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Abstract. Let G = PSO(2n+ 1,C) (n > 3) and B be the Borel subgroup of G containing
maximal torus 7' of G. Let w be an element of Weyl group W and X (w) be the Schubert variety
in the flag variety G/B corresponding to w. Let Z(w,7) be the Bott-Samelson-Demazure-Hansen
Variety (the desingularization of X (w)) corresponding to a reduced expression i of w.

In this article, we study the cohomology modules of the tangent bundle on Z(wy, 1), where wq is
the longest element of the Weyl group W. We describe all the reduced expressions of wq in terms of
a Coxeter element such that all the higher cohomology modules of the tangent bundle on Z(wy,7)
vanish.
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1. Introduction

Let G be a simple algebraic group of adjoint type over the field C of complex
numbers. We fix a maximal torus 7" of G and let W = Ng(T)/T denote the
Weyl group of G with respect to T". We denote by R the set of roots of G with
respect to 7' and by R™ a set of positive roots. Let BT be the Borel subgroup of
G containing T with respect to R*. Let wy denote the longest element of the Weyl
group W. Let B be the Borel subgroup of G opposite to B* determined by T, i.e.
B = n,,BTn,!, where n,, is a representative of wy in Ng(T'). Note that the set of
roots associated to B is the set R~ := —R™ of negative roots. We use the notation
B <0 for € R™. Let S ={ay,...,a,} denote the set of all simple roots in R™,
where n is the rank of G. The simple reflection in the Weyl group corresponding to
a simple root « is denoted by s,. For simplicity of notation, the simple reflection
corresponding to a simple root «; is denoted by s;.

For w € W, let X (w) := BwB/B denote the Schubert variety in G/B corresponding
to w. Given a reduced expression w = s;,8;, -+ ;. of w, with the corresponding
tuple ¢ := (i,...,%,), we denote by Z(w,i) the desingularization of the Schubert
variety X (w), which is now known as Bott-Samelson-Demazure-Hansen variety. This
was first introduced by Bott and Samelson in a differential geometric and topological
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context (see [2]). Demazure in [6] and Hansen in [8] independently adapted the
construction in algebro-geometric situation, which explains the reason for the name.
For the sake of simplicity, we will denote any Bott-Samelson-Demazure-Hansen
variety by a BSDH-variety.

The construction of the BSDH-variety Z(w,i) depends on the choice of the reduced
expression i of w. In [5], the automorphism groups of these varieties were studied.
There, the following vanishing results of the tangent bundle Tz, ; on Z(w,i) were
proved (see [5, Section 3]):

(1) HI(Z(w,1), Tzwy) =0 for all j > 2.
(2) If G is simply laced, then H?(Z(w, 1), Tz(w) = 0 for all j > 1.

As a consequence, it follows that the BSDH-varieties are rigid for simply laced groups
and their deformations are unobstructed in general (see [5, Section 3]). The above
vanishing result is independent of the choice of the reduced expression ¢ of w. While
computing the first cohomology module H'(Z(w, 1), Tzw,) for non simply laced
group, we observed that this cohomology module very much depend on the choice of
a reduced expression i of w.

It is a natural question to ask that for which reduced expressions 7z of w, the
cohomology module H'(Z(w, 1), Tz(u) does vanish. In [4], a partial answer is given
to this question for w = wy when G = PSp(2n,C). In this article, we give a partial
answer to this question for w = wy when G = PSO(2n + 1,C).

Recall that a Coxeter element is an element of the Weyl group having a reduced
expression of the form s;,s;, ---s;, such that i; # ¢, whenever j # [ (see [11, p. 56,
Section 4.4]). Note that for any Coxeter element ¢, there is a decreasing sequence
of integers n > a; > ay > ... > a, = 1 such that ¢ = H?Zl[aj,aj,l — 1], where
ap:=n+1, [i,j] == 8;8i41---5; for i <.

In this paper we prove the following theorem.

Theorem 1.1. Let G = PSO(2n+ 1,C) (n > 3) and let ¢ € W be a Cozeter
element. Leti = (i',3%,...,i") be a sequence corresponding to a reduced expression of
wo, where i (1 <r < n) is a sequence of reduced expressions of ¢ (see Lemma 2.8).
Then, H’(Z(wo,1), Tiwes)) = 0 for all j > 1 if and only if ¢ = H?Zl[aj,aj_l — 1],
where ag :=n+1 and ay #n — 1.

By the above vanishing results, we conclude that if G = PSO(2n + 1,C) (n > 3)
and 1 = (11,1’2, ...,1") is a reduced expression of wy as above, then the BSDH-variety
Z(wy, 1) is rigid.

The main differences in the proof of the main theorem between the case of type
C, and the case of type B, are as follows: When G is of type C,, there is only
one long simple root, namely «,,. Therefore, by [14, Corollary 5.6, p.778], we have
H'(w,a;) = 0 for any w € W and for any j # n. But, if G is of type B,,
aq,Qa,. .., 0,1 are all long simple roots. So, we can not apply [14, Corollary 5.6,
p.778]. Hence, we need to study the cohomology modules H'(w,q;) (w € W,
j # n—1). While studying these modules, we prove that H'(w, ;) = 0 for any
w € W and for any j # n—1 (see Lemma 3.3). Also, in this article, we need to prove
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an additional statement, namely, (s189+--8,)" ts189+ - Sp_1(a;) <0 for 2 <r <n

and n+1—r<j<n-—1 (see Lemma 5.9).

The organization of the paper is as follows: In Section 2, we recall some preliminaries
on BSDH-varieties. We deal with the special case G = PSO(2n +1,C) (n > 3) in
the later sections 3, 4, 5, 6 and 7. In Section 3, we prove H'(w,a;) =0 for j #n—1
and w € W. In Section 4 (respectively, Section 5) we compute the weight spaces of
HY (respectively, H') of the relative tangent bundle of BSDH-varieties associated to
some elements of the Weyl group. In Section 6, we prove some results on cohomology
modules of the tangent bundle of BSDH varieties. In Section 7, we prove the main
result using the results from the previous sections.

2. Preliminaries

In this section, we set up some notation and preliminaries. We refer to [3], [9], [10],
[13] for preliminaries in algebraic groups and Lie algebras.

Let G be a simple algebraic group of adjoint type over C and 7' be a maximal torus
of G. Let W = Ng(T')/T denote the Weyl group of G with respect to 7' and we
denote the set of roots of G with respect to T' by R. Let Bt be a Borel subgroup
of G containing T'. Let B be the Borel subgroup of G opposite to B* determined
by T'. That is, B = noB+n51, where ng is a representative in Ng(7T') of the longest
element wy of W. Let Rt C R be the set of positive roots of G with respect to the
Borel subgroup B*. Note that the set of roots associated to B is equal to the set
R~ := —R" of negative roots.

Let S ={a,...,a,} denote the set of simple roots in R*. For 5 € R*, we also use
the notation $ > 0. The simple reflection in W corresponding to «; is denoted by
Sq; - Let g be the Lie algebra of G. Let h C g be the Lie algebra of 7" and b C g be
the Lie algebra of B. Let X(T') denote the group of all characters of T'. We have
X(T) ® R = Homg(bg, R), the dual of the real form of . The positive definite W -
invariant form on Homg(hg, R) induced by the Killing form of g is denoted by ( , ).
We use the notation ( , ) to denote (i, a) = 2(u, «)/(«a, @), for every p € X(T)®@R
and « € R. We denote by X(T')" the set of dominant characters of 7" with respect
to B*. Let p denote the half sum of all positive roots of G with respect to T" and
B™. For any simple root «, we denote the fundamental weight corresponding to «
by w,. For 1 <i < n, let h(a;) € b be the fundamental coweight corresponding to
a;. That is ; a;(h(a;)) = 6;;, where §;; is Kronecker delta.

For a simple root a € S, let n, € Ng(T') be a representative of s,. We denote the
manimal parabolic subgroup of G containing B and n, by P,. We recall that the
BSDH-variety corresponds to a reduced expression 7 of w = s;,5;, - - - s;, defined by

Z( .)_Palewx---xPair
YT T B Bx--xB

where the action of B x B X -+ x B on P, X Py, X - - X Py, s given by

(p1,p25 -, 0r) (b1, bo .. b)) = (p1- b1, byt - po - bay .. b D e by,

pj € P%_7 bj € B, and i = (iy,%2,...,%,) (see [6, Definition 1, p. 73], [3, Definition
2.2.1, p.64]). We note that for each reduced expression i of w, Z(w,i) is a smooth
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projective variety. We denote by ¢,, the natural birational surjective morphism from

Z(w,i) to X(w).
Let f.: Z(w,i) — Z(ws;,,1') denote the map induced by the projection

Pai1 ><P% X oo X Py, —>PO,1 ><Pa.2 XX P,
r (3 (3 Tp—

1!

where ¢ = (i1, 1, ...,4,—1). Then we observe that f, is a P,, /B ~ P'-fibration.

For a B-module V, let L(w, V') denote the restriction of the associated homogeneous
vector bundle on G/B to X (w). By abuse of notation, we denote the pull back of
L(w,V) via ¢, to Z(w,i) also by L(w,V'), when there is no confusion. Since for
any B-module V' the vector bundle L(w,V) on Z(w,i) is the pull back of the
homogeneous vector bundle from X (w), we conclude that the cohomology modules

H(Z(w, i), L(w,V)) ~ H (X (w), L(w,V))

for all 5 > 0 (see [3, Theorem 3.3.4(b)]) are independent of choice of reduced
expression i. Hence we denote HY(Z(w,i),L(w,V)) by H?(w,V). In particular,
if \ is character of B, then we denote the cohomology modules H?(Z(w,1), L)) by
Hi(w, \).

We recall the following short exact sequence of B-modules from [5], we call it SES"
(1) H%w,V) ~ H%s,, H(s,w,V)).
(2) 0= H'(sy, H(syw,V)) = HY(w,V) — H°(s,, H*(syw,V)) — 0.

Let a be a simple root and A\ € X (T') be such that (A, «) > 0. Let C, denote one
dimensional B-module associated to A. Here, we recall the following result due to
Demazure [7, p.271] on short exact sequence of B-modules:

Lemma 2.1.  Let a be a simple root and X\ € X(T) be such that (\,a) > 0. Let
ev: H%(sy, \) — C, be the evaluation map. Then we have

(1) If (\,a) =0, then H%(sq, \) = C,.

(2) If (\,a) > 1, then C, ) — H(sa,\), and there is a short exact sequence of
B -modules:

0= H%(80, A — ) — H(84,A)/Cs.(n) — Cy — 0.
Further more, H%(sq, A — @) = 0 when (\, o) = 1.
(3) Let n=(\ ). As a B-module, H°(s,,\) has a composition series
0CV,CVug Coo- CVy=H5a, )

such that Vi/Viy1 ~ Cy_jo for i =0,1,...,n =1 and V,, = C,_(»).

We define the dot action by w -\ = w(A+ p) — p, where p is the half sum of positive
roots. As a consequence of exact sequences of Lemma 2.1, we can prove the following.
Let w € W, a be a simple root, and set v = ws,.
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Lemma 2.2. [Ifl(w) =(v) + 1, then we have

(1) If (\,a) >0, then H'(w,\) = H? (v, H*(Sa, \)) for all j > 0.
(2) If (\,a) >0, then H (w,\) = H'  (w, 84 - \) for all j >0.
(3) If (\,a) < =2, then H' " (w,\) = HI(w, 54+ \) for all j > 0.
(4) If (\,a) = —1, then HI(w,\) vanishes for every j > 0.

The following consequence of Lemma 2.2 will be used to compute the cohomology
modules in this paper. Now onwards we will denote the Levi subgroup of P,(«a € S)
containing T by L, and the subgroup L, N B by B,.

Let m: G — G be the universal cover. Let L, (respectively, B~a) be the inverse
image of L, (respectively, B,).

Lemma 2.3. Let V be an irreducible L,-module. Let A be a character of B, .

Then we have

(1) As L,-modules, H'(Ly/Ba,V ® Cy) =~V ® H/(L,/Ba,,C,).

