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Abstract. Let G be a connected and simply connected nilpotent Lie group, K an analytic
subgroup of G and 7 an irreducible unitary representation of G whose coadjoint orbit of G
is denoted by Q(m). Let U(g) be the enveloping algebra of gc, g designating the Lie algebra
of G. We consider the algebra (U(g)/kerm)™ of the K -invariant elements of U(g)/kerm. It
turns out that this algebra is commutative if and only if the restriction 7|k of = to K has
finite multiplicities (cf. A. Baklouti and H. Fujiwara, Commutativité des opérateurs différentiels sur
Despace des représentations restreintes d’un groupe de Lie nilpotent, J. Math. Pures Appl. 83 (2004)
137-161). In this article we suppose this eventuality and we study the polynomial conjecture
asserting that our algebra is isomorphic to the algebra C[Q(7)]¥ of the K-invariant polynomial
functions on Q(7). We give a proof of the conjecture in the case where 2(7) admits a normal
polarization of G and in the case where K is abelian. This problem was partially tackled previously
by A.Baklouti, H.Fujiwara, J.Ludwig, Analysis of restrictions of unitary representations of a
nilpotent Lie group, Bull. Sci. Math. 129 (2005) 187-209.
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1. Introduction and preliminaries

Let G = expg be a connected and simply connected nilpotent Lie group with Lie
algebra g and K = expt an analytic subgroup of G. We denote by g* (resp. £*)
the dual vector space of g (resp.t). Then, G (resp. K') acts on g* (resp. ) by
the coadjoint action whose orbit space realizes by the orbit method [5], [8], [18] the
unitary dual G (resp. K ) of G (resp. K'). We denote by 0g: g* — G the Kirillov
map and by Q(7) = Qu(7) = 65! (7) the coadjoint orbit of G associated to w € G.
Although we use the notation ~ for the unitary equivalence, we often identify an
irreducible unitary representation with its equivalence class.

We know in the nilpotent case the canonical central disintegration of induced or
restricted representations. Let p: g* — £ be the restriction mapping and o € K.
The canonical measure (cf. [5], Chap.II) on Qg (o) and the Lebesgue measure on
the annihilator ¢ = {¢ € g*;/|¢ = 0} of £ in g* determine a measure , on the
subvariety p~! (Qx (o)) of g*. We take a finite measure i, on g* equivalent to y,
regarded as a measure on g*, and consider its image v, = (6¢).(jiy) on G. We know
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[10], [13] the disintegration of the induced representation ind$o:

S
ind?(az/ mamdyy (),
G

where the multiplicities m] is obtained as the number of the K -orbits contained in
[(r,0) = Qa(m) N p~ (Qk(0)).

On the other hand, we consider for 7 € G a finite measure [ on g* equivalent to
the canonical measure on the orbit {g(m) which is regarded as a measure on g*.
Put this time v, = (0xop).(i,). The restriction 7|k of m to K is disintegrated [7],
[14] as:

®
7r|K:/ mpodv. (o)
K

with the same multiplicities as in the case of the induction. The Frobenius reciprocity
thus holds in these situations.

In other respects, it is well known ([7], [10]) that in these situations the multiplicities
are either uniformly bounded almost everywhere or equal to infinity almost every-
where. According to these two eventualities, we say that ind$o (or 7|k ) has either
finite or infinite multiplicities. Concerning the induction mentioned above, K being
monomial, o € K is induced by a unitary character x of a subgroup H. Hence,

®
ind%y ~ ind% (ind%y) ~ / momdvy(m).
G

In the frame of the monomial representation 7 = indgx, we consider the algebra
D.(G/H) of the G-invariant differential operators on the fiber space over G/H as-
sociated to the data (H,x). In [9], Corwin and Greenleaf proved that D.(G/H) is
commutative if 7 has finite multiplicities, and presented the two following conjec-
tures:

Conjecture 1.1. (Commutativity) The algebra D.(G/H) is commutative if and
only if 7 has finite multiplicities (see also [11]).

Conjecture 1.2. (Polynomial) When 7 has finite multiplicities, the algebra
D.(G/H) is isomorphic to the algebra C[f + h*]# of the H-invariant polynomial
functions on the affine subspace f + b+ of g*. Here, h denotes the Lie algebra of H
and f € g* an extension of —idy € h*.

Since, the commutativity conjecture was established in [17] and the polynomial
conjecture is verified only in certain particular cases (cf. [4] and [15]).

For ¢ € g*, let B, be the bilinear form on g x g defined by B,(X,Y) = (([X,Y]).
We denote by g(¢) the radical of By, ie. g(f) ={X € g;B/(X,Y) =0,VY € g}.
Then g(¢) is nothing but the Lie algebra of the stabilizer G(¢) of ¢ in G. Let
S(¢,g) be the set of subalgebras b isotropic for By, i.e. verifying B,(h,h) = {0}, and
M (¢,g) the set of (real) polarizations of g at £. Now b € S(¢,g) being given, we
define a unitary character y, of subgroup H = exph by x(exp X) = %) for all
X € b. The monomial representation 7 = indgxf has finite multiplicities if and
only if @ is a non-empty Zariski open set of I' = f + h*, where Q designates the
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set of the elements ¢ € I" such that h + g(¢) is a Lagrangian subspace of g for By
(cf. [10]). In other respects, the polynomial conjecture holds for 7 if there exists a
common polarization b for almost all ¢ € () with respect to the Lebesgue measure
of I' (cf. [15]).

In the present paper, we are interested in analogous subjects for the restriction 7| .
We denote by U(g) the enveloping algebra of gc and let ker m be the primitive ideal
of U(g) associated to m. We introduce the algebra

Ur(9)" = {A €U(g); [A,E] C ker7}

and its image D(G) = U, (9)t/ kerm = (U(g)/ ker 7)™

where the last member designates the quotient algebra of K -invariant elements.
The algebra D, (G)" was the object of our three previous works [1], [2] and [3]. In
particular, we proved [2] that our algebra D, (G)¥X is commutative if and only if
the restricted representation 7|k has finite multiplicities. Here, we substantiate the
following parallel polynomial conjecture:

Conjecture 1.3. (Polynomial) When 7|x has finite multiplicities, the algebra
D, (G)% is isomorphic to the algebra C[Q(7)]* of K -invariant polynomial functions
on Q(m).

In our previous work [3], we studied this conjecture in many settings, especially when
K is a normal subgroup of G and where the orbit Q() is flat. In this paper, we
further extend our study to the case where K is abelian and where Q(7) admits a
normal polarizing subgroup. Our main result is the following:

Theorem 1.4. Let G be a connected and simply connected nilpotent Lie group
with Lie algebra g and m an irreducible unitary representation of G. We denote by
Q the coadjoint orbit of G associated to w. Let K be an analytic subgroup of G
such that the restriction |k of ™ to K has finite multiplicities. Then Conjecture
1.3 holds in the following two cases:

(1) Q admits a normal polarization,
(2) K is abelian.

Theorem 1.4 will be proved in Section 5 when assumption 1 holds (cf. Theorem 5.1)
and in Section 6, when K is abelian (cf. Theorem 6.3). The rest outline of the
paper is as follows: We introduce in the next section some backgrounds about the
algebra D, (G)X and some algebraic tools to describe its generators in term of the
envelopping algebra of gc. This makes use of Pedersen’s construction of the kernel
ker 7, m being the Kirillov’s model associated to Q(m) (cf. [18]). Section 3 is devoted
to generate an algorithm which allows to define a rational function Py on Q(), for
a given W € Uy,(g)*. This result was also the subject of our previous paper [3]. We
then state first elements of answers to the conjecture in Section 4. The last section is
devoted to carry out some explicit computations through many examples. We trust
that these explicitly made calculations turn out to be useful for readers and allow to

understand how to construct the polynomial functions associated to the generators
of the algebra D, (G)X.
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2. Backgrounds

2.1. Orbits and saturation

Let N be a connected and simply connected nilpotent Lie group. We consider a
unipotent representation of N on a real vector space V of finite dimension. Let
v € V be an invariant vector by the action of IV, i.e. n-v = v for all n € N. Put for
x € V arbitrarily fixed, L, = {x + tv; t € R}, the straight line passing through x
and having the direction of v. Then, there are two possibilities: either L,NN-z = L,
or L, N N-z = {x}. According to these two possibilities, we shall say that the orbit
N-x is either saturated or non-saturated in the direction Rv. We shall utilize in
what follows this fact applied to the coadjoint representation of N (or a subgroup K
of N'), where the invariant vector v will be a linear form which vanishes on an ideal
g° of codimension 1 of g. In this situation, we shall say that the orbit in question is
either saturated or non-saturated with respect to g°.

2.2. An algebraic description of D,(G)¥

Let {0}=g0Cg1C - Cgn1COn=9 (1)

be a Jordan-Hoélder sequence of g, i.e.an increasing sequence of ideals of g such
that dim(g;) = j, 7 =0,...,n. Let {X,...,X,} be a Jordan-Holder basis of g,
associated to this Jordan-Holder sequence, and {X7,..., X} the basis of g* such
that X*(X;) = 0;;,1 < i,7 < n. Let p;: g* — g be the canonical projection
which intertwines the actions of G on g* and gf. For ¢ € g*, we put ¢;(¢) =
dim G-p;(€), e(l) = (e1(¥),...,e,(¢)) and € = {e((),¢ € g*}. For e € £, we define
the G-invariant layer U, = {¢ € g*: e({) = e}. Putting eg = 0, we define

Sle)={i: e,=1+e;1}, ge =R—vect{X]: i€ S(e)}

Te)={i: es=e;—1}, 9y = R—vect{X] : i € T'(e)}.

