,.. k+1,k+1/2,...,1,0)+ (+1,2,...,41/2).

The parity of the number of —1/2 in the weight being added determines the sign.
The only weights that give a dominant regular sum are (1/2,...,1/2,1/2) and
(1/2,...,1/2,-1/2). ]

4.3. Matchup between regular sections on orbits and representations.
We match the K -spectra of the representations in Theorem 4.1 and the regular
sections on nilpotent orbits computed in Section 3. We do this for Cases 1, 2, 4,
5, 7, and use the notation from Section 3 (with possible change from — to +) and
Theorem 4.1. The notation yx; distinguishes different central characters. In each
table, the representations in the same row have the same central character; the
representations in the same column are attached to the same orbit.

Case 1 (where k=p—1).

O =[3T2%17]; O =[3T2%17];; O7=[3722%11]; O = [372%11];;
X1 | mlg=R(O,¢1) mi|g=R(O°45) o1|z=R(O" ) &|z=R(O", 5"
Xz | Mol g =R(O,¥) Talg=R(O% ) 02| g =R(O"¥]) &l|z=R(OD, 45"
Xs | 03l g =R(O,03) &l =R(O% ) sz =R(O"¥]) 73]z =R(OD,45")
Xa | Oalg=R(O, ) &lg=R(O%45) mlz=R(O"4]) 7lz=R(O", ;")
Case 2.
o= [3—22k1+,2r++1]1 O = O§ _ [3722k1+,2r++1]n O= [3+22k1—1+,2r+]
x1 | mlg=R(Or¢) o1z = R(O1r,¥5) 7|z = R(O, ¢1)
Xz | mlg = R(Or, ) 032l g = R(O1, %) 72|z = R(O, ¢2)
Case 4.
O = [3+22%1+177] O" = [372%1-1+2
X1 | milg = (7] + 79|z = R(O,¢1) + R(O,¢2)
X2 Tl g = (75 + 79)| g = R(O",¢Y) + R(O", 3)

Case 5 with ry =0.
| O =[372%17]

X1 | mlg = R(O,¢1)
Xz | 2| = R(O,¢,)
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Case 5 with ry > 0.
‘ O — [3+22k1+,2r++1]
X1 | mlg = R(O, Detr++1/2)

Case 7.
| O = [372%F171+2]
Y1 | 7z = (7 4 79) g = R(O, 1) + R(O, i)

5. Clifford algebras and Spin groups

Since the main interest is in the case of Spin(V'), the simply connected groups of
type D, we realize everything in the context of the Clifford algebra.

5.1. Structure Let (V,Q) be a quadratic space of even dimension 2n, with a
basis {e;, f;} with 1 <1i <mn, satisfying Q(e;, f;) = d;j, Q(es,e;) = Q(fi, fj) = 0.
Occasionally we will replace e;, f; by two orthogonal vectors v;,w; satisfying
Q(vj,vj) = Q(w;,w;) = 1, and orthogonal to the e;, f; for i # j. Precisely they
will satisfy v; = (e; + f;)/V2 and w; = (e; — f;)/(iv/2) (where i := /=1, not
an index). Let C(V) be the Clifford algebra with automorphisms « defined by
alxy---x,) = (=1)"xy - -z, and x given by (xy---xz,)* = (=1)"z, - - - 1, subject
to the relation zy + yr = 2Q(x,y) for z,y € V. The double cover of O(V) is

Pin(V):={zeCV) | z-2*=1, alx)Va* C V}.

The double cover Spin(V) of SO(V) is given by the elements in Pin(V') which are
in C(V)ver, ie. Spin(V) := Pin(V) N C(V)*“". For Spin, o can be suppressed
from the notation since it is the identity.

The action of Pin(V) on V is given by p(x)v = a(z)ve*. The element —1I €
SO(V) is covered by

&, =" ow [ L—efi) == [] [1-efil- (31)

1<j<n—1 1<j<n

Id ifn € 2Z,
These elements satisfy &5, = {+Id ! t}? _
— otherwise.

The center of Spin(V) is

. Zo X 7y if n is even,
Z(Spin(V)) ={%I,£&,} =
(Spin(V)) = { onf {24 if 1 is odd.
The Lie algebra of Pin(V) as well as Spin(V') is formed of elements of even order
< 2 satisfying x + 2* = 0.
The adjoint action is ad z(y) = xy—yz. A Cartan subalgebra and the root vectors
corresponding to the usual basis in Weyl normal form are formed of the elements
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(1—eif))/2 «+— H(e)

eiej/2 — X(—e& —¢), (32)
eifi/2 — X(—€ +¢),

fifil2 — X(e+e))

Root Structure. Weuse 1 < i,/ <pand 1 < j,m < q—1 consistently. We give
a realization of the Lie algebra for Spin(2p+1,2¢ — 1). The case Spin(2p,2q), is
(essentially) obtained by suppressing the short roots.

Compact Noncompact
t={(1—-efi),(1—eprjfpors)} a={vfv"}

H(Gi)a H(€p+j) H(€p+q)

fiv® e, fpr v, epyjuT fivT e vt frg, v ey
X(€i)ey X(—€i)es X(€ptj)es X(—=€prj)e  X(€)n, X(—€)n X (€p1s)ns X (=€ pij)n
fili; fier, eiers i fi fifp—i—j’ fiep—i-jy €iCpti, €z‘fp+z

fp+j fp-i—mv fp+j Ep+m; Eptj fp+m7 €p+5Cpt+m

X(ei+e), X(ei—e€), X(—€;—e), X(—ei+e) X6+ €prj), X(€ — €ptj),
X(—€ — €p1j), X(—€i + €p4j),

X(Ep-l—j + Ep—l-m)? X<€p+j - €p+m)a

X(—€prj = €pim), X (—€prj + €pim).

Nilpotent orbits, complex case. In this case, we write K = Spin(V) =
Spin(2n,C), K = SO(V) = SO(2n,C). A nilpotent orbit of an element e will
have Jordan blocks denoted by

e —r ey —> ... — e —V— —fr, — fro1 — —fro —... — +f1 —0
e —r ey —> -+ —> ey — 0
foo — —fo1 — - — —f1 —0 (33)

with the conventions about the e;, f;,v as before. There is an even number of odd
sized blocks, and any two blocks of equal odd size 2k + 1 can be replaced by a pair
of blocks of the form as the even ones. A realization is given by

k—1 20-1
1 1
- (Zeiﬂfi + vfk> for the odd block, and 5 (Zeiﬂfi) for the even.

2\ 4 ,
i=1 =1

When there are only even blocks, there are two orbits; one block of the form
(Zl§i<€—1 eir1fi + egfg_l)/Q is replaced by (Z1§i<e—1 eirfi + fgfg_l)/Q.

The centralizer of e in so(V') has Levi component isomorphic to a product of
50(rok+1) and sp(2ry) where r; is the number of blocks of size j. The centralizer
of e in SO(V) has Levi component [[Sp(2ra) x S[[[O(rax+1)]. For each odd
sized block define

Earrr =0 [[(1 = ¢, f5). (34)

This is an element in Pin(V'), and acts by —Id on the block. Even products of
+&y+1 belong to Spin(V'), and represent the connected components of C'z(e).
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Proposition 5.1.  Let m be the number of distinct odd blocks. Then

et ifm >0
AK(O)g{f ifm =0

Furthermore,
(1) If E has an odd block of size 2k + 1 with o1 > 1, then Az(O) =2 A (O).
(2) If all ropyq < 1, then there is an exact sequence

1 — {£l} — Az(0) — Ag(O) — 0.

Proof.  Assume that there is an ror 1 > 1. Let
€1 — ... > €%ky1 — 0
f2k+1 - ... — —f1 —0

be two of the blocks. In the Clifford algebra this element is

e=(eaf1 + -+ eapt1for)/2.

The element Z?ﬁl (1—e; f;) inthe Lie algebra commutes with e. Soits exponential

Hexp (i0(1 —e;f;)/2) = H[COS 0/2+ isinf/2(1 — e; f;)] (35)

also commutes with e. At § = 0, the element in (35) is [; at 6 = 27, it is
—I. Thus —I is in the connected component of the identity of Az(O) (when
Tok+1 > 1), and therefore Az(O) = Ag(O).

Assume there are no blocks of odd size. Then Cx(O)= []Sp(ry) is simply
connected, so Cx(0) = Ck(O) x {£1}. Therefore Az(O) = Z,.

Assume there are m distinct odd blocks with m € 2Z-¢ and rop,11 = -+ =
Tok,,+1 = 1. In this case,

Cx(0) = [ Spra) x S[O(1) x -+ x O(1)],

Vv
m

and hence Ag(O) = Z7~'. Even products of {£&y,41} are representatives of
elements in Az(O). They satisfy

_526+1 : g2k+1 k 7é Ea
E & = [
2k+1 " €2041 {(_1)k] b=

Corollary 5.2.

