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Abstract. In the representation theory of simple Lie algebras, we consider the problem of
constructing a monomial basis in an arbitrary irreducible finite-dimensional highest weight module.
We construct a PBW-type basis in every finite-dimensional representation of B, and D, and we
describe the associated semigroup of essential signatures. These bases are parameterized by integer
points in some polytopes. We give the inequalities defining these polytopes.
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1. Introduction

Let g be a simple complex Lie algebra. One has the triangular decomposition g =
u” G tdu, where u~ and u are mutually opposite maximal unipotent subalgebras
and t is a Cartan subalgebra, and one has: u= (e, |[a € Ay), u” = (e_o | € AL),
where A, is the system of positive roots, e4, are the root vectors, and the notation
(...) stands for the linear span.

We denote a finite-dimensional irreducible g-module with highest weight A by V(A)
and a highest weight vector in this module by v,. By a monomial basis in V(\) we
mean a basis consisting of vectors of the form €y " €—ay " Ux, where a; € Ay, up
to a multiple. By a PBW-type basis (PBW stands for Poincaré-Birkhoff-Witt) in
V(A) we mean a monomial basis consisting of vectors of the form e”, ---e"% - wx,

pi € Z>p, up to a multiple, for some fixed numeration of positive roots {ay,...,an}.

Various approaches to construct monomial bases in V' (\) are known. For example,
for every reduced decomposition of the longest element in the Weyl group one may
obtain a basis in each V(A) by applying the lowering operators corresponding to
simple roots to the highest weight vector (see [8]). These bases, which we call string
bases, are parametrized by integer points in the so-called string cone. Another way
to obtain a monomial basis is coming from Lusztig’s parametrization of the canonical
basis in the quantized enveloping algebra (see [9], [2]). Every reduced decomposition

of the longest element in the Weyl group defines a numeration of positive roots
P1 PN

€_a —a :
{ai,...,an}. The vectors —=L ... ==X .y, generate V() and one chooses a basis
’ ’ p1! !
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from this set of vectors by using some weighted opposite right lexicographic order on
ZN . We call this basis Lusztiq’s PBW-type basis. Also, one may obtain a PBW-type
basis corresponding to an arbitrary numeration of positive roots and a homogeneous
order on Z~ by using FFLV (Feigin-Fourier-Littelmann—Vinberg) approach (see
[13], [3], [4]).

We construct (see Section 4) a PBW-type basis for some non-homogeneous order
on ZY in V()) for all irreducible representations of the Lie algebra g of type B,
or D,,. These bases do not coincide with Lusztig’s PBW-type bases: at least the
numeration of positive roots is different. However, our bases are close to Lusztig’s
PBW-type bases in the following sense. Our approach can be used for constructing
the PBW-type bases for Lie algebras A, and C,, as well. In these cases our bases
coincide with Lusztig’s bases for some reduced expression of the longest element in
the Weyl group. We are grateful to the referee for this observation.

The basic concept is defined as follows.
Definition 1.1. A signature is an (N + 1)-tuple 0 = (A\;p1,...,pn), where N is

the number of positive roots numbered in a certain fixed order: A, = {ay,...,an},
A is a dominant weight, and p; € Z .

epl epN
Set U(O’) = _0;1 ...lllv '/U)\
N PN:

A is called the highest weight of o, the eigenweight A — > p;a; of the vector v(o) is
called the weight of o, and the numbers (py,...,pn) are called the ezponents of o.
Thus we have defined a vector in V' (\) for every signature with highest weight .
The vectors v(o) generate V(\), but they are linearly dependent. Our goal is to
select a basis of V(\) from the set of all vectors v(o).

Now we explain an approach to solve this problem. To this end we need to equip the
set of signatures with an order. Let wq,...,w, be the fundamental weights and let

O-:(A;pl)"'apN)7 O-/:()\/;pll""7pi7\7)7

A=) kwi, N =) kuw, ki k! € 7.
First we compare the tuples (ki,...,k,) and (k{,...,k}) by using the degree lexi-
cographic order and put o < o’ if (ky,...,k,) < (kj,..., k). If A =X then we
compare the tuples (pi,...,pn) and (pi,...,py) by using a fixed monomial order
on ZY;.
Definition 1.2. A signature o is essential, if v(o) ¢ (v(T) | T < 7).
The following statement is obvious.

Proposition 1.3.  The set {v(o) | o essential} is a basis of V(A).

The essential signatures with given highest weight A\ parametrize the desired mono-
mial basis of V().
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Let t7 C t be the coroot lattice, i.e., the lattice of vectors on which all weights take
integer values. The following proposition was proved by Vinberg. For convenience
of the reader, we provide a proof in Section 2.

Proposition 1.4.  The essential signatures form a semigroup > = X4 in the lattice
s LN
Z

Thus monomial bases of the above type are described by the semigroup of essential
signatures Y. These bases (including Lusztig’s PBW-type bases) and the string bases
are special cases of bases coming from the method of birational sequences ([2]).

Vinberg formulated some conjectures about the structure of the set of essential
signatures. (In fact, all these conjectures were formulated for a homogeneous order
on ZN.) Here is the first conjecture of Vinberg:

Conjecture 1.5. There exist a numeration of positive roots and a monomial
order on Z" such that the semigroup Y is generated by the essential signatures of
fundamental highest weights.

A weaker version of this conjecture can be formulated for a prescribed set of dominant
weights {A1,..., A} containing all the fundamental weights:

Conjecture 1.6.  The semigroup ¥ (for the chosen numeration of positive roots
and the monomial order on signatures) is generated by the essential signatures of
highest weights in {Ay,..., An}.

Let us formulate the other conjectures of Vinberg. Let g be the rational cone
spanned by Y. Then this cone can be defined by linear inequalities. (The number
of these inequalities is finite if Conjecture 1.6 holds.)

Conjecture 1.7.  The semigroup ¥ is saturated, i.e., ¥ = Yo N (t;, & Z").

Conjecture 1.7 claims that the bases of V(\) are parametrized by lattice points of
flat sections of some polyhedral cone. It is known (see [2]) that for Lusztig’s and
string bases the semigroup X is finitely generated and Conjecture 1.7 holds. But
in these cases it is difficult to give an explicit description for the semigroup *; in
particular, the generators of ¥ are not known.

The next conjecture refines the structure of the polyhedral cone in Conjecture 1.7.

Conjecture 1.8.  There exist a family of subsets M; C {1,..., N} and a family
of elements [; € t; such that the set of essential signatures o = (\;p1,...,pn) of
highest weight \ is given by the inequalities

> <A,

JjeEM;

Conjectures 1.5, 1.7, 1.8 (for a certain homogeneous order on signatures) were proved
for Lie algebras of types A,, C, and Gs ([3], [4], [5]). It looks plausible that
Conjecture 1.8 is wrong in other cases.
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Conjectures 1.5, 1.7 were also proved for certain homogeneous orders in cases Bj,
Dy ([1], [6]). Moreover, inequalities defining ¥ were described.

Finally, the semigroup ¥ was described explicitly in case B, for some numeration
of positive roots and monomial order such that Conjectures 1.6 (for some set of
dominant weights) and 1.7 are true ([10]).

The main result of the article is the following theorem (see Theorem 4.21):

Theorem 1.9.  The following statements are true for the simple Lie algebras of
types D,, and B, (n > 2): for some fized numeration of positive roots and mono-
mial order on signatures, the semigroup ¥ is saturated and generated by essential
signatures of highest weights in the set

{wla--'7wn72wn—172wnawn—l +wn} fO’I" Dn
and in the set {wq,...,wp,2w,} for B, , respectively.

Here the numeration of fundamental weights is the standard one, described in Section
4. Thus Conjectures 1.6 and 1.7 are true for B,, and D,, with respect to the chosen
numeration and (non-homogeneous) monomial order. Moreover, we find inequalities
defining the cone Yy for B, and D, (Theorems 4.23 and 4.22, respectively). All
these results were obtained independently of [10] by using a completely different
method.