Then g* =g%@gh. There exists an order among the elements of £ ={e(!) > ... > e®)}
in such a manner that U,u) and U;<;U,y are Zariski open sets of g* for every 7. In
this way all the layers U, are semi-algebraic sets, i.e. difference of two Zariski open
sets of g*. Let U, be an arbitrary layer, we write S(e) = {ji1 < --- < ja} where
d designates the dimension of the G-orbits in U.. Then there exist some functions
R Ue % R - R, j =1,...,n such that:

(a) For f e U, fixed, v = (z1,...,24) = R5(f,x): R* = R is a polynomial function
in x and the coefficients are G-invariant function on U,;

(b) R5(f,x) = x pour j = ji € S(e), f € Ue;
(¢) If jr <j < jrt1, then R5(f,x) depends only on @y, ..., zy;
(d) For any f € U,, the coadjoint orbit G-f is given by (see [19]):

G-f={ ZR;(f,x)X;‘;xGRd}.

j=1
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Let 75(f) be the image in U(g) by the symmetrization of the element
R(f, =i Xy, ., —iX5,)

in the symmetric algebra S(g) of gc, namely, we replace the variable z), in R5(f,z)
by —iXj,. Notice in particular that 7§ (f) = —iXj, . Let V. be the subspace of
S(g) spanned by the elements of the form X3! X7 ay,...,aq € N, and let F, be
the image in U(g) of V. by the symmetrization. On the other hand, let E. be the
subspace of U(g) spanned by the elements of the form X' .- X7 ay,...,aq € N. If

S(e) = 0, we put Ve = F. = E. = C.1. Pedersen proved that the primitive ideal
ker w, where m € G such that f € Q(m) is generated by the elements

ui(f) = X; —ri(f), j € T(e)
and that U(g) =kerm ® E, =kerm & I,

(see Theorem 2.1.1 and Theorem 2.2.1 in [19]). In the same way, the actions of 7 on
E. and F, are faithful (see Lemma 2.2.12 and Lemma 2.2.13 in [19]). In this way,
identifying F, and F, a U(g)/ker m and abusing notations, we have

DL (G ~ EX ~ FX ~C[X;,, ..., X

jd]K

These isomorphisms are simply isomorphisms of vector spaces.

2.3. e-central elements

In [9], Corwin and Greenleaf showed that Pedersen’s construction of the kernel ker 7,
where 7, designates the Kirillov’s model [18] which represents the class 64(¢), for
¢ € U, leads to construct e-central elements (cf. Theorem 3.1 in [9]). These are
elements A of the enveloping algebra U(g) such that the operators my(A) are scalars
for ¢ € U.. Then mp(A) = m(A) for all ¢/ € G-¢. More precisely, let U, C g* be one
of the layers constructed above. Then there exists a Zariski open set Z C g* such
that Z N U, is non-empty G-invariant and for all j € T'(e) there exists an e-central
element A; € U(g;) on ZNU,, i.e.the operators m,(A;) are scalars for all ¢ € ZNU,
with the following properties:

(1) A] = PJX] =+ Qj? Where PJaQ] are in z/{(gj—l)

(2) Pjis e-central on Z N U, and does not belong to ker .

(3) Wg(Aj) = ¢](€)1d for ¢ € ZnNU,, where Qsj(f) = ﬁj(f)g(X]) + (j](é), ﬁj
and ¢; being non-singular rational functions on Z N U, depending only on
(U(X4), ..., £(X;_1)). While the rational function §;(f) is G-invariant and never
vanishes on Z NU,.. Moreover, we easily see that the system {A;; j € T'(e)} of
these e-central elements separates the orbits in Z NU,.

Having given the construction of A;, Corwin-Greenleaf [9] remarked the following:
Dropping out the Zariski open set ZNU, from U,, we notice that, U, \Z being G-
invariant and semi-algebraic, the parametrization of the orbits in U, is carried out
and retains all its properties on this sub-layer in U.. We are able to repeat the
whole process starting from U.\Z. Since U, is semi-algebraic, the ascendent chain
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condition for the ideals in Clg*] assures that the process terminates after a finite
number of steps. So, patching the pieces together, we may suppose that ZNU, = U..
Let p be a unitary representation of GG. We denote by H,, H®* and H > respec-
tively the space of p, that of its differentiable vectors and the anti-dual of H5° (cf. [6]
and [20]). For a € ’Hf‘” and b € HF>, we denote by (a,b) the image of b by a, so

that (a,b) = (b,a). Given a subgroup H of G and its unitary character y, put

(H;)"™ = {a € H,>; p(h)a = x(h)a, Yh € H}.

p

3. The function Py on Q(m)

Recall once again our situation. Let G = exp g be a connected and simply connected
nilpotent Lie group with Lie algebra g, K = expt an analytic subgroup of G and =
an irreducible unitary representation of G whose coadjoint orbit is denoted by (7).
For ¢ € Q(m), we designate by b[¢|¢] a polarization of ¢ at /|, € €. We know [2]
that 7|k has finite multiplicities if and only if b[¢|¢] + g(¢) is a Lagrangian subspace
for the form By at p,-almost all ¢ in (7).

At the flag of ideals (1) of g, let Z = {i; < --- < i4} where d = dim €, be the set of
indices 1 <14 <n such that €Ng, # €N g, 1 and put

TJ={n<--<jg=1{2,...,n}\Z

with ¢ = dim(g/¢). Putting ¢; = ¢ and ¢;., = €+ g; for 1 <r < ¢, we obtain a
sequence of subalgebras of g:

t=¢,Cty . C---Ct,1Ct, =g, dim(&/t_) =1 (2)
Furthermore, considering ¢, =t Ng;. (1 < s <d), we get a flag of ideals of ¢:
{0} =t Cct;C---Ct; 1 Ct;=¢ dimt =s. (3)

Extracting a vector Yy € €\ &1 for 1 < s < d~, we form a Jordan-Hoélder basis
{Y1,...,Ya} of €. Similarly, extracting a vector X, € gy, \ €41 for 1 <r < g,
we form a Malcev basis {X7,...,X,} of g relative to £.

Let ¢ € (). Taking there a real polarization b[¢] of g, we realize 7w as 7 = indgm X¢
with B[{] = exp(b[¢]). On the other hand, by means of the flag (3), we construct [5]
the Vergne polarization b[¢|¢] of € at |, € €. Put B[l|¢] = exp(b[{|¢]). It is easy to
verify [3] that the formula

(a6, @) = / SO Db (Vo € HT), (4)
Ble|¢]/(B[Lle]NB[£])

db designating an invariant measure on the homogeneous space B[/|¢]/(B[¢]:]NB[(]),

—OO)B[EIELXZ .

gives us a semi-invariant generalized vector a, in (H
We suppose hereafter that 7|k has finite multiplicities. This would say just as in
the case of the monomial representations, that b[¢|¢] + g(¢) is a Lagrangian subspace
of g for B, at almost all ¢ € Q(7) with respect to the invariant measure. Then, it

results ji-almost everywhere in Q(7) that a, is an eigen vector for all the elements
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of D,(G)¥ acting on H_* by continuity. This also means that for every W € U, (g)*
we have

W(W)ag = )\g(W)ag

with a certain scalar A¢(W) (cf. [3]). Remark that this scalar A\,(W) does not
depend on the choice of the polarization b[¢] (cf.[12], Proposition 3).

In this way, for W € U,(g)* we define i, -almost everywhere on () the function
Pyl — XN(W). Next, we verify [3] that the identity Py (¢) = 0 leads to the
belonging W € kerm and Py (¢) extends to a K-invariant rational function on
Q(m). Besides, the homomorphism P: U, (g)* > W + Py ({) supplies us by passing
to the quotient an embedding of D, (G)¥ in the field C(Q(7))* of the K -invariant
rational functions on (7). We can say even more. Aligning the two sequences (2)
and (3), we have a sequence of subalgebras of g:

Relative to this sequence, let us extract again a vector Xj € & \ &_1; and put
Uy = U(Xg) for 1 < k <n. Consider the action of K on the sequence (5) and define
two sets Sk, Tk of jump and non-jump indices. Namely, we denote by e]K (¢) the
dimension of the K -orbit of £[; € € for every 1 < j < n. Then we agree el (0) = 0.
For each index j, the same possibility of the alternative eff(¢) = el (¢) + 1 or
el (€) = el () happens i -almost everywhere on Q(m). We denote by Sk the
set of the indices 1 < j < n which verify the first eventuality and by Tk that of
the indices of the second eventuality. Put U, (€;)" = U (g)* NU(E;). The following

theorem is proved in [2].

Theorem 3.1. We keep the same notations and hypotheses. Then:
(1) ]fj € SK, then U,T(Ej)é = U,r(?j_l)é + M(E]) (U(Ej_l) N ker 7T) .

(2) If j € Tk, then U (8;)" # U (8;_1)" + U(E;) (U;_1) Nker ) and there exists
W, € U (%) having the form W; = aX; +b (a,b € U(;_1)), a € U, (€;_1)"
with m(a) # 0.

(3) For j €Tk and L € Q(m), Pw,(£) = @;(0)l; +1;(L), where @;(€), ¥;(£) are

two rational functions of {y,...,0;_1.

As a direct consequence of this result, we obtain as in [3] the:

Proposition 3.2. (1) Let A be an element of U(€,,)" for 1 < m < n satisfying
w(A) # 0. Then there ezist two non-zero polynomials 54 and 4 of the elements
{W;i5 € Tk, j <m} such that faA = ya modulo kerm.

(2) The functions {Pw,({);j € Tk } rationally generate the field C (Q(m)"~ .

Evoking Conjecture 1.2 mentioned above for the monomial representations, it is
natural to pose the following conjecture for the restrictions of representations:

Conjecture 3.3. Let G = expg be a connected and simply connected nilpotent
Lie group and keep all the previous noations. When 7|, has finite multiplicities, the
mapping O: U,(g)* > W — Py gives by passing to the quotient an isomorphism
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of algebras from D,(G)X to the algebra C[Q(7)]"™ of the K -invariant polynomial
functions on the orbit (7).

