Journal of Lie Theory
Volume 29 (2019) 227-237
© 2019 Heldermann Verlag

Moment Map and Gelfand Transform
for the Enveloping Algebra

Didier Arnal and Mohamed Selmi

Communicated by K.-H. Neeb

Abstract. Describing the Gelfand construction for the analytic states on an universal envelop-
ing algebra, we characterize pure states and re-find the main result of a preceding work with
L. Abdelmoula and J.Ludwig on the separation of unitary irreducible representations of a con-
nected Lie group by their generalized moment sets.
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1. Introduction

There is a direct relationship between representations of the C*-algebra of a locally
compact group G and unitary representations of G. The Gelfand construction is
the main tool to describe the cyclic and irreducible representations of a C*-algebra
A, starting with a state or a pure state on A (see [8] for instance). In this paper,
we consider a real connected and simply connected Lie group G, and the complex
enveloping associative algebra 2A(g) of its Lie algebra g. We then define the notion
of analytic state ¢ on 2A(g), and perform the Gelfand construction, starting with .
This construction was described by K. H. Neeb in [12] for the large class of BCH-Lie
algebras. We present it here in the really simpler setting of finite dimensional Lie
algebras. The result is a unitary representations of G itself. This representation is
irreducible if and only if ¢ is a pure state.

Conversely, associated to any unitary representation m of G, there is a notion of
generalized moment map and set (see [14, 6, 3, 1]): each smooth vector f in the
space H, of the representation 7 defines naturally a state ®,(f) (see Section 2 for
definition). It is proved in [1] that, if 7 is irreducible, the convex hull J; ¢ of this
set of states characterizes the representation .

In the present paper, we re-find this result, by using the Gelfand construction when
f is an analytic vector, and proving that, if 7 is irreducible, the set of ®,.(f) (f
analytic) is the subset of analytic pure states in J, ¢ and the disjointness of the sets
{®,(f): f analytic} for two non-equivalent irreducible representations of G.
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The starting point of this work is a personal remark of Jean Ludwig. We thank him
for his ideas and suggestions.

2. The moment map

In this section, we recall definitions and main results for the moment map of a unitary
representation.

Let G be a connected and simply connected real Lie group, and 7 a unitary repre-
sentation of G on an Hilbert space H,. Let us denote by g the (real) Lie algebra of
G and 2(g) the complex universal enveloping algebra of g. The associative algebra
2(g) acts naturally on the space H® of C*° vectors in H,, we denote by dr the
corresponding representation.

Definition 2.1. Let f be a non vanishing C* vector in ‘H,. The moment of 7
in f is by definition the element W, (f) of the real linear dual of (g) defined by

U,(f)(A) = %G_(dw(fl)f, f>).

i (f.f)
The map U, : HX \ {0} — (2A(g))x is the moment map of w. The range I of the
map V¥, is the moment set of . We denote by J, the convex hull of I,. [ |

Since each complex linear form ¢ on 2A(g) can be written as ¢(A) = ¥ (1A) +ip(A),
where 1) is the real linear map (A) = Jm(p(A)), we continue with

Definition 2.2.  Let f be a non vanishing C* vector in H,. The complex moment
of m in f is by definition the element ®,(f) of the linear dual (A(g))* defined by

{dm(A)f, [)
<f’ f> ‘

The map @, : H°\{0} — (A(g))* is the complex moment map of the representation
7. The range I, ¢ of the map ®, is the complex moment set of m. We denote by
Jrc the convex hull of I c.

O (f)(A) =

These objects were studied in [1, 2, 3, 6]. The main result is:

Theorem 2.3. ([1]) Let m and p be two irreducible unitary representations of G,
then m and p are equivalent if and only if J. = J,, if and only if J,c = J,c.

Especially, if G is solvable, for each regular, integral coadjoint orbit O is associated
a family of irreducible unitary representations 7o, (see [5, 7]). In [2], the authors
present a direct construction, allowing to re-find O and x from I, .

