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Abstract. Let π be the holomorphic discrete series representation of GSp4(R) and η the discrete
series representation of (GL2 ×GL1 GL2)(R) . We prove the uniqueness and an explicit formula of
the Shintani functions for (π, η) . As their application, we evaluate a local zeta integral of Murase-
Sugano type, which turns out to be a quotient of the L -factors associated with π and η .
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1. Introduction

Murase-Sugano [11] introduced a global zeta integral for the reductive symmetric
pair (On, On−1) of the orthogonal groups over an algebraic number field and, under
certain assumptions, proved that the global zeta integral can be decomposed into
an Euler product of local zeta integrals, which contain local Shintani functions as
integrands. Moreover they proved that the unramified local zeta integral represents
the standard L-factor of On by an unramified computation. On the other hand, we
do not know what the local zeta integrals at the bad places represent.
In this paper, we consider Shintani functions for the real reductive symmetric pair
(GSp4(R), (GL2×GL1 GL2)(R)) and prove the uniqueness and an explicit formula of
the Shintani functions for the holomorphic discrete series representation of GSp4(R) .
Moreover we formulate an archimedean local zeta integral of Murase-Sugano type
for (GSp4(R), (GL2 ×GL1 GL2)(R)) and, as an application of our explicit formula,
prove that the local zeta integral represents the local L-factor associated with the
holomorphic discrete series representation of GSp4(R) .
Let (G,G0) = (GSp4(R), (GL2 ×GL1 GL2)(R)) . These groups are defined in Subsec-
tion 2.1. In order to explain our main result, we first recall the definition of Shintani
functions for (G,G0) . Let (π,Hπ) and (η, Vη) be admissible representations of G
and G0 , respectively. We set

C∞
η (G0\G) := {f : G

C∞
→ V ∨

η | f(g0x) = η∨(g0)f(x), ∀(g0, x) ∈ G0 ×G},

where (η∨, V ∨
η ) is the contragredient representation of η . Then G acts on C∞

η (G0\G)
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by right translation. We consider an intertwining space

Iη,π := Hom(g,K)(π,C
∞
η (G0\G)).

Then the space S(η, π) of Shintani functions of type (η, π) is defined by

S(η, π) := Image(Iη,π ⊗Hπ → C∞
η (G0\G)).

Let K be the maximal compact subgroup of G and τ a K -type of π . For an em-
bedding ı ∈ HomK(τ, π) , we define a C-linear map ı∗ : Iη,π → HomK(τ, C

∞
η (G0\G))

by the pullback via ı . Fix an embedding ı ∈ HomK(τ, π) . Then we define the space
S(η, π, τ) of Shintani functions of type (η, π, τ) by

S(η, π, τ) := Image(ı∗ : Iη,π → HomK(τ, C
∞
η (G0\G))).

By virtue of the generalized Cartan decomposition G = G0AK , where A is a split
torus of G , in order to give an explicit formula of Shintani functions of type (η, π, τ) ,
it is sufficient to consider their values on A . Our main result is as follows. See Section
4 for more details. Note that Theorem 1.1 is related to a result of Sun-Zhu [13] for
the symmetric pair (SO3,2(R), SO2,2(R)) .

Theorem 1.1. Let π be the holomorphic discrete series representation of G with
Blattner parameter (λ1, λ2) and τ the minimal K -type of π . Let η = η1 � η2 be an
irreducible admissible representation of GL2(R)×GL2(R).

(1) We have dimC Iη,π ≤ 1. If at least one of η1 and η2 is not a holomorphic
discrete series representation of GL2(R), then dimC Iη,π = 0.

(2) Assume that both of η1 and η2 are holomorphic discrete series representations
of GL2(R). Then the restriction of the Shintani function of type (η, π, τ) to
the split torus A of G can be expressed in terms of the hyperbolic functions.

This paper is organized as follows. In Section 2, we recall the representation theory
of GSp4(R) and GL2(R) . In Section 3, we recall the definition of Shintani functions
and derive a system of difference-differential equations which determines the Shintani
functions for the holomorphic discrete series representation of GSp4(R) . In Section
4, we prove the uniqueness and an explicit formula of the Shintani functions for
the holomorphic discrete series representation by using the system of difference-
differential equations. In Section 5, we formulate an archimedean local zeta integral
of Murase-Sugano type following Tsuzuki [14], and evaluate it by using our explicit
formula. As a result, it follows that the local zeta integral represents the local spin
L-factor associated with the holomorphic discrete series representation of GSp4(R) .
We mention several studies related to Shintani functions for the reductive symmetric
pair (GSp4(R), (GL2×GL1GL2)(R)) . Moriyama [9] gave explicit formulas of Shintani
functions for the semisimple symmetric pair (Sp4(R), SL2(R)×SL2(R)) with respect
to the large discrete series representation and the Jacobi induction of Sp4(R) . Note
that he also treated Shintani functions for another semisimple symmetric pair on
Sp4(R) in [10]. Kato-Murase-Sugano [5] gave an explicit formula of the unramified
(Whittaker-) Shintani functions for the symmetric pair (SOn, SOn−1) of the split
special orthogonal groups over the nonarchimedean local field F of characteristic
zero or an odd prime p > 2 . In particular, their explicit formula for n = 5 implies
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an explicit formula of the unramified Shintani functions for the symmetric pair
(GSp4, GL2 ×GL1 GL2) over F through the accidental isomorphism SO5 ≃ PGSp4 .
Later, in [2],[3], the author extended their explicit formula for (GSp4, GL2×GL1GL2)
to the nonarchimedean local field of arbitrary characteristic and proved that an
unramified local zeta integral of Murase-Sugano type represents the unramified spin
L-factor of GSp4 .
Finally the author would like to thank Prof. Tomonori Moriyama for many stimu-
lating conversations during the preparation of the paper. The author would also like
to thank an anonymous referee for her/his helpful comments on an earlier version of
this paper.

2. Preliminaries

For a real Lie algebra l , let lC denote the complexification of l . For each positive
integer n , let In denote the identity matrix of degree n . We denote by i the imaginary
unit, as usual.

2.1. Lie groups and Lie algebras
Let G be the real symplectic similitude group GSp4(R) , which is defined by

GSp4(R) =
{
g ∈ GL4(R)

∣∣∣∣ tg

(
I2

−I2

)
g = ν(g)

(
I2

−I2

)
, ∃ν(g) ∈ R×

}
.

Let G′ = Sp4(R) be the subgroup consisting of g ∈ G with ν(g) = 1 , and

g′ = sp4(R) =
{
X ∈ M4(R) | JX + tXJ = 0

}
the Lie algebra of G′ . Then g = g′⊕RC4 is the Lie algebra of G , where Cn := In . Let
θ : G → G, g 7→ tg−1 be a Cartan involution of G . Then K := {g ∈ G | θ(g) = g} is
the maximal compact subgroup of G and K ′ := G′∩K is the maximal compact sub-
group of G′ , which is isomorphic to U(2) via K ′ → U(2) = {g ∈ GL2(C) | tgg = I2} ,(

A B
−B A

)
7→ A+ iB.

The group K contains K ′ with index two. More precisely, we have K = K ′ o ⟨ϵ⟩ ,
where ϵ := diag(I2,−I2) . The differential of θ is denoted again by θ . Let k and p be
the +1 and −1 eigenspaces of θ , respectively. Then we have a Cartan decomposition
g = k⊕ p . Note that k is the Lie algebra of K .
Let σ be an involution of G given by

g 7→ diag(1,−1, 1,−1) · g · diag(1,−1, 1,−1)−1.

Then the fixed point subgroup of σ of G is given by

G0 :=




a1 b1
a2 b2

c1 d1
c2 d2


∣∣∣∣∣∣∣∣ gi =

(
ai bi
ci di

)
∈GL2(R), det(g1) = det(g2)

 .
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Setting K0 := G0 ∩K , we have

K0 =




a1 b1
a2 b2

c1 d1
c2 d2


∣∣∣∣∣∣∣∣ gi =

(
ai bi
ci di

)
∈O(2), det(g1) = det(g2)

 .

Then K0 ≃ (SO(2)× SO(2))o ⟨ϵ⟩ is the maximal compact subgroup of G0 . We set

r(θ1, θ2) :=


cos θ1 sin θ1

cos θ2 sin θ2
− sin θ1 cos θ1

− sin θ2 cos θ2

 ∈ K0, ∀θ1, θ2 ∈ R.

The differential of σ is denoted again by σ . Let g0 and q be the +1 and −1
eigenspaces of σ , respectively. Then we have g = g0 ⊕ q . Setting k0 := g0 ∩ k and
p0 := g0 ∩ p , we have a Cartan decomposition g0 = k0⊕ p0 of g0 . Note that k0 is the
Lie algebra of K0 .
Let h ⊂ k′ := g′ ∩ k be a Cartan subalgebra of g′ given by h = RT1 ⊕ RT2 , where

T1 =


1

0
−1

0

 , T2 =


0

1
0

−1

 .

For a linear form α ∈ h∗C , we identify α with (α1, α2) ∈ C2 if α(Tj) = iαj for each
j = 1, 2 . Then the root system Σ = Σ(g′C, hC) of (g′C, hC) is given by

Σ = {±(2, 0),±(0, 2),±(1, 1),±(1,−1)}.

Let Σc denote the set of compact roots in Σ . Then Σc = {±(1,−1)} . For each root
α ∈ Σ , let g′α denote the root space for α . We fix a positive root system Σ+ =
{(2, 0), (0, 2), (1, 1), (1,−1)} and a compact positive root system Σ+

c = {(1,−1)} .
We set

X(2,0) :=


1 i

0
i −1

0

 , X(1,1) :=


1 i

1 i
i −1

i −1

 ,

X(0,2) :=


0

1 i
0

i −1

 , X(1,−1) :=


1 −i

−1 −i
i 1

i −1

 ,

and X−α := tXα for α ∈ Σ+ . Then we have g′C = hC ⊕
⊕

α∈Σ g′α , where g′α = CXα .
We set p+C := CX(2,0)⊕CX(1,1)⊕CX(0,2) and p−C := CX(−2,0)⊕CX(−1,−1)⊕CX(0,−2) .
Then pC = p+C ⊕ p−C ⊕ CC4 . A basis of kC ≃ gl2(C) is given by

Zk :=


−i

−i
i

i

 , Hk :=


−i

i
i

−i

 , X±
k :=

1

2
X±(1,−1).



Gejima 347

Then {X−
k , Hk, X

+
k } is an sl2 -triple, that is, [Hk, X

±
k ] = ±2X±

k and [X+
k , X

−
k ] = Hk .

Note that [Zk, X] = 0 for every X ∈ kC . A basis of g0,C ≃ sl2(C)⊕ sl2(C)⊕ CC4 is
given by

H1 :=


−i

0
i

0

 , X+
1 :=

1

2
X(2,0), X−

1 :=
1

2
X(−2,0),

H2 :=


0

−i
0

i

 , X+
2 :=

1

2
X(0,2), X−

2 :=
1

2
X(0,−2)

and C4 . Then, for each j = 1, 2 , {X−
j , Hj, X

+
j } are sl2 -triples. Table 1 may be

convenient for later computations.

Table 1: The table of the Lie bracket [X,Y ] for the basis of g′C

X
\
Y X+

k Hk X−
k Zk X(0,2) X(1,1) X(2,0) X(−2,0) X−(1,1) X(0,−2)

X+
k 0 −2X+

k Hk 0 X(1,1) 2X(2,0) 0 −X−(1,1) −2X(0,−2) 0
Hk 2X+

k 0 −2X−
k 0 −2X(0,2) 0 2X(2,0) −2X(−2,0) 0 2X(0,−2)

X−
k −Hk 2X−

k 0 0 0 2X(0,2) X(1,1) 0 −2X(−2,0) −X−(1,1)

Zk 0 0 0 0 2X(0,2) 2X(1,1) 2X(2,0) −2X(−2,0) −2X−(1,1) −2X(0,−2)

X(0,2) −X(1,1) 2X(0,2) 0 −2X(0,2) 0 0 0 0 4X−
k 2(Zk −Hk)

X(1,1) −2X(2,0) 0 −2X(0,2) −2X(1,1) 0 0 0 4X−
k 4Zk 4X+

k

X(2,0) 0 −2X(2,0) −X(1,1) −2X(2,0) 0 0 0 2(Zk +Hk) 4X+
k 0

X(−2,0) X−(1,1) 2X(−2,0) 0 2X(−2,0) 0 −4X−
k −2(Zk +Hk) 0 0 0

X−(1,1) 2X(0,−2) 0 2X(−2,0) 2X−(1,1) −4X−
k −4Zk −4X+

k 0 0 0
X(0,−2) 0 −2X(0,−2) X−(1,1) 2X(0,−2) −2(Zk −Hk) −4X+

k 0 0 0 0

2.2. The unitary dual of U(2)

In this subsection, we recall the irreducible unitary representations of K ′ ≃ U(2)

Let L denote the set of Σ+
c -dominant integral weights, that is,

L =
{
λ = (λ1, λ2) ∈ Z2 | λ1 ≥ λ2

}
.