(1) If O =[322 1], then A(O) = Ly x Ly = {£& - &, +1}.

(2) If O = [3 22k 12n473) with 2n — 4k — 3 > 1, then Az (O) = Z,.
(3) If O =[2"111 (n even), then Ap(O) = Zs.

(4) If O = [2% 12" with 2k < n, then Ap(O) = 1.

In all cases Cp(O) = Z(K) - Cr(0)°.
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Nilpotent orbits, real case. Write V = V™ @ V= a sum of two (complex)
spaces, each endowed with a nondegenerate quadratic form. Recall the notation
in Section 2. The spaces %6 have dimensions a and b. We use bases as in the

complex case, ej[ ;> and plus v*¥ when a, b are both odd. In this case, we write

K = Spin(V*+) x Spin(V ™) = Spin(a, C) x Spin(b,C), K = SO(V*)x SO(V™) =
SO(a,C) x SO(b,C). Write g = ¢+ s for the (complexification of the) Cartan
decomposition. Nilpotent orbits of K (as well as K) in s are parametrized by
signed partitions where the basis elements alternate between V* and V'~ but
otherwise as in Equation (33). The centralizer of e in £ is a product

H5p(27’2f> X H[so(T;k—f—l) X 50(73y41)]

where 79, is the number of blocks of even size 2/, ri 41 is the number of blocks of
odd size 2k + 1 starting with 4+. We compute the centralizer of e in K , and its
component group.

The even sized blocks do not contribute to the component group. They can
however be used to deduce that (—I,—1I) € Cz(0)° as in the complex case.

For the odd sized blocks,

A CA | (EESy N || [y i)
Eqpr = (T = ef ) v T =€)

Products with an even number of both + of such elements give representatives of
the component group.

(36)

Lemma 5.3.
(1) If ropq > 1 for some 2k +1> 1, then

(—1,1) € Cz(O0)°, if k even, and (I,—1I)€ Cx(0)°, if k odd.

Similarly for vy, with k even and odd interchanged.
(2) If roe > 1 for some 20 >0, then (—1,—1I) € Cx(0)°.

Proof.  Assume that 5, ., > 0.

ei — e — ... — ey —0
- — +
foorr = —Ju — - = —fi7 20

represent two equal size blocks starting with the same sign +. The corresponding
element in the Clifford algebra is e = (e5 fi 4+ -+ + €31 fo)/2. Similar to the
case 1o > 0 below,

k k
(H[COSH +isinf(1 — ey, fo51)], H[COSQ +isinf(1 — erfQj)])
=0

J=0

belongs to Spin(V*) x Spin(V ™) and centralizes e for all §. This gives a con-
tinuous path between (I,I) and (I,—I) when k is odd; and a continuous path
between (I,1) and (—1,1) when k is even.
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Assume that some ro > 1. Let

el =& e = ... = e —0
foo = —fhy — .. = —fff =0

represent two blocks of size 2¢. Again, let e = (e;f1 teq fy o tesfoy 1)/2 bea
representative. Then e is centralized by [(1—ef fi7)+(1—e5 f5 )+ -+ (1—e5,f5,)] /2
in the Lie algebra. Exponentiating,

¢ ¢
(H[cos 0/2+isin®/2(1 —e3;_, f5: )], H[COS 0/2+isinf/2(1 — 62_]f2_])]>

j=1 j=1

belongs to Spin(V") x Spin(V~) and centralizes e for all §. This is (I,]) when
0 =0, and is (—1,—1I) when 6 = m, and hence it gives a continuous path between
(I,I) and (—1I,-1). u

We apply the Lemma to the orbit of the diagram [3 2%¢ 120=4%=3] with k > 0.

Proposition 5.4 (Proposition 2.1).

1) If O =[372%17]; 4, then Ap(O) = Zy X Zs.

2) If O = [372%1%), then Ap(O) = Z,.

3) If O = [3T2% 102+ H with . > 0, then Az(O) = 1.

4) If O = [372% 17102+ with r. > 0, then Az(O) = Z,.

5) If O = [3722k 102+ with ri > 0, then Ap(O) = Zs.

6) If O =[372%17102+] with ry > 2, then Az(O) = Zs.
imilarly for the nilpotent orbits with the + and — interchanged.

A~~~ /N /N A/~

wn =

Proof. In case (1), the odd blocks can be represented by

el — vy, — —f — 0,
wy — 0.

The corresponding element in the Clifford algebra is e = (v, f;7)/2. The element
(i(L—ef fi7) vgwy) = (i(1—el fi"),i(1—e5 f5)) is in Spin(VF) x Spin(V7), acts
by —Id on the blocks and centralizes e.

Note that Ag(O) = Z,. The inverse image in Cx(O) of Ck(O) contains the
element {(+1,+1), (+i(1 — el fi),+i(1 — ey f5))}. By Lemma 5.3(2) we have
(—I, —I) S CE(O)O, SO A[?((,)) = ZQ X ZQ.

In case (2), there is only one orbit with this signed partition. The odd blocks are

represented by
el — vy — —ff —0,

vy — 0.
The corresponding element in the Clifford algebra is e = (v; f;7)/2. The element

(2112 (1 — el fi1), vf) acts by —Id on the blocks and centralizes e, but is in
Pin(V*) x Pin(V™), so cannot contribute to the centralizer Cz(e). As in the
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previous case, (I,I) and (—1,—1) are in the same connected component. Thus
Az(0) =2 Zs.
In cases (3)—(6), Lemma 5.3 implies (£1,+1) € C(0)". So Az(0) = Ag(0). =

Remark 5.5. In Proposition 2.1, the generators of Az(O) can be chosen as
follows: (1) (=1, =1I), (i(1—ey f{"),i(1—e5 f5)); (2) (I, =1) 5 (3) (1,1); (4) (i(1—
el fi),i(1=e5 f3)); (5) (i(1—ef fi7),i(1—e5 f5)); (6) (i(1—ef fi),i(1—e5 fy)).
Furthermore, in cases (1), (2), (4), (5), nontrivial representatives of Az(O) can
be chosen to be elements in Z(K).

Example 5.6. Let O = [372°1717%], i.e. k=1, r;=1. Then Az(0) = Ax(O)
has two connected components. The Jordan blocks are

e — vt — —ff —0

ey —>e; — 0

fr ——=f —0

vo — 0

vy — 0

wy — 0.

The elements of group Cz(O) can be written as products of three factors
(Fvfol, (1 e i) -

0 0 0 0
(cosgljtz'sinévfwf,f) : (cosé([,]) —l—z’sin;(l —€;f;>1—€5f{))-

6. Counting representations

In this section, we will count the number of representations attached to the complex
nilpotent orbit of the form O, = [3 22¢ 12"=%=3] 'with k > 0. This orbit is not
special in the sense of Lusztig. The infinitesimal character cannot be integral.
Considerations coming from primitive ideals imply that the infinitesimal character
must be regular, and have integrality given by the system Dj.y X D, 1. The
infinitesimal character with minimal length satisfying the above conditions, and
corresponding to O, must be

A=(n—k—2,...,1,0;k+1/2,...,3/2,1/2) (37)

with k+1<mn—k—1, and hence 0 < k < n/2 — 1. These are the infinitesimal
characters which (conjecturally) admit unitary unipotent representations attached
to O,.

The setting is as in the previous sections. For convenience, in this section we use
a slightly different notation. We write (G, K) = (%(c, d), Spin(c) x Spin(d))
with 2n = ¢+ d, and

c=2p, c=2p+1, d=2q, d=2q+1.



BARBASCH AND TSAI 1019

We assume that ¢ > d in this section. We will classify all groups G that admit an
admissible representation with infinitesimal character . It turns out that Cases
1,2, 4,5, 7in Section 2 cover such groups. Let no := [Uz(O,, A)| be the number
of unipotent representations of G attached to O, and A\. We ultimately calculate
ne for each case.

Before getting further, we need some structure theory.

6.1. Cartan subalgebras of g,. Conjugacy classes of Cartan subalgebras have
the following representatives, with the given 6:

rtor= m,s - -

[) T = {('I'Ta"'ax;:axl7"'7$Tfay17"'ymamerla--'7y2mazla"'>zs>}7

e(xzi) = $§ta 0Y;) = Yjrm, 0(zk) = =2
When gg = s0(2p, 2q), s is even, when go = s0(2p+1,2¢+1), s is odd. We write
s =254+ €, where ¢ = 0 when n is even, and € = 1 when n is odd. Furthermore,
m+rt+ s =pand m+r~ + s = q. The orthogonal space V = V' @ V™~ has
basis

eiav+afia €j>U_afj 1§Z§p7p+1§]§p+q (38)

with e;, f;,v" a basis of VT and e;, f;,v~ a basis of V. The e, f are isotropic
and in duality, the v* unit vectors orthogonal to the e, f.
We will use 1 <7, <pand p+ 1< 7,k < p—+ q consistently. When convenient,
we denote ¢ = 2p,2p+ 1 and d = 2¢,2q + 1.
The Lie algebra with respect to the fundamental Cartan subalgebra is realized as
follows. For s0(2p,2q), v* and the corresponding terms are missing.

