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Annihilators of Simple Integrable Weight sl(∞)-Modules

Lucas Calixto ∗
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Abstract. Let g = sl(∞) . We compute the annihilators of a class of simple integrable weight g -
modules with finite-dimensional weight spaces. It is a claim of I. Dimitrov, that this class exhausts
all simple integrable weight g -modules with finite-dimensional weight spaces. The main feature of
interest is that Dimitrov’s modules contains non highest weight modules. Here we provide another
construction for these modules, which allows to apply recent results of A. Petukhov and I. Penkov
to compute such annihilators.
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1. Introduction

Recently the primitive ideals of the enveloping algebra of the Lie algebra sl(∞) has
been classified by A. Petukhov and I. Penkov in [6]. As a next step, one should like to
compute the annihilators of natural classes of simple sl(∞)-modules. The represen-
tation theory of sl(∞) is not as well developed as that of sl(n) . However, in the last
year several classes of simple weight modules have been discussed in the literature;
see [1, 3, 4]. Furthermore, in [6], an algorithm for computing the primitive ideals
of any simple highest weight module is presented, and the problem of computing
primitive ideals is open only for simple non highest weight modules. For the class
of simple bounded weight modules, this problem was solved by D. Grantcharov and
I. Penkov in [3].
Our aim in the present note is to compute the annihilators of a class of non-bounded
simple weight sl(∞)-modules with finite-dimensional weight spaces. This class of
modules has been defined by I. Dimitrov in a talk given in Berkeley. In his talk,
I. Dimitrov has claimed that these modules, up to isomorphism, are all integrable
simple weight sl(∞)-modues with finite-dimensional weight spaces. Besides simple
highest weight modules, Dimitrov’s class contains simple integrable modules without
a highest weight. Modulo the results of [6], the annihilator problem reduces to the
computation of the annihilators of the latter modules. Our main result, Theorem 4.1,
shows that the annihilators in question equal the annihilators of certain highest
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weight modules, which we construct explicitly. Then our claim follows by applying
the algorithm given in [6].
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Notation. The ground field is C , and all vector spaces, algebras, and tensor
products are considered to be over C , unless otherwise stated. We let ⟨ ⟩C denote
the span over C . We write CZ>0 for the set of all sequences of complex numbers.
For any Lie algebra k we let U(k) denote its universal enveloping algebra.

2. Preliminaries

In what follows we set g = sl(∞) := lim−→n
sl(n) . Let hn ⊆ sl(n) be the Cartan

subalgebra consisting of the diagonal matrices in sl(n) , and let εi ∈ h∗n be the
functional determined by εi(Ej,j) = δi,j , where Ei,j denotes the standard coordinate
matrix with 1 in the i, j -position and zeros elsewhere. We fix h = lim−→n

hn a Cartan
subalgebra of g , and we denote by εi the vectors of h∗ whose restriction to h∗n
coincide with the vectors εi ∈ h∗n . Then one can identify an element λ ∈ h∗ with
the formal sum

∑
λiεi , or with the infinite sequence (λ1, λ2, . . .) ∈ CZ>0 . Let M

be a g-module. We call M an integrable module if for all m ∈ M , g ∈ g , we
have dim⟨m, g ·m, g2 ·m, . . .⟩C < ∞ . We define the annihilator of M to be the set
AnnM = {u ∈ U(g) | u·M = 0} . We call M a weight g-module if it admits a weight
space decomposition: M=

⊕
µ∈h∗ Mµ , where Mµ={m∈M | hm = µ(h)m, ∀h∈h∗} .

The support of a weight module M is the set SuppM = {µ ∈ h∗ | Mµ ̸= 0} . All
modules considered in this paper are assumed to be weight modules with finite-
dimensional weight spaces, that is, dimMµ < ∞ for every µ ∈ SuppM . Moreover,
M is called a bounded weight module if there is a constant c ∈ Z>0 for which
dimMµ < c for all µ ∈ SuppM .
The Lie algebra g is a weight module via the adjoing action, and its weight decom-
position (called root space decomposition) is given by g = h ⊕

(⊕
α∈∆ gα

)
, where

∆ = {εi − εj | i, j ∈ Z>0, i ̸= j} are the roots of g . A triangular decomposition
of ∆ is a splitting ∆ = ∆− ⊔ ∆+ satisfying: α, β ∈ ∆+ and α + β ∈ ∆ implies
α+β ∈ ∆+ , and ∆− = −∆+ . Triangular decompositions of ∆ are in bijection with
linear orders on Z>0 :