By the highest weight theory, the set L parameterizes the equivalence classes of
irreducible unitary representations of K ′ . Let (τλ,Wλ) denote the representation
with highest weight λ ∈ L . For each λ = (λ1, λ2) ∈ L , we set dλ := λ1 − λ2 . Then
there exists a basis {wλ

j }
dλ
j=0 of Wλ such that the action τλ of k′C is given by

τλ(Zk)w
λ
j = (λ1 + λ2)w

λ
j , τλ(Hk)w

λ
j = (2j − dλ)w

λ
j ,

τλ(X
+
k )w

λ
j = (j + 1)wλ

j+1, τλ(X
−
k )w

λ
j = (dλ + 1− j)wλ

j−1

for all j = 0, · · · , dλ . Here we put wλ
−1 = wλ

dλ+1 = 0 . Also the action of SO(2)×SO(2)
on Wλ is given by

τλ(r(θ1, θ2))w
λ
j = exp

(
i
(
(λ2 + j)θ1 + (λ1 − j)θ2

))
wλ

j , ∀θ1, θ2 ∈ R



348 Gejima

for all j = 0, · · · , dλ . We call the basis {wλ
j }

dλ
j=0 the standard basis of (τλ,Wλ) . For

a K ′ -module (τ,W ) , we denote by (τ∨,W∨) its contragredient representation.

2.3. The unitary dual of K

In this subsection, we recall the irreducible unitary representations of K ≃ K ′o ⟨ϵ⟩ .
Let (τ,W ) be a K -module and w ∈ W a vector with weight (l1, l2) , that is,

τ(Zk +Hk)w = 2l1w, τ(Zk −Hk)w = 2l2w.

Then τ(ϵ)w has weight (−l1,−l2) . Let (τλ,Wλ) be the irreducible representation
of K ′ with highest weight λ = (λ1, λ2) ∈ L and {wλ

j }
dλ
j=0 the standard basis of Wλ .

Then each wλ
j has weight (j + λ2, λ1 − j) . We consider the induced representation

τλ,K := IndK
K′(τλ) . Its representation space Wλ,K is given by{

f ∈ L2(K,Wλ) | f(k0k) = τλ(k0)f(k) for almost every pair (k0, k) ∈ K ′ ×K
}

and K acts on Wλ,K by right translation. Then

Wλ,K = {f ∈ Wλ,K | f(ϵ) = 0} ⊕ {f ∈ Wλ,K | f(I4) = 0} .

Each of the direct summands is stable under the action of K ′ via τλ,K |K′ . More
precisely, we have τλ,K |K′ ≃ τλ ⊕ τ∨λ . We identify Wλ with the subspace

{f ∈ Wλ,K | f(ϵ) = 0} .

Then a basis of Wλ,K is given by {wλ
j }

dλ
j=0⊔{τλ,K(ϵ)wλ

j }
dλ
j=0 . If λ1 ̸= −λ2 , then τλ,K is

an irreducible K -module. If λ1 = −λ2 , then τλ,K is not irreducible as a K -module.
Indeed we have an isomorphism τλ,K ≃ τ+λ ⊕ τ−λ as a K -module, where

τ+λ =

dλ⊕
j=0

C
(
wλ

j + (−1)jτλ,K(ϵ)w
λ
dλ−j

)
, τ−λ =

dλ⊕
j=0

C
(
wλ

j + (−1)j+1τλ,K(ϵ)w
λ
dλ−j

)
.

The irreducible unitary representations of K are exhausted by{
τ+(λ,−λ), τ

−
(λ,−λ)

∣∣ λ ≥ 0
}
⊔
{
τ(λ1,λ2),K

∣∣ λ1 ≥ λ2, λ1 ≥ 0, λ1 ̸= −λ2

}
.

Lemma 2.1. Let τ∨λ,K be the contragredient representation of τλ,K with λ =
(λ1, λ2) ∈ L. Then

τ∨λ,K(Zk)w
λ∨
j = −(λ1 + λ2)w

λ∨
j , τ∨λ,K(Zk)τ

∨
λ,K(ϵ)w

λ∨
j = (λ1 + λ2)τ

∨
λ,K(ϵ)w

λ∨
j ,

τ∨λ,K(Hk)w
λ∨
j = (dλ − 2j)wλ∨

j , τ∨λ,K(Hk)τ
∨
λ,K(ϵ)w

λ∨
j = −(dλ − 2j)τ∨λ,K(ϵ)w

λ∨
j ,

τ∨λ,K(X
+
k )w

λ∨
j = −jwλ∨

j−1, τ∨λ,K(X
+
k )τ

∨
λ,K(ϵ)w

λ∨
j = (dλ − j)τ∨λ,K(ϵ)w

λ∨
j+1,

τ∨λ,K(X
−
k )w

λ∨
j = −(dλ − j)wλ∨

j+1, τ∨λ,K(X
−
k )τ

∨
λ,K(ϵ)w

λ∨
j = jτ∨λ,K(ϵ)w

λ∨
j−1,

τ∨λ,K(r(θ1, θ2))w
λ∨
j = exp

(
− i

(
(λ2 + j)θ1 + (λ1 − j)θ2

))
wλ∨

j ,

τ∨λ,K(r(θ1, θ2))τ
∨
λ,K(ϵ)w

λ∨
j = exp

(
i
(
(λ2 + j)θ1 + (λ1 − j)θ2

))
τ∨λ,K(ϵ)w

λ∨
j .

Here {wλ∨
j }dλj=0 is the basis of τ∨λ dual to the standard basis {wλ

j }
dλ
j=0 of τλ .
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2.4. The discrete series representations of Sp4(R)
First we recall the Harish-Chandra parametrization of the discrete series representa-
tions of G′ . See [6, Chapter IX], for example. There exist four positive root systems
of Σ which contain Σ+

c . They are given by

Σ+
I :={(1,−1), (1, 1), (2, 0), (0, 2)}, Σ+

II :={(1,−1), (1, 1), (2, 0), (0,−2)},
Σ+

III :={(1,−1), (−1,−1), (2, 0), (0,−2)}, Σ+
IV :={(1,−1), (−1,−1), (−2, 0), (0,−2)}.

The set of Harish-Chandra parameters of the discrete series representations of G′ is
denoted by Ξ =

∪IV
J=I ΞJ , where

ΞI = {Λ = (Λ1,Λ2) ∈ h∗C | Λ1,Λ2 ∈ Z,Λ1 > Λ2 > 0},
ΞII = {Λ = (Λ1,Λ2) ∈ h∗C | Λ1,Λ2 ∈ Z,Λ1 + Λ2 > 0 > Λ2},
ΞIII = {Λ = (Λ1,Λ2) ∈ h∗C | Λ1,Λ2 ∈ Z,Λ1 > 0 > Λ1 + Λ2},
ΞIV = {Λ = (Λ1,Λ2) ∈ h∗C | Λ1,Λ2 ∈ Z, 0 > Λ1 > Λ2},

and the Blattner parameter corresponding to Λ = (Λ, J) ∈ ΞJ ⊂ Ξ is given by

λ(Λ) = Λ− (1,−1) +
1

2

∑
α∈Σ+

J

α =


Λ + (1, 2) (if J = I),

Λ + (1, 0) (if J = II),

Λ + (0,−1) (if J = III),

Λ + (−2,−1) (if J = IV).

Let ΠΛ be the discrete series representation with Harish-Chandra parameter Λ ∈ Ξ
and Blattner parameter λ(Λ) . Then ΠΛ is called holomorphic if Λ ∈ ΞI , anti-
holomorphic if Λ ∈ ΞIV and large if Λ ∈ ΞII ∪ ΞIII . If an irreducible representation
τµ of K ′ is a K ′ -type of ΠΛ , then

µ = λ(Λ) +
∑

α∈Σ+
J −Σ+

c

mαα (mα ∈ Z≥0).

The irreducible representation τλ(Λ) is a K ′ -type of ΠΛ with multiplicity one. We
call τλ(Λ) the minimal K ′ -type of ΠΛ .
Next we recall a construction of the (anti-) holomorphic discrete series representa-
tions of G′ . Let (τλ,Wλ) be an irreducible representation of K ′ with highest weight
λ = (λ1, λ2) ∈ L . By letting p−C (resp. p+C ) act trivially on Wλ , we consider Wλ as
a kC ⊕ p−C (resp. kC ⊕ p+C ) -module. We put

M(λ)± = U(g′C)⊗kC⊗p∓C
Wλ

:= U(g′C)⊗C Wλ/
⟨
Y X ⊗ w − Y ⊗Xw | Y ∈ g′C, X ∈ kC ⊕ p∓C , w ∈ Wλ

⟩
.

Then M(λ)+ and M(λ)− are g′C -modules. Moreover we define an action of K ′ on
M(λ)± by k · (X ⊗ w) = Ad(k)X ⊗ τλ(k)w for k ∈ K ′, X ∈ g′C and w ∈ Wλ .
Then M(λ)+ and M(λ)− are (g′C, K

′)-modules. Let π+
λ (resp. π−

λ ) denote the
(g′C, K

′)-action on M(λ)+ (resp. M(λ)− ). The modules M(λ)+ and M(λ)− have
bases {ξλ+k,l,m,n} and {ξλ−k,l,m,n} given by

ξλ+k,l,m,n := Xk
(2,0)X

l
(1,1)X

m
(0,2) ⊗ (X−

k )
nwλ

dλ
(k, l,m, n ≥ 0, n ≤ dλ),

ξλ−k,l,m,n := Xk
(0,−2)X

l
(−1,−1)X

m
(−2,0) ⊗ (X+

k )
nwλ

0 (k, l,m, n ≥ 0, n ≤ dλ),
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respectively. Note that the vector ξλ+k,l,m,n (resp. ξλ+k,l,m,n ) has weight

(λ1 + l + 2k + n, λ2 + l + 2m− n) (resp. (λ2 − l − 2m+ n, λ1 − l − 2k − n)).

It is well-known that M(λ)+ (resp. M(λ)− ) has a unique irreducible quotient
L(λ)+ = M(λ)+/S+ (resp. L(λ)− = M(λ)−/S− ), where S+ (resp. S− ) is the sum
of the g′C -submodules of M(λ)+ (resp. M(λ)− ) which are distinct from M(λ)+

(resp. M(λ)− ). The module L(λ)+ (resp. L(λ)− ) is finite dimensional if and only if
0 ≥ λ1 ≥ λ2 (resp. λ1 ≥ λ2 ≥ 0).

Proposition 2.2. Let λ = (λ1, λ2) ∈ L.
(i) L(λ)+ (resp. L(λ)− ) is unitarizable if and only if λ2 ≥ 1 (resp. λ1 ≤ −1) or

λ = (0, 0);
(ii) L(λ)+ (resp. L(λ)− ) is tempered if and only if λ2 ≥ 2 (resp. λ1 ≤ −2);
(iii) L(λ)+ (resp. L(λ)− ) is square integrable if and only if λ2 ≥ 3 (resp. λ1 ≤ −3).

If λ2 ≥ 2 (resp. λ1 ≤ −2), then M(λ)+ (resp. M(λ)− ) is irreducible, that is,
M(λ)+ = L(λ)+ (resp. M(λ)− = L(λ)− ).

Proof. See [12, §2], for example.

