Journal of Lie Theory
Volume 29 (2019) 391-412
© 2019 Heldermann Verlag

There are No Rigid Filiform Lie Algebras of Low Dimension
Paulo Tirao and Sonia Vera

Communicated by L. San Martin

Abstract. We prove that there are no rigid complex filiform Lie algebras in the variety of (filiform)
Lie algebras of dimension less than or equal to 11. More precisely we show that in any Euclidean
neighborhood of a filiform Lie bracket (of low dimension), there is a non-isomorphic filiform Lie
bracket. This follows by constructing non-trivial linear deformations in a Zariski open dense set
of the variety of filiform Lie algebras of dimension 9, 10 and 11 (in lower dimensions this is well
known.)
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1. Introduction

We are interested in the existence problem of rigid nilpotent Lie algebras of finite
dimension, mainly over the complex numbers. In this case we consider a Lie algebra
as rigid if its isomorphism class is open in the Euclidean topology. In general a Lie
algebra is rigid if its isomorphism class is open in the Zariski topology. The expected
answer is no, there are no rigid nilpotent Lie algebras, and it is usually referred as
Vergne’s conjecture.

In this paper we address this problem for filiform Lie algebras. Our approach and the
general setting applies for filiform algebras of arbitrary dimension. However, at the
moment, in order to obtain complete results we use the complete decomposition in
irreducible components of the varieties of filiform Lie algebras, something available
only for small dimensions.

We prove that filiform Lie algebras of low dimension are never rigid, not only in the
variety of all Lie algebras, but also in the (sub)variety of filiform Lie algebras.

The variety £ of complex Lie algebras of dimension n is the algebraic set of alter-
nating bilinear maps p : C* x C* — C" that satisfy the Jacobi identity. The orbit
of u € £ under the natural action of GL,,, O(u), is the isomorphism class of p. We
say that p is rigid if O(u) is open in the Euclidean topology.

Inside £ there are various interesting subvarieties to consider, for example the variety
N of nilpotent Lie algebras. It is expected that in any neighborhood of a nilpotent
Lie algebra p, there are non-isomorphic Lie algebras. This is the case, for instance,
if the nilpotent Lie algebra p has a semisimple derivation [2, 6, 7].
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Inside N, the subvarieties N}, of nilpotent Lie algebras of nilpotency class less
than or equal to k are one inside the other N, C Njii. The class of filiform
Lie algebras F, of algebras of maximum nilpotency class equal to n — 1, is the
Zariski open complement of N, _s, and hence is a subvariety which is Zariski dense
in all irreducible components of N that intersect F. Hence F is dense also in the
Euclidean topology in all these irreducible components, and therefore if the filiform
algebras are non-rigid it follows that all algebras in these irreducible components are
non-rigid too.

We propose a general construction of linear deformations for nilpotent Lie algebras,
based on [7], that carries out nicely for filiform Lie algebras of arbitrary dimension.
In order to show that these deformations are non-trivial, the usual Lie algebra
invariants are not sufficient. Instead we show directly that an isomorphism between
the deformed Lie algebra and the original one can not exist. This requires to study
carefully the isomorphism equations that arise with respect to adapted basis of the
filiform algebras involved.

The description of all filiform Lie algebras using adapted basis goes back to Michelle
Vergne [9]. For small dimensions this makes it possible to write down an explicit
parametrization with not many parameters [5]. The structure of the varieties of
filiform Lie algebras of dimension n = 9,10, 11 is relevant for us, in particular their
decomposition into irreducible components [4, §].

It is worth mentioning that for smaller dimensions, n = 3,...,8 complex filiform Lie
algebras are classified (see for instance [5]), and it is already known that there are
no rigid filiform Lie algebras in the variety of all Lie algebras (see [6] and notice that
all 6-dimensional nilpotent Lie algebras are of rank > 1). However, in dimensions
< 6 there are only a finite number of (isomorphism classes of) them, and there are
filiform Lie algebras algebras which are not rigid inside the variety of filiform Lie
algebras.

2. Linear deformations of Lie algebras

Given bilinear maps ¢ and ¢ let 1 o ¢ be the trilinear map defined by

¢O¢(X>Y7Z) = OQ/J(gb(X,Y),Z)
= Y(o(X,)Y),2) + (Y, Z2), X) +(o(Z, X),Y).

The Jacobi identity for p is o = 0. Hence an alternating bilinear map p is a Lie
algebra if and only if popu = 0. In addition, a bilinear map ¢ is a 2-cocycle for pu if
and only if pogp+¢pou=0.

For the purpose of this paper, given a Lie algebra u, we shall consider linear
deformations of p, that is families of Lie algebras u; = p+ty, where ¢ is a complex
parameter. It is straightforward to verify that j, is a Lie algebra for all ¢ if and only
if ¢ is a Lie algebra and a 2-cocycle for p.

If for arbitrary small €, there is a t € C with |¢| < € such that p; is not isomorphic
to p, then p is not rigid. In case y; is a curve of nilpotent Lie algebras (or filiform),
then g is not rigid in the variety of nilpotent (or filiform) Lie algebras.