Let us briefly describe the structure of the paper. In Section 3 we give a necessary and
sufficient condition for Conjecture 1.5 or Conjecture 1.6 to be true, and we explain
how this condition can be verified. In the rest of the article we construct monomial
bases for B, and D, by using an inductive procedure, starting from Dy = A; + Ay,
and prove the above theorem.

Acknowledgement. We are grateful to the referee for his careful reading and
insightful comments and suggestions.

2. The semigroup of essential signatures

Here we show, following an argument of Vinberg, that the essential signatures of all
highest weights form a semigroup.

Let G be a simply connected simple complex algebraic group such that LieG = g.
Let T be the maximal torus in G such that LieT = t and U be the maximal
unipotent subgroup of GG such that LieU = u. Consider the homogeneous space
G/U. Let B=T AU be the Borel subgroup. Then

ClG/U) = P ia)?,

where C[G]\”) = {f € C[G] | f(gtu) = Mt)f(g),Vg € G,t € T,u € U} s the
subspace of eigenfunctions of weight A for B acting on C[G] by right translations
of an argument. Each subspace (C[G]E\B) is finite-dimensional and is isomorphic as

a G-module (with respect to the action of G by left translations of an argument)
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to the space V(A)* of linear functions on V(\) (see, e.g., [11], Theorem 3). The
isomorphism is given by the formula:

VI swr— f, € C[G](AB), where  f,(g) = (w, guy).

Let U~ be the maximal unipotent subgroup such that Lie U~ = u~. The function f,
is uniquely determined by its restriction to the dense open subset U~-T- U ; moreover

fou™ -t u) = (w,u"tuvy) = (w, A(t)u" ) = A(t) fu(u™),

foral ue U, uw=eU ,teT. Next, U =U_,,---U_
U, = {exp(ze,) | z € C} (see [7, Sec. X, §28.1]). Hence

an » Where U, is defined as

u” =exp(z16_q,) ... eXp(ZN€_ay)-

Thus we obtain

fo(u™) = (w,exp(z16_a,) - - - exXp(2n€_ay) - Va) = Z Hzfl (w, v(0)).

o=(A;p1,-.,PN) 1=

Proposition 2.1. A signature o is essential if and only if [zl is the least term
in folu- for some w € V(X)* in the sense of the chosen monomial order on ZY,.

Proof. Let J]z" be the least term in f,|y- for some w € V(A)*. Then w
vanishes on all vectors v(7) with 7 < ¢ and is nonzero at v(c). Consequently, v(o)
cannot be expressed via v(7) with 7 < o, and hence o is essential.

Conversely, let o be essential. Consider a function w that vanishes on v(7) for all
essential 7 except o. Obviously, f,|y- has the desired least term. [ |

Proof of Proposition 1.4. Suppose that the least terms in f|y- and g|y- cor-
respond to the essential signatures ¢ and 7 of highest weights A\ and u, respectively.
Then the least term in (f-g)|y- corresponds to the signature o+ of highest weight
A+ . Hence o + 7 is essential. ]

3. Conjecture 1.6

Fix some dominant weights Ay,...,\,,. Let S be the semigroup of dominant

of essential signatures generated by the essential signatures of highest weights in
{A1,. -, Am}; 2(S) stands for the semigroup of essential signatures of highest weights
in S. Here we give a necessary and sufficient condition for $(S) = %(

It is known that the algebra C[G/U] is generated by the subspaces C[G/ U]Sf)
(1=1,...,n). Set X = Spec @/\GSC[G/U]&B). Then (see [12])

X>~Goy+-+v,,) SVM)®--- V() =V

Let I be the vanishing ideal of X in C[V], and x; be the coordinates on V
corresponding to the basis {v(0;) | o; essential}. So we have a surjective algebra
homomorphism ¢ : C[V] — C[X], such that ker(¢) = I.
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Consider an arbitrary monomial z;, ---x;, in C[V]. Set

sign(x;, -+ x;, ) =04, + -+ 05, = 0.

We call o the signature of the monomial x;, - - - x;, . This defines a grading of C[V/]

this grading is also denoted by sign(h). One has:
ClV] S clx] cclu-T1.

We have the grading by the group t; ®Z" on the algebra C[U~-T]. We also denote
by sign(h) the degree of any homogeneous polynomial h € C[U~ - T| with respect
to this grading. For any f € C[V] or f € C[U™ - T], denote by 1t(f) the least term
of f with respect to these gradings.

The map ¢ is not a graded algebra homomorphism, but it is compatible with the
decreasing filtrations, induced by the corresponding gradings. We have coarser
gradings on C[V], C[X], and C[U™ - T] by t;,. The map ¢ is a graded algebra
homomorphism for coarser gradings. Notice, that the homogeneous components of
C[V] and C[X] are finite-dimensional.

Let 1t(I) be the ideal spanned by 1t(f), f € I. Denote by J the ideal in C[V]
spanned by the binomials

Ti T, — xj, - -xj, such that sign(z,, ---x;,) = sign(xj, - - xj,).

Let f be a regular function on V', which can be expressed as a polynomial in {z;}.
Then ¢(f) is a function on X, hence a polynomial in {z;}, j =1,..., N (coordinates
on U~) and {tx}, k = 1,...,n (coordinates on T corresponding to fundamental
weights). Thus for any monomial x;, ---z;, of signature o = (A;p1,...,py) the
least term of ¢(zy, - - x;,) is 27 := t*[] 27, where % := etk N = ki,

Lemma 3.1. It(/) C J.

Proof. Let f € I, then ¢(f) = 0. Let 0 = (A\;p1,...,pn) = sign(lt(f)). The
least term of ¢(1t(f)) is greater than 27, because ¢(f) = 0. Hence 1t(f) is a linear
combination of monomials of signature o with the sum of coefficients equal to 0, i.e.

It(f) e J. ]

for the signature grading. Let o = (\;p1,...,pn) = sign(f). Then 1t(o(f)) > 2°.
There exists a monomial x;, ---x;, such that 1t(¢(zy, ---24,)) = W6(o(f)). So, for
some constant ¢ one has lt(¢(f1)) > 1t(¢(f)), where f1 = f —cxyy -+ -2, . We can
continue this process by subtracting a monomial from f; (s = 1,2,...) to obtain
fs+1 such that 16(é(fsy1)) > 16(o(fs)). The process will stop, since there exist finitely
many essential signatures with fixed highest weight. Hence we obtain f,, such that

&(fn) =0 and 1t(f,) = f. Thus f € It(1).
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Conversely, suppose that 1t(I) = J. Let f € C[V]. We look for a monomial
x;, - - - x;, such that sign(lt(¢(zy, ---24,))) = sign(lt(¢(f))). We can assume that f
is a polynomial such that the signature sign(lt(f)) is maximal over polynomials in
¢~ 1p(f). (Here we use that I is graded by t; and the homogeneous components are
finite-dimensional.) Let h = 1t(f). If h ¢ J, then we may take for x;, ---x; any
monomial of h. Otherwise h € J, hence there exist f' € I such that h = lt(f’).
Then ¢(f — f') = ¢(f) and sign(lt(f — f')) > sign(lt(f)). A contradiction. n

Now we want to explain how the condition above can be verified. To prove the
equality 1t(I) = J it is enough to verify two properties:

1. the ideal J is generated by polynomials of degree 2;

2. for any two weights A;, )\; any essential signature of highest weight \; + \;
belongs to LAv-Am)

Indeed, if the first property holds then to show that 1t(/) = J it is enough to prove
that if f € J is a homogeneous (for the signature grading) polynomial of degree 2
then f € It(I). It follows from the proof of Proposition 3.2 (now sign(f) has the
highest weight A; + ;) that it is true if the second property holds.