(2) If (\,a) >0, then H°(Lo/Ba,V @ C,) is isomorphic as an Ly -module to the
tensor product of V and H°(Ly/Ba,Cy). Further, we have for every j > 1:
HI(Ly/B,,V&C,)=0.

(3) If (\,a) < =2, then H°(Lo/B,,V ® C)) = 0, and H'(L,/B,,V ®@ C,) is
isomorphic to the tensor product of V and H°(L,/Ba,,Cs,.»).

(4) If (\,a) = —1, then H (Ly/B,,V @ Cy) =0 for every j > 0.

Proof. (1) By [13, Proposition 4.8, p.53, I] and [13, Proposition 5.12, p. 77, 1],
for all j > 0, we have the following isomorphism of L,-modules:

H/(Ly/Ba,V ®Cy) ~V ® H(Ly/B,, Cy).

Proofs of (2), (3) and (4) follow from Lemma 2.2 by taking w = s, and the fact that
La/Ba = a/B . |

Recall the structure of indecomposable modules over B, and B, (see [1, Corollary
9.1, p. 130)).

Lemma 2.4. (1) Any finite dimensional indecomposable By -module 'V is iso-
morphic to V' @ C, for some irreducible representation V' of Za and for some
character A of é

(2) Any finite dimensional indecomposable B, -module V is isomorphic to V' ® (C,\
for some irreducible representation V' of L, and for some character \ of B,.

Now onwards we will assume that G = PSO(2n+ 1,C) (n > 3). Note that longest
element wy of the Weyl group W of G is equal to —id. We recall the following
Proposition from [15, Proposition 1.3, p. 858].

Proposition 2.5. Let ¢ € W be a Cozeter element, let w; be the fundamental
weight corresponding to the simple root ;. Then there exists a least positive integer
h(i,c) such that "9 (w;) = wo(w;).
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Lemma 2.6. Let ¢ € W be a Coxeter element. Then we have
(1) wo = ™.

(2) For any sequence i" (1 < r < n) of reduced expressions of c; the sequence
i=(i',4% ...,i") is a reduced expression of wy.

Proof. Note that for n > 3 there is an isomorphism of Weyl group of B, and
Weyl group of C), sending s; — s; for 1 < i < n. Proof of the lemma holds in the
case of type C,, for (n > 3) (see [4, Lemma 4.2, p.441]). Therefore lemma holds for
type B, (n > 3). [

Lemma 2.7. Letn>a; >ay >+ >a,_1 > a, > 1 be a decreasing sequence of
integers. Then,

(i) )1 -) i

is a reduced expression of w.

Proof. Note that for n > 3 there is an isomorphism of Weyl group of B, and
Weyl group of C,, sending s; — s; for 1 < i < n. Proof of the lemma holds in the
case of type C,, for n > 3 (see [4, Lemma 4.3,p.441]). Therefore lemma holds for
type B, (n > 3). ]

Let ¢ be a Coxeter element in W. We take a reduced expression ¢ = [ay, n][ag, a;—1]
- lag, ag—1 —1], where [i, j| = s;8i41---s; fori < jand n>a; > ay > --- > a, = 1.
Then we have following.

Lemma 2.8. (1) Forall1<i<k-—1,

¢ = <H[all7n]> ( H [al27a12—i - 1]) (ﬂ[almak—i-i-lB - 1]) .

I3=1

2) Forall k<j<n
(2) jsmn,

J = (ﬁ[%m]) ([ak’n]j+1—k;> (/ﬁ[ah% — 1]) :

=1 la=1

(3) The expressions of ¢ for 1 <i<mn asin (1) and (2) are reduced.

Proof. Note that for n > 3, there is an isomorphism of Weyl group of B, and
Weyl group of C), sending s; — s; for 1 < i < n. Proof of the lemma holds in the
case of type C,, for n > 3 (see [4, Lemma 4.4, p.442]). Therefore lemma holds for
type B, (n > 3). ]



KANNAN AND SAHA 113

3. Cohomology modules H'(w, ;) where j #n —1 and weW
In this section, we prove that H'(w,a;) =0 for every w € W and j #n — 1.

Lemma 3.1. LetveW and a € S. Then H'(s;, H(v,a)) =0 for j # n.

Proof. By [14, Corollary 5.6, p. 778] we have H'(w, a,) = 0. Therefore, we may
assume that « is a long simple root. If H'(s;, H'(v,)), # 0, then there exists an
indecomposable f/aj -summand V of H(v,a) such that H'(s;, V), # 0. By Lemma
2.4, we have V ~ V' ® C, for some character A of Baj and for some irreducible
f}aj—module V'. Since H'(s;,V), # 0 from Lemma 2.3(3) we have (\, o;) < —2.
Since « is a long root, there exists w € W such that w(a) = ag. Thus H°(v,a) C
H°(vw, ag). Again, since «aq is highest long root, H%(wg, ap) = g — H°(vw, o)
is surjective. Let y’ be the lowest weight of V. Then by the above argument
is a root. Therefore we have p/ = pu; + A, where p; is the lowest weight of V',
Hence, we have (1, ;) < —2. Since «; is a long root and p’ is a root, we have
(i, ;) = —1,0,1. This is a contradiction. Thus we have H'(s;, H'(v,a)), =0. =

Lemma 3.2. Let v € W and a; € S be such that j # n — 1. Then we have
H'(sg, H(v, j)) = 0, for every k=1,2,...,n.

Proof. Step 1: H°(v,®;)_(a,_1+2a,) = 0.

Case 1: Assume that j = n, choose an element v € W of minimal length such that
u~ (o) = Bo, the highest short root. Then we have H°(v, o) C H(vu, By).

Since [y is dominant weight the natural restriction map

Ho(w07 ﬁO) — HO<UU, 50)

is surjective. Hence H°(v,q; ), # 0 implies either u = 0 or u is a short root.
Therefore, we have H%(v, o) —(a,_1+2a,) = 0.

Case 2: Assume that 1 < j < n — 2. Note that if H(v,a;), # 0 then either
p=cy,0or p < —ay (see[4, Corollary 4.5, p. 678]). Hence H°(v, &) —(an_1+2an) = 0.

Step 2: If H°(v, aj)_(g,42a,) # 0 for some 1 < i < n—2, then H%(v, ) (5,4an) # 0.

If v = id, we are done. So choose 1 < ¢ < n such that [(s;v) = [(v) —1. Let v = sv.
Then H®(v, ;) = H(sy, H'(V, ai;)).

Case 1: Assume that ¢ = n.

In this case (—(8; + 2a,),u) = —2. If H(v,0j)_(g,42q,) # 0, then there is an
indecomposable B,,-summand V of H°(v/,a;) with highest weight —f;. Since
(=Bi, o) = 2, we have H(sy,V)_(5,4a,) # 0. Therefore H%(v, aj)_(s,+a,) # 0.

Case 2: Assume that t =n — 1.

In this case (—(8; + 20v,), a) = 1. If H(v, @j)_(5,42an) # 0, then there is an inde-
composable B, -summand V of H%(v',«;) with highest weight —(8; 4+ 2c,). Thus
by induction hypothesis we have H(V', aj)_(g,4a,) # 0. Since (—(3; + o), ou) = 0,
we have H°(v, o) —(gi+an) # 0.

Case 3: Assume that 1 <t <n —2.
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In this case (—(5; + 2a,), op) = —1,0 or 1.

Assume that ¢ = ¢. Then we have (—(8; +2a,), ar) = —1. If H°(v, o) (5,42an) 7 0,
then there is an indecomposable B,,-summand V of H°(v/,«;) with highest weight
—(Bi+1 + 20y,). Therefore we have HO(V',aj)_(5,,,420,) # 0. It is clear from Step
1 that ¢t +1 < n—2. Therefore by induction H°(v',;)_(5,,14a, # 0. Since
(=(Be1 + @), aq) = 1, we have HO(v, aj)—(g,+an) 7 0.

Assume that 1 < t < i—2 or i+ 1 < t < n — 2. Then we get directly
(=(Bi + 20,),a¢) = 0. Thus H(v,j)—(g,420,) = H(V', ) (842an) # 0. There-
fore by induction H°(v,a;)_(g4a,) # 0. Since (—(B; + an),qq) = 0, we have
HO(”? aj)*(51‘+2an) 7& 0.

Assume that i = ¢ + 1. Since (—(B; + an),a¢) = 1, then there is an indecom-
posable B,,-summand V of H%(v',a;) such that: V = C_z19a.) ® C_(5_142a,)
or V = C_(g,+2a,)- Then we have H°(V',j)_(g,42q,) # 0. Therefore by induction
HO(V, ) (g 4an) 7 0. Since (—(B: + an,), ) = 1, we have H°(v, a;)—(gi+an) 7 0.
Hence the proof of Step 2.

Proof of the Lemma:
Case 1: Assume that k£ # n. Then by Lemma 3.1 we have H'(sg, H%(v, o)) = 0.

Case 2: Assume that k& = n. By Step 1 we see that H%(v,;)_(a, 1+2an) = 0.
Note that if 3 is a root such that H%(v,a;)s # 0 and (8, a,,) = —2, then we have
f=—(B;i + 2a,) for some 1 <i<n-—2.

By Step 2 if H(v, o)) _ (5,420, #0 for some 1<i <n—2, then H%(v,;)_(g,+a,) #0.
Therefore C_(g,4a,) ® C_ (5,424, is an indecomposable B, -summand of H%(v, ;).
By Lemma 2.4, C_3,4a,) ® C_(g,124,) is isomorphic to V @ C_,,,, where V is an
irreducible L,, -module. Therefore we have H'(si, C_(5,1an) ® C_(5120m)) = 0 by
Lemma 2.3(4). Thus our result follows. ]

Lemma 3.3. Let w be an element of W and o; be an element of S such that
j#n—1. Then H (w, ;) = 0.

Proof. We will prove by induction on length of w. If length of w is 0, then
w = id. Thus it follows trivially. Now suppose w € W such that {(w) > 1. Then
there exists a simple root a € S such that I(s,w) = l(w) — 1. Then using SES:

0 — HY(8a, H(sqw, o)) — HY(w, o) — H(s4, H' (sqw, aj)) — 0.

From the above SES using the induction hypothesis and Lemma 3.2, we finally get
H'(w,a;) =0 for j #n—1. m

4. Cohomology module H° of the relative tangent bundle

In this section we describe the weights of H° of the relative tangent bundle.

Notation: Let ¢ be a Coxeter element of W. We consider a reduced expression
¢ = |a,n]ag, a1 — 1] - |ak, ar—1 — 1], where [i,j] = s;8;41---s; for i« < j and
n>a >ay>--->a,=1. Let ﬁi:&i+ai+1+"'—|—&n,1 forall 1 <i:<n-—1.
For 1 <r <k, let n>a, >ay >as > ---> a, > 1 be a decreasing sequence of
integers.



KANNAN AND SAHA 115

and let T, = (}J sj) (}J sj> (]1:_[ Sj) jg_lsj (le‘[ sj>.

Note that l(w,) =I(7.) + 1.