In this section we present a construction of linear deformations of Lie algebras which
is a particular case of the Grunewald-O’Halloran construction given in [7] that we
apply to filiform Lie algebras in Section 4.
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In order to refer to the commutator or an ideal of a given Lie algebra pu, we need to
mention explicitly the underlying vector space of p.
Recall that given a Lie algebra g with bracket p, an ideal h of codimension 1 and a
derivation D of b, Grunewald and O’Halloran considered the Dixmier [3] 2-cocycle
wp defined by

QOD(J;7 h) = D(h)7 90D<h7 hl) = 07
for h,h' € h and = € b, which is a Lie algebra, and therefore considered the linear
deformation p; = 4 tep of w.

Remark 2.1 (Grunewald-O’Halloran). If g is a nilpotent Lie algebra and D
is a semisimple (or has a non-zero eigenvalue) derivation of a given ideal § of
codimension 1, then the corresponding linear deformation g, is non-trivial (solvable
non-nilpotent).

As a consequence, since every nilpotent Lie algebra of dimension < 6 admits a
semisimple derivation, any nilpotent Lie algebra of dimension < 7 has a solvable
non-nilpotent deformation. In particular there are no rigid nilpotent Lie algebras of
dimension < 7. ]

As a particular case of the Grunewald-O’Halloran construction we have the following.

Proposition 2.2.  Let pu be a Lie algebra defined on g = C™ and let b be an ideal of
codimension 2. Let (xq,x1) be a direct complement to b, so that g = (xo,z1) Db, and
assume that p(xg,x1) € (xo) ®h. If D € Der(h) is such that D ad(xy) = ad(zo)D
in b, then the alternating bilinear map pp defined by

QOD('I07 l’1) =0, QOD('I(% h) =0, ng('rlu h) = D(h)7 @D(ha h,) =0,
for h,h' € b, is a Lie algebra and a 2-cocycle for . Therefore u; = pu+top is a

linear deformation of .

Proof. Let h=hao () and define D extending D to b by defining D(zo) = 0.
It is immediate that b is an ideal of g of codimension 1 and is straightforward to
check that D is a derivation of b, under the hypothesis D ad(zo) = ad(z)D on b.
Then, the Grunewald-O’Halloran cocycle ¢ given by

¢p(r1,h) = D(h),  @p(h, k') =0,  for h,h' €}
is equal to the bilinear map ¢p and therefore the proof is complete. |
The following converse to Proposition 2.2 holds. Its proof is straightforward.
Proposition 2.3.  Let u be a Lie algebra defined on g = C™ and let b be an ideal

of codimension 2. Let (xq,x1) be a direct complement to by, so that g = (xq,x1) B b,
and assume that p(xg,z1) € (xo) ®bh. Given p, an alternating bilinear map from g

to g, such that 90(1‘073:1) = 0; ¢<x0ah) = 07 SD(EJ,[J) =0 and @(xlvh) g b; deﬁne
D:bh—b by D(h)=p(z1,h), for all h € b. Then,

1. ¢ is a Lie algebra;

2. ¢ is a 2-cocycle for p if and only if D is a derivation of b and
D ad(zg) = ad(zo)D.
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Remark 2.4. We will apply Proposition 2.2 to nilpotent Lie algebras n where
the ideal b contains the commutator [n,n]. Notice in this case the hypothesis
p(zo, x1) C (z9) @ b is always full filled. More precisely we will apply it to filiform
Lie algebras where b is the commutator.

However, the construction above applies also to non-nilpotent Lie algebras. For
instance, let g = (xg, ;) & C" 2, with bracket p, be the direct sum of the 2-
dimensional solvable Lie algebra given by p(zg, 1) = x¢ and the abelian Lie algebra
of dimension n — 2. Choose h = C"~2. Therefore we may choose D a derivation of
b, that is, an endomorphisms of §. Since D commutes with ad,, = 0 in b, we may
choose any D. Hence, the corresponding ¢p gives rise to the linear deformation

e = o+ tpp of p given by:

Mt($0,$1) = o, Mt(an h) =0, Mt(mla h) = tD(h), ,ut(hv h/) = 0.

3. Filiform Lie algebras

The following description of all filiform Lie algebras may be found in [5] and goes
back to [9]. Given a filiform Lie algebra p of dimension n, there is an adapted basis
{zo,x1,...,2n—1} of C" such that

H= Ko + wa
where p is the standard filiform Lie algebra given by:

( ) Ljt1, leZO,
Ti, XTj) = .
POV =0 ifi o0,

and v is a 2-cocycle for p that may be written as
b= arts (1)
(r,s)EAL

for some particular cocycles 1, s and a, s € C. The cocycle 1, is given by:

wr,s(l’i,l’j) = _whs<«rj7xi) — (_1)r—i (j —r—1

Litjts—2r—1,
r—1

for1<i<r<j<n—-landi+j+s—2r—1<n-—1, and ¢, 4(x;,x;) =0
otherwise. The index set A,, is, depending on whether n is odd or even respectively,
as follows:

Ap = {(7”>5)51§7"§n—2, 2T+1<s§n—1}
A, = {(T,S):lﬂrén—Q, 27’+1<S§n—1}u{(”7*2,n_1)}.

