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Abstract. Root subgroup factorization is a refinement of triangular (or LDU) factorization.
For a complex reductive Lie group, and a choice of reduced factorization of the longest Weyl
group element, the forward map from root subgroup coordinates to triangular coordinates is
polynomial. We show that the forward map is injective on its set of regular points and that the
inverse is rational. There is an algorithm for the inverse (involving LDU factorization), and a
related explicit formula for Haar measure in root subgroup coordinates. In classical cases there
are preferred reduced factorizations of the longest Weyl group elements, and conjecturally in
these cases there are closed form expressions for root subgroup coordinates.
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1. Introduction

Let G denote a connected complex Lie group with reductive Lie algebra g, e.g.
G = GL(n,C). Fix a linear triangular decomposition g = n~ + h +nt. If
H = exp(h), N* = exp(n®), and W := Ng(H)/H (the Weyl group), then there
is a disjoint (Birkhoff) decomposition of G

G=|]={ where %§=N wHN' (1)
weW
We are primarily interested in the component corresponding to w = 1. The

component L.{ is Zariski open in G and consists of group elements which have a
triangular (or LDU) factorization, g = ldu, where | € N, d € H,and u € N*.
The LDU factorization is unique, and the factors are rational functions of g (see
the end of Section 6).

Root subgroup coordinates for a Zariski open subset of £¢ (and hence of G)
involves an additional choice of a reduced factorization for the longest Weyl group
element,

We="Tn...T1

in terms of reflections corresponding to simple positive roots. This factorization of
wo determines an ordering of the set of all positive roots, and consequently there
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is a forward map (which depends on some minor additional choices that we will
temporarily suppress)

F:(C)™ - N NT:(¢,...,¢) = lu (2)

: . 1 + .
“&wrezu::zﬁxg(gg)angg(g)>,gxg)::<<_ I+%_C+) and i, : SL(2,C) = G
is a root homomorphism corresponding to the positive root 7. In addition to show-
ing this forward map F' is well-defined (i.e. Im(F) C N~ N7) and polynomial,
we will show that the inverse, properly understood, is rational.

Example 1.1. For G = GL(3,C) and the factorization of wy = s1s251, where
s; transposes i and i + 1, the forward map F sends ({1, (s, (3) € (C?)? to

1 0 0 1 0 G 1 ¢ 0
0 1 G 0 1 0 G 1+G¢G 0
0 G 1+¢GE/) \G 0 1+G¢G ) \0 0 1
1 0 0\ /1 ¢ ¢
= GGG 1 0] [0 1 —¢¢+¢
G +GG+6GGEE G 1) \0 0 1

The inverse map is given by

loq —l3qu23 + 113 2us 3
1+ 13 urg — laalsour s

C?)_ = 1372, CQ_ = l3,1 - l2,1l3,27 Cl_ =

Y

= loaurs + ugs
3 )
L+ 3 urs — laalspur 3

C;:UL& szul,z

where [;; and wu;; refer to standard coordinates for [ and u respectively.
It is useful to factor [ and u using ‘ordered exponential coordinates’,

1 0 0 1 00 1 0 0
I=(0 1 0 0 1 0] (&G +¢G 10
0 ¢ 1 ¢ 01 0 0 1
and
10 0 10 ¢ 1 ¢ 0
u= |0 1 (¢ +¢&G 01 0 0 1 0
0 0 1 0 0 1 0 0 1
In these coordinates the inverse map is given by
- — = lus
€3 3 §2 2 gl 1+ l2u2 )
ugly + us
GG = Tt b, G =, (G =w

To be more precise, F' induces a bijective correspondence

{Cl—FCQ_C;#O}(—){(l,U)GN_XN-F1+l2U2§é0}
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There is a second reduced factorization wg = s25152. In standard coordinates the
exceptional set (i.e. the pairs [, u not in the image of the forward map) is given by
1 —133u13—131u1 2u2 3 = 0. The intersection of the exceptional sets corresponding
to the two factorizations is a nonvacuous complex 4 dimensional submanifold. As
a consequence, even in this simplest example, root subgroup coordinate charts do
not cover L.

Example 1.2. For G = GL(4,C), a preferred ordering of the positive roots (a
rationale for this preference is explained in Section 6) is indicated as follows:

0 7m m» m

O T3 Tx
0 T6
0

In ordered exponential coordinates for [ and w, there are six trivial equations,

w=0 w=G, w=¢, L=¢, =G, =

and (after making substitutions) six nontrivial equations,
up =G = Grue,  Us =G - Gua— GG, ug =G — Gua— GG

L= +GE+LE,  b=G+Li —GLl, =G+

The fact that the equations are multilinear reflects the fact that G is simply laced.
In this case F induces a bijective correspondence between {¢ : 1+ (. ¢ # 0,
k = 2,4,5} and the complement in N~ x NT of the vanishing set of the three
denominators which appear in the formula for the rational inverse.

In general (see Theorem 5.3)

det(OF) = (1 + ¢ ¢5) ™! (3)

k

where 0 is half the sum of the positive roots and h, is the coroot corresponding
to a root 7. As the examples above illustrate, the main point of the paper is to
show that F' induces a bijective correspondence between {C : det(0F) # 0}, i.e.
the set of points where F' is locally bijective, and the complement in N~ x N of
the vanishing set of the denominators that appear for the rational inverse of F'. In
connection with this, it is interesting to recall (as Jack Hall pointed out to me) the
Ax-Grothendieck theorem (and the related Jacobian conjecture), with a refinement
and from a point of view due to Rudin, which asserts that an injective polynomial
map C" — C" is bijective and has a polynomial inverse (see [1],[5],[12]). In our
case, by examining an algorithm for solving for the ( variables (which involves
an LDU factorization for ¢g~*), we will simultaneously show that F' is injective on
{¢ : det(OF) # 0} and that F'~' is rational. It is possible that the rationality of
F~1 follows by general principles of algebraic geometry from the injectivity of the
polynomial map F' on the set of regular points.
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Given any ordering of the positive roots, 7y,...,7,, and choices of corresponding
root homomorphisms, one can consider a forward map

(C™ = G: (G, Ca) = g

where 9= ira(9(Cn)) - ir (9(C1))-

In general the image is not contained in N™"HN™, i.e. the LDU coordinates are
rational functions of the ( variables. It seems very plausible that this forward
map is polynomial if and only if the ordering of the roots comes from a reduced
factorization of wy. Similarly, for a general ordering of the roots, the inverse is
algebraic (but in general multivalued), and it seems very plausible that the inverse
is rational if and only if the ordering comes from a reduced factorization of wy.
For two characterizations of orderings which correspond to reduced factorizations,
see [9].