Let λ = (λ1, λ2) ∈ L . Then (π+
λ ,M(λ)+) (resp. (π−

λ ,M(λ)−)) is equivalent to the
holomorphic (resp. anti-holomorphic) discrete series representation ΠΛ with Harish-
Chandra parameter Λ = (λ1 − 1, λ2 − 2) (resp. Λ = (λ1 +2, λ2 +1)) if λ2 ≥ 3 (resp.
λ1 ≤ −3). The representation (π+

λ ,M(λ)+) (resp. (π−
λ ,M(λ)−)) is called the limit

of holomorphic (resp. limit of anti-holomorphic) discrete series representations of G′

with Harish-Chandra parameter Λ = (λ1−1, 0) (resp. Λ = (0, λ2+1)) if λ2 = 2 (resp.
λ1 = −2). Then we denote by ΠΛ the limit of (anti-) holomorphic discrete series
representation with Harish-Chandra parameter Λ . We set Λ(λ) := (λ1 − 1, λ2 − 2)

for each λ = (λ1, λ2) ∈ LHol
+ , where

LHol
+ := {λ = (λ1, λ2) ∈ L | λ2 ≥ 2}.

For each λ ∈ LHol
+ , the irreducible unitary representation τλ of K ′ is the minimal

K ′ -type of ΠΛ(λ) .

2.5. The holomorphic discrete series representations of GSp4(R)
In this subsection, we recall the discrete series representations of G .
Let Sp4(R)± be a subgroup of G defined by

Sp4(R)± =
{
g ∈ G

∣∣ |ν(g)| = 1
}
= Sp4(R) ⊔ ϵ · Sp4(R).

Then we have a short exact sequence

1 → Sp4(R)± → G → R×
>0 → 1,

where the third arrow G → R×
>0 is given by g 7→ |ν(g)| . This exact sequence splits

by R×
>0 → G , t 7→

√
tI4 . Thus we have G ≃ Sp4(R)± × R×

>0 .



Gejima 351

For each λ = (λ1, λ2) ∈ LHol
+ , we consider the induced representation

Π±
Λ(λ) := Ind

Sp4(R)±
Sp4(R) (ΠΛ(λ)).

Then Π±
Λ(λ) is an irreducible representation of Sp4(R)± and this is decomposed as

follows:
Π±

Λ(λ)|Sp4(R) ≃ ΠΛ(λ) ⊕ ΠΛ(λ)∨ .

Here we set Λ∨ := (−Λ2,−Λ1) for each Λ = (Λ1,Λ2) ∈ Z2 . For each γ ∈ C , the
representation Π±

Λ(λ) is extended to a representation ΠΛ(λ)[γ] of G by

ΠΛ(λ)[γ]|Sp4(R)± ≃ Π±
Λ(λ), ΠΛ(λ)[γ](tI4)v := tγv (∀t ∈ R×

>0, ∀v ∈ ΠΛ(λ)[γ]).

We call ΠΛ(λ)[γ] the holomorphic discrete series representation of G . For each λ ∈
LHol

+ , the representation τλ,K is a K -type of ΠΛ(λ)[γ] with multiplicity one. Note
that for each λ ∈ LHol

+ , if w ∈ Wλ (resp. w ∈ W∨
λ ), we have ΠΛ(λ)[γ](p

−
C)w = {0}

(resp. ΠΛ(λ)[γ](p
+
C)w = {0}).

2.6. The unitary dual of O(2)

In this subsection, we recall the irreducible unitary representations of O(2) ≃
SO(2)o ⟨diag(1,−1)⟩ and K0 . We set

r(θ) :=

(
cos θ sin θ
− sin θ cos θ

)
∈ SO(2), ∀θ ∈ R.

For each n ∈ Z , we define an irreducible unitary representation (σn,Cv′n) of SO(2)
by σn(r(θ))v

′
n := einθv′n , where v′n := 1 . Then the irreducible unitary representations

of SO(2) are exhausted by {σn |n ∈ Z} . For a nonnegative integer n , we consider
the induced representation σn,O(2) = Ind

O(2)
SO(2)(σn) . Then σn,O(2)|SO(2) ≃ σn ⊕ σ−n . If

n ≥ 1 , the representation σn,O(2) is an irreducible O(2)-module.

Let Xn := Cv′n ⊕ Cv′−n denote the representation space of σn,O(2) . Note that there
exists an inner product ⟨·, ·⟩n on Xn such that {v′n, v′−n} becomes an orthonormal
basis. The action of diag(1,−1) on Xn is given by σn,O(2)(diag(1,−1))v′±n = v′∓n .
On the other hand, the representation σ0,O(2) is not irreducible as an O(2)-module.

Indeed, σ0,O(2) has a basis {v+0 , v−0 } which satisfies σ0,O(2)(diag(1,−1))v±0 = ±v±0 .
Thus, setting X±

0 := Cv±0 and σ±
0 := (σ0,O(2)|X±

0
, X±

0 ) , we have σ0,O(2) ≃ σ+
0 ⊕σ−

0 as
an O(2)-module. The irreducible unitary representations of O(2) are exhausted by{

σn,O(2) | n ≥ 1
}
⊔ {σ+

0 , σ
−
0 }.

Similarly, the irreducible unitary representations of K0 are given by{
σ(k,l),K0 | (k, l) ̸= (0, 0)

}
⊔ {(triv,C), (sgn,C)}.

Here σ(k,l),K0|SO(2)×SO(2) ≃ (σk�σl)⊕(σ−k�σ−l) and σ(k,l),K0(ϵ)(v
′
k⊗v′l) = v′−k⊗v′−l ,

and the action sgn on C is given by sgn(r(θ1, θ2)) = 1 and sgn(ϵ) = −1 . Note that
σ(−k,−l),K0 is equivalent to σ(k,l),K0 . The following lemma can be easily checked:
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Lemma 2.3. For an irreducible unitary representation τ of K , we have the
following irreducible decomposition as a K0 -module:

τ |K0 ≃



λ1−λ2⊕
j=0

σ(λ2+j,λ1−j),K0 (if τ = τ(λ1,λ2),K and λ1 ̸= −λ2),

triv ⊕
λ−1⊕
j=0

σ(λ−j,j−λ),K0

(if τ = τ+(λ,−λ) and λ ≡ 0 mod 2, or τ = τ−(λ,−λ) and λ ≡ 1 mod 2),

sgn⊕
λ−1⊕
j=0

σ(λ−j,j−λ),K0

(if τ = τ+(λ,−λ) and λ ≡ 1 mod 2, or τ = τ−(λ,−λ) and λ ≡ 0 mod 2).

2.7. Representation of GL2(R)
In this subsection, we recall the (nonunitary) principal series representation of
GL2(R) . For s ∈ C and ε = 0, 1 , we define a character χs,ε : R× → C× by χs,ε(a) :=
|a|s (a/|a|)ε . The characters of R× are exhausted by {χs,ε | s ∈ C, ε ∈ {0, 1}} . Let
χ1, χ2 be characters of R× . Then χ1 � χ2 is regarded as a character of the Borel
subgroup B consisting of the upper triangular matrices of GL2(R) as follows:

(χ1 � χ2)(

(
a ∗

d

)
) = χ1(a)χ2(d), ∀a, d ∈ R×.

The principal series representation I(χ1 � χ2) is realized on the space of all smooth
functions f : GL2(R) → C such that

f(

(
a ∗

d

)
g) = χ1(a)χ2(d)

∣∣∣a
d

∣∣∣1/2 f(g), ∀a, d ∈ R×, ∀g ∈ GL2(R),

and GL2(R) acts on this space by right translation. For a character χ = χs1,ε1�χs2,ε2

of R× × R× , we set s(χ) := s1 − s2 and ε(χ) := |ε1 − ε2| ∈ {0, 1} . The principal
series representation I(χ1 � χ2) is isomorphic to the space of all smooth functions
f : O(2) → C such that

f(

(
a ∗

d

)
k) = χ1(a)χ2(d)f(k), ∀a, d ∈ {±1}, ∀k ∈ O(2).

Then the Frobenius reciprocity law implies that

I(χ)|O(2) ≃



σ+
0 ⊕

⊕
n ≡ 0 mod 2

n ≥ 2

σn,O(2) (if ε(χ) = 0, ε2 = 0),

σ−
0 ⊕

⊕
n ≡ 0 mod 2

n ≥ 2

σn,O(2) (if ε(χ) = 0, ε2 = 1),

⊕
n ≡ 1 mod 2

n ≥ 1

σn,O(2) (if ε(χ) = 1).
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For each O(2)-type σ of I(χ) , an embedding σ ↪→ I(χ) is given by v 7→ fχ
v , where

for every k ∈ O(2) we set

fχ
v (k) :=

{
σ±
0 (k)v (if σ = σ±

0 ),⟨
σn,O(2)(k)v, vn + v−n

⟩
(if σ = σn,O(2), n ≥ 1).

For any n ≥ 1 , we can take a basis {vn, v−n} of Xn so that σn,O(2)(diag(1,−1))vn =
χ2(−1)vn . Setting

fχ
0 :=

{
fχ

v+0
(if ε2 = 0),

fχ

v−0
(if ε2 = 1)

and fχ
p := fχ

vp , a basis of I(χ) is given by
{
fp = fχ

p

∣∣ p ∈ Z, p ≡ ε(χ) mod 2
}

. We
define a basis of gl2(C) by

H :=

(
−i

i

)
, X± :=

1

2

(
1 ±i
±i −1

)
, C2 := I2.

Then {X−, H,X+} is an sl2 -triple, and gl2(C) and O(2) act on I(χ) as follows:

Hfp = pfp, X±fp =
s(χ) + 1± p

2
fp±2, C2fp = (s1 + s2)fp,

r(θ)fp = eipθfp,

(
1

−1

)
fp = χ2(−1)f−p.

In particular, I(χ) is irreducible, except when s(χ) = l − 1 ∈ Z − {0} and l ≡
ε(χ) mod 2 . If s(χ) = l − 1 ∈ Z − {0} and l ≡ ε(χ) mod 2 , we have the following
exact sequences of (gl2(R), O(2))-modules:

0 → Dl[s1 + s2] → I(χ) → (χ2 ◦ det)| det |1/2Syml−2(st2) → 0 (if l − 1 > 0),

0 → (χ1 ◦ det)| det |1/2Sym−l(st2) → I(χ) → D−l+2[s1 + s2] → 0 (if l − 1 < 0).

Here, for all l ≥ 1 , we denote by Dl[c] the discrete series representation of GL2(R)
characterized by

Dl[c]|SL2(R) = D+
l ⊕D−

l , Dl[c](tI2)v = tcv (∀t > 0),

where D+
l (resp. D−

l ) is the (limit of) holomorphic (resp. anti-holomorphic) discrete
series representation of SL2(R) with Blattner parameter l (resp. −l). Note that
I(χ) ≃ D1[s1 + s2] if s(χ) = l − 1 = 0 and l ≡ ε(χ) mod 2 . The discrete series
representation Dl[c] has a basis {ζq = ζ

(l,c)
q | |q| ≥ l, q ≡ l mod 2} with

Hζq = qζq, X±ζq =
l ± q

2
ζq±2, C2ζq = cζq,

r(θ)ζq = eiqθζq,

(
1

−1

)
ζq = ζ−q.

Let Dl[c]
∨ be the contragredient representation of Dl[c] and

{ζ∨q = ζ(l,c)∨q | |q| ≥ l, q ≡ l mod 2}
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the basis of Dl[c]
∨ dual to {ζq | |q| ≥ l, q ≡ l mod 2} . We set ξ∨q = ξ

(l,c)∨
q := d(q)ζ∨−q ,

where

d(q) :=

{
( q−l

2
)!/(l) q−l

2
(if q ≥ l),

d(−q) (if q ≤ −l).

Here (a)n is the Pochhammer symbol. Then Dl[c]
∨ is equivalent to Dl[−c] via

ξ∨q 7→ ζq . For two characters χ and χ′ of R× × R× , we set I(χ, χ′) := I(χ)� I(χ′)

and fp,q = fχ,χ′
p,q := fχ

p ⊗ fχ′
q . If χ = χs1,ε1 � χs2,ε2 and χ′ = χs′1,ε

′
1
� χs′2,ε

′
2
, then

{fp,q}(p,q)∈Eχ,χ′ is a basis of I(χ, χ′) , where

Eχ,χ′ :=
{
(p, q) ∈ Z2 | p ≡ ε(χ) mod 2, q ≡ ε(χ′) mod 2

}
.

