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Abstract. Let m be the holomorphic discrete series representation of G:Sps(R) and 7 the discrete
series representation of (GL2 Xgr, GL2)(R). We prove the uniqueness and an explicit formula of
the Shintani functions for (m, 7). As their application, we evaluate a local zeta integral of Murase-
Sugano type, which turns out to be a quotient of the L-factors associated with = and 7.

Mathematics Subject Classification: Primary 11F70, secondary 11F46, 22E50.

Key Words: Shintani functions, automorphic L-functions, zeta integrals.

1. Introduction

Murase-Sugano [11] introduced a global zeta integral for the reductive symmetric
pair (O,, O,_1) of the orthogonal groups over an algebraic number field and, under
certain assumptions, proved that the global zeta integral can be decomposed into
an Euler product of local zeta integrals, which contain local Shintani functions as
integrands. Moreover they proved that the unramified local zeta integral represents
the standard L-factor of O, by an unramified computation. On the other hand, we
do not know what the local zeta integrals at the bad places represent.

In this paper, we consider Shintani functions for the real reductive symmetric pair
(GSps(R), (GLy XL, GLy)(R)) and prove the uniqueness and an explicit formula of
the Shintani functions for the holomorphic discrete series representation of GSpy(R).
Moreover we formulate an archimedean local zeta integral of Murase-Sugano type
for (GSps(R), (GLy xgr, GL2)(R)) and, as an application of our explicit formula,
prove that the local zeta integral represents the local L-factor associated with the
holomorphic discrete series representation of GSpy(R).

Let (G,Gp) = (GSps(R), (GLs xcr, GL2)(R)). These groups are defined in Subsec-
tion 2.1. In order to explain our main result, we first recall the definition of Shintani
functions for (G,Gy). Let (m,H.) and (n,V,) be admissible representations of G
and Gg, respectively. We set

O (Go\G) = {f : G V.Y | flgox) = 0" (90) f(x), Y(go,x) € Go x G},

where (1, V,’) is the contragredient representation of 1. Then G acts on Cp°(Go\G)
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by right translation. We consider an intertwining space
T, := Homq gy (7, C°(Go\G)).
Then the space S(n, 7) of Shintani functions of type (1, 7) is defined by
S(n,m) :=Image(Z, , @ H, — C;;O(GO\G)).

Let K be the maximal compact subgroup of G and 7 a K-type of . For an em-
bedding + € Hom (7, 7), we define a C-linear map 1 : Z, » — Homg (7, Cp°(Go\G))
by the pullback via 2. Fix an embedding » € Homg (7, 7). Then we define the space
S(n,m,7) of Shintani functions of type (1,7, 7) by

S(n, 7, 7) := Image(2" : Z,, » — Homg (7, C;°(Go\G))).

By virtue of the generalized Cartan decomposition G = GoAK , where A is a split
torus of G, in order to give an explicit formula of Shintani functions of type (n, 7, 1),
it is sufficient to consider their values on A. Our main result is as follows. See Section
4 for more details. Note that Theorem 1.1 is related to a result of Sun-Zhu [13] for
the symmetric pair (SO32(R), SO52(R)).

Theorem 1.1.  Let © be the holomorphic discrete series representation of G with
Blattner parameter (A, A2) and 7 the minimal K -type of . Let n = Xy be an
irreducible admissible representation of GLo(R) x GLo(R).

(1) We have dimcZ,, < 1. If at least one of m and ny is not a holomorphic
discrete series representation of GLy(R), then dimeZ, , = 0.

(2) Assume that both of my and ny are holomorphic discrete series representations
of GLy(R). Then the restriction of the Shintani function of type (n,m,T) to
the split torus A of G can be expressed in terms of the hyperbolic functions.

This paper is organized as follows. In Section 2, we recall the representation theory
of GSps(R) and GL2(R). In Section 3, we recall the definition of Shintani functions
and derive a system of difference-differential equations which determines the Shintani
functions for the holomorphic discrete series representation of GSps(R). In Section
4, we prove the uniqueness and an explicit formula of the Shintani functions for
the holomorphic discrete series representation by using the system of difference-
differential equations. In Section 5, we formulate an archimedean local zeta integral
of Murase-Sugano type following Tsuzuki [14], and evaluate it by using our explicit
formula. As a result, it follows that the local zeta integral represents the local spin
L-factor associated with the holomorphic discrete series representation of GSpys(R).

We mention several studies related to Shintani functions for the reductive symmetric
pair (GSps(R), (GLy XL, GL2)(R)). Moriyama [9] gave explicit formulas of Shintani
functions for the semisimple symmetric pair (Sps(R), SLy(R) x SLy(R)) with respect
to the large discrete series representation and the Jacobi induction of Sps(R). Note
that he also treated Shintani functions for another semisimple symmetric pair on
Spa(R) in [10]. Kato-Murase-Sugano [5] gave an explicit formula of the unramified
(Whittaker-) Shintani functions for the symmetric pair (SO, SO,_1) of the split
special orthogonal groups over the nonarchimedean local field F' of characteristic
zero or an odd prime p > 2. In particular, their explicit formula for n = 5 implies
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an explicit formula of the unramified Shintani functions for the symmetric pair
(GSpy, GLy X, GLy) over F through the accidental isomorphism SO5 ~ PGSpy.
Later, in [2],[3], the author extended their explicit formula for (GSps, GLy XL, GL2)
to the nonarchimedean local field of arbitrary characteristic and proved that an
unramified local zeta integral of Murase-Sugano type represents the unramified spin
L-factor of GSpy.

Finally the author would like to thank Prof. Tomonori Moriyama for many stimu-
lating conversations during the preparation of the paper. The author would also like
to thank an anonymous referee for her/his helpful comments on an earlier version of
this paper.

2. Preliminaries

For a real Lie algebra [, let [c denote the complexification of [. For each positive
integer n, let I,, denote the identity matrix of degree n. We denote by i the imaginary
unit, as usual.

2.1. Lie groups and Lie algebras
Let G be the real symplectic similitude group G'Sp4(R), which is defined by

tg( 1, 5 )9:’/(9) ( i ]2),31/(9)6]1@}'

Let G’ = Sp4(R) be the subgroup consisting of g € G with v(g) =1, and

GSps(R) = {g € GL4(R)

g =sp(R) ={X € My(R) | JX +'XJ =0}

the Lie algebra of G'. Then g = ¢’@RC, is the Lie algebra of G, where C,, := I,,. Let
0:G — G,g~ 97! be a Cartan involution of G. Then K := {g € G | 0(g) = g} is

the maximal compact subgroup of G and K’ := G'NK is the maximal compact sub-
group of G’, which is isomorphic to U(2) via K" — U(2) = {g € GLs(C) | 'gg = L},

A B .
(—B A)|—>A+zB.

The group K contains K’ with index two. More precisely, we have K = K’ x (),
where € := diag([y, —I3). The differential of  is denoted again by 6. Let ¢ and p be
the +1 and —1 eigenspaces of 6, respectively. Then we have a Cartan decomposition
g==Et®dp. Note that £ is the Lie algebra of K.

Let o be an involution of G given by
g — diag(1,—1,1,—1) - g - diag(1, —1,1, —1)"".
Then the fixed point subgroup of o of G is given by
b
b2 a; bz
a gi = g ) €GL2(R), det(g1) = det(go)

&

ax

GO =
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Setting Ky := Gy N K, we have
by
by a4 b; _
o | o= (& ) €0, detlan) = dettan
Co dg

Then Ky~ (SO(2) x SO(2)) x (¢) is the maximal compact subgroup of G,. We set

a1
a2

Ko =

C1

cos 0 sin 6,

cos 0, sin 6o

7’(01,92) = € K(], V91,92 € R.

—sin 64 cos 0,

—sin 6,

cos 0,

The differential of o is denoted again by o. Let gy and q be the +1 and —1
eigenspaces of o, respectively. Then we have g = gy & q. Setting &, := go N ¢ and
Po := go NP, we have a Cartan decomposition gy = €, B py of go. Note that €, is the
Lie algebra of K.

Let h C ¥ := g’ Nt be a Cartan subalgebra of g’ given by h = RT} & RT,, where

For a linear form « € b, we identify a with (aq,an) € C* if «(T}) = i, for each
j = 1,2. Then the root system ¥ = X(gg, hc) of (g¢, he) is given by

2 = {£(2,0),£(0,2), £(1,1), +(1, —1)}.

Let ¥. denote the set of compact roots in ¥. Then 3, = {£(1,—1)}. For each root
a € X, let g/, denote the root space for . We fix a positive root system X+ =
{(2,0),(0,2),(1,1),(1,-1)} and a compact positive root system T = {(1,—1)}.
We set

1 ) 1 1
0 1 1
X(Q,O) = i 1 ) X(l,l) = i 1 )
‘ 0 1 —1
0 ‘ 1 —1
1 ) -1 —1
X0,2) = 0 ;o Xa-n = ; |
1 —1 1 —1

and X_, :="'X, for o € ¥*. Then we have gi = hc ® P,x 0,,, where g, = CX,.
We set ng = CX(Q’O) EBCX(Ll) EBCX((LQ) and Pc = CX(_Q’O) EB(CX(_L_l) @(CX(O’_Q).
Then pc = pg @ pe @ CCy. A basis of € ~ gl,(C) is given by

1
in = §X:|:(17_1) .
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Then {X, , He, X; } is an sly-triple, that is, [He, X;] = £2X;" and [X;", X; | = H.
Note that [Z, X] = 0 for every X € £c. A basis of goc ~ sl5(C) @ sly(C) @ CCy is
given by

1 _ 1
H2 = O E— X;_ = EX(0’2)7 X2 = §X(0’,2)

?

and Cy. Then, for each j = 1,2, {X;,Hj,X;r} are sly-triples. Table 1 may be
convenient for later computations.