How special are the orderings that arise from factorizations of wy? In the case of
GL(n,C), there are (g) positive roots, hence (g)' orderings of the positive roots;
Stanley [14] showed that there are

(5)
2

17-137-2_ (2 — 3)1

reduced factorizations of wy. Kraskiewicz [8] showed that this formula has a
representation theoretic interpretation. In the case of B, and C,, there are r?
positive roots, and Stanley conjectured, and Kraskiewicz [8] proved, that there are

r2!

[T, 20 = 0 T (T 20 + 24))

reduced factorizations of wy.

1.1. Notes

There is a substantial literature on (a number of slightly different versions of) root
subgroup factorization for a unitary form U of G. Some of the main references
are Kac-Peterson [7] (following seminal ideas of Steinberg on the structure of
finite groups of Lie type), Bott-Samelson [3] (on the desingularization of Schubert
varieties), Soibelman [13] and Lu [10] (Poisson geometry). There is a similar theory
of root subgroup factorization for noncompact groups of Hermitian symmetric
type, see [4]; T do not know how to generalize this to other noncompact real forms.
One motivation for returning to this topic in a complex setting is the existence of a
generalization to loop groups which has nontrivial consequences for the calculation
of Toeplitz determinants, see [2]. This connection with loop groups explains our
motivation for referring to the decomposition (1) as a Birkhoff decomposition, to
distinguish it from the more algebraically natural Bruhat decomposition,

G = |_| BTwB*
W
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We are trying to gain insight from this finite dimensional setting that will help us
in more analytically challenging settings.
Throughout this paper C can be replaced by an algebraically closed field.

1.2. Plan of the paper

In Section 2 we recall some basic facts about triangular structures for Lie algebras
and groups, and factorization for Weyl group elements. In Section 3 we show that
the forward map (3.1) is well-defined and polynomial. In Section 4 we show that
the forward map is injective on its regular set by explicitly computing the inverse,
which incidentally shows that it is rational. We will actually consider two different
algorithms for solving for the inverse, one of which we can justify. In Section 5
we discuss a formula for Haar measure in root subgroup coordinates. Finally in
Section 6 we discuss canonical orderings in classical cases. For these canonical
orderings, it appears that there are reasonable closed form expressions for root
subgroup coordinates, but the nature of these formulas is unclear.

1.3. Acknowledgement. I thank Jeremy Roberts, who assisted me with a
number of experiments related to Section 6, Jack Hall for pointing me to the Ax-
Grothendieck theorem and related discussions, and the referee for posing some
interesting questions.

2. Notation and background

Let a := bgr, t = ibr, and write h € H as h = ma relative to the global
decomposition H = T'A (T is the maximal torus of a unitary form K for GG, but
K will not play a significant role in this paper).

For each positive root « let h, € a denote the associated coroot (satisfying
a(hy) = 2). If v is a simple positive root, fix a root homomorphism ¢, : s((2,C) —
g_, @ Ch, & g, which maps the standard basis for sl(2,C) to f, € g_,, h,, and
e, € g, with 7(e,) = —f,. We denote the corresponding group homomorphism by
the same symbol. For each simple positive root v, we use the group homomorphism
to set

r, =1, ((z) é) € Ne(H) (4)

and obtain a specific representative for the associated simple reflection r, in the
Weyl group W := Ng(H)/H (We will adhere to the convention of using boldface
letters to denote representatives of Weyl group elements).

Remark 2.1.  Throughout this paper we regard ¢, f, and e, corresponding to
a simple positive root v as fixed. If n is another positive root, then there is a Weyl
group element w such that n = w - v; by choosing a representative w € Ng(H)
for w, we obtain a homomorphism ¢,(-) = we,(-)w™!, and we denote the image
of the standard basis by f,, h, (which is consistent with the previous definition
of the coroot corresponding to 7), and e,. These objects depend on the choice of
w and its representative w.
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By definition, the Birkhoff decomposition of G relative to the triangular decom-
position g =n~ +bh+n' is

G =| |G where ©§ = N"wB™. (5)
w

If we fix a representative w € Ng(H) for w € W, then each g € X¢ can be
factored uniquely as

g = lwmau, withl e N"NwN w™', ma € TA, andue N, (6)

This defines functions i: ¢ — N- NwN-w™, m: X¢ - T, a: 3¢ — A, and
u: X¢ — N*t. For fixed mo € T, the subset {g € X¢ : m(g) = mo} is a
stratum (topologically an affine space). It is therefore sensible and appropriate
to refer to L as the “isotypic component of the Birkhoff decomposition of G
corresponding to w € W.” However we may occasionally lapse into referring to
¢ as the “Birkhoff stratum corresponding to w.”

2.1. Weyl group and orderings of roots

We recall a number of standard facts about the Weyl group W, see e.g. the
Appendix of [15]. The Weyl group W is generated by the simple reflections. For
w € W, l(w) denotes the length of a minimal factorization for w in terms of simple
reflections; in reference to the natural action of W on roots, [(w) is the number of
positive roots which are flipped to negative roots by w. There is a unique element
wo € W of longest length; it maps the set of all positive roots (positive simple
roots) to the set of negative roots (negative simple roots, respectively), hence its
length is the number of positive roots (or the complex dimension of G/BY).

Lemma 2.2. Fiz w € W. Choose a sequence of simple positive roots v; and
associated simple reflections r; in the following way: (1) choose vy such that
w-y > 0; (2) choose 7y such that wry - vo > 0; (3) choose 73 such that
wriry - y3 > 0, and so on, where r; is the simple reflection corresponding to ;.
This procedure terminates after n = l(wg) — l(w) steps. Let 7; = ry---1j_1 ;.
Then the 7; are the positive roots which are mapped to positive roots by w and
Tn...r1 18 a reduced decomposition of w' = wow.