Recall the basis of g formed of the (complexification of the) fundamental Cartan
subalgebra and its root vectors:

Compact Noncompact
t={V-1(1—efi)/2,V=1(1 —¢;f;)/2} a={vFfv}
V=1H(e;), V-1H(e;) H(€p+q+1)

fiU+7€7;U+,ij—,6jU_ fl €;v U+fjﬂv+ej
X(ei)wX(_Ei)ch(Gj)wX(_Ej)c X(61>mX< Ei)nX(ej)mX(_ej)n
fifi, fier, eier, e fi fifjafiejaei€j7€ifj

Jifks fiexs ejfr, ejex
Xe+ea),X(e—a),X(—e—a),X(—e+ea) X(a+e€), X(e—¢j),
X(—€ —¢€), X(—¢ +€])

X(ej+ex), X(€ — er),
X(—€j —e), X(—€; + €).

Realizations of the other Cartan subalgebras h™ " ™5 are
\% _1(1 _ezfz>/27 \% _1<1_6Jf])/27 1 S ? S T+7 p+1 Sj §p+r_7
VETH(e), V=TH(e,),
V=1(er 1 frr 1t = eprrstSorr10)/ 2 €rtiiCpir—yt + frt i fprr—e, L<E<m
V—1H(€+14 — 6p+7°_+t)> X(€ptis + €p+r—+t) + X(—€t 44 — €p+r—+t)
CrttmALCptr—+m+l + fr++m+€fp+r*+m+€7 er*—i—m—&-ﬁfp-{—r*—&—m-‘r( + f7"++m+€ep+7"*+m+€7
X(_€r++m+€ - €p+r*+m+f) + X(€T++m+l + €p+r*+m+€)a

X(€rttmte = Eprr—tme) + X (=€t impe + €prr—smpe), 1 S L<0s.
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When p = ¢ = m, there are two nonconjugate Cartan subalgebras, denoted by
H70™% and BP0, For 1 <t < p— 1 the subalgebra h)*™° is generated by

H(ey — €psr), Hep — €2p), X (€ + €pit) + X (=€ — €pie), X(&p + €2p) + X (=€, — €2),

0,0,m,0

and the subalgebra b;; is generated by

H(er — €psr), Hep + €2p), X (€ + €prt) + X (=€ — €pia), X(&p — €2p) — X(—€p + €2).

6.2. Center of G. The center of G is contained in the maximal compact
subgroup K.

Lemma 6.1.
(1) When c=2p+1,d=2q+1, Z(G) = {(£I,+])} = Zy x Zy.
(2) When ¢ =2p,d =2q,

Z(G) = {(ﬂ, +1), (ﬂp [[a—ef),xir ] - ep+jfp+j)) }

i=1 j=1

~ {Zg X 2y if at least one of p and q is odd, (39)

Zo X g X Xy otherwise.

Lemma 6.2.  Let = (a1,...,a, | b1,...,b,) bea IN(—type parametrized by its
highest weight, and let x be the restriction of the highest weight of p to Z(G).
Then, for ¢; = £1,

2a1 _2b
x(erl,eal) = e1™ €5,

X <€1ZPH 1 _ elfz EQZ H ep+]fp+y > _ 6%“ 2b1 ; (a1+..‘+ap+bl+...+bq). (40)

Proof. As a linear functional of the fundamental Cartan subalgebra, u acts by

. 01vV—1(1 —eif1) OptrgV—1(1 — €piqfpiq)
I 5 +oeee 5
=V =1(a101 + -+ aply + 010,01 + -+ bybpiyg).

Setting #; =27 and 6; =0 for all j #0, x:(=I,1)— e*™" = (—1)?" since
VI (e fi) /2 0; i
eV riiTeli :COS§+\/—1SH1§(1—eifi).

The action of y on (+1,+1) is similar. Similarly, setting 6; = 7,

f: <€1ipH(1 —efi), e [J(1- €p+jfp+j)>

i=1 j=1
— eiﬂ(al+~~~+ap+b1+~~+bq) — ,1:2(a1+"'+ap+b1+"'+bq)' -
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Then it is clear that
« x factors through SO(c,d) iff a;,b; € Z;
« x factors through Spin(c,d) if a;,b; € Z or a;,b; € Z + 3;

e Y is genuine for %(c, d) if and only if a; € Z and b; € Z+%, or a; € Z—l—%
and b; € Z.

Denote the set of genuine central characters of Z(G) by [[,(Z (G)). The next
lemma characterizes [] (Z (@)).

Lemma 6.3.  Let p; be the [?-type parametrized by its highest weight:

=(1/2,...,1/210,...,0), pe=1(0,...,0|1/2,...,1/2),
p = (1/ /2 | ), 2 = ( |1/ /2)
P q p q
=(1/2,...,1/2,—1/2]0,...,0), pus=(0,...,0]1/2,...,1/2,—1/2). (41
ps = (1/ V/ /2| ), ha=( % V/ /2). (41)
p q p q

Let x; be the restriction of the highest weight of u; to Z(G).
(a) Ifc=2p+1,d=2q+1, then Hg(Z(é)):{Xl,Xz}.
(a) If c=2p, d=2q, then HQ(Z(é)) = {X1, X2, X3, X4} -

Moreover, given any lN(—type i, the central character of p is x; iff p— p; is in
the root lattice of D,,.

Proof.  The proof easily follows from (40). |

6.3. Cartan subgroups of G. The #-stable Cartan subgroup

ﬁ'r*‘,r—,m,s — Tr'*‘,r‘,m,s . Ar+,r_,m,s

of G is the centralizer of j)rﬂrims in f? We write h7 7 ms = grrTms
a”"rmms - We have that H™ 7S = T ims exps a” 7 ms - The goal is to
compute T 7S = Z=(hTrT M),

We first do this for G = %(2, 2) in detail. As before, the orthogonal space
V =V*t@® V™ has basis e, f1; €, fo with e, f1 €VT, e, o€ V™.

There are four conjugacy classes of Cartan subalgebras of s0(2,2), denoted

1,1,0,0 0,0,1,0 {0,0,1,0 {0,0,0,2
b y )T yYTT 7h .

Note that an element in K = Spin(2) x Spin(2) is of the form (ewlh(el), eie?h(eQ)),

where

' 0. 0. 0;
e 0imles) = expli (1 —¢;f;)] = cos = +isin —-(1 — ¢, ;). (42)

(1) HY00 = Zg(h(en)) 0 Zg(hler)) = {(eH), o)} = (512,
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(2) The cases ]’_“]?,0,1,0 and ﬁ?}o’l’o are similar, so we do the former one only. We
shall calculate Zz(a). Let (e17(<1) ¢if2h(c2)) ¢ 7~ (a). Then

X(e1+ €) + X(—€1 — €9) = Ad /MOTRR X (¢} 4 65) + X (—€1 — €2)]
= ei(91+92)X<€1 + 62) + ei(_el_HQ)X(—El — 62).
This gives that 0; + 6, = 2kw, k € Z. Therefore,

(€Z‘91h(61)7 ei@gh(ez)) — (62‘91]1(61)7 ei(2k7’r701)h(62))

0 05 0

= (cos 51 + isin;l(l —e1f1), cos 5 isin 5(1 —eafs)) - (I, ()
0 0 0 0
= (cosE1 —i—isiné(l — elfl),cosé — ising(l —exfo)) - (I,£1)

(3) For HO002 et (eif1h(e1) ¢if2h(2)) e Z-(a). We have the relations

X(eg + €) + X(—e — €) = Ad efrhle)tb2hlc) [X(e1+€) + X(—€e1 — )]
= /M) X () + €9) + TN X (—¢) — ),

and

X(Cl — 62) + X(—€1 + 62) = Ad 601h(61)+92h(€2) [X(El - 62) + X(—El + 62>]
= =) X (e — &) + TR X (—¢) 4 ¢,).

This gives that 0; — 0y = 2kw, 01 4+ 0y = 2l7, k,l € Z and hence we write
01 = (k+ 1m0y = (k—Dm.
Therefore,

(67L91h(61)’ eié‘gh(sg)) _ (ei(k‘-‘rl)ﬂ'h(61)’ ei(k—l)wh(eg))

= (cos @ + isin @(1—61(}%)7 oS

(1—€2f2))-

+ 2 sin

(k=D (k— D)
2 2

This gives eight elements in Zz(a):
(£, 1), (£i(1 — e fr), £i(1 — e2f2)).

