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Abstract. We develop the notion of “extended multi-loop algebras” and determine their deriva-
tion algebras. Extended multi-loop algebras appear naturally as the core modulo center of locally
extended affine Lie algebras; they are in fact an extension of m-step multi-loop algebras where
the number of automorphisms are allowed to be possibly infinite and also the coordinate algebras
(Laurent polynomials) are allowed to be over an infinite number of variables.
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1. Introduction

Affine Kac-Moody Lie algebras, as infinite dimensional analogous of semisimple Lie
algebras, have been developed in the past five decades with great success. Con-
nections to other areas, such as mathematical physics (conformal field theory) and
combinatorics, make this class of Lie algebras of great interest. Later, the need
seems to have arisen for some “higher nullity” generalizations of affine Kac-Moody
Lie algebras. Eztended affine Lie algebras and locally extended affine Lie algebras
are natural and higher nullity generalizations of affine Kac-Moody Lie algebras, see
[1] and [14] for details. After that, some other generalizations were introduced and
studied by others, see e.g. [5], [8] and [18].

An n-step multi-loop algebra [4], is determined by a base algebra A over a field k, n
commuting finite order algebra automorphisms of A and a Laurent polynomial in n
variables as the coordinate algebra. Multi-loop algebras are natural generalizations
of the classical loop algebras that are used to realize affine Kac-Moody Lie algebras.
Indeed, V. Kac showed that any affine Kac-Moody Lie algebra is built out of a loop
algebra (of a finite order automorphism of a finite dimensional simple Lie algebra) by
adding a central extension and a space of derivations [12, Chapter 8] and moreover,
E. Neher [17] showed how to build an extended affine Lie algebra out of a Lie torus
in a way reminiscent of the affine construction. But in [2], the authors showed that
almost all centerless Lie tori can be realized using multi-loop algebras, see also [3].
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Consequently,

every extended affine Lie algebra can be realized as a multi-loop algebra
of a finite number of automorphisms based on a finite-dimensional simple (1)

Lie algebra by adding a central extension and a space of derivations.

This fact is of great importance in the theory of affine and extended affine Lie
algebras. In particular, in the above realization problem, the space of derivations of
a multi-loop algebra plays an important role. To this end, S. Azam [7] showed that
the derivation algebra of the tensor product of two algebras can be obtained from
the derivation algebras and the centroids of the algebras, and then using this result,
he studied the derivation algebra of a multi-loop algebra [6]. Also, A. Pianzola [20]
studied the derivation algebra of a class of algebras given by étale descent containing
the multi-loop algebras. Moreover, in [19] the authors studied the étale descent of
derivations of algebras with values in a module. The algebras under consideration
in the latter reference are twisted forms of algebras over rings containing multi-loop
algebras.

Motivated by the realization problem (1) for locally extended affine Lie algebras, we
introduce here an extension of multi-loop algebras, called extended multi-loop algebras
(see Definition 5.1), and determine their derivation algebras. An extended multi-
loop algebra is determined by a base algebra A over a field k, a family of possibly
infinitely many commuting finite order admissible automorphisms, and an algebra of
Laurent polynomials in possibly infinitely many variables as the coordinate algebra.
We expect that the centerless cores of locally extended affine Lie algebras could be
in general realized by extended multi-loop algebras whence allowing to establish a
realization framework for locally extended affine Lie algebras. Moreover, since the
derivations of these algebras are of great importance in “realization problem”, we
determine and study the structure of the derivation algebra of an extended multi-
loop algebra.

The article is organized as follows. In Section 2, we recall some preliminaries and
definitions such as the derivation algebra and centroid of an algebra and some of
their properties. In Section 3, we study the derivation algebra of the tensor product
of algebras A and B over a field and, as the main result of this section, determine
the structure of the derivation algebra of the degree-zero space of A® B with respect
to a G-grading, where G is a certain abelian group, see Theorem 3.4. In Section 4,
we apply the previous results to algebras with gradings induced by automorphisms.
Finally, in Section 5, we introduce extended multi-loop algebras, see Definition 5.1,
and study their algebras of derivations.

2. Basic definitions and facts

In this work we fix a field k and two algebras A and B over k. All other algebras
will be over k except otherwise stated. Throughout G denotes an abelian group,
and every group in this paper is abelian and written additively. The multiplication
algebra of A, denoted Mult(A), is the subalgebra of endomorphisms of A over k
generated by the identity operator and the left and right multiplication operators of
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A. The centroid of A, denoted C(A), is by definition the set of all endomorphisms
of A which commute with all elements of Mult(.A), that is

C(A) = {v € End(A) | v(zy) = v(z)y = 2y(y) for all z,y € A}.

