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Abstract. We study the Poisson centre of truncated maximal parabolic subalgebras of a
simple Lie algebra of type B, D or Eg. In particular we show that this centre is a polynomial
algebra and compute the degrees of its generators. In roughly half of the cases the polynomiality
of the Poisson centre was already known by a completely different method. For the rest of the
cases, our approach is to construct an algebraic slice in the sense of Kostant given by an adapted
pair and the computation of an improved upper bound for the Poisson centre.
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1. Introduction

The base field £ is assumed to be algebraically closed of characteristic zero. For
any finite dimensional Lie algebra a over k, the symmetric algebra S(a) of a
is equipped with the Lie-Poisson bracket. We refer to the Poisson centres and
semicentres with respect to this Poisson structure.

In this paper we continue our study on the Poisson semicentre of maximal parabolic
subalgebras of a simple Lie algebra over k, that we initiated in [10].

Let g be a parabolic subalgebra of a semisimple Lie algebra g over k. Recall
that the semicentre Sy(q) of the symmetric algebra S(q) of q is the vector space
generated by the semi-invariants of S(q) under the adjoint action of gq. The
semicentre Sy(q) coincides with the Poisson semicentre of S(q) (of q for short).

The algebra of invariants S(q)* of S(q) under the adjoint action of ¢ will be
denoted by Y(q). Again the algebra Y (q) coincides with the Poisson centre of
S(q) (of g for short). By a result of [1, Satz 6.1], since q is algebraic, there is a
canonically defined algebraic subalgebra q, of q, called the canonical truncation
of g, such that Sy(q) = Y (qa) := S(qa)™. Actually qa is the largest subalgebra
of q which vanishes on the weights of Sy(q). One has also trivially that Sy(qs) =
Y(da)-

Recall that the Poisson centre Y'(q) of q is reduced to k, when q is not equal to g
and g is simple (see for example [13, 7.9] or [5, Chap. I, Sec. B, 8.2 (iv)]), whereas
the Poisson semicentre Sy(q) of q is never reduced to scalars by [3].
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By [7] — see also [13], [14] in the more general case of biparabolic (seaweed) sub-
algebras — we know that Sy(q) is lower and upper bounded, up to gradations, by
polynomial algebras A and B respectively, having the same number of genera-
tors. The weight of each generator of A may either be equal or be the double of
the weight of the corresponding generator of . Moreover, it was shown that the
coincidence of the formal characters ch A and ch B of these bounds is a sufficient
condition for the polynomiality of Sy(q). The coincidence of ch.4 and ch B oc-
curs often, for instance when g is simple of type A or C and g is any parabolic
subalgebra of g.

However, the coincidence of ch. A and chB is not a necessary condition for the
polynomiality of the Poisson semicentre and indeed there are examples where they
do not coincide but the Poisson semicentre is polynomial, for example in the Borel
case [12].

Let a be any finite dimensional Lie algebra over k. By [3] or [5, Chap. I, Sec. B,
5.11, 5.12] we know that each semi-invariant of the field of fractions Fract S(a) of
S(a) is a quotient of two semi-invariants of S(a). Denote by C'(a) := (Fract S(a))®
the field of invariant fractions of S(a). In [4, Probleme 4] Dixmier asked whether
the field C'(a) is a purely transcendental extension of k (refered to as Dixmier’s
fourth problem).

Since Sy(qa) = Y (qa), the field C(qy) isequal to the field of fractions Fract (Y (qa))
of Y(qa). Hence the polynomiality of Sy(q) = Y (qa) implies that the fields C'(qa)
and also C(q) are purely transcendental extensions of the base field & (the lat-
ter result follows by [21, Thm. 66], since then there exists a set of algebraically
independent generators of Sy(q) formed by weight vectors - that is, by semi-
invariants of S(q)). This gives a positive answer to Dixmier’s fourth problem
for such parabolic subalgebras. However the polynomiality of the Poisson centre
Y (qa) is a much stronger result.

Recently, several authors have been interested in the question of polynomiality
of the Poisson centre of non-reductive algebraic Lie algebras; parabolic and bi-
parabolic (seaweed) subalgebras of a simple Lie algebra g over k were studied in
(7], [8], [13], [14] and some particular semi-direct products were studied in [23],
[24], [25], [29], [30], where polynomiality of the Poisson centre was shown. In [21]
the author gives necessary and sufficient conditions for the Poisson centre or semi-
centre of certain finite dimensional Lie algebras to be polynomial.

So far, only one counterexample to the polynomiality of the Poisson semicentre of
a biparabolic subalgebra q is known, namely when g is of type Eg and q is the
maximal parabolic subalgebra of g, whose canonical truncation coincides with the
centralizer of the highest root vector of g [28].

In [10] we studied Sy(q) for q a maximal parabolic subalgebra of a simple Lie
algebra g, when the lower and upper bounds ch A and ch B coincide (hence Sy(q)
is polynomial) and we constructed slices for the coadjoint action, extending the
Kostant Slice Theorem [20, Thm. 0.10].

In this paper we study the remaining cases for g simple of type B or D and q a
maximal parabolic subalgebra of g and we deduce the polynomiality of the Poisson
semicentre Sy(q) by constructing slices for the coadjoint action and computing an
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“improved upper bound” (see below). The slices we constructed in [10] were given
by adapted pairs (see Def 2.1) for the canonical truncations q, of the parabolic
subalgebras q that we studied. In this paper we construct adapted pairs for the
remaining cases mentioned above.

Adapted pairs play the role of principal sly-triples in the non-reductive case and
were introduced in [18]. They give an improved upper bound B’ for the character of
Sy(q) =Y (qa) [16]. When this bound is attained, in particular when it coincides
with the character of the lower bound A mentioned above, polynomiality of Sy(q)
follows and the adapted pair gives an algebraic slice (in the sense of [17, 7.6]) also
called a Weierstrass section in [9], extending the Kostant Slice Theorem [20, Thm.
0.10] to non-reductive Lie algebras. By [9], this Weierstrass section is also an affine
slice for the coadjoint action (in the sense of [17, 7.3]).

Some particular cases had already been studied by other authors and different
methods. For example, it was shown in [22] that for all maximal parabolic subal-
gebras q whose canonical truncation is the centralizer of the highest root vector of
the simple Lie algebra (except in type Eg, where we have Yakimova’s counterexam-
ple), the Poisson semicentre Sy(q) is a polynomial algebra over k. Furthermore,
Heckenberger [11] showed by computer calculations that in type B,,, 2 <n <4,
the Poisson semicentre Sy(q) is polynomial for all parabolic subalgebras q.

In [27] an affine slice for the coadjoint action of q was constructed for some non
truncated biparabolic subalgebras q of a simple Lie algebra, which gave a positive
answer to Dixmier’s fourth problem for C'(q). These biparabolic subalgebras q do
not coincide with the maximal parabolic subalgebras we are interested in.

Below, labeling of simple roots follows Bourbaki [2, Planches I-IX].

Adapted pairs need not exist for all truncated parabolic subalgebras and are very
hard to construct in general. One may hope to construct such pairs if the truncated
Cartan subalgebra hy = h N gy (where b is a Cartan subalgebra of g) is large
enough. The subalgebra b, is large if g is of type A or if the parabolic subalgebra q
is maximal. In type A, adapted pairs were constructed for all truncated biparabolic
subalgebras in [15]. However, we showed in [10, Sect. 10] (with g simple of type
F, and g the maximal parabolic subalgebra corresponding to 7’ = {«1, a9, ay})
that adapted pairs do not exist for qu, although Y (qa) is polynomial.

Assume that the parabolic subalgebra ¢ is maximal and that g is simple of type
B,, n>2,resp. D,, n > 4. Let m be a set of simple roots «;, 1 <7 <mn, in
g and 7 = 7\ {as} be the subset of 7 corresponding to q. If g is of type B,
then the bounds ch. A and ch B for ch Sy(q) coincide if and only if s is odd, or
n=s=2,orn=s=4. If gis of type D,, then the bounds ch A and ch B for
ch Sy(q) coincide if and only if s isodd and s #n — 1, or s =n —1 and s even,
or n =4 and s # 2.

In this paper we give an adapted pair for the rest of the truncated maximal
parabolic subalgebras in type B and D. In particular, we prove a lemma of non-
degeneracy (Lemma 6.1) which is a non-obvious generalization of [10, Lemma 5.

From the case Dg, s = 6, we also deduce in Section 10 an adapted pair for the
truncated maximal parabolic subalgebra in g simple of type E; corresponding to

' =7m\{as}.
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Assume now that g is simple of type Eg and that q is a maximal parabolic
subalgebra of g corresponding to the subset 7 = 7\ {a,} of the set of simple
roots 7 of g. Then the bounds ch A and ch B for ch Sy(q) do not coincide if and
only if s = 1,2, 6. For s = 2 an adapted pair for qy was already constructed
in [16]. So we construct in Section 11 an adapted pair for s =1 or 6.

Finally we compute the improved upper bound B’ mentioned above, show that
it is attained and deduce that the Poisson centre Y (qa) of g is polynomial,
computing also the degrees of a set of homogeneous generators (Theorems 7.10,
9.7, 10.1, 11.1). We deduce that for all such maximal parabolic subalgebras q,
Dixmier’s fourth problem has a positive answer for C'(q). Furthermore, as in [10]
we obtain an algebraic and an affine slice for the dual of qj4.

Acknowledgements. We would like to thank A.Joseph for many fruitful dis-
cussions on adapted pairs and for his interest in our work. We are also grateful
to A. Ooms for enlightening exchange of ideas on the polynomiality of the Poisson
semicentre. Part of these results were presented by the first author in the Seminar
at the Weizmann Institute of Science in Israel in April 2016 and in the Conference
“Algebraic Modes of Representations and Nilpotent Orbits: the Canicular Days”,
celebrating A. Joseph’s 75th birthday, in Israel in July 2017. The second author
explained also part of these results in the Conference “Representation Theory in
Samos” in Greece in July 2016.

2. Preliminaries

Let g be a finite dimensional semisimple Lie algebra over £ and b a fixed Cartan
subalgebra of g. Let A be the root system of g with respect to h, m a chosen
set of simple roots, A" (resp. A7) the set of positive (resp. negative) roots. We
adopt the labeling of [2, Planches I-IX] for the simple roots in 7.

For any o € A let g, denote the corresponding root space of g and fix a nonzero
vector o in go. Then g =n®h®n™, where n = P o+ 9o and 1™ =P - ga-
For all a € 7, denote by " the corresponding coroot. For any subset A of A,
set g4 = P c4 Ga-

For any subset «’ of 7, let A, be the subset of roots in A generated by ' and
AT, A, the sets of positive and negative roots in A, respectively. One defines
the standard parabolic subalgebra p,. associated to 7’ to be the algebra p, =
n@hdn_, where n_, = @QGA_/ g Its opposite algebra thenis p_, =n~"®hdn,,

with n. defined similarly. The dual space p, identifies with p_, via the Killing
form K on g.

We denote by W, the Weyl group associated to n’ and by r,, for v € Ay
the reflection with respect to y. Then W, is the subgroup of the Weyl group
W of (g, ), generated by r,, for all v € A,/. The W-invariant non-degenerate
symmetric bilinear form on h* obtained from the Killing form on § will be denoted

by ().