Proof.  This is more commonly expressed in the following way: Set w’ = wow.
Choose a reduced decomposition w’ = ry...1; where n = l(wg) — l(w) = l(w').
Then for n < n, the positive roots 7; which are mapped to negative roots by
Ty...r1 are of the form 7; = ri..r;_1 - 7;, j = 1,...,n; see Theorem 4.15.10 in the
Appendix of [15]. n

We are primarily interested in the case w = 1. Given a reduced factorization
wy = ru...r1 in terms of simple reflections, we obtain an ordering of the positive
roots 71, ..., Tn. Note that 7 and 7, = wg-(—7n) are simple. For a general ordering
of the positive roots 7,...,7,, the Lemma gives an algorithm for determining
whether this ordering comes from a factorization of wg: (1) 71 = ; must be
simple, (2) there exists simple positive 7o such that 7y - y5 = 7o; (3) there exists
simple positive ~3 such that riry - 73 = 73, and so on, where r; is the simple
reflection corresponding to ;.
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Example 2.3.  Consider a reduced factorization wy = ry...r1 and the associated

ordering of the positive roots 71, ..., .

(1) The ordering associated to the (reversed) reduced factorization wy = 71...1p
1S Yn, ™ o1, -

(2) The ordering associated to the (conjugated) reduced factorization wy =
rwo i is wo - (—71), wo - (—72), ...wp - (—Tn)

(3) The associated ordering to the (conjugated and reversed) reduced factoriza-

tion wy = ry°...r% is the reversed ordering m,, ..., 7 .

n

For examples of canonical factorizations in classical cases, see Section 6. For
characterizations of orderings of positive roots which come from factorizations of
wo, see [9].

3. The forward map is polynomial

Given a pair ¢ = ((7,(") € C?, define

00=(L o) = (E DG ) esten @

Proposition 3.1. Fiz w € W and a representative w € Ng(H) for w,
then determine positive simple roots i, ...,vn with associated simple reflections
T1,...,Tn, and positive roots Ti,..., Ty as in Lemma 2.2. Set W, = r;..r; and

J
1r,(9) = (W)_1) "1, (9)W)_, for each g € SL(2,C).

(@) Ifhe H, ((1,...,é) €C™, and g:=wi (9(Ca))- -t (g(C1))R
then g € X, .

(b) In reference to (6), ma(g) = h, and in exponential coordinates for N*, | and
u are polynomial functions of the ( wvariables.

Remark 3.2.  There is a notational subtlety in the statement of the lemma. It
can happen that for some j, 7; = v for some simple positive root . Thus, the
root homomorphism ¢, may depend on j, i.e., on the ordering of the roots (we
commented on this earlier in Remark 2.1).

Proof.  We can suppose that h =1.
We first calculate the triangular decomposition for the partial product

9" =17, (9(Ca))tr (9(C1))

by induction on n < n. We will use the notation introduced in Remark 2.1. Note
that since 7; = (w;;l)_1 -7; > 0 and ¢, preserves triangular factorizations,

by (9(G) = Lfa((gi.— (1)))”]'((3) Cf>)

= exp(G fr,)(Wi_y) ™ exp((ey, )W)y

is a triangular factorization.
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Suppose that n = 2 (this case illustrates the core issues). Then

g = exp(( fr)17 " exp((5 €q,)r1exp((r fry) exp((es, ) (8)

To obtain a triangular factorization, we must reorder the middle four terms in this
product. First write

1'1_1 eXP(G_e'yz)rl exp((y fry) = rl_l eXp(CS_ew) exp((y ey )11 (9)

Now ~; and v, are positive roots, and ~y; is the unique positive root mapped to a
negative root by 1. Thus (9) equals

_ _ ~ ~ 1
rl ! eXp(Cl 671)UI'1, Where U= eXp(C;_e’Yz + Z ?CZ Cl ad<e”/1)) (672))

J=1

and @ € N* N7 NTr; because the root vectors (ad(e,,))’(e+,), j > 0, (which
are not zero) correspond to positive roots which are mapped to positive roots by
r1: these roots have increasing height (as j increases), 7o is the only one of height
one, and y2 # 1. Thus (9) equals

exp((ffm)u (for some u € NT), (10)
and log(u Z C;Ad (r1) ™ (=¢rad(eq) Y (ey,) - (11)
>0/

Insert this calculation into (8). We then see that ¢g(® has a triangular factorization
g = 1@y where

1% = exp(Cy fr,) exp(Cy fry) = exp(Cy fry + G fr) (12)

(the second equality follows from the fact that a two dimensional nilpotent algebra
is abelian), and

u® = uexp(¢f eﬁ)
= exp Z =G Ad(r) 7 (=( ad(ey,)) (e,)) exp(Ger,) exp((en) -

]>0

For the sake of completeness, note that in simply laced cases, the terms in the sum
will vanish for 7 > 1, and hence the terms are multilinear, and fractions will not
appear. In general u® has the form

(H exp(ug’er, ) exp((5ex,) exp((er,) (13)

k>2

To see this note that 7 and 7, are the positive roots that are mapped to negative
roots by rory, whereas for 7 > 0

Ad(ror1)Ad(ry) " (ad(e,,)) (e5,)) = Ad(rz)(ad(e,,)) (e4,))

is a positive root vector, because the sole positive root mapped to a negative root
is Y2 -
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We now want to formulate the induction step. We assume that ¢V has a
triangular factorization ¢~ = [~y (=1 with
n—1

107 = exp(G fr L€ NN (W) ) Nl = exp(3CFr), (14)

=1

for some | € N= N (w,_,) "N*tw,_, = exp(zy;f Cf;,). We have established
this for n — 1 = 1,2. We will use induction to show that ¢ has a triangular
factorization of the same form, with n in place of n — 1. For n > 3

g™ = exp(, fr) (Wi, ) exp(( e, )W,y exp(¢y g fr, ) lut" Y
= exp(Cy fr)(Wyoy) ™ exp({ie%)ﬂwg_lu("_l)j

where @ = w',_, exp(Co_yfr (W, ) € w,_ N~ (w,_,)™* N N*. Now factor

n—1 n—1 n—1
exp((re,, )u € NT as ujus, relative to the product decomposition
Nt = (N*nw, N (w, ) ") (N*nw,_N*(w], ;)"

n—1 n—1

and let 1= (w/

n71)71ﬂ1W;171 eENTN (w;71)71N+w7’171.