We have consequently the following;:

Remark 3.4. Let Sq (resp.Tq) be the set of jump (resp. non-jump) indices of
Q = Q(m) concerning the flag (1). Assume that Z C Sg. Then, the projection
image of Q(7) on & coincides with whole € and our algebra U,(g)* is isomorphic
to the center of U(€). In fact, let W € U,(g)* and j, the minimal index such that
W € U(t,) modulo ker 7 in the sequence (5). Assume jo > d+ 1, jo = d + 1o for
instance. Namely, €;, =€+ g;, with j,, € J. Then, for generic £ € (2, there exists
2] in g(¢) an element X (¢) + Y (£), where X ({) € g, with ig € Z and Y'({) € gj,, -
Since Z C Sq, we see 19 < jr, and j,, € Tn. But this contradicts the minimality
of jo and hence jy < d. It follows that the algebra D, (G)¥ is isomorphic to the
algebra C[Q(m)]¥.

4. First elements of answers to Conjecture 3.3

4.1. Rational functions on the orbit Q(x)

As in the section 1, we start from the flag of ideals (1) of g to parameterize the
orbit 0 = Q(7) and denote there by Sq and T respectively the sets of jump and
non-jump indices. Let {Xi,...,X,} be a Malcev basis adapted to the flag (1),
U=0X;) (1<j<n)for £ e, Sog={s1 < - <s:}, r=dimQ and z; = £,
for 1 < k < r. Describe as in the section 1 the orbit €2 by the polynomial relations

gj:Fj(l'l,...,l'k), Sk<j<8k+1, (6)
where = = (1,...,z,) runs through R". In these circumstances the rational
functions on € are nothing but the rational functions of the variables (xy,...,z,).

For 1 < k < r, let I® be the set of the K -invariant polynomial functions on €2,
which depend only on the variables {z;;i < k}. The arguments developed in the
pages 60 - 61 of [21] make us see that every R in C(Q)X verifying

-=0(i>k)

is written in the form P/Q, where P and @ belong to I*). Therefore, the existence
of such an element R means that I*~Y is strictly contained in I*). Next, let
Q = Y., Qixt (m > 0) be an element of I®\I*=Y  where Q; (0 < i < m)
designate polynomials of (1, ..., zx_1) verifying @,, # 0. We then confirm that
Qmn and mQ,xr + Q,,—1 are K-invariant polynomials.

4.2. An inductive proof

In order to study the conjecture, we proceed by induction on dimG. When G = K,
the answer is immediate. Consider the flag of algebras (5) of g and for sake of
simplicity of notation, denote g,_1 instead of £,_; which contains £. Put ¢’ = g,,_1,
G' = exp g and suppose that Conjecture 3.3 holds for G’.
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4.2.1. Case where the ideal g’ is of non-saturation

Suppose that the orbit Q is non-saturated with respect to g’, namely that n € Tq.
Then the projection pr : g* — g’* turns out to be a K -equivariant homeomorphism
between 2 and w = pr(Q) which is a G'-orbit. Hence, C[Q]¥ = C[w]¥. On the
other hand, 7’ = 7|g is irreducible and there exists in ker 7 an element W having
the form W = X,, + A with A € U(g') which serves us to identify D,(G)¥ with
D.(G"E. Since w is the coadjoint orbit of G’ associated to 7', the induction
hypothesis assures the desired result.

4.2.2. Case where the ideal g’ is of saturation

Suppose now that 2 is saturated with respect to g’, namely that n € Sg. We have
the following lemma:

Lemma 4.1.  There exists one and only one index 2 < 7 < n—1 belonging to Sq
and b € U(g,;_1) such that X; +b € Uy (g;)* .

Proof. By Theorem 3.1 there exists one and only one index 2 < 7 < n—1
belonging to Su possessing the property that we find in Z/{ﬂ(gj)g/ an element W =
aX; +b with a, b € U(g;_,) verifying m(a) # 0. Hence a € Uy(g,;_1)¥, otherwise
there would exist in kern an element of the form [X,W] = [X, a]X; + b with
V elU(gj—1), X € ¢ verifying [X, a] & ker 7, which contradicts the result of Pedersen
[19] because j € Sq. Taking into account the fact that

Un(gj-1)" = Usr(gj—1)° ~C

modulo kerm, we can suppose that a is a constant modulo kernm and so that
a=1. ]

Likewise, if j =s; (1 <14 <r —1), there exists a G'-invariant polynomial function

y:xi—l—go(:vl,...,xi,l) (7)

on €2, which separates the G’-orbits contained in pr(€2). This means that pr(Q) =
]_[yeR wy, the disjoint union of G’-orbits w,. Accordingly,

@
R
with 7] = O/ (w;) for all ¢ € R.

Let now W € U,(g)*. Because 7| has finite multiplicities, W belongs modulo ker 7
to U(g') (cf.[2]) and Py (¢) is on 2 a rational function of z; for 1 < k < r —1,
hence of y and of xy for 1 <k <r—1, k #1.

Proposition 4.2.  For every W € U,(g)t, Pw({) is a rational function of the
variables xy for 1 < k <r — 1, whose denominator is a polynomial of y.

Proof. From the induction hypothesis applied to G’, Py ({) restricted to w,
is a polynomial of z; (k # i) for almost all y € R. For a multi-index I =
(o1, ... 041,41, .., 1) of non-negative integers, we write

I o Q-1 Oyl Qr—1
T =Ty Ty Tigq " Tpy -
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This leads to Py (l) = %I Pily ZTF (9)
7 QJ

for generic ¢ € 2, where p;(y) and ¢;(y) are polynomials of y and rr(y) are certain
functions of y. It suffices then to confirm that the rr(y) are rational functions of y.
For this purpose we introduce in the set of the (r — 2)-series of non-negative integers
a lexicographic order: For I = (ay,...,a._2) and J = (f1,..., fr_2) we define

I<Je1<3k<r—2,a,0=0_2,...,0r1 = By, < S

Let us employ the induction on the order of the right member of the relation (9).
When this member does not depend on x, it is clear that 7o) (y) is rational in y.
Let Iy, Jy and I'y be the dominant multi-indices of I, J and I' respectively which
appear in (9). From

> pi(y)r’ = (Z qJ(y)x‘]> (Z rr(y):rF) :

T

we obtain py, (v) = qJ,(y)rr,(y), which implies that 7 (y) is rational in y. Moving
the term rp,(y)z'o from the right to the left of (9), we get a new relation whose
right member contains only multi-indices of order inferior to I'y and we are able to
apply there the induction hypothesis to reach the desired result. [ |

Corollary 4.3.  Suppose that € is contained in an ideal of codimension 2. Then
for every W € Uy (g)t, the function £ — Py ({) is polynomial.

Proof.  We can suppose that the orbit Q(7) is twice saturated with respect to
two distinct ideals. Consequently, the denominator of the rational function Py (¢)

is a polynomial on one side of y = x; + ¢(x1,...,2;_1) and on the other side
of 2z =ux; +v¢(zy,...,xj_1) with i # j. It results that the function Py (¢) is
polynomial. [ |

4.2.3. Surjectivity properties of the homomorphism ©

Proposition 4.4.  Keep the same notations and hypotheses and let us denote y
the wariable corresponding to the polynomial function defined as in equation (7).
Then for every polynomial ((x) € C[Q]¥, there exists a polynomial s(y') of y' such
that the product s(y')((x) is in the image of ©.

Proof. Let E be the vector subspace of U(g) spanned by the elements of the form
X4 = XX A = (ay,...,o) running through all r-series of non-negative
integers. As we remarked it in the section 1, the action of m on E is faithful. Remark
that all the elements of D.(G)¥ = U, (g)t/ker 7 admit, being suitably modified by
elements of ker 7, a representative in . Keep the notations introduced above, and
let ((x1,...,2i-1,Y,Tit1,...,2,—1) be a K-invariant polynomial function on €.
Here, we know [4] that ' = z; + ¢(x1,...,x;-1) = Py (¢) for a certain

—\ —1st + Z Ckl,...,ki_lel szl 11 (10)
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belonging to U, (g)® with ¢, _x,_, € C. For a (r — 2)-series

.....

I= (717 s Yie 1 Vil - 777“*1>
of non-negative integers, put

Y U V2o T Vs T B v TR Ve (|
X —XS1 X1 X7 X

Si—1 Si4+1 Sr—1

and consider the vector subspace E’ of U(g') generated by X!. From the induction
hypothesis applied to G, for almost all ¢ € R there exists an element

W)=Y r)X" €t (@)

such that PW(y’) <£|wy,) = C(Il, vy Li—1, y/, Litly - - ,If,«_l)

for generic ¢ € Q. Here, r;(y') are certain functions of y’. On the other side,
Proposition 3.2 says that there exists

U= ZPJ(Y/)XJ and V = ZqF(Y’)XF
7 T

in U, (g)* satisfying
Py(0)¢(z1, - .. 7$i—1>y,>$i+17 o) = Py(0)

for generic ¢ € Q2. Here, p;(Y’) and ¢r(Y’) designate polynomials of Y. For almost
all ¥ € R, m, being faithful on E’, the E’'-component of

(Z ps(y)X ") (Z ri(y)X I)

1

is equal to Y1 qr(y/)XT. Thus, we just verify as before that r;(y/) are rational in 3/ .
If s0, there exists a certain polynomial s(y) of 3 such that s(y" )W (y') = 32, t1(y/) X!

with polynomials ¢;(y’) of /. It follows that @Q=>", t[(Y’)XI belongs to Uy, (g)t and

PQ(E) = S(y/)C(fﬂl, sy Li—1, y/7 Tit1,--- axrfl)- u

4.3. Towards Conjecture 3.3

We keep the previous notations and still assume that 7|x has finite multiplicities.
Recall the sequence (5) of subalgebras which is a Jordan-Holder sequence for the
action of K. We consider the image p(Q2) of Q = Q(x) by the projection p: g* — ¢*
and the layer of K -orbits which encounters p(2) in a non-empty Zariski open set of
p(€2). Using the notations introduced just before Proposition 3.2 in Section 3, let

TeNA{L,...,d} ={k1 < - - <ky}.
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Theorem 4.5.  Assume that | has finite multiplicities. Then, any W € U,(g)"
is algebraic modulo kerm on {Wy,,..., Wy, }.