Let a be a finite dimensional Lie algebra over k. The semicentre Sy(a) of its
symmetric algebra S(a) (of a for short) is defined to be the vector space spanned
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by the semi-invariants under the adjoint action of a. One has

Sy(a) = @ 5(a),

AEa*

where S(a)), = {s € S(a) | Vz € a, (adx)s = A(z)s}. It is a subalgebra of S(a).
When S(a), # {0}, A is called a weight of the semicentre Sy(a). Let A(a) denote
the set of weights of Sy(a). When a = p,/, the set A(p,) of weights of Sy(p,)
may be identified with a subset of h* and we have also that Sy(p,/) is equal to the
algebra of invariants S(py )"~ of S(p.) under the adjoint action of the derived
subalgebra p’, of p..

The Poisson centre Y (a) of a is the centre of S(a) for its natural Poisson structure
and it is also the set of the invariants in S(a) under the adjoint action of a, that is
Y(a) = S(a)y. It is an algebra contained in the semicentre Sy(a) of S(a). Again
Sy(a) is also the Poisson semicentre of S(a) for its natural Poisson structure.

If a is algebraic, there is an algebraic subalgebra of a, called the canonical trun-
cation of a, ay = NMyeaker A, such that Sy(a) = Sy(ar) = Y(aa) [1, Satz 6.1].
The algebra a, is an ideal of a containing the derived subalgebra of a.

The index of a, denoted by inda, is the minimal dimension of a stabilizer af
for f € a*. When a is algebraic, the index of a is also equal to the minimal
codimension of a coadjoint orbit in a* [4, 1.11.3].

An element y € a* is called reqularin a* if its stabilizer a¥ is of minimal dimension
(equal to inda).

Let 7' C m. Then p, is algebraic, and the canonical truncation p,/ o of pm,
defined to be the largest subalgebra of p,, that vanishes on the weights of Sy(p,/),
has the property that the Poisson centre Y (p,/ a) is equal to the Poisson semicentre
Sy(pr a) and also equal to Sy(p.).

The canonical truncation of p, was given explicitly in [8]. It is of the form

pra =n®bhy &n_, where h, is a subalgebra of h called the truncated Cartan
subalgebra (this is the largest subalgebra of f which vanishes on the set of weights

A(F’W’) of Sy@ﬂ’) )

The Gelfand-Kirillov dimension of Y (p, o) is equal to the index of pn . For
more details, see [8, 2.4, 2.5, B.2].

Set b’ =bhNpl,. When 7" = 7\ {as}, then hy = b that is, b, is the vector space
over k generated by all o with o € 7’.

For convenience, we replace the truncated parabolic subalgebra p, o by its oppo-
site algebra p_ 4 (that is, the canonical truncation of the opposite algebra p_, ).
From now on, we denote p_, , simply by p. Recall that p* may be identified with
pr A via the Killing form on g.

For any h-module M = @ueb* M, with finite dimensional weight spaces M, :=
{me M | Vh eb, hm=wv(h)m}, we may define its formal character by
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Given two such h-modules M and M’ write ch M < ch M' if dim M, < dim M
for all v € b* [14, 2.8].

Here we recall the formal characters ch.A and ch B of the lower and the upper
bounds mentioned in the introduction for chY'(p) given in [14, Thm. 6.7].

Let E(7') be the set of (ij)-orbits of 7, where i — which depends on 7’ —and j are
the involutions of 7 defined for example in [10, 2.2]. For the reader’s convenience,
we give below their definition.

Let wp be the longest element of the Weyl group W of (g, h) and w{, the longest
element of the Weyl group W,.. For all a € 7, we set j(a) = —wp(«). Let a € 7/,
then we set i(a) = —wj(«). Let a € 7\ 7. If j(a) & 7', then we set i(a) = j(«).
Otherwise let 7 € N be the smallest integer such that j(wjwy)" () € 7. Then we
set i(a) = jlwiwe) ().

By [6, 3.2] we have that GKdim Y (p) = indp = |E(7')]|.

Denote by {w, aer (resp. {w@), }aen) the set of fundamental weights associated to
7 (resp. to 7’); the same sets sometimes are denoted by {w;}a,er and {@!}a,en
respectively. Recall that the Poisson semicentre Sy(n@bh) of the Borel subalgebra
ndh of g isa polynomial algebra by [12]. Let B, := A(n®h) (resp. By := A(n®h'))
be the set of weights of the Poisson semicentre Sy(n @) (resp. Sy(n. @ b’)): the
weights of the generators of the Poisson semicentre of a Borel are listed in [12,
Tables I and II] and [7, Table] for an erratum.

For all I' € E(7'), set

IR R DR D DI

vyer ~vej(I) ~yel'nw’ ~yei(T'nx’)
and e — 1/2 i T'=j(l), and > @,y € By, and 3 @) € B It
1 otherwise.
shown in [14, Thm. 6.7] that
chAd= J] —e™)" <chY(p)< J] (1—eT)' =chB.
reE(x) FGE(TK’

In particular, if for all I' € E(7’), ep = 1, then the above inequalities are equalities
and Y(p) is a polynomial algebra over k by [7].

Definition 2.1. An adapted pair for p is a pair (h, y) € hy X p* such that y is
regular in p*, and (ad h) y = —y, where ad denotes the coadjoint action of p on p*.

Assume that there exists an adapted pair (h, y) € hy x p* for p. By [9, 2.2] one
may choose subsets S, T C AT UA_, such that y = > ___sa,z,, with a, € k\ {0}
for all v € S, and p* = (adp)y @ gr. Moreover the subset T is such that
|T| = dim g7 = ind p since y is regular in p*. Assume further that Sy, is a basis
for b3 . Then for each v € T there exists a unique t(y) € QS such that v + ¢(v)
vanishes on h,. By [16, Lem. 6.11]

¥ (p) < [[(1 - O+ = B

yeT
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We call the right hand side B’ an improved upper bound for chY (p); in this work
it is indeed always an improvement of the upper bound ch B mentioned above.
Moreover by [16, Lem.6.11] if the above lower bound ch.4 and this improved
upper bound B’ coincide then the restriction map gives an isomorphism of algebras
Y(p) ~ Rly + gr], where R[y + gr| is the ring of polynomial functions on y + gr,
isomorphic to S(g}). Hence Y (p) is a polynomial algebra over k and y + gr is
an algebraic slice in the sense of [17, 7.6], also called a Weierstrass section in [9].
By [9] it is also an affine slice in the sense of [17, 7.3] for the coadjoint action of
the adjoint group of p on p*.

Assume that there exists an adapted pair (h, y) for p and denote by V an h-
stable complement of (adp)y in p*. Assume further that Y (p) is a polynomial
algebra and let fi,..., f; be homogeneous generators for Y (p) (I =indp). Then
by [19, Cor. 2.3] if mq, ..., m; are the eigenvalues of adh on an h-stable basis of
V', one has that deg f; =m;+ 1 for all 1 <7 <[, up to a permutation of indices.

3. A lemma of regularity

Keep the notation of the previous section and recall ([10, Def. 2]) the definition of
a Heisenberg set with centre v € A. It is a subset I';, of A such that v € I', and
for all a € I', \ {7}, there exists a (unique) o/ € I';, \ {7} such that o + o' = .

Example 3.1. Set A = UA; where A; is an irreducible root system and let
Bi be the unique highest root of A;. Take (4A;)s = {a € A;|(a, ;) = 0} and
decompose it into irreducible root systems A;; with highest roots j3;;. Continuing
we obtain a set of strongly orthogonal positive roots [k, called the Kostant
cascade, and irreducible root systems A, indexed by elements K € NUN?U- - - .
The set Hg, = {a € Ax|(a,Bk) > 0} is a Heisenberg set with centre fx and
actually it is the maximal Heisenberg set with centre g, which is included in A*.

Consider p n =n®hpy ®n >~ (p, ,)* the truncated parabolic subalgebra of g
associated to 7' C m. Let S be a subset of AT U A, and for all v € S choose
a Heisenberg set I', with centre v in AT LU A~,. Assume that the sets I', are
disjoint and set I' = | | oIy and y = > s a,2y € po a, With a, € £\ {0} for
all y € S. Set O =] 4, with T =T, \ {7}, and 0 = g 0.

Denote by @, the skew-symmetric bilinear form on g such that, for all z, 2’ € g,
P, (z, 2') = K(y, [z, ']), where recall K is the Killing form on g.

The lemma below is a generalization of [10, Lem. 6] (see also [15, Thm. 8.6]).

Lemma 3.2.  Assume further that

(i)  There exist disjoint subsets T* and T of A* U A, also disjoint from T,
such that AT UA-, =TUT*UT.

(ii)  The restriction of ®, to 0 X o is non-degenerate.
(iii) Sjp, @s a basis for b .

(iv) Forall B €T, x5 € (adp,, ,)y + gr-

(v) T =indpy .
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Then po p = (ad p;,’A)y @ gr, where ad denotes the coadjoint action. In par-
ticular, y is reqular in P n. Moreover, if we uniquely define h € hp by the
relations y(h) = —1 for all v € S, then (h, y) is an adapted pair for p_, ..

Proof.  Condition (i) implies that p, y =br @ 0@ g5 @ g7+ ® g7 and that
P A =ba D go D gs D gr @ gr. Condition (ii) implies that

go C (ado)y +gs + gr + g1
since O NS = (). Condition (iii) implies that gs = (adh)y and that

ba C (adg-s)y + 9o + gs + g7 + g1+
Condition (iv) implies that gr C (adp, ,)y + gr. Hence

Pra =ba®go ®gs © gr ©gr C (adp \)y + gr.

Finally condition (v) and the fact that dimgr = indp,, , < codim (adp,, )y
imply that the latter sum is direct. ]

Remark 3.3.  Let us explain how adapted pairs for maximal parabolic subalge-
bras when both bounds ch.A and ch B coincide were constructed in [10]. In these
cases, we took T = () and for the sets S and T we took elements of the Kostant
cascade for g. Moreover for all v € SNA™, resp. v € SNA_,, the corresponding
maximal Heisenberg set (3.1) H, in A", resp. H_, in A, was taken to be the
Heisenberg set I',, resp. —I'_,. Unfortunately in the case of maximal parabolic
subalgebras when the bounds ch.4 and ch B do not coincide, such a strategy does
no more work.

4. Stationary roots

Keep the notation and hypotheses of Sections 2 and 3. Given v € S, for all
a € F?Y denote by o' the unique root in I' 3 such that a+a’ =~ and let 6, be the
involution in Fg mapping o € Fg to a’. Denote by 6 the involution in O induced
by all 0., v € S.

Clearly, the non-degeneracy of the restriction of ®, to o x o is immediate if, for
all a € O, the only root 5 in O such that o+ g € S is § = 6(«). Unfortunately
this will not be the case in general, but Lemma 6.1 below will give sufficient
conditions for the non-degeneracy of the restriction of ®, to o x 0. To state
this lemma, we need further notation. In particular for each root a € O, we set
Se={8€O0|a+peStandforall n>1, O, ={a € O | |Sy| =n}. Note
that O ={a € O |V O, a+pecS= F=0()}.

Let a € O. Set a® = a and for all i € N define o' € O inductively as follows.
If 0(a') € Oy, set o' = a'. Otherwise, let o™ # o' be a root in O such that
ot +0(af) € S. Forall i € N, set a® =0(a).

Note that, if o € Oy, then a(!) is the only root in O distinct from #(a) such that
al) + o € §. Similarly if (a) € Oy, then o! is the only root in O distinct from
a such that o' +60(a) € S. Observe that 8(a)® = .
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We will say that (a');ey is a sequence of roots in O constructed from «; such a
sequence always exists but in general is not unique. If for all i € N, (o) € O,L0O,,
then (a');eny will be called the sequence of roots in O constructed from «a, since
in this case, o’ is uniquely defined, for all i € N.