Since g C 2A(g), we can restrict the real forms W, (f) to g. Then [f] — U (f)|, is
the moment map for the strongly Hamiltonian action of G on the natural symplectic
manifold P(H>) (see [14, 4]). The denomination ‘moment map’ for the map ¥, is
coming from this observation.
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3. Gelfand construction for 2A(g)

Let (X3i,...,X4) be a basis of the Lie algebra g. Recall that each unitary represen-
tation 7 of G has a dense subspace H% of analytic vectors (see [13]), that are vectors
f for which there is 7 > 0, C' > 0 such that for each n, each 1 <iq,...,7, <d,

ldm(X;, ... Xi) fl| < rC™n! (1)

From now one, we restrict ourselves to the space H, of analytic unit vectors f:

feH, ||f] =1. We thus put

Y = Calpe,, e =P7(HT,), and Jre = Conv([7c).

™

Observe that if 7’ is a representation unitarily equivalent to 7, there is a unitary
operator U : Hr — Hn such that n'(x) = Uon(zx) o U™, and for each f € H¥,,
Uf isin M}, and

QL (Uf)(A) = (dr' (AU f,Uf) = (Udr(A)f,U[f) = Z(f)(A).

Therefore ®%,(Uf) = ®2(f) and I - = I£¢.
Now 2d(g) is an involutive algebra when we equip it with the involution (called
principal anti-isomorphism in [9]):

(aYi...Y,)* = (=1)"aY,... Vi,

if Y; € g, a € C. Therefore we shall now repeat the usual Gelfand construction for
the involutive algebra (2((g), ) as for C*-algebras (see for instance [8]).

Definition 3.1.
(1) A linear form ¢ : (g) — C is positive if p(A*A) > 0, for each A € A(g).

(2) A state is a positive linear form ¢ on 2A(g), such that ¢(1) = 1. We denote by
S(A(g)) the set of states of 2(g).

(3) A state ¢ is analytic if there is a basis (X7, ..., Xy) of g, and positive constants
r, C such that, for any n, any 1 <14y,...,7, <d,

lo(Xi, ... X5,)| < rC™nl (2)

Fix C, the set of states ¢ for which there is » = r, > 0 such that the relation
(2) holds for any n, i,...,4, is denoted by S&. The set of analytic states of
2(g) is denoted by S“(2(g)): S (A(g)) = Uc=oS&. Clearly, the set S ((g))
does not depend of the choice of the basis.

(4) A state ¢ is pure if the only state 1 such that there exists a > 0 such that
ap(A*A) < p(A*A) for each A € A(g) is ¢ itself. Denote by P((g)) (resp.
P“(2(g))) the set of pure states (resp. of pure analytic states).
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Relation to the Neeb theory

Recall that in [12], K. H. Neeb studies systematically the integrability problem for
a functional ¢ on 2A(g), where g is a BCH-Lie algebra. To solve this problem, he
defines an analytic functional as a linear form ¢ such that ) @ converges for
cach X in a 0-neighborhood in g. If g is finite dimensional, a functional ¢ is analytic

if and only if the relation (2) holds.

An important result of Neeb is the following: let ¢ be a functional on 2(g), p a
sub-multiplicative semi-norm on g (p([X,Y]) < p(X)p(Y)). Put:

S 1 N
leall = sup {15 D" ¢ (Xo - Xow)l : p(X) ST (1<i<m)}.

’ O'ES'!L

Now Theorem 6.10 in [12] says that if G is a BCH-Lie group with Lie algebra g, if ¢
is an analytic functional which is positive and such that there is a sub-multiplicative
semi-norm p on g for which ) W converges for some ¢t > 0, then there is a
unique unitary representation (m,, H,) of G and a vector f in H, such that

p(A) = (dmy(A) [, f).

It is not difficult to prove that if G is a finite dimensional Lie group, the above
condition holds for any analytic state ¢ in the sense of Definition 3.1, therefore
the next theorem is a direct consequence of Theorem 6.10 in [12]. However, to be
complete, we present here a direct proof of this theorem.