Proof. In the sequence (5) of subalgebras, W is supposed to be contained modulo
kerm in U(%,),d < p but not in U(¢,_1). We also assume that the theorem holds
for the elements of U(€,_1). Since 7| has finite multiplicities, p € Tk and there
exists [2] in ker7 an element k = UX]* + V', where U € U(t,—1),7(U) # 0,m > 1
and V is an element of U(¢,) whose degree with respect to X, is smaller than or
equal to m — 1. Choose k in such a way that m > 1 is the smallest possible. If
necessary, we apply several times the adjoint action of £ on s so that we can suppose
U € U,(g)*. Let us utilize the Corwin-Greenleaf e-central element W, = aX,+b, a €
U (8,-1)t,b € U(E,_1) introduced before. From Proposition 3.2, it suffices for us to
show that the theorem is true for W = W,,. Clearly,

UW," —a™r = AX, + V',

where : <m—1,A € U(¢,_;) and V' denotes an element of U (¢,) whose degree with
respect to X, is smaller than or equal to m — 2, belongs to Uy (£,)*. The minimality
of m leads that A belongs to U, (€, 1)*. Next,

a'(UW)" —a™k) — AW,

belongs to Uy (€,)" and its degree with respect to X, is smaller than or equal to ¢ —2.
Repeating this process, we arrive to the desired result. [ |

For every j € Ty concerning the sequence (5), there exists in C[Q]* a function
f]<€) = gj(éh PN ,Kj_l)ﬂj + hj(gl, . )Ej—l)y

where (; = ((X;)(1 < i < j) and gj, h; are two polynomials verifying 0 # g; €
C[Q)¥. A similar reasoning to the above proof brings us to:

Theorem 4.6.  Assume that 7|k has finite multiplicities. Then, every F({) €
C[Q)F is algebraic on {fi, (€), ..., fr.(0)}.

On the other hand, let W € U, (¢,)*. If v < d, W belongs to U, (€)* and the operator
o(W) is a scalar for almost all o € K with respect to the measure v, used in the
irreducible decomposition of 7|k . Then, we can apply Theorem 2.1.1 in [16] to get:

Proposition 4.7.  For any W € U, (€)*, the function Py ({) is polynomial.

5. Case where {2 admits a normal polarization

We assume in this section that there exists a common polarization b for almost
all ¢ € Q(m) with respect to the invariant measure. In particular, this is the case
if b is either abelian or normal in g. In fact, under this hypothesis b becomes
essentially abelian. Indeed, the intersection a of ker ¢ for all ¢ € Q(7) is G-invariant
and contains [b,b]. If we try to show the polynomial conjecture by induction on
dim G + dim G/ K, we can suppose that £ contains a which is included in ker 7. In
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this way, we can pass to the quotient g/a to which applies the induction hypothesis.
Hence, we can suppose that a and consequently [b, b] are trivial. We shall consider
the case where dimg/b > 2, otherwise dim 2(7) < 2 and the polynomial conjecture
holds [3]. Now, our objective is:

Theorem 5.1.  Let G be a connected and simply connected nilpotent Lie group
with Lie algebra g and 7 an irreducible unitary representation of G'. We denote by
Q the coadjoint orbit of G associated to w. Let K be an analytic subgroup of G such
that the restriction w|x of ™ to K has finite multiplicities. Suppose that Q0 admits
a normal polarization, then Conjecture 3.3 holds.

The proof will be made in several steps. We first show the following lemma which
plays a key role to prove Proposition 5.3 below.

Lemma 5.2. Let H =explh, N =expn be subgroups of G such that n contains
hj, = b+ g, and p an irreducible representation of N whose coadjoint orbit €1,
is contained in the projection image of € on n*. Suppose that p|g has finite
multiplicities, o € U(n), and p(a) is not a constant. Suppose further that the
coadjoint orbit 0, of N admits a polarization p which is an ideal of n. Then, if

Uy(b;,)" & Uy(bjy-1)" + ker p,

there exists an b;, -invariant element v = aX;, +b, a,b € U(h;,—1), namely v is
an e-central element of Corwin-Greenleaf for p;,(2), such that a is not divisible by
a modulo ker p.

Proof.  Let us proceed by induction on dim N. Let n’ = nNg’. Because p(«)
is not a constant, n’ is an ideal of codimension 1 in n. It suffices for us to treat
the case where dim(n/p) > 2. Indeed, if dim(n/p) = 1, then modulo ker p, we can
suppose that p is abelian. In this case, we are essentially in the threadlike case,
namely supposing that the center of n is one-dimensional. If further U,(n)" # C
modulo ker p, then h C p and at the level jy in question there is a new comer in
ker p except the case where j, corresponds to the first jump index for p. This says

that either our situation does not occur or v = X suits us.

Take an ideal n of codimension 1 in n different from n’ and containing p. Let
N =expn, n=RX +n and p: n* — n* the restriction mapping.

5.1. Case 1. hCn

To simplify the notation, we agree that p(€,) is the disjoint union of a family {wy}
with one parameter A € R of coadjoint orbits of N. Let pa be the irreducible
unitary representation of N associated to wy . Cutting the Jordan-Hoélder sequence
{g;}j=; of g by n and b, we consider the Jordan-Holder sequences {nj}gil, where

n’ =dimn, of n and {h; ?':1, where d' = dim b, of h. Put as before

J={j1 < <jw_at={1<j<n :dim(n;Nh)=dim(n,_; Nh)}

and by = h+mny_, for I +1 < k < n'. Write again b = RX, + b1 and
Hi =exp(hy). Put h=bhnNn, H=exph, b, =bh+g;. and H;, = exp(h;,). Since
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oAl g has finite multiplicities, there exists from the induction hypothesis an element
’IZ\ = a()\)XjO + b()\)

which is Ejo -invariant for the projection image of wy on (Ejo)*, where a(A),b(A) are
two polynomial functions of A with values in U(h;,—1Nn) because wy = exp(AX)-wy,

and where a()) is not divisible by «. For the projection image p(€2,) of 2, on (n)*,
there exists an e-central element

k=X +u(kp<n-—1)

with a certain u € U(hg,—1Nn) such that p(k) is not a constant. Choose such & in a
manner such that kg is as small as possible. As we may suppose, by modifying x by
a scalar, that py(k) = A, the element v = a(K)X;, +b(k) verifies [b;,,7] C kerp
and a(k) is not divisible by a modulo ker p. Here, we are led to the case where
ko < jo. Indeed, let kg > jo. If b is contained in n, [h, K| C ker p and, when we write
v as a polynomial of &, all the coefficients commute with §h modulo ker p and there
is at least one which suits us. Further if kg = jg, the element x itself is qualified as
v. That is how v supplies us a required element.

5.2. Case 2. hZn

Suppose now that b is not contained in n and ¥ is not h-invariant modulo ker p.
We develop the arguments utilized in [2]. Let h = RX +h. As [X, K] is e-central
for p(€2,), it is constant modulo kerp. It results that [X,[X,k]] belongs to ker p.
For a sufficiently large integer v € N, we consider @ = v + F(k), where F(¢) is a
polynomial with one variable ¢ of degree 2v. For k € N, put

Yo =1, by = (adX)F(¥).

Since (adX)*(F(F)) are e-central for p(€2,), if they find themselves outside of ker p,
they are not divisible by «. Otherwise, X’ taken in 1, [X’, (adX)*(F(%))] does not
belong to ker p. Now, the integer v being sufficiently large, we see that

Yoy & ker p, oy € kerp.

Everything as in [2], let us construct an element of U,(n)%o by the formula

v = (Yo + V2to) — (V1201 + Vov_191) + -
+(_1)v_2<¢v—2,¢)v+2 + wv+2wv—2) + <_1)v_1(wv—1¢v+1 + ¢v+1¢v—1) + (_1)U77D3

Here, we remark that kg < jo because [%,Hjo] C kerp. If kg > jo, there would exist a
new element of U,(n)" coming at the level of by, . Since p|y has finite multiplicities,
this means that there exists at almost all £ € €2, an element in b, outside of by,
which is written as a({) + b(¢) with a(f) € h(¢],) and b(¢) € g(¢). But this is
impossible, because h ¢ n. Remark once again the fact that v is sufficiently large.
This assures us that v is of degree 1 with respect to X, . Finally, choosing suitably
the polynomial F', we confirm that the coefficient of X in v is not divisible by «
modulo ker p. Indeed, let

F(t) =Xo4 Mt 4+ gy 1t 1412, A, € C(0<j <20 —1).
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Suppose that (adX)*(a(%)) (0 < k < m) are not divisible modulo ker p by o but so
do (adX)™*!(a(k)) and hence (adX)*(a(%)), & > m + 1. Remark that, concerning
the coefficient of X, in v, the coefficient Ag,_,, of F' comes only from the terms

Z(W%wk + Yoy kUr) = 2 Z Yoy rthr (mod ker p)

k>m k>m
and that A\9,_,, appears in the term 5, _,,¥,, as
/\QU_m(adX)%)—m (’/%QW_m)'QZ)m-

If so, in order that the coefficient of X, in v is always divisible modulo ker p by
a for any value of Ag,_p,, it is necessary that the coefficient of X, in the element
(ad X )2v=™(%K2*~™)1),,, and hence in 1, must be divisible by o modulo ker p, what
contradicts the choice of the index m. In this way, we find in this situation the
required element v and this finishes the proof of the lemma. |

We now prove the following:
Proposition 5.3. For any W €U, (g), the function Q > €~ Py (£) is polynomial.