(Z>0,≺) 7→ ∆+ = {εi − εj | i ≺ j, i, j ∈ Z>0},

and ∆+ = {εi − εj | i ≺ j} 7→ (Z>0,≺),

where for all i, j ∈ Z>0 , i ≺ j ⇔ εi − εj ∈ ∆+ .
Any linear order ≺ on Z>0 provides two subalgebras: n(≺)± =

⊕
i≺j gεi−εj , and

b(≺) = h⊕n(≺)+ . The subalgebra b(≺) is called the Borel subalgebra of g associated
to ≺ . Throughout the paper we only consider Borel subalgebras of g that contains
h and that can be obtained from a linear order on Z>0 .
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Definition 2.1. A Borel subalgebra b(≺) ⊆ g is called a Dynkin Borel subalgebra
if and only if (Z>0,≺) is isomorphic as an ordered set to (Z>0, <) , (Z<0, <) or
(Z, <) . According to this, a Borel subalgebra is called right-infinite, left-infinite and
two-sided, respectively. Dynkin Borel subalgebras are the only Borel subalgebras of
g for which any positive root can be written as a finite sum of simple roots.

Remark 2.2. The terminology introduced above for g also make sense for sl(n)
and it will be used freely.

3. Some classes of simple integrable weight modules with
finite-dimensional weight spaces

The construction given in this section is due to I. Dimitrov. It provides an explicit
exhaustion for certain simple modules that were considered previously in [2].
Let l =

⊕
k>0 sl(nk) , nk ∈ Z>1 , for all k ∈ Z>0 . Choose a Borel subalgebra

bnk
⊆ sl(nk) , for all k ∈ Z>0 , and let bl =

⊕
k>0 bnk

. Let Lbnk
(λk) be a simple

finite-dimensional sl(nk)-module of highest weight λk ∈ P+
bnk

, for all k ∈ Z>0 ,
and set λ = ((λ1), (λ2), . . .) ∈ h∗ . Now, for each k ∈ Z>0 , we choose a vector
vk ∈ Lbnk

(λk) , and we let (
⊗

Lbl(λ)) (⊗vk) denote the l-module defined by

(⊗
Lbl(λ)

)
(⊗vk) := lim

−→
ℓ

ℓ⊗
k=1

Lbnk
(λk),

where
⊗ℓ

k=1 Lbnk
(λk) ↪→

⊗ℓ+1
k=1 Lbnk

(λk) , v 7→ v ⊗ vℓ+1 , for all v ∈
⊗ℓ

k=1 Lbnk
(λk) ,

and k∈Z>0 . In particular, since
⊗ℓ

k=1 Lbnk
(λk) is a simple integrable

(⊕ℓ
k=1 sl(nk)

)
-

module, for every ℓ ∈ Z>0 , we have that (
⊗

Lbl(λ)) (⊗vk) is a simple integrable
l-module.
Suppose that wk = ckvk , where ck ∈ C for every k ∈ Z>0 . Then(⊗

Lbl(λ)
)
(⊗vk) ∼=

(⊗
Lbl(λ)

)
(⊗wk).

In particular, if the weight spaces of Lbnk
(λk) are one-dimensional for all k , and, for

each k we choose a weight vector in Lbnk
(λk)µk with µk ∈ SuppLbnk

(λk) then dif-
ferent choices of vectors in the same weight spaces provide isomorphic modules. Let
Lbl((λ), (µ)) denote such a module for a fixed choice of weight vectors in Lbnk

(λk)µk ,
where µ = ((µ1), (µ2), . . .) ∈ h∗ is such that µk ∈ SuppLbnk

(λk) , for all k ∈ Z>0 .
Given two sequences γ = (γi) ∈ CZ>0 and η = (ηi) ∈ CZ>0 , we write T (γ) = T (η) if
and only if γi = ηi for all but finitely many indices i ∈ Z>0 .

Proposition 3.1. Lbl((λ), (µ))
∼= Lbl((λ), (η)) if and only if T (µ) = T (η).

Proof. Since T (µ) = T (η) , we have that the vector ⊗vk lies in both modules
Lbl((λ), (µ)) and Lbl((λ), (η)) . Since both modules are simple, the result follows.