Now we discuss how the first property can be verified. Let ¢ =01+ ---4+ 0, be a
decomposition of o € LA1Am) into a sum of essential signatures of highest weights
in {A1,...,\n}. Consider the following operations on the decomposition:

1. replacing a pair of signatures o;,0; by a pair of essential signatures o}, o’ of
highest weights in {A1,..., Ay} such that o; + 05 = o] + 07};

2. replacing a pair of signatures o0;,0; by an essential signature o} of highest
weight in {A1,..., A\, } such that o, +0; = 0l;

3. replacing a signature o, by a pair of essential signatures o}, 0} of highest
weights in {A1,..., Ay} such that o, = 0] + 0.

We call such operations admissible. Obviously, the ideal .J is generated by binomials
of degree 2 if and only if for any o € £(*1-Am) we can obtain a given decomposition
01+ -+ 0 of o from any other decomposition 7 + - - -+ 7 by applying admissible
operations.

The second property can be verified as follows. First, we compute the number of
signatures of highest weights \; + \; which can be represented as a sum of essential
signatures of highest weights in {Ay,...,\,,} for all 4,j. Then we compare this
number with dim V(\; + A;), which can be found by Weyl’s dimension formula. We
arrive at the following statement:

Theorem 3.3.  Suppose that the following two properties hold:

(x) for any signature o € YAAm) e can obtain a given decomposition o =

o1+ - -+0 into a sum of essential signatures of highest weights in {\1,..., A}
from any other such decomposition o = 1 + --- + 1 by applying admissible
operations;
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(xx) for any two weights \;, \; any essential signature of highest weight \; + \; is
representable as a sum of essential signatures of highest weights in {Ay, ..., Am}.

Then 3(S) = AL Am)

Denote by ¥/ the semigroup generated by essential signatures of fundamental highest
weights. For {A,...,\n} = {w1,...,w,} the above theorem yields the following
consequence:

Proposition 3.4.  Suppose that the following two properties hold:

1. for any signature o € ¥ we can obtain a given decomposition o = o1+ -+ 0y,
into a sum of essential signatures of fundamental highest weights from any
other such decomposition 0 = 1 + --- + 7, by applying admissible operations
(admissible operations of the first type only are applicable here);

2. for any two fundamental weights w;, w; any essential signature of highest weight
w; + wj s representable as a sum of essential signatures of highest weights w;
and wj.

Then Y =%7.

4. Orthogonal case

In this section we prove (see Theorem 4.21) that for some fixed numeration of positive
roots and monomial order on signatures the semigroup ¥ is saturated and generated
by essential signatures of highest weights w; (¢ = 1,...,n) and 2w, for g of type

B,,, and by essential signatures of highest weights w; (i = 1,...,n), 2w,_1, 2wy,
wn_1 + w, for g of type D, , i.e.:
Sp, = Ty, (1)
EDTL _ E%};,...,wn,wn,1+wn,2wn,1,2wn). (2)

Here the numeration of fundamental weights is according to [14, Table 1]. Moreover,
we find the inequalities defining the cone g for D, and B, (see Theorems 4.22
and 4.23, respectively). We shorten the notation as follows:

() I (wl,...,wn,an) () R (wl7~~'7wn72wn7172Wﬂ,7wnfl+wn)
r_ Z(Wlw,wnfz,wnfl-‘rwn,wnfl,2wn71) "o E(Wl7~~~7wn727wn71+wn7wnz2wn)
Dy, *— “D, ) Dy, = “D, :

First we prove that ¥ is saturated and (2) holds for Dy. Then our strategy will be
to show inductively (see the induction hypothesis below) that if ¥ is saturated and
(2) is true for D,, then ¥ is saturated and (2) (resp. (1)) is true for D, (resp. B,).
We introduce some notation and recall basic facts about representations of orthogonal
Lie algebras.

Let W, =w, if p#n—1 and &1 = wy—1 +w, for D,, and let &, = w, if p #n
and @, = 2w, for B,. Recall that V(w;) is the standard representation of 50,1
(resp. $02,) in C*" (resp. C?").
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Let +¢; (i =1,...,n) be the nonzero weights of the representation V(w;) of D,, or
B,,. Then the positive roots of D,, are

eite;, i<yj, t,7€{l,...,n},
and the positive roots of B,, are
eite;, i<j, i,je{l,...,n},
g, 1€{1,...,n}.
The fundamental weights and weights w; can be expressed via ¢; as follows:

Wi=e1+-+e, i=1...,n for B,, i=1,...,n—1 for Dy;
1
wn:§<51—|—---—|—8n) for both B,, and D,,;

1
Wp—1 = 5(61 +-otepg —g,) for D,

Denote by ey; eigenvectors in V(w;) of eigenvalues =+e;, and denote by ey an
eigenvector of eigenvalue 0 (for B,,).

Denote by Yx(\) the set of essential signatures of highest weight A for the simple Lie
algebra of type X . For any signature o denote by & the tuple of its exponents, set
Yx(\) ={7 |0 € Tx(A\)}. We denote by @; the tuple of exponents with coordinate
1 corresponding to a root a; and with all other coordinates equal to 0. Let Vx () be
the irreducible representation of the Lie algebra of type X with the highest weight
A. One has:

VBn(@p):/\pCQ”“, Vg, =e1N...Nep, p=1,...,n,

VDn (@p) - /\pc2n7 /Uap = 61 /\ cct /\ €p7 p < n,

VDn (20.}”,1) ) VDn (2wn) = /\"C2”,

Vo, 1 — €1 A ... NANep_1 Ne_p, Uz, =€1N...AEp_1N\eEp.

The representation Vg, (w,) decomposes into a sum of 2" one-dimensional weight
subspaces of weights (e, £ ... £¢,). Similarly, the representation Vp,(w,—1)
(Vp, (wn)) decomposes into a sum of 2"~! one-dimensional weight subspaces of
weights 1(+e; + ... +¢,) with odd (resp. even) number of minuses.

Now we formulate the induction hypothesis for D,,:
o the properties (x), (**) (see Theorem 3.3) hold for ¥}, and X7, ,
e the semigroup X p, is saturated,

o the following property holds: ¥p, UE], = Egﬂ. (1)

The decomposition (1) is a technical property, which we use in the proofs.
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4.1. Case D,
The base case in the induction procedure is n = 2. So we start with Dy = A; + A;.
Let B, 82 be the simple roots for Dy. One has:

Bi=¢€1—¢€2, [Ba=c1+e
1

W1:§(€1—€2), w2:§(€1+62).

Let us enumerate the positive roots of Dy as follows:
Q1 = €1 — €9, Qg =¢&1+ &

A monomial order on signatures o = (\; p1, p2) of fixed highest weight A is given by
the lexicographic order on tuples (p2,p1)-.
Here are all essential signatures of highest weight w; (the highest weight component
is omitted):

1. (0,0) 2.(1,0).
Here are all essential signatures of highest weight w, (the highest weight component
is omitted):

1. (0,0) 2. (0,1).

Lemma 4.1.  The induction hypothesis holds for D-.

Proof. Fix some dominant weight A\ = kw; + lws. Since any irreducible representa-
tion of Dy = A1+A; is a tensor product of irreducible representations of A;, one has:

dim Vp, (kwy + lwe) = dim Vy, (kw) - dim Vy, (lw) = (K + 1) - (I + 1),
where we denote by w the fundamental weight of A;.

Obviously, any signature (kwi + lwo; p1,p2), where p1 = 0,...,k, po = 0,...,1, is
representable as a sum of essential signatures of highest weights w; and wy. The
number of such signatures is exactly (k + 1) - (I + 1). This implies that Yp, = 3/.
Moreover, any essential signature has a unique representation as a sum of essential
signatures of fundamental highest weights. The semigroup Xp, is given by the
inequalities:

1.E>0, 2.1>0, 3.p <k, 4p<L

These arguments show that properties (x), (*x), (1) hold and Xp, is saturated. m

So we can start an inductive procedure from Ds.