Theorem 3.2.  If 7 is a unitary representation of G and f a analytic unit vector
for w, then: ®(f): A (dr(A)f, f) is an analytic state for A(g).

Conversely, let ¢ be an analytic state on 2A(g), then there is a unitary representation
7 of G and an analytic vector f € HZ | such that ¢ = ®L(f).

Proof. Let m be a unitary representation of G and f € H7,. By definition,
O¥(f) is a positive form: ®(f)(A*A) = (dn(A*A)f, f) = ||dr(A)f]|> > 0, and a
state since ®“(f)(1) = (f, f) = 1. Now since f is analytic, Formula (1) says that
there is r > 0, C' > 0 such that:

D2(F)(Xs, - Xi)| = [(dm (X, ... Xo ) f, )] < Nlda(X, .. X3, f] < rCnl

Thus ®¥(f) € S¥(A(g)).

Conversely, if ¢ € S“(2(g)), put Ann, = {A € A(g) : p(A*A) = 0}. Since ¢
is positive, the relation b(A, B) = ¢(B*A) defines a positive form b, linear in the
argument A, anti-linear in the argument B. By the Cauchy-Schwarz inequality:

(ST

b(A, B)| < (b(A, A))2(b(B, B))=.

Therefore, Ann, is the kernel of b: Ann, = {A € A(g): ¢(B*A) =0 (B € U(g))},
it is a left ideal. Put V = 2(g)/Ann,, and let dr be the natural (g)-action on V':

dr(A)[B] = [AB].
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The form b defines a scalar product ([A]|[B]) = b(A, B) = ¢(B*A) on V. Com-
pleting V', we get an Hilbert space H = V. Let A = Xj, ... X;,. For any n, any
1 <iy...i, < d, the square of the norm of the vector dr(X;, ... X; )[A] is

11X, .- X, AP = (A X, . X, X, . X, A)| < rC?29(2n 4 2a)!

Using the Stirling formula: n! ~ v/27mn (%)n, it "> C, we get:

C**20(2n4+20)! 1 1 C* [2n+2a
((Cn!)? VT A/n e 2n

Since [%}% — e* and (2n + 2a)** [%]M — 0, there is 74 > 0 such that:

2n 2n
} (2n + 2a)* [%] 22,

11X, - X, AP < ra((2C7) ). (3)

This implies that the vectors in V' are analytic for the representation of g, thus
Theorem 1 in [10] proves there is a unique unitary representation 7 of G' on H such
that V' C H*, and dr(X)[A] = [XA]: on V, dr is the representation of 2(g)

associated to 7 by differentiation.

Finally [1] is an analytic vector for 7 (take A = 1 in the preceding computation),
and by definition:

7 ([1)(A) = (dr(A)[1], [1]) = ([A][[1]) = ¢(A),
for each A € 2A(g), this finishes the proof. ]

The relation between pure states and irreducible representations of G is:

Proposition 3.3. (1) Let m be an irreducible unitary representation of G, and
[ € HZy an analytic unit vector for m, then the state ®2(f) is pure.

(2) Conversely, if ¢ is a pure state, then the representation T defined in Theorem
3.2 is irreducible.

Proof. (1) Suppose a > 0 and ¢ is a state such that ap(A*A) < PY(f).
Since dn(X")f € dn(A(g))f, for any n, if g is a vector in (dr(A(g))f)*, then
g € (m(G)f)*t, thus g is orthogonal to the closure K of the vector space generated
by 7(G)f. But K is a closed vector subspace of H,, invariant under the action of
7(G), and containing f # 0, therefore = H,, g =0, and W = dn(A(g))f is a
dense subspace in H,.

Now since [[dm(A)f|* = ®7(f)(A*A) > ap(A*A),
Anny = {A € U(g): dn(A)f =0} = Anngw(s) C Ann,,.