For a Borel subalgebra b := b(≺) of g we define

P+
b = {λ := (λi) ∈ CZ>0 | λi − λj ∈ Z≥0, for all i ≺ j}
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as the set of dominant integral weights of g with respect to b . For any λ ∈ h∗

we let Lb(λ) denote the irreducible b-highest weight module with highest weight λ .
From now on assume that b is a Dynkin Borel subalgebra of g (see Definition 2.1),
and we set bnk

:= b ∩ sl(nk) for all k ∈ Z>0 . Let λ ∈ P+
b and suppose that

λ = ((λ1), (λ2), . . .) ∈ h∗ , with λk = (λk
1, . . . , λ

k
nk
) ∈ P+

bnk
, for all k ∈ Z>0 .

Assume also that each simple sl(nk)-module Lbnk
(λk) has one-dimensional weight

spaces. For every k ∈ Z>0 , we choose µk ∈ SuppLbnk
(λk) , and we let µ =

((µ1), (µ2), . . .) ∈ h∗ . Under these assumptions, we can consider the l-module
Lbl((λ), (µ)) defined above, where l :=

⊕
k∈Z>0

sl(nk) . Finally, we set Nk =
∑k

ℓ=1 nℓ ,
and λ(k) = ((λ1), . . . , (λk)) ∈ PbNk

, where bNk
:= b∩sl(Nk) , and we let p = (h+l)⊕u

be a parabolic subalgebra of g containing b . Consider Lbl((λ), (µ)) as a p-module
such that its p-module structure is given as follows: any h ∈ h acts on any weight
space Lbl((λ), (µ))

ν via multiplication by µ(h) +
∑

i ciαi(h) , where ν = µ+
∑

i ciαi

for some αi ∈ ∆ , and u · Lbl((λ), (µ)) = 0 .

Lemma 3.2. With the above notation the induced module

Indg
p Lbl((λ), (µ)) := U(g)⊗U(p) Lbl((λ), (µ))

has a unique maximal proper submodule.

Proof. Let L = Lbl((λ), (µ)) and M = Indg
p Lbl((λ), (µ)) . By PBW Theorem,

Indg
p L admits a vector space decomposition L⊕N , where N =

⊕
µ/∈SuppL Mµ . Let

N ′ be any proper submodule of M . Since L is simple we must have that N ′∩L = 0
and hence N ′ ⊆ N . In particular, the sum of all proper submodules of M is
contained in N , and the result is proved.

Let Vp(Lbl((λ), (µ))) denote the unique simple quotient of Indg
p Lbl((λ), (µ)) .

Proposition 3.3. Vp(Lbl((λ), (µ))) is integrable with finite-dimensional weight
spaces.

Proof. Let L = Lbl((λ), (µ)) , M = Indg
p Lbl((λ), (µ)) , V = Vp(Lbl((λ), (µ))) , and

π : M → V the projection defining V . Let u− be the opposite subalgebra of u . Then
g = u− ⊕ p , and by PBW Theorem, M ∼= U(u−)⊗L . Hence, for every ν ∈ SuppM
we have

Mν
∼=
⊕

λ+λ′=ν

U(u−)λ ⊗ Lλ′ .

Since every block of l is finite, it is not hard to see that for any ν ∈ SuppM ,
there are finitely many pairs (λ, λ′) for which λ + λ′ = ν . Furthermore, since p
contains a Dynkin Borel subalgebra b = h ⊕ n , it follows that u− ⊆ n− , where n−

denotes the opposite subalgebra of n . In particular, since b is Dynkin, we have that
dimU(u−)β < ∞ for all β ∈ SuppU(u−) . Now, the claim that dimMν < ∞ follows
from the fact that dimLµ = 1 for all µ ∈ SuppL . To see that V is integrable we
notice that for any g ∈ g and v ∈ V , there is n ≫ 0 such that g ∈ sl(n) , and

v = π(
r∑

i=1

ui ⊗ vi) ∈ π

(
U(sl(n))⊗U(p∩sl(n))

n⊗
k=1

Lbnk
(λk)

)
.
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Since λ ∈ P+
b , for each i = 1, . . . , r , there is mi ∈ Z>0 such that gmi ·π(ui⊗vi) = 0 .

In particular, this shows that gmv = 0 for m ≫ 0 . Thus the result follows.

Another class of modules we will consider in the sequel is constructed as follows:
consider an infinite subset A = {a1, a2, . . . | ai ≤ ai+1} ⊆ Z>0 . For any an ∈ Z>0 we
have a unique, up to a scalar multiplication, embedding of sl(n)-modules ΛanVn ↪→
Λan+1Vn+1 . We define the g-module S∞

A V to be the direct limit lim−→n
SanVn (see [3]

for details).