Table 1: The table of the Lie bracket [X,Y] for the basis of g

‘X \ YH X , Xy Ze Xoz  Xany  Xeo X2 Xeany  Xo-2)
X; 0 —2X;  He 0 Xay  2Xeo) 0 ~X_ g1y —2Xp-2 0
He || 2X; 0 —2X; 0 —2X(0.9) 0 2X00  —2X(29 0 2X(0,)
X, | -He o 2x; 0 0 0 2X02  Xa 0 —2X( a0 —X (1
A 0 0 0 0 2X(02  2Xa1)  2Xpo) —2X(20) —2X_ @1 —2X(0_9
Xoo || —Xan  2X09) 0 —2X(o 0 0 0 0 AXy  2(Ze— Hy)
Xau |-2Xeo 0 —2X@2 —2Xa 0 0 0 4Xy AZ, e
X(2,0) 0 —2Xp0 —Xa1ny —2Xeo 0 0 0 20Ze+ Hy) 4X, 0
X ool Xoqny 2X( 20 0 2X( a9 0 —4X; —2Ze+H) 0 0 0
X an|2X0 2 0 2X(a0 2X_ a1 —4X,  —4Z  —4X] 0 0 0
Xo-o|| 0  —2X0_2 X_qny 2X0_2 —2(Z — Hy) —4X; 0 0 0 0

2.2. The unitary dual of U(2)
In this subsection, we recall the irreducible unitary representations of K’ ~ U(2)
Let £ denote the set of X -dominant integral weights, that is,

,C:{)\:(Al,)\g)ez2|>\12)\2}.

By the highest weight theory, the set £ parameterizes the equivalence classes of
irreducible unitary representations of K'. Let (7,W)) denote the representation
with highest weight A\ € L. For each A = (A, A\y) € L, we set dy := A\ — Ay. Then
there exists a basis {w} ?;0 of W) such that the action 7, of € is given by
T)\(Zg)w; =\ + )\g)w;‘, T)\(Hg)w;\ =(2j — d,\)wj’-\,
n(XHw) = G+ Dwjy, n(Xw) = (dy+1 - jwi,
forall j = 0,---,dy. Here we put w*, = w) ,; = 0. Also the action of SO(2)xSO(2)
on W, is given by

({61, 6))w = exp (i((A2 + )01+ (A — j)@))wj, V0., 0, € R
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for all j =0,---,d,. We call the basis {w])‘ ?;0 the standard basis of (7, W)). For
a K'-module (7,W), we denote by (7V, W) its contragredient representation.

2.3. The unitary dual of K
In this subsection, we recall the irreducible unitary representations of K ~ K’ x ().
Let (1,W) be a K-module and w € W a vector with weight (ly,15), that is,

T(Ze + Hy)w = 2lyw, 7(Zy — He)w = 2lsw.

Then 7(e¢)w has weight (—ly, —ls). Let (7x,W)) be the irreducible representation
of K’ with highest weight X\ = (A, A2) € £ and {w}}}2, the standard basis of W).

Then each w} has weight (j + A2, Ay — j). We conS.lder the induced representation
Tk = Indf, (7). Its representation space W) x is given by

{f € L*(K, W) | f(kok) = Ta(ko) f (k) for almost every pair (ko, k) € K’ x K}
and K acts on W) i by right translation. Then

Wik ={f € Wik [ f(e) =0} ®{f € Wik | f(I1) =0}

Each of the direct summands is stable under the action of K’ via T x|x/. More
precisely, we have 7 x|k >~ 7\ & 7). We identify W) with the subspace

{f € Wik | f(e) =0}

Then a basis of W), k is given by {w])»‘};liol_l{T,\K(e)w;‘};l;O. If Ay # =g, then 7y  is
an irreducible K-module. If \; = —\,, then 7, i is not irreducible as a K -module.
Indeed we have an isomorphism 7y g ~ 7'/\ @71, as a K-module, where

dx
5= @(C (w;‘ + (1) 7\ k(€ )wdA J Ty, = @C w + ( oy k(e )wfl‘x_j) :
The irreducible unitary representations of K are exhausted by
{7&7_A),T(§7_A) ‘ A > 0} L {T()\l,)\z),K AL > A, AL > 0,0 # —>\2}-

Lemma 2.1.  Let TXK be the contragredient representation of T\x with A\ =

()\1, )\2) e L. Then

Taw(Zow) = =M+ X)w)’, T (Z)T e (€)w” = (M + Xo) T e ()w;,
T)\\/,K<H? wg/\v (dx — 2j)w ,\v7 D) K(HE>7',\ K( ) o= —(dx — 2J)7',\ (€ )w}\va
TXK(X;F)QU;W = —ij—1> Ty, K(X+)TA K(E)w/\v = (dx — J)T)\ K(E)w}\+1>
T}Y,K(X;)w}\v = —(dx — j)“’ﬁh TA,K<XE )7',\ (€ )ww =Ty K<€>wj)'\i/17
(00, 0))u” = exp (=i + )0+ (A1 = )6) ),

T)\\/’K<T(¢91, 02))T>Y7K(€)w])‘\/ = exp ( (()\2 +7)01 + (A1 — )0 ))TXK(G)w;V.

Here {wg\v}j; is the basis of Ty dual to the standard basis {w; *0 of Tx.



GEJIMA 349

2.4. The discrete series representations of Sp,(R)

First we recall the Harish-Chandra parametrization of the discrete series representa-
tions of G’. See [6, Chapter IX], for example. There exist four positive root systems
of ¥ which contain ¥} . They are given by

Zfr ::{(17_”7(171)7(270)7(072>} EJE ':{(17_1)7(171)7<270)7(07_2>}7
EEI = (17_1)7(_1’_1)’(270) ( )} ZIV = (17—1)7(_17_1)7(_2’0)7(07_2)}'

The set of Harish-Chandra parameters of the discrete series representations of G’ is
— vV =
denoted by = = J,_; =, where

_I—{A <A17A2) Eb(}k: |A1,AQEZ,A1 >A2>0},
= {A:(Al,Ag)Eh%|A1,A2€Z,A1—|—A2>O>A2},
HIH—{A (Al,AQ) & b(*C |A1,A2 EZ,Al >0>A1+A2},

:*IV = {A = (Al,AQ) € hZ(k: | Al,AQ € Z,O > Al > Ag},

and the Blattner parameter corresponding to A = (A, J) € Z; C = is given by

+(1,2) (if J =1),
_ ~ Ao ts=m,
AA)=A=(1,-1) Z ) A+(0,-1)  (if J = III),

a62+
A+ (=2,—-1) (if J=1V).
Let II, be the discrete series representation with Harish-Chandra parameter A € =
and Blattner parameter A(A). Then II, is called holomorphic if A € Zj, anti-
holomorphic if A € =y and large if A € =;; U Zqqp. If an irreducible representation
7, of K" is a K'-type of II,, then

Z mea (ma S ZZO>‘

aEE}r—Ei

The irreducible representation 7y(5) is a K'-type of IIy with multiplicity one. We
call 7y(a) the minimal K’-type of II,.

Next we recall a construction of the (anti-) holomorphic discrete series representa-
tions of G'. Let (75, W)) be an irreducible representation of K’ with highest weight
A = (A1, \2) € L. By letting pe (resp. pg) act trivially on Wy, we consider Wy as
a tc @ pe (resp. tc @ pl) -module. We put

M(\)* =U(gc) OpewpE W
= U(g{c) ®CW)\/<YX®U)—Y®X’UJ | YEQ(/C,X GE@EBP(EF,U) EW)\>.
Then M(A)" and M (M)~ are gr-modules. Moreover we define an action of K’ on
M\)* by k- (X ®@w) = Ad(k)X @ ma\(k)w for k € K',X € g and w € Wj.
Then M(X\)T and M(A)~ are (g, K')-modules. Let 7} (resp. m, ) denote the
(g¢, K')-action on M (AT (resp. M(A)™). The modules M(A)*T and M(A)~ have
bases {fklmn} and {gg;mn} given by

At X(]€2,0)Xél,1)X(n(},2) ® (X;)”wg (k,l,m,n>0,n<d,),

k,l,m,n

A Xé“oﬁmXéflﬁl)X(”jw) ® (X, y'wy (k,L,m,n > 0,n < dy),

k,lmm



350 GEJIMA
respectively. Note that the vector & Jmm (TESD. & Tmm) has weight
(M +1+2k+n, o+ 1+2m —n) (resp. (Aa —1—2m+n, \; — 1 — 2k —n)).

It is well-known that M (\)" (resp M(X\)~) has a unique irreducible quotient
LT = M(\)*"/ST (resp. L(A)™ = M(\)~/S™), where ST (resp. S7) is the sum
of the gi-submodules of M(A)* (resp M(X\)~) which are distinct from M(A)*
(resp. M(A)™). The module L(\)T (resp. L(A)™) is finite dimensional if and only if
0> A > Xy (resp. Ay > Xy >0).

Proposition 2.2.  Let A = (A, X2) € L.
(i) LA™ (resp. L(X)™ ) is unitarizable if and only if Ao > 1 (resp. \y < —1) or
A=(0,0);
(i) L(A)" (resp. L(A)”
(iii) L(N)T (resp. L(N\)~
<

If g > 2 (resp. \i < —=2), then M(N)" (resp. M(X)~ ) is irreducible, that is,

M(A)T = LA™ (resp. M(A)™ = L(A)™).

) is tempered if and only if Ay > 2 (resp. A\ < —=2);
) is square integrable if and only if Ay > 3 (resp. A\ < —3).