Lemma 4.1.  Assume that r > 3.
(1) Let v =Sa,_,Sap_14+1" " SnSapSap+1° " Sn_1. Then we have
H(v, 0 1) =

ar_1—1

= & <(C_(ﬂi+0‘n) ® C_(8,+20m) D C(gi120m 46, 1) D P C—(ﬂi+2an+ﬁaﬂ))

i=ar

n—2
® D (C_gr2an) D Cogr20n+8a1) D+ D C_(gi420m+8i11)) D Co(B_1+2an)-

i=ar_1

(2) Let v' =s1---8,81 - Sp—1. Then we have

H(V a,1) =
n—2

= @ (C_(ﬁi+2an) S (C—(ﬁi+201n+ﬂn71) BD--P C—(ﬂi+2an+5i+1)) D C—(ﬁnfl—s—Qan)-

Proof.  Proof of (1): Let u = 84,8441 Sn_1. By using SES we have
n—1
H(u, 1) = Ch{a,_1) ® ( . C,5j>.
Jj=ar
Since (—f;, a,,) =2 for all a, < j <n —1, by using SES we have
n—1
H®(snu, cn—1) = Ch(an-1) © < D (C_s, & C_(5,4a.) @ C*(ﬁj+2an))>' (1)

Jj=ar

Since Ch(a,_1)®C_,,_, is an indecomposable B, _,-module (see [5, p.11] and [14,
p.8]), by Lemma 2.4, we have Ch(a,—1) ®C_,, , =V ®C_,, ,, where V is the
two dimensional irreducible representation of L, . Therefore by Lemma 2.3(4) we
have H*(La., ,/Ba,_,,Ch(an_1) ® C_,, ) =0, and, for all a, < j <n — 2,

<_(/8n—1 + an)aﬁn—1> = _17 <_(ﬁn—1 + QOén), ﬁn—1> = 07
(=85, Bn1) = =1, (=(Bj + o), Bu1) =0 (=(B; +2w), B1) =1 (2)

By (2), we have HY(8p_ 180U, 0tp_1) =

n—2
= <G§ C_g+an) © C(g;420,) ® C—(Bﬁzanwnl)) S C_(8,_1+2a0)- (3)

J=ar
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Claim: For a,_1 <k <n-—2,

HO S8kt -+ Snlly 1) =
k—1

= @ (C_(g;400) © C(5,4200) ® C(g,420n180 1) © - ® C(8,4200151) )
J=ar

n—2
® @g(cf(ﬁjﬁan) & C*(ﬁﬁ?an#fn—l) b --- D C*(Bj+2an+ﬁj+1)) D C_(8,_1+2an)-
‘7:

Proof of the claim by descending induction on k. By hypothesis we have

HO(Spy1 -+ 80, 1) = (4)
k
= @ (Ci(ﬁj+aﬂ) @ Ci(ﬁj+2an) @ C*(Bj+2an+,8nfl) @ e @ Ci(ﬁj+2an+5k+l))® (5)
J=ar

n—2
® ? 1((3—(5j+2an) D C_(8,+20n+6n-1) D+ D C_(8,420n48;11)) D C—(8r_142an)- (6)
j=h+

k—1
Let V= @ (C—(54an) ® C—(g;4200) ® C— (81200460 1) D+ D C(5,420m16111))

J=ar
n—2

and V' = ? 2(C—(6j+2an) BC_(5,+200+60-1) B BC_(g,12018,1)) D C(8,_14200)-
=kt
Then the roots
{(B; + an), (B +20,), (B + 200 + Bnz1),- -, (B + 200 + Pry2) s ar <j<k — 1},
{(ﬁj+20&n), (5j+2an+ﬁn71);---7(ﬁj+2an+5j+1) : k+2§j§n—2}

and —(B,-1 + 2a,) are orthogonal to aj. Therefore V, V' are direct sums of irre-
ducible L,, -modules. Lemma 2.3(2) implies

H%(Ly, /Ba,, V)=V, H%L4,/Ba,V')=V', and
HO(EO%/B%, C*(ﬁn—1+2an)) = C*(ﬁn—1+2an)-
Further, the remaining roots of (4), (5), and (6) are
{_(Bk + an); _(ﬁk + 20471)’ _(Bk + 2an + anl)a seey _(Bk + 2an + Bk+2)a
—(Br 20+ Brs1) by {—=(Brs1+200), = (Brs1+200 4 Bn1), .., —(Br+200 4 PBry2)

and {—(ﬁj + QOZn + 5k+1) LGy S .] S k} Since <_(5k + Ckn),Oék> - _1’ by Lemma
2.3(4) we have L
H0<Lak/Bak7 C—(ﬂk-l-an)) = 0.

Since C_(g, +2a,) ® C_(8,,,+2a,) 1s the irreducible two dimensional Ly, -module, by
Lemma 2.3(2) we have

HO(LO%/BO&M C*(ﬁk+2an) ©® C*(5k+1+2an)> = C*(@/Hr?an) ® C*(ﬂk+1+26¥n)'

Similarly for each k+2 < j <n—1, C_(g,+20,+8,) PC (841 +2an+8,) is the irreducible
two dimensional L,, -module. Therefore by Lemma 2.3(2) we have

H(Lay,/ Bay, C—(gi42an+8,) © C—(8p11420n+8)) = C—(grt2an+8,) B C—(Br14+20n+8))
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for each k£ +2 < j < n — 1. Moreover, (—(53; + 2a, + Bi+1),ax) = 1 for all
a, < j <k —1. Therefore by Lemma 2.3(2) we have

H0<Lak/Bakv C—(ﬁj+20n+5k+1)) = C—(ﬁj+2an+5k+1) S C—(ﬁj+2an+5k)
for all a, < j <k —1. Since (—(Br + 20y, + Br+y1), ax) = 0, Lemma 2.3(2) implies

HO(L%/BO%’ (C*(ﬁkJr?OénJrﬁkﬂ)) = C*(ﬁk+20n+5k+1)‘

From the above discussion, we have  H(spsp11 "+ Spt, Q1) =

k—1

(C—(ﬁj+an) D C_(8,4+20n) D C_(g,12an+80_1) D -+ ® C_(8,420,+8,) ) D

@f I®

k(C Bi20m) B C (5420048, 1) D B C(g,120,48,41)) © Co (8,1 4200)-

J
Therefore the claim follows. The claim implies

HO<U7 an—l) - HO(Sar,lsar—&—l tce Snv;w an—l) -

ap—1—1

= @D (C_g4am D C(8,420,) D C(gj120m+8,—1) @ B C (8420048, )P

jfar

D @ (C —(B;+2an) D C_(8,420n48,_1) D+ D (C*(Bj+20ln+5j+1)) ® C_5,_1+2a,)-

Jj=ar—1
Proof of (2): By (1) we have

HO(5985 -+ 5,5180+ Sp_1, Q1) = (7)
= C_gi4+an) ® Co(g14200) D C81120048,-1) @ - ® C_ (81420, +)P (8)
jﬂ_a (C_ B;+2an) D C_ (8,120, 160_1) D -+ D C_(5j+2an+5j+1)) O C_(5,_1420m)- (9)
The roots of (7), (8), and (9), which are not orthogonal to a; are
{=(B1 +an), —=(B1+2an), —(Br+2an + Boa), -, —(B1 + 200 + B3)},
{=(B2 4 20s), —(B2+ 20 + Bu-1), -+, —(B2+ 200 + B5)}
Since —(3,_1 + 2a,) is orthogonal to «;, Lemma 2.3(2) implies

HO<Z~—’011/B0¢17 C*(ﬂnfﬁr?an)) = C*(5n71+2an)'
Since (—(B1 + ay), 1) = —1, by Lemma 2.3(4) we have

HO(ZCU /Ba17C_(61+an)) =0.

Since C_(5,424,) ® C_(8,42q,) is the irreducible two dimensional Lq,-module, by
Lemma 2.3(2) we have

H°(Lay /By C—(5142a0) © C(g342an)) = C(s14200) © C (8320
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Similarly, for each 3 < j < n —1, C_(5,42a,+8;) ® C_(8,42a,+8,) 18 the irreducible
two dimensional L, -module. Therefore by Lemma 2.3(2) we have

H(Loy /Bay, C—(gy42an+8;) ® C—(gar20n+8)) = C—(br42an+8;) ® C—(8420n+5,))
for each 3 < j <mn —1. Since (—(51 + 2y, + 2), 1) = 0, Lemma 2.3(2) implies
HO(Em/Bau Coi+20n+82)) = Co (81120, +82)-
From the above discussion, we obtain
H(W, ap_y) =

= (C_(r2am) ® C—(g420n480-1) B B C_(gis2an48s1)) B Co(Buih2an). W

Lemma 4.2. Let 3<r <k andlet v=S4,_,Sa,_,+1" " SnSa,Sa,+1 """ Sn—1. Lhen

ar—1—1

(1) H(84,_, "800, Q1) = 69 (C*(ﬁ¢+2an+/5%,2—1) - C*(ﬁi+2an+ﬁar_1)) ©
ar_2—2 o
D ' @ (C—(5i+2an+6aT_2—1) b D C—(ﬂi+2an+ﬂi+1))'
i=ar_1
ar—1—1
(2) Ho(wrvo‘n—l) = @ (C*(ﬁi+2an+ﬁar,2—1) - C*(&Hanw%_l)) ©
ar_2—2 o
o D (C—(ﬂﬁzanw%_rl) D D C_(g420n+6i11))-
i=ar_1

(3) Let uy = (Say ***Sn)(Say =+ Sn) =+ (Sap_y -+ Sn)V', where V' is defined as in
Lemma 4.1. Then we have

ak_1—2

Ho(ul’ a”—l) = @ (C_(ﬁi+2an+ﬁak71—1) D C—(ﬁi+2an+l3i+1))'

Proof. (1): Since r > 3, we have a,_; < n. By Lemma 4.1(1), we have
H(v, ay) =
apr_1—1
= @D (C-gran) ® Co(gir2an) @ Cograntpun) O ® Co(arantsn,_,))®

1=,

n—2
& D (Cogr2am D Co(gir2antpor) B ® C_g420n+811)) B C—(8,_1420n)-

1=Qr_1

Since {—(8;i+2an+Bn-1), ..., —(Bi+2an+a,_,) : ar <i < a,_1—1} are orthogonal
to a,, by Lemma 2.3(2), we have for all a, <i<a, ;—1and a,_1 <t<n-—1

Ho(zan/éan7 C—(5i+2an+5z)) = C_(5i+2an+,8t)'

Since {—(8; + 20+ fn-1),- -, —(Bi + 20+ Biv1) : a1 < i < n—2} are orthogonal
to a,, by Lemma 2.3(2) we have

H(La,, /Ba,: C—(g,+20n+8)) = C—(g420n+8)
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forall i +1 <1 <n—1, where a, ; <i <n— 2. Since (—(Bi + 2a,), i) = —2 for
all a, <i <n—1, by Lemma 2.3(3) we have H"(L,,/Ba,C_(3,_1+2a,)) = 0 for all
a1 <1 <n-—1.

Moreover, for each a, <@ < a,_1—1, C_(g,14,)® C_(5,124,) is an indecomposable two
dimensional B,, -module. Therefore by Lemma 2.4, we have C_ g, 4,)® C_(3,424,) =

V,® C_,,, where V; is the irreducible two dimensional representation of L, . By
Lemma 2.3(4) we have

Ho(ian/éany (C—(,Bi—i-an) S C—(5i+2an)) =0

for each a, <17 < a,_; — 1. From the above discussion, we have

ap_1—1
HO(Snvra an—l) = @ (C—(,Bi‘i‘QOln-i-,Bn_l) D---P C—(5i+2an+ﬁar_1))@
n—2
D @ (C*(ﬁﬁr?arﬂrﬁn—l) DD C*(5i+2an+ﬁi+1))'

1=ar_1

Since (—(B; 4+ 2a, + Pn_1),n_1) = —1 for each a, <i < n — 2, by Lemma 2.3(4)
we have H°(La,, ,/Ba, 1, C_(grantp. 1)) = 0 for each a, <i <n—2.

Moreover, {—(8; + 2ay, + Bn-2),---,—(Bi + 20 + Ba,_,) = ar < i < apq — 1},
{—=(Bi +2an+ Pn2),-- -, —(Bi+20n+ Biz1) : a1 <1 <n—3}, and B, 1+ 2a, are
orthogonal to a,,_;. Therefore we have

ar—1—1

HO(Sn_ISnU7 an—l) = @ (C_(/Bi+2an+ﬁn_2) @ e @ C_(/Bi+206n+6aT_1))EB
n—3
D @ (C*(ﬁiJr?anJrﬁn—Q) DD C*(5i+2an+ﬁi+1)) .