Note that C(A) is a unital subalgebra of End(A). Also, we consider A as a left
C(A)-module by v-a = v(a), for v € C(A) and a € A. A is called central if
C(A) = kidy and it is called perfect if A =AY the k-span of all products aa’ for
a,a’ € A. If A isperfect, then C(A) is commutative, and if A is unital, commutative
and associative, then C(A) — A, v+ (1) is an algebra isomorphism.

The proof of the following lemma can be found in [4], [9] and [7].

Lemma 2.1.  The map
v: C(A) @B —CA®B); 7®b—y® L, (2)

where Ly, b€ B, denotes the left multiplication by b, is an algebra isomorphism if
A is perfect and B is unital, commutative and associative and one of the following
holds:

(a) B is finite dimensional,

b) A is unital,

c) A is finitely generated over k,

d) A is finitely generated as a module over C(A),

e) A is finitely generated as a module over Mult(A),
f) A is central.

N N /N /N A/

Let (M,-) be an A-bimodule. A derivation of A with values in M is a k-linear
map d: A — M satisfying d(aa’) = d(a)-a'+a-d(a') for all a,a’ € A. The vector
space of all such derivations is denoted D(A, M). An example of a derivation is the
so-called inner derivation 0,, determined by m € M and defined by 0,,(a) = a-m,
a € A. The inner derivations form a subspace of D(A, M) denoted ZD(A, M). If
M = A, we write D(A) and ZD(A) instead of D(A, A) and ZD(A, A), respectively.

Let g be a finite dimensional semisimple Lie algebra. If M is a finite dimensional
g-module, Whitehead’s Lemma says that every derivation g — M is inner, see
[13, TI1.7, Lemma 3]. This immediately extends to the locally finite case, i.e.,
ID(g, M) =D(g, M) if M is a locally finite g-module (see [19, Lemma 3.1]). One
knows in general that ZD(g) is an ideal of D(g).

2.1. Centroids and derivations of graded algebras

The algebra A is said to be G-graded, or graded if the grading group G is clear
from the context, if A = P, s A, is a direct sum of subspaces A, such that
A Ay C Agyy, for all g,¢ € G. In this case, supp(A) = {g € G | A, # {0}}
is called the support of A and the elements of A, are said to be homogeneous (of
degree g). A subalgebra (or ideal) A" of A is graded if A" = @ 4(A N A,). A
map f € End(A) is of degree g € G if f(Ay) C Ay, for all ¢ € G. Denote
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by End(A), the subspace containing all f € End(A) of degree g € G. Then, the
(internal) sum of the subspaces End(A), is direct and we set

grEnd(A) = @ End(A),. (3)

geG

This is a graded associative subalgebra and, in general, a proper subalgebra of
End(A). However, if A is finite dimensional or if the support of A is finite, then
grEnd(A) = End(A) and thus the space End(.A) becomes graded.

For g € G, set C(A), :==C(A)NEnd(A), and D(A), := D(A) N End(A),, and

grC(A) = @C(A)g and grD(A) := @D(A)g.

geG geG

If A is finitely generated Mult(A)-module, then grC(A) = C(A) [9, §2], and
grD(A)=D(A) if A is finitely generated as an algebra over k [11, Prop. 1].

3. Derivations of tensor product algebras

In this section, we study the derivations of the tensor product A ® B over k. Recall
that A ® B is an algebra under the product (a ® b)(a’ ® O') = (ad’) ® (b'), for
a,a’ € A and b,b' € B. For f € End(A) and g € End(B) we consider the map
f®g € End(A ® B) defined by f@g(a®b) = f(a) ® g(b), for a € A and b € B.

Definition 3.1. Let R be a commutative associative ring and M be an R-
module. A family {g;};e; C Endg(M) is called summable if for each m € M,
gj(m) = 0 for all but finitely many j. In this case, for each family {r;};c; C R,
> icsrig; defined by (3°;c;759;)(m) = >2.c;r;9;(m) is a well-defined endomor-
phism of M, moreover the set of all endomorphisms of this form is a submodule of
Endg(M). If {g; | ¢ € I} is an R-linearly independent subset of Endg (M), then
the family {g¢;}:c; is called a summable R-basis for this submodule.

Suppose that E4 and Ep are two arbitrary subspaces of End(A) and End(B) re-
spectively. If {g;}jes C Ep is summable and {f;};jcs C E4, then {f;®g;}ics C
End(A ® B) is also summable. Then we define E A@EB to be the set of all
dies fi®g;, for all summable families {g;};e; € Es and all subsets {f;}jcs C E4.
In a similar manner, we can define F A%EB. An element F' € End(A ® B) is called
of finite A-image if for each b € B, F(A®b) C >, A®b; for some b; € B and a
finite set Ty. Clearly, in this definition b;’s can be considered as elements of a basis
of B. Here is a description of End(.A)@> End(B) in terms of finite A-image maps.