4.2. From D, to B,

In this subsection we assume inductively that we have some numeration of positive
roots and some monomial order for D,, such that inductive hypothesis for D,, holds.
Here we prove that X, is saturated and the properties (*), (*x) hold for B,, with

{)\1, ey )\nJrl} = {wl, Ce ,wn,2wn},

where we denote the fundamental weights for B,, by the same letters as for D,,, by
abuse of notation.
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We make an induction step by proving the inductive hypothesis for D,,,; in the next
subsection.

We have the standard embedding of SO,, in SO,,.; such that the following D,,-
module decomposition holds: Vg (w) = Vp, (w1) @ (eo).

Since D, and B, share the same Cartan subalgebra, we can consider any root of
D,, as a root of B,.

First of all we need to extend the monomial order and the numeration of positive
roots from D, to B,. We enumerate short positive roots of B, after long positive
roots, which are positive roots of D, :

positive roots of D, e1,...,¢,.

We extend the monomial order (on signatures with the same highest weight) as
follows:

(T, k1, k) < (K, . KD,
if either (ki,...,k,) < (k,..., k) in degree lexicographic order or (ki,..., k,) =
(k1,...,kl) and & < @ with respect to the monomial order for D,,.

Now we describe the set of essential signatures of highest weights \; for B,,. For any
signature o of D,, we consider @ as the tuple (,0,...,0) for B,.

Lemma 4.2. X (w,) =2p,([@,) U (Xp,(wp_1) +5), p=1,...,n,
EBn (an) = (iDn (@n_l) + gn) U (iDn (2wn_1) + 2511) (] SDH<2U}”),

where Yp, (wo) := {(0,...,0)}.
Proof. For any p < n one has the D, -module decomposition:
p p p—1 N
Vi, (wp) = /\ C?rHl = /\ C*" @ eg A /\ C*" =Vp, (@) @ eo A Vp, (wWp-1),

where the first summand is spanned by the vectors v(c),& € p,(&,), and the
second summand is spanned by v(0),& € Xp, (wy_1) + &,. The signatures o with
G € ¥p,(@,) are essential for D,, and have zero exponents corresponding to roots
g;, hence they are essential for the extended monomial order. The signatures o with
7 € ¥p, (wy_1) + E, are minimal among those for which v(¢) span Vg, (w,) modulo
Vb, (&,), hence they are essential, too. This proves the first equality for p < n.
Now we want to prove the equality:

Xp, (W) = iDn (wn) U (XD, (wn—1) +En).
We have a D,,-module decomposition:
Vs, (wn) = Vp, (wn) ® Vb, (Wn-1),

where the first summand is spanned by v(c),7 € Xp, (w,), and the second summand
is spanned by v(0),7 € Xp,(w,_1) + &,. The signatures o with @ € Xp (w,) are
essential for D,, and have zero exponents corresponding to roots ¢;, hence they are
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essential for the extended monomial order. The signatures o with @ € Xp_ (wp_1)+&n
are minimal among those for which v(o) span Vg, (w,) modulo Vp (w,), hence they
are essential, too.

The last equality we have to prove is:

EBn (2wn) = (ipn (wn_l + wn) + En) L (iDn(an—l) + 2?,1) U ipn(an)

We have Vg, (2w,) = /\n(CQ”Jrl = /\n(CQ” @ ey A /\n_lC2".
Moreover, A"C?*" = Vp, (2w,_1) ® Vp, (2w,). Therefore
Vi, (2w,) = eg A Vp, (Wn-1) B Vb, (2wn—1) & Vp, (2wy).
The arguments similar to the previous cases finish the proof. [ ]

By Lemma 4.2 we have bijective maps (forgetting exponents corresponding to the
roots &;):
Y Yp, (wp) = Xp, (0, UXp, (wp—1), p=1,...,n,
'(ﬁ : ZBn (an) — EDn (Wn_1 + wn) LJ EDn (an_l) LJ ZDn (an)
Assume that we have two decompositions of some signature o of highest weight
A= Zklwl = lefl of Bni

/ /
0201+"'+Jk201+"'+0l7

where o; and o} are essential signatures for B, of highest weights in the set
{wi,...,wWn, 2w, }. Then we can apply the map v to these decompositions, and
obtain two signatures of D,,:

(o) + - +9Y(or) and  Y(oy) + - + (o).

We claim that these two signatures coincide. Obviously, these two signatures have the
same exponents, hence we have to verify that the highest weights of these signatures
coincide. Let s; be the exponents of o, corresponding to roots ¢;. It is easy to see
that the highest weight of both signatures of D,, is > klw; = > lle;, where I = [;—s;
and hence

ki=Fki—si+si1, i<n, k,=ky,1—81+ky— sn. (3)
Hence the highest weights coincide and
Y(on) + - +Plow) = (1) + - + ().
Therefore we have a well-defined surjective homomorphism of semigroups:
bizg -5y

The equations (3) imply that for any two 0,0’ € Egﬂ, if ¥(o) = ¢¥(o’) and 0,0’
have the same highest weight, then o = o’.
Notice, that by Lemma 4.2 for any signature o € E%)n the inequalities k; > s; hold.

Let now 7 € Egn be an arbitrary signature of highest weight > klw;, s; be some
non-negative integers, and let k; be integers satisfying the equations (3).
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Lemma 4.3.  Assume that k; > s;. Then there exists a unique o € E%)n with high-
est weight > kw; such that (o) = 7 and s; are the exponents of o corresponding

to the roots ¢;.
We call s; the lifting parameters for 7.

Proof.  Obviously, if o exists then it is unique.

The inequalities k; > s;, where k;, s; € R, define a cone in R*". The semigroup of
integer points in this cone is generated by the following vectors given below by the
values of their nonzero coordinates:

1. ki =1 (n vectors for i =1,...,n),
2. k;=s,=1 (n vectors for i =1,...,n).

We can consider these vectors and hence any integer point in this cone as a tuple of
exponents of an essential signature of B, of highest weight > k;w; with exponents
s; corresponding to short roots and zero exponents corresponding to long roots.

Since the property () holds we may fix some decomposition of the signature 7 =
71+ -+ + 7n, where 7; are essential signatures of highest weights in

{wla sy Wn—2, Wn—1, Wn—1, 2Wn—l} or in {(JJl, cee s Wn—2, Wn—1, Wn, 2wn}

Let 6 = &1+ -+ + 6, be a decomposition of the signature of highest weight » kw;
with zero exponents corresponding to long roots and exponents s; corresponding to
short roots via signatures &; of fundamental highest weights corresponding to the
generating vectors of the above semigroup.

The signatures ¢ (¢) and 7 have the same highest weight. Therefore for any signature
; of highest weight w;, j <n — 1 one can find a signature 7, such that (5;) and
7 have the same highest weight. This fact is also true for a signature ; of highest
weight w,_1 because of our choice of decomposition 7. Combining (if needed) some
pairs of signatures &; of highest weight w, into signatures of highest weight @,
one can obtain a decomposition with p = m such that ¥ (d;) and 7; have the same
highest weight.

By Lemma 4.2 there exists an essential signature o; such that o; and &; have the
same highest weight and exponents corresponding to short roots, and ¥(o;) = 7;.
Now put o =01+ -+ 04, [ ]
Corollary 4.4.  For any signature o € Egﬂ and any decomposition of the signature
V(o) = T+ + T, where all 7; € X, orall 7; € ¥, , there exists a decomposition
o=01+ "+ o such that Y(o;) =7 foralli=1,...,m.

Proof. Follows directly from the proof of Lemma 4.3. |
Lemma 4.5.  The property (%) holds for Z%)n.