Note that if 8(a') € O; for some i € N, then o = o' for all j > i. Conversely,
if o' = o' then 6(a’) € O and o/ = o', for all j > i. We call a minimal such
i the rank of the sequence (af);cn and we say that the sequence is stationary at
rank i. Note that if 0(a’) € O; then '™ & O;.

Let @ € O and set A, = {’, () | i € N} for a sequence (a');en of roots in O
constructed from o.

Remark 4.1.  Let a € O and assume that A, UAg,) C O1UO,. Let 4, j € N.
(1) One has that (o'}’ = o’*7 and (o) = a(+9),

(2) Assume that i > 1 and that 6(a’™") € O,. If j <4, then (a")9) = f(a’)
and if j > i, then (a/)¥) = a9,

(3) Assume that i > 1 and that 9(04("*1)) € Oy. If 7 < i, then (a(i))(j) — Q(Q(FJ'))
and if j > i, then ()W) =i,

Proof. The definition of the roots o’ and a¥ and an induction on j, noting
that o' = (a/)! and that a(+!) = (a))!, give the assertions. m

Definition 4.2.  Let o € O. We say that « is a stationary root if A, U Ag) C
O, U Oy and if the sequences (a');ey and (a(?);cy are stationary.
The set of stationary roots in O will be denoted by Oy;.

Remark 4.3. Let a € O. If a € Oy then A, U Ayn) C Oy and conversely if
Ay U Agay C O1 U Oy and if there exists ip € N such that a® or a®) belongs to
O, then o € Oy .

Proof.  This easily follows from (1), (2) and (3) of Remark 4.1. n

Lemma 4.4. Let a € Ogy. Let ¥ : O — O be a permutation such that, for all
v €O, v+ 9(y) € S. Then the restriction of ¥ to A, U Aga) coincides with the
involution 6.

Proof. Denote by ng (resp. np) the rank of the stationary sequence (a');ey
(resp. (a);en). Since 8(a™) € Oy (resp. 6(a™)) € O;) the map ¥ necessarily
sends 0(a”™) (resp. O(a™))) to a™ (resp. a™)). Then a decreasing induction on
i gives that, for all 0 <i < ng, we have ¥(f(a')) = o'. Similarly we obtain that,
forall 0 <i < ny, 9(0(a?)) = a?. An increasing induction on 7 proves then that
J(at) = 0(a?) for all 0 <i < ng and that 9(a@) =(a?) forall 0 <i<n;. =
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5. Cyclic roots.

We also need to define what we call a cyclic root. We use the notation and
hypotheses of Section 4.

Definition 5.1. Let o € O. We say that « is a cyclic root if there exist

B,7v € O such that the following conditions are satisfied:

(i) 0la)+y=p8+0(8).

(i) 0(y)+B=a+0(a).

(iii) 0(8)+a=~v+0(y).

(iv) {a, 8,7, 0(), 0(B), 0(7)} € O2 U Os.

(v)  Ha, 8,7, (), 0(5), 0(7)}] = 6. i

(vi) If 6 € {a, B, 7, 0(c), 8(B), O()} N O3, then there exists § € S5 such that
6 €0,y and 0(6) € O;.

The set of cyclic roots in O is denoted by Ogy..

For o € Ogye, set C, = {a, B, 7, 0(a), 0(B), 0(7)}. Note that for § € Co, N O3
then, with the above notation, ¢ is unique and Ss\ S5 N C, = {0}.

Remark 5.2. (1) If a € Oy then all roots in C, are cyclic roots.

(2) Suppose that a € Oy and that C, C O. Then a ¢ Oy . Indeed the cyclic
relations (i), (ii) and (iii) imply that o' =, o? = 8 and o® = «, hence the
sequence (a');ey is not stationary.

(3) Only two of conditions (i), (ii), (iii) above are necessary. Indeed any two of
them imply the third one.

(4) With the above notation, let o € O such that = B, with 8 € Ogye N Os.
Then a & Og and o & Oye. Indeed 6(a) = 0(B8) € Oy, hence o & O,y and
ol = a, but since 3 € Sg, one has that o) = 3, hence a ¢ O,;.

Lemma 5.3. Let 9 : O — O be a permutation such that for all v € O,
v+ 9(y) € S. Then ¥ exchanges § and 6(5), where & is the unique root in Sy
given by condition (vi) of Definition 5.1, for any 6 € Ogye N Os.

Proof. Let o« € Oy and consider 6 € C,. Assume that 6 € Os. Since
9(5) € Oy, we have necessarily that 9(A(6)) = 5. Now since & € Oy, we have that
9(0) = 6(0) or &, since moreover § € Sj.

Assume that 19(5) = ¢ and to simplify that § = o. Then necessarily ¥(6(J)) = 7 by
condition (i) of Definition 5.1. Then J(6(v)) = /5 by condition (ii) of Definition 5.1.
But condition (iii) of Definition 5.1 implies then that J(6(8)) = a = § which is
not possible, since § = o has already a preimage by ¥. [ |

6. A lemma of non-degeneracy

The subset S C AT U A, is divided into three disjoint subsets ST, S~ and S™
defined as follows. Let ST (resp. S™) be the subset of S consisting of those v € S
for which I, C AT (resp. I', C A_).
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Let S™ be the subset of S consisting of those v € S, for which the Heisenberg
set I', contains both positive and negative roots in A* LU A~,. We have S =
STuS~US™ and weset I = | o Iy, I'™ =] g ['y5 then ' = TFUT—UT™.
Forall 7 € S, recall that T = T',\ {7}, and set OF = | 4+ 9, O™ = || cgn [Y;
we have O = OT LU O~ LU O™. Set also 0% = g_p+ and 0™ = g_pm so that
o=go=0"do Go™.

Lemma 6.1.  Assume that:
(1) Sy, s a basis for by .
2) If a €T, with v € ST, then S, NOT = {0(a)}.

(2) 5
(3) Ifaely, withye S™, then So,NO~ = {#(a)}.
(4) If a € O, with S, NO™ # 0, then « € Ost or a € Ogye or there exists

B € Ocye N O3 _such that o = B or 0(a) = 3, where B is the unique root in

Sp such that 5 € Oy and 6(B) € O;.

Let y =3 cgay@y, with ay € k\ {0} for all v € S. Then the restriction of the
bilinear form ®, to o X o is non-degenerate.

Proof. Let p be the linear form on h* defined by p(a) = 1 for all a € =
and define 2(t) = 3 ¢ P,z for t € k. Set d(t) = det(®,, ) which is a
polynomial in ¢ and let H, denote the adjoint group of by .

[oxo

Since by hypothesis (1) the elements of Sj, are linearly independent it follows
that, for to € k, z(cty) and z(ty) are in the same H,-coadjoint orbit for all
c € k\ {0}. Moreover o x o is stable under the adjoint action of H,. Then the
degeneracy of the restriction of the bilinear form @) to 0 x o is equivalent to the
degeneracy of the restriction of the bilinear form &) to 0 x o for all ¢ € k\ {0},
that is, d(ty) = 0 is equivalent to d(cty) = 0 for all ¢ € k\ {0}. It follows that
either d(t) is identically zero or it vanishes only at ¢ = 0. Hence d(t) is a multiple
of a single power of ¢ (see also [15, Rem. 8.4]).

Let o € O be such that S, N O™ # ().

Assume first that @ € Oy . Then by Lemma 4.4, the only factor involving « in
det(@z(tﬂoxo) ig 2le(at6(a))

Assume now that a = 3, or O(a) = B with 8 € S, B € Ogye N O3, satistying
condition (vi) of Definition 5.1. Then, by Lemma 5.3, in the expansion of the
determinant of @ , the only factor involving « is t2lp(ato(a))l

Jox
Assume that a € Oy and consider C, = {a, S, 7, 0(a), 0(5), 0(7)} verifying
conditions (i)—(vi) of Definition 5.1. Then the matrix of & is, up to

a nonzero scalar, of the form

Dg_co X0—Ca

0 0 0 tle(s)l ¢le(s3)] 0
0 0 0 0 tle(s2)l - ¢le(s)l
0 0 0 tle(s2)l 0 tle(s3)l
—¢tlp(s1)] 0 —¢tlp(s2)] 0 0 0
—¢tle(sa)l - _¢lp(s2)] 0 0 0 0
0 —¢le(s)l - _¢le(s3)l 0 0 0
where s; = a +6(a), se =+ 60(5) and s3 =~v+0(7).
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Hence up to a nonzero scalar,
det(®, ) = (el (s Holss)) — g2(p(at (@) +Ho(3+0(3) oG+

[9—Co X9-Cq
and by Lemma 5.3, it follows that the only factor involving « in det(@z(t)‘axo) is
$2lpla+0(a))]

Let now a € OF be such that there exists 3 € S, N OTF. By the above, if there is
a factor in det(@z(t)‘oxo) involving o and 3, that is, if tP@+Al appears as a factor
in det(sz(t)‘oxa), then necessarily S, N O™ = () and Sz N O™ = (). Then observe
that [p(a+ B)| < |p(a)| + [p(B)], whilst

lp(a+0(a))] = [p(a)] +[p(0(a))| and [p(5 +6(5))] = [p(B)] + [p(0(B))]-

Since d(t) is a multiple of a single power of ¢, the above observations and conditions
an imply tha cannot appear as a factor in det(®, .
2 d (3) imply that ¢leletp)l t factor in det(® (®)|oxo

Denote by O a choice of representatives in O modulo the involution #. Then, up
to a nonzero scalar, d(t) = det(q)z(t)|u><o) = [1,cq t2lPlett@nl,
Thus det(@z(t”oxo) # 0 for t # 0 and the assertion of the lemma follows. n

Remark 6.2. If S™ = () then condition (4) is empty and the above lemma
is [10, Lemma 5] or [15, Lemma 8.5].

By Lemma 3.2 (taking 7% = )) and Lemma 6.1 we obtain the following corollary.

Corollary 6.3.  Assume that the hypotheses of the previous lemma hold and that
IT| =indp_, ,, where T'= (ATUA)\T. Let y =3 _sa,x,, with a, € k\ {0}
for all v € S, and define h € by by v(h) = —1 for all vy € S. Then (h, y) is an
adapted pair for p, .

In what follows, we construct adapted pairs for the truncated maximal parabolic
subalgebras p in type B or D where the lower and upper bounds ch . A and ch B
of Section 2 do not coincide; p is associated to the subsystem 7’ of 7 obtained
by suppressing a root of even index. The construction of an adapted pair in these
cases is much more involved than in [10].

7. Types B and non-extremal D

Types B and D (non-extremal) are very similar, so we will treat them together.
In this section, g is a simple Lie algebra of type B,,, n > 2 (resp. of type D,,
n >4)and p = P A Is the truncated maximal parabolic subalgebra associated
to the subset 7’ = 7\ {a,} of m with s even, 2 < s <n (resp. 2<s<n—2).
Then the lower and the upper bounds ch.A and ch B of Section 2 for ch Y (p) do
not coincide in general (see Section 1). We will construct an adapted pair (h, y)
for p, a slice for its coadjoint action and show that Y (p) is polynomial in ind p
generators. It will follow by the discussion in the introduction that the field C'(p_,)
of invariant fractions is a purely transcendental extension of k.

As we said above, it is enough to find sets S, T that satisfy the conditions of
Lemma 6.1 and of Corollary 6.3.
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Recall that the truncated Cartan subalgebra in p is ba = b = B i, iz ko’
Denote by {&;|1 < ¢ < n} an orthonormal basis of R" according to which the

simple roots «; (1 < i < n) of g are expanded as in [2, Planche II] for type B,
and in [2, Planche IV] for type D,,.