Lemma 3.2. End(A)@> End(B) = {F € End(A® B) | F' is of finite A-image} .

Proof.  We fix a basis {ay}rex of A and a basis {b;};es of B. Suppose first that
F' is an element of End(fl)@> End(B). Then there exists a summable family {g;}
of End(B) and a family {f;} of End(A) such that F := )", , fi®g;. Since {g;} is
summable, for each j € J, there exists a finite set I; such that g¢;(b;) # 0 if and
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only if 7 € I;. Then for cach a € A and j € J, Fla®b;) = > ., fila) ® gi(b;) €
Y e I A® g;(bj) and so F is of finite A-image. To complete the proof suppose that
F' is of finite A-image; we must show that F € End(.A)@> End(B). Now for each
k€ K and j € J, we have F(a, ® bj) = Y, ab, @by, for some unique af), € A
where a® i = 0 for all but finitely many ¢. Since F' is of finite A-image, for each
J, Jj = {t eJ| a ]k # 0 for some k} is finite. Let J; be a copy of J; such that
J;inN Ji = for j #i. Set T :=Uje;J; and, for t € T', deﬁne g: € End(B) by

b, ifte
gt(bl) = { Ot :

otherwise.

Also we define f; € End(A) as follows. If ¢ € J;, then we require ft ag) =
Note that f;’s are well-defined since whenever i # j, we have J; N .J; = (), for all

t,7 € J. Here in the definitions of f; and ¢g; we have identified ¢ E J; with its
correspondmg element in J;. Slnce J; is finite for each j, {g;}ier is summable. So
=Y ier [i®g; € End(A)® End(B). Moreover,

F'(ar @ by) Zth ax) @ gi(b th a) @ by = Za]k@)bt Flax ® b)),

ied ted; teJ; teT
so ' = F' as required. [

Let A be perfect and B be unital, commutative and associative. Also, assume that
the map ¢ in (2) is an isomorphism. Therefore, by [7, Theorem 2.9], we have

DA ® B) = (D(ASB) @ (C(A)T D(B)). (4)

Let A and B be G-graded. Therefore, A® B = P (A ® B), is a G-graded
algebra where (A®@ B), =3 .o Ay @ By, forall g € G.

Proposition 3.3.  Assume that A is perfect and B is unital, commutative and
associative. Also, let A and B be G -graded and the map v in (2) be an isomorphism.

Then g DA B) =Y DA B), = > (DA)EB), @ (C(A)T D(B)),

geG geG

such that

(D(A)EB), = > D(A)y BB,y and (C(A)E D(B)), = Y C(A)y E D(B),,.

g'eG g eG
Proof.  The proof is similar to the proof of [7, Lemma 3.1]. n

For a direct sum G = @iel G, of groups, we let ¢; : G; — G and 7; : G — G; be
the canonical injection and projection maps, respectively Then each z € GG, setting
mi(z) := x;, for all 4, can be represented as x = ) ,_, x;. For an abelian group H
and a positive integer m, we call a map ¢ : H — Z, m-additive if for x,y € H,
d(x+y) = ¢(x)+¢(y) —em for e € {0,1}. Clearly the composition of an m-additive
map with the canonical projection Z — 7Z,, is a group homomorphism.
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Theorem 3.4.  Suppose that A and B are G -graded algebras where G = @,.; G;

is a direct sum of abelian groups G;. Assume that A is perfect and B is umtal,
commutative and associative, and for each i, m; is a positive integer such that m; "
makes sense in k. Assume further that

(a) the map ¢ in (2) is an isomorphism,
(b) for each i, there ezists an m;-additive map ¢; : G; — Z,
(c) for each i, there exists a unit u; in B such that u;" € By and for all r; € Gy,
¢1(Tz)
S Btz(n

If (A®B)y and D(A®B)y respectively denote the degree-zero homogeneous subspaces
of A® B and D(A ® B) with respect to the G-grading, then the restriction map

D(.A & B)O — D((.A X B)O); D~ D|(A®B)o

s an isomorphism. In particular,

D((A® B)o) = Y (D(A), BB_,) & (C(A), & D(B)-,).

reG

Under the assumptions of Theorem 3.4 and assuming n = ) .., n; € @, Z,
we set u" = [[,.;w". Since {¢;m;} is summable, ¢: G — €, ;Z defined by
o(r) = > c;¢i(r;) is a well-defined group homomorphism. Moreover we have
u?™ =Tl u d)’(” € B, where r =3, 1i(r;) €G.