Proof.  For any signature o of B, we denote by s;(¢) the exponents of o corre-
sponding to the roots ;. Assume that we have two decompositions of some signature
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O'EE%)n of highest weight A = Y kw;: 0 =0, + -+ 0p =0y + -+ 0], where o;

and o’ are essential signatures for B, of highest weights in {wi, ..., Wn, 2wp }.

Apply the map 1 to these decompositions:
P(o) =Y(on) + - +Y(ox) = (o)) + -+ P(0y).

The property (T) implies that one can obtain other two decompositions of (o)
with all signatures in %, or in X% by applying admissible operations to the two
initial decompositions. Indeed, one can replace a pair of signatures with highest
weights {wn_1,wn }, {201,200 }, {2001, w0 }, {wn_1, 2w, } with a signature of high-
est weight ,,_; in the first case or with a pair of signatures with highest weights
{Wn-1,0n-1}, {0n-1,wn_1}, {®n_1,wn}, respectively. By Corollary 4.4 we can lift
any such admissible operation to B,. Thus we may assume that all signatures
Y(0i),¥(0}) are in ¥, orin X, .

Since property (*) holds for %, and X7, and each admissible operation on decom-

positions of signatures in X7, or in X7, is liftable to Egﬂ, we may assume that
k =1 and
U(o1) = ¥(a), ..., ¥(o) = ¥(o)).

We may suppose that there are no signatures of highest weight w,, in these decom-
positions of ¢. Indeed, assume that o; has the highest weight w, . Then, by Lemma
4.2, o} has the highest weight w,, , too, whence oy = ¢/, and we may finish the proof
by induction on /. Similarly, we may suppose that there are no signatures of highest
weight @, with s, =0 or s, = 2.

Assume that o; has the highest weight &; such that k; = 0, ¢ < j. Then either
o1 has the highest weight &;, too, whence o} = oy, and we are done by induction,
or oj has the highest weight @, and s;+1(0]) = 1, while 0y has zero exponents
corresponding to the short roots. Therefore there exists a signature in the left-hand
decomposition of o, say o9, of highest weight @;; such that s;11(02) = 1. We may
swap the exponents of o; and o, corresponding to the long roots and obtain two
new signatures o; and o,. Obviously, o2 = ¢ and by Lemma 4.2 7, is essential.
Hence replacing oy, 05 with 71, 05 is an admissible operation. Induction on [ finishes
the proof. [ ]

Lemma 4.6.  The property (xx) holds for E%)n.

Proof. To prove the property (#x) we will compute the number of signatures in
Xp,(Ap) +25,(N), and compare it with dimVp, (A, + A,) for all pairs A,, A,, except
Ap = ANy = W,

Consider, for example, the pair wy,w,. By Lemma 4.2 we have the following equali-
ties:

X5, (wWp) + Xb, (W) = (X0, (@) + X, (@o)| + X, (wp-1) + Xp, (W) |+
+ 20, (@) + X, (wg-1)| + [Ep, (Wp-1) + Xp, (we-1),  p#

|EB7L (wp) + EBn (wp)| = |2Dn (ap) + ED’!L (@p)| + |2Dn (wp—l) + ED'/L (@p)H—
+ [Xp, (wWp-1) + X, (wp-1)|-
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Since (#*) holds for ¥, and X7, , it remains to verify the following equalities:

1. dim VBn (wp + wq) = dim VYDn (CAUp + &)\q) + dim VYDn (CAUp + wq_l) +
+dim Vp, (wp—1 + &g) +dim Vp, (wp1 +wy-1), P # ¢

2. dim Vg, (2w,) = dim Vp,, (20,) + dim Vp, (0, + wp—1) + dim Vp,, (2w,_1).

One can easily verify that all equalities above are identities.
We use similar arguments for pairs 2w,, w,, p # n. For the pairs 2w, , 2w, and
2wy, wy, one should use the same arguments with the property (1), which imply that

EDn (2&}”71) + EDn (an) - EDn (2@n71) = ZDH(@n,l) + EDn (&)\n,l),

Yp,(2wn_1) +Xp, (wp) C Xp, (Wn—1 + wn-1) = Xp, (Wn-1) + Xp,, (Wn-1),
¥p, (2wn) + Xp, (Wn-1) C Tp, ([@n—1 +wn) = Ep, (0n-1) + Xp, (Wn).

By [14, Ref. Chap., §2, Table 5] we have the formulas for all dimVp,(A; + A;) and
dimVp, (A\;+A;). One can easily verify that similar equalities for the remaining pairs
of \;, \; are true, too. Therefore (*x) holds. Notice that these equalities also follow

from branching rules for orthogonal Lie algebras [15, Chap. XVIII, §129]. [
Corollary 4.7.  The semigroup of essential signatures for B, is generated by
essential signatures of highest weights in {wi, ..., wy, 2w, }.

Denote by (#') the inequalities on the coordinates of a signature which define the
semigroup Xp, . Let Y kiw; denote the highest weight of a signature for D,,. Denote
by (f) the inequalities obtaining from (f') by expressing k. via k;,s; using the
formulas (3).

Proposition 4.8.  The semigroup ¥, is given by the inequalities () and k; > s;,
1=1,...,n.

Proof. Let o € ¥, be a signature of highest weight > k;w;. Then by Corollary
4.7 one has o € ng')n. Therefore inequalities k; > s; hold, where s; are the exponents

corresponding to the short roots. The inequalities (1) hold, because inequalities (')
hold for ¢ (o).

Conversely, suppose that the inequalities (f) and k; > s; hold for some signature o
of highest weight > kw;. Let 7 be the signature of D,, of highest weight > klw;,
where k] are defined by the equalities (3), such that 7 and ¢ have the same exponents
corresponding to long roots. The signature 7 is essential since the inequalities (f)
hold. Then since inequalities k; > s; hold one can lift the signature 7 to an essential
signature o’ of highest weight > k;w; with lifting parameters s; by Lemma 4.3.
Obviously, o = ¢’. Therefore o € ¥p, . [

Corollary 4.9.  The semigroup Xp, is saturated.
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4.3. From D, to D,

In this subsection we make an induction step in our argument. We assume that we
have some numeration of positive roots and some monomial order for D,, such that
the inductive hypothesis for D,, holds. Here we prove the inductive hypothesis for
Dn+1 .

We have the standard embedding of D,, in D, such that the following D,,-module
decomposition holds:

VDn+1 (w1> = VDn (Wl) s> <€n+1> ©® <€_(n+1)>.

Since the Cartan subalgebra of D, ; contains the Cartan subalgebra of D, and
normalizes D,,, we can consider the roots of D, as roots of D, ;. First of all we
need to extend the monomial order and the numeration of positive roots from D,
to Dpi1. We extend the numeration as follows:

positive roots of D, ,e1 — i1y, 6n — Ena1,61 + Enaty -« En + Enti-

We extend the monomial order (on signatures with the same highest weight) as
follows:

(6,k317...,l€n+1,l1,... ln+1> < (5/ ki?"wk;L—l-l’l/l?"'?l;z—i-l)
if either (I1,...,l41) < (I},...,1,, ) in degree lexicographic order, or (I1,..., 1) =
(3,0 ) and (K, ..., knq1) < (Ki,..., K, ,;) in degree lexicographic order, or
(i, kngn by oo ) = (KL o kL 0. 0, ) and @ < @ with respect to

the monomial order for D,,.
Now we describe the set of essential signatures of highest weights \; for D,,,. For
any signature o of D,, we consider & as the tuple (7,0,...,0) for D, .