Recall the Kostant cascade for each type B,,, resp. D,,. For type B,,, the Kostant
cascade is formed by the strongly orthogonal positive roots f; and g; given in [10,
Table I] or in [12, Table II]. We have that

Bi = €9i—1 + €9

for all 1 <i < [n/2], and for n odd, Buy1)2 = €, = an, and
Bir = qgi—1 = €9i—1 — €2

for all 1 <i < [n/2]. For type D,,, the Kostant cascade is formed by the strongly
orthogonal positive roots f;, By, By given in [10, Table I or in [12, Table II] (note
that in [10, Table I], we had forgotten [(,1)/2 for n odd). We have that

Bi = €2i—1 + €2;
for all 1 <14 < [n/2], and for n odd, Bni1)2 = Gp—2 = En—2 — €4—1, and
By = €21 — €2

for all 1 <1i < [n/2] — 1. Finally if n is even, ﬁ(%),, = Qp1=Ep_1—En.

Set S =St US™US™ with the following subsets S* and S™:

For type B,,, with 2 < s <n, s even:

ST ={esi—€i, —fj = —egjo1 —€9; |1 <i<s/2-1, s/24+1<j<[n/2]},
S™ = {5s}§

ifn=s: ST ={eg14+enu|l1<i<s/2-1};

1<i<s/2-1, }

if n>s: ST = {62@'14-521', Es-11Es+1, E25TE2j41 s/241<j5<[n—-1)/2]

For type D,,, with 2 < s<n —2, s even:
5_2{53_1‘—81', —E&2j—-1 — &5 | 1§Z§S/2—1, s/2+1§]§[(n—1)/2]},
S™ = {es —en, €5 +&n},

1<i<s/2-1, }

SJr: i— iy Cs— s+1; j j .
{52 1+ €2iy €s—1 + Es+1, €25 + €2541 s/241<j<[(n-2)/2

Clearly, S ¢ ATUA and |S| = n—1 = dimbh,. We first show below that
condition (1) of Lemma 6.1 holds.

Lemma 7.1. Sy, is a basis for b} .
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Proof. Set S = {Si}lgign—l and choose {hi}lgign—l = {az\'/}lﬁiﬁm i#s aS basis
of hp. Assume first that 2 < s <n — 2.

For g of type D,,, set s, 9 = ¢, — ¢, and s,_1 =&, +¢,. For g of type B,,, set
Sp_o =¢€s and S,_1 = &,_1 + &, if n is odd, resp. s,_1 = —e,_1 — &, if n is even.
For g of type D,,, set s/, , =¢5 and s, | =¢,.

For g of type B,,, set s/, 5 = s, 90 = ¢, and s/, | = &, — €541 if n is odd, resp.
S, =€n+Esp1 if m is even.

Finally set s, =s; forall 1 <i <mn—3 and 5" = {s,}1<i<n-1. It is sufficient to
prove that det(s;(h;))1<;, j<n—1 7 0. Order the basis of ha as

{a¥i7 a;/fla a;/jfl? 042/723-71, a\k/ ’ 1 S i S 8/2 - 17 1 S .7 S [8/4]7 5+ 1 S k S n}
without repetitions and the elements of S’ as

{@‘7557 €s—i — E€iyEs—1 1T €541, —E€s42j-1 — Es42j>
Es42j +€s+2j+17 8;71 ‘ 1 S ) S 5/2 — 1, 1 SJ S (TL— 8—2)/2}

if n is even, and, if n is odd as

{5@ €sy €s—i — €iy €51 T €511, —E€s42j-1 — Es42js
/ . .
Est2j T Est2j41, —En—2 = En—1, Sp_1 |1 <i<5/2-1, 1 <5< (n—s5—3)/2}.

A 0 O
Then one checks that  (sj(h;))i<ij<n-1= [ * B 0[],
x *x (O

where A (resp. B) is a (s/2 — 1) x (s/2 — 1) (resp. (s/2) x (s/2)) lower tri-

angular matrix with 1 (resp. —1) on the diagonal. Moreover C' = (C*' (,9”) with

C" an (n —s —2) X (n — s — 2) lower triangular matrix with alternating 1
and —1 on the diagonal and C” a 2 x 2 invertible matrix. We conclude that
det(s;(h;))1<i, j<n—1 # 0.
Now assume n = s, resp.n = s+ 1, and g is of type B,,. Order the basis of h, as

{045/1'7 a:,l, Oégjqa OZLQJ‘A | 1<i<s/2-1,1<j < [s/4]},
resp. {ag/w O‘L\e/fl? O‘;/jfh O‘;Lijla a;/Jrl | 1 S i S 8/2 - 17 1 S] S [8/4]}7
without repetitions and the elements of S as

{/8i7887 Es—i — & | 1 S { S 5/2 - ]-}7

resp. {ﬁiagsa €s—i — &4y Es—1 + Es+1 ’ 1 S i S 3/2 - 1}

Then we obtain that

s

A

0 0
0
(Sz‘(hj))lsam—l:(* B)’ resp. (si(hj))i<ijen1= | * B 0],
* k2

with the same matrices A and B as above. Hence det(s;(h;))1<i j<n—1 # 0. This
completes the proof of the lemma. [ |
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Recall the (maximal in A*™) Heisenberg set Hp, with centre f; defined in Exam-
ple 3.1 for every positive root (; of the Kostant cascade.

For type B,,, with 2 < s <n, s even, we set:

For all 7 € N, 1< < 8/2 -1, Fﬁi = Hgi \ {522'_1, 821'} C AT,

Do heey = {8521 F 6541, Esm1 £ &4y €1 Feg | s+2<i<n} CA™.
Forall ie N, s/2+1<i<[(n—1)/2],

Depiteniss = {€2i + €241, €21 £ €5, €901 Fej | 20+2 < j <n} CAT.
Forall i e N, 1 <i<s/2-1,

e, e, ={esmi—€iyej—eicsmi—gj|i+1<j<s—i—1} CA_.
Forall i e N, s/2+1<i<[n/2],

I men = {—€2im1 — €25, —€2im1 €5, —e2i Fe; | 2i+1 <7< n} CA_.

1<i<n, i#s,
e, = S €s, €, €6 — €155 + €, —€;

+ —
ist1<j<n }CA UAL.

For type D,,, with 2 < s <n — 2, s even, we set:
Forallie N, 1 <i<s/2-1,
F@i = Hgi \ {&727;_1 — Ep, €2; + €n} C AT,

Doy i4eors = {€sm1 + €541, €521 + €1y Esy1 — Eiy €521 — €, Es11 + & |
s+2<i<n,s+2<j<n-1}CA".

Forall i € N, s/2+1<i<[(n—2)/2],

epitenin = {€2; + €2i11, €2 — €j, €j + €2i41, €2 + €k, €2i41 — Ek
2% +2<j<n 2i+2<k<n—1}CA".

Forallie N, 1 <i<s/2-1,
e oo, ={esmi—€iyej—ci,csmi—gj |i+1<j<s—i—1} CA_.
Forall ;e N, s/2+1<i<[(n—1)/2],
F—szi,l—s% = {—52171 — E9j, —€2i—1 —E&j, € — €24, —€2i-1 + Ek, —E€f — Eg;
2i+1<53<n—-1, 2i—|—1§k§n}CA;,.
Dec, ={es —€ns €5 — €2i-1, €2i-1 — €n, Es + €241, —€2j41 — € |
1<i<[n/2,i#s/2+1,8/2<j<[(n—2)/2]} CATUA,.
Depte, = {€s+en, €5 — €2y €2i + Eny €5 — €ty Esy1 T Eny Es + €25, —€25 + €5 |
L<i< (- 1)/2 i 452 5241 < [(n—1)/2]} C A* LA,

By construction, the sets I'y, v € S, are disjoint Heisenberg sets with centre -,
included in AT UA.
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For g of type B,,, resp. D,,, denote by 7} the connected component of 7’ of type
A, 1 and 7} the connected component of 7" of type B,,_s, resp. of type D,
for n > s+ 3 or of type Ay x Ay for n = s+ 2. Observe that for all i € N,
1<i<s/2-1,T. ,. C AL, and for all i € N, s/2+1 <1< [n/2], resp.
5/2 +1<:¢< [(n - 1)/2]7 F_52i71_52i - A;é

Remark 7.2.  Assume that g is of type B, .

(1) FacO\O1UOy thena=¢;—¢; €0 with 1 <j<s/2<i<s—1-—7j.
Moreover in this case, Se,_., 1O~ = {f(e; —¢;)} and S.,_., N O™ = . Hence
conditions (3) and (4) of Lemma 6.1 are satisfied for such a root.

(2) Fori,j #s+1, e +¢e; € Oy unless ¢, +¢; = 5.1 +¢5 € T (where T
is the complement of I' = L, s’y in AT U A7), Moreover g5+ €511 € Oy and
es—¢&; €0, forall i >s/2,i#s.

We show below that conditions (2) and (4) for a« € O, resp. conditions (3) and
(4) for « € O, of Lemma 6.1, are satisfied.

Lemma 7.3. Let a € O%. Then S, N O* = {0(a)} and if S, NO™ # O then
condition (4) of Lemma 6.1 is satisfied.

Proof. Let a€O*. By direct computation, one verifies that S, N O* = {f(«a)}.

Assume that g is of type B,, and that S, N O™ # (). Then necessarily o = ¢; — ¢
and S, NO™ ={f =¢e5 —e,_;} with 5/2 < j <s—2.

If jis odd, 8(o) = €j41 + €5 € Oy, resp. if j is even, O(a) = ¢;_1 +¢5 € Oy, by
Remark 7.2(2). We will assume that j is odd; the other case is very similar.
Recall the sequences of roots in O constructed from a root in O in Section 4.
Since f(a) € O;, we have that the sequence (a*).ey constructed from « is
stationary at rank 0. We will determine the sequence (a)pen constructed from
6(a). Recall that o® = 0(a), then since a = 0(a'?) € Oy, we necessarily have
al =B =¢e, — e, ;. Hence, 0(B) = e,_; € Oy with Se,_;, = {B, es—js1}. Then
a? =g, ;1 € O™ and (o) = g, — e, j11. Then a® = ¢, ;| — ¢, and
0(a®) = &; 5 + &, € O; by Remark 7.2(2) (unless j = s/2 + 1 in which case
already 6(a®) € O;). We conclude that the sequence (a®)cy is stationary at
rank at most 3. Since A, U Agy C O1 U O, by Remark 7.2(1), we get o € Og.

Now assume that g is of type D,, and that there exists 8 € O™ such that a+3 € S.

Consider the case when o € ng C O with 1 < ¢ < s/2—1. Then four
possibilities occur: o = ey — e, and f = e, —e9 € TV | @ = €951 + &4
and f =g, —eg1 €Y __ , =691 —¢, and f =e, — 5941 € ' __ with
S—24+1<2i—1, a=ey—e5and f=¢e,—e,9, €Y | with s —2i < 2i.