1=ar_1

Proceeding recursively, we have

ap_1—1
H0<3ar—23ar—2+1 T Sp, an—l) = @ (C*(5¢+2an+ﬂar,2—1) ©--- D C*(ﬁ¢+2an+/5%_1))®
ap_o—2
® D (Cogr2antpa, 1) D B Cogir2an+8i41))-
1=0r—1
Proof of (2): Since {—(8;4+2an+Sa, 5-1)s---s —(Bi+200+ B0, ;) : ar < i < a,_1—1},
{_(ﬁz + 2an + /8(17*—2_1)7 ) _</81 + 2an + Bi-i—l) TAr1 S i S Ar—2 — 2} are orthogonal

to a; for all a,_3 < j < n, by Lemma 2.3(2) we have
HO(Sq, 4 5p8a,_y - SpU, Qp_1) = H(5q,_, = Sp0, Qp_1).
Proceeding recursively we have

Ho(wra an—l) = HO(SGT_Q T Sav, an—l) =

ap_1—1

= @ (C_gt2antbe_, 1) D B C_(gs2anr6.,_)) S

i=ar
ar_2—2

¢ D (C—(ﬂﬁ-?anﬁ-ﬁar,z—l)@"'@C—(B¢+2an+ﬂi+1))'

1=ar_1
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Proof of (3): By Lemma 4.1(2) we have
H(V o) =
n—2
-9 (C—(girzan) @ Co(gt2an48,-1) @+ ® Co(giza,+8141)) B C(5,14200)-

Since {—(6; + 20, + Bn-1), .-, —(Bi + 204, + Biz1) : 1 < i < n — 2} are orthogonal
to a,, by Lemma 2.3(2) we have for all i +1 <1 <n—1, where 1 <i<n — 2,

Ho(zan/éaw C*(Bi+2an+ﬁl)) = C_(8+20an+8)-

Since (—(B; + 2ay),an) = —2 for all 1 <7 < n — 1, by Lemma 2.3(3) we have
H%(Lq, /Ba,,C_(g, 1+2a,)) = 0 for all 1 <i <n — 1. Consequently

n—2

HO(‘Snvlv O‘nfl) = 6_91 (C—(ﬁi-l-?an-l—ﬁn—l) ©---D (C—(ﬁr‘t-?an-i-ﬂiﬂ))'
Since (—(B; + 20y, + fBp1),n1) = —1 for each 1 < i < n — 2, by Lemma 2.3(4)
we have H°(La, ,/Ba, 1 C_(g+2an+p,_1)) = 0 for each 1 < i < n — 2. Moreover,
{_(ﬁz + 2an + Bn—2)7 ey _(ﬁz + 2an + ﬁi—i—l) 01 S 1 S n— 3}7 and /Bn—l + 2an are
orthogonal to «a,,_;. Therefore we have

n—3

HO(S"—lsnvl’ an-1) = P (C*(ﬁi+2an+ﬂn—2) -0 C*(ﬂi+2an+ﬁi+1))‘

=1

Proceeding recursively we have

ak,1—2
HO(Sakflsak—l‘i’l T 371@/7 Oénfl) = 6_91 (C_(5i+2an+,8ak_1fl) Q- D (C_(,Bi+204n+5i+1))'
Since {—(Bi+20n+Bay_r-1),---» —(Bi+20,+Fiv1) 1 1 <i < ap_1—2} are orthogonal

to a; for all ar—o < j < n, we have
0 ! 0 /
H (Sa o SnSay_y -+ SV Q1) = H (Sqp_, =+ Sp¥U', Qp—1).

Proceeding recursively we have
ap 172

H'(u1, ) = 6_91 (C—(ﬁﬁzanwak,rl)@"'@@—(ﬂmanmm)- u

Lemma4.3. Let 3<r <k. Then H (W, —28,5a, 1Sa, 1+1° " Snt2—r, Cni2—r)y 7 0
if v is of the form p = —(B; + a,) for some a,—1 < j < a,_o — 1.

Proof. By applying SES repeatedly, it is easy to see that

n+2—r
0 _
H (Snsar_l Sap_14+1 " Sn+2—r an—i—?—r) - Ch(an+2—7’) D ( @ C—’Yj,n+2—r>7

Jj=ar—1

where v; iy = (aj+- - 4ay) for ' >7. Let Vi = H($pSa, 1 Sar 141" Snt2—rs Cnia—r)-
We next calculate the space Ho(sarf2 o 8p_1, V). Sincen > ay > ag > - > ap = 1,



KANNAN AND SAHA 121

we have a; <n+1—i forall 1 <i <k. Assume [ > n+4—r, then (v, n+2-r, 1) =0
for all a,_1 <j <n+2—r. By Lemma 2.3(2) we have HO(EQZ/BQZ, V1) =W for all
[ >n+4—r. Therefore, H(sq, , *Sn_1,V1) = H(Sa,_» " ** Snt2-—rSniz—r, V1)
Note that, since (—7;nt+2-r, ntg—r) = 1 for all a,_; < j < n+2—r, by Lemma
2.3(2) we have

n+2—r
H(sp13-r, V1) = Ch(anya ) ® ( S (C_’Yj,n-‘rQ—r ® (C_'Yj,n+3—r)>’

Jj=ar—1

Since Ch(any2—r) ®C_,,,,_, . »_, is an indecomposable two dimensional B
module, by Lemma 2.4, Ch(anio—) ®C_y 1, 10, =V @ C_

Qpt2—p "
where V is

= Wn42—r?
the irreducible two dimensional L, , , -module.
Since <7j77i+2—7“’05n4:2—f> = —1, forall a,_; < j <n+1-r by Lemma 2.3(4) we
have H%(Lq,, ,_./Banis_r>Crjnsa,) =0 forall a,_; < j <n+1—r. Hence
0 0 n+1—r
H (Sn+2*T7H (Sn+3,7«, ‘/i)) = ) @ (C*Wj,nju;fr'
J=ar—1
Since (Ynt1—rnt3—r, Ont1—r) = —1, by Lemma 2.3(4), we have
Ho(ian+1—r/éan+l—r7 C’Yn+1—r,n+3—r) = O

Moreover, (Vjnt3—r; nt1—r) = 0 for all a,_; < j <n —r. Therefore we have
0 0 0 "N
H(sn1-rs H (Snt2—r, H (Sp13-, V1)) = D (C_'Yj,n+3—r'
j=ar—1
Proceeding recursively we have
ar—2—1 ar—2—1
0 _ 0 _

H(84,_y--Sn-1,V1) = P C_yis,, and H (SnSa,_-Sn_1,V1) = B Cyjiar

Jj=ar—1 Jj=ar-1

Let Vo = H%(8,8a,_y *** Sn_1, V1). Similarly, we have

ar_2—1 ar_2—1
0 _ 0 —
H(sq,_4--Sn-1,V2) = @ C_y) ., and  H'(spSa,_5.-.50-1,V2) = D Cy 1,
J=ar—1 J=ar—1

Proceeding recursively we have

ap_o—1
‘/7’—2 = HO(SGQ ©Sn—1, ‘/;‘—3) = @ C_'Yj,n—N

Jj=ar—1

where V,_3 = H°(($08355) +* (Sap_s " * * Snt2-r), @ni2a—r). Note that v;,-1 = B;.
Since (—ay—1,a,) = 2, by Lemma 2.3(2) and Lemma 2.4, we have

ar_2—1

H(sn,Vi2) = @ (C-p, ® C_(5,4a,) B C(g,+20.))-

Jj=ar—1
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Moreover, (—fB;, an—1) = —1, (—=(8; + an),an—1) = 0 and (—(5; + 2ay,), ay_1) =1
for all a,_1 < j < a,_5— 1. Therefore by Lemma 2.3(2), Lemma 2.3(4) and Lemma
2.4 we have

ar_2—1

H(sn-1, H(30,Vio2)) = @ (C(g4a0) ® C(gy420) B C—(g,420,48,-1)) -

J=ar—1

Proceeding recursively we have
HO(Say, H' (80417 + $n, Via)) =
Say; Sai+1 Sny Vr—2)) =

ar_2—1

= @ (Cf(,gj“ran) @ Cf(ﬁj+2an) @ (Cf(,Bj“ann‘i’anl) @ o @ C*(Bj+2an+ﬁa1)) N

Jj=ar_1

Hence the proof of the lemma follows. [

Lemma 4.4. Let 3 <71 <k. Then H*(w,_15,, ), # 0 if and only if p is of the
form p=—(B; + ), for some a,_1 < j < a,_o—1.

Proof. By applying SES repeatedly, it is easy to see that

n—1
HO(Sarﬂ ©Sn—15n, an) = @ C*(ﬁj*FOén)‘

J=ar—1

Let Vi=H%sq4, , -+ Sn—15n,y). Since (—(B; + an), a,) =0, we get H(s,, V1)=V4.
Since (—(Bn—1+an), ap—1) = —1 and (—(Bj+an, a,—1)) =0, forall a,_y < j <n-—2,
by Lemma 2.3(2), Lemma 2.3(4) and Lemma 2.4 we have

n—2
HO(Sn—bvl): D C*(Bj+an)'

Jj=ar—1
Proceeding recursively we have
ap_o—1
HO(Sar—z T Sn—lsm‘/l) = @ C*(ﬂfran)'
J=ar—1
Since n > a3 > ag > -+ > ap = 1, we see that (—(5; + a,),a¢) = 0, for all

a,—1 < j < a,_9 — 1 and for all a,_3 < t < n, therefore by Lemma 2.3(2) and
Lemma 2.4, we have

ar—o—1
HO(Sar—s “SnSa,_5 " SnSa,_y*** Sn—18n, On) = . D C*(Bﬁran)'
J=0r—-1
Since n > a3 > ay > -+ > ap = 1, we see that (—(5; + ay), ) = 0 for all

a,—1 <j<a,_o—1 and for all a,_4 <t <n. By Lemma 2.3(2) and Lemma 2.4, we
have

ar_2—1

0 —
H (Sarfél *rSnSar_3 " SnSar_g " SnSa,_q * " Sn—15n, Oén) = @ C—(ﬁj+an)'
Jj=ar—1

Proceeding recursively we have

ar_2—1

HOwr 150, 00) = @ C—syran)

j:arfl

Hence the lemma follows. n
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Lemma 4.5.  If p is of the form p = —(B; +av,) for some 1 < j < ay_1—1, then
we have HO(wWy_18,5182 * ** Snt1—ks Ont1—k)p 7 0.

Proof. By applying SES repeatedly, it is easy to see that
0 n+l—k
H (Snsm S§2° Sn+1—k; OénJrlfk) = Ch(anJrl*k) D < @ C*’Yj,nﬂfk)?
j=1

where ;0 = (aj +- -+ ay) for j' > j. Let Vi = H(8,8182* * * Spi1—ks Uny1-k). We
next calculate HY(s,, , -+ Sp_1,V1). Since n > a; > ag > -+ > a; = 1, we have
a; <n+1—1i forall 1 <i<k. Moreover, (yjni1-k,q) =0forall 1 <j<n+1-k
and for all [ > n+ 3 — k. Therefore by using Lemma 2.3(2) and Lemma 2.4, we have

HO(Sak_l *rSp—1, ‘/1) = HO(Sak_l o Sn4+1—kSn+2—k ‘/1)
Since (—Vjnt1-ks nto—k) =1 forall 1 < j <n+1—k, by using Lemma 2.3(2) and

Lemma 2.4, we have

HO(s Vi) = Ch(« ) @ (Mé_k(c ®C ))
n+2—ky, V1 n+1-k —Yjn+l—k ~Yin+2-k) |*

=1

Since Ch(an41-1) ®C_,,,,_, .., , is an indecomposable two dimensional B
module, by Lemma 2.4 we have Ch(ap1-1)®C_y, ., , .., =V ®C_

V is the irreducible two dimensional L

Qptl—k
wni1_p s Where

-module. By Lemma 2.3(4) we have

An41—k
HO<Ean+lfk/Ban+1fk7 (Ch(O‘nH*k‘) D (C77n+17k,n+17k) =0.