Before we prove the above theorem, we need to prove two lemmas. For this we need to
fix elements r,r',s,s' € G,alsofix a :==a, € A, d :=an € A, b:=b_, s EB_,.,
and bV = b_.,y € B_..y. Since ¢;’s are m;-additive maps, for each i, we
have ¢;(s; + ) = ¢i(s;) + ¢i(sh) — em; and ¢;(r; + 1) = ¢i(r;) + ¢s(1h) — ehmy,
for €,¢ € {0,1}. We set m(s,s") := > .., &m; and m(r,r') = > ., em; in

@,c;Z. Therefore, we then have ¢(s + s') = ¢(s) + ¢(s') — m(s,s’) and also
Or +1) = 6(r) + 6() — m(r, ).

Lemma 3.5.  Under the assumptions of Theorem 3.4, let d € D((A® B)y). Then
for a unit by € By,

u®r+7) <b51d(aa' @ u~r+p) — d(aa' ® u_d’(“”"/)))
— el <b Ld(ad' @ u=*M=9bg) — d(ad ® u—¢<r>—¢><r’>)>.
Proof.  Since ¢(r +1") = ¢(r) + ¢(r') — m(r,7’), it is enough to show that
) (bal d(ad’ @ u™TI=9O=6p ) _ dlad @ um(r,r'>—¢<r>—¢(r'>)>
= by 'd(ad’ ® u_¢(r)_¢(r/)bo) —d(ad' ® u_¢(r)_¢(rl)).
But we have

Wb (ad! @ w060 ) (gl @ )90 -0
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_ bald(aa/ ® u*d’(?“)*d)(r/)bo) _ /U/fm(r’r’)ba]_ (d(a ® uid)(r)bo)(a/ ® um(T,Tl)*Qﬁ'(T"))
+ (a®u*Dhy)d(a ® um(T’T/)_¢(T/)))
— ) (d(a @ u ) (d/ @ w0 4 (0 @ u? ) d(d ® um(rm’)—aﬁ(r’)))

— by (d(a @ u My (a @ u ")) 4+ (a @ u?by)d(d @ u“z’(r')))

= d(a ® u*¢(’“)b0)(a’ ® u*¢(?")b61> + (CL ® ufm(r,r’)f¢(r)>d<a/ ® um(ﬂr')*tﬁ(r'))
—d(a®u (@ @ u ") = (a @ u (o) @ um o)
—d(a®u?he)(a' @ u?b5Y) = (a @ u?)d(a @ u?)
= —d(ad ® u‘¢(7’)—¢>(r’))’
which completes the proof. -

Lemma 3.6.  Under the assumptions of Theorem 3.4, for d € D((A® B)y) and
n=> i €P,c; Z with u* € By, for all i € I, we have

((l X b) (d(a' X u"_¢(5,)b’)u¢(5,)—n _ d(a’ ® u—¢(8')b/)u¢(s’)>

5
= Z <d(a @ ulu?Ob)u; " u) — d(a ® u_¢(s)b)u¢(s)) (a' V). (5)
iel
In particular,
(a®1) (d(a’ ® " — d(d ® u—¢(s')b/>u¢(s')>
6
— Z ( a ® ulu ) — d(a ® u—ab(r))uab(r)) @@V (6)
el
and, for each i € I,
(a 1™ (d(a’ @ u'u )™ — d(a @)
(7)

= (d(a @ ulu~ Ny — d(a ® u_¢(r))>u¢(r) (d ®1).

Proof. Set Iy :={i € I | n; # 0}. Clearly |Iy] < co and thus the sum in (5) is
finite. Let |Iy| = ¢ and we use induction on ¢. For ¢ = 0 there is nothing to prove.
Now, let (5) hold for ¢ = k and we show that it also holds for ¢ = k4 1. To do this,
consider the fixed element ig € Iy and let n’ € @,_, Z be such that n, = n; for all
i€ 1\ {io} and nj, = 0. Now, we compute

icl

M :=d(ad’ @ u" )= o(s’ )bb/) 8)+e(s)—n _ d(ad’ @ u —o(s)- bb/) ¢(s)+0(s")
in the following two ways:
M = d(a @ u?&0)u®(d @) + (a @ b)d(d’ @ u"=*C)p )y
—d(a®@u?Db)u) (d @ V) — (a @ b)d(a’ @ u=?Cp )u)
=(a®0b) (d(a’ ® u" )™ _d(d ® u*‘z’(sl)b’)u‘ﬁ(sl))
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and, by the induction hypothesis,

M =d(a®u® u_d’(s)b)ui_onio w(a' @)+ (a @ b)d(a’ @ u™ ) b') ¢(s)=
—d(a @ u D)) (d @ V) — (a @ b)d(a' @ u b )u

= (d(a ® uzou_qb(s)b)ufmo u?® — d(a ® u_¢(s)b)u¢(s)> (d @)