We consider just one of the two first cases, that is when a = e9;,_1 + ¢, and
5 =€Eg—E€9i—1 € ng—é‘n' Then O[—f—ﬁ = Es+€n, 9(0[) = £9;,—&, and Q(B) = E€9i—1—€n-
One verifies that there exists v = e, —e5; € I'! _ such that 0(a) +v = e, — e,
O(B)+0(7y) = e9i—1+¢9; and that «, 0(«),8(5), 0(y) € O2. f i =1 or s—2i4+1 <
2i — 1 (vesp.s — 2i < 2i) then 8 € Oy (resp.y € O). Otherwise 8 € O3,

6 = E€5-92i+1 — €5 € 0O N Sﬁ, and 0(ﬁ) = E5.92i42 T &5 € Oy (resp.7 € 03,
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F=te5-2i—¢€s € 03NS, and 0(§) = €5_9;-1 + &5 € O1). Hence a € O,y and by
Remark 5.2(1), the roots 3, v, 6(«), 6(3), 0() are also cyclic roots.

We consider only one of the two last cases. Suppose that o = e9;_1 — &5 and
B =es—Es—9it1 With s =2i+1 < 2i—1. By the above, 5 € O, NO3 and B = .
Similar computations may be done in the other cases. [ ]

We show below that condition (4) of Lemma 6.1 is satisfied for a € O™.
Lemma 7.4. Let a € O™. Then condition (4) of Lemma 6.1 is satisfied.

Proof.  Assume first that g is of type B,. Let & € O™ (=T? ). Note that
Sa NO™ # (), since it contains («). Recall that

ngz{si,gs—si, —€j,es+¢e; | 1<i<n, i#s, s+1<j<n}

We will show that the sequences of roots in O constructed from the roots in I'?,
are stationary and that all the elements of these sequences and their image by 6
lie in O; U Oy. Note that this will prove that a € Oy, .

For @ = —¢;, with s +1 < j < n, we have that 6(«) € O; by Remark 7.2(2),
hence the sequence (o) is stationary at rank 0.

For o = &5+ ¢;, with s+ 1 < j < n, we have 6(a) € Oy and o' = —g;4 if j is
odd, resp. a! = —¢; 1 if j is even. Then 6(a') € Oy, hence (') is stationary at
rank 1.

For av = ¢; with ¢ > s+ 2 then 6(a) € O;. Also for « = ¢4, —¢; and i > s+ 2,
0(a) € Oy and o' =g, if 7 is even, a! = ¢;_1 if ¢ is odd and 6(a') € O;. We
conclude as above.

For a = €441, then 0(a) € O; and we are done. For a = &4 — e441 then
0(a) = 411 € Oy and o' = g4, is such that 0(a') = e, — 41 € Oy.

For a =¢; with 1 <i<s—2, f(a) € Oy if i > s5/2, otherwise 0(a) € O,. In the
latter case, by the proof of Lemma 7.3, we obtain that the sequence of roots in O
constructed from « is stationary.

It remains to consider o = e, — &;, with 1 <i < s—2. Then 0(a) =¢; € Oy and
al =g, if 7 is odd, o' =¢;_; if ¢ is even. By the above, §(a') € Oy if i > s5/2,
or i =s/2 and s/2 odd, or i = s/2 — 1 and s/2 even, and we are done. In the
other cases, #(a') € Oy by the above, which also gives that the sequence of roots
in O constructed from o' and then from « is stationary.

Finally we observe that all roots of the sequences and their image by € lie in
01 (] 02 .

If now g is of type D,, then similar computations as above or as in the proof of
Lemma 7.3 may be done to prove that condition (4) is satisfied. n

Now denote by T' the complement of I' =T* U~ UT™ = | ([, in ATUA].

Lemma 7.5. |T|=ind p.

Proof.  Assume first that g is of type B,,. One checks that:

Forn=s, T={es_1+¢es 211 —€2 | 1 <0< 5/2},

forn >s, T={es_1+es, €s1—Es11, €2i-1— 25 —Est2j—1FEs12j, Estok—Est2kt1 |
1<i<s/2,1<j<|[n—s)/2],1<k<[(n—s—1)/2]}.
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If now g is of type D,,, with s < n — 2, then we obtain the same set T". It follows
that |T| = n — s/2 + 1. On the other hand, recall that the index of p equals
the number of (ij)-orbits in m where i and j are the involutions of 7 described
in Section 2. Here the (ij)-orbits in 7 are I'y = {oy, as_4} for 1 <t < s/2 -1,
Ly = {2} and Ty = {oy} for s <t < n. They are n — s/2 + 1 in number
hence ind p=n—s/2+1. u

Remark 7.6.  All conditions of Lemma 3.2 are satisfied (by setting 7% = 0).
Hence by defining h € hp by v(h) = —1, for all v € S, and by setting y = >
we obtain an adapted pair (h, y) for p_ 4.

~yES Ly

The semisimple element h of the adapted pair is uniquely defined by the relations
v(h) = —1 for all v € S. Below we compute the values of h on the elements of
T', that is the ad h eigenvalues on the complement gr of the adp_, ,-orbit of y.

Lemma 7.7.  The eigenvalues of adh on gr are:

s+4i—1=(eg-1 —e9;)(h) foralli e N, 1 <i<][s/4];

3s —4i+1=(e9i-1 —€9;)(h) forallieN, [s/4]+1<i<s/2—-1;

s/2+1=(g5-1 —s)(h);

s/2—1= (g1 +¢5)(h);

s+ 1= (521 —€511)(h);

s+4j— 1= (—ess2j-1+Esy25)(h), forall jeN, 1 <j<[(n—s—1)/2];

s+4j+1= (5s+2j - Es+2j+1)(h)7 fOT all J € N; 1<5< [(n —S5— 2)/2] ’

o — s — 1 — {(—en_l +e,)(h) if n even
(En_1—€n)(h)  ifnodd

n— /21— {(—anl +e,)(h) %f n even

(n—1—en)(h)  if n odd

Then we have that s + 2k — 1 is an eigenvalue of adh on gr, for all k € N,

1<k<n-—s,ifgisof type B, resp. forall ke N, 1<k<n-—s—1,ifgis

of type D,, .

if g is of type By ;

if g is of type D, .

Proof. Follows by direct computation, since the semisimple element h of the
above adapted pair (h, y) for p, , is

[s/4] s/2—1 s [s/4] s
h = Z +2k‘—1 62k 1+ Z E—Zk))&gk I_Z(§+2k>€2k
k=[s/4]+1 k=1
s/2—1 38 [(n—s+u)/2] [(n—s—14u)/2]
- Z 5 —+1- Qk)€2k+2€s 1—Es+ Z —2k+1— 2)5s+2k 1+ Z 2k+2)€s+2k
k=[s/4]+1 k=1 k=1
with v =0, resp. uw =1, if g is of type D,,, resp. B,,. [ ]

Recall the bounds ch A and ch B for chY (p) as well as the improved upper bound
B’ of Section 2. We will show that the lower bound ch A and the improved upper
bound B’ coincide, hence Y (p) is a polynomial algebra over k.
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Lemma 7.8.  For g of type B,,, one has:

Ifn =s: ch A= (1—e %) 2(1 — e t@n)~(0/2-1) (1)
if n>s: chA=(1—e ™) (1 — e 2@~ (n=1=s/2), (2)
For g of type D,,, one has:

chA=(1—e ™) 31— e ) (2752, (3)

Proof.  Assume first that g is of type B,. The lower bound for chY(p) is
ch A = [lrepEn(l — e’r)~l < ch Y(p). We will compute it explicitly. As we
already said in the proof of Lemma 7.5, the set of (ij)-orbits in 7 is E(n') =
{Tsj2 = {aspe}, Tt = {oy, s}, T i={au} | 1 <t <s/2-1,s <u<n} It
remains to compute dr for each I' € E(n').

Let I' € E(n’). Since j =1id, and i(I' N 7") = j(I') N7, one has

5{‘ = —2(2 W~ — Z w;)

yel’ yel'Nrw!

Assume first that n = s. Then the Levi factor of p is of type A,,_; and one may
check that forall 1 <t <n—1, wy—w, = 2(t/n)w,. Thenforall 1 <t <n/2—-1,

or, = —2(wy — w), + wy_y — w,_,) = —4w, and or, = or, , = —2w@,. Hence for
n = s, one has the equality (1).

Assume now that n > s. Then the Levi factor of p is the product of a simple Lie
algebra of type A,_; and a simple Lie algebra of type B,,_;.

For all 1 < ¢t < s — 1, one checks that @, — w, = (t/s)ws. Then, for all

1 <t <s/2—1, one has dr, = —2w, and or,,, = —w@s. On the other hand,
for all s+1<t<n—1, one has that w; — w, = w,, hence or, = —2w,. Finally
w, —wl, = (1/2)w, and or, = —w,, whereas or, = —2w;, since [sN7’ = 0. We

conclude that for n > s, one has the equality (2).

Now if g is of type D,,, the computation of the or, I' € E(n’), is exactly as above,
except for the (ij)-orbit I',,_; = {a,_1}, for which or,_, = —2(w,—1 — w),_;) =
—w,. Hence equality (3). u

Lemma 7.9. If g is of type B,,, then the improved upper bound B’ is given by
the right hand side of (1) if n=s, resp. of (2) if n > s. If g is of type D,,, then
B' is given by the right hand side of (3). Hence ch A = B’ and then Y (p) is a
polynomial algebra over k.

Proof. Recall from Section 2 that the improved upper bound for chY(p) is
B =[l,er(1- e~ =1 where for all v € T, t(7) is the unique element in
QS such that v + t(y) is a multiple of wy. We will compute #(v), for all v € T.
Assume first that g is of type B,, and that n = s and recall that

T = {8571 + €, €251 — €25 ‘ 1 < 1 < 8/2}
Recall also that S = {e;, e5_; — €, €951 + €95 | 1 <4, 57 < s/2 —1} and that
ws = 1w, = 1/2(e1 +e2+ -+ +¢,). By direct calculation, one may verify that:

tles—1+es)=(e1+¢e2)+(e3+eg)+ ...+ (Enszten2)
and €51+ Es +t(es1 + &5) = 2w,
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Moreover t(es—1 —€s) = (e1+¢€2) + ...+ (en-3 + €n_2) + 2¢,

and €s-1 — Es + t(es_1 — €5) = 2w0,.

Let 1<i<s/2—1. If n<4i—2,

n—2i n/2—i
t(62z_1 822) =2 Z(&Tn_j - €j) +4 Z (€2j_1 + 82]')
j=1 j=1
i—1
+ 2 Z <€2j71 + 82j) + (82171 + 821') + 2571
j=n/2—i+1

and (522‘_1 — 521’) + t(EQi_l - 52i) = 4’Zﬂn If n>4i— 2,

2i-1 i-1
t(Egi_l — 822') =2 Z(Sn_j — 5]') + 4Z(€2j_1 + Egj)
j=1 j=1
n/2—i
+2 Z (€2j-1 + €25) + 3(e2i—1 + €2:) + 2¢,,
j=it+1

and (g9;_1 — €9;) + t(e9;_1 — €9;) = 4w,,. Hence for all 1 <i<s/2—1,
€2i—1 — €2 + t(€2i_1 — €2;) = 4w,.

We conclude that, when n = s, the product HVeT(l — e~ 0= s given by the
right hand side of equality (1) of Lemma 7.8 and hence coincides with the lower
bound for chY(p).