Since (Vjnt1-k n1-k) = —1 for all 1 < j < n —k, by Lemma 2.3(4) we have
H%(La, , /Bap.: 4 C ) =0 for all 1 <j <n — k. Therefore

Yjn+1—k

n—k
H0(8n+1—k7 H0(8n+2—k7 ‘/1)) = @ C_'Yj,n+2—k‘
j=1

Since (Vjnto—k, k) =0 forall 1 <j<n—k—1, and (Vp—pnto—k On) = —1,
by using Lemma 2.3(2), Lemma 2.3(2)(4) and Lemma 2.4, we have
0 0 0 n—k—1
H (Sn—k7 H (Sn+1—ka H (Sn+2—ka Vl))) = @ C_'Yj,n+2—k‘
j=1

Proceeding recursively we have

ak,lfl

0
H (Snsak—1 ©Sn—1, Vi) = C_'Yj,n+2—k'
=1

j
Let Vo = H%(8,,8a,_, -+ Sn_1, V1). Then similarly, we have

(lk_l—l

0 _
H (Sak,Q c 0 Sp—1, ‘/2) - C*’Yj,n+37k'
=1

J
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Proceeding recursively we have

ak,lfl

Vk—l - HO(SGQ cr o Sp—1, V;C—Q) = @ C_’Yj,n717
j=1

where Vi_o = H°(($,83 - 8n)  +* (Sap_y " ** Snt1-k), Ons1-k). Note that vj,-1 = ;.
Since (—a,_1,,) = 2, by using Lemma 2.3(2) and Lemma 2.4 we have

(lk_l—l

HO(SM kal) = 691 (C*ﬁj b C—(ﬂj+an) ©® C—(ﬁj—i-%m))'
]:

Moreover, (—f;, an—1) = —1, (—=(8; + o), an—1) = 0 and (—(5; + 2a,,), 1) = 1,

for all 1 < j < ax_1 — 1. Therefore by using Lemma 2.3(2), Lemma 2.3(4) and

Lemma 2.4 we have

ap—1—

H(sn-1, H (50, Vic1)) = B (C_8,1an) D C_(5,+2an) D C(8,120n+8n_1))-

1
Jj=1
Proceeding recursively we have

HO(SGN H0(3a1+1 © S, kal)) =
ak_l—l

N @1 (Cog+am © Cog420m) © Coigt20m480-1) D+ D C(gy 20, 48,) )
]:
Hence the proof of the lemma follows. [ |

Lemma 4.6.  H%(wys,, ), # 0 if and only if p is of the form pu= —(8; + o)
for some 1 < j <ap_1—1.

Proof. By applying SES repeatedly it is easy to see that
n—1

HO(81-+ 8p_15n, Q) = 691 C_(8;+an)-
‘]:

Let Vi = H(s1++ $p—18n, ). Since (—(B; + an),ay) = 0, for all 1 < j < n, by
Lemma 2.3(2) and Lemma 2.4 we have H%(s,,V;) = V.

Moreover, (—(B,—1 + o), ap—1) = —1 and (—(8; + ap, 1)) =0 forall 1 < j <
n — 2. Therefore by using Lemma 2.3(4), Lemma 2.3(2) and Lemma 2.4, we have

n—2

HO(Sn—h Vi)=& C—(B;-—&-w)-

i=1
Proceeding recursively we have

ak,lfl

Ho(sak_l---sn_lsn,m) = G}l C_(8;+an)-
]:
Since n > a; > ay > --- > a = 1, we have (—(8; + an), ) = 0 for all
1 <j < agq—1 and for all ap_» < ¢t < n. By using Lemma 2.3(2), Lemma
2.4 we have

(lk_l—l
0 _
H"(Sa; o SnSap_y** SnS1" " Sn—1Sn, Op) = C_(8;+an)-
—1

J
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Similarly, since n > a3 > ay > --- > a; = 1, we have (—(8; + o), ;) = 0 for all
1 <j<agi—1and for all ap_3 <t < n, therefore by using Lemma 2.3(2) and
Lemma 2.4 we have

ak,171
0
H (Sa_5 7" SnSay_» """ SnSay_y " SuS1° " Sn—15n,0n) = B C_(5,4a.)-
=1
ak_l—l
Proceeding recursively we have H°(wgs,, a,) = C_(B,4an)-
=1

Hence the proof of the lemma is complete. [ |

5. Cohomology module H! of the relative tangent bundle

In this section, we describe the weights of H! of the relative tangent bundle. Let
n>a >ay>...>ap1 > ap = 1 be a decreasing sequence of integers such that
k>3 Fix3<r<k.

Lemma 5.1. Let v, = $,54,...5n—2, Ur—1 = Sa,_;---Sn—1, ANA Vp_9 = Sq,_,..-Sp—15n-
Then we have

(1) HY(vp_ 104851, 1) = 0.

(2) Assume w = v,_gU_10,Sp—1. H'(w, 1), # 0 if and only if u is of the form
p=—(Bi+ay) for some a,_1 <t<a,_o—1. In such a case, dim H*(w, a,,_1),=1.

Proof.  Proof of (1): Note that

HO(Snfh an-1) =C_q, , ®Ch(an_1) ®C,,_, (10)
(see [5, Corollary 2.5]). Since (a1, a,_1) = 2, we have H'(s,_1,,_1) = 0. Since
(1, o) = —1, we have H' (s, 2, H%(s,_1,,_1)) = 0. Therefore by using SES

we have

Hl(Sn,QSnfl, Oénfl) =0. (11)

Since (—ayp—1,0—2) = 1, by using (10) we have
H(8p-25p-1,0n-1) = Ch(ay_1) ®C_q, , @ C_g, ,-
Since (—ay_1,05,_3) =0 and (—f,_2, ,_3) = 1 we have
H' (853, H* (55 _28p_1,n_1)) = 0. (12)

Therefore by using SES together with (11), (12) we have

Hl (Sn—33n—23n—17 an—l) = 0. (13)

Proceeding in this way we have H' (84, "+ Sn-25n-1,0p_1) = 0 (14)
n—1

and H%(84, *+ Sn-25n-1,0n_1) = Ch(a,_1) @ P C_g,. (15)

Jj=ar
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Since (—f;,a,,) > 0 for all a, < j <n —1, by using (15) we have
H(8,, H(84, -+ 8p—25n_1, Qn_1)) = 0. (16)
Therefore by using SES, (14) and (16) together we have
H(v,8,-1, ap_1) = 0. (17)

In the proof of Lemma 4.1(1) we notice that

n—1

H®(vesp-1,0m-1) = Ch(a, 1) & ( D (Cs, & C(g1an) @ C—(ﬂj+2an>))- (18)
j=ar
By (18) we have H' (51, H(vy5,_1,00,_1)) = 0, (19)

(see lines from (1) to (3)). Proceeding similarly and using (17), (19) we have
Hl (Urflvrsnfb Oénfl) = 0.
Proof of (2): From the Lemma 4.1(1) we have

HO(UT—lvrsn—la an—l) =

ap—1—1

= @ (Cf(ﬁz‘l'an) @ Cf(ﬁz“rQan) @ C7(6i+2an+,8n—1) @ U @ (Cf(,Bi“l’Qan“l’ﬁar_l))@

1=ar

n—2
@ @ (Cf(ﬁi+2an) @ (C*(ﬁi+20ln+5n71) @ e @ C7(51+2C¥n+,3i+1)) @ (Cf(an,1+2an)-

=ar_1

Notice that for each a, < i < a,_1 — 1, C_g,10,) ® C_(,424,) forms an indecom-
posable two dimensional B, -module. Since (—(5; 4+ 2ay,), a,,) = —2, by Lemma 2.4
we have

C*(ﬁﬂran) S5 C*(5¢+2an) =VieC_,,

where V; is the irreducible two dimensional L, -module. By Lemma 2.3(4) we have
HI(L,, /B, C_Bitan) ® C_(842a,)) = 0 forall j >0 and for all a, <i < a,—; — 1.
Since (—(B;+2ay,+B4), o) =0 foreach a, <i<a,_1—1,and a,_y <t <n—1, we
have H'(La,/Bays C_ (g, 12am+89) = 0 forall a, <i <a,_;—1and a,_, <t <n—1.
Moreover, we have (—(05; + 2, + Biy1),an) = 0 for each a1 < i < n —2
and (—(8; + 2a,), ) = —2 for each a,_; < i < n — 1. Therefore we have
Hl(zan/éan,C_(B#Q%JF@H)) =0 for all a,_1 <i<n-—2. By Lemma 2.3(3) we
have, for all a,_1 <7 <n—1,

H1<Ean/éam C_(gi+2am)) = HO(E%/B%, sn—1 - —(Bi + 20m)) = C_(g,1a,)-

From the above discussion, we have

n—1
Hl(sm Ho(valvTSnfla Oénfl)) = @ (C_(Bi+an)' (20)

i=ar_1
By (1) and using SES we have

Hl(sn7 HO(UT—IU'rsn—Ia an—l)) - Hl(snvr—lvrsn—la Oén—1>‘ (2]-)
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From (20) and (21) we have

n—1
H (8,0r10p8p_1, Q1) = ' D C_isitan- (22)

i=a, 1
By Lemma 3.1 we have
H"(8p-1, H* (8,0, 10r8p—1, @n_1)) = 0. (23)
Let v = v,_1v,8,_1. Therefore by using SES and (23) we have
H(8p-18,0, 1) = H (851, H' (5,0, tp_1)).

Since (—(Bn_1+ay),a,_1) = —1 and (—(Bi+ ), an_1) =0 forall a,_ 1 <i <n—2,
by using (22) we have

n—2
Hl(snflsnva&nfl): D C_gitan)-

1=ar_1
Proceeding recursively we have
1 1 ar2-1
H (Ur—er—lvrsn—h an—l) =H (SaT,Q T Sp—18aY, CYn—l) = @ C—(,Bi—i—an)- u
1=ar_1
Recall that w, = [ay,n][az,n] - [a,—1,n][ar,n — 1], where 1 <r <k and n > a; >

Ao > ... > Qp_1 > ap = 1.

Lemma 5.2. (1) H'(wy,a, 1) =0.
(2) If ay #n — 1, then H (wy,a,,_1) = 0.

(3) Let 3 <r <k. Then, H (w,,an_1), # 0 if and only if u = —(8; + a,) for
some 7 such that a,_1 < j < a,_o — 1. In such case dim Hl(wr,an_l)u =1.

Proof.  Proof of (1): Follows from proof of Lemma 3.1 and using SES.
Proof of (2): By proof of (1), we have

H' (84, -+ 8p_1,n_1) = 0. (24)
n—1
Since as #n —1, H(Sqy -+ Sn_1,0n_1) = Ch(an_1) & ( &P (C,ﬁj).
Jj=a2

Since (—f;,a,,) > 1 for all ay < j <n—1, we have
H" (8, H(54, -+ Sp_1,0n_1)) = 0. (25)

By SES, (24), (25) we have H' (8,84, Sn_1,¥n_1) = 0.
By using Lemma 3.1 and SES repeatedly, we see that

Hl(w27 an—l) - Hl(sal ccSnSas tt Sn—1, an—l) =0.