Lemma 4.10.

iDn+1((*"p) = iDn (@p) U (EDH (wp-1) +&p — €ny1) U (iDn (Wp-1) +&p + Eny1) U
U (EDn (wp_g) + E€p—1 — En+l + Ep + 5n+1)7 p<n,;

YD, (wn) = Ep, (wn) U (Ep, (Wn1) + €n — Ent1),

il)n-kl (wn+1) = iDn (wn) U (iDn (wn*1> + En + €n+1>7

ipn+1 (2wn) = S (an) (SDn ((i«)\n_l) +en — 5n+1) U
U (Zh ( 1) + 2(6n — €nt1)),

(X0, (@n-1) +En + Eng1) U
+ 2<€n + 5n+1))

iDn+1 (2wn41) = Xp, (2wn
( (2wn 1

EDnit (@) = Zp, (2wy) U (Ep, (2wn—1) + En — Ent1 + En + Ent1) U
( o (@n_1) + €n — Eng1) U (EDn (On-1) + €n + €ng1) U

( (wn 2) + En—1 — En+1 + En + €n+1)7

)
) U
)
(

where Yp, (wo) = Xp, (w_1) :={(0,...,0)}, €0 — ens1 := (0,...,0).
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Proof. For any p < n one has a D,,-module decomposition:

VDn+1(Wp) = Vp, (@) @ eny1 AVp, (Wp-1)
D e_(nr1) N Vb, (wp_l) D enr1 Ne_(nin) A Vb, (wp_g),

where the first summand is spanned by the vectors v(c),& € %p, (w,), the second
and third summands are spanned by v(0),7 € ¥p, (w,_1) + &) F €nt1, respectively,
and the last summand is spanned modulo the previous summands by the vectors
v(0),T € ¥p, (wWp—2)+€p—1 — Ent1+Ep + Ent1. One can prove that all these signatures
o are essential with respect to the extended monomial order by using the arguments
similar to those in Lemma 4.2. Therefore the first equality holds.

The next two equalities are similar to the following equality in Lemma 4.2:

Y5, (Wn) = Xp, (wn) U (Ep, (Wn-1) + En),

We prove them by using the same arguments as in Lemma 4.2 replacing ¢, by
€n £ €pr1. Now we prove the equality

U (Ep, (2wn-1) + 2(En + €ns1))-

The highest weight vector of Vp, (2w,,) is va,, = €1 A...Ae, and the highest weight
vector of Vp,  (2wpy1) is o, A €pq1. The signatures o with & € Y p, (2w,) have
zero exponents corresponding to roots &; £ €,41, hence they are minimal among
signatures for which v(o) span Vp, (2w,) A €,41. Therefore they are essential for the
extended monomial order.

The signatures ¢ with exponent 1 corresponding to the root e, 4+ £,,1 are minimal
signatures of the weights > " | kie; + 0 - eny1, k; € {—1,0,1}. After applying the
lowering operator corresponding to the root ¢, + €,41 to the highest weight vector
e1 A\ --- A e,y1 one obtains the vector

erN---NepyNe_pNepg+er N Neg1 Ne_(nr1) N\ €nyr.

The second summand has the form vz, | Ae_41) Ae,q1, where vg, | is the highest
weight vector for Vp, (©,_1). The vectors v(c) with & € Xp_(D,—1)+&, + Ens1 SPan
VD, (@n=1) A €_(ns1) A €ny1 modulo A" C*", where C*" = (eyy,...,e4,). Hence the
corresponding signatures are essential.

Similarly, the signatures ¢ with exponent 2 corresponding to the root ¢, +¢,.1 are
minimal signatures of the weights """ | kie; — 11, ki € {—1,0,1}. After applying
two lowering operators corresponding to the root &, + €,,1 to the highest weight
vector e; A --- A e,iq one obtains the vector

erN- - Nepr Ne_p Ne_(ny1) = Vaw,_; N\ €_(nt1),
where vy, _, is the highest weight vector of Vp (2w,_1). The vectors v(o) with

G € Xp, (2wn_1) +2(c, T ens1) span Vo, (2w, 1) A e_(nt1)- Hence the corresponding
signatures are essential.
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Thus all signatures on the right-hand side are essential. By the second equality from
Lemma 4.2 the number of these signatures equals dim Vg, (2w,). Therefore, since
dim Vg, (2w,) = dim Vp, , (2wn+1) we have found all essential signatures of highest
weight 2w,,11. The proof for ¥p, ,, (2w,) is similar.

The proof of the last equality is similar to the one for the first equality. One has the
D,,-module decomposition

VDnH(@n) = Vb, (2wn) ® Vp, (2wn—1) ® eny1 A Vp, (Wn-1) ®
® e—ni1) AV, (@n-1) ® €nt1 A e_(ny1) A Vp, (Wn—2)

similar to one for the first equality, where the first summand in the right-hand side
Vp, (@,) = A\'C?" is replaced by Vp, (2w,) & Vp, (2w,—1) = \"C*". n

Lemma 4.11.  The property (1) holds for Dy 1.

Proof. It is enough to show that any sum of two essential signatures of highest
weights in {wy, Wn11, 2w, 2wn41, W, } belongs to Z’Dn+l or to E/l’)n+1.

Let, for example, 0 € ¥p,,, (2w,) and o' € ¥p,,,(2w,11). Then by the previous
Lemma one has:

G E€Xp,(2w), ot & € Xp, (@n1)+En — Ent1, Or T € Xp, (2wn_1) +2(En — Ens1)
and
& €Xp, (2wp), or & € Xp (On_1) +En F nt1, 01 T € Np, (2w, 1) +2(5, + Enpa)-

The property (1) for D, and description of Yp, ., (@,) imply that in any case
o+o €X¥p,,(Wn) +Xp,,,(@,). Hence o + ¢’ belongs to both ¥, .~ and Xp, .
One can easily verify that the other cases are similar to the one in this example. =

By Lemma 4.10 we have the surjective maps (forgetting exponents corresponding to
roots €; + €,41):

¥ Xp,, (Wp) = Xp, (@) U Ep, (wp-1) UXp, (wp-2), p<n,
¥ Ep,(wa) = Ep, (wn) U Ep, (Wn-1),
w : EDn+1 (wn+1) — ZDn (wn) l_l EDn (wn*1)7
@b . EDnH(an) — EDn(@n—l) L EDn(2wn_1) L EDn(an),
17/} : EDn+1 (zwn+1) — Z]Dn (an*]-) u Z:Dn (2('0”*1) l_l ZDn (2wn)7
¢ : ZDn+l ((jd\n) — EDn(an) L EDn(an—l) L EDn (Z‘)\n—l) L EDn(wn_Q).

Asin 4.2 we can extend these maps to a homomorphism of semigroups E%)nH — Zgﬂ .
Indeed, assume that we have two decompositions of some signature o of highest
weight A = ) kw; in E(b)nﬂz o+ +op =0+ +0;, where o; and o} are
essential signatures for D, of highest weights in

{wla <oy Wndd, 2("}77,7 2wn+17 wn}
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Then we can apply the map 1 to these decompositions, and obtain two signatures
in Zgn

Y(o1) + - +1p(or) and (o) + -+ +1(0]).
We claim that these two signatures coincide. Obviously, these two signatures have the
same exponents, hence we have to verify that the highest weights of these signatures

coincide. Let s be the exponents of ¢, corresponding to roots ¢;te,,1 respectively.
Notlce that if Z"+1 kiw; = S e then the highest weight of both signatures in

/
D, 18 Yoy Klw; =" lle;, where

L=1—s —s;, i<n.

It is easy to deduce that
K=k —s; —s§ +s5q+ i, i<n,
K, =knp1+kn+tkp—s, —st—s,_1—s .

n

Hence Y(on) + -+ ¥(ow) = P(o1) + - + (o).

Therefore we have well-defined surjective homomorphism of semigroups:

RS SR 3 o

+

Notice, that by Lemma 4.10 for {k;}, {k!}, {s; },{s;} the following inequalities hold:
si <k, i<mn,
sy + st —siy <k, i<n,
5:,1 + Sn,1 + Sn < kn—l + kn; (5)
Sy < kn,
st <kpia.
These inequalities together with s,k > 0 define a cone C C R**'. Consider

the following lattice vectors in this cone given below by the values of their nonzero
coordinates:

1. k=1 (n+1vectorsfori=1,...,n+1),

2. ki=s =1 (n—1vectorsfori=1,...,n—1),

3. ki=s; =1 (nvectorsfori=1,...,n),

4. ky=s=s,=1 (n—2vectorsfori=2,...,n—1), (6)

5. kni=st =1,

6. kpy1i=k,=s=s_,=1
Lemma 4.12.  The vectors (6) generate the semigroup of integer points in the
cone C'.