Proof.  See [12, §2], for example. n

Let A = (A1, A2) € L. Then (w7, M(A)*1) (resp. (my,M(X)™)) is equivalent to the
holomorphic (resp. anti-holomorphic) discrete series representation I, with Harish-
Chandra parameter A = (A — 1, o —2) (resp. A = (A1 +2, A+ 1)) if Ay > 3 (resp.
A1 < —3). The representation (WA,M()\) ) (resp. (my,M(X)7)) is called the limit
of holomorphic (resp. limit of anti-holomorphic) discrete series representations of G’
with Harish-Chandra parameter A = (A —1,0) (resp. A = (0, \a+1)) if Ay = 2 (resp.
A1 = —2). Then we denote by II, the limit of (anti-) holomorphic discrete series
representation with Harish-Chandra parameter A. We set A(\) := (A — 1, Ay — 2)
for each A = (A1, \2) € L) where

,CI_EOZ = {)\ = ()\1,)\2) S £ | )\2 2 2}

For each A\ € L£° the irreducible unitary representation 7, of K’ is the minimal
K’—type of HA()\).

2.5. The holomorphic discrete series representations of GSp,(R)

In this subsection, we recall the discrete series representations of G.
Let Sps(R)* be a subgroup of G defined by

Sm(R) {gEG! lv(g |_1} Sps(R) U e - Spy(R).
Then we have a short exact sequence
1 — Spy(R)* = G — RX, — 1,

where the third arrow G — RZ, is given by g — |v(g)|. This exact sequence splits
by R, — G, t + \/tl;. Thus we have G ~ Sp,(R)* x R%,.



GEJIMA 351

For each A = (A1, \2) € L we consider the induced representation

Hi

o Spa(R)*
AN T Indsi;‘(R) (ITaen))-

Then Hf(/\) is an irreducible representation of Sp,(R)* and this is decomposed as
follows:

HjAE(A)‘Sm(R) ~ Iy @ Hayv-

Here we set AV := (—Ay, —A;) for each A = (A}, Ay) € Z%. For each v € C, the
representation Hf( N 18 extended to a representation Iy [y] of G by

HA(A)[V”S@;(R)* ~ H]j\:()\), HA()\)[’}/](tLl)U =t (Vt € R>07 Yv € HA()\)[’YD'

We call Iy [y] the holomorphic discrete series representation of G'. For each A €
L7° the representation 7, x is a K-type of IIzy)[y] with multiplicity one. Note
that for each A € LH if w € W) (resp. w € W), we have Iy [v](pc)w = {0}
(resp. Mapy[(pd)w = {0}).

2.6. The unitary dual of O(2)

In this subsection, we recall the irreducible unitary representations of O(2) ~
SO(2) x (diag(1,—1)) and K,. We set

r(0) = ( cos sinf ) € 50(2), V0 €eR.

—sinf cos®

For each n € Z, we define an irreducible unitary representation (o,,Cuv}) of SO(2)

by o,(1(0))v), := ey’  where v/ := 1. Then the irreducible unitary representations

of SO(2) are exhausted by {on \ n € Z} For a nonnegative integer n, we consider
the induced representation o, o) = IndSO(Q)(on) Then 0,002 |s02) = 00 ® 0y If
n > 1, the representation o, o) is an irreducible O(2)-module.

Let X,, := Cv,, @ Cv’,, denote the representation space of o, o). Note that there
exists an inner product (-,-), on X, such that {v/ v} becomes an orthonormal
basis. The action of diag(1l,—1) on X, is given by 0, o()(diag(l, —1))v}, = vL,.
On the other hand, the representation o o) is not 1rreduc1ble as an O(2)-module.

Indeed, 02 has a basis {vg ,UO} which satisfies o9 o2 (diag(1, —1))vy = Fv7 .
Thus, setting X;" := Cvy and ;" := (0902 ‘Xi X)), we have 00,0(2) = 05 Doy as
an O(2)-module. The irreducible unitary representatlons of O(2) are exhausted by

{on0@ |n>1}u{of, 05}
Similarly, the irreducible unitary representations of K, are given by
{J(k,l),Ko | (k1) # (0,0)} U {(triv, C), (sgn, C)}.
Here ok1),x,|so@)xso@) = (0xXoy) ® (0 Wo_;) and o)k, (€) (v, ®vy) = V", @0,

and the action sgn on C is given by sgn(r(61,6)) = 1 and sgn(e) = —1. Note that
O(—k,—1),K, 1S equivalent to o) k,. The following lemma can be easily checked:
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Lemma 2.3.  For an irreducible unitary representation 7 of K, we have the

following irreducible decomposition as a Kq-module:

(A1—Xo
Oatin—iKo (I T =Tk and AL # —Xs),

=0

A—1
triv & P o0,k
7=0

T Ky = . 7+ B _ B
(if T=73_sn and A=0mod 2, or 7 =17, ) and A =1 mod 2),
A-1
Sgn @ @ U()‘_jvj_A)vKO
=0

|(f 7=75_5 and A\=1mod 2, or 7 =7, ) and A = 0 mod 2).

2.7. Representation of GL,(R)

In this subsection, we recall the (nonunitary) principal series representation of
GLy(R). For s € C and € =0, 1, we define a character x,. : R* — C* by x;.(a) :=
la|® (a/|a|)®. The characters of R* are exhausted by {xs.|s € C,e € {0,1}}. Let
X1, X2 be characters of R*. Then y; X xs is regarded as a character of the Borel
subgroup B consisting of the upper triangular matrices of GLy(R) as follows:

a *x

(X1®X2)(( d)):)a(a))(g(d), Va,d € R*.

The principal series representation I(y; X y2) is realized on the space of all smooth
functions f : GLy(R) — C such that

1/2

flg), Va,deR*, Vge GLy(R),

a

d

()9 =u@n@

and G L»(R) acts on this space by right translation. For a character x = xs, c; MXsy.c0
of R* x R*| we set s(x) := s1 — s and e(x) := |1 — e2| € {0,1}. The principal
series representation [(x; X x2) is isomorphic to the space of all smooth functions
f:0(2) — C such that

f<( ! ; ) k) = xi(a)xz(d) f(k), Va,d e {*1}, Vk € O(2).
Then the Frobenius reciprocity law implies that

(0-(—)’— S @ O-H,O(Q) (1f €(X) - 07 €2 = 0)7

n = 0 mod 2
n>2

0'0_ D @ On,0(2) (1f 6(X> - 0)52 = 1)7
](X)|O(2) = n = 0 mod 2
n>2

B  ooe (if e(x) = 1).

n =1 mod 2
\ n>1
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For each O(2)-type o of I(x), an embedding o < I(x) is given by v — fX, where
for every k € O(2) we set

P = {00 (k)v (if 0 = 05),

<an,o(2)(l€)v, vy, + v_n> (if 0 = 0n,002), n > 1).
For any n > 1, we can take a basis {v,,v_,} of X, so that o, o) (diag(l, —1))v, =
X2(—1)v, . Setting
X (s _
fo = f”cT (it 2 = 0),
fX_ (lf E9 = 1)
Yo

and fX := fX a basis of /() is given by =fX|p€&Z,p=ce(x) mo . We
d f) b f1 by \fp =1} Z d2p. W

Vp?

define a basis of gl,(C) by

—1 1 1 =+
me () me (L)

Then {X_,H, X} is an sly-triple, and gl,(C) and O(2) act on I(x) as follows:

S +1+
%fpi% Cofp = (s1+ SQ)fm

(0= (1 ) h=nar,

pr:pfpa X:tfp:

In particular, I(x) is irreducible, except when s(y) =1 —1 € Z — {0} and [ =
e(x) mod 2. If s(x) =1—1€Z— {0} and | = e(x) mod 2, we have the following
exact sequences of (gly(R), O(2))-modules:

0 — Dyfs1 4 s3] = I(x) = (xz2 o det)|det |Y2Sym!2(sty) = 0 (if I — 1 > 0),
0 — (x1 o det)|det |Y2Sym~!(sty) — I(x) — D_izofs1 +55] = 0 (if I —1 <0).

Here, for all [ > 1, we denote by Dj[c| the discrete series representation of G La(R)
characterized by

Dy[cl|sr,m)y =D @ Dy, Dic](th)v =tv (V¢ >0),

where D} (resp. D; ) is the (limit of) holomorphic (resp. anti-holomorphic) discrete
series representation of SLy(R) with Blattner parameter [ (resp. —[). Note that
I(x) ~ Difs1 + so] if s(x) =1—1 =0 and | = &(x) mod 2. The discrete series
representation Dj[c|] has a basis {(, = ¢ | lq| > 1,q =1 mod 2} with

l+q
HCq = qua X:I:Cq = TCq:I:Qa CQQq = C€q7

r(0)¢ = eiqegqv ( ! _1 ) G = Cq-

Let Dy[c]Y be the contragredient representation of D;[c] and

{¢ =" | |q] > 1, =1 mod 2}
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the basis of Dy[c]Y dual to {¢,||g| > 1,¢ = mod 2}. We set £ = £ := d(q)¢Y,,

where l

(/D (if g =1),

d(q) =1 ° :

d(—q) (if ¢ < —1).
Here (a), is the Pochhammer symbol. Then Dj[c]Y is equivalent to D;[—c| via
&)+ (g For two characters x and x' of R* x R*, we set I(x,x’) := I(x) ¥ I(X')
and f}%q = g&xl = f;( ® f;cl If X = Xsi.en X Xs2,e2 and X/ = Xs) ¢} X Xshyelh s then
{fpyq}(m)eEX o isa basis of I(x,X’), where

Eyvyv =1{(p.q) €Z* | p=e(x) mod 2,q = e(x’) mod 2} .

The representation I(x, x’) is called the (nonunitary) principal series representation
of GLy(R) x GLy(R). The restriction of I(x,x’) to Gy is denoted again by I(x, x’).

3. Shintani functions

3.1. Definition of Shintani functions

In this subsection, we introduce the space of Shintani functions for the reductive
symmetric pair (G, Gy). Let (7, H,) and (5, V) be admissible representations of G
and Gy, respectively. We set

C(Go\G) = {f : G5 VY| flgox) = 1" (90) f (), ¥(g0,7) € G x G,

where (1", V,’) is the contragredient representation of 7. Then G acts on Cp°(Go\G)
via right translation p. We consider the intertwining space

Ty i= Homq gy (7, Cr°(Go\G)).