We collect some facts, that follow directly from this description of pu, for later use.

Lemma 3.1.  Given u of dimension n and an adapted basis {xo,...,x,_1} for p
it holds that:

(1) w(xo, ;) = xiq1, for 1 <i<n—2.
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(2) plwsxy) =0, for 232 <i<j.
(3) If n is odd, p(x;,x;) = Z,Qiﬂ.“ cﬁjxk, fori<j.

(4) If nis even, p(xi, ;) =3 45t dﬁjmk, for i < j, where dz? might be different
from 0 0nlyf0r1§i§”772<j§n—l.

(5) The central descending series of p is given by:

CO = <$0,l‘1,l‘2,...,I‘i+1,...,l‘n_1>
Cl = <I2,...,(L’i+1,...,$n_1>
Ci = <xi+17"'7$n71>

Cn—Q — <xn_1>

3.1. The varieties F°, F!¥ and F!

According to the description above, the varieties F" of filiform Lie algebras of
dimension n can be parameterized by the algebraic set of parameters a, ; € C with
(r,s) € A, satisfying the polynomial equations o1 =0, where ¢ is as in (1).

For small n, as n = 9,10, 11, the polynomial equations describing the corresponding
varieties F2, F'¥ and F'! are not difficult to compute. Their irreducible components
are much more difficult to obtain. Recall that an irreducible component is a maximal
irreducible algebraic subset and that an algebraic set is irreducible if it is not the
union of two proper subsets that are closed for Zariski topology. These are described
in [8] and were computed originally in [4].

The variety of complex filiform Lie algebras of dimension 9, F?, may be described
as the set of complex parameters a,s with (r,s) € Ag satisfying

_Bag,G + azeass + 2a14a38 = 0. (2)

It turns out that F? is irreducible. Similarly, F'© may be described as the set of
parameters a, ; with (r,s) € Ay satisfying the equations

—361376 + agaz s + 2ay 4a38 = 0
_7a2,6a2,7 + (2@174 + a2,6)a3,9 + 3(CL1,5 + a2,7)a3,8 — (CL278 + 20/176)CL479 =0 (3)

a4,9(2a174 —a26 — 03,8) =0
However, F' is not longer irreducible and has three components, given by

Qg9 = 0

010 ‘ —3@376 + asgass + 2&1}4@3,8 =0
L 3a§76a379 + (=Tageaz7 + 3a15a38 + 3az7az8)azg =0
—7a2,6a2,7 + (301175 + 3&277)613,8 + (2&174 + 0’276)a379 =0
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Q26 — A3 8 = 0

)0 (3a15 — 4as7 + 3asg)ass — (2a16 + azg)asg =0
1,4 — A3 8 = 0

3“2,6 + asg = 0

C’;O : (9a1 5 + 16as7 + asg)ass — 3(2a16 + azs)asg =0

3@174 — 38 = 0

\

Finally, F'* can be described as the set of parameters a,.; with (r,s) € Ay satisfying
the equations
—3&3,6 + asgpazg + 2a; 4a38 = 0
(6ass — dasg)ass + (2a1,4 — aze — asg)aso =0
—Taygas7 + (2a14 + age)asze + 3(ars + azr)azg =0 (4)
—461%,7 — 8ag g + (4ay ¢ + 6asg)ass + 3(ars + azz)asg
+(2a1 4 + az6)as 10 — (2a16 + azs)as10 =0
It is also not irreducible and has two irreducible components given by

( a4 — az7 =0

2
_30'2,6 + a2 6038 + 2a174a378 =0

—2(2a96 — 3asg)azs + (2a27 — age — asg)asio =0

11

o —Tageas7 + (2a27 + asg)ase + (3a15 + 3as7)ass =0
—4a§,7 — (8ag — 6ags + as10)azs + (3a15 + 3az7)as g

L +(2a27 + azg)asio + (4dags — 2a4,10)a16 =0
( asg + a%i — 3ag7a29 — 3az9 = 0
_3a§,6 + aspasg + 2a1 4a38 = 0
—2(2as6 — 3azg)asg + (2a14 — a2 — azg)as 1o =0
cit —Tazgasy + 3(ars + az7)ass + (2a14 + azg)agy = 0

(—4 + 8agg — 6ass + aq,10)a3 ;
+(—24ag6a29 + 18as gas g + 3as9 — 3a2,9a4,10)a2 7
+(—24a26 + 3a410 + 18ass)asg + (dass — 2a4,10)a16

\ +(26L1’4 + CL276)6L3710 + 3&1}5@3,9 =0

Remark 3.2.  In dimensions < 6, there are only a finite number of (isomorphisms
classes of) filiform Lie algebras, actually this is the case for all nilpotent Lie algebras.
More precisely, in dimensions 3 and 4 there is only one filiform, the standard; there
are two of dimension 5 and three of dimension 6. In dimensions 7 and 8 there are
already infinitely many isomorphisms classes of filiform Lie algebras. Moreover, JF'
is the (irreducible) affine space given by A7, and F® is parameterized by Ag with
the condition
asz7(2a14 + age) = 0.