Now assume that n > s. The previous computations hold if we replace n by s
and 2w, by w, (and so 4w, by 2w). Then we may recover t(v) and 7 + t(v)
for vy =es 1465, v =651 —€50r 7y =¢e9,1—¢€9, 1 <i<s/2—1, by the above.
It remains to compute t(7y), v + t(7) for the rest of the elements in 7". One has

t(esm1 —es11) = 2((e1 +&2) + .o+ (653 + €5-2)) + (€521 + E511) + 264
and (51 — €s41) +t(es-1 — €s41) = 2ws. For 1 <j <[(n—s)/2], one has

t(—€sy2i—1 + Esr2i) = 2((61 +&2) + ... + (€53 + €5-2)) + 2(e5-1 + €541)

j—1 Jj—1
-2 Z(€s+2k71 + Espok) +2 Z(€s+2k + estokt1) — (Estaj—1 + Es2j) + 265
k=1 k=1

and (—€S+2j_1+€5+2j)+t(—€s+2j_1+€5+2j):2w5. For 1S]§[(TL—S—1)/2], one has

t(esyaj — Estojr1) = 2((e1+€2) + .. + (653 + €5-2)) + 2(E5-1 + €511)

j j—1
-2 Z(SerQkfl + esqor) +2 Z(5s+2k + esiokt1) + (Est2i + Est2i41) + 265
k=1 k=1

and (Es+2j — Est2jr1) + UEsraj — Estajt1) = 2.
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We conclude that for n > s the product J[ (1 — e~ (M)~ is given by the
right hand side of equality (2) of Lemma 7.8 and hence coincides with the lower
bound for ch Y (p).

For g of type D,,, the computations are very similar to type B,, above. Comparing
the sets S in both types, we observe that the sets ST differ only by one element.
Recall that the set T' is the same for both types. More precisely, if n is odd, then
for v =¢,1 — &, € T, one obtains that t(e,_1 —&,) + (6,_1 — &,) = w, instead
of 2w, in type B, .

Similarly, if n is even, then for v = —¢, 1 + ¢, € T one has the equality
t(—en_1+¢en) + (—en_1 + &,) = ws instead of 2w, in type B,,.

Hence the improved upper bound for ch Y (p) in type D,, differs from the improved
upper bound in type B,, only by this factor. We conclude that the improved upper
bound for chY(p) is equal to the lower bound also in type D,,. n

Theorem 7.10.  Let g be a simple Lie algebra of type B, , n > 2, resp. of type
Dn, n >4, and let p = p_, , be a truncated mazimal parabolic subalgebra of g
associated to m' = \ {as}, where s is an even integer, s < n, resp. s <n — 2.
There exists an adapted pair (h, y) for p and an affine slice y + gr in p* such
that restriction of functions gives an isomorphism of algebras between Y (p) and
the ring Ry + gr| of polynomial functions on y + gr.

In particular Y (p) is a polynomial algebra over k and the field C(p_,) of invariant
fractions is a purely transcendental extension of k. The degrees of a set of
homogeneous generators of the polynomial algebra Y (p) are given by the eigenvalues
of adh on gr computed in Lemma 7.7, each augmented by one.

Proof. Follows by the previous lemma and by what we said at the end of
Section 2. ]

Remark 7.11. In the particular case s = 2 polynomiality was known by [22]
and an adapted pair was constructed in [16]. Our adapted pair is equivalent to
the adapted pair of Joseph (I, 3 = > o %s), in the sense of [9, 2.1.1]. Indeed
one verifies that for g of type B,, w = 2,(251)/ 2
bijectively S to S’.

. . 2m—1
For g of type D, setting r; j=r.,_,0orc, 4., , one verifies w:szl Tok+1,2k+30 Ty

€2k+1 o ,ral e Wﬂ'/ aIld SeIldS

(resp. w = [[" > Pori1 o0k 1307a; OTn_1.n) if 7 = dm+4u with u € {1, 2, 3} (resp.
if n =4m) and m # 0 is such that w € W, and sends bijectively S to S’.

8. Another lemma of non-degeneracy

It remains to consider the case when the simple Lie algebra g is of type D,, and
when the truncated maximal parabolic subalgebra p corresponds to 7’ = 7\ {a, }
with n even (such a case will be called the extremal case). In this extremal case,
we can no more use the set S constructed in the non-extremal case in type D, .
Moreover the set S and the Heisenberg sets I',, v € S’ (see next section) that we
have found in this extremal case will not verify Lemma 6.1 (since they produce
more roots in Oz than in the non-extremal case). However they verify a new
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lemma of non-degeneracy, where the notions of stationary roots and of cyclic roots
that we have defined in Definitions 4.2 and 5.1 need to be slightly extended.

Recall the hypotheses and the notation of Section 4, especially the definition of
a sequence (a');ey of roots in O constructed from the root o € O and the set
A, ={a’, 6(a’) | i € N}. But first the condition () below will be needed.

Condition (x): If @ € Oz, then there exists o/ € S, \ {#(a)} N Oy such that
9(0/) S Ol .

Assume that condition (x) is satisfied for o« € O3 and choose a root o' as above.
Then we define o) as the unique root in O, distinct from o/ and from 6(a), such
that oY +a € S. If §(aV)) € O3 satisfies condition (*), we define a® similarly.
If at each step i, condition () is satisfied for the root 6(a(?) if it belongs to O
or if #(a?) € 01110y, then the sequence (a'?);en of roots in O constructed from
a9 = f(a) is uniquely defined.

Remark 8.1. Let a € O such that A, U Ag) C O; UO, U O3, with condition
(%) satisfied for all roots in (A, U Ags)) N Os. In particular this implies that the
sequences (a');eny and (a¥);cy are uniquely defined and moreover Remark 4.1(1)
still applies. Hence if there exists 7y € N such that the sequence of roots in O
constructed from o', resp. from o) is stationary, then the sequence of roots in
O constructed from «, resp. from 0(«), is also stationary.

We can now give the definition of an extended stationary root.

Definition 8.2. Let o € O. We will say that « is an extended stationary
root if A, U Agy C Oy U Oy LU Os, with condition () satisfied for all roots in
(Aq U Agay) N Os and if the sequences (a@);en and (a');ey are stationary. The
set of extended stationary roots will be denoted by OF,.

Remark 8.3. O, C Og,.

Recall conditions (i)—(vi) of Definition 5.1 and its notation. We replace condition
(vi) by condition (vie) below. Let aw € O be a root verifying conditions (i)—(v) of
Definition 5.1.

Condition (vie): If § € C, N O3, then there exists 5 € S5 such that A; C
O;U0O, U053 with condition () satisfied for all roots in A;N O3, and the sequence
(0");en is stationary.

Remark 8.4. (1) Using the above notation it is clear that the root 0 is unique
since ¢ € S5\ Ss N Cs.

(2) Condition (vi) of Definition 5.1 implies condition (vie), since 0(d) € O, implies
that ' = 4.

We can now give the definition of an extended cyclic root.

Definition 8.5. Let o € O. We say that « is an extended cyclic root if there
exist 3, v € O satisfying conditions (i)—(v) of Definition 5.1 and condition (vie)
above. The set of extended cyclic roots will be denoted by O¢

cyc*
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Remark 8.6. Oy C Of,..

Similarly to Lemma 4.4, we obtain the following lemma.

Lemma 8.7. Let a € Of,. Let ¥ : O — O be a permutation such that, for all
v€ O, y+9(y) €S. Then the restriction of ¥ to A, U Ag) coincides with the

involution 0. Moreover the map O exchanges 5 and 0(5"), where B’ is the chosen
root in Sg\ {0(5)} N Oz such that (B') € Oy for any B € (Aa U Agy) N Os.

Proof. It is similar to the proof of Lemma 4.4, noting that necessarily, with the
above notation, the map ¢ sends 6(5') to 5’ since 6(5’) € O;. [

Similarly to Lemma 5.3, we obtain the following lemma.

Lemma 8.8. Let ¥ : O — O be a permutation such that for all v € O,
v+ 9(y) €S. Then ¥ exchanges 6" and 0(0°), for all i € N, where ¢ is the root
in Ss given by condition (vie) of Definition 8.5, for any § € Of,.N Os.

Similarly to Lemma 6.1, we get the following new lemma of non-degeneracy.

Lemma 8.9.  Assume that:
(1) Sy, s a basis for by .

(2) Ifael, withye ST, then S,NOT = {0(a)}.
(3) Ifaecly, withye S, then S,NO~ = {f(a)}.
(4) If a € O, with S, NO™ # 0, then a € 0% or a € Of,, or there evists

B €0 NO0; and i € N such that a = B or 0(a) = B, where B is the
unique root in Sg given by condition (vie) of Definition 8.5.
Let y =3 cga,1y, with ay € k\ {0} for all v € S. Then the restriction of the

bilinear form ®, to o x 0 is non-degenerate.

Proof.  Works like that of Lemma 6.1, using Lemmas 8.7 and 8.8. [

9. Type D, the extremal case.

In this section, we assume that the simple Lie algebra g is of type D,, with n > 6
and n even and we consider p = p_, , the truncated maximal parabolic subalgebra
of g associated to 7’ = m\{a,}. Then the lower and the upper bounds of Section 2
for chY'(p) do not coincide. We will construct an adapted pair for p and then prove
that Y(p) is a polynomial algebra over k. Since the case when 7' = 7\ {ay,—1} is
symmetric, this will also prove that Y (p) is polynomial when 7’ = 7\ {a,—1}.
Here p may be viewed as the semi-direct product of its Levi factor g’ ~ sl, and
its nilpotent radical m, which is in this case an abelian g’-module, isomorphic to
A?k™ as a sl,-module. Then one may apply [25, Thm. 2.3] to conclude that Y (p)
is a polynomial algebra. However [25, Thm. 2.3] does not give the degrees of a
set of homogeneous generators. In our present work we will also compute their
degrees (see Lemma 9.5 and Thm 9.7). We set

S = {e2i_1+ €2, En—3+En-1, En — En—3, En—2 — En—a, En—4 — Ens,
En—3 — En—6s En—2j — En—2j—2 | 1 <i<n/2-23<j<n/2-2}
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One checks that S € AT U A, and that |S| = n — 1 = dimbh,. We first prove
below that condition (1) of Lemma 8.9 holds.

Lemma 9.1. S}y, is a basis for b} .

Proof. Set S = {Si}lgign—l with S; = E9j_1+E2 forall i € N, 1< < 7’L/2—2,
Spj2—1 = En—3+En-1, Snj/2 = E€n—4 —En—5, Sn/241 = En—2 —En—4, Sn/242 = En —Ep-3,
S1n/248 = En—3 — En—6, Sn/2+k = En—2kt2 — En—ok forall k € N, 4 <k <n/2—-1.
Then set s, =s; forall i e N, 1 <i<n—1,i#n/2—1, 5;/2_1 =€n_1t+Ep =
Spja—1+ Snja2 and 8" = {s} hi<i<n—1.

If we choose {h;}1<i<n—1 = {@)}1<i<n—1 as a basis of by, it is sufficient to show
that det(s;(hj))1§i7j§n_1 7é 0.

By ordering S” as above and the basis of h, as

{og;, 5, g 0 g, 5 [ 1<0<n/2-1,3<5<n/2-1},

n—>5 “'n—37 “'n—1»
one checks that the matrix (s}(h;))i<i j<n—1 is a lower triangular matrix with
1 on the first n/2 — 2 diagonal elements, then —1, —2, —1, —1 on the next
diagonal elements and then 1 on the n/2 — 3 last diagonal elements. Hence
det(s;(h;))1<i, j<n—1 = 2 and the lemma. [

Now we define the Heisenberg sets I', with centre «y, for all v € S, by setting:
Forall ke N, 2 <k <n/2-3,

Doppeon s = {62k — €2k—2, €2k — €3y €5 — €2p2 | 1 <1 < 2k — 3},
Ly sen s ={6n3—6€n6 n3—¢€i, & —€ens|l<i<n-—T}
Fan_4—an_5 - {gn—4 — €n—5; En—3 — Ep—5, En—4 — En-3,

En—4 — &9, €25 — En—5 | 1 S 1 S TL/2 — 3},
an_zfsn_4 = {57172 —Ep—4; En—2 —En—1, En—1 — En—4,

En—2 — En, En — En—a, En—2 — €4y € — En—a | 1 <1 < n — 5},
L. ey =1{en—€n_3 €n—€En_2, En2— En_3,

En — En—1, En—1 — En—3, En — Ei, € —En—3 | 1 <@ < n— 6},
L., giens ={en_s+¢en1, €n—3+en, En-1— En,

En—3 —E&n, En + En—1, En—3 — En—2, En—2 + En—1,
En-3+ En—2, —En-2 T En1, En1 — &, Ei T En3 |1 < i <n—5}.