Proof. As usual we employ induction on dim G +dim G/ K . Especially, we assume
that the polynomial conjecture holds for proper analytic subgroups G” = exp(g”)
of G which properly contain K and such that b N g” is a polarization of ¢ = {}4.
Assuming G # K, we consider the sequence of subalgebras

Ed:ECEd+1C"'CEn:g, dlm(E]):dlm(Ej_l)—f—]. (d—f—]_San)

and the restriction mappings p;: g* — €;" for d < j <n —1, where p; = p. Let as
before ¢; = RX;+¢;_; for 1 < j <n and put ¢ =¢,_1,p' = p,—1 and G’ = exp(g’).
Suppose first that €2 is not saturated with respect to g’. Let g = RX’ + ¢’'. Then,
there exists in ker 7 an element n = X'+ with ¢ € U(g’). One can utilize 1 in order
to eliminate from W the part which is outside of U(g’). This means that we can
suppose W in U(g’). Since the restriction 7’ of 7 to G’ is irreducible and Q' = p'(Q2)
is the coadjoint orbit of G’ associated to 7', our objective derives immediately from
the induction hypothesis.

Suppose next that €2 is saturated with respect to g’. Let g % €+b. Then, we are able
to suppose that g contains the subalgebra € + b. As 7|k has finite multiplicities,
W belongs modulo kerm to U(g'). Then, the induction hypothesis says that the
denominator of the rational function Py (¢) is a polynomial of the e-central element
P,(0),a = X;, + ¢, with a certain index 2 < iy <n—1 and an element ¢ € U(g;,-1),
of Corwin-Greenleaf for G' which separates the one parameter family of G’-orbits
in ' =p/(Q). Considering W multiplied by a certain polynomial of « if necessary,

it suffices for us to study the case where the denominator of Py (¢) is a polynomial
of P,(¢) of degree 1.

Let jo be the smallest index j such that W belongs modulo kerm to U(¢;). When
jo = d, W belongs to U(€)*, namely it is an e-central element for p(Q2) C € and
consequently the function Py (¢) is polynomial from Proposition 4.7.

Suppose jo > d + 1 and write again
W =0,X5 + v, X5 4+ 01X, +vo, v €UEj—1) (0<i < s)
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with vs & ker 7. Remark that v, is €-invariant modulo ker 7. Let 7|¢gr ~ fﬂf mdt be
the usual irreducible decomposition. As 7|x has finite multiplicities, it is also the
case for mj|x, and W belongs to U(g') hence to Uz (g')* for generic t € R. Then
the induction hypothesis says that [¢,v,] C kerm; for almost all ¢ € R, what leads
[, v5] C kerm.

We now propose to show by induction on s that Py (¢) is a polynomial function on
Q. If there exists in U(&;,)" a t-invariant element v = a X}, +b which corresponds to
a polynomial function, where a,b belong to U(€;,—1) such that a & ker, it follows
that a,a*W —v,® € U(E,)F. As the degree of a*W — v,v® with respect to Xj, is
smaller than or equal to s — 1, this implies that W multiplied by a certain power
of a corresponds to a polynomial function. Thus, if Py, (¢) is the denominator of
Py (¢), Wy appears as a factor v of a power of a. That is to say, « is an irreducible
factor of . In order to show that Py (¢) is a polynomial function, it suffices for us
to see the existence of such an element v with a not divisible by a and such that
the function P,(¢) is polynomial.

Assume that €, = t+g,, . If » = 1, there exists in U, (g)" an element A = uXyy1+v
with u,v € U(¥). This means that [X4.1, W] € kerm and hence [5,1, W] C kerm,
which signifies from the induction hypothesis that Py (¢) is a polynomial function,
i.e. o is trivial. Thus, 2 <r <gq.

When g = £+ b, we are led as usual to the case where g, = RZ is the center of g,
go = RY 4+g; and g = RX +¢g’ with the centralizer g’ of Y in g. Here, X € ¢ satisfies
[X,Y] = Z. Moreover, it is possible to take b in g’. Writing ¢ = RX + ¢ with
¥ =tNng'. Let also G' = exp(g’) and K’ = exp(¥’). Recall the usual decomposition
(8) into irreducibles. Then the restriction j|x has finite multiplicities for almost
all t € R.

First assume that W € U(g’). From the induction hypothesis, m,(W)ay = P, (¢')as
for almost all ¢ € R for some functions Py, (¢') such that P}y, (¢'))q, is a polynomial
function, where €2; denotes the orbit associated to the representation 7;. From the
K -invariance of W, it comes out that Py (¢) = P}, (') for generic £ € 2. As the
denominator of Py () is a polynomial function upon the variable ¢(Y'), it turns out
that it is indeed a polynomial function from the property of K -invariance.

Let W ¢ U(g'), this means that the generic K-orbits in p(Q2) are non-saturated
with respect to €. Hence, there exists an e-central element of Corwin-Greenleaf
v=aX +belU (€ abecU), where a & ker m such that [E a] C ker 7. Making
use of v to reduce the degree of W relative to X, we see by induction hypothesis that
a™W corresponds to a polynomial function for a certain positive integer m. Hence,
a comes this time from an irreducible factor of a. If so, we can make use again of
the same arguments of Case 2 of Lemma 5.2, with Y playing the role of k. At the
level of the desintegration (8), we take the mark point 7} so that mj|x has finite
multiplicities. From the induction hypothesis applied to the triplet (G', K’, 7()), there
exists an element v/ in Uy, (&,)¥ of degree 1 with respect to X, whose coefficient
is not divisible by «. Then, it suffices for us to extend v/ to a £-invariant element.
Namely, substituting —Y to t in the expression of exp(tX) v/, we obtain our desired
element v.

Taking n = g,p = 7, h = £, we can apply Lemma 5.2 to conclude that the function
Py () is in fact polynomial. Because in this situation, after the construction of
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v, the function P,(¢) is a polynomial function on the orbit €, from which results
Proposition 5.3. [ ]

Proof of Theorem 5.1 We look at the surjectivity statement of the homomorphism
0: U(g) > W — Py (l) € CIQF.

Take an arbitrary ¢(¢) in C[Q]¥. Just as before, we are brought to the last eventu-
ality:
g=RX +g, Xet

with an ideal g of codimension 1, for which the orbit € is saturated. Let x € U(g)
be the e-central element for p(€2) which we utilized above. Then, there exists a
polynomial F(y') of v = Px(¢), ¢ € Q, such that F(y")q(¢) is in the image of the
homomorphism © by means of Proposition 4.4.

Suppose that the function ¢(¢) depends only on 7 = £(X4),...,z;, = {(Xj,) and
Cle. Write q(¢) = r(£)z} + s(f) with a certain integer v € N, where r(£) does not
depend on z;, and s(¢) is of degree smaller than or equal to v — 1 with respect to
zj,. Let o be a polynomial of k such that P,(¢) is an irreducible factor of F(y').
In this situation the algebra U,(g)" extends when we pass through &, to &, and
as it is proved above, there exists in U, (€;,)" an element

g = CZXJ'O +b (CZ, be U(Ejofl)),
where a is not divisible by @ modulo ker . Then,
(Fa(€))"q(£) = r(6) Pou ()

belongs to the image of © by induction hypothesis on the degree v as well as
(P,())"q(¢) because r(¢) does by induction hypothesis. Let

P, (0) = F(y)q(0), Pw,(£) = (Pa(€))q(¢)
with certain Wy, Wy € U,(g)t. Hence,
F(y)(Pa(0))q(€) = (Pu(€))" Pw, (£) = F(y") P, (£).

This implies Ppow, (¢) = Pr@w,(¢) and then o'W; = F(k)W, modulo kerr.
Since a is not divisible modulo ker m by a, W; must be divided by a modulo ker 7
and we can eliminate o from F(K). In this way we conclude that ¢(¢) belongs to
the image of homomorphism © and this achieves the proof of the theorem. |
The case where g is two-step nilpotent is treated in our article [3]. Remark more
generally the:

Corollary 5.4.  Suppose that g is three-step nilpotent. Then, the polynomial
conjecture holds for G =expg.

Proof. 1In this case, [g,g] turns out to be an abelian ideal of g. This makes
possible to choose a normal polarization at any linear form on g. [ |
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6. Case where K is abelian

We treat in this section the case where € is an abelian subalgebra. First we have:

Lemma 6.1.  Assume that K = expt is an abelian subgroup of G. Let m € G
realized as ™ = mdBng by means of a Vergne polarization b[l], B[{] = exp(b[(]),
constructed at £ € Q(w) from the flag of ideals (1). We define a, € H_ > by the
formula

(a6, ) = / S Bk, ¢ € He.
K/(KnNBI{])

Let W € U,(g)t such that W-a; = Py (£)ay on a non-empty Zariski open set of
Q(m) with a certain function Py . Then, Py ({) is a rational function.

Proof. The polarizations b[¢] and the subalgebras € N b[¢] vary rationally in
¢ € Q(m). We can find a non-empty Zariski open set U of Q(w) and a family
of elements B = {Xy,---, X, } of g which constitutes a Malcev basis of g modulo
the polarization b[¢] at ¢ and such that B N¢ is a Malcev basis of £ modulo €N b[(]
for £ € U. Consider the maps Fg: R" — G defined by

Eg(ty,--- 1) = exp(t1.X1) - - - exp(t, X;)
and Fgni: R™ — K defined by
Ewpni(t) = exp(t1.X;,) - - - exp(tm Xi,, ),

where {X;,, -, X; }:=€NB. For any g € G we can write
with ¢(g,¢) € R" and b(g,¢) € B[{]. The maps (g,¢) — t(g,¢) and (g,£) — b(g,¥)
are then polynomial in ¢ and rational in ¢ € (7)) and the mapping G — R" x
B[l]: g — (t(g,£),b(g,¢)) is bi-polynomial in ¢g and bi-rational in ¢.
Fix a Schwartz function ¢: R" — C. Thenforany ¢€lU the function definedon G by

be(B(t) - be) = ¥(t)xe(b; '), t € R', b € B[],

is a C'-vector of the representation m, = mdBng. If V€ U(g), then there exist
for o, 3 € N", some rational functions p! 5 In £ € Q(m) such that

iV ) (Enlt) = SO DV0. LUt € R ) € SR

In this way, for W € U(g) and 1, € H3? we see that

0 ) = SO 0 [ O B OB D).