The representation I(χ, χ′) is called the (nonunitary) principal series representation
of GL2(R)×GL2(R) . The restriction of I(χ, χ′) to G0 is denoted again by I(χ, χ′) .

3. Shintani functions

3.1. Definition of Shintani functions
In this subsection, we introduce the space of Shintani functions for the reductive
symmetric pair (G,G0) . Let (π,Hπ) and (η, Vη) be admissible representations of G
and G0 , respectively. We set

C∞
η (G0\G) := {f : G

C∞
→ V ∨

η | f(g0x) = η∨(g0)f(x), ∀(g0, x) ∈ G0 ×G},

where (η∨, V ∨
η ) is the contragredient representation of η . Then G acts on C∞

η (G0\G)
via right translation ρ . We consider the intertwining space

Iη,π := Hom(g,K)(π,C
∞
η (G0\G)).

Then the space S(η, π) of Shintani functions of type (η, π) is defined by

S(η, π) := Image(Iη,π ⊗Hπ → C∞
η (G0\G)).

Let τ be a K -type of π . For an embedding ı ∈HomK(τ, π) , we define a C-linear
map ı∗ : Iη,π → HomK(τ, C

∞
η (G0\G)) by the pullback via ı . Fix an embedding

ı∈HomK(τ, π) . We define the space S(η, π, τ) of Shintani functions of type (η, π, τ)
by

S(η, π, τ) := Image(ı∗ : Iη,π → HomK(τ, C
∞
η (G0\G))).

For an admissible representation (η, Vη) of G0 and a finite dimensional representation
(τ,Wτ ) of K , let C∞

η,τ (G0\G/K) denote a vector space{
F : G

C∞
→ V ∨

η ⊗W∨
τ

∣∣ F (g0xk) = η∨(g0)⊗ τ∨(k)−1F (x), ∀(g0, x, k) ∈ G0 ×G×K
}
.

Then HomK(τ, C
∞
η (G0\G)) is isomorphic to C∞

η,τ (G0\G/K) . Thus S(η, π, τ) is re-
garded as a subspace of C∞

η,τ (G0\G/K) .
Let π = ΠΛ[γ] be the holomorphic discrete series representation of G with Blattner
parameter λ = λ(Λ) ∈ LHol

+ , and η = I(χ, χ′)∨ the contragredient representation
of the principal series representation I(χ, χ′) of G0 . We are especially interested in
Shintani functions of type (η, π, τλ,K) and investigate them in Section 4.
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Proposition 3.1. Let π = ΠΛ(λ)[γ] be the holomorphic discrete series represen-
tation of G and η an admissible representation of G0 . Then Iη,π ≃ S(η, π, τλ,K).

Proof. Let ι : τλ,K → π be a K -embedding. It is sufficient to show that the
surjective linear map ι∗ : Iη,π → S(η, π, τλ,K) is injective. Let T ∈ Iη,π . Assume
ι∗T =0 . Namely we have T (ι(w))=0 for every w∈Wλ,K . Note that π is generated
by {

π(X(±2,0))
kπ(X(±1,±1))

lπ(X(0,±2))
mι(w) | k, l,m ≥ 0, w ∈ Wλ,K

}
.

Since T (π(X(±2,0))
kπ(X(±1,±1))

lπ(X(0,±2))
mι(w))

= ρ(X(±2,0))
kρ(X(±1,±1))

lρ(X(0,±2))
mT (ι(w)) = 0

for all k, l,m ≥ 0 and all w ∈ Wλ,K , we have T = 0 . This completes the proof.

Let pr+ : V
∨
η ⊗W∨

λ,K → V ∨
η ⊗W∨

λ (resp. pr− : V ∨
η ⊗W∨

λ,K → V ∨
η ⊗ τ∨λ,K(ϵ)W

∨
λ ) be the

projection. We set pr±(F )(x) := pr±(F (x)) . If F ∈C∞
η,τλ,K

(G0\G/K) is expressed as

F (x) =

dλ∑
j=0

(
F (j,+)(x)⊗ wλ∨

j + F (j,−)(x)⊗ τ∨λ,K(ϵ)w
λ∨
j

)
, (1)

where F (j,±) ∈ C∞
η (G0\G) , then pr+(F ) and pr−(F ) are given by

pr+(F )(x) =

dλ∑
j=0

F (j,+)(x)⊗ wλ∨
j , pr−(F )(x) =

dλ∑
j=0

F (j,−)(x)⊗ τ∨λ,K(ϵ)w
λ∨
j .

For a smooth function F on G , we set [R(X ⊗ c)F ](g) := c · d
dt

∣∣
t=0

F (g exp(tX)) for
X ⊗ c ∈ gC = g⊗R C . If π = ΠΛ[γ] , S(η, π, τλ,K) is regarded as a subspace of

SHol
η,τλ,K

(G0\G/K)[γ]

=

{
F ∈ C∞

η,τλ,K
(G0\G/K)

∣∣∣ F (rx) = rγF (x) (∀(r, x) ∈ R×
>0 ×G),

R(p−)pr+(F ) = {0}, R(p+)pr−(F ) = {0}

}
.

In Section 4, we prove dimC SHol
η,τλ,K

(G0\G/K)[γ] ≤ 1 and an explicit formula of
elements of SHol

η,τλ,K
(G0\G/K)[γ] . It is easy to see the following proposition:

Proposition 3.2. Let η be an admissible representation of G0 with central char-
acter ωη . If rγωη(rI4) ̸= 1 for some r > 0, then SHol

η,τλ,K
(G0\G/K)[γ] = {0}.

3.2. The generalized Cartan decomposition
Let a be a maximal abelian subspace of p ∩ q given by

a := RYa, Ya :=


1

1
−1

−1


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and A the Lie subgroup of G corresponding to the Lie algebra a , that is,

A :=

at := exp(tYa) =


cosh t sinh t
sinh t cosh t

cosh t − sinh t
− sinh t cosh t


∣∣∣∣∣∣∣ t ∈ R

 .

We set

NK0(a) : = {x ∈ K0 | Ad(x)a = a} = {r(θ,−θ), r(θ,−θ + π) | θ ∈ R} ∪ {ϵ},
ZK0(a) : = {x ∈ K0 | Ad(x)X = X, ∀X ∈ a} = {r(θ,−θ) | θ ∈ R} ∪ {ϵ}.

Since r(θ,−θ + π)r(−θ, θ) = r(0, π) for all θ ∈ R , the order of the Weyl group
WK0(a) = NK0(a)/ZK0(a) is two. We take w0 := r(0, π) = diag(1,−1, 1,−1) as a
nontrivial representative of WK0(a) .

Proposition 3.3. The multiplication map Φ : G0 ×A×K → G, (h, a, k) 7→ hak
has the following three properties:

(i) The map Φ is C∞ -surjective,
(ii) G = G0AK = G0A+K , where A+ := {at | t ≥ 0},

(iii) Φ−1(hak) =

{
{(hx−1, I4, xk) | x ∈ K0} (if a = I4),

{(hx−1, xax−1, xk) | x ∈ NK0(a)} (if a ̸= I4).

Proof. See [4, p.108], for example.

Let η be an admissible representation of G0 and τ a finite dimensional representation
of K . Since we have G = G0A+K , any F ∈ C∞

η,τ (G0\G/K) is determined by its
restriction F |A+ . We call F |A+ the radial part of F . Let λ = (λ1, λ2) ∈ L . For each
p, q ∈ Z , we set dλ(p, q) := (dλ + p− q)/2 .

Proposition 3.4. Let η = I(χ, χ′)∨ be the contragredient representation of
I(χ, χ′) with χ = χs1,ε1 � χs2,ε2 and χ′ = χs′1,ε

′
1
� χs′2,ε

′
2
, and τ = τλ,K the irre-

ducible unitary representation of K with λ = (λ1, λ2) ∈ L. If F ∈ C∞
η,τ (G0\G/K) is

expressed as (1) and each F (j,±) is expressed as

F (j,±)(x) =
∑

(p,q)∈Eχ,χ′

F (j,±)
p,q (x)f±p,±q, ∀x ∈ G, (2)

then F
(j,±)
p,q has the following four properties:

(i) If dλ ̸≡ ε(χ) − ε(χ′) mod 2, then C∞
η,τ (G0\G/K) = {0}. If dλ ≡ ε(χ) −

ε(χ′) mod 2, then F
(j,±)
p,q ≡ 0 on G for j ̸= dλ(p, q);

(ii)

F (j,±)
p,q (a−1) =


F

(j,±)
p,q (a) ( if j ≡ λ1, ε(χ′) ≡ 0 mod 2,

or j ≡ λ1 + 1, ε(χ′) ≡ 1 mod 2),

−F
(j,±)
p,q (a) ( if j ≡ λ1, ε(χ′) ≡ 1 mod 2,

or j ≡ λ1 + 1, ε(χ′) ≡ 0 mod 2)

for all a ∈ A;
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(iii) if F
(dλ(p,q),±)
p,q (I4) ̸= 0, then p+ q = λ1 + λ2 ;

(iv) F
(dλ(p,q),−)
p,q = (−1)ε2+ε′2F

(dλ(p,q),+)
p,q .

Setting Fp,q := F
(dλ(p,q),+)
p,q and

Ψχ,χ′

λ (p, q) := fχ,χ′

p,q ⊗ wλ∨
dλ(p,q)

+ (−1)ε2+ε′2fχ,χ′

−p,−q ⊗ τ∨λ,K(ϵ)w
λ∨
dλ(p,q)

,

we immediately have the following from Proposition 3.4:

Corollary 3.5. If F ∈ C∞
η,τ (G0\G/K) is expressed as (1) and each F (j,±) is

expressed as (2), then

F (x) =
∑

(p, q) ∈ Eχ,χ′

0 ≤ dλ(p, q) ≤ dλ

Fp,q(x)Ψ
χ,χ′

λ (p, q). (3)

Proposition 3.4 is a consequence of the following two lemmas:

Lemma 3.6. Let η = η1�η2 be an admissible representation of GL2(R)×GL2(R)
and τ = τλ,K the irreducible unitary representation of K with λ = (λ1, λ2) ∈ L. If
F ∈ C∞

η,τ (G0\G/K) is expressed as (1), each F (j,±) ∈ C∞
η (G0\G) has the following

three properties for all j = 0, · · · , dλ :

(i) e±i(dλ−2j)θ (η1(r(θ))⊗ η2(r(−θ)))F (j,±)(a) = F (j,±)(a), ∀(a, θ) ∈ A× R,

(ii) F (j,±)(a−1) =

{
(id⊗ η2(−I2))F

(j,±)(a) (if j ≡ λ1 mod 2)

−(id⊗ η2(−I2))F
(j,±)(a) (if j ≡ λ1 + 1 mod 2)

(∀a ∈ A),

(iii) e∓i
(
(λ2+j)θ1+(λ1−j)θ2

)
(η1(r(θ1))⊗ η2(r(θ2)))F

(j,±)(I4)=F (j,±)(I4), ∀θ1, θ2 ∈ R.

Proof. It follows from Proposition 3.3 that the radial part of F ∈ C∞
η,τ (G0\G/K)

has the following three properties:
(i) (η(x)⊗ τ∨(x))F (a) = F (a), ∀(a, x) ∈ A× ZK0(a) ,
(ii) (η(w0)⊗ τ∨(ω0))F (a) = F (a−1), ∀a ∈ A ,
(iii) η(x)τ∨(x)F (I4) = F (I4), ∀x ∈ K0 .

The assertions are obtained from these properties.

Lemma 3.7. Let η = η1�η2 be an admissible representation of GL2(R)×GL2(R).
Let τ = τλ,K be the irreducible unitary representation of K with λ = (λ1, λ2) ∈ L.
If F ∈ C∞

η,τ (G0\G/K) is expressed as (1), each F (j,±) ∈ C∞
η (G0\G) satisfies

η(ϵ)F (j,±)(a) = F (j,∓)(a), ∀a ∈ A.

