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Lucas Calixto*

Communicated by K.-H. Neeb

Abstract. Let g = sl(co). We compute the annihilators of a class of simple integrable weight g-
modules with finite-dimensional weight spaces. It is a claim of I. Dimitrov, that this class exhausts
all simple integrable weight g-modules with finite-dimensional weight spaces. The main feature of
interest is that Dimitrov’s modules contains non highest weight modules. Here we provide another
construction for these modules, which allows to apply recent results of A.Petukhov and I. Penkov
to compute such annihilators.
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1. Introduction

Recently the primitive ideals of the enveloping algebra of the Lie algebra sl(co) has
been classified by A. Petukhov and I. Penkov in [6]. As a next step, one should like to
compute the annihilators of natural classes of simple s[(cc0)-modules. The represen-
tation theory of sl(c0) is not as well developed as that of sl(n). However, in the last
year several classes of simple weight modules have been discussed in the literature;
see [1, 3, 4]. Furthermore, in [6], an algorithm for computing the primitive ideals
of any simple highest weight module is presented, and the problem of computing
primitive ideals is open only for simple non highest weight modules. For the class
of simple bounded weight modules, this problem was solved by D. Grantcharov and
I. Penkov in [3].

Our aim in the present note is to compute the annihilators of a class of non-bounded
simple weight sl(co)-modules with finite-dimensional weight spaces. This class of
modules has been defined by I. Dimitrov in a talk given in Berkeley. In his talk,
I[. Dimitrov has claimed that these modules, up to isomorphism, are all integrable
simple weight sl(cc)-modues with finite-dimensional weight spaces. Besides simple
highest weight modules, Dimitrov’s class contains simple integrable modules without
a highest weight. Modulo the results of [6], the annihilator problem reduces to the
computation of the annihilators of the latter modules. Our main result, Theorem 4.1,
shows that the annihilators in question equal the annihilators of certain highest

*The author was supported by the Capes grant (88881.119190/2016-01) and by the PRPq grant
(ADRC-05,/2016).

ISSN 0949-5932 / $2.50 © Heldermann Verlag



304 CALIXTO

weight modules, which we construct explicitly. Then our claim follows by applying
the algorithm given in [6].
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Notation. The ground field is C, and all vector spaces, algebras, and tensor
products are considered to be over C, unless otherwise stated. We let ( )¢ denote
the span over C. We write CZ>° for the set of all sequences of complex numbers.
For any Lie algebra £ we let U(£) denote its universal enveloping algebra.

2. Preliminaries

In what follows we set g = sl(o0) := lignsl(n). Let b, C sl(n) be the Cartan
subalgebra consisting of the diagonal matrices in sl(n), and let ¢; € b’ be the
functional determined by ¢;(E} ;) = ¢;;, where E; ; denotes the standard coordinate
matrix with 1 in the 4, j-position and zeros elsewhere. We fix h = hgn b, a Cartan
subalgebra of g, and we denote by ¢; the vectors of h* whose restriction to b
coincide with the vectors ¢; € h. Then one can identify an element A € h* with
the formal sum >~ \;g;, or with the infinite sequence (Aj, Xo,...) € CZ>°. Let M
be a g-module. We call M an integrable module if for all m € M, g € g, we
have dim(m, g -m,g*-m,...)c < co. We define the annihilator of M to be the set
Amm M = {u € U(g) | u-M = 0}. We call M a weight g-module if it admits a weight
space decomposition: M =€P ;. M,,, where M, ={meM | hm = pu(h)m, YVhebh*}.
The support of a weight module M is the set Supp M = {u € b* | M, # 0}. All
modules considered in this paper are assumed to be weight modules with finite-
dimensional weight spaces, that is, dim M, < oo for every p € Supp M. Moreover,
M is called a bounded weight module if there is a constant ¢ € Z-o for which
dim M, < ¢ for all © € Supp M.

The Lie algebra g is a weight module via the adjoing action, and its weight decom-
position (called root space decomposition) is given by g = h @ (EBQE A ga), where
A ={e; —¢; |1, € ZLso,i # j} are the roots of g. A triangular decomposition
of A is a splitting A = A~ LU A" satisfying: a,8 € A" and a + § € A implies
a+p e At and A~ = —A*. Triangular decompositions of A are in bijection with
linear orders on Z-:

(Zso, <) = AT ={e; —¢j | i <], i,j € Z=o},
and At ={e; —¢;|i<j} v (Zso, <),

where for all 4,5 € Z5o, i <j e —¢; € AT,

Any linear order < on Z, provides two subalgebras: n(<)* = b, ~jBei—ey and
b(<) = h@En(<)". The subalgebra b(<) is called the Borel subalgebra of g associated
to <. Throughout the paper we only consider Borel subalgebras of g that contains
h and that can be obtained from a linear order on Z-.
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Definition 2.1. A Borel subalgebra b(<) C g is called a Dynkin Borel subalgebra
if and only if (Z-g, <) is isomorphic as an ordered set to (Zs¢,<), (Z<o,<) or
(Z,<). According to this, a Borel subalgebra is called right-infinite, left-infinite and
two-sided, respectively. Dynkin Borel subalgebras are the only Borel subalgebras of
g for which any positive root can be written as a finite sum of simple roots.