4. The annihilator of simple integrable weight modules with
finite-dimensional weight spaces

This section is devoted to compute the annihilators of the g-modules Vp(Lbl((λ), (µ)))
and S∞

A V that were defined in Section 3. In what follows we let Wn denote the Weyl
group of sl(n) for every n ∈ Z>0 .

Theorem 4.1. There exists an exhaustion of Vp(Lbl((λ), (µ))) given by the simple
sl(Nk)-modules LbNk

(λ(k)). In particular, AnnVp(Lbl((λ), (µ))) = AnnLb(λ).

Proof. Notice that vk = (⊗k
i=1vλi)(⊗ℓ>kvµℓ) is a nonzero bNk

-highest weight vec-
tor of hNk

-weight λ(k) . Consider the sl(Nk)-submodule of Vp(Lbl((λ), (µ))) generated
by vk . Since Vp(Lbl((λ), (µ))) is integrable, it follows that dimU(sl(Nk)) · vk < ∞ .
Thus SuppU(sl(Nk)) · vk is WNk

-invariant, and hence U(sl(Nk)) · vk ∼= LbNk
(λ(k)) .

Notice now that the assignment

φµk : LbNk
(λ(k)) → LbNk+1

(λ(k+1)), (⊗k
i=1vλi) 7→ (⊗k

i=1vλi)⊗ vµk+1

gives a well defined embedding of sl(Nk)-modules. Since Vp(Lbl((λ), (µ))) is simple,
the family of maps {φµk}k∈Z>0 gives the desired exhaustion. The modules LbNk

(λ(k))
also give an exhaustion for Lb(λ) (via a different family of embeddings). Finally,
the result follows from the fact that if M is a lim−→n

g(n) = g-module such that
M = lim−→n

Mn , where each Mn is a g(n)-module, then AnnM = ∩AnnMn .

Corollary 4.2. Let im(λ) = {λi | i ∈ Z>0}. Then AnnVp(Lbl((λ), (µ))) ̸= 0 if
and only if | im(λ)| < ∞.

Proof. This follows from Theorem 4.1 and [5, Theorem 9].

Corollary 4.3. Vp(Lbl((λ), (µ))) is a highest weight module with respect to some
Borel subalgebra if and only if there is k0 ∈ Z>0 , ν(k0) ∈ WNk0

· λ(k0) such that
(ν(k0), µk0+1, . . . , µk0+n) ∈ WNk+n

· λ(k0+n) for any n > 0.

Proof. First recall from Theorem 4.1 that Vp(Lbl((λ), (µ)))
∼= lim−→k

LbNk
(λ(k)) .

Since all possible highest weights of LbNk
(λ(k)) lie in WNk

· λ(k) , and every weight
ν(k) ∈ SuppLbNk

(λ(k)) is sent to the weight (ν(k), µk+1) ∈ SuppLbNk+1
(λ(k+1)) , the

result follows.
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Lemma 4.4. Let c ∈ Z>0 , and M be a simple bounded g-module such that
dimMµ < c, for all µ ∈ SuppM . If N is a simple g-module with AnnM = AnnN ,
then N is also bounded, and dimNµ < c for all µ ∈ SuppN .

Proof. By a direct verification one can see that the proof of [7, Theorem 4.3] also
works for the case g = sl(∞) .

Let A be a semi-infinite subset of Z>0 (i.e. |A| = ∞ and |Z>0\A| = ∞). We say that
A is compatible with a linear order ≺ on Z>0 if a ∈ A , b ∈ Z>0 \ A implies a ≺ b .
For every semi-infinite subset A ⊆ Z>0 we define the element εA :=

∑
i∈A εi ∈ h∗ .

Now we have the following result.

Corollary 4.5. Vp(Lbl((λ), (µ))) is a bounded weight module if and only if one of
the following statements holds:

(1) (Z>0,≺) ∼= (Z>0, <), and there is k ∈ Z>0 and a partition

µ = (µ1 ≥ µ2 ≥ · · · ≥ µk)

such that λ =
∑k

j=1 µjεij , where i1 ≺ · · · ≺ ik is the left end of ≺;

(2) (Z>0,≺) ∼= (Z<0, <), and there is k ∈ Z>0 and a partition

µ = (µ1 ≥ µ2 ≥ · · · ≥ µk)

such that λ =
∑k

j=1−µjεij , where ik ≺ · · · ≺ i1 is the right end of ≺;

(3) (Z>0,≺) ∼= (Z, <), and λ = εA for some semi-infinite subset A ⊆ Z>0 which is
compatible with ≺.