Proof. Since ϵ ∈ G0 ∩ K and ϵa = aϵ for all a ∈ A , we have immediately the
lemma.
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The following two lemmas can be easily checked by direct computation. In the
next subsection, these lemmas are used to derive a system of difference-differential
equations which determines elements of SHol

η,τλ,K
(G0\G/K)[γ] .

Lemma 3.8. Let t ∈ R− {0}. Then

X(2,0) = Ad(at)
−1

(
2 cosh2(t)

cosh(2t)
X+

1 +
2 sinh2(t)

cosh(2t)
X−

2

)
− tanh(2t)X+

k ,

X(1,1) =
2

sinh(2t)
Ad(at)

−1H2 + Ya +
1

sinh(2t)
Hk −

1

tanh(2t)
Zk,

X(0,2) = Ad(at)
−1

(
2 sinh2(t)

cosh(2t)
X−

1 +
2 cosh2(t)

cosh(2t)
X+

2

)
− tanh(2t)X−

k ,

X(0,−2) = Ad(at)
−1

(
2 sinh2(t)

cosh(2t)
X+

1 +
2 cosh2(t)

cosh(2t)
X−

2

)
+ tanh(2t)X+

k ,

X(−1,−1) = − 2

sinh(2t)
Ad(at)

−1H2 + Ya −
1

sinh(2t)
Hk +

1

tanh(2t)
Zk,

X(−2,0) = Ad(at)
−1

(
2 cosh2(t)

cosh(2t)
X−

1 +
2 sinh2(t)

cosh(2t)
X+

2

)
+ tanh(2t)X−

k .

In particular, we have gC = Ad(at)
−1g0,C + aC + kC for all t ∈ R− {0}.

Lemma 3.9. For each F ∈ C∞
η (G0\G), we have

(i) [ρ(Ad(g−1)X)F ](g) = η∨(X)F (g), ∀g ∈ G, ∀X ∈ g0 ,

(ii) [ρ(Ya)F ](at) =
d

dt
F (at), ∀t ∈ R− {0}.

3.3. A system of difference-differential equations for the Shintani functions
In this subsection, we derive a system of difference-differential equations which
determines elements of SHol

η,τλ,K
(G0\G/K)[γ] .

Theorem 3.10. Let t > 0. Let λ = (λ1, λ2) ∈ LHol
+ and η = I(χ, χ′)∨ be the

contragredient representation of I(χ, χ′) with χ = χs1,ε1 �χs2,ε2 , χ′ = χs′1,ε
′
1
�χs′2,ε

′
2
.

Assume that dλ ≡ ε(χ)− ε(χ′) mod 2. If F ∈ SHol
η,τλ,K

(G0\G/K) is expressed as (3),
then {Fp,q}p,q satisfies the following system of difference-differential equations:

2(s(χ) + p− 1) sinh2(t)Fp−2,q(at) + (dλ + p− q) sinh(2t)Fp,q(at)

+ 2(s(χ′)− q − 1) cosh2(t)Fp,q+2(at) = 0,(
d

dt
+

λ1 + λ2

tanh(2t)
− p+ q

sinh(2t)

)
Fp,q(at) = 0,

2(s(χ′) + q − 1) sinh2(t)Fp,q−2(at) + (dλ − p+ q) sinh(2t)Fp,q(at)

+ 2(s(χ)− p− 1) cosh2(t)Fp+2,q(at) = 0.
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Let t > 0 and F ∈ SHol
η,τλ,K

(G0\G/K)[γ] can be expressed as (3). Then from the
second equation in Theorem 3.10 we immediately have

Fp,q(at) = cp,q(F )× sinh(t)(p+q−λ1−λ2)/2

cosh(t)(p+q+λ1+λ2)/2

for some cp,q(F ) ∈ C . Thus Theorem 3.10 implies the following

Corollary 3.11. The sequence {cp,q(F )}p,q satisfies

(s(χ)+p+1)cp,q(F )+(dλ+p−q+2)cp+2,q(F )+(s(χ′)−q−1)cp+2,q+2(F ) = 0, (4)

(s(χ′)+q+1)cp,q(F )+(dλ−p+q+2)cp,q+2(F )+(s(χ)−p−1)cp+2,q+2(F ) = 0. (5)

Remark 3.12. Since Fp,q(at) should be smoothly extended to t = 0 , we have
cp,q(F ) = 0 if λ1 + λ2 > p + q . Also we have cp,q(F ) = 0 if dλ(p, q) < 0 or
dλ < dλ(p, q) , that is, dλ < |p − q| . Thus it is sufficient to give cp,q(F ) for all
(p, q) ∈ Eχ,χ′ with λ1 + λ2 ≤ p+ q and |p− q| ≤ dλ .

In order to obtain Theorem 3.10, we prove the following proposition:

Proposition 3.13. Let λ = (λ1, λ2) ∈ L and η be an admissible representation
of G0 . If F ∈ SHol

η,τλ,K
(G0\G/K) is expressed as (1), {F (j,±)}j satisfies the following

system of difference-differential equations:(
2 sinh2(t)η(X±

1 ) + 2 cosh2(t)η(X∓
2 )

)
F (j,±)(at) + (j + 1) sinh(2t)F (j+1,±)(at) = 0,(

d

dt
+

λ1 + λ2

tanh(2t)
+

dλ − 2j

sinh(2t)
∓ 2

sinh(2t)
η(H2)

)
F (j,±)(at) = 0,(

2 cosh2(t)η(X∓
1 ) + 2 sinh2(t)η(X±

2 )
)
F (j,±)(at) + (dλ+1−j) sinh(2t)F (j−1,±)(at) = 0.

Here we understand F (j,±) = 0 for j < 0 or j > dλ .
Proof. From Lemma 3.8, we have

[R(X(0,−2))pr+(F )](at)

=

[
R

(
Ad(at)

−1

(
2 sinh2(t)

cosh(2t)
X+

1 +
2 cosh2(t)

cosh(2t)
X−

2

)
+ tanh(2t)X+

k

)
pr+(F )

]
(at)

=

dλ∑
j=0

(
2 sinh2(t)

cosh(2t)
η(X+

1 ) +
2 cosh2(t)

cosh(2t)
η(X−

2 )

)
F (j,+)(at)⊗ wλ∨

j

+

dλ∑
j=0

j tanh(2t)F (j,+)(at)⊗ wλ∨
j−1

=

dλ∑
j=0

[(
2 sinh2(t)

cosh(2t)
η(X+

1 ) +
2 cosh2(t)

cosh(2t)
η(X−

2 )

)
F (j,+)(at)

+ (j + 1) tanh(2t)F (j+1,+)(at)

]
⊗ wλ∨

j .

On the other hand, we have R(X)pr+(F ) = 0 for all X ∈ p−C . Thus we have the first
equation. The others are similar.
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Proof of Theorem 3.10. From Proposition 3.13, we have

0 =
(
2 sinh2(t)η(X±

1 ) + 2 cosh2(t)η(X∓
2 )

)
F (j,±)(t) + (j + 1) sinh(2t)F (j+1,±)(t)

=
∑

(p,q)∈Eχ,χ′

{
(s(χ)− 1 + p) sinh2(t)F

(j,±)
p−2,q(t) + (s(χ′)− 1− q) cosh2(t)F

(j,±)
p,q+2(t)

+ (j + 1) sinh(2t)F (j+1,±)
p,q (t)

}
f±p,±q.

Thus for all (p, q) ∈ Eχ,χ′ we have

(s(χ)− 1 + p) sinh2(t)F
(j,±)
p−2,q(t) + (j + 1) sinh(2t)F (j+1,±)

p,q (t)

+ (s(χ′)− 1− q) cosh2(t)F
(j,±)
p,q+2(t) = 0.

Here we understand F
(j,±)
p,q = 0 for j < 0 or j > dλ . The others are similar.

4. An explicit formula of the Shintani functions

Let η = I(χ, χ′)∨ be the contragredient representation of I(χ, χ′) with

χ = χs1,ε1 � χs2,ε2 , χ′ = χs′1,ε
′
1
� χs′2,ε

′
2
,

and τ = τλ,K the irreducible unitary representation of K with λ = (λ1, λ2)∈LHol
+ .

In this section, we shall prove the uniqueness and an explicit formula of the
Shintani functions for the holomorphic discrete series representation of G . Since
SHol
η,τ (G0\G/K)[γ] = {0} if γ ̸= s1 + s2 + s′1 + s′2 or dλ ̸≡ ε(χ) − ε(χ′) mod 2 by

Proposition 3.2 and Proposition 3.4 (i), we may assume that γ = s1 + s2 + s′1 + s′2
and dλ ≡ ε(χ)− ε(χ′) mod 2 throughout this section.

4.1. Multiplicity free theorem
In this subsection, we prove dimC SHol

η,τ (G0\G/K)[γ] ≤ 1 . As its corollary, we have
dimC Iη,π ≤ 1 , where π = ΠΛ[γ] is the holomorphic discrete series representation of
G . For (l1, l2) ∈ Z2 , we set

El1,l2(λ) :=
{
(p, q) ∈ Z2 | p ≡ l1, q ≡ l2 mod 2, |p− q| ≤ dλ,

p ≥ l1, q ≥ l2, p+ q ≥ λ1 + λ2

}
and Eχ,χ′(λ) := Elχ,lχ′ (λ) ⊂ Eχ,χ′ .

Theorem 4.1. Let η = I(χ, χ′)∨ and τ = τλ,K with λ ∈ LHol
+ . Assume that

dλ ≡ ε(χ)− ε(χ′) mod 2 and γ = s1 + s2 + s′1 + s′2 .

(i) Assume that s(χ) = lχ−1, s(χ′) = lχ′−1 ∈ Z and lχ ≡ ε(χ), lχ′ ≡ ε(χ′) mod 2.
If (lχ, lχ′) ̸∈ Eχ,χ′(λ), then SHol

η,τ (G0\G/K)[γ] = {0}. If (lχ, lχ′) ∈ Eχ,χ′(λ), then
dimC SHol

η,τ (G0\G/K)[γ] ≤ 1. In particular, dimC Iη,π ≤ 1.

(ii) Assume that at least one of I(χ) and I(χ′) is the irreducible principal series
representation of GL2(R). Then we have SHol

η,τ (G0\G/K)[γ] = {0}. In particu-
lar, dimC Iη,π = 0.
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Remark 4.2. There exist several studies related to Theorem 4.1:
(i) Sun-Zhu [13] proved that for certain symmetric pairs (H,H0) of classical Lie

groups every irreducible Casselman-Wallach representation of H0 occurs with
multiplicity at most one in every irreducible Casselman-Wallach representation
of H .

(ii) Kobayashi-Oshima [8] obtained upper and lower bounds of the multiplicities of
irreducible admissible representations of a semisimple Lie group H occurring
in the induced representations IndH

H0
(η) from irreducible admissible represen-

tations η of a closed subgroup H0 of H .
(iii) For a reductive symmetric pair (H,H0) of Lie groups, Kobayashi [7] studied

Shintani functions for a pair of spherical, admissible smooth representations of
H and H0 .

Assume that s(χ) = lχ − 1, s(χ′) = lχ′ − 1 ∈ Z and lχ ≡ ε(χ), lχ′ ≡ ε(χ′) mod 2 .
From (4) and (5) of Corollary 3.11, we have

(lχ + p− 2)cp−2,q−2(F ) + (dλ + p− q + 2)cp,q−2(F ) + (lχ′ − q)cp,q(F ) = 0, (6)
(lχ′ + q − 2)cp−2,q−2(F ) + (dλ − p+ q + 2)cp−2,q(F ) + (lχ − p)cp,q(F ) = 0. (7)

For M,k, l ∈ Z , we set LM(k, l) :=
{
(p, q) ∈ Z2 | p+ q = k + l + 2M

}
.

First we show the following lemma:

Lemma 4.3. We have cp,q(F ) = 0 if p < lχ or q < lχ′ .