20
+ (a®b) (d(a’ ® u” ) d(d @ u—¢(s’)b/)u¢(s’)>

= <d(a ® ug  u ) "Ou) — d(a ® u‘¢(s)b)u¢(s)> (a @b

20

+ Z (d(a @ ulu~?Ob)u; " u?®) — d(a ® u’¢(s)b)u¢(s)) (a' @V).
i€lo\{io}

By comparing the two parts, we get (5). To get (6), substitute s = 0 and b = %"
and to get (7), let |Io| = 1 and substitute s =0, b =u~*" s =0 and ¥ = u 9"
in (5). |

Now, we are ready to prove Theorem 3.4:

Proof of Theorem 3.4. Assume that d € D((A® B)y) is extended to an element
D € D(A ® B)y. Then, for nonzero integers n; such that n; ' makes sense in k,
1 € I, we claim that

D(a®b) =d(a® u—¢>(8)b)u¢>(5)
+ Z ¢i(s:) (nm;) ' ult) (u;nmd( ®u~ Myl — d(a ® u’d’(r)))b. (8)
iel

Note that the above sum is finite since ¢;(s;) = 0 except for finitely many i. To
prove the claim, using Proposition 3.3, we have D = D; + D, where

Dy €Y DA, BB, and Dy € Y C(A).E D(B)_,

zeG zeG

Therefore, Dy =}, pd; @b, and Dy = 3. ;7v; ® dj where {b;}ier is a basis of B,
{di}ier is a summable family in D(A), {7v;};es is a basis of C(A) and {d}jc; is a
summable family in D(B). Then, one checks that z_, := u~?*)b € B_, and

D(a®b) = D(a®u®®z_,) = Diy(a @ u*®z_.) + Dyla @ u®Dz_,)
= Dy(a® z_,)u®® + Dyla @ u®®)z_, + Dy(a ® z_, )u®®
= D(a ® z_)u®® + Dy(a @ u®)a_
= d(a ® z_)u®® + Dy(a @ u®z_,. 9)

Also, for nonzero integers n; such that n;' makes sense in k, ¢ € I, and for
t =2 crti € B,c; Z, one checks that

Dy(a@u') =) tw'u;'Dala@u) = Y tw'n; 'y Dala@u®) ()

el el
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and, using (9), for i € I we have

d(a® u™*u™) = Dla ® w ™)

=D(a®@u” (T))u;“mi + Ds(a ® u?imi)u_(ﬁ(r)
= d(a @ u™?NuM™ 4 Dy(a @ u™ )4,

Therefore,
Dsy(a @ u™™) = (d(a @ u= My — d(a @ um?™) ”Zmz)uﬂ’"). (11)
Thus, using (10) and (11), we get that
Do = 6u(s)u”) (mamy) ;™ D0 @ ™)
iel
— Z b3 (si) 5) (nym;)~ lul_nzmz (d( ® u % uM™) — d(a ® u—¢(r)>u?imi>u¢(r)'
el

Therefore, replacing this in (9) and also replacing x_, with u=®)b, we complete the
proof of the claim. Now, let D € D(A® B)y and d := 7(D) = 0. Therefore, using
(8), D =0 is the unique extension of d, whence implies that 7 is injective.

Next, it remains to show that m is surjective. Let d € D((A ® B)y). Define
D e End(A ® B)() by
D(a ®b) = d(a ® u=*®p)u?®
+ Z di(s:)m; ud™ (u;m"d(a @ u ™) — d(a ® u_‘b(r)))b. (12)
il
It is enough to show that D is a derivation of A ® B. Using (12) and Lemma 3.5,
we get that
D(CLCL/ ® bb/) _ d(CLCL/ ® u—¢(s+s’)bb/)u¢>(s+s/) + Z ¢z(32 4+ Sg)m;1u¢(r+r/)
icl
X (u;mid(aa' @ u= T+ )y — d(ad’ ® u“’ﬁ(””,)))bb’
_ dlad’ @ )66 )0 )
+ D (Bilsi) + dils)) — eimy)m D
icl

X [u;mz (d(a ® u*¢(7“))(a// ® u*¢(r’)u;‘n¢> + (CL ® u—qﬁ(r))d(a/ ® u*‘ﬁ(w)u:’%))
—da®u ) (@ @ u ) — (a@ u*)d(a’ @ u ) b