Proof. By Theorem 4.1, we have AnnVp(Lbl((λ), (µ))) = AnnLb(λ) . In particu-
lar, it follows from Lemma 4.4 that Vp(Lbl((λ), (µ))) is bounded if and only if Lb(λ)
is bounded. Since b is a Dynkin Borel subalgebra, it follows from [3, Theorem 5.1
and Proposition 5.2] that Lb(λ) is a bounded weight module if and only if (1), (2)
or (3) holds.

In [6] a parametrization of all primitive ideals of U(sl(∞)) is given in terms of
quadruples (r, g,X, Y ) , where r, g ∈ Z≥0 and X,Y are Young diagrams. The
primitive ideal associated to (r, g,X, Y ) is denoted by I(r, g,X, Y ) . In [6] the
authors describe how to find the quadruple (r, g,X, Y ) associated to AnnLb(λ) ,
and the parameters r, g,X, Y are given in terms of λ . We set

AnnLb(λ) := I(r(λ), g(λ), X(λ), Y (λ)).

The following theorem is the main result of this paper.

Theorem 4.6. Let M be a g-module.

(1) If M ∼= S∞
A (V ) for some infinite subset A = {a1, a2, . . . | ai ≤ ai+1} ⊆ Z>0 ,

then
AnnM = I(1, 0, ∅, ∅).
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(2) If M ∼= Vp(Lbl((λ), (µ))), then one of the following statements holds:

(2.1) p ⊇ b is a left-infinite Dynkin Borel subalgebra, and

AnnM = I(r(λ), 0, ∅, Y (λ)).

(2.2) p ⊇ b is a right-infinite Dynkin Borel subalgebra, and

AnnM = I(r(λ∗), 0, X(λ∗), ∅),

where λ∗ := (. . . ,−λ3,−λ2,−λ1) ∈ h∗ .

(2.3) p ⊇ b is a two-sided Dynkin Borel subalgebra, and

AnnM = I(r(λ), g(λ), ∅, ∅).

Proof. First notice that if b1 and b2 are conjugate (under Aut(g)) Borel subal-
gebras of g , then AnnLb1(ν) = AnnLb2(ν) for any ν ∈ h∗ . Now the result follows
from Theorem 4.1 along with the description of AnnLb(λ) given in [6, § 6] for the
case where b is a Dynkin Borel subalgebra of g .

Remark 4.7. According to a claim of I. Dimitrov, the modules listed in Theo-
rem 4.6 exhaust all simple integrable modules with finite-dimensional weight spaces.

Now we can use Corollaries 4.3 and 4.5 to construct examples of simple integrable
weight modules with finite-dimensional weight spaces which are neither highest
weight nor bounded.

Example 4.8. Let b be the right-infinite Dynkin Borel subalgebra (see Defini-
tion 2.1), and consider the element λ = (0,−2,−4,−6,−8,−10,−12, . . .) ∈ P+

b .
Since λi − λi+1 = 2 for all i ∈ Z>0 , a way of decomposing λ into blocks is
λ = ((λ1), (λ2), . . .) so that each Lbnk

(λk) have one-dimensional weight spaces is
given by λ = ((−0,−2), (−4,−6), (−8,−10), . . .) . In particular, we must have
l =

⊕
k∈Z>0

sl(2) as the reductive component of p , and

Lb∩sl(2)(λ
k) ∼=sl(2) sl(2),

for all k > 0 . Notice that

SuppLb∩sl(2)(λi, λi+1) = {(λi, λi+1), (λi − 1, λi+1 + 1), (λi − 2, λi+1 + 2)}

for each i ∈ Z>0 . Now we can choose µ = ((−1,−1), (−5,−5), (−9,−9), . . .) ∈ h∗ .
Since every weight ν(k) ∈ SuppLbNk

(λ(k)) is send (via the exhaustion given in
Theorem 4.1) to the weight

(ν(k), µk+1) ∈ SuppLbNk+1
(λ(k+1)) \WNk+1

· λ(k+1),

we conclude from Corollary 4.3 that Vp(Lbl((λ), (µ))) is not a highest weight module
with respect to any Borel subalgebra of g . Moreover, it follows from Corollary 4.5
that Lb(λ) cannot be a bounded module. Thus Vp(Lbl((λ), (µ))) is not bounded
either.
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If we choose η = ((−2,−0), (−6,−4), (−10,−8), . . .) , then Vp(Lbl((λ), (η))) is a
highest weight module with respect to the opposite Borel of b . Although it is still
not bounded.
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