Proof. We start with an arbitrary integer point in the cone. So we have tuples
of non-negative integers {k;},{s}, satisfying the inequalities (5). We show how to
subtract one of the vectors (6) to get an integer point in the cone again. We provide
a step by step algorithm below. In every step one can easily check that inequalities
(5) are preserved after subtraction.
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1. Subtract the vector 3 with ¢ = n until s, = 0.

2. Subtract the vector 5 until s =0 or s, ;+s | —s =k, ;. In the latter case,
the fourth inequality follows from the third one. Moreover, one has s} < s~ ,,
because otherwise s} | =k, 1+ s —s,_; > k,_1, a contradiction with the
first inequality with i =n — 1. Then subtract the vector 6 until s = 0.

3. Subtract the vector 1 with ¢ =n,n+ 1 until &k, = k,.1 = 0.
4. Subtract the vector 3 with i =n — 1 until s,,_; = 0.

5. Subtract the vector 2 with i = n—1 until s} | =0or s, ,+s' ,—s' =k, o.
In the latter case one has s | < s, ,, because otherwise st , =k, o +s! | —
5,_9 > k,_2, a contradiction with the first inequality with ¢ = n — 2. Then
subtract the vector 4 with ¢ =n — 1 until s | =

n—

6. Subtract the vector 1 with ¢ =n — 1 until k,_; = 0.

We repeat 4-6 decreasing ¢ by 1 in every step. [ ]
Let now 7 € ng))n be a signature of highest weight > klw;, sfE be some non-negative
integers. Let k; be integers satisfying the equations (4).

Lemma 4.13.  Assume that the inequalities (5) hold. Then there ezists a unique
o€ Egnﬂ of highest weight > kyw; such that ¥(c) = 7 and s are the exponents

of o corresponding to the roots €; £ €,,1 respectively.

We call s the lifting parameters for 7.

Proof.  Obviously, if o exists then it is unique.

We argue similarly to the proof of Lemma 4.3. The inequalities (5), where s, k; €
R>( define the cone C'. The semigroup of integer points in C' is generated by
the vectors (6). We can consider these vectors and hence any integer point in
C' as an essential signature of D, of highest weight > k;w; with exponents sii
corresponding to roots €; & €,1, and zero exponents corresponding to other roots.

Fix some decomposition of the signature 7 = 7 + --- + 7,,, where 7; are essential
signatures of highest weights in

{wla"‘uwn7172wnfluwn71} or in {wly"'an727wn72wn7wnfl}-

Let 6 = 61+ - -+, be a decomposition of a signature of highest weight  k;w; with
exponents sii corresponding to roots ¢; & ¢,1 and zero exponents corresponding to
other roots via signatures ; corresponding to the generating vectors of the above
semigroup.

The signatures () and 7 have the same highest weight. Therefore for any signature
; of highest weight w;, j < n one can find a signature 7, such that ¢(&;) and 7y
have the same highest weight. This fact is also true for a signature &; of highest

weight @, because of our choice of decomposition 7. Combining (if needed) some
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pairs of signatures g; of highest weights w,,,w,+1 into signatures of highest weights
Wn,y 2Wp, 2wy 11, one can obtain a decomposition with p = m such that ¢(5;) and 7;
have the same highest weight.

By Lemma 4.10 there exists an essential signature o; such that o; and ; have
the same highest weight and exponents corresponding to the roots ¢; &+ €,11, and
Y(o;) =7;. Now put 0 =01+ -+ + 0. n
Corollary 4.14.  For any signature o € E(b)n+1 and any decomposition of the
signature V(o) = T + +-+ + Ty, where all signatures T; have highest weights in
{wi, oy Wi, 2Wn 1, W0n 1} (Tesp. in {wr, ..., Wy 2,Wn, 2w, Un_1} ) and at most one
signature has the highest weight w,_1 (resp. wy), there exists a decomposition
0 = 01+ -+ 0, such that all o; have highest weights in {wq,...,wn, 2wy, 0y}
or in {wy,...,Wn—1,Wnt1, 2Wn11, 0, and P(o;) =7 foralli=1,....,m.

Proof. Suppose that o € ZIDnH and all 7, have highest weights in the set
{wi, ... wp-1, 2wp—1,@n—1}. We consider the signature 6 = 1 + --- + 7, from
the proof of the previous Lemma, where Y kjw; is the highest weight of ¢ and s
are exponents of o corresponding to the roots g; = &,41.

The proof of the previous Lemma implies that for any signature &; of highest weight
W;, j < n,one can find a signature 74 such that ¢(6;) and 7, have the same highest
weight. We want to combine all signatures (except at most one) ;,; of highest
weights w11, w, Or wy,,w, into signatures, say &;, of highest weights &,, or 2w, such
that ¢(5;) have the same highest weight as some 7. Then we may finish the proof
as in previous Lemma. Thus we may assume that all signatures ; have the highest
weights wy,, wpi1 -

The number of signatures ; of highest weight w, is greater than the number of
signatures with highest weight w,; since o € E},H .- Therefore one can combine
these signatures into pairs {&;,5;} such that in every pair the highest weights are
Wi, Wpa1 OF Wy, w, and we have at most one signature of highest weight w, without
a pair. Moreover, we may assume that in every such pair the highest weights of
(), ¥(d;) are wy_1,wyp OF Wy_1,wp—1 since 7; € X and ¢¥(d) and (o) have
the same highest weight. Indeed, for every pair {5;,5,} such that the highest weight
of both 9(6;), ¥(d;) is w, one has a pair {G;,5,} such that the highest weight of
both 9(57), ¥(d%) is w,—1. Then we may swap any signatures of highest weights
w, from the first pair and the second one. We combine the signatures in every pair
into a signature of highest weight &, or 2w, . Then the 1-images of such signatures
have the highest weights &, _1 or 2w,_1, therefore there exists a signature 7; with

the same highest weight.

If o € Z’l’)nH and/or 7; have highest weights in {wq,...,wn_2,wn, 2wy, ©0,—1} then
we use the same arguments. |

Remark 4.15. The assumption about signatures of highest weight w, 1 (resp.
wy ) is significant. Indeed, let ¢ have the highest weight @, and (o) = 7 + 79,
where 7; have the highest weight w,,. Then the above statement does not hold.

Lemma 4.16.  The property (x) holds for X, = and X7,

+1 nt1 "
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Proof. For any signature o of D, .1 we denote by sfc(a) the exponents of o
corresponding to the roots ¢; + €, 1. Assume that we have two decompositions of
some signature o in D, 1:

/ !/
o=o01+--+o,=0,+ -+ o0,
where o; and o] are essential signatures for D,,.; of highest weights in
{wb <oy Wh—1, Wn, 2wn> wn} or in {wla ey Wn—1, Wntt, 2wn+17 wn}-

One can use arguments similar to those in Lemma 4.5 by using Corollary 4.14 to
reduce to the case

U(o1) =1(oy), ..., ¥(or) = (o).

Moreover, we may assume that all ¢)(o;) have the highest weights either in the set
{Wla sy Wn—1, 2wn—1a @n—l} or in {wla ey Wn—2, Wn, 2wn7 @n—l}-

Suppose that ¥ (oy) has the highest weight w,,, m < n — 1, such that among (0;)
there are no signatures of highest weights w;, © < m. By Lemma 4.10 the highest
weights of both signatures o1, 0] are in {wp,, Wmi1,Wmio}. If 01 = o} then we are
done by induction on [. In the remaining cases we provide an algorithm for obtaining
the signature o} in the left-hand decomposition or the signature o; in the right-hand
decomposition by admissible operations. Then we finish the proof again by induction
on [.