Proof of (3): Let v, = 8,84, "+ Sp—2, Ur—1 = Sa,_; *** Sn—1 and Up_9 = Sq._, " ** Sp_15n.
ap_o—1
Then by Lemma 5.1(2) we have H'(v,_o0r_10rSp—1,0-1) = @ C_(g,1a,)-

Jj=ar—1
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By Lemma 4.2(1) if H°(v, 20, _10:8p-1, 1), # 0 then (u, a,) > 0.
Therefore we have
H (8, H (v, 90, 10,851, 1)) = 0. (26)

By using SES and (26) we have
Hl(snvr—Qv’r—lvrSn—la an—l) = HO(Sn7 HI(U’I’—QUT—lvT? an—l))- (27)

Since (—(8; + an), ay,) =0 for all a,_y < j < a,_5 — 1, we have from (27)

ar_o—1
Hl(snvr—QU’r—lvrSn—la an—l) = ' @ C,(ngran)
J=ar—1
and by Lemma 3.1 H(8p-1, H (5,0 _oUp_10:8p_1, Q1)) = 0. (28)

Therefore by using SES together with (28) we have
Hl (Snflsnvrfﬂjrflvrsnfl’ Oénfl) = H0<3n717 Hl (SnverUrfl'Ursn*l; an71>)~ (29)

Since (—(8; + o), a—1) = 0 for all a,_; < j < a,_o — 1, using (29) we have

ar_o—1
1
H (SnflsnverUrflvrsnfla Oén71> = @ C—(,Bj—i-an)-
Jj=ar—1
Proceeding recursively we have
ar_o—1
1
H (Sar,g 0 Sp—18pUr—2Upr—1UrSp—1, an—l) = @ (C—(,Bj—&—ocn)‘

Jj=ar—1

Since (—(B; + an), a¢) for all a,_y <j <a,_5—1, and a,_4 <t < n, using similar
arguments as above we have

ap_o—1
Hl(wraan—l) = S5 C_(,Bj+an)' u
J=ar—1
Corollary 5.3.  Let 3<r <k. If H' (w,,an_1), # 0, then
Ho(wr—ansaT,1 ct Sn42—r, an+2—r)y ?’é 0
Proof. Follows from Lemma 4.3 and Lemma 5.2(2). [
Corollary 5.4.  Let 3<r <k. If H'(w,,an—1), # 0, then H*(w,_18,, ), # 0.

Proof. Follows from Lemma 4.4 and Lemma 5.2(2). ]

Lemma 5.5.  Let uy = wysylag,n — 1]. Then H'(uy, an—1), # 0 if and only if p
is of the form p = —(B; + on,) for some 1 < j <aj_y—1.

Proof. Let vp41 = 8,51 Sp—2, Uk = S1--Sp—1 and Vk_1 = Sq,_, *** Sn—15n.
ak_l—l
. gl _
Step 1: H'(0j—1U3Vp415n—1, 1) = C—(ﬂj—i-an)-
=1

J
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Proof of Step 1: By Lemma 4.1(2), we have
H (5152 - 8581+ Sn_1, Q1) =

n—2
= 6_91 (C_(g+2an) ® C—(B42an+80-1) B - - ® C_(gi420n+8i11)) D C—(8_142a)-

By Lemma 5.2(1), H(sy- 8,81 Sp_1,n_1) = 0. Therefore by SES, we have
HY (041801, 0n—1) = H'(s1, H* (52 851+ $n-1, 1)) = 0 (30)

(by Lemma 3.1). By SES and (30) we have

n—1
Hl (Snvkvk-i—lsn—l? an—l) = Hl (S’m HO(UkUk+1Sn—1a an—l)) = @ Cf(,BiJran)'
i=1
By Lemma 3.1, we have H'(s,_1, H(8,0xVk418n-1, n_1)) = 0.
Therefore by SES, we have

Hl(sn—lsnvkvk+15n—1a O-/n—l) - HO(Sn—h Hl (Snvkvk—l—lsn—l) an—l))-

Since (—(Bn_1+ an),an_1) = —1 and (—(f; + a), 1) =0 forall 1 <i<n—2,

we have
n—2

1
H (Sn—lsnvkzvk—&—lsn—l; an—l) = @ C—(ﬂi—i—an)'
=1

Proceeding in this way recursively, we see that

ak._l—l

H' (0p—1040p1150-1, ¥n-1) = B C_(g,4an)-
=1

Hence Step 1 follows.
Step 2: By Lemma 4.2, we have

H' (8, H* (Vg 1030k 41501, n_1)) = 0. (31)
Therefore by using SES and (31) we have
H' (8,08 108Uk 11501, 1) = H° (80, H (Vg 104V 15n-1, Q1)) (32)
Since (—(B; + o), ) =0 for all 1 < j < ay_y — 1, by using (32) we have

ak,lfl

1

H (8,Vk-1UkVk15n-1,0n-1) = D C_(5,1a,)-
i=1

By Lemma 3.1, we have  H'(s,,_1, H(8,Ur_ 1V 41501, On_1)) = 0. (33)
Therefore by using SES and (33) we have

H' (83180 Uk— 108Uk 18015 On1) = H (851, H (SpUk_108Vks15n-1, 0n_1)).  (34)
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Since (—(B; + o), 1) =0 for all 1 < j < a,_y — 1, by using (34) we have

ak_l—l
1 _
H (Snflsnkalvkvlwrlsnfh Oénfl) - C—(ﬁj+an)~
=1
Proceeding recursively we have
ak,1—1
1 _
H (Sap_y " Sn-18nVk—1VkVk4180-1, 0n-1) = B C_(5,4a,)-
Jj=1
Using similar arguments as above we have
ak,lfl
1
H (ul, Oén_l) = GD C,(ﬁjJran). |
Jj=1

Corollary 5.6. If H(uy, an—1), # 0, then H(wy_15,8152* ** Spt1—k, Cnt1—k)p 7 0.
Proof. Corollary follows from Lemma 4.5 and Lemma 5.5. [ |
Corollary 5.7. If H'(u1, 1), # 0, then H°(wis,, ), # 0.

Proof. Corollary follows from Lemma 4.6 and Lemma 5.5. |

Let 3 <r < k. We define M, :={u € X(T) : H (w,, p_1), # 0} and furthermore
My :={pe X(T): H (u1,an—1), # 0}. Then we have

Corollary 5.8. (1) M,N M, =0 whenever r # 1.

(2) MonN M, =0 for every 1 <r < k.

Proof.  Proofs of (1) and (2) follow from Lemma 5.2 and Lemma 5.5. n

1

Lemma 5.9. Let ¢ = s189---8,. Let T, = ¢"s5189-+- 81, for all 2 < r < n.

Then, T,(a;) <0 foralln+1—r<j<n-—1.

Proof. Assume r = 2. Then we see that T,(a,_1) = —ap. We assume that for
2 <l < n, we have Tj(a;) < 0 for n+1—1 < j < n— 1. Note that T};; =
T1$pS1-+* Spn—1. Then for all n — 1 < ¢ < n — 3, we have s;---s,1() = @i1.
Since n — (i+1) >2and n+1—-1 <i+1 < n-—1, we have Tj11(a;) =
Ti(i41) < 0 (by assumption). Since sq -+ Sp—1(y—2) = a1, we have 1)1 (a,—2) =
Ti($n(—apm_1)). Since s,(n_1) = a1 + 20, we have T;s, (1) = Ti(an—1 + 2av,).
Since 1+ Sp_1(an_14+2a,) = B1+2a,, we get Tj(a,—1+20,) = Ti_15,(51+2,).

Since $,81 * -+ Sp_15n (01 +20y,) = —ay, we have T)_15,(61 +2a,,) = Tj_2(—aq). Since
SpS1 -+ Sp_1(—ay1) = —ag, we have Tj_o(—ay) = Tj_3(—az). Therefore by recursively
we have T)_3(—ay) = —ay_1. Hence Tji(ay—9) = —ay—1 < 0. Also it is clear that

Ti41(ay—1) < 0. Therefore we have Tj41(a;) < 0 for all n—1 < j <n—1. Hence the
result follows. ]
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-1

Lemma 5.10.  Let u,v € W, let v := (H?Zl sj> 8189+ Sp_1 for some positive

integer | < n, such that [(uv)=1(u)+1(v). Let w=wv. If | > 3, then H (w, a,,_1)=0
for all i > 0.

Proof.  We note that by SES, we have H°(w, a,, 1) = H°(u, H(v, o, _1)).

We show that Ho(v,an_l) = 0. By Lemma 5.9 we have for each 1 < r < n —1,

A spospo1(ay) < 0 forall n+1—7r < j < n— 1. In particular, we have

[(vSp—2) = l(v) — 1. Therefore, by Lemma 2.2(4) and using SES, we have
H(v, a0, 1) = H(vs,_2, H (85,2, 1)) = 0. (35)

Next we show that H'(w,a,_1) = H(u, H' (v, a,,—1)). We will prove by induction
on l(u). If I(u) = 0 then it follows trivially. Next suppose that [(u) > 1. Then
there exists a simple root « such that I(s,u) = l(u) — 1. By using SES and (35)
we have H°(s,uv,a,_1) = 0. Again, by induction hypotheses H'(s,uv,a, 1) =
H(syu, H' (v, ap—1)). Therefore by SES, we have

H'(w, o 1) = H(sy, H' (syuv, 1)) =
= H"(s,, H(syu, H' (v, 0, 1)) = H(u, H (v, tp_1)).

H'(v,a,,_1) = 0 follows from the fact that I(vs,_5) = I(v) — 1 and Lemma 2.2(4).
Thus, we have H'(w,a, 1) = 0. Therefore by [14, Corollary 6.4, p.780] we have
Hi(w,a,_1) =0 for all i > 0. n

6. Cohomology modules of the tangent bundle of Z(w, 1)

Let w € W and let w = s;,8;,---5;, be a reduced expression for w and let
it = (i1,92,...,4,). Let 7 = s;,8,--+s;,_, and ¢’ = (i1,19,...,%,—1). Recall the
following long exact sequence of B-modules from [5] (see [5, Proposition 3.1, p. 673]):

0 — H(w,a;,) — HY(Z(w,i), Towy) — H(Z(1,7), Tirin) —
— Hl(wvair) — Hl(Z(wal)aT(w,g)) — Hl(Z(Tvﬂ)vT(T,ﬁ)) — HQ(”LU7()¢Z-T) —
— H*(Z(w,1), Tiwy) — H*(Z(1,7), T(riny) — H*(w, ) —> - -

By [14, Corollary 6.4, p. 780], we have H’(w, a;,) = 0 for every j > 2. Thus we have
the following exact sequence of B-modules:

0 — H(w,a;,) — HY(Z(w,i), Towy) — H(Z(1,1), Tiriy) —
— Hl(w7air) — Hl(Z(wal)aT(w,g)) — Hl(Z(Tvi)aT(T,ﬁ)) —0

Now onwards we call this exact sequence by LES.
Let wg = $;,5j, -+ sjy be a reduced expression of wy such that i = (j1, j2,...,J)
and let and j = (j1,J2,.. ., jn).

Lemma 6.1.  The natural homomorphism
fi Hl(Z(wo, l), T(wo,i)) — Hl(Z(w, g), T(w,g‘))
of B-modules is surjective.

Proof.  See [4, Lemma 7.1, p.459]. [
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Lemma 6.2. Let J = S\ {ap_1}. Let v € W; and v € W be such that
l(uv) = l(u)+1(v). Let w=s;,---s;, and v =-s; ., -5, bereduced expressions of u

r

and v respectively. Let i = (iy,da,...,1,) and j = (i1,i2,... 0, Gps1,...,0). Then:

(1) The natural homomorphism H°(Z(uv, ), Tiuw) — H*(Z(u,1),Tius) of B-
modules is surjective.

(2) The natural homomorphism H'(Z(uv, j), Tiuw)) — H'(Z(u,1), Tius) of B-
modules is an isomorphism.

Proof. Let r+1<1<t Let vy =us;_, -5
Proof of (1): By Lemma 3.3 we have H'(v;,;,) = 0. Therefore, using LES the
natural homomorphism H°(Z(v,4,), T, 4,)) — H*(Z(vi=1,%_1), T(w,_14, ,)) s sur-
jective. By induction on [(v), the natural homomorphism

and i, = (4, 8p11,.-.,1).

HO(Z(Ut—th—l)’ T(vt—hit_l)) — HO(Z(U, 1)7 T(u,i))
is surjective. Hence we conclude that the natural homomorphism
HO(Z(uv, l), T(“Uvi)) — HO(Z<U, 1), T(u&-))

is surjective.