Remark 2.2.  The terminology introduced above for g also make sense for sl(n)
and it will be used freely.

3. Some classes of simple integrable weight modules with
finite-dimensional weight spaces

The construction given in this section is due to I. Dimitrov. It provides an explicit
exhaustion for certain simple modules that were considered previously in [2].

Let [ = @,.5l(nk), nx € Zsy, for all k € Z-,. Choose a Borel subalgebra
b, C sl(ng), for all k € Zsg, and let by = @by, . Let Ly, (X*) be a simple
finite-dimensional sl(n;)-module of highest weight A\* € P o for all k € Z-y,

and set A = ((A!),(A\?),...) € b*. Now, for each k € Z-(, we choose a vector
v € Ly, (A¥), and we let (@ Ly, ())) (®vx) denote the [-module defined by

(R LeV) (@) = i Q) Lo, ().

L k=1

where ®£:1 Ly, (AF) — ®£+:11 Ly,, (AF), v = v @ gy, for all v € ®£:1 Lbnk()\k),
and k € Z~. In particular, since ®i:1 Ly, (N*) is a simple integrable (@2:1 ﬁl(nk)> -
module, for every ¢ € Z.q, we have that () Ly, (\)) (®v) is a simple integrable
[-module.

Suppose that wy = civi, where ¢, € C for every k € Z~y. Then

(@ 26) (200) = (Q) LoV ) ().

In particular, if the weight spaces of Ly, (A¥) are one-dimensional for all k, and, for
each k we choose a weight vector in Ly, (A\*),x with p* € Supp Ly, (A\*) then dif-
ferent choices of vectors in the same weight spaces provide isomorphic modules. Let
Le,((A), (1)) denote such a module for a fixed choice of weight vectors in Ly, (\¥)
where = ("), (#?),...) € b* is such that ;* € Supp Le, (A\*), for all k € Zs,.

Given two sequences v = (7;) € CZ>0 and n = (n;) € CZ>0 | we write T'(y) = T'(n) if
and only if 7; = n; for all but finitely many indices i € Z~.

ks

Proposition 3.1. Ly ((A), (1)) = Ly, ((N), (n)) if and only if T(u) =T(n).

Proof. Since T'(n) = T'(n), we have that the vector ®uvy lies in both modules
Ly, (M), (1)) and Ly, ((N), (n)). Since both modules are simple, the result follows. =

For a Borel subalgebra b := b(<) of g we define
Pb+ - {)‘ = (Az) € (CZ>0 | )\1 - )\j S Zzo, for all 7 < j}
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as the set of dominant integral weights of g with respect to b. For any A € b*
we let Ly(A) denote the irreducible b-highest weight module with highest weight .
From now on assume that b is a Dynkin Borel subalgebra of g (see Definition 2.1),
and we set b, = bNsl(ng) for all k € Z.g. Let A € P, and suppose that
A= (M), (A),...) € b, with X = (M},... A8 ) € P;;k, for all k € Z-g.
Assume also that each simple sl(ng)-module Ly, (A\*) has one-dimensional weight
spaces. For every k € Z-o, we choose u* € Supp Le,, (A\F), and we let u =
('), (?),...) € b*. Under these assumptions, we can consider the [-module
Lo, ((A), (1)) defined above, where [:= €D, ., sl(nx). Finally, we set Nj = S e,
and AP = (A1), ..., (\")) € Pyy, , where by, := bNsl(Ny), and we let p = (h+1)du
be a parabolic subalgebra of g containing b. Consider Ly ((A), (1)) as a p-module
such that its p-module structure is given as follows: any h € h acts on any weight
space Ly, ((A), (1))” via multiplication by p(h) + >, ¢;a;(h), where v = p+ 3. ¢,
for some o; € A, and u- Ly ((A), (1)) = 0.

Lemma 3.2. With the above notation the induced module

Indy Le, ((A), (1)) := U(g) ®up) Le,((A), (1))

has a unique maximal proper submodule.

Proof. Let L = Ly ((\),(n)) and M = Indy Ly ((A), (1)). By PBW Theorem,
Indg L admits a vector space decomposition L & N, where N = ji¢Supp L M,,. Let
N’ be any proper submodule of M. Since L is simple we must have that N'NL =0
and hence N’ C N. In particular, the sum of all proper submodules of M is
contained in NN, and the result is proved. [ |

Let V,(Ly,((A), (1)) denote the unique simple quotient of Indy Le, ((A), (1)) -

Proposition 3.3. V(L ((N), (1)) is integrable with finite-dimensional weight
spaces.