Hence, for W € Uy (g)" of our lemma and for ¢ € Q(r), we have that

(W -ag, ) = Pw(l) | Yo(Enn(t)xe(Bsnx(t))dt

Rm

= S0 [ O Ol B Ot
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where W* denotes the image of W by the anti-automorphism of ¢(g). This tells us
that the function Py is rational. [ |

We next prove

Lemma 6.2.  Assume that € is abelian and let W € U, (g)t. Then W € kert if
and only if W-a; = n(W)a, =0 for generic £ € Q(m).

Proof. @When W € kerw, it is evident that W-a, = 0 because a, € H_>°.
Suppose now that W-a, = 0 for generic £ € Q = Q(m). Let 3 be the center of
g. Dividing if necessary by 3 Nker , we are led as usual to the case where dimj =1
and 3 is not contained in ker 7. Thus, in the Jordan-Holder sequence (1), g = 3
and go = RY + 3. Put g = RX + ¢’, where g’ denotes the centralizer of Y in g,
G = exp(g),n = indglmxg and denote by ¢’ the restriction of £ € Q to g’. We
make use of vectors ¢ € H2° having the form

©(g) = o()Y(9), g=exp(tX)g € G, t R, ¢ € &

with ¢ € S(R), € HX. If £ C ¢, write

W—ZXwJ, w; eU(g) (0<j<m)
e
We have (r(W)ayg, @) = Z(—l)ﬂw(())(ﬂ (wj)ap, ). (11)

Hence, m(W)a, = 0 entails 7'(wj)ap = 0 for 0 < j < m. Remark that the ¢-
invariance of W induces the same property for w,,. Then, the induction hypothesis
means w,, € ker 7’. As this happens at almost every point ¢ € Q, we conclude that
X"™w,, € ker m. Repeating this argument, we see that W belongs to ker .

If ¢ Z ¢, we choose X in £ so that X-ay = il(X)ay. Let t=RX +¢ ¥ =¢tNng
and K’ = exp(¥'). Let us write

W =Y wX', w; eU(g) (0<j<m).
§=0
Since W is €-invariant, all w;,0 < j < m, are £-invariant too. Then, we have

m

(< W)ar. ) = SV GOS0 () ),
where (ap, ) = / V(K ) xo(K)dk'.
K'/(K'nB[4])

Hence, m(W)a, = 0 entails 7'(w;)ap = 0 for 0 < 7 < m. Then, the induction
hypothesis says that w;,0 < j < m, belong to ker 7’ at almost every point ¢ €
and finally W belongs to kerm. [ |

We now prove our main result of this section.
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Theorem 6.3. Let G = expg be a nilpotent Lie group and K = expt an
abelian subgroup of G. Let m € G realized as ™ = zndB 1Xe by means of the
Vergne polarization b[¢], B[¢] = exp(b[{]), constructed from the flag (1) at the point
(€ Q=Q(r). Let us define ay € (H ;)X by the formula

(ag, ) = / S ®)dk, ¢ € H.
K/(KNB[{])

Let W € Uy (g)* satisfying W-a, = Py ({)ay almost everywhere on Q with a rational
function Py (£). Then, Py ({) is a polynomial function. In particular, Conjecture
3.3 holds when € is abelian.

Proof. Let us proceed as usual by induction on n = dimG. When n = 1 or
G = K, there is nothing to do. Suppose n > 1 and G # K. Besides, we are
led to the case where the center 3 of g is one-dimensional and is not contained in
kerm. Thus, g; = 3 in the flag (1). We put there go = RY + 3 and let g’ be
the centralizer of Y in g. Let G’ = exp(g’) and p': g* — (g')* be the restriction
mapping. Suppose first that € C g’. Because W-a, = Py (¢)a, almost everywhere on
Q, W belongs modulo kerm to U(g’'). Then, following the proof of Proposition 4.2,
the induction hypothesis says that the denominator of the rational function Py (¢)
is a polynomial of the e-central element ¢(Y) of Corwin-Greenleaf for G’ which
separates the G’-orbits of one parameter family in Q' = p/(Q).

Suppose next that ¢ ¢ g’. Let ¥ =tNg', K’ =exp(¥) and £t = RX + ¢. Then, for
¢ € HX® having the form

p(exp(tX)g’) = o(t)(g) (t R, g € &)
with ¢ € S(R) and ¢ € HS, where 7’ = indgmxg7 we have

(ae, ) = / SO di / W)
R K'/(K'NB])

Now, if we write W =Y W;X’, W; eU(g)) (0<j <),
=0
we see immediately that [¢, W;] C kerw(0 < 7 <7'), because £ is abelian. Hence,

,r,/

Pu(t) = Y GUX)Y P, (1),
=0
From the &-invariance, W; acts on the functions ¢ € H® and the induction hy-
pothesis says that the denominator of Py () is a polynomial function in the variable
((Y'). Now we choose another ideal g of codimension 1 in g and put G = exp(g).

Suppose first that Q is non-saturated with respect to g. Let g = RX + g. Then,
there exists in ker7 an element n = X 4+ ¢ with ¢ € U(g). Using this n, we can
eliminate from W the part being outside of U(g). That is to say, we can suppose
that W belongs to U(§). The restriction @ of 7 to G = exp(§) being irreducible,
our objective follows directly from the induction hypothesis if € C g.

Suppose that € ¢ g. Let E—Eﬂg,E—RX+{% and K —exp({?) Let f—élg, [ ] =
b[(] NG, B[(] = exp(b[f]) for £ € Q and Q = Qlz. We remark that b[¢] is the Vergne
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polarization at { constructed by means of the flag of g obtained from the flag (1).
We identify H;> with #-*°. Taking a Malcev basis in g relative to b[¢] which
contains a Malcev basis in £ relative to € N b[¢], we identify the space H, of = with
R™ m = dim(g/b[¢]). Since
K/(K n B[f]) ~ K B[(]/B[{] = exp(RX)K B[(]/B[/],
there are two eventualities: either
K/(K N B[f) ~ K /(K N B[f)
or for almost all ¢ € Q,
K/(K N B[f]) ~ exp(RX)K B[(]/B[{] ~ exp(RX) x K /(K N B[{])

In the first case, the generalized vector a, of 7 is identified to the generalized vector
aj of m. In the second case, for ¢ € H° verifying

p(exp(tX)g) = o()0(3), t e R, G € G,
with ¢ € C.(R),¢ € HZ, we have by the £-invariance of W that

Wt =( [ A0S (V-0 0) = P (D | 60t a0 = P (D v, ).

In any way, the induction hypothesis tells us that Py (¢) = Py ({) is a polynomial
function.
Suppose finally that § is saturated with respect to g. We can assume that b[/(]

isin g. Put 7 = indgmxg. We first consider the case where ¢ C g. Because
W-a; = Py (f)a, for generic £ € Q, it follows that W € U(g) modulo ker 7. Indeed,
write W= Y77 ) X/w;,w; € U(g') (0 < j < m). Coming back to formula (11) and
choosing ¢ such that

d'o
dti

we arrive to the assertion w,, € ker v by Lemma 6.2. From the disintegration

—(0)=0for j=0,..., —landﬁ()—l,

@ =
7T|é >~ / %/tdt, %t S G,t S R,
R

here in fact 7y = 7,1 = exp(t)? )., we deduce by induction hypothesis that the
denominator of Py (¢) is a polynomial of ¢(kK), K being an e-central element on
the projection of © in (g)*. But this means that Py (¢) is a polynomial function,
since & is not a polynomial of Y. We next consider the case where ¢ ¢ g and write
t = RX + with ¢ = £Ng. Put K = exp(k) as before. For ¢ € H> having the form

p(exp(tX)g) = o()(3), teR,G € G,
with ¢ € S(R), ¢ € H2®, we have

(a0 / S()et D dt / P xe)ds.
K/(KﬁB[é])
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Therefore, if W € U(g), we conclude as before that Py (¢) is a polynomial function.
If W &U(g), we write

W= WX, W eU(g),0<j <.
§=0
Since € is abelian, we see for every Y’ € £ that
[Y/’ W] = Z[Y/a W/j])?j»
§=0
from which follows immediately that W;,0 < j < v, are all £-invariant. Then the

above arguments prove that the denominators of Py, (f) are polynomials functions
of the variable /() and consequently Py, (¢) are polynomial functions. Hence,

Par(t) = S GUX)Y P, (0)
j=0

is a polynomial function.

Now, let us return to the situation of our theorem. When 7|k has finite multiplicities,
the mapping U,(g)* > W — Py supplies by passing to the quotient an injective
homomorphism of algebras from D,(G)X into the algebra C[Q(m)]" of the K-
invariant polynomial functions on the orbit (m) (cf.[3]). It remains for us to show
the surjectivity of the homomorphism

O: U(g) > W — Py (l) € CIQF.

We first prove the following result.

Lemma 6.4.  Assume that K = expt is abelian. Let q(z) € C[Q]¥. Suppose that
there exists u(z) € C[Q] belonging to the image of © such that u(x)q(z) belongs to
the image of ©. Then, q(x) itself belongs to the image of ©.