Recall G = %(C,d), c=2p,d=2qor c=2p+1,d=2q+ 1. We change the
orthonormal basis to

Uiawiav+; Uj7wj7v_7 1§Z§p7p+]-§j§p+q

for V=Vt @V~ where v; = ef/%ﬂ, w; = %7 and the same relations hold
for vj,w;,e;, f;. Again, when c,d are even, the corresponding terms of v* and

v_ are missing.
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Define a finite subgroup F™ " s of K as follows.

(1) When m =0 and s =0 or 1, define F™" " ™ =1,
(2) When s > 1, define F”"" 5 to be the subgroup generated by the elements
of order four of K,

{(Fvive, £V pUk1p); (FWiwg, FWipWhyy), H+m+1<i<k<p
(Fvwy, Fvipwiyy), M A1 <LE<p
(£t £o,v7), (Fwot, fw,v7), rT4+m+1<i<p}

In this case, |F™"" ™5 = 25=1.4. It is an extension of Z5™! of Zy X Zs, the
center of Spin(c) x Spin(d).

(3) When m # 0 and s = 0 or 1, define F""" ™ = {(I,+I)}. In this case
‘FTJr,r’,m,s’ =92

Lemma 6.4. The Cartan subgroup H™H 7 sm has the direct product decomposition
]’_‘V['rJf,r*,m,s _ F'rﬂrﬂm,s > expé(hrﬂr*,m,s)‘

Thus, the number of components of Hrirmms g |FT+’T’7’m’5], listed above.

Corollary 6.5. HrHrmms s gbelian iff s < 3.

Proof.  Since expg(h™ " ™) C Hy C Z(H™ ™) to determine whether
Hrr™ms ig abelian, we just need to look at F"" "™ by Lemma 6.4.

When s =0, |F"" ™| =1 or 2. So F" " ™5 is obviously abelian.

When s =2, F"" ™ = {(+], +1), (£vywy, £vaw,)}, and is clearly abelian.
When s > 3, there exist sets of orthonormal vectors {v™,w*, vt} C V* and
{v=,w,u"} C V= such that (v w",v-w™), (wrut,wu") € H "™ Then
vrwtwtut = vtut, whereas wrutvtwt = utot = —vtut. Therefore H™ ™ ms

is not abelian. ]

6.4. Regular characters. See [2] or [20] for more detail in this section. Suppose
G is a real reductive group (possibly nonlinear).

Definition 6.6. A regular character of G is a triple v = (H,T', \) consisting of
a f-stable Cartan subgroup H , an irreducible representation I' of H, and A € h*,
satisfying the following conditions.

(a) (A, aY) € R* for all imaginary roots «;

(b) dl'= A+ pi(A) = 2p:,c(N);

(¢) (N, a¥) #A0VaeA.

The group under consideration is G = %(c, d). In this case we will write
v = (Ig' ,I';\). We say that ~ is genuine if I is a genuine representation of H.
Let I(v) denote that standard module corresponding to the parameter +, and let
J(7) denote the unique irreducible quotient of (7).
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Proposition 6.7. ([2])
(a) Let H be a Cartan subgroup of G. FEvery representation I" of H is parame-

trized by a genuine character of Z(H), i.e. F|Z(f1)? the restriction of T' to
Z(H).

(b) Z(H) = Z(é)[—%, so a genuine character of Z(H) is determined by its
restriction to Z(G) and its differential. Moreover, if v = (H,I',\) is a
genuine character of G, then ~yv is determined by A\ and F|Z(é)'

Let A be a genuine representation of the fundamental Cartan subgroup H with
dA = X\. When ¢ = 2p,d = 2¢q, H = HP*%?; when ¢ = 2p + 1,d = 2¢ + 1,
H = Hra0!,

Lemma 6.8. Given G = %(c, d), c+d=2n.
(a) Suppose that n € 27 (c = 2p,d = 2q). Then the infinitesimal character of
any genuine discrete series representation of G is conjugate to the form

(al,...,ap|b1,...,bq),

with a; € Z, b; € Z+ L, ora; € Z+ 1L, b; €Z, and a1 > -+ > |a,| >0,
by > - > |b,| > 0.

(b) Suppose that n € 2Z +1 (¢ =2p+ 1,d = 2q+ 1). Then the infinitesimal
character of any genuine fundamental series representation of G is conjugate
to the form

(a1, ...,ap | b1,..., 04 | ),
with a; € Z, b; GZ—{—% oraz-GZ—l—%, b € Z and a1 > --- > a, > 0,
by >+ >b, >0, and x is either in Z or Z + 3.

Then the following corollary easily follows.

Corollary 6.9. The following groups are the only ones which admit a represen-
tation with infinitesimal character defined in (37).

(a) é:%(Qp,Qq),withp:n—k:—l, q=k+1;
(b) G=2Spin(2p+1,2q+1), withp+1l=n—k—1, qg=Fk+1;
() G=Spin(2p+1,2¢+1), withp=n—k—1, ¢+1=Fk+1.

By Corollary 6.9, given A in (37), we deal with the eight cases listed in Section 2.

6.5. Coherent continuation action. The number of representations with as-
sociated cycle O equals the multiplicity of the sgn representation of W (\) in the
coherent continuation representation. The orbit O is the minimal orbit which
can occur for the given infinitesimal character, and this corresponds to the sgn
representation. So we first study the coherent continuation action for the group G.

The formulas of the coherent continuation action can be derived from those of
the action of Hecke operators. As in [20], given A as in (37), we define a family
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of infinitesimal character F(A) including A. Note that every X' € F(XA) can be
indexed by some w € W/W(X). Write By, for the set of equivalence classes of
standard representation parameters with infinitesimal character X' € F()) and a
fixed central character y of é, and

B = H BX»X'

NEF()xeZ(@)
As we will see later the coherent continuation action is closely related to the cross
action. We may use F(A) to define the cross action of W on B, denoted w x ~y
for w € W, v € B, as shown in [20]. In fact, fixing an infinitesimal character
X € F(A) and a central character x, W(\) acts on By , by the cross action.

We set M = Z[uz,u"2][B]. We fix the abstract infinitesimal character A, € F())
corresponding to the positive root system AT := AT(g,h*) (where h* is an
abstract Cartan subalgebra of g) and the set of simple roots [[, C Af. For
s = Sq with a € [],, the action of Ty on v € M is defined in Section 9 of [20].

On the other hand, we consider A(\), the integral root system for A and the
integral Weyl group W (). As we take the infinitesimal character A\ in (37), the
integral root system for A is A(D,_x_1 X Dy41), and due to Corollary 6.9, this is

(43)

AN = A(D,) x A(D,) if c =2p,d = 2q,
| A(Dyy1) X A(D,) or A(Dy)xA(Dyyy) if ¢ = 2p+1,d = 2¢+1.

Also we choose II(\) to be a set of simple roots for A(\).
Given a € II(A), we decompose S, = Sa, * * * Sa,, With a; € Il,. Replace T, with
T}y for each root 3 for simplicity. Then

To(y) =Toy - Toy -+ T, ()
= p1(u) -+ pm(W)Sa; X (Say X -+ (Sa,, X 7)) (44)
+ (terms from more split Cartan subgroups),

m

where p;(u) € Zu,u™!]. By [24], we can define the coherent continuation action of
W(A) on Z[B], denoted w -y, with w € W(v),v € B, as follows. For s, € W(\)
with a € TI(\),

Sy = —Ts. (7)|uz1, witheachterm § on theright side multiplied by (—1)"~1®)

where [ is a length function defined on parameters and it can be looked up in [24].
Therefore, from each step T, in (44), we may define

Sa; 0 = —T,,;(0)|u=1, if a; is real or imaginay for &

and Sa; 0 = T, (6)]u=1, if a; is complex for 0.

Let m(, so) be the number of occurrences of imaginary roots in {a;,1 < j < m}.
An easy calculation shows that

Sq -y = (—=1)™%)s % ~ + (terms from more split Cartan subgroups).  (45)
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Now fix a block B, of regular characters of G, then W(A) acts on Z[By,] by
the coherent continuation action, since w x v € By, for all w € W()A),y € B.
Due to the reason stated in the beginning of the section, the goal is to compute
[sgnwy : Z[Bx,]], the multiplicity of the sign representation in Z[B,| when
considered as W (\)-representations.

Notice that two A-regular characters ; = (E,Fi,%) and vy; = (/PE,Fj,fy_j) from
D are in the same cross action orbit if and only if E = /PT] We enumerate the
Cartan subgroups of G as {E, cee E}, and pick a regular character «; specified
by /PT]-, then {71, --,%} is a set of representatives of the cross action orbits of
W(A) on Z[Bx,].

Let W, = {w € W(X)|w x v; = 7;} be the cross stabilizer of v; in W(X). Then
we have the following Proposition.

Proposition 6.10.  Z[B,,] ~ P, ]nd%v(j‘)(ej), where €; is a one-dimensional
representation of W, such that for w € W,,, w-~; = ¢;(w)v;+ other terms from
more split Cartan subgroups.