Its irreducible components are given by

O? Loas;y = 0 and C; : 2(1174 + A26 = 0.
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4. Linear deformations of filiform Lie algebras

Given a filiform Lie algebra p, defined on §f = C" with n > 6, we use Proposition
2.2 to construct a linear deformation of it. To this end consider the ideal h = [f, f]
and fix and adapted basis {xg, z1,..., 2,1} of . Notice that b = (za,...,2,_1).

4.1. Two families of deformations

We define a derivation of the ideal b, and for the case when n is odd we define
a second derivation of h, both satisfying the hypothesis of Proposition 2.2. These
deformations will be used to prove our main result.

Proposition 4.1.  The linear transformations D? : b — b, defined by
D3(5U2) = Tn-3, Ds(iﬁs) = Tn-2, D3(5U4) = Tn-1,

and D3(x;) =0 for i > 5, is a nilpotent derivation of b and D?ad(zy) = ad(xg)D?
in b. If n is odd, then the linear transformation D* : § — b, defined by

D4($2) = Tp—14, D4(l’3) = Tn-3, D4($4) = Tp-2, D4(l’5) = Tn-1,

and D*(x;) =0 for i > 6 is a nilpotent derivation of h and D*ad(x) = ad(zg)D*
mbh.

Proof. Let 2 <i < j. By Lemma 3.1, we have

k P k
(i, z;) = ciitr, and if n is odd, p(w;, ;) = Cii T

k>5 k>6

Hence, D*(u(z;,2;)) = 0 and D*(pu(z;,2;)) = 0, for x;,x; € h. If ¢ > 5, then
w(D3(x;),z;)) = 0 and also pu(z;, D*(x;)) = 0. For i =2,3,4 (j > 3), we have

(D (), %)) = @054, 7;) = 0
because n — 5 +1i+ j > n (see Lemma 3.1). And we also have that
:u(xia Dg(x])) = M(Z’l, )\xn—5+j) =0,

as before, where A = 1 if j = 3,4 and \ = 0 otherwise. Therefore, D? is a derivation
of h. It is clear that D? is nilpotent, since n > 6.

Assume now that n is odd. If ¢ > 6, then p(D*(x;),z;)) = 0 and also u(z;, D*(x;)) =
0. For i =2,3,4,5 (j > 3), we have that

(DX (i), 25)) = p(@n—6+i, ;) = 0
because n —6 +i+ 7+ 1> n (see Lemma 3.1). And we also have
,u(scl-, D4(xj)) = :u(xi? )‘xﬂ*6+j) = 07

as before, where A\ = 1 if j = 3,4,5 and A\ = 0 otherwise. Therefore, D* is a
derivation of h. It is clear that D* is nilpotent, since n > 7 (n > 6 and odd).
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That D?ad(xy) = ad(x¢)D? in b, follows by taking ¢ > 2 and evaluating

Cy_y ifi=2
D*(ad(wo)x;) = D*(wi41) = { anoy ifi=3
0 if1 >4

ad(zo)xy_3 = Tp_o, ifi=2
ad(zg)r,_2 = x,_q, ifi=3
ad(zo)x,—1 =0, ifi =4
0, if i > 5.

and ad(zo)D?(z;) =

Similarly, that D*ad(zy) = ad(zo)D* in b, follows by taking i > 2 and evaluating

Tpos ifi=2
e if1=3
D*(ad(zg)a;) = D*(win) =4 "2 L
Tpo1 ifi=4

0 ifi>5
(ad(20)Tpq = Tn_3, ifi=2
ad(zo)xp_3 = Tp_o, ifi=3
and ad(zo)D*(z;) = ¢ ad(wo)Tn_g = Tp_y, ifi=4
ad(xg)zp—1 =0, ifi=5
0 if 1 > 6. [ |

\ Y

For each p e F"*, 9 <n <11, we consider the linear deformation of y given by

fi = p+ tep, (5)
where D = D3 for n =9,10 and D = D* for n = 11.

Remark 4.2. It turns out, and is easy to check, that ¢ps = 9,3 for all n
and that ¢ps = ¢ ,,—4 if n is odd. In particular, an adapted basis for p is also an
adapted basis for ;. [ |

Remark 4.3. At this point we could simply choose ¢ = 91 ,_3 for every n and
also ¢ = 91,4 for odd n, without any reference to the derivations D3 and D*.
Then check that ¢ satisfies p o = 0, what is easy, and that ¢ is a 2-cocycle for pu.
This follows directly by checking that @ o), s +1.s0¢ =0 for all (r,s) € A,,, what
is straightforward. In this case, by Proposition 2.3, it follows that ; ,_3 = ¢ps and
V1.4 = ppa, recovering D3 and D*.

