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spherical analysis on harmonic NA groups to that of odd dimensional real hyperbolic spaces.
Moreover, certain interesting integral identities for the Gauss hypergeometric functions have also
been given.

Mathematics Subject Classification: 44A20, 33C05, 53C35.

Key Words and Phrases: Harmonic NA groups, hyperbolic spaces, Laplace-Beltrami operator,
resolvent kernel, Gauss hypergeometric function, Jacobi equation, hyperbolic functions.

1. Introduction

Harmonic NA groups have been studied by several authors [3, 4, 5, 16, ...]. Recall
that, as Riemannian manifolds, these solvable Lie groups include all symmetric
spaces of noncompact type and rank one, namely the hyperbolic spaces Hf (F =
R,C,H) and HZ, but that most of them are not symmetric, providing numerous
counterexamples to the Lichnerowicz conjecture [13]. Despite the lack of symmetry,
spherical analysis i.e. the analysis of radial functions on these spaces is quite similar
to the hyperbolic space case. We shall emphasize that spherical analysis is again a
particular case of the Jacobi function analysis [11].

These groups form a class of solvable Lie groups, equipped with a left-invariant
metric. More precisely, given a group N of Heisenberg type, let X = N x A be
the semi-direct product of N obtained by letting A = R’ acts on N by the action
(V,Z) € N — (a2V,aZ).

Introduced by Kaplan in [9], H-type groups (also called Heisenberg type groups) have
attracted a considerable attention by various authors (see [3, 9, 10, 12, 17] ...).
Recall briefly their structure. Let n be a two-step nilpotent Lie algebra, equipped
with an inner product (,). Denote by 3 the center of n and by v the orthogonal
complement of 3 in n (so that [v,v] C 3).
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Let Jz: v — v be the linear map defined by
(J;X,)Y)=(Z,[X,Y]) (X,Y €, Z¢€y).
Then n is of Heisenberg type if the following identity is satisfied
Jy = —|Z|*I for every Z € 3.

The corresponding (connected and) simply connected Lie groups N are called of
Heisenberg type. We shall identify them with their Lie algebra n via the exponential
map. Thus multiplication in N =n = v @ 3 reads

1
(X.2)(X',2) = (X + X', 2+ 7' + 5[X, X)),

and the Lebesgue measure dXdZ is a Haar measure on N.

Let m = dimv, k = dimj and 0 = dim X = m + k + 1. The number Q = % + k
is called the homogeneous dimension of N. The associated left-invariant (Riemann-
Haar) measure on X is given by [3]

a—QdXdZ@.
a

In harmonic analysis, the role played by radial functions on X, in particular the
spherical functions, is crucial. If Ly denote the Laplace-Beltrami operator of X =
NA, then a spherical function ¢ on X is a radial eigenfunction of Ly such that

ple) = 1.
The radial part of Ly in geodesic polar coordinates is given by
d? m+ k k d
Lx)=— h(r/2) + = tanh(r/2) y — 1
rad(Lx) s —i—{ 5 coth(r/2) + 2tan (r/ )} o (1)

where r = d(z,y) is the geodesic distance between two points z,y € X = NA.

It is well known that the spherical resolvent kernel Rx(\;x,y) := Rx(\;r) of the
Laplacian Lx on X can be described as the singular solution at » = 0 of the
following equation of Jacobi type

(md(LX) + &y )\2> Rx(\r)=0, >0, \eC, (2)

where A is a complex number such tha;c SmA > 0. In fact the resolvent kernel
function of the shifted Laplacian Lx + % on X is well known to be given in terms
of the Gauss Hypergeometric functions o F; [3, 6]. More precisely, we have

Rx(\, 1) =Cx(\) cosh @22 (r/2) x

Q .. Q . k-1 i
><2F1<§ 2)\,5 i T,l i2); cosh (7“/2)) (3)

for ImA > 0 and where Cx()) is the constant given by

D(§ —iND($—iA— 5
T(1—i2)) ’

Cx(A) = 77/2270)2
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where the hypergeometric function oF}(a, b;c; z) reads as

o

. I Cla+Ek)(b+k)
QFl(“’b’C’Z)_r(@r(b)kZ:O MO+ k)

and where I'(z) = [;7t* e ~'dt is Euler’s Gamma-function.