Proof.  This can be easily proved by the formulas given in [20] and (45). u

By Proposition 6.10 and Frobenius reciprocity, the multiplicity of sgnw () in
Z[Bxy] is [sgnw) @ Z[Bxy]] = [sgnW(A)|WWj : €], which is equal to 0 or 1, since
Sgnw () |ij is one-dimensional. This means that we have reduced our goal to count
the number of 7;’s making [sgny ,\)|ij . ¢;] = 1. Equivalently, we calculate the
number of 7; such that

sgnwlw,, = € (46)
Due to Proposition 6.10 and (46), we have to analyze W,, and ¢; for each ;.

Some notation for Weyl group elements. Let p/ = (p1,...,p,) = wp for
some w € W = W(D,). We define the notations for elements in W as follows.
For i # j, write s;,; = Se,—e; and $77 = Seite; 10 be the reflections with respect to
the corresponding roots. Moreover, for 1 <i < j <n, let ¢, ; and ti5 denote the
corresponding Weyl group elements such that (writing “ic.” for “interchanging”)

b)) = ic. the numbers i and j in p/ ifij >0
A ic. and changing both signs of the numbers i and j in p/ if 75 <0
—(p)) = ic. the numbers ¢ and j in p’ itij <0
N ic. and changing both signs of the numbers i and j in p/ if 75 > 0

For 0 <j <n-—1,let {p; and {57 denote the corresponding Weyl group elements
such that
o () = ic. the numbers 0 and j in p’ if >0
0\P )= ic. and changing the sign of the number j in p/ if j <0
() = ic. the numbers 0 and j in p’ if 7 <0
03\ = ic. and changing the sign of the number j in p/ if 7 >0
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Note that s;; and s;7, 1 <1 # j < n, are fixed Weyl groups elements, whereas
tij and t;5, 0 < i # j < n— 1, are dependent of p'. We have the following
advantages of using the notation for ¢’s:

(a) tiiy1 (or t777) is a simple reflection no matter what p' it is acting on.

(b) Let 6 € B be a parameter in the chamber of ps = wsp for some ws € W.
Then ¢;; (or t;7) is integral for ¢ if and only if 4 is in the k-th position of p; and
j is in the [-th position in ps, and k — [ € 27Z.

Given a parameter vy = ([ivlr+’T_’m’S,F,)\) € Byy. Write s = 25" if n is even;
s =2s+ 1 if n is odd. Then v can be expressed as follows:

\(al, vy Qptg bl, “e 7bT_J | CL7-++1 br—+1, ce. ,ar++m br_er |
e 2m
Artpmd1y - -+ Artfmts/s br*-l—m—i—la B br*—i—m—&-s’a m), (47)
Vv

s

where a; € Z, b; € Z + % (or the other way round), € £ ¢; are imaginary for
1<i<j<rt+4+r;ezxe arereal for rm +r +2m+1<i < j <n; for
rt4+r +1<i<j<rt+4+r +2m, ¢ —¢; is imaginary and ¢; +¢; is real. The
coordinate x is missing when n is even, and it is either integral or half integral.

We compute the cross stabilizer for such parameters.

Lemma 6.11.  Let v be a parameter given as in (47). Then from [2],
W, =W\ x (W(\) x WHN)). (48)

Furthermore, each group in (48) is explicitly expressed as follows:

Zo X 7. ifm =
NG e AREET)
W(A(Dy, X Dy,)) X [Z5 x 28 X Z3]  if m #0
D / D ’ 1 =
W) = W(Dy) x W(Dy) ffn p+yq (50)
W(Dy) x W(Dy11) ifn=p+q+1
WiA) = W(Du+) x W(D,-). (51)
In (49),
7 = Loy ifrT, r.* are both monzero, 73 — Lo if s> 2 (52)
1 otherwise; 1 otherwise.

Zo ifr_=0,ry >1, s=1 with the coordinate x being half-integral.
1 otherwise.

The generators for W (\)? can be chosen as follows:
(a) When m = 0, the generators for WY(\)? = Zy x Zy can be taken to be

Sl,r++r*+2m+1517r++r—+2m+1 and ST++1,r++r7+2m+s’+1Sr++17r++r—+2m+s/+1 ,

(b) when Z5 = Zo, the generator can be taken to be

St tr= ST F g1 ST+ Lt b= 128 42
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(c) when ZS = Zs, the generator can be taken to be

5r++r*+1,T++r*+2m+1Sr++r—+1’r++r—+2m+1Sr++r*+2,r++r*+2m+25r++r—+2’r++r—+2m+2 y

(d) when Z§ = Zs, the generator can be taken to be

S1rt+18T vy 1Srt 42t 2m 4157 12 oama 1

Remark 6.12. (1) W7"()\) is nontrivial iff s > 3.
(2) W¥(\) is nontrivial iff r= > 2 and r~ > 2.

Now we are ready to prove the following lemma.

Lemma 6.13. Let w € W,,. Retain the notation in Proposition 6.10 and
Lemma 6.11. We have the analysis for €; corresponding to ;:

(a) If we W), then €j(w) = sgn(w).

(b) If we W" (), then €;(w) = 1.

(¢) If we W(A(Dy, x Dy,)) C WENY, then €;(w) = 1.
(

d) In the case that Z5 = Zo , if w is a generator of one of the Zs factors, then
€j(w) = —1; the same for the cases that 3 = Zy and 7§ = Z,.

Proof. By the comment given before Proposition 6.10, we may choose any -;
specified by H; to simplify the computation. In each case, we take a generator
w € W, and decompose s, = 5q, - 8o, With a; € II,. By (45), we just need
to count m(7,w), the number of occurrences of imaginary roots in {aq,..., o}
(with respect to 7).
In case (a), we may choose the parameter v; to be
13 1

0,1,2,...rt — Lo = o =1

( ) Y J ) Y 27 27 ? 2 + ’ ’ )7
which is in the chamber of p = (0,2,4,...;1,3,5,--- | --- | --+). A generator in
Wi(A) is of the form s;;41 with 1 <i<rT—lorrT+1<i<rt+4r -1, 573

O S y,w75. We treat w = s;;41 only, since the rest will be similar. Decompose

Siit1 = tgkro forsome 0 < k<r™ +7r  —1
= tht1 kr2th k1 lh+1,k42-

It is clear that each ¢;; is a simple reflection through an imaginary root, and hence
m(v;, o) = 3. Therefore we conclude that €;(w) = sgn(w) for w € Wi ().
Case (b) is similar. We choose the parameter ~; to be

(oo ]---]0,1,...
which is in the chamber of p = (--- | --- ] 0,2,...,1,3,...). Everything is the

same as in case (a), except that each t; is real for the parameter which is acted,
and hence m(v;, so) = 0. Therefore we conclude that €;(w) =1 for w € W"(\).
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In case (c), we choose the parameter 7; to be

1 3
o= 12
which is in the chamber of p = (---]0,1,2,3,--- | ...). Take w to be the Weyl
group element such that
3 1
oy o l1E o0z

then w is one of the generators of W(A(D,, x D,,)) C W\)?. We decompose
w in terms of ¢’s:

w = oot = tiatorliatagtiolos.
It is easy to check that m(vy;,w) = 2.
Another kind of generators in W(A(D,, x D,,)) is of the form

W: s (|1 =2 =0 == e | o),

We decompose w in terms of t’s:

w = t@tﬁ — t12tﬁt12tﬁt10t12t23t12t10tﬁ7

and get m(y;, sg) = 2. Therefore, we conclude that €;(w) = 1 for w € W(A(D,,, x
D,,)) € WM.

In case (d), we choose the parameter 7; to be

1 3

N | e IR I B )
( 772 | | 2 )
The generators of the Zy X Zy factor can be chosen to be
1 3
1 3
and w2:ij(...,O;—§---|---|1---—§...).

We treat w; only. Decompose

w1 = tootpgy = tizatorlortio-

It can be checked that m(y;,w;) = 0, and hence €;(w;) = 1. Similarly for ws.
We conclude that ¢(w) = 1 for w in the Zy x Zy factor.
In case (e), we choose the parameter 7; to be

1 3 3 1
VRN 0 FEE= ot I R A 1 2 ).
We treat the first one only. The generator of the Z, factor can be chosen to be
1 3 1 3
O G P [ P U | P [ [ PR
Wi 0 TS ) (=0 [ 1 = S )

Decompose

w = toatgaliztis = tiatorliatastinlastiatyrlintigtioli2test12t10t 10,

and get m(v;,w) =1. So ¢;(w) = —1 for w in the Z, factor. n
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By Lemma 6.13, 7; does not satisfy (46) if and only if W7"()) is nontrivial or
13 = Z, is contained in W,.. Therefore, we have to rule out v; specified by
Hrr7mss satisfying either of the following.