Proof. We put L
(i)
M (λ1, λ2)[l] = {(p1, p2) ∈ LM(λ1, λ2) | pi < l}. We shall see

that, for any q ∈ Z , cp,q(F ) = 0 if p < lχ . In order to prove it, it is sufficient to show
that cp,q(F ) = 0 for all M ∈ Z and all (p, q) ∈ L

(1)
M (λ1, λ2)[lχ] . We shall show it by

induction on M ∈ Z . From Remark 3.12, if (p, q) ∈ LM(λ1, λ2) for M < 0 , then
cp,q(F ) = 0 . Let M ≥ 0 . Assume that cp,q(F ) = 0 for all N ∈ Z with N < M and
all (p, q) ∈ L

(1)
N (λ1, λ2)[lχ] . Then, from (6) and the induction hypothesis, we have

cp,q(F ) =
1

p− lχ
{(lχ′ + q − 2)cp−2,q−2(F ) + (dλ − p+ q + 2)cp−2,q(F )} = 0

for each (p, q) ∈ L
(1)
M (λ1, λ2)[lχ] . The other case can be proved in a similar way to

the above.

By Remark 3.12 and Lemma 4.3, we have cp,q(F ) = 0 for all (p, q) ∈ Eχ,χ′−Eχ,χ′(λ) .
Thus each F ∈ SHol

η,τ (G0\G/K)[γ] can be expressed as

F (x) =
∑

(p,q)∈Eχ,χ′ (λ)

Fp,q(x)Ψ
χ,χ′

λ (p, q) (8)

with Fp,q(at) = cp,q(F )× sinh(t)(p+q−λ1−λ2)/2

cosh(t)(p+q+λ1+λ2)/2
,

where cp,q(F ) ∈ C . Next we shall show the following proposition:
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Proposition 4.4. Let η = I(χ, χ′)∨ and τ = τλ,K with λ ∈ LHol
+ . Assume

that s(χ) = lχ − 1, s(χ′) = lχ′ − 1 ∈ Z and lχ ≡ ε(χ), lχ′ ≡ ε(χ′) mod 2. If
(lχ, l

′
χ) ̸∈ Eχ,χ′(λ), SHol

η,τ (G0\G/K)[γ] = {0}. If (lχ, l
′
χ) ∈ Eχ,χ′(λ), then we have

lχ, lχ′ ≥ 2. In particular, if at least one of I(χ) and I(χ′) is the limit of discrete
series representation of GL2(R), then SHol

η,τ (G0\G/K)[γ] = {0}.

Lemma 4.5. Let η = I(χ, χ′)∨ and τ = τλ,K with λ ∈ LHol
+ . Assume that s(χ) =

lχ−1, s(χ′) = lχ′−1 ∈ Z and lχ ≡ ε(χ), lχ′ ≡ ε(χ′) mod 2. Let F ∈ SHol
η,τ (G0\G/K)[γ]

be expressed as (8). Then F = 0 if and only if clχ,lχ′ (F ) = 0.

Proof. It is sufficient to show that F = 0 if clχ,lχ′ (F ) = 0 . Assume that
clχ,lχ′ (F ) = 0 . We shall show cp,q(F ) = 0 for all (p, q) ∈ Eχ,χ′(λ) . In order
to prove it, it is sufficient to show that cp,q(F ) = 0 for all M ≥ 0 and all
(p, q) ∈ Eχ,χ′(λ) ∩ LM(lχ, lχ′) . We consider induction on M ≥ 0 .
Let M = 0 . If (p, q) ∈ Eχ,χ′(λ) satisfies p+ q = lχ + lχ′ , then (p, q) = (lχ, lχ′) . Thus
the statement is true for M = 0 by the assumption.
Let M > 0 . Assume that the statement is true for all n ∈ Z with 0 ≤ n < M . Then
p > lχ or q > lχ′ . Indeed, if p = lχ , we have q = lχ′ + 2M > lχ′ . By the induction
hypothesis, it follows from (6) and (7) that the statement is true for M . Therefore
we have cp,q(F ) = 0 for all (p, q) ∈ Eχ,χ′ .

Proof of Proposition 4.4. The first part of the proposition follows from Lemma
4.5 directly, and the second part of the proposition follows from |lχ − lχ′ | ≤ dλ and
λ1 + λ2 ≤ lχ + lχ′ .

Remark 4.6. Let χ = χs1,ε1 � χs2,ε2 and χ′ = χs′1,ε
′
1
� χs′2,ε

′
2

be characters of the
Borel subgroup B of GL2(R) . Assume that s(χ) = lχ − 1, s(χ′) = lχ′ − 1 ∈ Z, lχ ≡
ε(χ) mod 2 and lχ′ ≡ ε(χ′) mod 2 . We also assume that lχ, lχ′ ≥ 2 . Then I(χ, χ′)
has an irreducible submodule Dlχ [s1 + s2]�Dlχ′ [s

′
1 + s′2] (see Subsection 1.6).

Finally we consider the case where at least one of I(χ) and I(χ′) is an irreducible
principal series representation of GL2(R) .

Proposition 4.7. Let η = I(χ, χ′)∨ and τ = τλ,K with λ ∈ LHol
+ . Assume that

at least one of I(χ) and I(χ′) is an irreducible principal series representation of
GL2(R). Then we have SHol

η,τ (G0\G/K)[γ] = {0}.

Proof. Without loss of generality, we may assume that I(χ) is an irreducible
principal series representation. Then we have s(χ) − p + 1 ̸= 0 for all p ∈ Z
with p ≡ ε(χ) mod 2 . Let F ∈ SHol

η,τ (G0\G/K)[γ] can be expressed as (8). Then
cp,q(F ) = 0 for all (p, q) ∈ Eχ,χ′ . Indeed we can prove that cp,q(F ) = 0 for all
M ∈ Z and all (p, q) ∈ LM(λ1, λ2) in a similar way to Lemma 4.3. Thus we have
SHol
η,τ (G0\G/K)[γ] = {0} .

Proof of Theorem 4.1. By Proposition 4.4 and Proposition 4.7, we may assume
that (lχ, l

′
χ) ∈ Elχ,lχ′ (λ) , s(χ) = lχ − 1, s(χ′) = lχ′ − 1 ∈ Z , lχ ≡ ε(χ) and



Gejima 363

lχ′ ≡ ε(χ′) mod 2 . Let F (1) and F (2) be nonzero elements of SHol
η,τ (G0\G/K)[γ] .

Since clχ,lχ′ (F
(1)), clχ,lχ′ (F

(2)) ̸= 0 from Lemma 4.5, there exists ξ ∈ C× such that
clχ,lχ′ (F

(1)) = ξclχ,lχ′ (F
(2)) . Then clχ,lχ′ (F

(1) − ξF (2)) = 0 , that is, F (1) = ξF (2) .
As a corollary of Theorem 4.1, we have the following:

Corollary 4.8. Let η = Dl1 [c1] � Dl2 [c2] and τ = τλ,K with λ ∈ LHol
+ . If

(l1, l2) ̸∈ El1,l2(λ), dλ ̸≡ l1−l2 mod 2 or γ+c1+c2 ̸= 0, then SHol
η,τ (G0\G/K)[γ] = {0}.

Assume that (l1, l2) ∈ El1,l2(λ), dλ ≡ l1 − l2 mod 2 and γ + c1 + c2 = 0. Then
dimC SHol

η,τ (G0\G/K)[γ] ≤ 1. In particular, dimC Iη,π ≤ 1.

4.2. An explicit formula for the holomorphic discrete series
representations of GSp4(R)

In this subsection, we give an explicit formula of Shintani functions of type (η, π, τ) =

(I(χ, χ′)∨,ΠΛ(λ)[γ], τλ,K) with λ ∈ LHol
+ . Our main result is as follows:

Theorem 4.9. Assume that s(χ) = lχ − 1, s(χ′) = lχ′ − 1 ∈ Z, lχ ≡ ε(χ),
lχ′ ≡ ε(χ′) mod 2, (lχ, lχ′) ∈ Elχ,lχ′ (λ), dλ ≡ lχ− lχ′ mod 2 and γ = s1+s2+s′1+s′2 .
If F ∈SHol

η,τ (G0\G/K)[γ] is expressed as (8), then the coefficients cp,q(F ) are given by
clχ+2M,lχ′+2N(F ) =

clχ,lχ′ (F )
M∑
j=0

(
lχ′ +N − 1

j

)(
dλ(lχ′ , lχ) +N − j

M − j

)(
dλ(lχ, lχ′)
N − j

)
for all M,N ≥ 0 with (lχ + 2M, lχ′ + 2N) ∈ Eχ,χ′(λ). Here we set(

a
b

)
:=


a!

b! (a− b)!
if a ≥ b ≥ 0,

0 otherwise,
for every (a, b) ∈ Z2.

Remark 4.10. We put

GM,N(A,B,C) =

(
C
N

)(
B +N
M

)
3F2

(
−N, −M, 1− A−N
−B −N, 1 + C −N

∣∣∣∣ 1) ,

where 3F2 is the generalized hypergeometric function:

3F2

(
a, b, c
d, e

∣∣∣∣ z) =
∞∑
n=0

(a)n(b)n(c)n
(d)n(e)n

zn

n!
.

Then the formula given in Theorem 4.9 can be written as
clχ+2M,lχ′+2N(F ) = clχ,lχ′ (F )GM,N(lχ′ , dλ(lχ′ , lχ), dλ(lχ, lχ′)).

In order to prove Theorem 4.9, we first shall show the following lemma:

Lemma 4.11. Assume that s(χ) = lχ − 1, s(χ′) = lχ′ − 1 ∈ Z, lχ ≡ ε(χ), lχ′ ≡
ε(χ′) mod 2, (lχ, l

′
χ) ∈ Eχ,χ′(λ) and dλ ≡ lχ − lχ′ mod 2. If F ∈ SHol

η,τ (G0\G/K)[γ]

is expressed as (8), then we have for all N,M ≥ 0

clχ,lχ′+2N(F ) = clχ,lχ′ (F )

(
dλ(lχ, lχ′)

N

)
, clχ+2M,lχ′ (F ) = clχ,lχ′ (F )

(
dλ(lχ′ , lχ)

M

)
.
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Proof. Let F ∈ SHol
η,τ (G0\G/K)[γ] . From (6) and (7), we have

2(lχ − 1)clχ−2,q(F ) + (dλ + lχ − q)clχ,q(F ) + (lχ′ − q − 2)clχ,q+2(F ) = 0,

2(lχ′ − 1)cp,lχ′−2(F ) + (dλ − p+ lχ′)cp,lχ′ (F ) + (lχ − p− 2)cp+2,lχ′ (F ) = 0.

These equations yield

(dλ + lχ − q)clχ,q(F ) + (lχ′ − q − 2)clχ,q+2(F ) = 0, (9)

(dλ − p+ lχ′)cp,lχ′ (F ) + (lχ − p− 2)cp+2,lχ′ (F ) = 0. (10)

Since clχ,q+2(F ) =
dλ + lχ − q

q − lχ′ + 2
clχ,q(F ), ∀q ̸= lχ′ − 2, (11)

cp+2,lχ′ (F ) =
dλ + lχ′ − p

p− lχ + 2
cp,lχ′ (F ), ∀p ̸= lχ − 2, (12)

we have for all N,M ≥ 0

clχ,lχ′+2N(F ) = clχ,lχ′ (F )
N−1∏
j=0

dλ + lχ − lχ′ − 2(N − j − 1)

2(N − j)

= clχ,lχ′ (F )

(
(dλ + lχ − lχ′)/2

N

)
,

clχ+2M,lχ′ (F ) = clχ,lχ′ (F )
M−1∏
j=0

dλ − lχ + lχ′ − 2(M − j − 1)

2(M − j)

= clχ,lχ′ (F )

(
(dλ − lχ + lχ′)/2

M

)
.