Proof of (2): We will prove by induction on [(v). By LES, we have the following
exact sequence of B-modules:

0 — H'(uv,0i,) — H(Z(w, ), Ttuw,)) — H(Z(ve-1,5-1), Torri, ) —
— H'(uv, ay,) —> Hl(Z(uv,l'), T(m,,l-)) — H1<Z<Ut*17Zt—l)?T(vtfl,itfl)) — 0.
By induction on I(v), the natural homomorphism

HI(Z(Ut—lwztfl)’ T(vt—hit_l)) — HI(Z(U, 1)7 T(u,i))

is an isomorphism. By Lemma 3.3, H'(uv,a;,) = 0. Therefore, by the above exact
sequence we have that H'(Z(uv,j), Twy) — H'(Z(vi-1,4, 1), T, _,,4,_,) is an
isomorphism. Hence we conclude that the homomorphism

HY (Z(uv,j), Tauw,y)) — H' (Z(u, i), Tu)
of B-modules is an isomorphism. [ |
Recall that by Lemma 2.6(1) and Lemma 2.8(2) we have that
k-1 k—1
wy = (H[all,n]> ([ak,n]”H*k) (H[akaalg - 1])
=1 la=1

is a reduced expression for wy. Let ¢ be the tuple corresponding to this reduced
of wp. Let u; = wgsylag,n — 1] and i; be the tuple corresponding to the reduced

expression Hizl[all,n]([ak, n — 1]). Note that ay = 1. With this notation, we have
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Lemma 6.3. (1) The natural homomorphism
H(Z(wo, 1), Ttwos) — H(Z(ur, 1), Ty z,)

of B-modules is an isomorphism.
(2) The natural homomorphism H'(Z(wo,1), Tiwei)) — H'(Z(u1,41), Tiura,)) of

B -modules is an isomorphism.
Proof. For 1 <n—k, let uj = wisylag, ]’ 's155--- 5,1 and i; be the tuple
corresponding to the reduced expression u; = (Hizl[ah ,n])([ag, n])?~ag, n—1] (see
Lemma 2.8(2)). Note that wy = un,ksn(HZ_zll lag, a, — 1]).
Case 1: a; # n. In this case, we have sn(HZ;ll lag, ai,—1]) € Wy, where J =
S\ {@,—1}. Then by Lemma 6.2, the natural homomorphism

HO(Z<w07 l)’ T(wo,i)) — HO(Z(un*k’ Zn—k)’ T(unfk,z'n,k)) (36)

is surjective and the natural homomorphism

H' (Z<w07 Z)v T(woi)) — HI(Z(un*ka Zn—k)’ T(un—kyl.n,k)) (37)

of B-modules is an isomorphism.

If j > 2, then by Lemma 5.10, we have H'(u;,a,_1) = 0. Let u; = ujsn,—1 and let
i'; be the partial subsequence of u) such that i; = (i;,n — 1). Hence by LES, we
observe that the natural homomorphism

HO(Z(ujai')v T(uj,ij)) — HO(Z(UI i, ')7 T(u’ i’j)) (38)

77 =) =7
is surjective and HY(Z(uj,1;), Ttuzi;) — Hl(Z(u;,ﬁj),T(u;7i/,)) (39)

is an isomorphism. Therefore by Lemma 6.2 we have the natural homomorphism

HO(Z(u;= Llj)? T(u;-,ﬂj)) — HO(Z(UJ'*D Zj—l)a T(uj—l,ij,l)) (40)
is surjective and  H'(Z(u},';), Ty ir,) — HY(Z(uj1,45-1), Ty 1, ) (41)

is an isomorphism. Therefore, by combining the equations (38), (40) with the
equations (39), (41) we see that the homomorphism

HO(Z(uj>Zj)u T(uj,z'j)) — HO(Z<uj*17i >7 T(uj—lvij71)>

ti 1

is surjective and Hl(Z(uj,Z.),T(uﬂ-j)) — HI(Z(uj_l,g'j,l),T(uj717l~j_1))

is an isomorphism. Proceeding recursively and using (36), (37) we get that the homo-
morphism H®(Z(wo, ), Tiwes)) — H°(Z(u1,4,), Tiu,4,)) of B-modules is surjective
and that the homomorphism H'(Z(wo, 1), T(wy) — H'(Z(u1,%,), T(u,4,)) of B-
modules is an isomorphism. Since u;'(ag) < 0, by [5, Lemma 6.2, p. 667], we have
H(Z(u1,41), Ty gy))—a0 # 0.
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By [5, Theorem 7.1], H(Z(wo, ), T(w,,)) is a parabolic subalgebra of g and hence
there is a unique B-stable line in H(Z(wq, %), T(w,), namely g_,,. Therefore we
conclude that the natural homomorphism

H(Z(wo,1), Tiwo,) — H(Z(w1,4y), Ty iy))

of B-modules is an isomorphism.

Case 2 : a; =n Then by Lemma 6.2, the natural morphism

HO(Z(w0> Z)? T(wo,i)) — HO(Z(unJrl*k? Zn—‘,—l—k)? T(’Ufn+17k71.n+17k))

is surjective and the natural homomorphism

HI(Z(U)()’ 1)7 T(on,i)) — Hl(Z(unJrl*k‘? Zn—&-l—k)v T(un+l—kvin+17k))

of B-modules is an isomorphism.
If j > 2, then by Lemma 5.10, we have H'(uj, ,_1) = 0. Hence by LES, for each
2<j<n+1-—k, weobserve that the natural homomorphism

HO(Z(UJWZ]')’ T(uj,ij)) — HO(Z(uj—lazj—l% T(Ujflyl'j_1))

is surjective and H'(Z(uj,4;), T(u, 4,)) — H' (Z(uj-1,4;_;
phism. Therefore, the homomorphism H°(Z(wo, 1), T(wy:)) — H*(Z(u1,11), T, i,))

of B-modules is surjective and the homomorphism

), T(uj,17z~j71)) is an isomor-

H'(Z(wo,1), Tawes) — H' (Z(u1,4y), Tiuy ,))

of B-modules is an isomorphism.

Since u; ' (ap) < 0, by [5, Lemma 6.2, p. 667], we have H°(Z(u1,i;), T(u, i,))—a0 # 0-
By [5, Theorem 7.1}, H*(Z(wo, %), T(w,,)) is a parabolic subalgebra of g and hence
there is a unique B-stable line in H°(Z(wq, %), T(w,), namely g_,,. Therefore we
conclude that the natural homomorphism

HO(Z(’LUO, Z)’ T(wo,i)) — HO(Z(Ula Zl)v T(m,il))
of B-modules is an isomorphism. [ |

The following is a useful corollary.

Corollary 6.4.  If € X(T)\ {0}, then we have dim H°(Z(uq,1y), Tu,i)))u < 1.

Proof. By [5, Theorem 7.1], H°(Z(wo, 1), T(w,)) is a parabolic subalgebra of g. By
Lemma 6.3(1) we have H°(Z(wo, 1), Twos)) ~ H(Z(u1,11), T(u, i) (as B-modules).
Hence for any p € X(T')\ {0}, we have dim H(Z(u1,%,), Tiuyi))p < 1. ]

Let v} = wgsylag,n — 2] and let ', be the tuple corresponding to the reduced
expression Hizl[all, n]lag, n — 2.

Let 3 <r <k, and let ZT:(al,...,n;ag,...,n;...;aT,l,...,n;aT,...,n—1) and
L’r:(al,...,n;ag,...,n;ar,...,n—2).
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We now prove

Lemma 6.5. Let p€ X(T)\ {0}.
(1) If H' (u1, an-1)u = 0, then dim H*(Z(u}, 7)), Tiw o)) < 1.

/!
1 7/
(2) If H (u1, 1), # 0, then dim H°(Z(u}, ), ulh))u = 2, and the natural
homomorphism HO(Z(ul,z_l),T(ulgl)) — H'(uy, ay—1),, is surjective.

Proof. By LES, we have the following long exact sequence of B-modules:
0 — H(ur, 1) — H(Z(w1,4y), Ty i) —
— HY(Z(uy, 7)), T, o) — H (ug, appy) — -+ (42)

Proof of (1): Assume that H'(u1, a,—1), = 0 and u € X(T)\ {0}, then by the above
exact sequence the natural homomorphism

H(Z(u1,4y), T ) — HO(Z (0, 7)), T )

is surjective. By Corollary 6.4, we have dim H°(Z(u1,4;), T(u,i,))p < 1.

Proof of (2): Assume that H'(uy, @,-1), # 0. Then by Lemma 5.5, u is of the form
—(B; + a,) for some 1 < j <ap_y—1 and dim H(uy, ,—1), = 1. Hence by using
Corollary 6.4, we see that if H'(uy, a,-1), # 0, then

dim HO(Z(uy, 1), Tous e,y ) < 2- (43)

Let j” L = <l k,n) be the tuple corresponding to the reduced expression wgs, =

Hizl[all ,n]. Then by Lemma 6.2 the natural homomorphism
]‘.IO(Z(u17 s T(ulz 1)) — HO(Z(wk3n7£k)7T(wksn,ﬂk))
is surjective. By (43), we have
dim H%(Z (wysn, 3", )s Tawsni ) < 2- (44)
Again by Lemma 6.2 the natural homomorphism
HO(Z(wkSnaﬂk)7T(wksnﬂk)) — H0<Z<wk7 ) T(wkj )) (45)

is surjective. Recall that 7, = wis,_1. By LES we have the following long exact
sequence of B-modules:

0 — H(wy, ap1) — H(Z(wk, §,)s T 3,)) —

— HO(Z(TMik)aT(Tk,ﬂk)) — Hl(wkaanfl) —

Since H'(u1, ay-1), # 0, by Corollary 5.8 we have H'(wy, a,_1), = 0. Therefore we
have an exact sequence

0— Ho(wk,ozn_l)u — HO(Z(wkak)vT(wk,zk))u —

N HO(Z(Tk’ik)’T(Tkvik))l‘ — 0.
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Let o = wy—18,81 """ Spr1-k and j*, = (ik_l,n, 1,2,....,n+1— k) be the tuple
corresponding to this reduced expression of o;. Then by using Lemma 6.2, the
natural homomorphism

HO(Z(Tk, ) Tiry i )) — HO(Z(Ukaj_*k)7T(ak,jjk)) (46)
is surjective. Therefore the natural map
HO(Z(wk>Zk)>T(wk,1k))u — HO(Z(Uka ) T(ij )) (47)

is surjective. Since H'(uy, 1), #0, by Corollary 5.6 we have H°(oy, ay1-), #0.
Therefore, H(Z (o, j* W) Topg* ))u # 0. Thus from (47) we have

H(Z(wk, §,): Twng,))u # 0.
By LES and (45) we have an exact sequence of T-modules
0— Ho(wksn, Oén)u — H0<Z(wksn,£k)7T(wksmﬂk))“ —
— HO(Z(kak)»T(wk,zk))u —0

Since H'(u1,a,-1), # 0, by Corollary 5.7 we have H®(wys,,a,), # 0. There-
fore dim H%(Z(wisn, j",), Twysnj7,))n = 2. On the other hand, by (44), we have
dim HO(Z(wksn,L”k),T(wksnﬂk))u < 2. Hence we have

dim HO(Z(wksn,i’k), Twgsng”,))n = 2.
Since the natural homomorphism
H(Z(uy,741), Ty ry) — H(Z(wisn, 7",)s Tagsnr,))
is surjective, we have dim HO(Z (uy, ), T ir,),) = 2- (48)
It is clear from (42), (48), and Corollary 6.4, that
HY(Z (1), Ty ) — H' (1, 1),

is surjective. ]

Corollary 6.6. The natural homomorphism H(Z(u},1';), T ) — H* (u1, a_1)
18 surjective.

Proof.  Note that by Lemma 5.5, if H'(u1, ay,-1), # 0 then p € X(T)\ {0}. Now
the proof follows from Lemma 6.5. [ |

Lemma 6.7. (1) If HY(wm,@p-1),=0 for all v <m <k and H'(uy,,—1),=0,
then dimHO(Z(Tr,ir),T(Tmi Ve < 1.