Then the space S(n, ) of Shintani functions of type (n, ) is defined by
S(n,m) = Image(Z, » @ Hr — C°(Go\G)).

Let 7 be a K-type of 7. For an embedding ¢ € Homg (7, 7), we define a C-linear
map ¢*: I, . — Homg(r, C7°(Go\G)) by the pullback via 1. Fix an embedding
1€ Hompg (7, 7). We define the space S(n, 7, 7) of Shintani functions of type (n,m,7)
by

S(n,m,7) = Image(:" : T, - — Hompg (7, C;°(Go\G))).

For an admissible representation (7, V;,) of G and a finite dimensional representation
(1, Wr) of K, let C7° (Go\G/K) denote a vector space
{F G B VYWY | Flgork) = n"(g0) @ 7" (k) ' F(x), Y(go, 2, k) € Go x G X K} .

Then Homg (7, C7°(Go\G)) is isomorphic to CpS (Go\G/K). Thus S(n,,7) is re-
garded as a subspace of CpS (Go\G/K).

Let m = II5[] be the holomorphic discrete series representation of G with Blattner

parameter A = A(A) € L and n = I(x,x’)" the contragredient representation
of the principal series representation I(x, x’) of Go. We are especially interested in
Shintani functions of type (n, 7, 7y k) and investigate them in Section 4.
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Proposition 3.1.  Let m = Ily)[y] be the holomorphic discrete series represen-
tation of G and n an admissible representation of Go. Then I, . ~ S(n, 7, Ta k).

Proof. Let v: m\x — m be a K-embedding. It is sufficient to show that the
surjective linear map ¢*: Z, . — S(n, 7, Ta k) is injective. Let T € 7, .. Assume
*T'=0. Namely we have T'(¢(w))=0 for every we W, . Note that 7 is generated
by

{W(X(ﬂ,o))kW(X(il,il))IW(X(o,ﬂ))mb(w) | k,l,m > 0,w € W,\,K} .

Since T(’H'(X(igyg))kﬂ'(X(il,il))lﬂ'(X(O’iQ))mL(w))
= (X (x2,0)"P(X(e1,41) p(X(022) " T ((w)) = 0

for all k,{,m >0 and all w € W) g, we have T'= 0. This completes the proof. =

Let pry: VY @WY e — V) @W, (resp. pr_: VY @ WY ;e = V) @7\ ()W) be the
projection. We set pr (F)(x) :=pry(F(z)). If FeC>?. (Go\G/K) is expressed as

TN K
dx
F(z) =Y (FUY(z)@w}” + FO)(2) @ 7 g (e)w)) , (1)
7=0

where FU+) ¢ C2(Go\G), then pr, (F) and pr_(F) are given by

pr(F)(@) = D FUD @) @w, pro(F)(w) =Y FO7(2) @ 7 ()u;”.

For a smooth function F' on G, we set [R(X ® ¢)F|(g) :=c- %‘t:OF(g exp(tX)) for
X®cege=g®rC.If m=1x[7], S(n, 7, Tax) is regarded as a subspace of
Spr 1 (Go\G/K)1

I{FeﬁxA&NWK)PW@:fWW)WW@GR%xGL }

R(p_)pr, (F) = {0}, R(py)pr_(F) = {0}

In Section 4, we prove dimeSH (Go\G/K)M < 1 and an explicit formula of

TN K

elements of S (Gy\G/K)D!. 1t is easy to see the following proposition:

0T K

Proposition 3.2.  Let n be an admissible representation of Gy with central char-
acter w,. If rw,(rly) # 1 for some v >0, then SH (Go\G/K)P = {0}.

T K

3.2. The generalized Cartan decomposition
Let a be a maximal abelian subspace of p N q given by
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and A the Lie subgroup of G corresponding to the Lie algebra a, that is,
cosht sinht
sinht cosht

A=< ap = exp(tY,) = teR

cosht —sinht
—sinht¢ cosht

We set

Ni,(a) :={z € Ko | Ad(x)a=a} ={r(0,—0),r(0,—0 +7) | 0 € R} U {e},
Zg,(a) :={x € Ko | Ad(z) X = X, VX € a} ={r(0,-0) | 6 € R} U{e}.
Since r(0,—0 + m)r(—0,0) = r(0,7) for all § € R, the order of the Weyl group

Wik, (a) = Ng,(a)/Zk,(a) is two. We take wy := r(0,7) = diag(1,—1,1,—1) as a
nontrivial representative of Wy, (a).

Proposition 3.3.  The multiplication map ® : Go x Ax K — G, (h,a,k) — hak
has the following three properties:

(i) The map @ is C™-surjective,
(ii) G = GoAK = GoATK , where A+ := {a; | t > 0},

i) 1 hak) — {(ha=t, I, zk) | v € Ko} (if a = 1),
(ifi) @~ (hak) {{(hxl,xaxl,xkr) | z € Ng,(a)}  (if a # 1y).

Proof.  See [4, p.108], for example. n

Let 1 be an admissible representation of Gy and 7 a finite dimensional representation
of K. Since we have G = GoATK, any F € Cro (Go\G/K) is determined by its
restriction F|. We call F|+ the radial part of F'. Let A = (A1, A\2) € L. For each
p,q € Z, we set dy(p,q) = (dx+p—q)/2.

Proposition 3.4. Let n = I(x, X)V be the contragredient representation of
](val) with X = Xsi,e1 X Xsa,e2 and X — Xs 4 X Xs JEh and T = T\K the irre-
ducible unitary representation of K with \ = ()\1, Ag) € c. If F € CX (Go\G/K) is
expressed as (1) and each FU®) s expressed as

FUS () = Z FY9E () fapag Yz € G, (2)

(r.9)€E,

then Fp%i) has the following four properties:
(i) If dy # e(x) — 5()(’) mod 2, then C2(Go\G/K) = {0}. If dx = e(x) —
e(x’) mod 2, then F,Sff) =0 on G for j #d\(p,q);
(i)
ES¥Pa)  (ifj= A1, e(y') =0mod 2,
or j =M+ 1,e(x’) =1mod 2),
~Fyy (@) (=M, e(x') = 1mod 2,
or =M+ 1,e(x’) =0 mod 2)

(1:t) -1 J—
Fpajq (a >_

for all a € A;
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(iii) if Fog @ (1)) #0, then p+q =M\ + Ao

(iv) Flng(pv‘Z)v_) _ (_1>€2+E/2FZSZA(RQ)7+)'

Setting F,, := F}Sflx(p,q)#) and

\Di\(’X (p7 ) fXX ® wd>\ (p,q) + (_1)€2+€2fz<})>f—q ® T)Y,K( )wc)l\;/( q)’
we immediately have the following from Proposition 3.4:

Corollary 3.5. If F € C.(Go\G/K) is expressed as (1) and each FU5 s
expressed as (2), then

F(z) = > F) ()T (p.q). (3)

(p,q) € Ex,x’
0 <dx(p,q) < dx

Proposition 3.4 is a consequence of the following two lemmas:

Lemma 3.6.  Let n = n Xy be an admissible representation of G L2(R) x G La(R)
and T = Ty i the irreducible unitary representation of K with X = (A, \y) € L. If
F e O (Go\G/K) is expressed as (1), each FUH ¢ C2(Go\G) has the following
three properties for all 7 =10,--- ,dy:

(i) e A2 (0 (r(0)) @ 12(r(=0))) FUH(a) = FUF)(a), V(a,0) € AXR,

(id @ mo(— L)) FU9H(a)  (if j = A mod 2)

‘ (Va € A),
—(id ® n2(=1))FU)(a) (if 7 = M\ + 1 mod 2)

(i) FUH(a) = {

(111) €¥i(()\2+j)91+()\1*j)92) (7]1 (T(Ql)) ® 772(T(02>)) F(j,i)<]4) — U ([4) V0,0, € R.
Proof. It follows from Proposition 3.3 that the radial part of F' € CpS (Go\G/K)
has the following three properties:

(i) (n(z) @7 (x))F(a) = F(a), V(a,z) € AX Zk,(a),

(i) (n(wo) @ 7V(wo))F(a) = F(a™t), Vae A,

(iii) n(x)TV(x)F(Iy) = F(ly), Yz € K,.

The assertions are obtained from these properties. [ ]

Lemma 3.7.  Let n = mXny be an admissible representation of G Lo(R)x G La(R).

Let T = 7y i be the irreducible unitary representation of K with X = (A1, \3) € L.

If F € C%(Go\G/K) is expressed as (1), each FUH ¢ Co(Go\G) satisfies
n(e)FUH (a) = FUF)(a), Va € A.

Proof. Since € € Gy N K and ea = ae for all a € A, we have immediately the
lemma. |
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The following two lemmas can be easily checked by direct computation. In the
next subsection, these lemmas are used to derive a system of difference-differential
equations which determines elements of S (Go\G/K).

TN K

Lemma 3.8. Let t € R — {0}. Then

2 cosh?(t) 2 sinh?(t)
X =A X+ T2 X ) — tanh(26) X,
(2,0 d(a) (cosh(2t) ! cosh(2t) 2) tanh(2t) X",
2 1
X = —— _Ad(ay) "Hy+Yy+ ——H— ——— 7
(D™ Sinh(2¢) (a0) " Hy + Yo+ sinh(2t)° tanh(2t)" "
2sinh?(t) 2 cosh?(t)
X =Ad(ay) ' | L X] + 2 X, | —tanh(2t) X,
©:2) (a:) ( cosh(2t) ! N cosh(2t) ~ 2 ) anh(26) X,

2 sinh?(t) 2 cosh?(t)
X9 =Ad(a) ' | —=LXF+ T— X tanh(2t) X,
0.-2) (@) (cosh(Qt) P cosh(2t) 2) + tanh(26) X',
2 1
X1 y=———Ad(a) ' Hy+ Yy — —H + ———7,
(=1-1) sinh(2t) (a)" Hz + sinh(2t) et tanh(2t) "

2cosh?(t) . 2sinh?(t)

Xi_o0) = Ad(ay) ' | ——=2 -
(=20) (a:) <cosh(2t) L cosh(2t)

X;) + tanh(2t) X, .