— d(aa/ X um(SvS,) (5) (s bb/) (S)—l—({)(s')—m(s,s’)
+ Z gbz SZ a ® b) ( < i—mz‘d(a/ ® u—d’(r’)u’gni) . d(al ® u_¢(r/)>>b/

el

+ Z di(sh)m;(a @ b)u?™) <u[mid(a’ @ u ™) — d(d ® u_‘ﬁ(’"'))) v

el
B Z u¢(T)+¢(TI) <U,i_mid<aa/ ® u—¢(T)_¢(T’)uTi) — d(aa/ & U_¢(T)_¢(r/))>bb/’

i€lp

(13)
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where Iy :={i € I | ¢, = 1}. On the other hand, we have
Da@b)(d @)+ (@@ b)D(d @ V) = [d(a ® 1) p)u?®)
+ Z di(s:)m; ut™ <u;mid(a @ u My — d(a ® u_‘z’(r)))b} (a @V
iel
+ (a®0D) [d(a/ @ u= o)
3 s ) (il @ ) — dla ) )y
iel
— d(ad © u— =4l o)
+ Z bi(s)m; uf™ <u;mid(a @ u ™) — d(a ® u““”))b(a’ R
i€l
+ " oilshm; o @ b)) (u (e’ @) — d(al @ u ) )Y,
iel
But, multiplying both sides of the formula (7) of Lemma 3.6 by bb’, we conclude
that

Z ¢i(s:)m;(a @ b)ud™) (u;m’d(a' @u= "y — d(d ® u_¢(rl))>b'

el

(14)
= Z @i (si)m; u?”) (u,;_m"d(a @ u~*Mu™) — d(a ® u*‘é(’")))b(a’ Q).

Now we add and subtract the term d(aa’ ®u~?®)=?)py )u?H+9() o the right hand
side of the equation (13). Then, using (14), we get that

Diad' & W) = D(a @ b)(d @) + (4 ® BD(d @) + M~ N
where M = d(aa’ ® um(s,s’)—¢(5)—¢(s')bb’)u¢(s)+¢(s’)—m(s,s’)
—d(ad' ® u—¢(8)—¢(8')bb/>u¢(s)+cf>(s’)
and N = Z u e (u;mid(aa' @ u =0y — d(ad @ uf‘i’(r)*ﬂw)))bb'.
i€ly

Thus, it is enough to show that M — N = 0. But, we have seen, in the proof of
Lemma 3.6, that

M= (a®b) (d(a/ © ums)=HE ) #E -l _ (! @ u—¢(s’>b/)u¢><s'>>_
Moreover, we have

N = Z d((l & U_¢(7‘)u;ni)u¢(7‘)u;mib(a/ ® b/) + (Cl ® b)d(a' ® u_¢(r/))u¢(rl)b/

i€lp
=Y dla@u )b @ b) + (a @ b)d(a @ u )Y
i€lp
=3 (Ao @ u )t — d(a @ um )t )b(d’ @ b).
i€lp

Multiplying both sides of the formula (6) by b and putting n = m in Lemma 3.6,
we get that M = N and we are done. [ |
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Remark 3.7. We note that the algebra A considered in this section is not nec-
essarily unital and the algebra B is always associative and unital. In a recent paper,
M. Bresar [10], considers derivations of tensor products of unital non-associative
algebras.

4. Application to gradings induced by admissible automorphisms

Throughout this section I is an index set and {m;};c; is a set of positive integers.
We assume that for each ¢, k contains a primitive m;-th root of unity w;. For
an algebra A we denote by cfa;(A) the collection of admissible families {o;};er of
commuting finite order automorphisms of A; admissible here means for every a € A,
oi(a) = a for all but finitely many 1.

Let 0 := {0;}ier € cfaj(A) and assume that o] = 1 for i € I. Since {0;}ies is

admissible, we have a G := @,.; Zm, -grading

A=PA (15)
reG

where for 7 = {r;} € G, A} = {a € A| 0;(a) = w*a forall i € I}. Moreover, o
induces a family o* := {0} }ic; of automorphisms of A defined by o} (¢) = oyp0; ",
for ¢ € End(A) and i € I. Thus, we define

grEnd(A) := @End(fl .
req
where End(A)?" = {p € End(A) | 67 (p) = w;'@ forallie I}, ¥ € G. Note that
End(A)?" = End(A); = {¢ € End(A) | ¢(A4s) C Az forall 5 € G}

In addition, for each 7, the restriction of o to C(A) and D(A) induces automor-
phisms on them, of period m;, whence we set

grC(A) = @C(A)g* and grD(A) := @D(A)-

red reG

where, for 7 € G, C(A)7" = End(A)?" NC(A) and D(A)7" = End(A)7" ND(A). We

also note that if 7 := {n;};e; € cfa;(B), then ¢ ® 1 = {0:@1; Yier € cfaj(A® B).
Hence if both o; and 7; have the same period m;, ¢ € I, then we have a G-grading,

AR B=PA@B)" where (ARB)I" =Y A7 @B

reG s€G

From now on, if the underlying automorphisms are clear from the context, we will
write Az, End(A);, Ar_s @ Bs, etc, instead of A7, End(A)2, A7 . ® BY, etc,
respectively.