Denote the highest weight of o7 by A. We arrive at one of the following cases (by
symmetry between o; and o] we may suppose that \ # @,,,2, because if both oy
and o} have the highest weight @, 2, then they coincide by Lemma 4.10):

LA=wnm, 2.A=Wnt1, Shyi(01) =1, 3. X =wpi1, Sppq(or) = 1.

In the first case one has a signature of highest weight A in the right-hand decom-
position, say o, such that sf(c}) =0, 4 = 1,...,n,. Indeed, one must have the
signature of highest weight A in the right-hand decomposition and all s = 0 for all
such signatures, otherwise we would have the contradiction with the choice of the
weight w,, .

In the second case one has a signature of highest weight A in the right-hand decom-
position, say o4, such that s ., (c5) = 1. Indeed, one must have the signature in
the right-hand decomposition with s, = 1. By Lemma 4.10 all such signatures
have the highest weight w;;,11.

In both cases we may swap all exponents of signatures o} and o) except ones
corresponding to roots ¢; + €,41 and obtain the signature o; in the right-hand
decomposition. By Lemma 4.10 it is easy to verify that the signatures obtained by
swapping are essential.

In the third case we may assume s, ,(0}) = s, ,(c]) = 1. Otherwise we would
have the first or the second cases. One has the signature of highest weight J,, 2, say
09, in the left-hand decomposition of o such that s;,,(02) = 1. We may swap all
exponents of signatures o, and o9 except one corresponding to the root €,,10+¢€,11
and obtain the signature o} in the left-hand decomposition of o. By Lemma 4.10 it
is easy to verify that the signatures obtaining by swapping are essential.
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Arguments above show that we may assume that all ¢(c;) have the highest weights
in {wn—1,wWn, 2wn_1, 2wy, W,—1}. Let, for example, ¢(o;) have the highest weight
2w, . By Lemma 4.10 we may assume that the highest weights of both signatures
01,07 are in {W,, 2w,+1}. (In the case of the highest weights of 01,07 in {2w,,©,}
we use similar arguments.) If oy = ¢} then we are done by induction on [. Hence
we may suppose that the highest weights of 0y, 0] are @,,2w,1, respectively, and
sE(oy) = sE(o}) = 0. Since all signatures o;, 0} are in ¥D,., the sets of highest
weights of signatures {o;} and {0} coincide and one has a signature of highest
weight 2w,1, say o2, in the left-hand decomposition of o. One has s} (02) # 2
since ¢(0;) € X7, . Then we may swap all exponents of signatures o; and o, and
obtain the signature ¢} in the left-hand decomposition of ¢. Induction on [ finishes

the proof. One can use similar arguments in the remaining cases. |
Lemma 4.17.  The property (+x) holds for 37, and X7, .

Proof. Similar to Lemma 4.6. ]
Corollary 4.18.  The semigroup of essential signatures for D,.1 is generated by
essential signatures of highest weights in {wi, ..., Wni1,WOn, 2Wn, 2Wn41} -

Recall (see 4.2) that we denote by (#) the inequalities on the coordinates of a
signature which define the semigroup Xp, . Let > kiw; denote the highest weight of
a signature for D,,. Denote by (#) the inequalities obtaining from (') by expressing
ki via k;, s using the formulas (4).

Proposition 4.19.  The semigroup Xp, ., is given by the inequalities (§) and (5).

+1

Proof.  Similar to Proposition 4.8. |

Corollary 4.20.  The semigroup p, ., s saturated.

n+1

4.4. Results

Finally, we have the numerations on the sets of positive roots for D, and B, as
follows:

€1 — 69,61+ €9, €1 —Enyev vy Epel — EnsE1+Enye v En_1 +&, for D,

roots of D, ,e1,...,e, for B,.

Also we have the monomial order on the set of signatures. We compare two signatures
of D,, of the same highest weight as follows (we move on to the next step if on the
previous steps the tuples of exponents of the signatures coincide):

1. compare the tuples of exponents corresponding to the roots e1+¢&,,...,e,_1+€n
by using the degree lexicographic order,

2. compare the tuples of exponents corresponding to the roots e;—e,, ..., e,1—¢,
by the degree lexicographic order,
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3. compare the tuples of exponents corresponding to the roots €1 + ¢,-1, ...,
€n_o + €,_1 by the degree lexicographic order,

4. compare the tuples of exponents corresponding to the roots e; — e,_1, ...
€n—2 — En—1 by the degree lexicographic order,

5. compare the exponents corresponding to the root €, + €5,
6. compare the exponents corresponding to the root ; — e5.

We compare two signatures of B,, of the same highest weight as follows (we move on
to the 2nd step if on the 1st step the tuples of exponents of the signatures coincide):

1. compare the tuples of exponents corresponding to the roots €1, ..., &, by using
the degree lexicographic order,

2. compare the tuples of exponents corresponding to the long roots by the above
rule for D,,.

The inductive argument in subsections 4.2 and 4.3 proves our main result:

Theorem 4.21.  The following statements are true for D, , B, (n > 2): for the
numeration of positive roots and the monomial order on signatures described above,
the semigroup ¥ is saturated and generated by essential signatures of highest weights
in the set

{wi, .., Wn, 2w 1, 2w, W1 +wy} for D,

and in the set
{wi, ..., wn, 2wy} for B,.

Let pfj > 0, i < 7, be the exponent of a signature of D, corresponding to the
root ; & ¢;, respectively, > k;w; be a dominant weight. One can easily deduce the
inequalities on pfj, k; which define the semigroup ¥ p, by using Proposition 4.19 and
inequalities defining Xp, .

Theorem 4.22.  The semigroup Xp, 1S given by the inequalities:

(1) p;—j + Zzzjﬂ(p;,rk + Dk _p;’:H,k _pi_Jrl,k) < ki,
ie{l,....n—2}, jed{i+2,...,n},

(2) P, + ZZ:j(PZk + Dk _p;:l,k — Pipix) < ki,
ie{l,....n—2}, je{i+2,...,n},

(3) Piit1 T ZZ:z‘Jrz(p;Lk + P — P:fu,k - pi_+1,k) < ki,
ie{l,...,n—1},

(4)  Piiya +Piie T Piprive T 2oheiysPie + P = Piiop — Piiag) < ki + ki,
ie{l,...,n—2},
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(5) pzz+l+2k z+2(pzk:+pzk+pz+lk+pz+1k)<l€ +kn 1+k +2Z] z—i—l
ie{l,...,n—2},

(6) p:;fl,n S kn

Let s; > 0 be the exponent of a signature of B,, corresponding to the root ¢;. Let
pﬁ = %si. The inequalities which define the semigroup ¥p_  can be easily deduced
from Proposition 4.8 and the previous theorem.

Theorem 4.23.  The semigroup X, is given by the inequalities:

(1) si—sit +p:’,_j + ZZ:J‘H(ka +t Dk~ p;:l B~ Pit1, k) < ki,
ie{l,....n—=2}, je{i+2,...,n},

(2)  si—Siv1+ P+ ZZ:j (pj—k Dok — p?ﬂ,k - pi_Jrl,k) < ki,
ie{l,....n—2}, je{i+2,...,n},

(3) 8= Sit1 + Pijr + 2 pmin (i + 0oy — Pk — Pias) < K
ie{l,...,n—1},

(4)  sitDirire T 2pmiroPig + g — pztrz,k = Piox) < kit ki,
ief{l,...,n—2},

(5) pzz+1+2k z+1(pzk+pzk+pz+1k+pz+lk> < k +k +2Z] 7,+1
ze{l,..., -1},

(6) Sigki,iE{l,...,n}.
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