Thus the surjective map A +— dn(A)f induces a bijective map [A] — dn(A)f

between the two spaces V = (g)/Anny and W. Moreover, the Hermitian form
b([A], [B]) = ¢(B*A) is well defined on V' and:

a® |b(A, B)[* < a®0(A, A)b(B, B) < ||dr(A)f||ldx (B) ||,
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By passing to the completion of these spaces, there is a positive self-adjoint operator
T on H bounded by 1, such that, for any A and B in 2A(g),

p(B*A) = (Tdr(A)f,dr(B)f).
But 7' commutes with dr: indeed for each A, B and C in (g),

(Tdn(AB)f,dn(C)f) = p(C*AB) = ¢((A*C)*B)
(Tdr(B)f,dr(AC)f)
(dr(A)Tdr(B)f,dr(C)f).

thus by the density of W, T'drw(A) = dn(A)T on W, by T-continuity, for each x in
G, Tn(z) = w(x)T, on W. This implies 7" commutes with m(z) on H, for each z.
By the Schur Lemma 7' = AId, but 1 = o(1) = (T'f, f) = X, ¢ = ®(f), ®(f) is
a pure state.

(2) Suppose now that ¢ is a pure analytic state, perform the Gelfand construction
for ¢, as in Theorem 3.2. With the notation of the Theorem, the vector f = [1] is
analytic in H,, and ¢ = ®¥(f).

Let K be an invariant closed subspace of H,, let us decompose f on the direct sum
K@Kt into f = fi+ fo. If fi =0, then K being the closure of the projection of
dr(2(g))f is vanishing. Suppose now f; # 0. Since K and Kt are invariant, for
any n,any 1 <1y,...,1, <d,

ldr (X, - Xa ) fI? = lldr(Xsy o Xa) AP+ ldr (X, - X5,) 2| < rC™nl.
Thus f; is an analytic vector, and
Y (fi)(AA) = (dr(A*A) fi, fi) = [ldr(A) fi]]* < [ldr(A) fI]* = p(A™A).

Since ¢ is pure, this implies ®“(f;) = ¢, and choosing A = 1, fo = 0. Thus the
only closed invariant subspaces of H, are {0} and H,: 7 is irreducible. ]

Proposition 3.3 means that there is a canonical map F : P*(2(g)) — G, defined by
F(¢) = [r] where 7 is defined in Theorem 3.2. Since ¢ = ®,([1]), this map is onto.
Now let [7] be in G, by definition, we then get F~'([n])={®(f): f€H%,}, so that

F([n]) = Ic.

Corollary 3.4.  Let m and p be two unitary irreducible representations of G'.
If m and p are equivalent, then: I'c = I'c and I? =1;.

If m and p are not equivalent, then: I2cNI%c =0 and I¥ N 1Y = 0.

4. Convex hulls

Let X be a convex subset in a real vector space. Recall that the extremal points in
X are points v such that v = av; + (1 — a)ve, with 0 <a <1 and v; € X, v1 # vg,
implies a =0 or a = 1. We denote by Ext(X) the set of extremal points in X .
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Proposition 4.1.  The subsets S&, S“(2A(g)) (C > 0) of (A(g))* are convex,
and:
Ext(5*(2A(g))) = P*(A(9))-

Proof. Since Sg C S¢ if C < 7, and S¥(A(g)) = Uc=05¢, the convexity of
S¥((g)) is a consequence of the convexity of each S¢. Let now 0 < a <1, ¢, ¥
in S¢, then 6 = ap + (1 — a) is clearly a state and

Therefore S¢ is convex.

Let 0 bean analytic state. Suppose first 6 is not extremal: there is 0 < a < 1 and
@ # 1 in S¥(A(g)) such that 0 = ap + (1 —a)y. Thus ap(A*A) < §(A*A), for any
A. This means that # is not a pure state.