Proof.  Let L = Ly ((A), (1)), M = Indj Ly, ((A), (1), V = Va(Le, (), (1)), and
7w : M — V the projection defining V. Let u™ be the opposite subalgebra of u. Then
g=u ®p, and by PBW Theorem, M = U(u~)® L. Hence, for every v € Supp M
we have
MV = @ U(u_))\ & L)\/.
AN =

Since every block of [ is finite, it is not hard to see that for any v € Supp M,
there are finitely many pairs (A, \') for which A + X = v. Furthermore, since p
contains a Dynkin Borel subalgebra b = h @ n, it follows that u= C n™, where n~
denotes the opposite subalgebra of n. In particular, since b is Dynkin, we have that
dimU(u™)s < oo for all € Supp U(u™). Now, the claim that dim M, < oo follows
from the fact that dim L, = 1 for all ;1 € Supp L. To see that V' is integrable we
notice that for any g € g and v € V', there is n > 0 such that g € sl(n), and

v = W(Z u @) €T (U(s[(n)) QU (prsi(n)) ® Lbnk ()\k)> )

k=1
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Since A € P, for each i = 1,...,r, there is m; € Z~¢ such that ¢" - 7(u; @ v;) = 0.
In particular, this shows that ¢™v = 0 for m > 0. Thus the result follows. |

Another class of modules we will consider in the sequel is constructed as follows:
consider an infinite subset A = {ay,as,...| a; < a;41} C Z~o. For any a,, € Z~o we
have a unique, up to a scalar multiplication, embedding of sl(n)-modules A*V,, —
A1V iy We define the g-module SFV" to be the direct limit lim SV, (see [3]
for details).

4. The annihilator of simple integrable weight modules with
finite-dimensional weight spaces

This section is devoted to compute the annihilators of the g-modules V,(Lg, ((A), (1))
and STV that were defined in Section 3. In what follows we let W,, denote the Weyl
group of sl(n) for every n € Zy.

Theorem 4.1.  There exists an exhaustion of V,(Ly,((N)

(A), (1)) given by the simple
s[(Ny) -modules Lka()\(k)). In particular, Ann V,(Le, ((N), (1)

)) = Ann Ly()).

Proof.  Notice that v* = (®F_,03)(®¢>kv,e) is a nonzero by, -highest weight vec-
tor of by, -weight A¥). Consider the sl(Ny,)-submodule of V(L ((\), (12))) generated
by v*. Since V,(Lp,(()), (1)) is integrable, it follows that dim U(sl(Ny)) - v¥ < oo.
Thus Supp U(sl(Ny)) - v* is Wi, -invariant, and hence U(s[(Ny)) - vF = Ly, (AR,
Notice now that the assignment

Ouk Lka()\(k)) — Loy, ,, AEDY - (@F 0y) = (@ on) ® Uy

gives a well defined embedding of s[(V))-modules. Since V(L ((A), (1)) is simple,
the family of maps {¢,« }rez., gives the desired exhaustion. The modules Ly . (A
also give an exhaustion for Ly()\) (via a different family of embeddings). Finally,
the result follows from the fact that if M is a hﬂng(n) = g-module such that
M = @n M, , where each M, is a g(n)-module, then Ann M = N Ann M,. [ |

Corollary 4.2.  Let im(\) = {\; | i € Zso}. Then AnnV,(Le, ((N), (1)) # 0 if
and only if |im(\)| < oco.

Proof.  This follows from Theorem 4.1 and [5, Theorem 9. n

Corollary 4.3.  V,(Ly,((N), (1)) is a highest weight module with respect to some
Borel subalgebra if and only if there is ky € Zwo, v*0) € Wh,, - AE0)such that

(,/(ko)’ photl | pkotn) € Wi - Ako+n) for any n > 0.

Proof.  First recall from Theorem 4.1 that V,(Ly ((N), (1)) = ling, Ly, (AR
Since all possible highest weights of Ly Nk()\(k)) lie in Wy, - A®) and every weight
v € Supp Ly, (A®) is sent to the weight (v*), #1) € Supp LkaH()\(k“)), the
result follows. [
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Lemma 4.4. Let ¢ € Z-y, and M be a simple bounded g-module such that
dim M, <c, forall p € Supp M. If N is a simple g-module with Ann M = Ann N,
then N is also bounded, and dim N, < ¢ for all p € Supp N.

Proof. By a direct verification one can see that the proof of [7, Theorem 4.3] also
works for the case g = sl(c0). |

Let A be a semi-infinite subset of Z~q (i.e. |A| = oo and |Z+¢\A| = 00). We say that
A is compatible with a linear order < on Z.q if a € A, b € Z~o \ A implies a < b.
For every semi-infinite subset A C Z-o we define the element €4 := >, . & € b*.
Now we have the following result.