However we prefer to follow the construction in Proposition 2.2 starting with the
derivation D? and D*. In most cases, for a given Lie algebra, its 2-cocycles are not
available, not even some of them. [ |

4.2. On the isomorphisms between y; and p

From now on let n > 9, u € F™ and p; be the linear deformation of p given in (5).
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Remark 4.4. The choices in (5) were made, in part, to simplify the proofs. On
the one hand, the choice for n = 9 allows us to include this case in Lemma 4.11
with all other cases, and on the other hand the choice for n = 11 is crucial for us,
since we are not able to prove that the deformation obtained with the other choice
is non-trivial. [ |

Let g be an isomorphism between p; and p, and [g] its matrix with respect to an
adapted basis {zg,...,x,_1} for p and p,. Since g preserves the central descending
series (see Lemma 3.1), then

my1 Mig 0 s 0
Moy M2p2 0 ce 0

[g] = | M31 ms2 mzz - 0 (6)
Mmp1 Mp2 Mp3 - Mpp

Notice that gr; = Z My j+1%i—1, for all ] = 07 e, = 1.
i=1

That ¢ is an isomorphism is equivalent to

Ei; = gu(xi, r;) — plges, grj) = 0
forall 0<i<j<n-—1.1f EZ’“] is the coefficient of z;, in E; ;, that is

Eij = gpu(xi, x;) — plgwi, gj) = ZEfjl"k,
k
then ¢ is an isomorphism if and only if Ezkj =0,forall 0 <7< 7 <n—-1and
0<k<n-1.

Remark 4.5.  Since ¢p(x;,z;) = 0 for almost all pairs (7,7), independently of
D = D? or D = D*, most of the equations E; = 0 do not depend on the choice
of D. In fact pp(xi,z;) # 0 only for ¢ = 1 and j = 2,3,4, if D = D? and
¢p(zi,zj) #0 only for i =1 and j = 2,3,4,5, if D = D*. Hence, Ezk] = 0 depends
on D only for these pairs (7, 7) and some values of k. All other equations are in fact
automorphisms equations for pu itself. [ ]

The goal is to prove that such an isomorphism ¢ only can exist if t = 0. We start by
showing that the matrix above is always lower triangular and generically its diagonal
entries are all equal to 1.

Lemma 4.6.  In the matriz [g] in (6), mi2 = 0.
Proof.  Consider the equation E{‘;z?) = 0. Since
gr1 = M12%o + MooT1 + -+ + My pTn_1
gTp—3 = Mp—92n—2Tn-3 + Mp—-1n-1Tp—2 + MpnTn—1,

then Ei s = gue(z1, ps3) — (g1, 9Tn—3)

= 01Tp—1 — M1 2Mp_2n—2Tn—2 — A3Tp—1,
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for some aq, ay € C. Therefore, Efﬁg) = 0 is equivalent to m omy,_g,—2 = 0, and
since My,_2,-2 # 0, it follows that m; 5 = 0. ]

Remark 4.7. The argument is even more direct if we assume n is odd. In this
case, it is easier to evaluate Ej,_o = —mjomy_1n—1Z,—1 from were it follows, as
before, that m; » = 0. In what follows we shall try to keep the arguments independent
from the parity of n. [ |

Lemma 4.8.  The i-th diagonal entry of [g], for 3 <i<n—1ism;; = m2’2m1i7—12.
Hence, the diagonal entries of [g] are

2 n—3
myiy, M2z, M11Ma2, My 1M22,...,70 1 22, Mnn.

Proof.  Consider the family of equations E{]';l =0, for 1 <7 <n-—3. Computing
directly, we find that

Eo; = gm(zo, x;) — p(gzo, 9z;)
= gxjp1 — (Mo +me @y + . My T+ My 1T )
= Myy2j42T541 + M3 jralive + 00— MMy j41T541 + - -
i1 . . . .
Hence, E(J)J; = 0 is equivalent to mjio ;42 = m11Mjt1541. Therefore, inductively,
we get that

2

— _ Jj— _ n—3
M3z = M11M22,...,Myj; =M1 M22,. .., Mp1pn-1 = My 1 M22, My n- n

)

Remark 4.9. At this stage we said nothing about the last diagonal entry m,, .

In case n is odd, E&;iQ = —My1My_1n—1 + My, therefore it follows that m,,, =
m?]ngg. However, in case n is even, Eg;iz = QA4,9M21Mp—1n—1 — M1 Mp—1n—1 +
Mpn - n

Lemma 4.10.  If u is in the open set of F" given by the condition ay 4 # 0, then
Moy =mi, and the diagonal entries of [g] are

2 n—1
mljl, ml’l, ey ml’l 7mn’n.