Then g™ has triangular decomposition
g™ = (exp(G 1) ((wy,_y) ™ aw,,_yul* ™) = 1u™

We have now completed the inductive calculation of the triangular decomposition
for ¢ for n < n. Now suppose that we multiply this triangular decomposition
for g™ on the left by w (as in part (a)). Because the 7;, j = 1,...,n, are the
positive roots which are mapped to positive roots by w, it follows that ™ will
be conjugated by w into another element in N~. It follows that ¢, as defined in
part (a), is in 3¢

For part (b) note that the induction argument above shows that ma(g) = 1. For ¢
as in the statement of the proposition, with h € H appearing on the right, because
H normalizes N*, ma(g) = h. The groups N* are simply connected nilpotent
groups, hence the exponential maps exp : nt — NT are polynomial maps with
polynomial inverses. This implies the the forward map is polynomial (we will be
more precise about the nature of this polynomial map in the next section). ]

4. The inverse map is rational

From now on we assume that w = 1.
Fix a reduced factorization of the longest Weyl group element,

Wo=Tp...T1

This determines bases {e,, : j = 1..n} and {f;, : j = 1..n} for n®, respectively.
Because N* are simply connected nilpotent Lie groups, the product maps induce
isomorphisms of spaces

C" = N~ : [ — 1 = exp(nfr)...cxp(lifr,)

and C* = NT: 47— u=-exp(uney,)...cxp(uies,).
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We will refer to these as ordered exponential coordinates for [ and u, respectively.
For the purposes of this paper, an elementary but crucial fact is that with respect to
exponential coordinates for the images, these are polynomial maps with polynomial
inverses.

For many purposes it is convenient to think of the index for [; to be the root ;.
We will use the height of the root to associate a weight to the variable.

Definition 4.1.  The weight of (,;t is + the height of the positive root 7, and
we additively extend this definition to products of such variables. Similarly the
weight of u; and [; are defined to be & height of 7;, respectively, and we additively
extend this definition to products.

Lemma 4.2.  Consider the map

(CZ)H — N"N*: (C1s ey Cn) = g = in, (9(Cn))-ir, (9(C1))

(a) The ordered exponential coordinates w; and l; can be expressed as (non-
homogeneous) polynomials of the ¢ variables consisting of terms having weight
equal to £ the height of 7;, respectively.

(b) 1; — ¢; has no dependence on C,f for k < j; moreover l, = (, and
In-1 = gr?—l'

(¢) u;—C; hasno dependence on (E for k> j; moreover uy = ¢ and uy = (5 .

(d) If g is simply laced, then l; and u; are multilinear functions of the ¢ variables.

Remark 4.3. It is essential that we are considering ordered exponential coor-
dinates. Parts (b) and (c) are not true for ordinary exponential coordinates, or for
(in the general linear case) standard coordinates; see the example G = GL(3,C).

Proof. We will use the same notation which we developed in the proof of
Proposition 3.1, in particular

9" =10 (9(G)) -t (9(G1)) = 1™

for n < n. The truncated product ¢ is the result of setting Cji =0 for j > n.
We will prove that the statements in (a), (b) and (d) concerning the I; are true
for g™ by induction (where in part (b) we keep in mind that (f =0 for j > n).
After accomplishing this, we use a Cartan involution symmetry (which is broken
for n < n) to show that the statements concerning the wu; also hold.

When n =2 (see (12)): 1@ = exp(¢; fr) exp(¢; fr,). Thus lz@) =¢ ,i=1,2.
Now suppose that the statements in (a), (b) and (d) for l§k) hold for g% = [(F)y (k)
k < n, where the second part of (b) is modified to l,(f) = (¢, and l,gli)l = -
The explicit expression above for [® establishes this for k = 1,2. For n > 3, ¢
equals

exp(Cy frn) (W)t <exp<<:e%> 11 expa;””e;)) Wi [Jexpu{™ Ve,) (15)
J

1<j<n
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where (to simplify the notation) we have set e} := Ad(w;,_,)(f;), which is a root
vector corresponding to the positive root 77 := —w;,_, - 7;, j =1,...,n — 1. Note
that there is a restriction on the product expression for [~ (see (14)), but not
for u(™=1 (We are not concerned about the form of (™). Following the argument

in the proof of Proposition 3.1, we need to factor

.
exp(Cre,,) H exp(lj(»n*l)e;) eNT (16)

1<j<n
relative to the decomposition

Nt = (NJr N wfn—lN_(w:m—l)_l) <N+ N w;—1N+(w;—1)_1) (17)
! )7 to the right of the
product, which is in N* N w/,_ N~ (w!/,_;)~'. To do this, we need a lemma
concerning the commutation relations for these two subalgebras.

i.e. we have to move exp((fe,,) € NTNnw),_;N*t(w),

/
n—1

Ce} C EB Ce; C ... C EB Ce} (18)

1<5<2 1<j<n

There is a filtration of n™ Nw/,_n~(w),_,)~! by subalgebras

The jth subalgebra is spanned by root vectors corresponding to positive roots
which are mapped to negative roots by (w})™".