It is easy to check that the n/2 + 1 sets defined above are Heisenberg sets, which
we denote by F%., 1 <j7<n/2+1, whose centre will be denoted by v; €S.

Let i € N, 1 < i < n/2—2, and recall that §; = €9,_1 + €9; is an element of
the Kostant cascade of g (see Section 7) and that we denote by Hjs, the maximal
Heisenberg set in A" with centre f3; (see Example 3.1).

We define below every Heisenberg set I's, with centre f5;, 1 < i < n/2—2, by
decreasing induction on i. First we set

Fﬁn/Q—Z = (Hﬁn/Q—Q\ |—| ijmHgn/2_2>|_|{€i+€n_4, En—p5 — &; | 1 SZSTL—6}
1<j<n/2+1

U{en—a — €21, €2i-1+en—s5| 1 <0 <nj2 -3}
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One has ,,/2—2 = €45 + €,—4 and

U, 0= {Bnj2—2, €n—s+¢€is €n—a — €is En—s — &), €j + En—a, En—s5 + E2n-1,
Ena—Eo_1 |n—=2<i<n, 1<j<n, j€{n—5 n—4}, 1<k <n/2-3}.

Set v; = fBn—j forall j € N, n/2+4+2 < j <n—1, and suppose, for 2 < k <n/2-2,
that we have defined the Heisenberg set I',, with centre v; € 5, for all j € N,
1 <j<n/2+k. Then we set

F%/2+k+1 = F/Bn/27k71 = (Hﬁn/ka—l \ |_| F'Yj N Hﬁn/27k71)
1<j<n/2+k

U{e: + enok—2, En—ak—3 — € | 1 <i <n—2k—4}.
Observe that, for 1 <i<n/2— 3,

F/ﬁi = {52‘, €9i—11+E€2j—1, €2 —E€2j—1, E2i—1—E2k—1, €2i T E2k—1, E2i—1 T Ew, €2 FEy |
i+1<j<n/2-3,i+1<k<n/2-2n—-2<u<n}
U{egio1 — €y, €2i + 6 | 1 < v < 20— 2},

One checks that, for every 7; € S, 1 < j < n —1, the set I';, is a Heisenberg
set with centre 7;. Moreover by construction all these Heisenberg sets are disjoint
and I'=[ | o'y CATUAL.

Finally one has that ST = {8;}. For n > 8, one has that S~ = () and
S™ = S\{p1}. For n =6, one has that S~ = {gg—e3} and S™ = S\{S1, e6—e3}.

Lemma 9.2.  Conditions (2),(3), and (4) of Lemma 8.9 hold.

Proof. (a) One checks that all roots in I'?, .~ , 2 <k <n/2—3, belong
to Of. Let us explain the case when a = g9 —¢;, 1 <7 < 2k — 3, with ¢ even.
If 2k =n —6, then a € Oy, oV =¢,_7+¢; and 0(aM) € Oy, hence a® = oV,
If i =2, then §(a) € Oy, o' = &1 +e9,_» and O(al) € Oy, hence o = o'. In
the other cases, @ € O3 and 0(«) € O3 and they verify condition (*) of Section 8.
Indeed for 2k <n—8, o/ =¢e9p_1+¢; € F%m NOy, 0(c)) =¢e;_1 —e_1 € O1 and

Oé(l) = Ei49—E9k € F22k+2*52k . Snmlarly for i > 4, 6(0&)’ =¢€;_1t€E9%k—2 € F%k_lmOg,
0(0(a)') = eap—3 —€i-1 € Oy and o = egp9 — o € T2 . . Then one

deduces by induction that the sequences (a?);cy and (af);ey are stationary and
that A, U Agey C O1 U Oy U O3 with condition () satisfied for all roots in
(Aq U Aga)) N Os.

(b) One checks that all roots in I'? ____~belong to O,. Let us explain the case
when o = ¢, 3—¢;, 1 <i <n—7,with ¢ even. One has 0(a) =¢;,—¢,_¢. I[f i =2
then f(a) € Oy, a' = &1 +¢,.6 € F%n/%B N Oy and O(al) € O; hence a? = a'.
Moreover a € O3 and for ¢ > 4, 6(a) € O3 and both roots verify condition (x)
of Section 8. Indeed o = ¢,_1 +¢; € F%m NOq, 0(d) = €21 —en_1 € Oy,
O(a) =ei-1+en € F%n/2_3 N Oy and 0(0(a)') = €,-7 — €;-1 € O1. Moreover for
i>4,a' =g, g—eio €'Y _ and paragraph (a) above gives that o' € O%,.
Then, by Remark 8.1, the sequence (a');cy is stationary and A, C O U Oy U Os
with condition (%) satisfied for all roots in A, N O3. On the other hand, one
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has that o = g,,9 —e,_3 € re . .Nos, 0(aM) = ¢, — €540 € O, (unless
i = n — 8, in which case 0(aM) € Oy), a® = gy — e, € r%“*‘”” N Oy and
0(a®) = ¢, 5+e, € O;. Hence a'® = a® and the sequence (a'));ey is stationary
and Agy C O1 U O,y U O3 with condition () satisfied for all roots in Ag) N O3.

This proves that o € O%,.
(c) One checks that all roots in T2~ __ _ belong to Og,.- Let us explain the
case when o = g,4 — €9, 1 < i < n/2—-3. Let § = €31 — 6,5 € I,
and 7 = €9;.1 + €55 € anfﬁen%. Then «, (3, v verify the cyclic relations (i)-
(iii) of Definition 8.5 and g, 8(5), v, 6(y) belong to Oy. Moreover a and 6(«)
belong to Oz (unless 2i = n — 6, in which case o € Oy or ¢ = 1, in which case
0(c) € Og). If 20 <n—8, & =¢e910—ena €I NO3NS, is such that
0(@) = Ep—2 — €942 € 02. If 2¢ <n-— 10, 6&1 = €944 — Ep—2 € P%i+2 N OQ and
0(5&1) = €9j43tEp_2 € O; and if 2i = n—=_§, then a'! = En—3—Ep—2 € an73+€”71m02
and 0(a') = €,.9 +€,1 € O;. Hence &> = &' and the sequence (&');cy is
stationary.

Let & = €941 T En—4a € Fon/2_2 NO3;NSs. Then Q(d/) =Ep_5 —E92i4+1 € O;. Hence
& satisfies condition (x) and actually « verifies condition (vie) of Definition 8.5.
Similarly for ¢ > 2, one checks that 6(«a) verifies condition (vie) of Definition 8.5.

(d) One checks that, for a root a in T'? ,» there exists 8 € O3 N O, and

i € N such that a = ¢ or O(a) = %, unless some particular cases for which
a € Of. For instance assume that o =¢,_9 —¢;, 1 <7 <n —7 with 2 odd. Let
B=c¢ciz3—¢ens5if i <n—9 resp. f=¢,3—¢€,_5if i =n — 7. By paragraph
(c) above one has that g € an_rsn_5 N O3 N Of,.. Then B = ens — i1 €

Ly, , NS N0s, 0(3) =epa+eip1 €0y and Bl=¢; —g, 4€T% N0,

and a = 6(3') € O;. Hence 0(a) = (.

(e) One checks that all roots in I'? __  belong to O%, and that, for n = 6,

condition (3) of Lemma 8.9 is satisfied for all o € T2 __..

n—2—"&n—

2—E€

(f) One checks that all roots in I'? . belong to 0%, except for the following

st
cases. If a = ¢, 3—¢€, 9, 188p. @ =6, 2+¢€,1, with n > 10, then o = AL resp.
0(a) = ', with B =epy—ens €I _, . . NO3NOE,. by paragraph (c) above.

If a=¢,1—¢cns,orif a=¢e, 5+e, 3, then a € O, by paragraph (c) above.

(g) For a root « in F%nm—z’ one checks, using paragraphs (c) or (d) above, that

a € Og, or that a € OF,., except for the following cases. If a = ¢g,_5 —¢;, resp.

a=c¢cj+ep4q, 1 <j<n-—6,  even then a = B, resp. O(a) = f3, with
g e 1Y . N Og,.N O3 by paragraph (c) above. One also checks that, for

n—4—€&n— cyc

n = 6, condition (2) of Lemma 8.9 holds for all a € T} .
(h) Let a be aroot in I'} , with 1 < i < n/2 — 3. (Observe that this implies

e

that n > 8). Using the above paragraphs, one checks that « € Of,, except for

the following cases. If o = €91 — €5, or if @ = €9; + €,—5 then a € Of .. If

O = E9i_1 + Ep_2, TESP. @ = €9; — En_s, and 7 > 3, then O(a) = B, resp. o = S,
with g e I'? . _NOg,.NOs by paragraph (c) above. One also checks that

condition (2) of Lemma 8.9 holds for all o € T . u
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We denote by T' the complement of the set I' = | _I';, in ATUA.

yeS
Lemma 9.3. |T|=indp.

Proof.  One checks that

T = {671—3_871—17 5n—2+5n7 En—En—b5; En—3"En—4; En—2k—En—2k—1 | 3§k§n/2_]—}
Then |T| = n/2 4+ 1. Moreover the (ij)-orbits in = are I'; = {oy, a4} for all
1<t<n/2-1, T, ={ay.} and I', = {a,}. They are n/2 + 1 in number,
hence the lemma. n

Remark 9.4.  All conditions of Lemma 3.2 are satisfied (with 7% = (). Hence
defining h € hy by v(h) = —1 for all v € S, and setting y = Y __oz, we obtain
an adapted pair (h, y) for p ;.

yES

Lemma 9.5.  The eigenvalues of adh on gr are:

2(7’L —Z) +1= (EQZ‘ _52i—1)(h) fO’f’ all i € N, 1 S 1 S TL/Q — 3,’
n+5=(en_3—¢en-1)h);

n/2—1=(e,_a2+en)(h);

n/24+1= (e, —en_s)(h);

n/2+3=(en-3—¢en-4)(h).

From the first two equalities, we deduce that n + 3 + 2k is an eigenvalue of ad h
on gr, forall ke N, 1 <k <n/2-2.

Proof. Let us give the semisimple element h of the above adapted pair for
Poa- If n =6 we have that h = —eq + beg — 264 — b6e5 + 4eg. If n > 8, we have

n/2—4 n/2—3
h=—ne + Z (k —n)egrr1 + Z (n—k)eok — €n—y
k=1 k=1

+ (n/2+2)ep—3 — 262 — (/24 3)ep—1 + (n/2 + 1)e,.

The lemma follows by direct calculation. [ ]

Then we have the following lemma.

Lemma 9.6.  The lower bound ch A for chY (p) is equal to

H (1 o 651«)71 — (1 . 672wn)73(1 o 674wn>7(n/272)
TeE(n')

and this is also the improved upper bound B' for chY (p).