Example 4.1. Let L be a complex Lie algebra and H be a toral subalgebra of
L. Assume that S is the root system of L with respect to H and Q(S) denotes the
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Z-span of S. Now, consider any group homomorphism ¢: Q(S) — C\ {0}. One
checks that ¢ induces an automorphism o on L such that

olr, = ¢(a)Idy, for all a € S.

Next, assume that {o;}e; is a Z-basis of the root lattice, namely Q(S) = B, ., Za;.
For each i, define ¢;: Q(S) — C\ {0} by ¢;(;) = w; and ¢i(a;) = 1, for all
j € I\ {i}. Let o; be the automorphism on L induced by ¢;. Then o; has period
m; and {o;}ier € cfa;(L)

The following proposition follows immediately from Proposition 3.3.

Proposition 4.2.  Assume that A is perfect, B is unital, commutative and asso-
ciative, and the map ¥ in (2) is an isomorphism. Assume that {o;}icr € cfa;(A)
and {n;}ier € cfa;(B) with periods {m;}icr. Then, setting G := @,.; Ly, , we have
— —
gDA®B)=> DARB),=> (D(A)BB), & (C(A)& D(B)),

geG geG

such that

(DA) @ B)y =Y D(A),; BBy and (C(A) @ D(B)), = Y C(A)y € D(B),_y-

g'eG g'eG

Theorem 4.3.  Assume that A is perfect, B is unital, commutative and associa-
tive, and the map ¥ in (2) is an isomorphism. Assume that {o;}ic; € cfa;(A) and
{ni}icr € cfar(B) with periods {m;}icr, and that m; ' makes sense in k for each i.
For i € I, set Gy := Ly, and G := @,c; L, , and suppose for some unit q; € G;
there exists a unit u; € B,g,y. If (A®B)o and D(A® B)y denote the fived points of
A® B and D(A® B) with respect to {0;@n;}ic; and {07 @n; }ier respectively, then
the restriction map

m: DA B)y — D((A®B)o); D — D|ass),

s an isomorphism. In particular,

D((A® B)o) = ) (D(A);)

reG

®B7) @ (C(A)r@ D(B) 7).

Proof. For i € I, let p; € G; be such that p;¢; = 1. Then, u; € B,g,) is
equivalent to w; := u}’ € B, 1), for all i. For i € I, we define ¢;: G; — Z by
requiring that ¢;(7;) be the preimage of 7; in {0,...,m; — 1} under the canonical
projection. Therefore, for each i, ¢; is m;-additive and note that «} is a unit in B
such that (u})™ € By and (u})%() € B,,;,), 7; € G;. Therefore, all the assumptions
of Theorem 3.4 hold and so we get the result. |

Recall that the differential centroid of A, denoted dC(A), is by definition the
centralizer of D(A) in C(A), that is dC(A) = {y € C(A) | [v,D(A)] = {0}}.
We may consider A also as a dC(A)-module.
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Corollary 4.4.  Under the assumptions of Theorem 4.3, if one of the following
conditions holds:

(i) A or B is finite dimensional,

(ii) C(A) is finite dimensional or B is finitely generated, and one of the following
is satisfied:

(a) A is finitely generated over k,
(b) A is finitely generated as a module over C(A) and [D(A),C(A)] = {0},
(c) A is finitely generated as a module over dC(A),

then  D((A® B)o) 2 DA B)y =Y (D(A); @ B_r) @ (C(A); @ D(B)_7).

reG
Proof.  The proof follows from [7, Theorem 2.9] and Theorem 4.3. ]

Remark 4.5.  Note that, if A = k1 in Theorem 4.3, we get that D(B), = D(B).

5. Derivations of extended multi-loop algebras

In this section, we assume that I is an index set, ST := k[z'];c; is the algebra of
Laurent polynomials in variables {z;};,c; over k and we let k contain a primitive
m;-th root of unity, for all i € I. Set G := &,.; Zy,, and consider

rzg ri, 8 = E siE@Z.
iel iel iel

We set 2" := [],.; 2", and note that 2"z% := [],, 2" ™. Also, let {0;}ies € cfas(A)
and m; be the period of o; for i € I. Then, we have a G-grading on A as in (15).

Definition 5.1.  We call the subalgebra

M( {02}1617 {mz zEI @ A (%9 z"

r€@,cr Z

of A® S! the extended multi-loop algebra of {o;}ic; based on A, or simply, the
extended multi-loop algebra.