In particular, we have gc = Ad(a;) 'goc + ac + & for all t € R — {0}.

Lemma 3.9.  For each F € C°(Go\G), we have
(1) [p(Ad(g~")X)F(g) = n*(X)F(g), Vg€G, VX € go,

() [p(Yo)F)(a) = - F(a), i€ R~ {0).

3.3. A system of difference-differential equations for the Shintani functions
In this subsection, we derive a system of difference-differential equations which
determines elements of S (Go\G/K).

TN K

Theorem 3.10.  Let t > 0. Let A = (A, \2) € LE and n = I(x,x')" be the
contragredient representation of 1(x, X') with X = Xs.ey ®Xsper» X' = Xot et WX e -
Assume that dy = e(x) —e(}') mod 2. If F € S (Gy\G/K) is expressed as (3),

TN\ K
then {F, ,}pq satisfies the following system of difference-differential equations:

2s(x) + p — 1) sinh3(£)Fys,(ar) + (d + p — g) sinh(26)F 4 (ar)
T 2(s(x) — ¢ — 1) cosh® (1) Fpgaa(ar) = 0,

d )\1 _'_ )\2 p + q
Tt - F pumy
(dt + tanh(2t)  sinh(2t) palas) =0,

2(s(x)+q—1) sinhz(t)Fp’q,Q(at) + (dy — p + q) sinh(2¢)F,, ,(at)
+2(5(x) — p— 1) oS () F 4 (a1) = 0.
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Let t > 0 and F € S (Gy\G/K)M can be expressed as (3). Then from the

TN, K
second equation in Theorem 3.10 we immediately have

Slnh(t) (P+q—)\1—>\2)/2
Fpqlar) = cpq(F) x N /2
Cosh(t>(p+q+ 1+ 2)/

for some ¢, ,(F) € C. Thus Theorem 3.10 implies the following

Corollary 3.11.  The sequence {c,,(F)},, satisfies
(sCO+P+1)cpg(F)+(dr+p—q+2)cpaag(F)+(s(X) —q—1)Gpragea(F) =0,  (4)
(s(X)+a+D)epq(F) +(da—=p+q+2)cpgi2(F)+(s(X) =p—1)cpr2g42(F) = 0. (5)

Remark 3.12.  Since F,,(a;) should be smoothly extended to ¢ = 0, we have

Cpg(F) = 0 if A\ + Xy > p+ q. Also we have ¢,,(F) = 0 if dx(p,q) < 0 or

dyx < da(p,q), that is, dy < |p — ¢|. Thus it is sufficient to give ¢, (F) for all
(p,q) € By with Ay + X <p+q and |p—q| < dy.

In order to obtain Theorem 3.10, we prove the following proposition:

Proposition 3.13.  Let A = (A, A2) € L and n be an admissible representation
of Go. If F € 879 (Go\G/K) is expressed as (1), {FUH)},; satisfies the following

TN, K
system of difference-differential equations:

(2sinh®(B)n(XT) + 2 cosh?(t)n(XT)) FUH) (a,) + (5 + 1) sinh(2t) FU ) (q,) = 0,

d  M+X | dy—2j 2 |
_ H F(],i) -0
<dt + tanh(2t) = sinh(2t) + Sinh(%)n( 2)) (ar) ,

(2 cosh?(t)n(XT) + 2sinh?*(t)n(X5)) FUE) (a,) 4 (dy+1—7) sinh(2t) FU=15) (a,) = 0.

Here we understand FU%) =0 for j <0 or j > d.

Proof. From Lemma 3.8, we have
[R(X(0,-2))pr (F)](a)

_ {R (Ad(at)l <2021$é%) Xi+ 20‘;2;};;? XZ) + tanh(zt)xg) pr+(F)] (a2)

2 sinh?( e 2 cosh?(t) _ :
= T V(X FU+) AV
Z ( cosh( 2t X+ cosh(2t) n(Xz) (a) ©w;

+ Z] tanh(2¢)FUH) (q,) ® w)Y,

J

-3 [ (g o+ S ) Fo

+(j+1) tanh(Qt)F(”l’*)(at)} ®w;".

On the other hand, we have R(X)pr, (F) =0 for all X € p;. Thus we have the first
equation. The others are similar. [ ]
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Proof of Theorem 3.10. From Proposition 3.13, we have
0= (2 sinhz(t)n(Xi) +2cosh®()n(XF)) FUS(t) + (j + 1) sinh(2¢) FUTHH) (1)

= > {00 = 1+ ) s’ (OFI5(0) + (s(X') — 1 = g) cosh® () F(0)
(P9)€E,
+(+1 )smh(?t)F(]Jrl +) (¢ (t)} fip tq-

Thus for all (p,q) € E\,,» we have

(S(X) —1 —f-p) SinhQ(t)Flgf;i;(t) + (] + 1) Sinh(zt)F(j—i—l,j:)( )
+ (s(x') = 1 — q) cosh’(¢ )ijqﬂ(t) —0.

Here we understand Fzgfgi) =0 for 7 <0 or 7 > dy. The others are similar. |

4. An explicit formula of the Shintani functions

Let n = 1I(x,x")" be the contragredient representation of I(y,x’) with
X = Xsi,e1 X Xsa,e29 X/ = Xs’l,s’1 X Xsé,e’za

and 7 = 7, x the irreducible unitary representation of K with A = (A1, A\2) Eﬁf ol
In this section, we shall prove the uniqueness and an explicit formula of the
Shintani functions for the holomorphic discrete series representation of G. Since
SHANG\G/K) = {0} if v # s1+ s34 81 + 55 or dy # e(x) — (x') mod 2 by
Proposition 3.2 and Proposition 3.4 (i), we may assume that v = s; + s9 + §] + 55
and dy = e(x) — e(x’) mod 2 throughout this section.

4.1. Multiplicity free theorem
In this subsection, we prove dime SY(Go\G/K )0l < 1. As its corollary, we have

dim¢Z, » < 1, where m = Il [7] is the holomorphic discrete series representation of
G. For (Iy,1y) € Z?, we set

En,(\) ={(p.q) €Z® |p=1li, ¢=lymod 2, |p—q| <d,
P>l =l p+qg> M+ Ao}

and EXvX/()\) = Elxle’ ()\) C EXvX/ .

Theorem 4.1. Let n = I(x,x)¥ and 7 = mnx with X € LY. Assume that
dy=e(x) —e(x') mod 2 and v = s1+ s9 + 5| + 5.
(i) Assume that s(x) =1, —1,s(x') =ly—1€Z and l, = <(x),ly = <(x') mod 2.
If (b by) & Exxe(A), then Sffl(GO\G/K) = {0} If (I, Ly) € Ex o (A), then
dim¢ Sffl(Go\G/K)M < 1. In particular, dim¢Z, . < 1.
(ii) Assume that at least one of I(x) and I(X') is the irreducible principal series

representation of GLy(R). Then we have Sffl(GO\G/K)M = {0}. In particu-
lar, dimcZ, , = 0.
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Remark 4.2. There exist several studies related to Theorem 4.1:

(i) Sun-Zhu [13] proved that for certain symmetric pairs (H, Hy) of classical Lie
groups every irreducible Casselman-Wallach representation of Hy occurs with

multiplicity at most one in every irreducible Casselman-Wallach representation
of H.

(ii) Kobayashi-Oshima [8] obtained upper and lower bounds of the multiplicities of
irreducible admissible representations of a semisimple Lie group H occurring
in the induced representations Indgo(n) from irreducible admissible represen-
tations n of a closed subgroup Hy of H.

(iii) For a reductive symmetric pair (H, Hy) of Lie groups, Kobayashi [7] studied
Shintani functions for a pair of spherical, admissible smooth representations of
H and H,.

Assume that s(x) =1, — L,s(x') =l —1 € Z and [, = ¢(x),ly = e(x’) mod 2.
From (4) and (5) of Corollary 3.11, we have

(lx +p— 2)Cp—2,q—2(F) +(dx+p—q+ Q)Cp,q—2(F) + (lx’ - Q)qu(F) =
(lx’ +q— 2)Cp*2,q72(F) +(dx—p+q+ Q)CP*Z,q(F) + (lx - p>cp,q(F) =

For M, k,l € Z, we set Ly (k1) := {(p,q) € 7? |p+q=k:+l+2M}.

First we show the following lemma:
Lemma 4.3.  We have ¢, (F) =0 if p<l, or ¢ <l.

Proof. We put LYY (A, A\)[[] = {(p1,p2) € LA, A2) | pi < I}. We shall see
that, for any ¢ € Z, ¢, ,(F) = 0 if p < [,.. In order to prove it, it is sufficient to show

that ¢, 4(F) = 0 for all M € Z and all (p,q) € L\ (A1, A2)[ly]. We shall show it by
induction on M € Z. From Remark 3.12, if (p,q) € Ly (M, A2) for M < 0, then
cpg(F) = 0. Let M > 0. Assume that ¢, ,(F) =0 for all N € Z with N < M and

all (p,q) € Lg\l,)()\l, A2)[ly]. Then, from (6) and the induction hypothesis, we have

Cpq(F) = p% {(y+q—=2)cp2q2(F)+ (dr—p+q+2)cp24(F)} =0

I

for each (p,q) € Lg\i[)(/\l, A2)[ly]. The other case can be proved in a similar way to
the above. [ |

By Remark 3.12 and Lemma 4.3, we have ¢, ,(F) = 0 for all (p,q) € E, v —E\(A).
Thus each F € S§)*(Go\G/K ) can be expressed as

F(z) = Z Fp,q(x)\l/;(’Xl (,q) (8)

(p7Q)EEX,X’ (>\)
Slnh(t) (P+q—)\1—>\2)/2
Cosh(t)(p+q+)\1+A2)/2’

with F,.(a) = cpq(F) x

where ¢, ,(F) € C. Next we shall show the following proposition:
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Proposition 4.4.  Let n = I(x,X')" and 7 = Tax with A € @ Assume
that s(x) = I, — Ls(x') =ly —1 € Z and |, = €(x),ly = e(x') mod2. If
(L, L) € By (N), SEHG\G/K)M = {0}, If (I,,l}) € Ey (), then we have
Ly, Ly > 2. In particular, if at least one of I(x) and I(x') is the limit of discrete
series representation of GLy(R), then SHI(Go\G/K)M = {0}.