Corollary 4.5.  V,(Le,((A), (1)) is a bounded weight module if and only if one of
the following statements holds:

(1) (Zso, <) = (Zso,<), and there is k € Z~o and a partition

po= (g > pio > > i)
such that A = E?Zl pigi; , where iy < -+ <iy is the left end of <;

(2) (Zso,=<) = (Zeo, <), and there is k € Z~o and a partition

po= (1 > po > > )
such that \ = Zle —pjgi; , where iy < -+ <y is the right end of <;

(3) (Zso,<) = (Z,<), and X\ = e, for some semi-infinite subset A C Z~q which is
compatible with <.

Proof. By Theorem 4.1, we have Ann V(L ((A), ())) = Ann Ly(A). In particu-
lar, it follows from Lemma 4.4 that V(Le,((A), (1)) is bounded if and only if Lg(\)
is bounded. Since b is a Dynkin Borel subalgebra, it follows from [3, Theorem 5.1
and Proposition 5.2] that Ly(\) is a bounded weight module if and only if (1), (2)
or (3) holds. ]

In [6] a parametrization of all primitive ideals of U(sl(c0)) is given in terms of
quadruples (r,¢,X,Y), where r,g € Z>y and X,Y are Young diagrams. The
primitive ideal associated to (r,¢,X,Y’) is denoted by I(r,¢,X,Y). In [6] the
authors describe how to find the quadruple (r,g, X,Y) associated to Ann Ly(\),
and the parameters r, g, X, Y are given in terms of A. We set

Ann Ly(A) := I(r(A), g(A), X (A), Y (})).
The following theorem is the main result of this paper.

Theorem 4.6.  Let M be a g-module.

(1) If M = SY(V) for some infinite subset A = {a1,a2,... | a; < a;z1} C Zo,
then
Ann M = 1(1,0,0,0).
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(2) If M = Vi (L, ((N), (1)), then one of the following statements holds:
(2.1) p Db is a left-infinite Dynkin Borel subalgebra, and

Ann M = 1(r(X),0,0,Y(N)).
(2.2) p Db is a right-infinite Dynkin Borel subalgebra, and
Ann M = I(r(A\*),0, X (\%),0),
where X* = (..., —A3, =g, — A1) € h*.
(2.3) p 2 b is a two-sided Dynkin Borel subalgebra, and

Ann M = 1(r(A\),g(A),0,0).

Proof.  First notice that if by and by are conjugate (under Aut(g)) Borel subal-
gebras of g, then Ann Ly, (v) = Ann Ly, (v) for any v € h*. Now the result follows
from Theorem 4.1 along with the description of Ann Ly(\) given in [6, § 6] for the
case where b is a Dynkin Borel subalgebra of g. [ |

Remark 4.7. According to a claim of I. Dimitrov, the modules listed in Theo-
rem 4.6 exhaust all simple integrable modules with finite-dimensional weight spaces.

Now we can use Corollaries 4.3 and 4.5 to construct examples of simple integrable
weight modules with finite-dimensional weight spaces which are neither highest
weight nor bounded.

Example 4.8. Let b be the right-infinite Dynkin Borel subalgebra (see Defini-
tion 2.1), and consider the element A\ = (0,—2,—4,—6,-8,-10,-12,...) € B;.
Since \; — \j;1 = 2 for all ¢ € Z-y, a way of decomposing A into blocks is
A = ((A'),(N),...) so that each Ly, (A\*) have one-dimensional weight spaces is
given by A = ((—-0,-2),(—4,—6),(—8,—10),...). In particular, we must have
[ =z, 5!(2) as the reductive component of p, and

Lonsi2)(\¥) Zg2) 51(2),
for all £k > 0. Notice that
Supp Lbﬂs[(2)(/\ia )\i+1) = {()\u /\i+1), ()\z‘ — LA+ 1)> (/\i — 2, A1+ 2)}

for each i € Z~g. Now we can choose u = ((—1,—1),(=5,-5),(=9,-9),...) € h*.

Since every weight v*) € Supp Ly, (A®)) is send (via the exhaustion given in
Theorem 4.1) to the weight

(V(k)7 :uk+1) e Supp Lka+1 ()\(k+1)> \ WN}chl : )\(k+1)7

we conclude from Corollary 4.3 that V(L ((A), (1)) is not a highest weight module
with respect to any Borel subalgebra of g. Moreover, it follows from Corollary 4.5
that Ly(A) cannot be a bounded module. Thus V(L ((A),(1))) is not bounded
either.
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If we choose n = ((—2,-0),(—6,—4),(—10,-8),...), then V(L ((N),(n))) is a
highest weight module with respect to the opposite Borel of b. Although it is still
not bounded.
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