Proof of Theorem 4.9. Assume that F can be expressed as (8). We shall show
that for all M,N ≥ 0 the coefficients cM,N = clχ+2M,l′χ+2N(F ) can be expressed as

cM,N =
M∑
j=0

(
lχ′ +N − 1

j

)(
dλ(lχ′ , lχ) +N − j

M − j

)(
dλ(lχ, lχ′)
N − j

)
(13)

by induction on M ≥ 0 . The statement is true for M = 0 by Lemma 4.11. Let
M > 0 . Assume that cm,N can be written as (13) for all N ≥ 0 and all m with
0 ≤ m < M . Now cM,N satisfies (7), that is,

McM,N = (lχ′ +N − 1)cM−1,N−1 + (dλ(lχ′ , lχ)−M +N + 1) cM−1,N . (14)

Then, by the induction hypothesis, we have

McM,N = (lχ′ +N − 1)cM−1,N−1 + (dλ(lχ′ , lχ)−M +N + 1) cM−1,N

= (lχ′ +N − 1)

×
M−1∑
j=0

(
lχ′ +N − 2

j

)(
dλ(lχ′ , lχ) +N − j − 1

M − j − 1

)(
dλ(lχ, lχ′)
N − j − 1

)
+ (dλ(lχ′ , lχ)−M +N + 1)
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×
M−1∑
j=0

(
lχ′ +N − 1

j

)(
dλ(lχ′ , lχ) +N − j

M − j − 1

)(
dλ(lχ, lχ′)
N − j

)
= (lχ′ +N − 1)

×
M∑
j=0

(
lχ′ +N − 2

j − 1

)(
dλ(lχ′ , lχ) +N − j

M − j

)(
dλ(lχ, lχ′)
N − j

)
+ (dλ(lχ′ , lχ)−M +N + 1)

×
M∑
j=0

(
lχ′ +N − 1

j

)(
dλ(lχ′ , lχ) +N − j

M − j − 1

)(
dλ(lχ, lχ′)
N − j

)

= M

M∑
j=0

(
lχ′ +N − 1

j

)(
dλ(lχ′ , lχ) +N − j

M − j

)(
dλ(lχ, lχ′)
N − j

)
.

Thus the statement is true for M > 0 .

Remark 4.12. In the same way as the proof of Theorem 4.9, it follows from
induction on N that

N∑
j=0

(
lχ +M − 1

j

)(
dλ(lχ, lχ′) +M − j

N − j

)(
dλ(lχ′ , lχ)
M − j

)

is also a solution of the system of difference equations given by (6) and (7). Thus the
uniqueness implies that the following identity on multiple binomial sums holds:

M∑
j=0

(
lχ′ +N − 1

j

)(
dλ(lχ′ , lχ) +N − j

M − j

)(
dλ(lχ, lχ′)
N − j

)

=
N∑
j=0

(
lχ +M − 1

j

)(
dλ(lχ, lχ′) +M − j

N − j

)(
dλ(lχ′ , lχ)
M − j

)
.

This is a special case of a relation

GM,N(A,B,C) = GN,M(A−B + C,C,B),

which can be obtained from Sheppard’s transformation (see [1, Corollary 3.3.4], for
example)

3F2

(
−N, a, b

c, d

∣∣∣∣ 1) =
(c− a)N(d− a)N

(c)N(d)N
3F2

(
−N, a, a+ b− c− d−N + 1
a− c−N + 1, a− d−N + 1

∣∣∣∣ 1) .

As a corollary of Theorem 4.9, we can derive an explicit formula of Shintani functions
of type (Dl1 [c1]�Dl2 [c2],ΠΛ(λ)[γ], τλ,K) . We set

Ψl,c
λ (p, q)∨ := ξ∨p,q ⊗ wλ∨

dλ(p,q)
+ ξ∨−p,−q ⊗ τ∨λ,K(ϵ)w

λ∨
dλ(p,q)

,

where l = (l1, l2) , c = (c1, c2) and ξ∨p,q := ξ
(l1,c1)∨
p ⊗ ξ

(l2,c2)∨
q .
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Corollary 4.13. Let η = Dl1 [c1]�Dl2 [c2] be the discrete series representation of
GL2(R) × GL2(R) and τ = τλ,K the irreducible unitary representation of K with
λ ∈ LHol

+ . Assume that (l1, l2) ∈ El1,l2(λ), dλ ≡ l1 − l2 mod 2 and γ + c1 + c2 = 0.
Then each F ∈ SHol

η,τ (G0\G/K)[γ] can be expressed up to scalar multiplication as

F (at) =
sinh(t)(l1+l2−λ1−λ2)/2

cosh(t)(l1+l2+λ1+λ2)/2

∑(
sinh(t)

cosh(t)

)M+N

×
M∑
j=0

(
l2+N−1

j

)(
dλ(l2, l1)+N−j

M − j

)(
dλ(l1, l2)
N − j

)
Ψl,c

λ (l1+2M, l2+2N)∨,

where the first sum runs over the integers M,N with (l1 + 2M, l2 + 2N) ∈ El1,l2(λ).

5. An archimedean local zeta integral of Murase-Sugano type

In this section, we shall formulate a local zeta integral of Murase-Sugano type for
the reductive symmetric pair (G,G0) and evaluate it by using our explicit formula
of Shintani functions.

5.1. Definition of a local zeta integral of Murase-Sugano type
In this subsection, we formulate a local zeta integral of Murase-Sugano type for
(G,G0) . Let G1 be a subgroup of GL4(R) given by

G1 = {g ∈ GL4(R) | det(g) > 0}.

Then G and G0 are subgroups of G1 . Let P1 be a maximal parabolic subgroup of
G1 given by

P1 =




∗ ∗ ∗ ∗
∗ ∗

∗ ∗ ∗ ∗
∗ ∗

 ∈ G1

 ,

and P1 = M1N1 a Levi decomposition of P1 , where

M1 = {m1(a, b) | a, b ∈ GL2(R), det(ab) > 0} , N1 =




1 ∗ ∗
1
∗ 1 ∗

1

 ∈ G1

 .

Here, for a, b ∈ GL2(R) , we set

m1(a, b) :=


1

1
−1

1

(
a

b

)
1

1
−1

1


−1

.
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Each m1(a, b) ∈ M1 has a factorization

[m1(a, b) =


1

1
−1

1

(
α−1 · a

b

)(
α · I2

I2

)
1

1
−1

1


−1

,

where α ∈ R× with α2 =
det(ab)

det(b)2
=

det(a)

det(b)
.

Thus every m1 ∈ M1 has a factorization
m1 = β(m1)diag(α(m1), 1, α(m1), 1)

for some (β(m1), α(m1)) ∈ G0 × R× . Note that such a factorization of m1 is not
unique. We set K1 := G1 ∩ O(4,R) = SO(4,R) . Then K1 is the maximal compact
subgroup of G1 . Each g ∈ G1 has an Iwasawa decomposition

g = m1(g)n1(g)k1(g)

= β(m1(g))diag(α(m1(g)), 1, α(m1(g)), 1)n1(g)k1(g)

for some (m1(g), n1(g), k1(g)) ∈ M1 × N1 × K1 . For each g ∈ G1 , we fix such a
factorization and set β(g) := β(m1(g)) and α(g) := α(m1(g)) . The following lemma
can be easily checked by direct computation:

Lemma 5.1. P1 ∩K1 = K0 = {m1(a, b) | a, b ∈ O(2,R), det(ab) = 1}.

Let (τ,W ) , (τ0,W0) and (τ1,W1) be irreducible unitary representations of K , K0

and K1 , respectively. Assume that HomK0(τ0, τ1) ̸= {0} and HomK(τ
∨, τ∨1 ) ̸= {0} .

For γ ∈ C , let C∞
τ∨0 ,τ (K0\G/KZ+)

[γ] denote the space of (W0 ⊗W∨)-valued smooth
functions S : G → W0 ⊗W∨

τ with
S(rk0xk) = rγτ0(k0)⊗ τ∨(k)−1S(x), ∀(k0, x, k, r) ∈ K0 ×G×K × Z+,

where Z+ is the identity component of the center of G , that is, Z+ := {rI4 | r > 0} .
We fix embeddings ıτ0 ∈ HomK0(τ0, τ1) and ı∨τ ∈ HomK(τ

∨, τ∨1 ) .

Proposition 5.2. An invariant measure dġ on G0\G is given by∫
G0\G

f(g)dġ =

∫ ∞

0

dt

∫
K

dkf(atk) sinh(2t) cosh
2(2t),

where dt is the Lebesgue measure on R and dk is the Haar measure on K normalized
so that vol(K; dk) = 1.

Proof. See [4, p.110], for example.

For each S ∈ C∞
τ∨0 ,τ (K0\G/KZ+)

[γ] , a local zeta integral of Murase-Sugano type is
defined by

ZMS(s;S) :=

∫
G0\G

ϵW1◦(IdW1⊗τ∨1 (k1(g)))◦(ıτ0⊗ı∨τ )◦S(β(g)−1g)|α(g)|s+3/2dġ, (15)

where ϵW1 : W1 ⊗W∨
1 → C is defined by v ⊗ w∨ 7→ ⟨v, w∨⟩W1 . In this formulation

⟨·, ·⟩W1 : W1 ×W∨
1 → C is the natural pairing.
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Lemma 5.3. The value of the integrand of the right hand side of (15) is independent
of the choice of the Iwasawa decomposition g=β(g) diag(α(g), 1, α(g), 1)n1(g)k1(g).

Proof. Let g ∈ G . If g = β′(g)diag(α′(g), 1, α′(g), 1)n′
1(g)k

′
1(g) is another Iwa-

sawa decomposition of g , then, by Lemma 5.1, we have β′(g) = β(g)k0 , k′
1(g) =

k−1
0 k1(g) for some k0 ∈ K0 and α′(g) = α(g) . Thus we have

ϵW1 ◦ (IdW1 ⊗ τ∨1 (k
′
1(g))) ◦ (ıτ0 ⊗ ı∨τ ) ◦ S(β′(g)−1g)|α′(g)|s

= ϵW1 ◦ (IdW1 ⊗ τ∨1 (k
−1
0 k1(g))) ◦ (ıτ0 ⊗ ı∨τ ) ◦ S(k−1

0 β(g)−1g)|α(g)|s

= ϵW1 ◦ (IdW1 ⊗ τ∨1 (k
−1
0 k1(g))) ◦ (ıτ0 ⊗ ı∨τ ) ◦ (τ0(k0)−1 ⊗ IdW∨) ◦ S(β(g)−1g)|α(g)|s

= ϵW1 ◦ (τ1(k0)−1 ⊗ τ∨1 (k
−1
0 k1(g))) ◦ (ıτ0 ⊗ ı∨τ ) ◦ S(β(g)−1g)|α(g)|s

= ϵW1 ◦ (IdW1 ⊗ τ∨1 (k1(g))) ◦ (ıτ0 ⊗ ı∨τ ) ◦ S(β(g)−1g)|α(g)|s.

We shall prove the following proposition. This proposition is used in Subsection 5.3
to evaluate the local zeta integral ZMS(s;S) .

Proposition 5.4. For each S ∈ C∞
τ∨0 ,τ (K0\G/KZ+)

[γ] , we have

ZMS(s;S)

=

∫ ∞

0

dt ϵW1 ◦ (τ1(κ−t)⊗ IdW∨
1
) ◦ (ıτ0 ⊗ ı∨τ ) ◦ S(at) sinh(2t) cosh(2t)1/2−γ/2−s.

For t > 0 , we set

κt :=
1√

cosh(2t)


cosh t − sinh t
sinh t cosh t

cosh t sinh t
− sinh t cosh t

 ∈ K1.

We can easily check the following lemma by direct computation:

Lemma 5.5. An Iwasawa decomposition of at is given by

at =
√

cosh(2t)


1/ cosh(2t)

1

1/ cosh(2t)
1



×


1 sinh(2t)

1

1 − sinh(2t)
1

κt. (16)

In particular, β(at) =
√

cosh(2t) · I4 and α(at) = cosh(2t)−1 .

Proof of Proposition 5.4. From Proposition 5.2, we have

ZMS(s;S) =

∫ ∞

0

dt

∫
K

dk ϵW1 ◦ (IdW1 ⊗ τ∨1 (k1(atk))) ◦ (ıτ0 ⊗ ı∨τ ) ◦ S(β(atk)−1atk)

× |α(atk)|s+3/2 sinh(2t) cosh2(2t).
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Thus, from Lemma 5.5, we have

ZMS(s;S) =

∫ ∞

0

dt

∫
K

dk ϵW1 ◦ (IdW1 ⊗ τ∨1 (κtk)) ◦ (ıτ0 ⊗ ı∨τ ) ◦ S(β(at)−1atk)

× |α(at)|s+3/2 sinh(2t) cosh2(2t)

=

∫ ∞

0

dt

∫
K

dk ϵW1 ◦ (IdW1 ⊗ τ∨1 (κt)) ◦ (ıτ0 ⊗ ı∨τ ) ◦ S(β(at)−1at)

× |α(at)|s+3/2 sinh(2t) cosh2(2t)

=

∫ ∞

0

dt ϵW1 ◦ (IdW1 ⊗ τ∨1 (κt)) ◦ (ıτ0 ⊗ ı∨τ ) ◦ S(
√

cosh(2t)
−1
at)

× |α(at)|s+3/2 sinh(2t) cosh2(2t)

=

∫ ∞

0

dt ϵW1 ◦ (IdW1 ⊗ τ∨1 (κt)) ◦ (ıτ0 ⊗ ı∨τ ) ◦ S(at) sinh(2t) cosh(2t)−s−γ/2+1/2

=

∫ ∞

0

dt ϵW1 ◦ (τ1(κ−t)⊗ IdW∨
1
) ◦ (ıτ0 ⊗ ı∨τ ) ◦ S(at) sinh(2t) cosh(2t)−s−γ/2+1/2.