Proof.  Let us consider Ej 5 = gui(x1,22) — p(gx1, gr2). On the one hand

o, w2) = po(w1,22) + > argthra(r1, 32) + top (w1, 72)
A
= A14%4 + a15T5 + -+ A1n—1Tn—1 + tl’m

where m =n—3 if D = D? or m =n—4 if D = D*, and in any case m > 5. Then
g (w1, x2) = a1,4m?,1m2,2954 + a1,4me 575 + a1,5m‘1171m272935 +...
= a1,4m:1)’71m2,29€4 + (a1,4me 5 + a175milm2,2)x5 +..
On the other hand

gz, gr2) = (Mmoot + Maalo + ..., M1 1Mo 2Ty + Mazxs +...)

2 2
= a174m171m272$4 + ((11,5771171771272 + a174m272m4,3):1:5 + ...
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Therefore, Ef, =0 means ay4m$ maos = a1amyims,.

If ay4 # 0, this implies that mgy = m7, and the result follows from Lemma 4.8. =

We end this section by showing that the diagonal entries of [g] are all equal to 1 in
a large open set of F", in the cases we shall deal with.

Lemma 4.11.  If p is in the Zariski open set U of F",
U={a1sa#0, a15#0, 3as6a15(a14 — azg) — 2az7a7 4 # 0},
then myy =1 and me; = 0.
Proof. Let us consider, in the given order, the following equations:
Eg,1 =0, Eg,z =0, Eg,s =0, Eg,4 =0,
and solve in each step my 3, ms 4, Mg 5, Mm76. We then get

my3 = 1M11M32

_ 3 2
M54 = 1,4 1M1 + MY 1132

_ 3 2 4
Mes = M1 (a14my M + My maz) + a1amaamy

3 2 4 5
ma s = my1 (M (anamy ymey +mi ymg o) + ayamenmy ;) + (—age + ara)mami
Now consider
6 6 2 5 7 6
El = ayaBgy — Y 3 = —2a; ymy ymay — aysmyy + a15my ;.

From E1 =0, it follows that

Finally, consider

E2 = (CL1’4 — CL276)E&5 — E17’4 — leE]_

mil(l - ml,l)(3@2,6a1,5(a1,4 - G2,6) - 2662,761%74)

2
2a174

Hence from E2 = 0 and since m;; # 0, it follows that if 1 € U, then m,; = 1.
Moreover, from (7) it follows that my; = 0. ]

Remark 4.12 (Concerning the proof of Lemma 4.11).  Notice that Efg does not
depend on D. In fact D3(z3) = 2,_o and D*(x3) = ,,_3, so with the choices made
in (5), it follows that n — 2 > 7 and n — 3 > 7 respectively. [
Lemma 4.13. If p € U, it holds in addition that

Mp—1pn—2 = """ ="M43 = 1M32.
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Proof. From Lemmas 4.8, 4.10 and 4.11 together with Remark 4.9 it follows that
if pe U, my; =0 and all diagonal entries of [g] are equal to 1. We then have

3 4 n—2
Eo,l = My3 — M32, Eog = M54 — M43, .., E07n_4 = Mnp—-1n-2 — Mn-2n-3,
and therefore the result follows from the equations
3 4 _ m—2 __
Eyy=Egy == Ey,2,=0. =

All together yields the following form for the matrix [g], that we shall use repeatedly
afterwards.

Proposition 4.14. Let n > 9, p € F" and u; be the linear deformation of p as
in (5) Let g be an isomorphism between p; and (v, and [g] its matriz with respect
to an adapted basis {xq,...,x,_1} for p and p.

Then, if p is in the (Zariski) open set of F",

U={aia#0, a15 #0,3a26015(a14 — azg) — 2a27a7 4, # 0},

lg] is of the form (m3s=a)

1 0 0 0 0
0 1 0 0 0
ms.1 a 1 0 0
9] =
a 1 0
Mp1 Mp2 Mp3 - Mpnp-1 1

) )

Remark 4.15. The open set U is big enough for our purpose. U intersects non-
trivially all the irreducible components of F™, for n = 9,10,11. We prove this in
Theorem 6.1. [ |

5. Non-trivial deformations

In this section we prove that for p in a dense open set of F", for n = 9,10, 11,
the linear deformations constructed in Section 4 are non-trivial. It then follows that
there are no rigid filiform Lie algebras of these dimensions.

5.1. Dimension 9

Let p be a given filiform Lie bracket of dimension 9 and let {xg,x1, 22, x3, x4, T5,
xg, T7,xg} be an adapted basis for it. Then, there are a, s € C, with (r,s) € Ay,
such that:

= fo + a14V14 + a1 515 + a16016 + 1717 + a1 8018
+ag6ta6 + 27027 + A28 8
+azgts g,

so that p(zo,x;) = x4, for 1 <j <7, and
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(@1, T2) = 1404 + 41585 + Q1686 + 01,707 + 01878
pw(zy,x3) = a14Ts + a15%6 + 41627 + a1778

p(zy,zq) = (a14 —age)Te + (15 — ag7)xr + (16 — a28)Ts
(e, x5) = (a4 — 2a96)r7 + (a1,5 — 2a,7) s

pw(zy,26) = (a14 — 3ase + asg)rs

(2, T3) = a26T6 + 277 + A28T3

(w2, 4) Q2,6T7 + Q2778

p(re,v5) = (a26 — azg)Ts

M($3,$4) = aszsrs.