Lemma 4.4.  Foreach j < n, the (direct) sum of ®1<i<;Ce; and the intersection
ntNw,_nt(w, )7t is a subalgebra. Consequently, augmenting (18), there is an
increasing sequence of subalgebras (each with a direct sum decomposition into two

subalgebras)

W0 (@ Ce;> B (@, )Y, G=ten (19)

1<i<y

which filters nt.
Proof. Consider a root vector e, € n™ Nw!,_n*(w!/,_;)~!, corresponding to
a positive root a such that (w], ;) *(«) > 0. We need to show that for i < j,

/ +(n)
[as€i] €1
We argue by contradiction. Suppose there is i < j and k > j such that [e,,€}] =
c-e},, where ¢ is a nonzero constant. In terms of roots this means that a 4171/ = 7/,
or

/

(wn—l)_l(a) — Ty = —Tg Or (w;—l)_l(a) +TE =T

Apply w) to this latter equality of roots. wi(7;) is a negative root. w;(7y) is
a positive root because k > i. Also w]_,(a) is a root which is not mapped to
a negative root by w!,_;, and hence it is not mapped to a negative root by w)
(the sets of the positive roots mapped to negative roots by the w, are nested and
increasing). Thus w, applied to the RHS is negative and w/ applied to the LHS

is positive, a contradiction. This implies the lemma. [ ]
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Modulo N* Nw!,_ N (w],_;)~" on the right, (16) equals

<_

[T exp(¢res,) exp(t"Ve)) exp(—¢le,,) (20)
l<j<n

H exp(I" Ve '+Zk,] N(Cad(e,, ) (€}) (21)
1<j<n k>0

Remark 4.5. For later reference, note that if g is simply laced (so the non-
diagonal entries of the Cartan matrix are —1 or 0), then the terms in the sum
vanish for k£ > 1, and with the exception of G, the terms vanish for k£ > 2 (for
(5 the terms vanish for k£ > 3).

)7, Lemma 4.4 implies that ad(e., )*(¢}) € nt)

+
Because e, € ntNw,_n*(w),_; f ;

Consequently (21) is of the form
— | | 1 Ve 4 29
exp(l;" e + x;) (22)

where z; is in the subalgebra an) (The point is that z; is a combination of the
root vectors e; which are to the right, plus something in n* N w),_n*(w!,_ )™,

which we want to move to the right). To do the reordering, we proceed term by

term, starting from the left. Consider the left most term exp(lg:l)e;,l + Zpo1).

By induction lgL__ll) Relative to the decomposition (17)

_nl

exp(l Vel 4w 1) = (eap(Cieyy)eap(,_)) exp(al_))

where x! _, is a combination of the root vectors e;, i < n —1, and 2/ _, €

nt N, nt(w!,_,)~'. This shows that I, = ¢;_,. Using the fact that n'" is

(n 1)

a subalgebra, and the induction hypothesis that [, the two left most

terms can be written as

n27

exp(Cp_r€n_q)exp(x),_y)exp(a) _ ) exp((,_o€n_o + Tn-2)

= exp(C,_ 16, 1) eXP(lgLn 21)621 o+ Xp_2)

lf{:l) =(,_1,and x, 2 €n, (n) . We

where lfln__;) — (4 depends only on (I and 1
can now continue this process. This will modify lj(-"_l) by adding in terms that
involve ¢ and l =1 for k > j. By the induction hypothesis, l (n=1) (,; depends

only on the ¢ variables for m > k. Since k > j, this implies that l —¢; will
only depend on the ¢E variables for m > j, i.e. we have proven the statements in
(b) for l](~ and ¢

Part (a) is a direct consequence of the fact that g is graded by height. For part
(d), the simply laced case, the basic fact is that the terms in the sum (in (21)) will
vanish for k£ > 1, and the coefficient in the £ = 1 term will be multilinear.
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Recall that given a triangular decomposition for g, there is a Cartan involution
(which we denote by x — —z') which is —1 on b and interchanges the o and —a
root spaces for a positive root «. Given a factorization

o= TG o= TT i 06y

where ¢t = ((7,¢t)! = ((*,¢7). This is the factorization that corresponds
to the reversed ordering of positive roots (the conjugated and reversed reduced
factorization for wy, see (3) of Example 2.3). This just interchanges the claims
about the ¢~ and the {* variables. This completes the proof. ]

To partially motivate the formulas in the following lemma and the main theorem,
note that there is a triangular factorization

R ] R )

B Lo 0\ (14¢¢ 0 ) 1 ——rr
ke DT o) ()
provided that 1+ ¢~ ¢*T #0.

Lemma 4.6.  As in the preceding lemma, suppose that

1<j<n
Then g = ( 11 z'Tj(g(nj))) [T +¢ ¢
1<j<n 1<j<n

where n = (n~,n") € (C*)™ and

== ] A+ ¢ ™) and nf = —¢ T[] 1+ ¢ ¢H ™)

k<j<n k<j<n

Proof.  This follows by applying (23) to each of the factors in the factorization
of g, then moving the H factors to the right. [ ]

Before continuing to the main theorem, it is enlightening to first discuss a naive
algorithm for solving for the ( variables, based on Lemma 4.2. By part (b) of
Lemma 4.2, (; = ln, ¢, 1 = la—1, and in general, using downward induction,
¢z = lr plus a polynomial in the variables [; and (f for 7 > k. We substitute
these expressions for the (~ variables into the original polynomial expressions of
the wuy in terms of ¢, so that u; is a polynomial in the variables [; and C;r By
part (c) u; = ¢, us = ¢, and in general u;, = ¢ plus a polynomial in the I
variables and Cji for j < k; the crux of the matter is that this polynomial can
depend on ;" . For example, in Example 1.2, uz = (7 — (] u2, and {; does depend
(linearly) on (5. For us, it is easy to see that the dependence on (3 is linear, and
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hence one can solve for ¢§ as a rational function of the u, [, and C;L variables for
7 > 3. We now substitute these rational expressions into the u, for £ > 4. Now
uy = ¢ plus a rational expression, and in the process of clearing denominators,
it is not a priori clear that the resulting polynomial equation depends linearly on
¢ . In experiments this always (miraculously) works out, but we are not able to
justify this. Thus from Lemma 4.2 we can see clearly that the ( variables are
algebraic functions of [, u, but it is not clear that they are rational.

Theorem 4.7.  Consider the forward map

F (G = NTN* €= 9= 17, (9(Ga))tm (9(G)

(a) The map F has a rational inverse, i.e. the ¢ variables are rational functions
of the ordered exponential coordinates.

(b) The map F induces a bijective correspondence between {¢ : det(OF) # 0}
and the domain of the rational inverse in part (a).

Proof. The proof involves examining a second algorithm which involves solving
for the pairs C,;t in reverse order.