Lemma 4.5.  Letn=I(x,x')" and 7 = 7 x with A € LY. Assume that s(x) =
L—1s(xX)=Ily—1€Z andl, =<(x),ly =e(x’) mod 2. Let F € S,ff_’l(Go\G/K)M
be expressed as (8). Then F' =0 if and only if ¢, ,(F) = 0.

Proof. It is sufficient to show that F' = 0 if ¢ ,(F) = 0. Assume that
i, (F) = 0. We shall show ¢,4(F) = 0 for all (p,q) € E),(A). In order
to prove it, it is sufficient to show that c¢,,(F) = 0 for all M > 0 and all
(p,q) € Ey (A N La(ly, ). We consider induction on M > 0.

Let M =0.1If (p,q) € E, (\) satisfies p+ ¢ =, + 1/, then (p,q) = (I, ). Thus
the statement is true for M = 0 by the assumption.

Let M > 0. Assume that the statement is true for all n € Z with 0 <n < M. Then
p > 1, or ¢ > L. Indeed, if p = [, , we have ¢ = [,, +2M > [,,. By the induction
hypothesis, it follows from (6) and (7) that the statement is true for M. Therefore
we have ¢, ,(F) =0 for all (p,q) € E - [

Proof of Proposition 4.4. The first part of the proposition follows from Lemma
4.5 directly, and the second part of the proposition follows from |, — /| < d) and
)\1+)\2§1X—|—lxx. | ]

Remark 4.6.  Let x = x4 ¢, M Xoe, and X' = X s M x4 o, be characters of the
Borel subgroup B of GL3(R). Assume that s(x) =1, —1,s(x') =y —1 € Z,l, =
e(x) mod 2 and l,» = e(x’) mod 2. We also assume that [,,l,» > 2. Then I(x,x’)
has an irreducible submodule Dy [s1 + s3] KD, [} + s5] (see Subsection 1.6).

Finally we consider the case where at least one of I(y) and I(y’) is an irreducible
principal series representation of G Ly(R).

Proposition 4.7.  Let n = I(x,x')Y and 7 = 1\ x with X € LI, Assume that
at least one of I(x) and I(X') is an irreducible principal series representation of

GLy(R). Then we have Sfﬁl(Go\G/K)M = {0}.

Proof.  Without loss of generality, we may assume that I(x) is an irreducible
principal series representation. Then we have s(x) —p+ 1 # 0 for all p € Z
with p = e(x) mod 2. Let F € SI(Go\G/K)M can be expressed as (8). Then
cpq(F) = 0 for all (p,q) € E,, . Indeed we can prove that ¢, ,(F) = 0 for all
M € Z and all (p,q) € Ly (A1, A2) in a similar way to Lemma 4.3. Thus we have
SHA(G\G/K) ) = {0}. .

Proof of Theorem 4.1. By Proposition 4.4 and Proposition 4.7, we may assume
that (Iy. ) € Ei g, (A), s(x) = Iy —Ls(X) =1y —1 € Z, I, = &(x) and
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ly = e(x) mod 2. Let FV and F® be nonzero elements of ST(Go\G/K)M.
Since ClX,ZX/(F(l))aCZX,IX/(F(2)) # 0 from Lemma 4.5, there exists £ € C* such that
Cla, (FW) =€, (F®). Then ¢, (FY — EF®) =0, that is, F) =¢F® . m
As a corollary of Theorem 4.1, we have the following:

Corollary 4.8. Let n = Dy[c1] K Dyleo] and 7 = 7ok with X € LH If
(I, 12) € By 1,(N), dy # li—ly mod 2 or y+c14cy # 0, then SEA(Go\G/K)M = {0}.
Assume that (I1,12) € Ej,(A), dy =13 —lamod2 and v+ ¢y +c2 = 0. Then
dimc Sffl(Go\G/K)m <1. In particular, dimcZ, . < 1.

4.2. An explicit formula for the holomorphic discrete series
representations of GSp,(R)

In this subsection, we give an explicit formula of Shintani functions of type (n,m, 7) =

(I(x, xX)Y, Man V], Ta i) with A € £ Our main result is as follows:

Theorem 4.9.  Assume that s(x) =1, — 1, s(X)) =1y —1€ Z, |, = ¢(x),
lX’ = E(X’) mod 2, (lX7 ZX’) S EZXJX/(/\)’ d>\ = lx _ZX’ mod 2 and Y= 81 +82+S/1—|-S/2.
If FGSfjl(GO\G/K)[V] is expressed as (8), then the coefficients ¢, ,(F') are given by

ClX+2M,lX,+2N(F) =

M
Ly +N—1 da(ly, L)+ N —j da(ly, 1)
Cl*”x’(mz( J )< M~ N—j

=0
for all M, N >0 with (I, +2M,l,» +2N) € E, ,,(\). Here we set

al

_ T wa>b>0
(a):: b! (a — b)! fazb= for every (a,b) € Z2.

b 0 otherwise,

Remark 4.10. We put

C B+ N —N,-M,1—A—-N

GMW(AB@)‘(N)( M >3F2(—B—N,1+C—N‘1)’

where 3F5 is the generalized hypergeometric function:

a, b, c (@) (D)n(C)p 2"

(10 ]2) 55 ot
d, e o (d)n(€)n, n!

Then the formula given in Theorem 4.9 can be written as

cramivon () = a, (F)Gun (s da(les L), da(lys L)

In order to prove Theorem 4.9, we first shall show the following lemma:

Lemma 4.11.  Assume that s(x) =1, —1,s(X') =1y —1 € Z,l, =e(x), Iy =
e(x') mod 2, (I,l}) € Ey (N and dy =1, — Iy mod 2. If F € S,ffl(Go\G/K)m
is expressed as (8), then we have for all N, M >0

dx(ly, Ly dx(lyr,1
ch’ZX/JrQN(F) = Clx»lX/<F) ( A(]xv X') ) , Clx+2M,lX/(F) = ClX,lX/(F) ( A(])\<4 x) ) .
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Proof. Let F € Sfﬁl(Go\G/K)[V]. From (6) and (7), we have
2(ly = Dey—2q(F) + (dr + Iy — q)er o(F) + (Ly — g = 2)r, q12(F) = 0,
2l = Vepay—2(F) + (dx = p + L) epi, (F) + (by = p = 2)epya,, (F) = 0.

These equations yield

(dr+ b = @) q(F) + (by — q = 2)c g42(F) =0, (9)
(d)\ —p+ lX')CpalX/(F) + (lX —p— 2)Cp+2,lX/(F) = 0. (10)
: dy + 1
Since cgro(F) = m c g(F), Yg#1ly—2, (11)
d)\ + l ’ P
F)=—>~-*_~= F), Vp#1l,—2 12
CP+2JX/( ) p— lx +9 Cp,lxx( )7 p# X ) ( )

we have for all N, M >0
N-1
Clx,lX/+2N( = Cly Ly H
g N—J)
(

dy+1,—1)/2
N Y

:Clxl/(F)

X

M—-1

HdA—z Ly —2(M—j—1)
_— 2(M — j)

_CH()(dA 1M+1)/2> .

Proof of Theorem 4.9. Assume that F' can be expressed as (8). We shall show
that for all M, N > 0 the coefficients cy n = Clx+2M,lg<+2N(F) can be expressed as

e = i ( L +j_\f— 1 ) ( dA(lX/,]f;)_Jer—j > < dAJEle_’lf) ) (13

J=0

Cly+2M,1,, ( = Cl L,

.

by induction on M > 0. The statement is true for M = 0 by Lemma 4.11. Let
M > 0. Assume that ¢, y can be written as (13) for all N > 0 and all m with
0 <m < M. Now ¢y n satisfies (7), that is,

MCM,N = (ZX’ + N — 1)CM—1,N—1 + (d)\axl, lX) - M + N + 1) CM—-1,N- (14)
Then, by the induction hypothesis, we have

MCM,N = (lX/ + N — 1)CM—1,N—1 + (d)\(lxl, lX) — M+ N + 1) CM—-1,N
= (l r+= N — 1)

y Z( +N—2 ) (dk(le,]@()jj]\izj—l > ( ]c@ngzi)l)

(dA(ZXH lx) —M+N+1)
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M—-1 .
% ZX/ —|—N— 1 dk(lX”lX) +N — ]
j M—j—1

<
R () ()
<
d

<.

4 (da(ly, 1) — M + N + 1)

Xi”:( +N—1)<dA(l>;\;}li)jf_]\i—j)
:Mi( +N—1)(dx(lxl,]f;)+gv—j>< A]E[lx’l)?,)>.