Remark 1.1. For instance if Y is a real hyperbolic space of dimension N the
resolvent kernel of the Laplacian operator Ly is given as in (13) with £ = 0 and
m = N — 1, in particular where dimY" is odd, the resolvent kernel Ry (A,7) can be
given in terms of elementary function, see Section 2. [ |

An integral transform relating the heat kernels on even dimensional hyperbolic spaces
to the ones of odd dimension was obtained by Davies and Mandouvalos [7]. More
precisely, in [7, p. 190], it has been established a recurrence relations relating the
heat kernel, written in terms of the hyperbolic distance, on the real hyperbolic spaces
H™! and H™*? of dimension n + 1 and n + 2 respectively, given by the following
integral transform

1 o0 e(271-&-1)t/4
Ky (t, p) = — K, o(t, 1) sinh(u)dp, 4
alt) = / o coui 7 ) sl ) (1)

where K,;1(t,.) is the heat kernel associated to the hyperbolic Laplacian L, for
the (n + 1)-dimensional hyperbolic space H"!.

The main aim of this paper is to show that all resolvent kernels of harmonic N A
groups can be expressed as an integral transform of those odd dimension hyperbolic
spaces. Namely the result to which is aimed this paper is to establish the following
integral transform.

Theorem 1.2. Let X = NA be a harmonic group. Then the resolvent kernel
Rx(\,r) of the Laplacian Lx as given in (3) can be expressed in terms of the
resolvent kernel of odd dimensional hyperbolic spaces as

R(Ovr) = [ Wyl p)Ry (s p)sinh(p)dp, )
where the kernel Wx (r, p) is independent of A € C, and is given by
22 or 1—k 2 2 -1
Wx(r,p) = T/ cosh' ™" (r/2) (cosh?(p/2) — cosh?(r/2))% ", (6)

while Ry (X, p) is the resolvent kernel of the real hyperbolic space Y of odd dimension
dimY =m+2k+1.

The plan of the article is as follows. Inspired by the work of Davies-Mandouvalos
[7], in Section 2, we have obtained a recurrence relation relating the real hyperbolic
resolvent kernels for different dimensions. The Section 3 deals with some integral
identities for the hypergeometric functions 5 F7. In the Section 4, we prove the main
result (Theorem 1.2) of our paper. Finally, in Section 5, some concluding remarks
are made.
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2. Spherical analysis on the hyperbolic space

Spherical analysis on hyperbolic spaces was developed in [7, 8, 11, ...]. We recall
briefly some of it in this section. The radial part (in geodesic polar coordinates) of
the Laplace-Beltrami operator Ly on a hyperbolic space Y of dimension n reads as

d(Ly) s + ( 1) coth( )d >0 (7)

ra = — + (n—1)coth(r)— r .
YT dr’

Let A € C, the spherical functions ¢y (), .) on Y are normalized radial eigenfunctions
of Ly with eigenvalue v = —(0%+\?) and @y (A, 0) = 1. We then have, that ¢y (), .)
is the solution of the following differential equation

d? d

(ﬁ +(n—1) Coth(r)d— +((n—1)/2)* + )\2) oy(\,r)=0; r>0,AeC, (8)
r r

continuous at r = 0, and since lim, g+ rcoth(r) = 1, this equation has a regular

singular point at » = 0. This is a Jacobi equation with parameters A\, a =
anz and 8 = ’71 (for more group theoretic interpretations of Jacobi functions see

Koornwinder’s paper [11]). Therefore, the spherical functions ¢y (A, r) are given by

Jacobi functions in the following way:

er(r) =l (). (9)

Equivalently, in terms of the Gauss hypergeometric functions, we have

DN | —

oy(\7) = o F) (% (n—1)/2 =i\, = ((n—1)/2 + )\ g; —sinh2(r)) . (10)

It can also be seen [11, p. 7] that for A # —i,—2i, ..., a second solution of (8) on
(0, +00) is given by
oy (A7) = (coshr)A=(=D/2

JF (% (n—1)/2— i\, %((n —1/2-iA) + %; 1 — i\ cosh_Q(r)) R

It is known that the resolvent kernel Ry (A,r) is a multiple of the fundamental
solution at infinity (11) of (8) which reads as (see [2])

Ry (A, 1) =C,.» (cosh r/2)2i’\_("_1) X
oFy ((n—1)/2 — i), 1/2 —iX; 1 — 2i\; cosh™>(r/2)) (12)

where Cpy =2- 72N =(=DRT((n — 1) /2 — i\) /T (1 — iN). (13)

In [7, p. 185], it has been established a recurrence relations relating the heat kernels
K(t,.) on the real hyperbolic spaces H"~! and H""! of dimension n — 1 and n + 1
respectively, given by the following recurrence relation

Kot = - O e ) o0 (14)
A P) = 2rsinhp dp " Pl P2
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where K, .1(t,.) is the heat kernel associated to the hyperbolic Laplacian L, for
the (n + 1)-dimensional hyperbolic space H""!.