We will initially suppose that 1+ ¢, (" # 0 for all & (We will later sharpen this).
Let h = [[1cjcn(1+ Cj_(;r)hfj. By Lemma 4.6, g7'h~' = F(n), and hence by
Proposition 3.1 has a unique triangular factorization, g=*h~! = I'v/. The ordered
exponential coordinates (which we denote by [}, ) are rational functions of [, u,
because we can obtain the triangular factorization in the following way. We ﬁrst
factor g7% = I7'u~" = I"d"u”. These factors are rational functions of the I;, u;.
Then h =d”, ' =1",and v’ = hu"h~'. Hence the ordered exponential coordinates
for I',u' are rational functions of the ordered exponential coordinates for [, u.

We now essentially repeat the algorithm discussed above, except now we use the
exponential coordinates for both ¢ and ¢~*. At the first step ¢, = [, and
¢ = —n, = —l,,. At the second step (, ; = ln_1 and 1, ; =1, ;. By Lemma
46 = —Ci (L4 ¢ ¢r) ™)) Thus (1 are rational functions of
ordered exponential coordinates.

We now continue using downward induction. Suppose that for k£ < j, (f are
rational functions of ordered exponential coordinates. Lemma 4.2, and Lemma 4.6
for the second equation, imply that

G =b+pand —¢ [ O+ ¢H ™) =n =1+

k<j<n

where p (p') is a polynomlal in Ci (7)] , respectively) for £ < j < n. By the
induction hypothesis ¢ L are ratlonal functions of ordered exponential coordinates.
This completes the proof of part (a).

It follows from part (a) that the forward map F' induces a bijective correspondence
between U, the F' inverse image of the domain of its rational inverse, and the
domain D C N~ x N* of its rational inverse. From the algorithm for the (
variables, we see that U contains the nonvanishing set of

det(0F) = [ (1+¢ ¢+

1<k<j<n
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U must be contained {det(0F) # 0}, because local injectivity implies nonvanish-
ing of the determinant. This implies part (b). [

5. Haar measure in root subgroup coordinates

Let d\g, d\y=, and d\g denote Haar measures for G, N* and H, respectively.
These measures are biinvariant and essentially unique. In triangular coordinates

drg(g) = a®dAy— (DdN g (h)dAn+ (u)

where g = lhu, h = ma relative to H = T x A, and ¢ is half the sum of the
positive complex roots; see e.g. Proposition 5.21 of [6]. For example for SL(2,C)

1= (i D (0" ) 0 1)
dAa(g) = ajd\ (1) d\(moag)dA(uy)

Remark 5.1. (a) As a reminder of why this is the correct formula, suppose
that we multiply g = Imau on the right by a; € A. Then ga; = lm(aal)lﬂl_1 and

dM\g(ga1) = (aa1)45d)\Nf(l)d)\H(hal)d)\N+(u“;1) = d\(g)
(b) If we factor g = luh or g = hlu, then the density disappears:
dAc(g) = dAn- (D) dAn+(u)dAg (h).
Choose a reduced factorization of the longest Weyl group element,
Wy ="Tn...T1

and consider the associated root subgroup coordinates for a Zariski open subset of
Y1 and of G,

H x ((32)11 -G (ha Cl» ---;Cn) — 9= iTn(g(Cn))"'iTl (g(gl))h

Theorem 5.2.  In terms of root subgroup coordinates a Haar measure for G is

da(g) = [ 11+ ¢ ¢ PO DAAC)dAr(h)

1<j<n

where d\(C) is Lebesque measure, d\y(h) is Haar measure for H, ¢ is half the
sum of the positive roots, and h, is the coroot corresponding to a positive root 7.
In simply laced cases

dalg) = ] 11+ ¢ ¢ PHDANC)dAr(h)

1<j<n
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In terms of root subgroup coordinates, ma(g) = h and does not depend at all on
¢. Thus the density a* is unity. Also Haar measure for N~ (N7T) is Lebesgue
measure in terms of the ordered exponential coordinates I; (u;, respectively) of the
previous section. Consequently the problem reduces to understanding the pullback
of Lebesgue measure [[,,.,, dA(l;)dA(u;) to root subgroup coordinates. Thus the
theorem can be restated in the following way (or as in the introduction, see (3)).

Theorem 5.3.  In terms of root subgroup coordinates the holomorphic volume
form dly N ... Adly Ndug A ... A duy equals

[T+ ¢ =tdcy A Ader AdGE A . A dCE

1<j<n

Proof. The algorithm in the proof of Theorem 4.7 shows that

d@t(@F) = H (1 + (j—gi—)m(th)

1<k<j<n

The formula in the theorem is a consequence of Lemma 3.3 of [4], which is the
following statement.

j—1
Lemma 5.4. For j=2,..,n: 6§(h;)—1= ZTk(th)' ]
k=1

5.1. A reformulation

There is an alternate way to formulate root subgroup coordinates which directly
generalizes the unitary case. Consider the two different versions of root subgroup

factorization
-
1 0\ /1 ¢
o= T wt(E ) (o ) (24
1<j<n J
(the version we are considering in this paper) and

R TG TR [ TR

1<j<n

where a(¢) := (1 — ¢~¢*)™"/? involves a choice of square root (the version which
directly generalizes the unitary case). Then

G =[] atm) ™"y and ¢ = [] alm)?")nf
j<k<n j<k<n
and h = H a(ng) e h

1<k<n

This implies ¢; ¢ = a(n;)*n;n7 and 1+ ¢ = (1 —nn)~" =a(n;)?.
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Now we change variables in the Haar measure formula:

dalg) = [ 11+ ¢ ¢ PO")Dan(C)dAn(h)

1<j<n

= ] [t =nyuf 2000~ I alm)*dA\(n)dru(h)
1<j<n 1<j<n

= [ 1=/ 7"V daxm)drg(h) =T lam;)|* "5 dx(n)dAm (h).
1<j<n 1<j<n

This implies that with respect to the second version of root subgroup coordinates

AA(D)dA(u) = dA(n).