Proof. We keep the situation and the notations of the previous lemma. When
t C ¢, our condition requires that ¢(x) and wu(z) do not contain the variable
z, = 0(X). Let

@
’7T|G/ ~ / nglz Q|g/ = I_Iteth, t= K(Y)
R

the usual decompositions. For almost all ¢ € R, there exists by induction hypothesis
Wi € Uy (g')" satisfying P, (') = q(2)|z,=¢, where & = (z1,...). Actually, z; cor-
responds to the variable corresponding to the vector Y. As the Vergne polarization
depends rationally on ¢, W, depends rationally on ¢. In fact, we take a reference
point ¢y € Q such that ¢5(Y) = 0 and consider the section

Q/G'~R >t b =exp(—tX) -y €.

Let {Yi(t),..., Y, ()} (m; = dimb[¢]), be a basis of b[¢;] and {X;,..., X, },
my = dim€/(¢Nb[l;]), a Malcev basis of ¢ relative to €N b[¢;] for generic ¢t € R. For
I'=(i1,...,imy) and J = (J1,..., Jm,), set

X=X X2, Y = (V0 - (Yo, (1))
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Then, W, is written as W, = ZI,J cr.7(t)XTY 7 with certain rational functions cr s (t)
of t € R. Multiplying W; by its denominator and substituting there ¢ for —iY , we
see that there exists a polynomial s(x1) of x1 = £(Y") so that the product s(x1)q(z)
belongs to the image of ©. When ¢ ¢ ¢, we write

q(2) =) aj(ar,. . amn)ad, u(@) =Y ulen,. . @)
=0 =0

with certain polynomials ¢;(0 < j <m),u;(0 < j <m') of (x1,...,2,-1) which are
all £-invariant. Hence, it follows that all the u;(0 < 7 < m’) belong to the image of
0. As

’

m-—+m
U(QT)Q(Z') = Z pj(xlv" s Lr—1 xm b; = Z Urqj—k,

j:O 0<k<]

belongs to the image of ©, p,im = Unrqm too. For generic t € R, there exists by
induction hypothesis wp,(t) € Uy (g)¥ verifying Py, (¢') = ¢u(¢') for almost all
0" € wy. Since ¢(z) is K -invariant,

B,y (€xD(tX) ) = g(exp(tX)-x) = q(x)
for all ¢ € R. While, the definition of the function Py (¢'), W' € Uy (g/)¥ gives

Pexp(sX)-wm(t) (eXp(SX)'fl) = Pwm(t) (él), Vs eR.
Hence, w,,(exp(sX) - ¢') = exp(sX) - (w,(t)) and
< wm (exp(sX)- g/)(exp(sX) 6 )aexp(sX)-E’v 90> - <<6Xp(SX) : (wm<€/))aexp(sX)~£’7 90>

exp(sX) - {(wn () (k) Xexp(ox) (K ) AR’

/’/(K’ﬂB[eXp (sX)-£'))
/ exp(5X) - (wnm () (K)o (&) I
K'/(K'NB[¢'])

(exp(sX) - (wn(€)))ae, p). Namely,

(
(P exp(sx)0)(exp(sX) - O)ae, @) = ((exp(sX) - (w(l')))ae, o)
<Pexp (sX)-(wm (")) (6 )af’a 90>

for all ¢ € H29. In this way,

Pescp(s)-(wnm () (') = Py (exp(sx)-en (exp(sX) - £) = q(z).

Deriving this equality with respect to s, we find by the preceding lemma [ X, w,,(t)] €
ker 7, for almost all ¢ = £(Y), that is to say w,,(t) € U,(g)*. Moreover, we find as
before that w,,(t) depends rationally on ¢t = ¢(Y) € R. Summing up, there exists a
polynomial s,,(z1) of 1 = £(Y") so that the product $,,(x1)¢m(x1,...,z,_1) belongs
to the image of ©. Next, ppim/—1 = Unm/—1Gm + UnGm—1 belongs to the image of ©
and ., (1)U gm—1 too. We can repeat the same argument to see that there exists
a polynomial s,, 1(x1) of x; so that s,,_1¢,_1 is in the image of ©. We are able to
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continue these process in order to conclude that there exists a polynomial s(z;) of
xr1 = L(Y) so that the product s(z1)g(x) belongs to the image of ©.

Now, we take another ideal g # g’ of codimension 1 in g. Let G = exp(g). For
(€ g*, put (= |5 € (g)*. Suppose first that €2 is non-saturated with respect to g.
Let Q be the projection image of € in (N) which is the G-orbit corresponding to
the irreducible representation 7 = 7|5 of G. For ( € Q, put (= Elg eQ. IftcC g,
it suffices for us to apply the induction hypothesis to the triple (G 7, K).

If ¢ 3, let £=EtNg. The induction hypothesis says that there exists W € Uz (g )
verifying Py (¢) = q(z) almost everywhere on Q. Since ¢(z) is K -invariant, then
so is the case for W, namely W € U,(g)'. Suppose next that € is saturated with
respect to g. We can suppose that the Vergne polarization b[¢] is contained in g
and ¢(x) is rewritten [4] as

q(x) = q(@1, .., T, Y, Tigr, - - Tra)
with Y =zt i) = Pr(l)
for a certain Y = —V-1X,, + chl ,,,,, ko Xo X0

belonging to U, (g)? with cy, . , € C. Then there exists a polynomial r(y’) of ¢/
so that 7(y)g(x) belongs to the 1mage of ©. Summing up, there exist two elements
Wi, Wy in U, (g)t N E such that

PW1 (g) = S($1)q($), PW2(€) = T(?/)Q(x)
for generic ¢ € (). Taking into account the previous lemma,
r(Y"YW; = s(—iY )W, modulo ker 7. (12)

As 7|g is faithful and r(Y”’) is not divisible by s(—iY"), W; must be divisible by
s(—iY") because Y is central in g'. To see this, it suffices to employ an induction on
the degree d; of Wy. If dy = 1, nothing to prove. If d; > 1, we develop the identity
(12) according to a vector X; # Y modulo ker 7 and use the induction hypothesis
on the appearing factors which are of inferior degrees.

Write now Wy = s(—=iY)Wy and s(—iY) = > ~,a,Y™. We easily show that
Wy € Ux(g)t. Indeed, the result is immediate if € C g’. Otherwise we can suppose
X € t, and hence

kerm > ZmamY’" LZW, + Zam "X, Wol.

m>1 m>0

Since 7(Y') acts as a multiplication operator, the result follows. These observations
imply that g(z) itself belongs to the image of ©, which achieves the proof of Lemma
6.4. |

Assume now that 7|k has finite multiplicities and show the surjectivity of ©.
Consider an arbitrary element ¢(z) in C[Q2]¥. This time instead of g we utilise
t,_1 appearing in the sequence (5). It is an ideal of codimension 1 in g containing
t. Then, by Proposition 4.4 there exists a polynomial s(y') of y' = Py/({) so that
s(y')q(x) belongs to the image of ©. Therefore, it results from the above lemma
that g(z) itself belongs to the image of ©, which also achieves the proof of Theorem
6.3. [ |
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7. Examples

Here, we give some examples.

Example 7.1. Let g= (X, P, %,Q,Y, Z), with the non-zero brackets
[Xapl] :P27[X7Y] = Z?[PlaQ] :Y7 [P27Q] =Z.

Let 7 € G such that Z* € Q(x) and ¢ = (P,,Y, Z)g- Then, a direct computation
shows that an element ¢ € () is written as

(=7 + ZL‘ly* + IQQ* + ZE3(P2)* + l‘liL'g(Pl)* + ZE4X*, Z; S R(l S] S 4)
From this, P, — x1 P, — x3Y € g(¢). On the other hand, we have for ¢ € H®

(ag, @) —/go(exp(tPl))eml“dt.
R

d .
So, <P2a£790> = % / go(exp(SPQ) eXp(tPﬂ)eml“dt
R

— i © <exp (((t + i) P1) exp <SP2 _ ip1>)€itx1x3dt
ds Jgr 7 o
= ie—is(maﬁ-l) / © (exp ((t + i) Pl))eitmxgdt
ds R 1
d S
= = t+— | P
ds/ﬂg@(@)(p(( +£L'1) 1>)
d VT > RSV U L2 T
—/g&(eXp(tPl))e <t 11) 13 1t
ds Jr
d

- (—e_is“) /gp(exp(tPl))emldt = —ixz(ap, ).
ds s=0 Jp

for ¢ € Q(m) satisfying 21 = £(Y) # 0. Put &(x,t) = p(exp(zX)exp(tP,)) for
(z,t) € R? and compute:

s=0

s=0

s=0

s=0

s=0

(P®)(x,t) = %gp(exp(—spl) exp(zX) exp(tPy))|s=o
= d%so(exp(mX ) exp(—sP; 4 sz Py) exp(tPs))]s—o

d
= %@(exp(xX) exp((t + sx)Py) exp(—sPy + sx1 Py

+ sx3Y") exp(—sx1 Py — 533Y))|s=0

— d%w(exp(xX) exp((t + sz — s21) Ps))|s=0 = (x — xl)%—f(% £),
(P®)(x,t) = %gp(exp(—s%) exp(2X) exp(tPy))|s—o = —%—Cf(:v,t),

(YO)(z,t) = %gp(exp(—sY) exp(xX) exp(tPy))|s=o

= d%gp(exp(xX) exp(—sY + zsZ) exp(tPs))|s=0 = i(z1 — )P (x,1).