In what follows, we give an analogous of this result relating the real hyperbolic
resolvent kernels on the real hyperbolic spaces of dimension n and n+ 2 respectively.
Then, we prove that for odd dimensional real hyperbolic spaces the resolvent kernel
is given in terms of elementary functions. Namely, our main result of this section is
the following:

Proposition 2.1.  Let R,(\,r) be the resolvent kernel for a real hyperbolic space
H" of dimension n. Then

(i) The resolvent kernel in (13) can be written as
Ru(A, 1) = Cr(N) (cosh )2~ =1/2 5
1 1 1
X o Fy (5 ((n—1)/2 —1iN), 3 ((n—1)/2 —dX) + o 11—\ cosh_Q(r)) (15)

where

LT (G((n—=1)/2=i) T (5((n—1)/2 —i\) + 1/2)'

Cr(A) = (47" 16
() = () e (16
(ii) The following recurrence relation holds:
-1 0
m& [Rn<>\, 7“):| = Rn+2<)\,7’). (17)

(iii) The resolvent kernel for odd dimensional real hyperbolic space of dimension
2m + 1 can be given in terms of elementary functions as

Roms1 (A7) = Con(V) ( L 9 )m(eM), (18)

sinhr Or
where  Cy(A) = (—=1)™F1/2\(27)™.
Proof. Making use of the identity [14, p. 50]
oFy (2a,¢—1/2;2¢ = 1;2y/2/(1+Vz)) = (1 +V2)* 2 Fi(a,a + 1/2;¢;2)
and Legendre’s duplication formula
['(2a) = (1/v/7)'(a)l(a + 1/2)2%*!

for z = cosh™(r), a = ((n — 1)/2 —4)\)/2 and ¢ = 1 — i), the resolvent kernel in
(13) becomes

R,(\,7) = Cp(N) cosh™ ("= D723y
< oF, (% (n—1)/2 —iN),

I'(A(n—1)/2—1iN) T (3((n—1)/2—i\) +1/2)
(1 —i))

((n=1)/2 =1\ + %; 1 —i\ cosh_Q(r))

N |

where C,(\) = (47?7
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This proves relation (i). Relation (ii) is obtained as follows. Recall that the real
hyperbolic resolvent kernel of dimension n is given in terms of the hypergeometric
function o F7 by (see [2])
R, (A7) = Cpx (coshr/2)2A= (1)
X oFy ((n—1)/2 — i), 1/2 —iX;1 — 2i\; cosh™>(r/2)) (19)

where Cry =2~ =20 =(=D2D((n — 1) /2 — iX) /T (1 — iN).
By using the differential formula of the hypergeometric function o F; [1, p. 557]

ak

e

where (a)y = a(a+1)...(a+k—1) is the Pochhammer symbol, for k = 1, we prove
that the resolvent kernel R, (A,r) in (19) verifies the recurrence relation

-1 0

orsinhr Or

LaﬂfJ 2 Fi(a, b; ¢ z)] = (a) 2" o Fi(a+ k,bs ¢ 2),

[Ra(01)] = Rusa(A, 7). (20)
Finally, relation (iii) is obtained easily from (ii). In fact, thanks to the recurrence

formula (20), we obtain the following expression for R, (A, r) when n is odd:

RaO0) = (52 ) IR0, o1)

27 sinh r Or

where R;(\,7) is the the resolvent kernel on the real hyperbolic space of one dimen-
sional H'.

In addition, we observe that, for n = 1, the expression of the resolvent kernel R, (), )
given in (19) reduces to

Ri(\, 1) = Cyx (coshr/2)* o Fy (—iX,1/2 — iX;1 — 2iX; cosh™*(r/2))
where Cy = 22210 (—i)) /T(1 —i)).

Further, we use the well-known elementary expression of the hypergeometric function

given by [14, p. 38]
oFy (a,1/2 + a;2a + 1; 22) = 2% (1 TV 22>

—2a

for a = —i\ and z = 1/ cosh(r/2), we arrive to the following identity

1 .
Ri(\, 1) = —¢™.

21
Replacing R;(A,7) by its expression in the recurrence formula (21), we obtain the
announced relation (iii). This ends the proof. n

3. Gauss hypergeometric functions F;

The two expressions of the resolvent kernels in (3) and in (15) are given in terms of
the hypergeometric function oF;. For this reason, to find a proof of Theorem 1.2,
we should say something about hypergeometric functions.
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Recall that the hypergeometric function 5Fj is defined as

o0

Fla+k)(b+k) 4
o F1(a,b;c; 2) kz_; FD(c+ k) z, (22)

where I'(z) = [;*¢* e 'dt is Euler’s Gamma-function. See [1], [14] or [18] for a
general discussion of 5F7’s and of more general series of this type.