6. Canonical orderings in classical cases

In this section we identify preferred orderings of positive roots (or reduced factor-
izations of longest Weyl group elements) in classical cases by considering inductive
limits, e.g. GL(0c0) = lim, oo GL(n). In the general linear case this is obviously
reasonable because the inductive limit is compatible with triangular factorization,
in the following sense: If g is an N x N matrix, and ¢(™ denotes the principal
n X n minor, then ¢ = ldu implies that ¢ = [(MqMy (™)

In reference to the associated Weyl groups, e.g. S, = lim, . S,, the infinite
limit does not have an element of longest length. However it makes sense to seek
reduced sequences of simple reflections such that for each n, the finite subsequence
of appropriate length corresponds to a reduced factorization for the Weyl group
element of longest length for the nth subgroup, e.g. GL(n). In all of the examples
that follow, b consists of diagonal matrices (with some symmetry), and n* consists
of upper triangular matrices. Our conventions are consistent with those in part II
of [11].

In the first four subsections we present what we will refer to as the canonical
orderings in the classical cases. In the last subsection we consider GL(200) and
observe that if the rank increases by more than 1, then uniqueness is lost.

6.1. A: GL(1,C) C GL(2,C) C ... C GL(0,C)

Consider the standard ordered basis €1, €3, €3, ... for C* and the associated inclu-
sions of general linear groups

GL(1,C) c GL(2,C) C ... € GL(00,C)

and their Weyl groups S7; C Sy C ... C Ss. Also let A1, Ay, ... denote the basis
for h* which dual to the basis €; ® €], ea® €3, ... for h. We seek a reduced sequence
of reflections corresponding to simple roots (i.e. the adjacent transpositions),
r1,72, ..., such that for each n,

T'nn—1) -++ Tol'
2

is equal to the longest element w(()") € S,, i.e. the permutation

w(n)_ 1 2 .n
O " \mn n—-1 .. 1)
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Proposition 6.1.  There is a unique reduced sequence of reflections correspond-
ing to simple roots which is compatible with the standard inclusions above. If s;
denotes the transposition of © and i + 1, then the sequence is given by

S1, 82, 81, 83, S2, S1, S4, 83, S2, 51, .-
The associated ordering of positive roots is the lexicographic pattern

ANl T T2 T4 Ty
Ao T3 T5 Tg

A3 Tg Ty
>\4 T10
As

i.€. le)\1—)\2, 7'2:)\1—)\3, ’7'3:)\2—)\3, 7'4:/\1—/\4, 7'5:)\2—)\4,...

Proof. S, is the group generated by the s; and the relations 5? =1, 88118 =
Si+15iSi+1 (the braid relation), and s;s; = s;s; if |i — j| > 1 (locality). It is well-
known that one can go from one reduced factorization of a group element w to
another using the braiding and locality relations, i.e. the graph with vertices
consisting of reduced factorizations of w and with edges given by these relations
is connected (this is true in general for groups with a Coxeter system of relations).
Using this one can check that the n cycle (12..n) has length n — 1 and there is a
unique reduced factorization (12..n) = sy..s,_1. Consequently in the proposition

we are asserting that w(()n) is the composition of cycles w(()n) = (12..n)...(123)(12).

It is easily checked that the given sequence of simple reflections corresponds to the
lexicographic pattern of positive roots (which is a second way of seeing that the
sequence is compatible with the inclusions and that the appropriate truncations
of the sequence correspond to reduced factorizations of the w[()") ).

For small n uniqueness is easily checked by hand. Suppose that uniqueness holds
for n and consider S5,,11. The question is whether, after the sequence corresponding
to w(()") , the sequence has to continue as s,1, ..., s1. Since the indices are adjacent,
it is not possible to alter this sequence in any way (Of course one could interchange
s1 and s,41, but this would destroy the compatibility with the inclusions). This

implies uniqueness, and completes the proof. [ ]

6.2. B: 0(3,C) c O(5,C) C ... C O(200 + 1,C)

We consider the vector space with (doubly infinite) ordered basis

with the symmetric form for which (e,,e_,) = 1 and all other pairings vanish.
The Lie algebra o(200 + 1,C) is realized as matrices which are skew-symmetric
with respect to the anti-diagonal. We consider the (double infinite) inclusions

0(3,C) Cc O(5,C) C ...
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A basis for h compatible with this filtration is
€€ —€e_p, €, n=1223,..
Let A1, Ag, ... denote the dual basis. The simple positive roots are
a1 = A, Q3 =X — A, Q3=A3— Ao, ...

The Weyl group (the group of signed permutations), viewed as linear transforma-
tions of h*, is realized as follows: s1(A;) = —A; and s1(\,) = A\, n > 1, and for
n > 1, s, transposes A, and A,_;, and fixes the other A;.

Proposition 6.2.  There is a unique reduced sequence of reflections correspond-
ing to simple roots, ri,ro, ..., such that for each n,
T2nien—-1) -+ T9oT1
2

is equal to the longest element of the Weyl group of O(2n + 1,C). The reduced
sequence is given by
S1, 52, 81, 82, 83, S2, S1, 52, §3, 54, ...

The associated ordering of positive roots is lexicographic:

)\3 T9 T8 T7 T6 Ts 0
)\2 T4 T3 T2 0
)\1 T1 0
0
0 -\
0 — A2
0 —A3

(we have not indicated the skew reflection across the antidiagonal for the Ts), i.e.

7'1:)\17 T2:A1+>\2, ng)\g, 7'4:/\2—/\1,...

Proof. It is easily checked that the given sequence of simple reflections cor-
responds to the lexicographic pattern of positive roots (which is a second way of
seeing that the sequence is compatible with the inclusions and that the appropriate
truncations of the sequence correspond to reduced factorizations of the w(()n) ). The
relations for the Weyl group are the same as for .S, with one difference: in place
of the braid relation for s, sy, one has the relation s;1895159 = $25182581. One can
now prove uniqueness as in the general linear case. [ ]

6.3. Dy: O(2,C) Cc O(4,C) C ... C O(200,C)
We consider the vector space with (doubly infinite) ordered basis
vy €y eny €y

where n ranges over half-integers, with the symmetric form for which (e,,e_,) =1
and all other pairings vanish. The Lie algebra o(200,C) is realized as matrices



1114 PICKRELL

which are skew-symmetric with respect to the anti-diagonal. We consider the
(double infinite) inclusions

0(2,C) Cc O(4,C) C ...
A basis for h compatible with this filtration is
€€ —€_p, €, n=123,..
Let Ay, Ag, ... denote the dual basis. The simple positive roots are
a1 =AM+ X, as=A— A, az3=A3— A, ...
The Weyl group, viewed as linear transformations of h*, is realized as follows:
s1(A1) = =2, s1(A2) = = A1, and s1(\,) = Ay, 1> 25 s2(A1) = g, s1(A\2) = Ay,

and s3(\,) = A\, n > 2; and for n > 2, s, transposes A, and \,_1, and fixes the
other A;.