Taking these observations into account, we check that P, + Y P, belongs to ker .
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Example 7.2. Let g = (X, P, %, P3,Q1,Q2,Y, Z), with the non-zero brackets
[X7 Pl]:P27 [X7 PQ]:P37 [P17Q1]2Q27 [Xa QZ]:[P%Ql]:K [X7 Y]:[P37Q1]:Z

Let 7 € G such that Z* € Q(n) and € = (P,,Y,Z),. Then, a direct computation
shows that an element ¢ € Q(7) can be written as

2 2
s xrix
(=Z"+1,Y"+ 3162; + 25Q%F + 23P; + 225 P5 + 173P1* + 2, X,

where z; € R, 1 < j <4. Hence P — %%Pg — r1x3Y and P, — x1P3 — x3Y belong
to g(¢). On the other hand we have

(e, ) = / lexp(iP))e ¥ dt

for p € H°. So,

d ix2a:
(Psag, @) = d—/gp(exp(ng)exp(tPl))eéi”tdt
S R s=0

d 2 2 o2
= / © (exp(tPl) exp (—jPl) exp (ng — —§P1)> e
ds Jr x5 x5
d 2 il .
== %0 (exp ((t + —§> P1)>e b Risms gy
ds xy

11%13 _ 2s )
- _/ (exp(tPy))e * <t x%)e%“?’dt

isT3
- (i)

for ¢ € Q(m) satisfying 21 = £(Y) # 0. Put &(x,t) = p(exp(zX)exp(tPs)) for
(z,t) € R? and compute:

s=0

s=0

s=0

_— 217
0/¢(exp(tP1)) Stdt:ixg(ag,@,
s=0 JR

(P®)(x,t) = dcp(exp( sPy) exp(xX) exp(tP3))

s=0

s=0

d
ds
d
d_

v 2

(oo (12w (e ) ) )
B (ml )
i () )

_oe
s=0 N 8t ’

s=0

2
© (exp (xX)exp <—SP1 + sxPy — %Pg) exp(tP3)>

sx?
exp(zX) exp ((t — —) P3) exp(szPy — sPl))

s=0

(Ps®)(x,t) = diicp(exp(—ng) exp(zX) exp(tPs))
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(Y®)(z,t) = diicp(exp(—sY) exp(zX) exp(tPs))

= dicp(exp(xX) exp(tP3) exp(—sY + sz Z))
s

d )
_ [ 2 —i(—sz1+s2)
()

Taking these observations into account, we check that P, — YTZP;; belongs to kerm.
Finally,

s=0

s=0

O(z,t) =i(z1 — 2)P(x, ).

s=0

(Py®)(x,t) = d%gp(exp(—ng) exp(zX) exp(tPs))

s=0

d
= —p(exp(xX) exp(—sP + sz P3) exp(tPs))

ds s=0
d

= £¢(exp(xX) exp((t + sz + —sx1)P3) exp(—sPy + sz P3)) L
d 0P

= £<I>(x,t+ s(x —x1)) T (x — ml)@

Accordingly, P, + 1Y P3 belongs to ker .

Now we give some illustrative examples on the polynomial conjecture.

Example 7.3. Let g = (X,T,U,V,Y, Z), with the non-zero brackets [X,Y] = Z,
(X, T|=U, [I,V] =Y, [UV]| =Z. Let G =expg, f=2"€g", Q=Gf,
t=(T,Y,Z)y and K = expt. Then, ¢ is abelian and g(f) = RT @ RZ. It follows
that dim{2 = 4 and b = RV + £ is a polarization of g at f. We construct the
irreducible unitary representation m of G associated to 2 as ™ = indgxf where
B = expb. Simple calculations show

Q= {l=aX"+B\T* + BU* +V* + \Y* + Z*; a, 3,7, A € R}.

For ¢ € Q, we have g({) =R(T' —4((Y)U —¢(U)Y)+RZ.
While b[(] = (T'—4(Y)U,V,Y,Z), 1is a polarization of g at ¢ and b[(|] = ¢ is
that of £ at the restriction ¢|, € €. Let p: g* — * be the restriction mapping. We
immediately see that

p(Q) =RT*+RY* + Z*
except the subset (R \ {0})T* + Z*. Furthermore, for 6 = aT™ 4+ bY™* + Z* € p(2)
(a e R, b e R\{0}), p~1(9) is a K-orbit. In this way, the restriction 7|z is without
multiplicities. In more details, for 6 = aT* +bY* + Z* € € (a,b € R), let xs be the
unitary character of K defined by

Xs(exp(tT +yY + 22)) = eilat+bv+2),

®
Then, 7r|K:/ Xsdadb.
R

2

Besides, we define the Penney distribution a, at ¢ € Q verifying ¢(Y) # 0 by the
formula

ouly) = | Aemp@
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for ¢ € H°. Now we consider a Jordan-Holder sequence

g =RZCgp=RZ+RY Cgs=(V,Y,Z)y
C gu=(UV,Y,Z)y Cgs=(Z,Y,V,UT)y Cgs=g.

of g and the associated sequence of subalgebras
Elzgl CEQIQQCE3:EC?4:E+RVC85:E4+R[X7T] CE6:g

When we pass from €, to €5, the element o = YU — ZT appears in the center
of the enveloping algebra U(g) and satisfies the relation m(0) = 0. Moreover, U is
E-invariant and

w(Z)-ap = iag, (Y )-ap = il(Y)ap, 7(T)-ap = t4(T)ay,

for all ¢ € Q verifying ¢(Y) # 0. It results from this that 7(U)-ay = il(U)a, and
the algebra D,(G)¥ is isomorphic to the algebra C[Q)¥.

Example 7.4. Let g=(X,T,U,V,Y, Z), with non-zero brackets
(X,Y|=2Z [X,T=U, [UT| =2 [T,V]=Y, [UV]=Z.

Let G =expyg, f=2"€ g, Q=G f,t = (1Y, Z), and K = expt. Then, £ is
abelian and g(f) = R(T'— V)@ RZ. It follows that dim2 =4 and b =RV + ¢t isa
polarization of g at f. We construct the irreducible unitary representation m of G
associated to 2 as m = indgx ¢ where B = expb. Simple calculations show

Q={=aX" "+ (BAX+)T*"+ U +~V*+ XY+ Z";a, 3,7, X € R}.
Let p: g* — € be the restriction mapping. We immediately see that
p(Q) =RT*+RY™* + Z*.

Furthermore, for § = aT* +bY* + Z* € p(Q) (a,b € R), p~'(d) ia a K-orbit. In this
way, the restriction 7| is without multiplicities.

Now we consider a Jordan-Hoélder sequence

01 =RZCg=RZ+RY Cg3=(V,Y,Z)y
C gu=UVY,Z)y Cgs=(ZY,V.UT)y Cgs=9

of g and the associated sequence of subalgebras
ElzglCfgzggCE;;:{%C&;:E—FRVC%:Q—FRUCE6:g.

From ¢, to &5, the element o = YU — ZT + VZ appears in the center of the
enveloping algebra U(g). The Hilbert space H, of 7 is identified to L*(R?) by the
mapping H, > ¢ — ® € L*(R?) given by

O(xz,s) = p(exp(xX)exp(sl)) (z,s € R).
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In this situation, simple calculations show

m(Z) =1, (n(Y)®)(x,s) = —ixd(x, s),

(m(V)®)(x,s) = —is®(x, s), (m(T)®)(z,s) = (—is + x§)<b(x, s)

(r(U0)®) (2, 9) = =5 (5, 5)

Hence, we confirm w(¢) = 0 and the £-invariant element w = YU + V Z is nothing
but the element ZT modulo ker .

Example 7.5. Let finally g = (X, 5,7, R,U,V.,Y, Z), with non-zero brackets
(X,Y|=2Z [ X, U=V, [X,V]|=Y, [T,U] =V
(X, T|=5, [X,S]=R, [S,Ul=Y, [R,U]=Z.
Then, [g,9] = (S,R,V.Y,Z), is abelian. Let
G=expg, f=2"€cg", Q=G-f, t=(T,U, V.Y, Z);

and K = expt. We have g(f) = (T,5,V,Z)p, dimQ = 4 and b = RT + [g, g]
is a polarization of g at f. We realize the irreducible unitary representation 7 of
G associated to §2 as ™ = indgxf where B = expb. Next, take a Jordan-Holder
sequence

01 =RZCgp=RZ+RY Cg3=(Z,Y, V)
Co=(ZY,V,R)z Cgs =90
Cos=I9.0] +RUCgr=I[g,9] +RU+RT Cgs =g
of g and the corresponding sequence of subalgebras
=g Clh=gCty3=g3Ct,=8+RUCEt=2¢
Ct=t+RRCEt&;=t+RR+RSCt=g.
For C=aT* +bU"+cV*+dY* + Z* € & (a,b,c,d € R)

satisfying ¢ # 0, b[{] = (U,V,Y,Z), is the Vergne polarization relative to the
Jordan-Holder sequence {Ej}?zl of €. Now the Hilbert space H, of 7 is identified
to L?(R?) by the mapping H, > ¢ — ® € L*(R?) given by

®(a,b) = p(exp(aX)exp(bl)) (a,b € R).
So, simple calculations show

7(2) = i, (1(Y)®)(a,b) = —iad(a, b),

(7(V)®)(a,b) = %Q)(a, b), (m(R)®)(a,b) = ib®(a, b)

(m(S)®)(a,b) = —iab®(a,b), (7(U)P)(a,b) = —(% + Z-%)QD(CL,I)),
(m(T)®)(a,b) = ?@(a,b), (m(z)P)(a,b) = —g—f(a,b).
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From this, ker 7 is spanned by

Z —i,2ZV —Y?* S+iYR, T +iVR.

On the other hand, our algebra U, (g)* is generated modulo ker 7 by {YT — V'S, V,
Y, Z}. But,

Y2 Y Y
YT — =YT - —S=—(2%T-YS) = — (2T +iY?
VS 2@,5 21,( i S) 2@( iT +1Y*R)

Y
5(2T +Y?R)=Y(T+iVR)=0

modulo ker 7. Other computations show for a,b,c,d € R

d2 2
O={0=aX"+ %T* YU+ edS* + eR* + %V* Y + 77,

Here also the restriction 7|x turns out to be without multiplicities. For ¢ € )
verifying (V') # 0, the Penney distribution a, is defined by the formula

aelp) = / H(exp 0 xelexpODdA (0 € H).

Lastly, we immediately see

w(Z)ap = iag, 7(Y)ay = il(Y)ag, 7(V)ay = il(V)ay.

In this way, we confirm once again that our algebra D,(G)¥ is isomorphic to the
algebra C[Q]¥.
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