(1) s> 3;

(2) m>1and r*>1,r" >1;

(3) m>1and s> 2.

(4) m>land s=1,r"=0,rt>1,and k= (n—3)/2.

Consequently, we have the following lemma.

Lemma 6.14.  Let ny be the number of irreducible representations of G with

central character x attached to O¢ and X.
(a) In Case 1, n} =4.

(b) In Case 2 and 3, n} = 3.

(c) In Case 4, n§ =2.

(d) In Case 5 and 6 with G = Spin(2p+1,2p — 1), n} = 2.

(e) In Case 5 and 6 with G = Spin(2p+1,2¢+1), ¢g<p—1, n§=1.
(f) In Case 7 and 8, n} = 2.

Example 6.15. Let k£ =1 and consider the infinitesimal character
A=(n-3,...,1,0;3/2,1/2).

G admits an admissible representation in the following cases as we fix a genuine

central character x of G.
1) E=2—-1=1,G = Spin(4,4),x = (1,0;3/2,1/2). The counting argument
( 5 g arg
gives the parameters from H>200 FL1L02 020 o020 fgo nX — 4.
(2) G = Spin(2n — 4,4) with 2n — 4 > 4. The counting argument gives the

parameters from H"2200  Fn=3102  [rn-4020 g, n =3.
(3) G = %(Qn — 3,3). The counting argument gives the parameter from
H= 2501 g0 n = 1.

(4) G = %(Qn — 5,5). The counting argument gives the parameters from
Hn—3,2,0,1’ I_]n—S,O,Q,l7 SO n)((? =92.

Lemma 6.16.  Given X in (37), let
My (Z(G)) = {x € I,(Z(G)) | 3 7 € Uz(Oc, N) s.t. 7|56 = X}
Then we have
(a) in Case 1, |H9,A(Z(é))| =4;
(b) in Case 2 and 3, |H97A(Z(é))| =2;
(c) in Case 4, |[I,\(Z(G))| = 2;
(d) in Case 5 and 6 with G = %(2}94— 1,2p—1), |Hg,/\(Z(é>)’ =2;
(e) in Case 5 and 6 with G = %(2]9‘1‘ 1,2g+1), ¢g<p—1, |Hg,/\<Z(CN;))| =1;
(f) in Case 7 and 8, |H9,A(Z(é>>| =1
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Below is the main theorem of the section and it follows from Lemma 6.14 and 6.16

since
U0 M) = D n.

Xeng,)\(z(é))

Theorem 6.17.  Let np := |[Uz(O, A)| be the number of unipotent representa-
tions of G attached to O, and \. Then

Case 1: no = 16;
Case 2, 3: np=26;
Case 4: no =4;

Case 5, 6:  When G = Spin(2p+1,2p— 1) no = 2;
Case 5, 6: Whené:%(2p+1,2q+l),q<p—1, no =1;
Case 7,8: np=1.

7. A construction

7.1. Littlewood Rule. Fj()) will denote the finite dimensional representation
with highest weight A of the Lie algebra b.

We will use the following result, a generalization of the Littlewood rule as in
[9]. Let (V,{, )) be an orthogonal space of dimension m with positive definite
inner product, and let O(m) be the corresponding (compact) orthogonal group. A
representation is parametrized by a partition/tableau such that there are at most
m rows, and the sum of the lengths of the first two columns is < m. An irreducible
representation was parametrized earlier by its highest weight as (71,..., T 9, €)
with € = £1. The corresponding partition is (7i,...,Tpm/2,1,...,1,0,...,0).

N——

m—2(1—e)
Let Sp(2n,R) be the symplectic group of rank n. Fix a Cartan decomposition
g="E8+p==E+p"+p, in the standard coordinates. The oscillator correspondence
matches W(7) with an irreducible highest weight module ©(W) = E. as follows.
For a partition (Ay,...,\,), define

A= (—m/2 — Ty, ...,—m/2 — 1),

where the tableau of 7 with at most m parts has possibly been padded with 0's
to make n parts. Then ©(W) = E, has highest weight A\*. The length ¢(\) of a
tableau (Aq,...,\,) is defined to be the number of nonzero \;.

Proposition 7.1. Woum (1) + FON)] = [F(\Y) : E,]

Under the assumption ((\) < (m+1)/2, let n =m/2 if m is even, n = (m+1)/2
if m is odd. Then E. is an irreducible generalized Verma module for q =€+ p™,
and the formula can be written as

(W(r) = FIN]=[FA) + W (r) @ SpT)],
where Spt) = Z F(2my,...,2m,), 2m; € 27.
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Proof. The first formula is standard for the ©—-correspondence; see [9] for
further explanations, references to the original result, and generalizations. When
¢(X\) < m/2, this is the classical Littlewood rule; we use n = ¢(\) < m/2. When
() = (m + 1)/2, necessarily m is odd, and we use n = (m + 1)/2. We need
to show that the generalized Verma module for € + p* with highest weight \* is
irreducible. The infinitesimal character is

Map=(1/2,-1/2—71,...,—m/2+1—7,_1).

The first term is greater than 0, the rest are negative. The only possible factor
would be the highest weight module with weight

(—=1/2,-1/2 —7,...,—m/2+1— 7, 1).

But this weight does not differ from A* by an element in the root lattice, so the
generalized Verma module is irreducible. [ ]

We treat the case a = 2p = 2k+ 2, b = 2q¢ = 2k + 2+ 2r_ with r_ > 0

(Cases 1 and 3 in Section 2) in detail, and note the necessary modifications for

a=2p+1, b=2g—1 with r_ >0 (Cases 4, 6, 8 in Section 2). Let q=I[+u

be the #-stable parabolic subalgebra determined by & = (1,...,1 ‘ 0,...,0).
——

p
The Levi component is | = gl(p) x so(b). The real forms of the factors are

u(p) x so(b) for a = 2p, and u(p) x so(1,b — 1) for a = 2p + 1. The nilradical is
u = u; + us with uy, C € in all cases. Furthermore

Il By g R

Span{X (& £ €p1j), X(€)}cicprcjeq1  fora=2p+1.

B By g R

uwNs= {Span {X(Ez + €p+j)}1<i<p 1<j<q for a = 2p7

We consider M(i) = U(0) @uie) [Fluz | e, (53)

the generalized Verma module where F(up|ur) := Faup)(r) 8 Foow(pr) is the
module of gl(p) x so(b) with highest weights py, for gl(p) and ug for so(b). We
use the standard positive systems, so

(—q>—q—1,...,—p—q+1\q—l,...,O) if a = 2p,

= p(so(a+10b)) =
p = p(so( ) {(_q’_q—l’,,,,—p—gﬁ—l‘q—l,...,l) ifa=2p+1.

For a = 2p+1, this is p restricted to the compact part of the fundamental Cartan
subalgebra; we drop a 0 from the second set of coordinates.

The infinitesimal character of M (u) is as before,
p+p~(p—1/2,p—3/2,...,1/2 | ¢—1,...,1,0).
The possible p = (ur, ‘ pr) are given by the equations

(ay,...,ap ‘ bl,...,bq)—l—(—q,—q—1,...,—p—q—|—1}q—l,...,O)
= (F1/2,-3/2,...,—p+1/2 | ¢—1,...,0).
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When 2k + 2 < p+ ¢, and there are two more for %(2}9, 2p):

(a1,...,a ‘ bi,...,b,) +(—p,—p—1,...,—2p+1 }p—l,...,())
=(0,...,—p+1]|p—1/2,...,+1/2).

So there are four p,

(i) Flur | pr)=Fl@—1/2,...,¢=1/2]0,...,0).

(i) F(ur | pr)=F(g+1/2,9—1/2,...,q—1/20,...,0).
(ili) F(ur | pr)=F(p,...,p | 1/2,...,1/2).

(iv) F(ur | pr)=Fp,...,p | 1/2,...,1/2,—1/2).

We call them Cases (i)—(iv). Again, Cases (iii) and (iv) only occur for k+1 = p = ¢,
i.e. Spin(2p,2p). For Spin(2p + 1,2¢q — 1), only Cases (i) and (ii) occur, and one
0 is dropped from the coordinates.

M () is reducible, and the irreducible quotient L(u) has associated variety O¢ =
[3 22F 12n=4%=3] Tts character is

Lip)= > ()™ Mw-p) where w-p=uw(p+p)—p.
weW (Dy)

As a t-module, M (p) = U() Quene [S(u1 Ns) ® (F(pr | pr))]. Embed so(b) C
gl(b) in case b = 2¢q, and so(b—1) C gl(b— 1) in case b = 2¢q — 1. Write gl(b— ¢)
with e=0if b=2¢ and e =1 if b=2¢ — 1.
Lemma 7.2.  As an [N ¥-module,

ul ﬂ5 ZFQ[(p mi,... ,mp) X Fg[(b,e)(ml, N ,mp,O, B ,0)

with > m; =m. In all cases p=k+1<b—e=k+1—€e+r_.