Let g be the linear deformation of u defined in Section 4 associated to D3, that is
(see Remark 4.2) p; = p+ tih1 6.

Proposition 5.1.  Let u € F° be a given filiform Lie bracket of dimension 9 and
let U° be the following Zariski open set of F°,
U'=UNU ={a1a#0, a15#0, 3asea15(a14 — asg) # 261277@%,4}
N{2as6 — a14 # 0, ass # 0}.

If w € U?, then the filiform Lie bracket p, = -+t ¢ is not isomorphic to p, except
fort=0.

Proof.  We proceed as we did it in Subsection 4.2. So let g be an isomorphism from
py to p and let [g] be its matrix with respect to a standard basis {zg, x1,...,zs}.
Then [g] is as in Proposition 4.14. From the equations

Ey, =0, Ej,=0, Eg3=0, Ej, =0,

we get that Mms3 = —a14M31 + My 2
Mes = —a14M371 + Mypo
Mrs = —A14M31 + A26M31 + My
mge = —A14M31 + 2a26M31 + My 2.

)

Let  E=ay7Ef5— (a14 — 2a24) By + (a14a26 — 2a56) By 5

= (2026 + a14) (21,4035 — 3a35 + az6a5,8) M50 + azs(M3 5 — 2ma2))
and notice that 2a; 4035 — 3a3 5 + az6ass = 0 is the defining equation of 7°. Hence

E = (-2&2’6 + a174)a378(m§72 — 2m4,2).

1
Therefore, in U?, we have myy = §m§ . Finally, since
EY, = 2o+2 t
1,2 = —A26M3 o 1 2026M42 + 1,

it follows that, in U?, t = 0. n
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5.2. Dimension 10

Let u be a given filiform Lie bracket of dimension 10 and let {xzg,x1, z2, x3, 4, T5,
Tg, T7, Ty, Lo} be an adapted basis for it. Then, there are a, s € C, with (r,s) € Ay,
such that:

o= po+ aiahra+ arstis + aeie + arnr + agig + agthg
+ az692,6 + a270%27 + azgas + a29%99

+ as gz g + az otz g

+ a4,9%4,9,

so that p(xg,2;) = z41, for 1 < j <8, and

(1, 2) = a1aTs+ a1525 + 41626 + 1707 + a1,8%8 + a1,9%g
p(r1,23) = @145+ a15%6 + a1,6T7 + a17T8 + 1879
p(rr,xq) = (a14 —ase)ve + (a15 — agz)xr + (16 — a28)rs + (a1,7 — a29)Tg
(i, zs) = (a14 —2a26)r7 + (15 — 2a97)xs + (@16 — 2a25)Tg
p(r1,06) = (a14 — 3age + azg)rs + (a15 — 3azy + azg)rg
p(rr,27) = (—4age + 3azg + 2a49) 79
M(Ihxs) = —Q49%9
(w2, 23) = a6 + A2777 + Q28T + A,9T9
(2, 24) = o6T7 + A27T8 + A28Ty
(e, 25) = (aze — asg)rs + (az7 — asg)xg
p(za,x6) = (3aze — 2ass)Ty
,u($2, I?) = A4979
p(w3, 4) = azgTs+ azgTg
M(fE:s, $5) = asgly
M($3>$6) = —Q49%9
(24, @5)

H\Tq,T5) = Qq9T9.

Let y; be the linear deformation of i defined in Section 4 associated to D3, that is
(see Remark 4.2) e = p+ 7.

To prove that p; is a non-trivial deformation of p we proceed as we did in Subsection
4.2. So let g be an isomorphism from u; to p and let [g] be its matrix with respect
to a standard basis {zg,x1,...,29}. Then [g] is as in Proposition 4.14.

Proposition 5.2.  Let p € F'° be a given filiform Lie bracket of dimension 10
and let U be the following Zariski open set of F1°,

U =UNU ={a14#0, a15 #0, 3asea15(a14 — asg) # 2@2,761%74}
N {agﬁ 7& O, a378 7é 0, G%A + (12,7CL4’9 75 0, 15&%74 — CL277(I479 7& O}

If w e U, then the filiform Lie bracket p, = p + ti17 is not isomorphic to p,
except for t = 0.
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1
Proof.  We show first that myo = §m§,2. For this, let us consider

4
EO,l = QA14M371 — Myp2 + ms3

5
E072 = QA14M31 — Myp2 + Mg 4

6 .
Eos = arams1 — agegmsy — My + mys;

from the corresponding equations Ej, =0 we get that

Ms3 = —A14M31+ Mypo
Mg = —A14M371 + My
Mrs = —G14M371 + A26M31 + My2
6 _ 2 . 6 _ .
Now, EY, = —agem3 4 + 2az6my2 and hence from the equation EY, = 0 and since

ass # 0, our claim follows.