- —J —

Thus the statement is true for M > 0. ]

>

Remark 4.12. In the same way as the proof of Theorem 4.9, it follows from
induction on N that

jﬁ%(zﬁqu ) ( dA(lX,lj{[/)j—jM—j ) < d}(j":lj‘) )

is also a solution of the system of difference equations given by (6) and (7). Thus the
uniqueness implies that the following identity on multiple binomial sums holds:

ﬁ’: ( Iy +§V— 1 ) ( dA(lX/,]f/i;)_Jer—j ) ( dﬁ&z;,) )

=0
:i<zX+M—1 ) (dk(lx,lx/)JrM—j ) ( dA(lX/,lX))
2\ N M=j )

This is a special case of a relation
GM’N(A, B,C) = GNyM(A — B+ C, C, B),

which can be obtained from Sheppard’s transformation (see [1, Corollary 3.3.4], for
example)

P —N,a, b 1 _(C_a)N(d_a)NF —N,a,a+b—c—d—N+1 1
2 o d ~ (Ondy PP\a—c—N+1l,a—d-N+1 '

As a corollary of Theorem 4.9, we can derive an explicit formula of Shintani functions
of type (Dy, [c1] ¥ Dy, [ca], Hany 7], o) - We set

lc .
\II)\ (p7Q)V : ®wd>\ (p,9) +§7p q®7—)\K( )U);\;/( q)’

where 1= (I3, ), ¢ = (e1,¢2) and &, = & @ g
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Corollary 4.13.  Let n = Dy, [c1]) KDy, [ca] be the discrete series representation of
GLy(R) x GLy(R) and 7 = 7y the irreducible unitary representation of K with
A e L0 Assume that (I1,12) € Epy,(\), dy =11 —lamod 2 and v+ ¢ + o = 0.
Then each F € Sffl(Gg\G/K)M can be expressed up to scalar multiplication as

sinh(¢)(itl2—21—)2)/2 sinh() \ MY
Fla) = >

Y cosh(t) (HaFA+A2) /2 cosh(t)
M
L+ N—1\ [dr(l: 11)+N—j) (dA(ll l2)) Le v
X . 2 1) 20 gle 4on, 1,+2N)Y,
j;o ( j ) ( M — N iy A ( 1 2 )

where the first sum runs over the integers M, N with (I +2M,ly +2N) € Ej, 1,(\).

5. An archimedean local zeta integral of Murase-Sugano type

In this section, we shall formulate a local zeta integral of Murase-Sugano type for
the reductive symmetric pair (G,Gy) and evaluate it by using our explicit formula
of Shintani functions.

5.1. Definition of a local zeta integral of Murase-Sugano type

In this subsection, we formulate a local zeta integral of Murase-Sugano type for
(G,Gyp). Let G be a subgroup of GL4(R) given by

G1 = {g € GL4(R) | det(g) > 0}.

Then G and Gy are subgroups of G;. Let P; be a maximal parabolic subgroup of
(G given by

PIZ GGI )

* X | *x %
*
* K| *x %

and P, = M;N; a Levi decomposition of P;, where

* | = %
*

M; = {my(a,b) | a,b € GLy(R),det(ab) > 0}, N;= =xen

= %

Here, for a,b € GL3(R), we set
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Each m;(a,b) € M; has a factorization

1

02— det(ab) _ det(a).
det(b)?  det(b)

Thus every m; € M; has a factorization

my = B(mq)diag(a(m), 1, a(my),1)

for some (B(my),a(m1)) € Gy x R*. Note that such a factorization of m; is not
unique. We set K; := G; N O(4,R) = SO(4,R). Then K, is the maximal compact
subgroup of GG;. Each g € G; has an Iwasawa decomposition

—_

where o € R* with

g =mi(g)ni(g)ki(g)
= B(ma(g))diag(a(mi(g)), 1, a(mi(g)), 1)ni(g)ki(g)

for some (mq(g),n1(g),k1(g)) € M; x Ny x K;. For each g € Gy, we fix such a
factorization and set (g) := B(m1(g)) and a(g) := a(m1(g)). The following lemma
can be easily checked by direct computation:

Lemma 5.1. P NK,=Ky={m(ab)|abeO(2R), det(ab) =1}.

Let (1,W), (10, Wp) and (7, W;) be irreducible unitary representations of K, Kj
and K7, respectively. Assume that Hompg, (79, 71) # {0} and Homg (7Y, 7)) # {0}.
For v € C, let C’;’(?J(KO\G/KZJF)M denote the space of (W ® WV)-valued smooth
functions S : G — Wy, @ W with

S(rkoxk) = rmo(ko) @ 7V (k) 1S(x), V(ko,z,k,7) € Ko x Gx K x Z,

where Z, is the identity component of the center of G, that is, Z, := {rly | r > 0}.
We fix embeddings ¢, € Homg, (79, 71) and 2/ € Homg (7", 7).

Proposition 5.2.  An invariant measure dg on Go\G is given by

f(g)dg = /0 h dt /K dk f (a;k) sinh(2t) cosh?(2t),

Go\G

where dt is the Lebesque measure on R and dk is the Haar measure on K normalized
so that vol(K;dk) = 1.

Proof.  See [4, p.110], for example. n

For each S € C;‘OSJ(KO\G JKZ )P alocal zeta integral of Murase-Sugano type is
defined by

Zus(s;5) ::/G\GEwlO(Idm®ﬁv(k’1(g)))°(zm®@¥)05(5(9)_19)Ia(9)|5+3/2d§/7 (15)

where ey, : W7 @ W) — C is defined by v ® w¥ — (v,w")w,. In this formulation
(-, 9w, : Wi x W} — C is the natural pairing.



368 GEJIMA

Lemma 5.3. The value of the integrand of the right hand side of (15) is independent
of the choice of the Twasawa decomposition g=[(g)diag(a(g),1,a(g),1)ni(g)ki(g)-.

Proof. Let g € G. If g = p'(g)diag(c/(g9),1,a/(g), 1)n}(g)ki(g) is another Iwa-
sawa decomposition of g, then, by Lemma 5.1, we have f'(g) = B(g)ko, ki(g) =
ko 'k1(g) for some ko € Ko and o/(g) = a(g). Thus we have

o (Idw, ® 71/ (K1(9))) o (1r, ® 1)) 0 S(B'(g)” 19)|Oé( )

= ew, o (Idw, ® 7y (kg 'k1(g))) © (1, ®127) © (kg B9) " 9)|e(g) "

= e, o (Idw, ® 77/ (kg "k1(9))) © (1r, ® 1) 0 (10(ko) ™ ®IdWV) o S(B(g)""g)lalg)l
= e, o (ni(ko) ™ @ 7y (kg 'k1(9))) © (17, ®1) 0 S(B(9) ™ 9)lex(g)|*
= ew, © (Idw, ® 77/ (k1(9))) 0 (1, ® 1) 0 S(B(g9) " g)la(g)I". m

We shall prove the following proposition. This proposition is used in Subsection 5.3
to evaluate the local zeta integral Zpss(s;S).

Proposition 5.4.  For each S € C’T";@J(KO\G/KZQ[V], we have
ZMS(S; S)

= / dt ew, o (11(k—t) ® Idwy) o (1, @ 1)) o S(ay) sinh(2t) cosh(2t)1/277/2s,
0

For t > 0, we set cosht —sinht

1 sinht  cosht
Ky = ——— X € K.
cosh(2t) cosht sinht
—sinht cosht
We can easily check the following lemma by direct computation:
Lemma 5.5.  An Iwasawa decomposition of a; is given by
1/ cosh(2t)
_ Jeosh(2D) L
e = Vs 1/ cosh(2t)
1
1 sinh(2t)
1
X 16
T —smnze) | (10
1
In particular, 3(a;) = \/cosh(2t) - Iy and o(a;) = cosh(2t)™!

Proof of Proposition 5.4. From Proposition 5.2, we have

Zns(s;S) = / dt/ dk ew, o (Idw, @ 7’ (k1(ak))) o (1, @ 1Y) o S(B(ask) task)
0 K
X |a(agk)|**3/% sinh(2t) cosh?(2t).
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Thus, from Lemma 5.5, we have

ZustsiS) = [t [ akew, o (i, © 7)) 0 1, 122) 0 S(8(ar) auh)
0 " x |e(ay)|*F3/? sinh(2t) cosh?(2t)
/ dt/ dk ey, o (Idw, @ 7 (k) © (1 ® 1Y) 0 S(B(az) "as)
X |a(ag)]* /2 sinh(2¢) cosh?(2t)
= [t e, o (1w, © 705 0 1, 22) 0 S(/e0BZ) a0
0 X |a(aq)|***/% sinh(2t) cosh?(2t)

= / dt ey, o (Idyw, @ 177 (ky)) © (17, ® 1Y) 0 S(ay) sinh(2t) cosh(2t)~577/2+1/2
0

— / dt ey, o (T1(K_4) ® Idwlv) o (1, ® 1) 0 S(ay) sinh(2t) COSh(Qt)—S—V/%H/Q‘ -
0

5.2. The unitary dual of SO(4)

In this subsection, we recall the irreducible unitary representations of K; = SO(4).
First we recall an accidental isomorphism (SU(2) x SU(2))/{£(l2, [2)} ~ K;. The
accidental isomorphism is given by £ : SU(2) x SU(2) — Ky,

( a; + iag bl + Zbg c1 + iCQ d1 + iCQ )
—b1 + Zbg ap — iag ’ —d1 + ’Ldg C1 — iCQ

ay —by | —ay —by &1 dy C2 dy

by by —a2 —d; & dy —C2
_>

ay —by| a; by —cy —dy 1 dy

by as | —by ai —dy C2 —dy

For each «, 3 € SU(2), we set ki[a, 8] := &((o, B){=£(2, I>)}) . For example,

(L))

-1 ( cosh(t) sinh(t)
i = Kal/cosh(2t) ( —sinh(t) cosh(t) ) L.