In the following we prove some integral representation, connecting two hypergeo-
metric functions. The corresponding kernel function can be seen as the kernel of the
Fourier-Jacobi or Olevskii index transform studied, for instance, in the book of S. B.
Yakubovich [19].

The most important properties of hypergeometric functions that we use all follow
from the following lemma.

Lemma 3.1. Forxz>1, Ru>0 and Rb > 0, we have

) L Th+p
T bQFl(avb’c’x )_W

Proof.  We use the well known series expansion for hypergeometric function:

/ y Uy — ) By (a, b+ eyt dy. (23)

1/yc. (24

oF1(a,b+ p;c;1/y) = I'(c) ) Zr(a+k)f‘(b+u+k)

— kT (c+ k)
Note that this series converges absolutely because of the above assumptions. Insert-
ing (24) in the right hand side of the formula (23) and integrating term by term
making the change of variable y = xt~! and use the Euler’s formula for the beta
function

1
N1 = ) dt = L~
/0 ( ) C(a+0b)’

we obtain at once the desired result. ]

Another integral connecting hypergeometric functions with different parameters are
the following

Lemma 3.2. Forxz>1, Rv >0 and Rec > Rv, we have

['(c)

7V o Fy(a, byt = m/x Yy (y— )" o Fi(a,bye — vyt dy.

This can be proved in the same way that Lemma 3.1 was proved, i.e. expanding
oF1(a,b; c;y) in the series (22) and integrating term by term.

The other is a more complicated formula. In fact, in this lemma, we establish
an integral identity between the Gauss hypergeometric functions oF}(a,b;¢; z) and
oFi(a+ p,b+v;¢; z), where p and v are given real numbers, given by the following
lemma which will play a crucial role in the next section. Namely, we have
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Key Lemma 3.3. Let a,b,u,v be compler numbers such that Ra, RO, Ry,
Rv > 0. Then for every x > 1, the following identity holds

F(a+ p)l(b+v)
['(a)L'(b) (e + v)

X / Wb (2, 9)y ™" 2 Fi(a+ p b+ vy~ ) dy (25)

e F(a bt =

where the kernel function Wy (z,y) is given by the following formula
Wap(2,y) = (y — 2)* " o Ry (0 = b+ gy p+ 051 — y /). (26)

Proof. The proof will rely on Lemma 3.1. In fact, to prove our key integral
formula (25) we will apply the above integral identity (23) and iterating it twice.
That is, fixing p and using the above lemma, we get

I'b+v)

LR by ') = —————=%
Yy 2 1(a’+lu’7 G Y ) F(b)F(V)

/ V(=) R (a+ b+ vie 2t dz.
Yy

Therefore, multiplying both sides by 3°~*#(y —2)*~! and integrating the both sides
in y, we obtain

—a =1 F(CL—FM)F(b—FV) > b—a—p pn—1
TR = e J, Y

X / 20z —y) T o (a4 b+ vic; 27 dedy.
Yy

Note that z >y > x > 1 and by Fubini’s theorem the integral

/ T e (/ 2=y aR(a+ b+ v ) dz) W
T )

can be transformed into the integral

/OO R (a4 b4 vie 7Y </Z Yt (y — )P (2 — y)”_ldy) dz. (27)
Setting y = (1 —t)x 4+ tz, t € [0, 1], we obtain
/z Py — )N (e — )y = PR (e — )P
X /1 =) (=t — 2 /x)) T gt
0

Using the integral representation of the hypergeometric function [1, p. 558]

INGS!

1
. . . b — o —b — —a’
gFl(a’, b/, C,, Z/) = m/o S 1(]. — S) L (]. — SZ,) dS,
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where () > R(V') >0,d =a—b+pu, V' =p, d =p+vand 2/ =1—2z/x, we get
fu pu Il

/ Yy —a)t (e —y)  dy =

F(M)F(V) b—a—p ptr—1
= —————o " HFz—x)"" X oFi(ya—b+ i pu+rv;1 —z/x). 28
Substituting (28) into the integral in (27), we obtain

ey Py (a, b et =

T(a+ )b +v / N
= Wa y v F ,b J
F(G)F(b)r u -+ I/ bu (l' y)y 2 1(@ -+ i + v c; y ) y

where Wy, (2, y) is given by
Wap(2,y) = (y — )" 9Py (0 = b+ py p+ 051 — y /).