(2) Let 3 <r < k. If H'(wy,an1)y # 0, then dim H*(Z(7,, 5 ), Tt ))u = 2,
and the natural homomorphism H(Z (7., 5" ), Tiryj \)u — H' (wp, 000 1), is
surjective.
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Proof. Proofof (1): If H'(u1, a,—1), = 0, then we get by Lemma 6.5 the inequality
dim H°(Z(u},4'y), T, #,))u < 1. By Lemma 6.2, the natural homomorphism

HO(Z(U,17£1)7 T(u’l,ﬁl)),u — H0<Z<wk‘7ik)7 T(wkaik)>#

is surjective. If H'(wp,a,-1), = 0 for all r < m < k, by using LES, we see that
the natural homomorphism HO(Z(wk7ik)>T(wk,1k)>u — HO(Z(Tr,l’T),T(TT’i R
surjective. Therefore, we have dim H*(Z(7,, " ), T(r. 5 ))u < 1.

Proof of (2): Assume that H'(w,,a,-1), # 0. Then by Corollary 5.8, we have
HY (W, 1), = 0 for all r +1 < m < k and H'(u1,n-1), = 0. Then by (1),

we have dim H°(Z(7,11, 7’ x < 1. By Lemma 6.2, the natural homo-

r—i—l)’T(TT"'l’irH))
T(TT+17L+1))” — HO(Z(wT,l'T),T(me))“ is surjective.

morphism H0<Z(Tr+1,i;1),
Hence, we have
dim H°(Z(wr, j ), Tty y)u < 1. (49)

By LES we have the following long exact sequence of B-modules:

0 — H°(wr, 1) — HY(Z(wy,§,) T, ) —

— HO(Z(Tmir)aT(n,ﬂ )) — Hl(wr,an,l) e S
Since dim H(Z(wy,j ), Tw,j y)u < 1 and dim H'(w,, o, 1), = 1, we get
dim H*(Z (7, §' ) < 2. (50)

Let j” = ( J_ n) be the tuple corresponding to the reduced expression w,_1s, =
r—1

l,—1la1,;n]. Then by Lemma 6.2 the natural homomorphism

H0<Z(Tr’ir>’T(Tﬁﬂ,-)) — HO(Z(wr—lsmﬂr_l)vT(wr—lsmﬂ,.,l))
is surjective. By (50), we have
dim H(Z(w, 150, 7" )y T ssmg. ) < 2- (51)
Again by Lemma 6.2 the natural homomorphism

HO(Z(wT—lsna ﬂr_l)a T(wr—lsn,ﬂpl)) — HO(Z(wr—la J 1)7 T(wr—lylril)) (52)

is surjective. By LES we have the following long exact sequence of B-modules:

0 — H(w—1, 1) —> HY(Z(wr-1,4, )y Ttw, 1) —
— HO(Z(Trflaj/ )7T(

J, )) — Hl(wrfl,Oénfl) —_—

Trfl)ir_l

Since H'(w,, ay—1), # 0, then by Corollary 5.8 we have H'(w,_1,,-1), = 0.
Therefore we have an exact sequence

0— H()(wr—lv O‘n—l)u — HO(Z(wT—lviT_1)7T(wr—hzr_l))u —
— HO(Z(TT*M‘L/T_ILT(Tr—lyj’

~—r—1

))u — 0. (53)
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Let 0,1 = Wy_2S45q4,_; - - - Spto—r, and = (ir—z’ n,a,_1,0—1+1,...,n+2—7r) be
the reduced expression of ¢,_1. Then by using Lemma 6.2 the natural homomorphism

HO(Z(Trfb.ilr_l)a T(TrflyiT_l)) — HO(Z(UTflaﬁr_l)a T(Urq,jjr_l)) (54)
is surjective. Therefore, by (53) and (54) we have

HO(Z(wT—lv lr_1)7 T(wr—lyiril))ll/ — HO(Z<UT—1> j—*r—l)’ T(O'r—lyjiril))ﬂ (55)

is surjective. Since H*(w,, a,—1), #0, by Corollary 5.3 we get H%(0,_1, a2, #0.
Therefore, H(Z(0,-1,5* ), Ty, W) ) 7 0.
Thus from (55) we have H°(Z(wr—1.7, ) Ttw, 1, _))u # 0. Then by using (52) we
have an exact sequence of T-modules
0 — H(wy 180, )y — HO(Z(wr—15n,5" ) Ty vsmg? ) —
— HO(Z(wrflaZr,1)>T(wrfl,zwl))u —0

Since H*(w,, ap—1), # 0, by Corollary 5.4 we have H®(w,_18p, ay,), # 0. Therefore
dim HO(Z(wr—lsn:ﬂr,l)aT(wr_wn,ﬂ _)u) = 2. Hence, by (51) we have

dimHO(Z(wT_lsn,L”ri )s Twrrsmg”_))u = 2-
Since the natural homomorphism
HY(Z(1:,§' ) Ty y) — HN(Z(w,180, 5" ) Tawr—rng” )
is surjective, we have dim HO(Z(Tr,iT), T(‘rr,ir))u = 2. Therefore by (49),
HO(Z(TmL%T(mL))u — H'(w,, atp 1),

is surjective. ]

7. Main theorem
In this section we prove the main theorem.

Recall that G = PSO(2n + 1,C)(n > 3), and let ¢ be a Coxeter element of W.
Then there exists a decreasing sequence n > a; > as > --- > a, = 1 of positive
integers such that ¢ = [aq, n|[az, a1 —1] - - - [ak, ax—_1 — 1], where [i, j] for i < j denotes
SiSiy1 " 55-

Let i = (i',4%,...,i") be a sequence corresponding to a reduced expression of wy,
where " (1 <r < n) is a sequence of reduced expressions of ¢ (see Lemma 2.8).

Theorem 7.1.  H’(Z(wo,1), Tiwes) =0 for all j > 1 if and only if as #n — 1.
Proof.  From [5, Proposition 3.1, p.673], we have H(Z(wy, i), T(w,:)) = 0 for all

j > 2. It is enough to prove the following: H'(Z(wg, %), T(w,:) = 0 if and only if ¢
is of the form [ay,n|[az, a1 — 1] -+ [ag, a1 — 1] with ay #n — 1.
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Proof of ( = ): If ay = n — 1, then ¢y = n and ¢ = s,s,_1v, where v € W,
and J = S\ {an_1,0n}. Let u = s,5,_1. Then ¢ = uv. Let j = (n,n — 1) be the
sequence corresponding to u. Then using LES, we have:

0 — H(u,an_1) — HO(Z(U,Z),T(W)) — H(s,,, 00) —>
— H'(u, 1) 5 HY(Z(u, 5), Toug)) — 0.

We see that H'(s,8,-1, 1) = Ca,1a,_, and H(s,, @n)anta,_, = 0. Hence f is
non zero homomorphism. Hence H*(Z(u, j), T(,j)) # 0. By Lemma 6.1, the natural
homomorphism H'(Z(wo, 1), T(w,,)) — HI(Z(;L ) Ttu,j)) is surjective. Hence we
have H'(Z(wo, 1), T(wy,i)) # 0.

Proof of ( <) : Assume that as # n — 1. Recall that
wg = [ag,n] - [ag_1, n]lag,n — 1], uy = wisplag, n — 1.
By Lemma 6.3(2), the natural homomorphism
HY(Z(wo,7), Tiwo) — H' (Z(u1,11), Ty 4,)) (56)

of B-modules is an isomorphism. By using LES, we have the following exact sequence
of B-modules:

s HY(Z (w1, 11), T i) — HOZ (1), T i)~ H (1, 1) —
— Hl(Z(uth)vT(uLil)) — HI(Z(U/DL,lLT(u’ i’

1:21

y) — 0.
By Corollary 6.6, we see that the natural homomorphism
hy « HO(Z(ul, 1), T ) — H' (w1, 0n-1)

is surjective. Therefore, the natural homomorphism

HY(Z(ur,1y), T i) — H'(Z(u,74), T ar,)) (57)
is an isomorphism. By Lemma 6.2(2), the natural homomorphism

HY(Z(uy,14), Ty i) — H'(Z(wk, §,)s T ,)) (58)
is an isomorphism. Therefore, by (56), (57) and (58) the natural homomorphism

HY(Z(w0,1), ) — HN(Z(04,5,), T, (59)

is an isomorphism. Recall that 7, = [a1,n][az,n]- - [ak—1,n][ag, n — 2]. By using
LES, we have the following exact sequence of B-modules:

. . ha

- — HO(Z(wk’lk)7T(kak)) — HO(Z(TkJ_/k),T(Tk,ik)) — Hl(wk,an_l) —
. h .

— HY(Z(wy, 3,), Tgg,)) — H(Z(74, 7' ,)s Tiryr ) — 0.
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By Lemma 6.7(2), we see that the map
hs : HO(Z(Tk’ik)’T(Tkvik)) — HY(wy, ap_1)
is surjective. Therefore, the map
hs : Hl(Z(wk7lk)’T(wkvlk)) — Hl(Z(Tk’ik)’T(Tk’ﬂk)) (60)
is an isomorphism. By using Lemma 6.2(2) we see that the natural map
Hl(Z(Tka j_lk)’ T(""kvﬂ;)) — Hl(Z(wk*b l‘kfl)’ T(wkflvikil)) (61)
is an isomorphism. Using LES, we get the following exact sequence of B-modules:
> HO(Z(wk—lvik,1)7T(wkflyl'k,l” — HO(Z(Tk—hik,l)?T(kahik,l)) —
— HY(wy_1, 00 1) — HI(Z(wk—hik_l), T4, ) —
— H1<Z<Tk*17ik_1)7 T(Tk—lvik_1)> — 0
By Lemma 6.7(2), we see that the natural map
HO(Z(Tk—laikil)a T(kal’ﬂkfﬂ) — H' (wk—la O511—1)
is surjective. Therefore, the natural map
HI(Z(wk*b ‘Zk—1>’ T(wk_hik_l)) — HI(Z(kalv.i/k_l% T(Tk—laik_l)) (62)

is an isomorphism. By using Lemma 6.2(2) and 6.7(2) repeatedly, we see that the
natural map

H1<Z<Tk,1,ik_1), T(kalfﬂk_lﬁ — Hl(Z(T“iT)’ T(Tr’ir)) (63)

is an isomorphism for all 3 < r < k — 2. Therefore by (59), (60), (61), (62), (63) we
have the natural homomorphism

Hl(Z(w0> Z)a T(wo,i)) — Hl(Z(TfSa -13>7 T(T&ﬂg)) (64)
is an isomorphism. Again from Lemma 6.2(2), we see that the natural map
Hl(Z(T& ig)’ T(T37i3)) — H1<Z(w27 12)7 T(w2712))

is an isomorphism. Since as # n — 1, by Lemma 5.2(2) we have H'(ws, ay,,_1) = 0.
Note that by Lemma 5.2(1) we have H'(wy, a,—1) = 0.

By using Lemma 3.3 and using LES, we have Hl(Z(wg,&),T(wQ’iQ)) = 0. Hence,

by (64) we conclude that H'(Z(wo, 1), T(w,q) = 0. This completes the proof of the
theorem. [ ]

Corollary 7.2.  Let ¢ be a Cozeter element such that ¢ is of the form
[ahn][aQu a; — 1] e [a’k7 Ap—1 — 1]

with ay #n —1 and ar = 1. Let (wg,1) be a reduced expression of wq in terms of ¢
as in Theorem 7.1. Then, Z(wq,1) has no deformations.
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Proof. By Theorem 7.1 and by [5, Proposition 3.1, p.673], we have
Hi(Z(wovi)v T(um,g’)) =0

for all 4 > 0. Hence, by [12, Proposition 6.2.10, p.272], we see that Z(wg,7) has no
deformations. [ |

Remark 7.3.  Theorem 7.1 does not hold for PSO(5,C).

Proof. We take ¢ = s;3,. Here ay # 1. Further, we have wy = ¢® = 5,5,515,. Let
1= (1,2,1,2). It is easy to see by using SES repeatedly that

H1(8182$1, 041) = Ca1+a2 D CQQ.

Further, note that H%(Z(s152, (1,2)), T(s,5,,(1,2)))ar+as = 0 (see [5, Proposition 6.3(1),
p.688]). Hence by using LES we have

Hl(Z(318251, (17 2, 1))7 T(slsgsl,(l,Z,l))) 75 0.

Therefore by using Lemma 6.1 we have H'(Z(wo, 1), T(w,i)) 7 0. n
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