Next we recall the unitary dual of SU(2). Let V,, be the space of homogeneous
polynomials with two variables z1, zo of degree n over C. Then GLy(C) acts on V,,
as follows:

[Sn(g)f](Zb Z2) = f(gllzl + 92122, 91221 + 92222)7 Vg = (gij) € GLz(C)-

It is well-known that the irreducible unitary representations of SU(2) are exhausted
by Sp, = Splsvu@) (n=0,1,---). Thus those of K are exhausted by

T(mmz) = Sm-‘rnz I Sm—m (nl > |TL2|)
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We set by ™) = fimtn) g pm=ne) yhere (£ = <Z)z1 2y P}pm0... n 18 a basis

of V,,. Then {h{3"*}, . is a basis of Ti, ny)-

Finally we observe the restriction of T, n,) (n1 > |n2]) to K. Each k € U(2) is
identified with

(7 ) (5 2)

cos(60/2) sin(6/2) o B | ae B
_ cos(0/2) sin(60/2) -1 o —an
—sin(6/2) cos(0/2) —ay —fa| B ’
—sin(0/2) cos(0/2) — [ —p1 o

where 0 € R, a = a1 + i and [ = (1 + i, are given by
e a B\ _ ([ articy Bi+ife \ . i
det(k) = €, (—3 @)(—ﬁ1+i52 al—iag)ke € SU(2).

We can easily check the following:

Lemma 5.6. T, nz)(Ze)h(nl "2) — = (n1 +ng — 217)}11(977(117”2)

?

T, nz)(HE>h(nl ") = (2¢ —ny + nz)h(" 1,n2)

p,q )

Ting ) (X)) = (g + 1)),

T(nl n2)<X )h(nl n2) — (n1 —ng+1— q>h(”1,n2)

p,g—1 >
Ty m) (r (61, 92))h fam2) = exp (Z( (ne—p+q)01+(n1—p—2q) 92)) pm1, n2)7
T (O™ = (1P s

Lemma 5.6 implies that T{,, ,) is decomposed as a K -module as follows:

Lemma 5.7. Ty, no)lx

®§7;10+n2—1)/2 T(n1—jma—j),K (if n1 + na is odd),
ni+nz)/2—1 . _
~ GB§:10+ 2)/ Ttn—jma—i) K DT, ((m n2)/2,(m2—n1)/2) (if n1 4+ ny = 0 mod 4),
ni+ng)/2—1 . _
@521; 2)/ Tni—gma—)K D Ty —m) /2. (na—ny)y2) (4 71+ 12 =2 mod 4).

5.3. Evaluation of the archimedean local zeta integral

Let A = (A1, A2) € EHOZ and 1 = Dy, [c;]XD,,[c2] be the discrete series representation
of Gy with I} — Iy = dy mod 2, (I1,l3) € Ej,1,(A). We put 7 = T\ g, T0 = 01,0,k
and 7, = T), and assume that (I1,l3) = (A2 + p, Ay — p) for g =0 or dy. Then we
have Homg (7Y, 7)) # {0} and Homy, (1), 71) # {0}. We can take the embeddings
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1v € Homg (7Y, 7)) and 1., € Homg, (1), 71) given by

A\/) _ h(/]\L, 1V (TV(E)U}/);V) = (_1)uh§1/+/\2,dx—u’

v (W

Z"—0 (5;\/2+/,L,)\17,u> = h())\,;u ZTO (£YA27M,7A1+,U,> = (_1)ﬂh:\\1+)\2,d)\7u'

Let pr(, ,,) € Homg,(n",7y') be the projection. For each I € SHG\G/K)P,
we set Sp(x) = (pry, ,,) ® Id)(F(2)). Then Sp € CF (Ko\G/KZ,)M. We may

T0,T

assume 7y + ¢; + ¢ = 0 by Proposition 3.2. Under the above assumptions, we have
the following:

Theorem 5.8. Let F € SHI(G)\G/K)Y be an element with F(I,) = 1. Then

Zns(s; Sp) converges absolutely for Re(s) > s+ RGTM + 2t 3 Moreover we have

1

Y Ai+de 37
s+ + 75 2

Zys(s; Sr) =

(17)

Remark 5.9. We set

AL+ A 3 Al — A 1
Loo(S;HA(A))::F(C(3+Z+ : 2——)Fc(s+z+ ! 2—1——),

2 2 2 2 2 2
Leoo(8; Dy, [e1] KDy, [e3]) :=

C1 + Co l1+l2 Cc1+ Co |l1—l2‘
r —1)|T
C(S+ > T ) C(S+ > T )

where I'c(s) = 2(27)7°I'(s). Then Loo(s;IIxn)) and Lo (s; Dy, [e1] XDy, [co]) are the
local L-factors associated with IIyy[y] and Dy [e1] X Dy, [co], respectively. With
these notations, Theorem 5.8 can be written as

Loo(s; )
Loo(s + 5 Dy [—c1] KDy, [—ca])

ZMS(S; SF) =

Now we shall prove Theorem 5.8. Assume that S¢(Go\G/K)M # {0}. By Corollary
4.13, we can take F' € S?/(Go\G/K)I" with the radial part expressed as

sinh(t)(1tl=A1=A2)/2 sinh(t)\ ¥
Pl — S0 (0

cosh(t)(titlztAi+A2)/2 cosh(t)
M,N

y |
3 (lz +N- 1) (dx(lz,]l\})jif\f - @) (d?yl_’l;)) UL, + 2M, 1, + 2N),

7
1=0

where the first sum runs over the integers M, N with (I1 +2M,ly +2N) € Ej, 1,(N).

Then we have
Sinh(t)(11“2*)‘14‘2)/2

. l,c v
Srla) = cosh(t)(tl2tAi+A2)/2 T3 (s 1)

Assume that (I3,13) = (A2 + p, Ay — p) for £ =0 or dy. Then

dx(ly, lo) = dx(Ag + p, Ay — 1) = pu.
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From Lemma 5.4, we have
ZMS(S; SF)
= / dt ew, o (11(k—¢) ® Idwy) 0 (1, ® 1Y) o Sp(ay) sinh(2t) cosh(2t)~577/2+1/2
0
:/ dt cosh(t)™**2sinh(2t) cosh(2t)_3_“7/2+1/2
0
X ey, 0 (T1(ki—e) ® Idyy) 0 (17, ® 1)) (\Ilkc()\2 oA — ,u)v)
:/ dt cosh(t)™**2sinh(2t) (:osh(Qt)’S’V/”l/2
0
x e, © (T1(k—¢) @ Idwy) (Ag, @ hYY, 4 B3 sxgdnen @ A rgds )
:/ dt cosh(t)~*~*2sinh(2t) cosh(2t)’3’7/2+1/2
0
. (<T1 (K7t>h3\’“’ hév\//)wl +(n (K*t)h:\\ﬁ)\z,dx—u ® h§Y+/\2,dA_M>W1>'

The following lemma can be easily checked:

Lemma 5.10.
A1+A2 ' ' '
Tl(/i,t)hé"u = cosh(2t)~(M1+A2)/2 Z (—1)*(sinh t)*(cosh t)’\l“‘?’lhiu,
i=0
A1+A2 ' '
TL(K—t)3, 4 ap.ay—p = cosh(2e)Aitr2)/2 Z (sinh £)M72 7 (cosh )}y, -
i=0

Thus we have
Zms(s; Sp) = 2/ sinh(2t) COSh(Qt)_8_7/2—(>\1+/\2)/2+1/2dt_
0

Putting = = cosh(2t)~!, we have

1

Y4 Mt 3
S+ + 75 2

1
Zys(s; Sr) :/ gt /225/2 g

0
for Re(s +v/2 4 (A1 + A2)/2 — 3/2) > 0. This completes the proof of the theorem.

References

[1] G.E.Andrews, R. Askey, R. Roy: Special functions, Encyclopedia of Mathematics and
its Applications 71, Cambridge University Press, Cambridge (1999).

2] K.Gejima: An explicit formula of the unramified Shintani functions for (GSpy,
GL2 xgL, GL2) and its application, Proc. Japan Acad. Ser. A 93 (2017) 105-110.

3] K.Gejima: An explicit formula of the unramified Shintani functions for (GSpy,
GL2 xgL, GL2), J. Number Theory 183 (2018) 84-132.

[4]  G.Heckman, H. Schlichtkrull: Harmonic Analysis and Special Functions on Symmetric
Spaces, Perspectives in Mathematics 16, Academic Press, New York (1994).



GEJIMA 373

S.Kato, A. Murase, T. Sugano: Whittaker-Shintani functions for orthogonal groups,
Tohoku Math. J. 55 (2003) 1-64.

A. W.Knapp: Representation Theory of Semisimple Groups, Princeton Univ. Press,
Princeton (1986).

T. Kobayashi: Shintani functions, real spherical manifolds, and symmetric breaking
operators, Developments Math. 37 (2014) 127-159.

T. Kobayashi, T. Oshima: Finite multiplicity theorems for induction and restriction,
Adv. Math. 248 (2013) 921-944.

T. Moriyama: Spherical functions with respect to the semisimple symmetric pair
(Sp(2,R),SL(2,R) x SL(2,R)), J. Math. Sci. Univ. Tokyo 6 (1999) 127-179.

T. Moriyama: Spherical functions for the semisimple symmetric pair (Sp(2,R),
SL(2,C)), Canad. J. Math. 54 (2002) 828-865.

A.Murase, T.Sugano: Shintani function and its application to automorphic L-
functions for classical groups. I: The orthogonal group case, Math. Ann. 299 (1994)
17-56.

A.Pitale, A.Saha, R.Schmidt: Lowest weight modules of Sps(R) and nearly holo-
morphic Siegel modular forms, (2016), preprint, https://arxiv.org/abs/1501.00524.

B.Sun, C.-B. Zhu: Multiplicity one theorems: the Archimedean case, Ann. Math. 175
(2012) 23-44.

M. Tsuzuki: Real Shintani functions on U(n,1). II: Computation of zeta integrals, J.
Math. Sci. Univ. Tokyo 8 (2001) 689-719.

Kohta Gejima

Department of Mathematics
Graduate School of Science
Osaka University

Toyonaka

Osaka 560-0043

Japan
kohta.gejima@gmail.com

Received April 14, 2018
and in final form January 21, 2019