Proposition 6.3.  There is a (conjecturally unique) reduced sequence, compat-
ible with the inclusions above, which is given by

S1, 82, S1, 82, 83, S2, 51, 53, 52, ...

The associated ordering of roots is lexicographic

)\4 .. .. T8 T7 0
)\3 T6 Tp T4 73 0
/\2 T2 T1 0
A0
0 -\
0 —A2
0 —A3
0 —\4

(we have not indicated the skew reflection across the antidiagonal for the Ts).

Proof. It is easily checked that the given sequence of simple reflections cor-
responds to the lexicographic pattern of positive roots (which is a second way of
seeing that the sequence is compatible with the inclusions and that the appropriate
truncations of the sequence correspond to reduced factorizations of the w(()n) ). The
relations for the Weyl group are the same as for .S,., with the following exceptions:
s; and sy commute (rather than braid), and si, s braid (rather than commute).
Using this one checks uniqueness as in the general linear case. ]

6.4. Cy: Sp(1,C) C Sp(2,C) C ... C Sp(c0,C)

We consider the vector space with (doubly infinite) ordered basis

S Y
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where n ranges over the half-integers, with the skew-symmetric form for which
w(€én, €_,) = 1 and all other pairings vanish. The Lie algebra sp(200, C) is realized
as matrices which in block form (& B) have the property that (4 %) ((25)) is
skew-symmetric (symmetric, respectively) with respect to the anti-diagonal. We

consider the (double infinite) inclusions
Sp(2,C) C Sp(4,C) C ...

A basis for h compatible with this filtration is

* *
€ ®€, — €, €, n=—=,-,..

| —
| W

Let Ay, A9, ... denote the dual basis. The simple positive roots are
041:2)\1, 042:/\2—/\1, 063:>\3—)\27...

Viewed as linear transformations of h*, s1(A1) = —A; and s1(\,) = A\, n > 1,
and for n > 1, s, transposes A\, and \,_;, and fixes the other A;.

The Weyl group, and the associated inclusions, are identical to the odd orthogonal
case. Consequently all that remains is to indicate the pattern for the ordering of
the positive roots (it is not the obvious lexicographic ordering!).

Proposition 6.4.  There is a (conjecturally unique) reduced sequence, compat-
tble with inclusions above, which is given by

S1, 82, S1, 82, 83, S2, S1, 82, §3, S4, ...
The associated ordering of roots is

/\4 Tie Ti5 T4 Ti12 T11 T10 713

A3 T TR T6 T5 T7
Ao Ty T2 73
A T1
-\
-y
—\3

)\

(we have not indicated the appropriate reflection across the antidiagonal for the
TS), i.e.
T1=2A, Ta=X+A, T3=2X, 7= — A,

Ts=MX+A3,, T6=A+A3, Tr=2)3, Tw=A3— A, To=A3— Ay,
TIo=A+ A3, Tu=M+A, Tio=A+A, Tiz=2\, Tiu=A—Ap, ...
Proof. The type C' Weyl group is the same as for type B. So the only thing

that needs to be checked is the claim about the ordering of the positive roots,
which is routine. [ ]
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6.5. Asoo: GL(2,C) C GL(4,C) C ... C GL(200,C)

This case is more a counter-example than an example. The rank increases by two
at each stage, and somewhat surprisingly, this allows for the possibility of infinitely
many compatible orderings. Consider the doubly infinite basis

-y €372, €172, €-1/2,€-3/2 C ...
and the associated inclusions
GL(2,C) Cc GL(4,C) C ... and Sy C Sy C ..

For an integer j, let s; denote the transposition of —% +j and % +7.

We seek a reduced sequence of reflections corresponding to simple roots, 1,79, ..
such that for each n,

*
T2n(2n—1) -+ T2T'1
2

is equal to the longest element of the Weyl group of GL(2n,C), i.e. the permutation

(—n/? —n/2+1 ... nj/2-1 n/2)
n/2 n/2—-1 .. —(n/2—-1) —n/2)"

Proposition 6.5. (a) There is a reduced sequence which is given by
S0, S1,80,5-1, S50, S1, $92,81,80,5-1,5-2,5_1, 80, S1, S2, 53, ...
The associated ordering of roots has the following pattern
0 715 T4 T3 T1i2 T

O T6 T5 T4 T7
0 T1 T2 T8

0 T3 T9
0 T10
0

where 1, s located in the (—%, %) spot, i.e. T1 = A2 — A_1/2.

(b)  There are infinitely many other sequences which are compatible with the
inclusions.

Proof. (a) This follows from the fact that

SnSn—1-""8—(n-1)S—nS—(n-1) """ Sn

n
transposes +3.

(b) In this expression for the transposition (—%, %), we can using the Weyl group
relations to reexpress this transposition in many different reduced ways, e.g. we
can replace s_(,—1)S—nS_(n—1) By S_nS_(n—1)5—n. Since we can do this for any n,
this leads to infinitely many sequences compatible with the inclusions. [ ]
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6.6. Concluding comment

Given an n x n matrix M, let M1 denote the submatrix with rows indexed by a
sequence I and columns indexed by a sequence J. If ¢ = (g;;) € GL(n,C) has a
triangular factorization

g=1lodou, then d=diag(oy1,09/01,03/02,...,00/0n_1),

where o}, is the determinant of the k™ principal submatrix, i.e. o} = det(g((i ’:::’:))),
det(g{L-10) det(g | )
for i > j: lj; = (L) , and for i < j: u; = (Li= 1)
gj o;

For the canonical orderings in classical cases, based on experiments and the (LDU
based) algorithm in Section 4, it seems plausible to me that there exist (similar,
but more complicated) analogues of these formulas for root subgroup coordinates.
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