Proof. u; Ns has highest weight (1,0,...,0 | 1,0,...,0). The representation
on the second factor is the standard one for so(b — €). It is the restriction of the
standard representation with highest weight (1,0,...,0) of so(b—¢€) C gl(b —¢).
The claim follows. n

Definition 7.3.  Let W(3) and F(ug) be representations of so(b — ¢). Then
(Wsa( )(5) ® Fso( )(MR))Q[(;,)
means the sum (with multiplicity) of the composition factors of the tensor product

whose highest weight has at most p nonzero coordinates replaced by the irreducible
representations of gl(p) with the same highest weight.

This is related to the Littlewood rule for restriction from gl(b — €) to so(b — ¢).
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Proposition 7.4.  Let S(p*) =>_V(2my,...,2m,). Then
(V) RW(B): S Ns)® F(ur | 1r)]gip)xso(s-o)
= [(Weo(v-0(B) ® Froo-e) (11R)") gy @ SO07) @ Fypy(z) = V(O)lgiip)-  (54)

In particular the multiplicity is 0 unless Bpi1 = --- = 0.
Proof. = We abbreviate (ay,...,a,,0,...,0) as (a,0).

V() RW(B): S(umNs)® Fu | pr)] (55)
=D VERWE) : (Fup(@) B Fap-9(a,0) | wp-9) ® Flur | ur))

a

= Z[V@)@W(ﬂ) : (Fgf(p)(a)®Fgf(p) (NL)>&<Fgl(b—e)(aa 0) ‘ so(b—e) @ Fo(b—e) (1r))]
=Y V(6) : Fyp(a)® Fy, ()] - WV (B)  Fap-o(@,0) | sop-0) @ Fro(p-o)(115)]

= Z[V(6)®Fg[(P)<ML)*: Fawy(@)] - [W(B) ® Feop—e)(1r)" : Faip—e)(a,0) | so(b—e))-

a

Let Fg) (@) ® Fugy(pr) =Yl Fam (7)- (56)

.
Note that

) = Faw (@) @ Fup) (L)« Fa) ()] = [Faw)(a) © Fag) (1) © Fye)(pe)™]. (57)

So Faip)(7) ® Fap) Z Caur Faip (58)

Assume that uy is such that its coordinates are all nonnegative; this is the case
for w(p + p) — p because the first p coordinates of w(u + p) are of the form

(rm+1/2, .., +1/2,—s1 —1/2,..., =50 — 1/2)

with 0 < r;,;s; <p, and —p = (p+¢ —1,. ..,q’—q+1—q+2 ,0). So
the factors in the tensor product Fyp)(a) ® Fyip) (1) have highest Welghts 7 with
nonnegative entries as well. Thus by (55) and (56),

[V(5) XW(B): SuiNe) @ F(ur | pr)] (59)
—ZZ Caru [V (0) : Fyy(N] - [W(B) ® Froo—e) (1) Fyup—e(a,0) | so(p—o].
Proposition 7.1 implies
[Fro—o(T) + Fap—o(a,0) | sop—0] = Fup (1) @ S(0F) : Fapy(a)],  (60)

where the right hand side is a gl(p)-multiplicity, and S(p™) = > V(2m4,...,2m,)
with m; € N as a gl(p)-module. In particular 7 can have at most p nonzero
coordinates, and the right hand side in (60) is a gl(p)-multiplicity.
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The sum is over the a such that v =6 occurs in V(a). By (58),

Y o Faw (@) = V(0) © Fyp(pe)". (61)

So the multiplicity is

V@) RW(B): Suns)® F(ur | pr)]
[(W(B) ® Feo(p—o) (MR)*)gz(p) ®S(p"): Z Cayur 5 Fyip) (@)] (62)

a

@S(p") V() ® Fup)(ur)']

(
[(W(B) @ Frop—oy(12r)*)

gl(p)
= [(W(8) ® Faato-0 (1r)") gy @ ST © Fay (z) = VIO =
We compute the multiplicity
VO)RW(B): S(uynNs)® Z e(w)F(w - p)). (63)
weW (Dy)

There are four cases. Write X(u) := S(u1M8) @3-, ey pty €(w) F(w - p).
Cases (i) and (ii). pg = Triv and

pg, = (g—1/2,q—1/2,...,¢q—1/2) in Case (i),
(q+1/2,q—1/2,...,q—1/2) in Case (ii).

Proposition 7.5.
VIORW(B) = (a1 +q—1/2,...,0,+q¢—1/2| B1,...,5,,0,...0)
occurs in X (u), and with multiplicity 1 if and only if

> P> > > > |5 when a = b = 2p,
ap > P> > >, >0, >0 otherwise,

with o;,B; € Z. In Case (i), () — (B) is in the root lattice, in Case (ii),
(o) = (B) = (1,0,...,0) is in the root lattice.

Proof. By Proposition 7.4, equation (63) becomes

VORWE) : Swuns)® Y e(w)F(w-pug | 0)]

weW (Dy)

=W eSehHe > ewF(w-u) : V(o) (64)

weW (D)
In all cases W () is a representation of gl(p) where the highest weight has been
padded by 0’s to make a highest weight of gl(p).

We can do the computation in a different Lie algebra, g’ = sp(2p). Consider the
parabolic subalgebra p’ = '+’ corresponding to & = (1,...,1), where I' = gl(p).
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Let M(X) = U(g') @y F'(XN') be the generalized Verma module with A" such
that

, ) (=1/2,-3/2,...,—p+1/2) in case (i),
At p(Gy) = {(1/2,—3/2,...,—p+ 1/2)  in case (ii). (65)
Then p(C,) = (—1,...,—p) and
;) (1/2,...,1)2) in case (i),
r= {(3/2,1/2,...,1/2) in case (ii). (66)

The quotient L()') is one of the metaplectic representations with I' N #-structure

{ZmeN Fugy(2m+1/2,1/2,...,1/2) in case (i), )
Y omen Fapy(2m +3/2,1/2,...,1/2)  in case (ii)
and character analogous to L(\) :
LX) = Y ewMw-XN)= > €ew)SW)e F(w-X). (68)
weW (D) weW (DF)
The infinitesimal character X + p(C,) = (¥1/2,—-3/2...,—p+ 1/2) is the same

as the first p coordinates of the infinitesimal character of M (\). Furthermore, on
the first p coordinates,

w - pi, = w(pr + p(Dn)) — p(Dn) = wN + p(Cyp)) — p(Cp)+H(g —1,...,4 1)

=w-N+(q—1,...,q—1). (69)
The multiplicity in (64) is therefore
WE@SW)® Y eFw-XN):VE+(—g+1...,~¢+ D)) (70)
weW (Dy)

The multiplicity in (70) becomes
WpB)e>,, Fap(Cm+1/2,1/2,...,1/2) : V(§+ (—q+ 1))]
=[W(B) @ Fg[(p)(2m, 0,...,0) : V(0 + (—q+1/2))] in case (i),
W(B) @S, Fup(m+3/2,1/2,...,1/2) : V(5)]
= [W(B)® Fg[(p)(Qm +1,0,...,0) : V(6 + (—¢ + 1/2))] in case (ii).
By the Littlewood-Richardson rule,
B)@ D Fugy(k,0,....0) = V(B +ma,....0+m), (72)

keN

(71)

where the sum is taken over the set {m; € N { Smy =k, mi < B — Biva,
1 <i < p—1}. Therefore, in case (i),

W(B) @ > Fyp(2m,0,...,0): V(5 — g+ 1/2)]

meN
1 ifo—g+1/2>p>->0,—q+1/2>6,>0, p<gq (73)
=1 ifo—qg+1/2>26>--2>0,—qg+1/2>|5,|, p=¢

0 otherwise.
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When the multiplicity is 1, there is an additional restriction that (§)—(¢—1/2)—(3)

be in the root lattice.

The case [W(B) ® > Fyp(2m +1,0,...,0) : V(6 — ¢+ 1/2)] is the same, but
eN

the multiplicity is 1 only when (§) — (¢ — 1/2) — (8) — (1,0,...,0) is in the root
lattice. Recalling that the notation is (a) = (§) — (p — 1/2), the assertions in the
Proposition follow. [ ]

Cases (iii) and (iv). In these cases ugp = (1/2,...,1/2,£1/2) = Spiny, and
pr = (p,...,p). The multiplicity of V(§) X W (5) in Proposition (7.4) is

Z Ca,uL,z?[W(ﬁ) ® F502p (Lr)" - Fg[zp (a,0) | sozp]‘

a

Since the coordinates of the factors of Fy, (a,0) are all nonnegative integers, the
same has to hold for W(3) ® Fi,,(1r)*. It follows that all the coordinates of /3
are half-integers, so strictly greater than 0 except for possibly the last one.