5.2. The unitary dual of SO(4)

In this subsection, we recall the irreducible unitary representations of K1 = SO(4) .
First we recall an accidental isomorphism (SU(2) × SU(2))/{±(I2, I2)} ≃ K1 . The
accidental isomorphism is given by ξ : SU(2)× SU(2) → K1 ,

(

(
a1 + ia2 b1 + ib2
−b1 + ib2 a1 − ia2

)
,

(
c1 + ic2 d1 + ic2
−d1 + id2 c1 − ic2

)
)

→


a1 −b1 −a2 −b2
b1 a1 b2 −a2
a2 −b2 a1 b1
b2 a2 −b1 a1




c1 d1 c2 d2
−d1 c1 d2 −c2
−c2 −d2 c1 d1
−d2 c2 −d1 c1

 .

For each α, β ∈ SU(2) , we set k1[α, β] := ξ
(
(α, β){±(I2, I2)}

)
. For example,

ϵ = k1[

(
1

−1

)
,

(
1

−1

)
],

κt = k1[
√

cosh(2t)
−1

(
cosh(t) sinh(t)
− sinh(t) cosh(t)

)
, I2].

Next we recall the unitary dual of SU(2) . Let Vn be the space of homogeneous
polynomials with two variables z1, z2 of degree n over C . Then GL2(C) acts on Vn

as follows:

[Sn(g)f ](z1, z2) := f(g11z1 + g21z2, g12z1 + g22z2), ∀g = (gij) ∈ GL2(C).

It is well-known that the irreducible unitary representations of SU(2) are exhausted
by Sn = Sn|SU(2) (n = 0, 1, · · · ) . Thus those of K1 are exhausted by

T(n1,n2) := Sn1+n2 � Sn1−n2 (n1 ≥ |n2|).
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We set h
(n1,n2)
p,q := f

(n1+n2)
p ⊗ f

(n1−n2)
q , where {f (n)

p :=

(
n
p

)
zp1 z

n−p
2 }p=0,··· ,n is a basis

of Vn . Then {h(n1,n2)
p,q }p,q is a basis of T(n1,n2) .

Finally we observe the restriction of T(n1,n2) (n1 ≥ |n2|) to K . Each k ∈ U(2) is
identified with

k1[

(
e−iθ/2

eiθ/2

)
,

(
α β

−β α

)
]

=


cos(θ/2) sin(θ/2)

cos(θ/2) sin(θ/2)
− sin(θ/2) cos(θ/2)

− sin(θ/2) cos(θ/2)




α1 β1 α2 β2

−β1 α1 β2 −α2

−α2 −β2 α1 β1

−β2 α2 −β1 α1

 ,

where θ ∈ R , α = α1 + iα2 and β = β1 + iβ2 are given by

det(k) = eiθ,

(
α β

−β α

)
=

(
α1 + iα2 β1 + iβ2

−β1 + iβ2 α1 − iα2

)
= ke−iθ/2 ∈ SU(2).

We can easily check the following:

Lemma 5.6. T(n1,n2)(Zk)h
(n1,n2)
p,q = (n1 + n2 − 2p)h

(n1,n2)
p,q ,

T(n1,n2)(Hk)h
(n1,n2)
p,q = (2q − n1 + n2)h

(n1,n2)
p,q ,

T(n1,n2)(X
+
k )h

(n1,n2)
p,q = (q + 1)h

(n1,n2)
p,q+1 ,

T(n1,n2)(X
−
k )h

(n1,n2)
p,q = (n1 − n2 + 1− q)h

(n1,n2)
p,q−1 ,

T(n1,n2)(r(θ1, θ2))h
(n1,n2)
p,q = exp

(
i
(
(n2 − p+ q) θ1 + (n1 − p− q) θ2

))
h(n1,n2)
p,q ,

T(n1,n2)(ϵ)h
(n1,n2)
p,q = (−1)p+qh

(n1,n2)
n1+n2−p,n1−n2−q.

Lemma 5.6 implies that T(n1,n2) is decomposed as a K -module as follows:

Lemma 5.7. T(n1,n2)|K

≃


⊕(n1+n2−1)/2

j=0 τ(n1−j,n2−j),K (if n1 + n2 is odd),⊕(n1+n2)/2−1
j=0 τ(n1−j,n2−j),K ⊕ τ+((n1−n2)/2,(n2−n1)/2)

(if n1 + n2 ≡ 0 mod 4),⊕(n1+n2)/2−1
j=0 τ(n1−j,n2−j),K ⊕ τ−((n1−n2)/2,(n2−n1)/2)

(if n1 + n2 ≡ 2 mod 4).

5.3. Evaluation of the archimedean local zeta integral
Let λ = (λ1, λ2) ∈ LHol

+ and η = Dl1 [c1]�Dl2 [c2] be the discrete series representation
of G0 with l1 − l2 ≡ dλ mod 2 , (l1, l2) ∈ El1,l2(λ) . We put τ = τλ,K , τ0 = σ(l1,l2),K0

and τ1 = Tλ , and assume that (l1, l2) = (λ2 + µ, λ1 − µ) for µ = 0 or dλ . Then we
have HomK(τ

∨, τ∨1 ) ̸= {0} and HomK0(τ
∨
0 , τ1) ̸= {0} . We can take the embeddings
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ıτ∨ ∈ HomK(τ
∨, τ∨1 ) and ıτ0 ∈ HomK0(τ

∨
0 , τ1) given by

ıτ∨(w
λ∨
µ ) = hλ∨

0,µ, ıτ∨(τ
∨(ϵ)wλ∨

µ ) = (−1)µhλ∨
λ1+λ2,dλ−µ,

ıτ0(ξ
∨
λ2+µ,λ1−µ) = hλ

0,µ, ıτ0(ξ
∨
−λ2−µ,−λ1+µ) = (−1)µhλ

λ1+λ2,dλ−µ.

Let pr∨(l1,l2) ∈ HomK0(η
∨, τ∨0 ) be the projection. For each F ∈ SHol

η,τ (G0\G/K)[γ] ,
we set SF (x) := (pr∨(l1,l2) ⊗ Id)(F (x)) . Then SF ∈ C∞

τ0,τ
(K0\G/KZ+)

[γ] . We may
assume γ + c1 + c2 = 0 by Proposition 3.2. Under the above assumptions, we have
the following:

Theorem 5.8. Let F ∈ SHol
η,τ (G0\G/K)[γ] be an element with F (I4) = 1. Then

ZMS(s;SF ) converges absolutely for Re(s) > s+ Re(γ)
2

+ λ1+λ2

2
− 3

2
. Moreover we have

ZMS(s;SF ) =
1

s+ γ
2
+ λ1+λ2

2
− 3

2

. (17)

Remark 5.9. We set

L∞(s; ΠΛ(λ)) := ΓC

(
s+

γ

2
+

λ1 + λ2

2
− 3

2

)
ΓC

(
s+

γ

2
+

λ1 − λ2

2
+

1

2

)
,

L∞(s;Dl1 [c1]�Dl2 [c2]) :=

ΓC

(
s+

c1 + c2
2

+
l1 + l2

2
− 1

)
ΓC

(
s+

c1 + c2
2

+
|l1 − l2|

2

)
,

where ΓC(s) = 2(2π)−sΓ(s) . Then L∞(s; ΠΛ(λ)) and L∞(s;Dl1 [c1]�Dl2 [c2]) are the
local L-factors associated with ΠΛ(λ)[γ] and Dl1 [c1] � Dl2 [c2] , respectively. With
these notations, Theorem 5.8 can be written as

ZMS(s;SF ) =
L∞(s; ΠΛ(λ))

L∞(s+ 1
2
;Dl1 [−c1]�Dl2 [−c2])

.

Now we shall prove Theorem 5.8. Assume that SHol
η,τ (G0\G/K)[γ] ̸= {0} . By Corollary

4.13, we can take F ∈ SHol
η,τ (G0\G/K)[γ] with the radial part expressed as

F (at) =
sinh(t)(l1+l2−λ1−λ2)/2

cosh(t)(l1+l2+λ1+λ2)/2

∑
M,N

(
sinh(t)

cosh(t)

)M+N

×
M∑
i=0

(
l2 +N − 1

i

)(
dλ(l2, l1) +N − i

M − i

)(
dλ(l1, l2)
N − i

)
Ψl,c

λ (l1 + 2M, l2 + 2N)∨,

where the first sum runs over the integers M,N with (l1 +2M, l2 +2N) ∈ El1,l2(λ) .
Then we have

SF (at) =
sinh(t)(l1+l2−λ1−λ2)/2

cosh(t)(l1+l2+λ1+λ2)/2
Ψl,c

λ (l1, l2)
∨.

Assume that (l1, l2) = (λ2 + µ, λ1 − µ) for µ = 0 or dλ . Then

dλ(l1, l2) = dλ(λ2 + µ, λ1 − µ) = µ.
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From Lemma 5.4, we have

ZMS(s;SF )

=

∫ ∞

0

dt ϵW1 ◦ (τ1(κ−t)⊗ IdW∨
1
) ◦ (ıτ0 ⊗ ı∨τ ) ◦ SF (at) sinh(2t) cosh(2t)

−s−γ/2+1/2

=

∫ ∞

0

dt cosh(t)−λ1−λ2 sinh(2t) cosh(2t)−s−γ/2+1/2

× ϵW1 ◦ (τ1(κ−t)⊗ IdW∨
1
) ◦ (ıτ0 ⊗ ı∨τ )

(
Ψl,c

λ (λ2 + µ, λ1 − µ)∨
)

=

∫ ∞

0

dt cosh(t)−λ1−λ2 sinh(2t) cosh(2t)−s−γ/2+1/2

× ϵW1 ◦ (τ1(κ−t)⊗ IdW∨
1
)
(
hλ
0,µ ⊗ hλ∨

0,µ + hλ
λ1+λ2,dλ−µ ⊗ hλ∨

λ1+λ2,dλ−µ

)
=

∫ ∞

0

dt cosh(t)−λ1−λ2 sinh(2t) cosh(2t)−s−γ/2+1/2

×
(
⟨τ1(κ−t)h

λ
0,µ, h

λ∨
0,µ⟩W1 + ⟨τ1(κ−t)h

λ
λ1+λ2,dλ−µ ⊗ hλ∨

λ1+λ2,dλ−µ⟩W1

)
.

The following lemma can be easily checked:

Lemma 5.10.

τ1(κ−t)h
λ
0,µ = cosh(2t)−(λ1+λ2)/2

λ1+λ2∑
i=0

(−1)i(sinh t)i(cosh t)λ1+λ2−ihλ
i,µ,

τ1(κ−t)h
λ
λ1+λ2,dλ−µ = cosh(2t)−(λ1+λ2)/2

λ1+λ2∑
i=0

(sinh t)λ1+λ2−i(cosh t)ihλ
i,dλ−µ.

Thus we have

ZMS(s;SF ) = 2

∫ ∞

0

sinh(2t) cosh(2t)−s−γ/2−(λ1+λ2)/2+1/2dt .

Putting x = cosh(2t)−1 , we have

ZMS(s;SF ) =

∫ 1

0

xs+γ/2+(λ1+λ2)/2−5/2dx =
1

s+ γ
2
+ λ1+λ2

2
− 3

2

for Re(s+ γ/2 + (λ1 + λ2)/2− 3/2) > 0 . This completes the proof of the theorem.
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