Conversely, suppose that # is a non pure analytic state, more precisely, suppose
0 € S¢. Let m be the unitary representation of G in H, = (g)/Anny and
f € H? as in Theorem 3.2, such that 6§ = ®¥(f). Since # is not pure, 7 is not
irreducible (Proposition 3.3): there is a non trivial invariant closed subspace K in
H,. Decompose f on H, = K@K+ into f = fi + fo. Then f; # 0. Indeed if
fa = 0, then dr(A(g))f = dn(A(g))fi C K, taking the closure, we get: H, = K,
a contradiction. Let p be the orthogonal projection onto K, since X and K+ are
invariant, p commutes with 7(x) for each z. Therefore p(HY¥) C K3\ - Thus fi, fo

are analytic vectors in H,. Put ¢ = @;’(”;—1”), Y = ®¢(2.), and a = || f1||*>. Then:

[1f2]l
f J:
0 = O (|| fill = + | foll ) = ap + (1 — a)y.
/1]l [
This finishes the proof of the proposition. [ |

Let us now come back to the complex analytic moment set I”- of a unitary irre-
ducible representation 7 and its convex hull, J-. We have:

Proposition 4.2.  The following holds:
re N PY(Ag)) = Jic NExt(S5(2A(g))) = [c.

Proof. Let 6 be in JZc N P(2A(g)), thus there are k, »; € IXc, a; > 0
(1 <i<k),suchthat ), a; =1 and:

Especially, ¢ is a state such that a;p;(A*A) < (A*A). Since 6 is pure, this implies
Conversely, since 7 is irreducible, each state ®,(f) in I is pure and in J¥ . This
proves the proposition. [ |

Observe that Theorem 2.3 (see [1]) is now a direct consequence of Proposition 4.2.
Recall the notation J, = Conv(I;), J.c = Conv(lc).
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Corollary 4.3. Let m and p be two unitary irreducible representations of a
connected Lie group G, then m and p are equivalent if and only if J. = J,.

Proof.  Let G be the universal covering group of G and 7, p the representations
of G corresponding to 7 and p. Then dr =dr, I;c = Izc, and J,c = Jzc.
Let f € HZ = HZ, then

Dx(f) € JEc N PY(A(g)) = e
On the other hand, if J; = J,, then this analytic state is in J; ¢, thus we also have:
z(f) € SN PY(2A(g)) = e

Therefore ™ ~ p, and 7 ~ p.
The converse being evident, this proves the corollary. ]

5. Complete convex sums

In [1], the complete moment set j;r,(C of a unitary representation 7 is defined as

Toc = {Zoéﬂ(fn):fneﬂff, Sl =1, D dm(A) a2 < oo for all A€2A(g) }-

Similarly, let us now define the complete states :

Definition 5.1.  An analytic state ¢ is the sum of a convex series of states if
there exists a sequence (p,,) of states and a sequence (a,) of positive real numbers

such that: .
Y= anpn.
n=0

Lemma 5.2. If ¢ =) a,p, is the sum of a convex series of states, then for
each n, a, # 0 implies that v, is an analytic state.

Proof. Fix a basis {X1,..., Xy} of g, since 1 is analytic, there are » > 0 and
C > 0 such that, for any k, and any 1 <1q,...,7, <d,

(X, X Xy X)) = (DR(X, . X X, X))

= an(—Dfen(X, ... X3, X5, X)) < rC(2k)!

Thus if a, > 0, on(Xiy - X Xoy - X0 )| < O (2%)1
a

n

Now since the form (A, B) — ¢,(B*A) on (g) is positive, the Cauchy-Schwarz
inequality |¢,(B*A)]? < ¢, (B*B)p,(A*A) holds and:

.
lon (Xiy - X3 )] < ,/ack (2k)! .
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Now, the Stirling formula implies:

(2k)! ~ Virk (%y ~ 27k 2% (\/i_ky = j%(k!){

(2k)! ~ (mk)~Y/4 2FE!. This proves that ¢, is an analytic state. ]

From now on, we suppose that if a, = 0, then ¢, (X, ... X;,) =0 for any k£ > 0
(¢n is the map called augmentation in [9]).