Proposition 7.6. (1) In Case (iii),

1 ifs—p+1/2>p > >6,—p+1/2> 8,
V() @W(B): X(u)] = (0) — (p—1/2) — (B) in the root lattice,

0 otherwise.
(2) In Case (iv),

V(§) @W(B): X(u)] = (0)—(p—1/2)—(B)—(1,0,...,0) in the root lattice,

0 otherwise.

In these cases, the coordinates of § are in Z, the coordinates of 5 in (Z + 1/2).
Proof. We will use the following two lemmas and the Littlewood rule.

Lemma 7.7.  Assume Fi, (8) is a module for so(2p). Then
Fsogp(ﬁ)®Spin:ZF502p(ﬁi+€i/2)7 € = =*1

and the sum is over the €; such that (5; + €;/2) is a highest weight.
Proof.  Omitted. u

Lemma 7.8.  Assume Fy(8) is a module for gl(p). Then

Fg[(p)(5)®FgI(p)(1/27 ceey 1/27:1/27 sy _1/%) = ZFg[(p)(ﬁz_‘_ez/Q)v € = j:lv
k

with exactly k €;’s equal to —1, and the sum is over the €; such that (5; + €;/2)
s a highest weight.

Proof. Omitted. ]
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Consider an,ub(g[W(ﬂ) ® Spink | g @ S(p™) : Fyula)).

As before, this is  [W(8) @ (Spins)” @ S(p™) © Fy)(ur) : V(0)q, -

Replace Fog)(ur) by 2. e(w)Fyg)(w(pe + p(Dap)) = p(Day)) -
weW (Dy)

(W(B) @ (Spine) @ ST ® Y e(w)Fyp(w-pz) = V(©S)].

weEW (Dy)
Write Ch(W) for the character of .

Lemma 7.9.

(74)

Ch | (Spine)" ® S(p") @ Z e(w)Fyp(w-pr)| = Ch(L(N)) ® e(P=Lp=1)

weW (Dy)

where L(\') is the metaplectic representation introduced in the last section.

N 1 q e_p(A(p+))
Proof. Ch(S(p™)) = Mocnon (=) =(-1) [ (o2 — o2
a€A(pt)
e PAEh) qe(";“ ----- =5

B

where ¢ = |A(p™*)|. The right hand side can be rewritten as

= b= Op Z e(w)M(w - \)

weW (Dy)

= 07l D CRIS(p)] - Ch | Y e(w) Fygy (w - N)
weW (Dy)
(1) S e(a)erteotat)
—1)7 1 pet c€W (Ap—1)
= (B 7)) £
e Z e(w) A

weW (Dy)

gl(p)

(75)

Ag‘(p)

veEW (Dp) P
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On the other hand,
Z E(x)ex[w’l"L+p(g[p)]

(L‘*’l 77777 —P-‘rl) - .
LHS = Ch[Spint] - (1) 3 ¢(w) 2
Ap+ n Ag[
weW (Dy) P
(ZBil  =ptl Z E(U)ev(o’_l 7777 —p )
. (AP 2 3p—1 3p—1\veEW(D)p)
= Ch[Spint] - (—1) S ) -
[ pzni] ( ) Ap"" e 2 Ag[p
. Ap
= (=1)?- Ch[Spinl] - P L — = (=1)?- Ch[Spin’] e(Prp)
AWAQI(:D)
The lemma follows. n
Thus (74) becomes (W(B)@ LN): V(§+ (—p+1))]. (76)

By the same argument as in cases (i) and (ii), we get in case (iii),

(W(B)® Y Fyg(2k,0,...,0): V(5 —p+1/2)]

keN

0 otherwise.

When the multiplicity is 1, there is an additional restriction that (§)—(p—1/2)—(8)
be in the root lattice. In case (iv),

W(B)® D Fap(2k+1,0,...,0): V(3 — p+1/2)]

_{1 if51—p+1/2261Z"'Zép_p+1/22|5p|v (78)

0 otherwise.

The multiplicity is 1 only when (§) — (p —1/2) — () — (1,0,...,0) is in the root
lattice. Note that § € ZP and § € (Z + 1/2)P in these cases. n

We now apply the cohomological induction functor II from [14].

Theorem 7.10. The [?—spectm of the representations constructed are as follows.
We again use S =) (a; +b;).
Case 1. a=b=2p

(i) (ap+1/2,...,a,+1/2|by,...,bp) with S € 27,
(i) (ap+1/2,...,a,+1/2|by,...,bp) with S € 2Z + 1,
(iil) (ap+1,...,a,+1|b+1/2,...,b,+1/2)  with S € 2Z,

(iv) (ap+1,...,ap+1]b+1/2,... by+1/2) withSe€2Z+1,
satisfying a; > by > -+ > a, > |by|, a;,b; € Z.

Case 3. a=2p=2k+2,b=2¢=2k+2+2r_ withr_ >0

(i) (ap+r-+1/2,...,a,+7r_+1/2|by,...,b,,0,...,0) with S € 2Z,
(i) (ap+7r_+1/2,...,ap+7_+1/2]b,....b,0,...,0) with S€2Z+1,
satisfying a; > by > -+ > a, > |by|, a;,b; € Z.
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Cased4. a=2p+1=2q—1=0b

(i) (ap+1/2,...,a,+1/2|by,....bp) with S € 27,

(i) (ap+1/2,...,a,+1/2|by,....bp) with S € 2Z + 1,
satisfying ay > by > --->a, > b, >0, a;,b; € Z.

Case 6. a=2p+1=2k+1,b=29q—1=2k+3+2r_

(i) (ap+r-+3/2,...;ap,+7r_+3/2|by,...,b,,0,...,0) with S € 2Z,
(i) (ap+r-+3/2,...,ap+7r_+3/2|by,...,b,,0,...,0) with S €2Z+1,
satisfying ay > by > --->a, > b, >0, a;,b; € Z.

Case 8. a=2p+1=2k+3,b=2q—1=2k+1+2r_

(i) (ap+r-—1/2,...,a,+r_—1/2|by,...,b,,0,...,0) with S €2Z,
(i) (ap+r-—1/2,...,a,+r_—1/2|by,...,b,,0,...,0) with Se€2Z+1,
satisfying ay > by > --->a, > b, >0, a;,b; € Z.

Proof. The main result we use is Corollary 4.160 in [14], which computes I/
of a generalized Verma module. The formulas in the previous sections write L(u)
as a sum of generalized Verma modules for €.

We treat Case 3 in detail. The term W () is already so(2p) x s0(2q)-finite, only
V(9) is affected. Then

5+p(Dp):((51,52—1,,(Sp—p—l—l) (79)

is formed of all negative terms. We need a w that makes it dominant for our choice
of positive system b C @; w is the long Weyl group element. The highest weight is

(p—1—=0p,...,1 =09,=01)—(0,...,—p+1)=(p—1—0,,...,p—1—0)
Going to the more standard positive system for type D,,, the highest weight is
(0 —p+1,...,0,—p+1). (80)

In Cases (i) and (ii), since 6 € (Z+1/2)P, B € ZP, we get that the K -spectrum of
IV(L(N) is o (ar+7r-+1/2,...,ap +r_ +1/2 | by,...,by,0,...,0) where a;,b;
are integers and the multiplicity is 1 precisely when

ay > by > - >a, > |by.

For case (i), the additional condition is that (a | b) belongs to the root lattice of
D,,. For case (ii), the additional condition is that (a ‘ b) — (1,0...,0 ’ 0,...,0)
belongs to the root lattice of Dy,. Therefore, the additional parity conditions hold.
In the case a = b = 2p (i.c. Case 1), we get the K -spectra for case (i) and (i) by
replacing r— = 0. In Cases (iii) and (iv), since 6 € ZP, § € (Z + 1/2)P, we get
that the K -spectrum of IV(L(N)) is Y (a1 +1,...,a,+1 | by +1/2,...,b,+1/2)
where a;,b; are integers and the multiplicity is 1 precisely when

ay > by > - >a, > |by.
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For case (iii), the additional condition is that (a { b) belongs to the root lattice of
D,,. For case (iv), the additional condition is that (a | b) — (1,0...,0 | 0,...,0)
belongs to the root lattice of Dj,. So we get the additional parity conditions.

The argument for a = 2p = 1, b = 2¢ + 1 is essentially the same. In equation
(79), p(D,) is replaced by p(B,). The highest weight in (80) becomes

(01 —p,...,0p — D).

The K -spectrum of II7(L(\)) is therefore

d(ar+q—p—1/2,...,ay+q—p—1/2|bi,....b,0,....0),

with a1 > by > --->a, > b, > 0 and a;,b; € Z.

In Case 4, g —p=1,1in Case 6, g —p =r_+ 2, and in Case 8, ¢ —p = r_.
Consequently, the K -spectra are as in the statement of the theorem, with the
additional parity conditions due to the same reason as above. [ ]
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