Remark 5.2. (i) Let |I| = n. Then M(A,{0;}icr, {miticr) = M(A,0q,...,0,)
is in fact the n-step multi-loop algebra of oy,..., 0, based on A introduced in [4].
(ii) Let L := M(A,{0;}icr, {mi}ticr) be an extended multi-loop algebra. Consider
{ni}ier € cfa;(ST) defined by n;(2!) = w; 2! and n;(2;) = 25, for all j # i, where
w; is a primitive m;-th root of unity. Then L is the space of fixed points of A ® S’
with respect to 0 @  := {6:@n; Yier, ie.,

— (A ST (16)

(iii) The author in [6, Theorem 3.7] determines, using an induction based reasoning,
the algebra of derivations of an n-step multi-loop algebra. The results here not only
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allow us to pass from finite to infinite automorphisms but also provide a short and
direct proof for [6, Theorem 3.7]. Indeed, if |I| = n and S™ = S’ A is perfect
and finitely generated as a C(.A)-module and C(A) is finitely generated, then by
Corollary 4.4 and (ii),

D(M(A,01,...,0,) =D(A®S")) 2D(A®S")y
=Y (D(A); ® 5"_) @ ((C(A); ® D(S™)—r)

reG
= M(D(A),07,....00) @Y C(A)r ® D(S")_s

reG

Theorem 5.3.  Assume that A is perfect and central, and consider the extended
multi-loop algebra L = M (A, {0;}ier, {mitier). Then

D(L) = Y (D(A), B 5T_,) @ D((ST)), where (5T)o = klzF™]ier.  (17)
reG

Proof.  Since C(A) =kidy, then C(A)y =kidy and C(A)r = {0}, for all 7 # 0.
Thus, using Lemma 2.1, Remark 4.5, Remark 5.2(ii) and Theorem 4.3, we get the
result. [ |

Corollary 5.4.  Let L := M(g,{0;:}icr, {mi}icr) be an extended multi-loop algebra
based on a locally finite dimensional central simple Lie algebra g. Then

D(L) = 3 (D(g): B5_) & D((5")y). (18)

reG

Proof. Since g is perfect and central, the proof is a consequence of Theorem 5.3. =

In the above corollary there are two ingredients which should be described for deter-
mining the derivation algebra of a particular extended multi-loop algebra, namely
D(g) and D((S7)g). In Lemma 5.5 below, we give a description of D(S!) (hence
D((S1)y)), and for D(g) we refer the reader to [15, Lemma I.1] in which elements
of D(g) are presented as inverse limits of some inner derivations. To be precise, let
g be a locally finite simple Lie algebra which is a direct union of its finite dimen-
sional simple Lie subalgebras {g;};cs, i.., § = Ujesg; where J is an ordered set
and g; C g; if i <j. If D € D(g), by [15, Lemma L1], for each j € J, there exists
a unique element z; € [g;, 9] with D[y, = ad x|, Therefore, we get the following
description of D(g):

D(g) = lim[g;, g] = {(z;)jes € H[gj,g] | pjk(an) = zj, for j < k}

where pjr @ [gr, 9] — [g;,9] is the linear projection with kernel Cig, 4(g;); the
centralizer of g; in [gk,g], and j < k means g; C g;. Indeed, each D € D(g)
is associated with (z;);es € lé'rll[gj,g], where D|y, = adz;lg;, for all j € J.
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In the following lemma, we give a description of D(S?) as an S’-module in terms of
summable families (see Definition 3.1).

Lemma 5.5.  Consider D(S") as an S -module by left multiplication. Then the
set P:={:L |i€I} forms a summable S'-basis for D(ST).

Proof.  First note that the set P C D(S?) is summable and linearly independent
over ST. Now, let d € D(S?). Then using a standard argument one sees that for
cach i there exists F; € S’ such that the restriction map d : k[z"!] — ST coincides
with d = Fia%. Thus, for each j € I, we have

0 0
d(z;) = Fja_zj(zj> = (; Fig ().
This implies that d = Y, ; Fiz> and we are done. ]

Remark 5.6. It is shown in [12, Chapter 8] that any affine Kac-Moody Lie
algebra (up to adding some central elements and derivations) can be realized as
a “loop algebra”, based on a finite dimensional simple Lie algebra and a finite order
automorphism. Also, E. Neher in [17] showed how to build any extended affine
Lie algebra out of a Lie torus. Since almost all centerless Lie tori can be realized
using multi-loop algebras (see [2] and [3]), therefore, extended affine Lie algebras
can be in general built out of multi-loop algebras, based on finite dimensional
simple Lie algebras and a finite number of automorphisms. In particular, in the
above realization problem, the space of derivations of a multi-loop algebra plays an
important role. Regarding these, our interest in introducing “extended multi-loop
algebras” and studying their derivation algebras arises from the study of centerless
cores of locally extended affine Lie algebras, the so-called centerless locally Lie
tori. Indeed, we expect that centerless locally Lie tori can be in general realized
by extended multi-loop algebras.
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