Proof. Indeed one checks that, forall t € N, 1 <t <n—2, w;—w; = (2t/n)w,
and that @, 1 — w,_; = ((n — 2)/n)w, and the lemma follows by an easy

computation. [
By what we said at the end of Section 2 one can now give the following theorem.
Theorem 9.7.  Let g be a simple Lie algebra of type D,, with n an even integer,

n > 6, and let p = p_,  be the truncated mazimal parabolic subalgebra of g
associated to @ =\ {a,}.
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There exists an adapted pair (h, y) for p and an affine slice y + gr in p* such
that restriction of functions gives an isomorphism of algebras between Y (p) and
the ring Ry + gr| of polynomial functions on y + gr.

In particular Y (p) is a polynomial algebra over k and the field C(p_,) of invariant
fractions is a purely transcendental extension of k. The degrees of a set of homo-
geneous generators are the eigenvalues plus one of ad h on gr (givenin Lemma 9.5).

10. Type E;.

Let g be simple of type E7 and let p =p_, , be the truncated maximal parabolic
subalgebra corresponding to 7’ = 7w\ {as}. Let 5 be the unique highest root of g
and let Hg, = { € AT |(5,01) > 0} be the maximal Heisenberg set with centre
By in A*. Then notice that the set A\ (Hg, U —Hg,) is a root system of type
D¢ and removing as corresponds to removing the extremal root from a system of
type Dg. Write (ai, ao, as, ay, as, ag, a7) for the root 23:1 a;cy; (with a; some
integers). The sets S and T given in Section 9 for type Dg with s =6 lead us to
taking for S the set

S = {Bla(o) 17 17 27 27 27 1)7 (Ou 17 ]-a 17 ]-7 07 O>7 (07 _]-7 07 _17 _]-a 07 O)7
(0,0,0,0, -1, -1, 0), (0,0, 0,0, 0,0, —1)}

and for T the set

T= {(-1,0,0,0,0,0,0),(0,0,0,1,1,0,0), (0,0,1,1,0,0, 0),
(0, =1, 0, =1, =1, —1, —1), (0, 0, 0, 0, 0, —1, 0)}.

More explicitly, we have added to the set .S in type Dg with s = 6 (rewritten with
respect to the roots in type E;) the highest root (i, and to the set T in type Dg
with s = 6 (rewritten with respect to the roots in type E;) we have added the
negative root —a; .

For every v € S\{f1}, we take the same Heisenberg set I', with centre v (rewritten
with respect to the roots in type E;) as in type Dg with s = 6 and we add
the maximal Heisenberg set Hpg, . Observe that if a € Hg, and § € I', with
v € S\ {51} then one has that a+ 5 & S.

Hence, by the extremal case in type Dg (see Remark 9.4), it follows that all con-
ditions of Lemma 3.2 (with 7™ = )) hold for y = > _s .. Then defining h € by
by v(h) = —1 for all v € S, one obtains that (h, y) is an adapted pair for p.
Finally we show that Y'(p) is polynomial. For this purpose we need to calculate
the (ij)-orbits in 7 and the lower and improved upper bounds for ch Y (p). The
orbits are: I'y = {an}, Ty = {as}, ['s = {aq, a7}, Ty = {4, ag} and T's = {as}.
For the lower bound, we need to compute dr for each orbit I".

Let {&;}1<i<s be an orthonormal basis of R® according to which the simple roots
of g are expanded as in [2, Planche VI].

Recall that the fundamental weights w!, 1 <7 < 7, i # 3, are those for the Levi
factor of p. A direct computation gives that op, = —2(w; —w}) = —ws. Similarly
one gets op, = 0p, = or, = —2ws3 and op, = —4ws. Hence the lower bound is

ChA — (1 - e—wg)—l(l o 6_2w3)_3<1 o 6—4W3>—1‘



FAUQUANT-MILLET AND LAMPROU 1091

Now for the improved upper bound, for each v € T" we will find ¢(y) € QS such
that ~ + ¢(v) is a multiple of ws. Denote by s; the i-th element of S as it is
written above.

For v = —ay: t(y) =2s; and v+ t(y) = ws3.

For v =ay +as: t(y) =651+ 3(s2+ s3) + 2(s4 + s5) + s¢ and v + t(y) = 4w;.
For v = a3+ ay: t(y) =351 + 2 + s3 and v + t(7y) = 2w;.

For v = —(as+as+as+ag+ay): t(y) = 3s1+2s2+s3+s5 and v+t(y) = 2ws.
For v = —ag: t(y) = 3s1 + 282 + 83+ 84 + S5+ s¢ and v + t(v) = 2w03.

We deduce that the lower bound coincides with the improved upper bound. Thus
Y (p) is a polynomial algebra over k. Then one checks that

13 11 1
h=—a) — ?o@v + 3o + ?ag — 20 — Ea}/.
The eigenvalues of ad h on gr are respectively 2, 5, 7, 9, 17, hence the degrees of
a set of homogeneous generators of Y (p) are 3, 6, 8, 10, 18.
We can now give the following theorem.

Theorem 10.1.  Let p_, be the maximal parabolic subalgebra of the simple Lie
algebra g of type E; corresponding to #' = w\ {az}. Then the Poisson semicentre
Sy(p_,) is a polynomial algebra over k in five homogeneous generators, having
degrees 3, 6, 8, 10, 18 respectively. Moreover there exists an affine slice y + gr in
(P a)", which is also a Weierstrass section for Y (p, ,) and the field C(p_,) of
invariant fractions is a purely transcendental extension of k.

11. Type Eg

Recall that the numbering of simple roots follows [2, Planche V]. In type Eg
we know that the Poisson centre of the truncated maximal parabolic subalgebra
associated to @ = 7\ {as} is polynomial for s = 3,4, 5 by [7] (since both
bounds ch.4 and ch B coincide), resp. for s =2 by [22] and an adapted pair was
constructed in [10], resp. in [16]. It remains to examine the cases s = 1, 6, and
by symmetry we may just assume that s = 6. In the latter case, the truncated
parabolic subalgebra p = p_, , may be viewed as the semi-direct product g xm,
where g’ is the Levi factor of p (of type D5), and m is the nilpotent radical of
p, which is an abelian g’-module, isomorphic to the half-spin representation k6
of s019. Moreover the group Spin;, acts on m with a dense open orbit, which
has no divisors in the complement, and the stabiliser of an element in this orbit is
@ = Spin; X exp (k%) (see [26, Summary Table]). By [29, Prop. 3.10] the algebra of
invariants S(q)? (with q = Lie Q) is a polynomial ring in three generators and the
general theory of [29] asserts that Y'(p, ,) is also polynomial in the same number
of generators (but it does not give the degrees of the generators).

Here we give an adapted pair for p_, , and show that for this pair, the improved
upper bound B’ coincides with the lower bound ch A. We also compute the degrees
of the three generators of the polynomial algebra Y (p_, ).

Recall the strongly orthogonal positive roots £y, B2, B3, 84 of the Kostant cascade
for A™ (see [12, Table I] or [10, Table I]) and 81, 85, 85 and B, for AT, = —A~,
(see Section 7).
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We choose for S the set S = {f1, Ba, B3, =01, —F5 + az}. In terms of simple
roots, by writing as (ay, as, as, a4, as, ag) the root Z?:l a;a; , our chosen set S is

S= {(1,2,23,21),(1,0,1,1,1,1), (0,0, 1, 1, 1, 0),
(=1, -1, =2, =2, =1, 0), (0, 0, 0, —1, —1, 0)}.

We easily check that Sjy, is a basis for b}, hence condition (iii) of Lemma 3.2 is
satisfied.

Set I'g, = Hp, \ {(0,1,1,1,0,0), (1,1, 1,2,2, 1)}, where Hp, is the maximal
Heisenberg set with centre 51 in AT as defined in Example 3.1. Then set I's, =
Hp, \ {(1,0,1,1,1,0), (0,0,0,0,0, 1)} and I'g, = Hp,. Set I'_g = —Hp and
[ g0y = {—F2 + a2, —au, —as}. We easily check that all these sets are disjoint
Heisenberg sets. Now we choose

T* = {(17 1’ 17 2a 27 1)a (17 07 17 ]-7 17 0)7 —Qp, —Qg, —(a2+a4),—(a2+0z4+a5)}

and T = {ay, ag, as + as + ay}.

The (ij)-orbits in 7 are I'; := {a1, ag}, 'y = {9, a3, a5} and I's := {ay},
hence condition (v) of Lemma 3.2 is satisfied.

By [12, Lemma 2.2] or [10, Lemma 3 (2)], one has that A+ = | |._, Hj,. Moreover
Hg, = {Bs = au}. Hence one has that AT =T's UTs, ULz U(T*NATUT.
Similarly one has that A, = Hg U Hg, U Hpy L Hﬂif )

Moreover Hg = {85, as, as + a5, g + au, a5}, Hg = {83 = au} and H,B{, =
{81, = a1 }. Hence one has that A, =T'_g Ul'_g 14, (T*NA). Thus condition
(i) of Lemma 3.2 is satisfied.

To prove condition (ii) of Lemma 3.2, it suffices to prove Lemma 6.1, noting that
St ={p, B2, B3}, ST ={-08], —f5+as} and S™ = (). Using [10, Lemma 3 (5)],
conditions (2) and (3) of Lemma 6.1 follow directly and condition (4) is empty.
Hence condition (ii).

Finally condition (iv) of Lemma 3.2 can be verified by direct computation.

All conditions of Lemma 3.2 are satisfied. Thus we obtain an adapted pair (h, y)
for p_, , by setting y = Z'yGS z~, and h € hy such that y(h) = —1 forall y € S.
Now we compute the lower bound ch. A and the improved upper bound B’ for
chY(p ,). Recall that the fundamental weights w;, i € {1,...,5}, are those
of the Levi factor of p =p_, ,. A direct computation gives that dp, = —2(w; +
we — w,) = —3we, Op, = —2(ws + w3 + w5 — W — wh — wk) = —6wg, and
or, = —2(wy — w)) = —3wg. Hence the lower bound for ch Y (p) is

chA=(1—e %) (1 — e 0=0)~ 1,

We now compute the improved upper bound B’. Recall that for every v € T we
need to compute the unique element ¢(y) € QS such that v + t(y) is a multiple
of wg.

For v = ay: t(y) =581 + 302+ 303 +2(—05 + a2) +4(—p]) and v+ t(y) = 6ws.
For v = ag: t(y) =261 + B2 + B3+ (=) and v + () = 3ws.

For v =ay+az +aq: t(y) =201 + 262 + B3+ 2(— 1) and v+ t(v) = 3ws.
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Hence the improved upper bound coincides with the lower bound and Y(p;,’ NEE
a polynomial algebra over k. Note that the element h € h, such that y(h) = —1
forall y € Sis h=—2a) — a3 + aj + 6 — 5. Then the eigenvalues of ad h
on gr are 5, 7 and 17, hence the degrees of a set of homogeneous generators for
Y (p) are 6, 8 and 18.

We can now give the following theorem.

Theorem 11.1.  Let p_, be the maximal parabolic subalgebra of the simple Lie
algebra g of type Eg corresponding to ©' = w\ {ag}. Then the Poisson semicentre
Sy(p.,) is a polynomial algebra over k in three homogeneous generators, having
degrees 6, 8 and 18 respectively. Moreover there exists an affine slice y + gr in
(P a)", which is also a Weierstrass section for Y (p_, \) and the field C(p) of
invariant fractions is a purely transcendental extension of k.
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