Observe that, if 7, is the unitary representation such that ¢, = ®% (f,) defined in
Theorem 3.2, then putting f, = /a, f., and denoting &7, the direct sum of the

Tn, We get:
l©n il —ZHf I* = Zan— =

Moreover, for any A in 2(g),

[@ndra(A) £1I” —ledm Vall? = Zanlldfn ) full®
= Zaan;n Fa)(A%A) = (A% A) < 0

Therefore ¢ = @¢_ (Df),) belongs to IZ, .

Proposition 5.3.  Let ¢ = ) ayp, be the sum of a convex series of analytic
states and w (resp. T, ) the representation associated to v (resp. to p, ) by Theorem
3.2. Then m is unitarily equivalent to a subrepresentation of &,7, .

Proof.  Recall that H, is the completion of the pre-Hilbert space V' = (g)/Anny,
equipped with the bilinear form:

([AJI[B]) = ¥ (B*A).

As above, denote ¢, = @, (f,), and f, = \/a,f,. Define thus the map U : V —
®,H,, by

= dr,(A)f,
Observe that U is well defined because, if A belongs to Ann,,,

0= (A"A) =Y an(dra(A"A) fu, fu) = Y anlldra(A) ful*
Thus U([A]) = 0. Moreover U is linear and an isometry, since

IUAADIP =Y anlldra(A) full* = w(A*A) = |[[A]|*.

n

We can thus extend U to the space H,.
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We saw that if C' is such that ¢ € S¢, then each ¢, is in S5,. Fix the basis
{X1,..., X4} of g and define the norm on g by || >, 2;X;|| = sup |z;|. Let X be in

g such that ||X|| < 57, then we claim that the following holds:

Uln(esp X)A) = 32 20(an(XH[A]) = 337 dn (XFA)S,

— Z Z %dfn(X’“A)ﬂl = ZTn(epr)dTn(A)f,/l = (®n1n)(exp X)U([A)).

Indeed, thanks to the inequality (3) for any C’ such that 2C' > C" > C, we saw
there is 74 > 0 such that:

ldra(XPA LI < Y iz llldm (X, - X A)

i1,k

< r4(2C")F k! & < r4k! < k
= (dcayk ~ M \ac )

Therefore by Lebesgue’s theorem of dominated convergence, we can exchange the
sums over k and n in the above computation, this proves our claim. Since G is
connected and simply connected, this implies that for each = in G, each f € H,,

Ur(z)f) = (©nma)(@)(Uf).

This proves the proposition. [ |

As in [1], if 7 is a unitary representation of G, we denote by 7 the representation
No7 sum of a countably many representations unitarily equivalent to 7. Moreover
the proof of Proposition 3.2 in [1] says that J.c¢ = Izc. Therefore Theorem 1.2 of
[1] is a direct corollary of Proposition 5.3. Recall that two unitary representations
m and p are called quasi equivalent if the representations 7 and p are unitarily
equivalent.

Corollary 5.4.  Two unitary representations ™ and p of a connected Lie group G
are quasi equivalent if and only if Jrc = J,c, if and only if their complete moment
sets Iz and I5 coincide.

Proof. By considering the extensions of the representations m and p to the
universal covering group of GG, we can suppose that G is simply connected.

If 7 and p are quasi-equivalent, then 7 and p are equivalent and Iz = I;.
Conversely, if Iz = I;, then [¥. = I%.. Pick f € HZ,, then ®2(f) is in
I¥e C IZc = IZc. This means there is a sequence (f,) of vectors in Hy,, a
sequence (a,) of positive numbers, such that:

P =0L(f) = a,@2(fa) =D anpn
For each n define H., as the closure of the subspace dp(A(g))f, of H,, and 7,
as the restriction of p to H, . Thus 7, is the representation coming from ¢, by
Theorem 3.2. Now Proposition 5.3 implies that 7 is a subrepresentation of &,7,,
thus a subrepresentation of p.
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Therefore 7 is a subrepresentation of ;);: p. Interchanging the roles of 7 and p, we
obtain that p is a subrepresentation of 7, an usual argument proves that 7 and p
are equivalent (see [8] or [1]). ]
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