Hence the result of the key integral identity holds. ]

Remark 3.4.  We shall notice that interchanging a and b together with p and v
we get similarly the following integral identity:

oy Fi(a, byt =

F(a+uFb+V -1
= Wa v Y ab 3 G d
F(CL FM+V / bu .fl'y 2 1(a’+:u +ch ) y

where the kernel function Wabuu(x, y) is given by the following formula

—~

at+p—(b+v)
W (z,y) =y — )" 3R (va—b+ v p+v; 1 —y/z) = (%) Wb (2, ).

4. Proof of Theorem 1.2
Let Rx(A,r) be the the resolvent kernel function given in (3) by

Rx(\, 1) =Cx(\) cosh™ @22 (1 /2) x

Q . Q F-l
2F1<§—z)\, & —i\— == 1—i2); cosh (r/2)> (29)
for ImA > 0 and where Cx()) is the constant given by

[(§ - iVI(§ — i~ k5

— —0/29—0/2
Cx(A) =772 T(1—2\) ’

where the hypergeometric function oFj(a, b; ¢; z) reads as

() =T(a+kTO+E) ,
Fi(a,b;c;z) = .
2Fi(a,b:6,2) kZ:O FIT(c + k)
To establish this integral representation, we begin by representing the resolvent kernel
Rx(\,r) after substitution o = cosh?(r/2) as follows
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Rx(\7) = Gx(\z) =Cx(\)z "2 x
Q . Q . k=1
X oF) (2 i\, 5 i\ 5 1—2)\; @ (30)

and appealing to the key integral formula (25) with a = % —i\b = % — @i\ k1

and ¢ =1 —12), so that p and v are given respectively by pu = % and v = “=, we
have the following integral representation
GX(/\a l’) = C(Uv Qv )‘) x_g X
00 ‘ 1
X / Ki(z,y) y_%“’\ o Fy <% — i, % — A+ 5 1 — a2 y_1> dy (31)

where we denote by Kj(z,y) the function of type

1 k k
Ki(z,y) = (y — 95)571 o F (57 55 1- y/m)

and where C(0,Q,\) = WTQl—U—Q-‘,—Q@\%‘

Using the identity [14, p.38] (1 + 2)* = oFi(—a,b;b;—2) for a = —%, b= % and
z=—(1—y/x), we get

Ki(z,y) = (y — )2 (x/y)".

Then equation (31) becomes
Gx(\ 1) = Cl0,Q N zT x

x/ (y —x)2 "ty 2 TR <§ —M,% — A+ 5;1—@2A;3ﬂ> dy. (32)

Considering the integral (4) by replacement of variable x = cosh?(r/2), we arrive at
the following identity

Rx(\,7) = C(0,Q, \) cosh'*(r/2) /00 (cosh?(p/2) — cosh2(7"/2))§_1 sinh(p/2) x

, 1
x (cosh p/2)~ 922, By (% — i\, % — A+ 5 1 — a2 COSh_Q(p/2)> dp.

Consequently one has the integral transform

Ry(Ar) = / T Walr p) Ry (A p) sinh(p/2) dp

where we denote by Wx(r, p) the kernel (independent of A € C) given by

2 om cosh'™*(r/2) (cosh?(p/2) — cosh?(r/2)) o

A ()

and where Ry (A, p) is the resolvent kernel of the real hyperbolic space Y of odd
dimension dimY = m + 2k + 1. This completes the proof. [ ]
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5. Concluding remarks

To finish this paper we have to mention that for complex and quaternionic hyperbolic
spaces S = G/K = NA (which are only a very small subclass of harmonic NA
groups) there are some homogenous vector bundles V. over them and that the
resolvent kernels of the Laplacian Lg, on G/K = NA acting on sections of such
vector bundles are given by:

=i\ I —iX T o\ Y
53 —5,1—1/\,cosh (r)) (33)

Rs-(A\7) = Cs(N) (coshr) ™™,y (

for ImA > 0, where the constant Cg(\) is given explicitly by

(@imn+1)2 L= 4A) /2)D((L = 1) /2)
Os() = ! AT(1— i) ’

where [ = (dim N 4+ dim Z)/2 and Z denotes the center of V.

Then there is also a general integral transform with kernel Wy -(r, p) that connects
Rs.(A,7) to the resolvent Ry (A, p) as in Theorem 1.2. The detail is left for a
forthcoming paper in relation with this subject.

We hope that we can use this explicit integral transform to solve other problems in
the spherical analysis on the N A harmonic groups.

Acknowledgements. The authors would like to thank Professor A.Boussejra for
useful discussions. They also would like to thank the referee for careful reading and
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