From now on we find it convenient to work in each of the irreducible components
C10, 19 and C3° of F1° separately (see Subsection 3.1).

(i) Assume p € C}°.

In particular as9 = 0. We have that Eg,7 = M09 — Msz2, and therefore (also)
mio9 = M3 2. Considering the equations

E§71 =0, E§72 =0, Ej;=0, Ej,=0, and E§75 =0

1
2
we get ms3 = §m3’2 — @1,4M31
1,
measa = §m372 — Q1,4M31
1 5
Mmrs = émg,g + (age — ay,4)M3 1
L 5
Mg = 5M3o + (2a9,6 — ara)ms;
1
Moz = 5Mjs + (3ag6 — a14 — asg)msq
Then we have that
8 2
Es 5+ (—3%,6 + as6a38 + 41,4038)M31 = —A3 801 4M3 1,

and since azga; 4 # 0 in U 10 it follows that ms1 = 0. Now, from the equations

Eg, =0, Ej,=0, Ej3=0andEj, =0

we get that Me3 = Mso — A14M4 ]
Mmra = Mso— (A14+ G26)Ma
mss = Mso— (a1,4 + az6)May

Mo = Mso~+ (A3g — Q14 — G26)My
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We then have that
7 8 2
0=FEj,— Ey3+ (=3a545 + aga3g + a1,4038)Ma1 = —a1,4a38M4 1,

and since azga; 4 # 0 in U it follows that mg; = 0. Given this, we consider the
equations Ej, =0 and Efs =0 from which we get that

I
Mgy = M52 and mygg = §m372.
Finall El,=t+3 L 2

nally, 1,2 = L+ oaz6ms2 — 5@2767713’2,

d E),=t+3 L 2,-3 L 2
all 14 = + Ag6M52 — §a276m372 — 9a3.8M5 2 + 5&3,8771372 .
H El,—E}, =3 L 2

ence 12— B4 = a3,8Mp5 2 — 5@3’87713727

and since azg # 0 in U it follows that

_ 2 _ 7 _
M52 = £Ma and therefore ¢ = Ej,=0.

(i) Assume p € C3°. In particular asg = ags = aj4. From the equations
Eg, =0, Ej,=0, Ej3=0, Ej,=0, and Ej;=0
1

_ 2
we get ms3 = §m3,2 — a14m3
1

meqa =

)

2
3,2 — A1,4M31

—m

2

1 2
mr7s5 = §m3,2

1

2
mge = §m372 + ay,4mgz
I
mg 7 = §m3,2 + a1.4M37 -
Then we have that
0= ES,+ (—3a5s+ aseasg + ai4a38)mz 1 = —a; ;m
— 23 2,6 2,643,8 1,443,8 3,1 — 1,47793,15

and since a;4 # 0 in U 10 it follows that mg1 = 0. Considering the equations
Eg, =0, E§,=0, Ej;=0 and Ej, =0

we get that Me3 = M52 — G14M4 1
M74 = M52 — 2014M4 1
mgs = My — 201,441

Mg = My2 — A1.4M4 1
Now we have that
0_E7 _ES +(_32+ + ) _ 2
=Ly, 1,3 Qg6 T G2,6a3,8 T A1,4038)1M41 = —A7 4141,

and since a; 4 # 0 in U it follows that my; = 0.
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Given this, we continue considering the equations

Ejs =0, Ejs=0andEj;=0

from which we get that Miyg,7 = My 2 + Qy,9MM5 1
L o,
miog = 5M3 2
2 )
Mmio,9 = M32.

T : 6 _ 7 _ 8 _
Considering the equations Eg; =0, Ej,=0 and Ej; =0 we get
mr3 = Mg2

mga = Me2 — A14M51
Mgs = Meo — 2a14M5 1.
Finall B 4B, —t— 2+ (m3 5 — 6ms)
inally, 1,4 2,3 = 2@1,4 ms3 o ms2),
d 0= a14FE3 B, = —tm2, 6 :
an = Qrg4lp3 + as9liyy = —§(m372 - m572)(a174 + az7a49).

Hence, since ai 4 + azrasg # 0 in U, it follows that m3, — 6ms2 =0 and t = 0.

(iii) Assume p € C3°. We have that ass = —a;4 and azs = 3ay4.
By considering the equations

4 5 6 _ 7T _ 8
Eo’l — 9 E0,2 — O, E073 — 07 E074 — 0, and EO,E) —
1,
we get ms3 = §m3,2 — a14m31
I
meaq4 = §m372 — @14M31
L
mrs = §m372 - 2611,4m3,1
I
mge = §m3,2 — 3a1,4m3 1
_ 1 2 7
my7 = img,g — (a14M31

Then we have that
0=FES;+ (—361%76 + az6a3s + a1,4a38)ms1 = —3a3 ;ma 1,
and since a; 4 # 0 in U, it follows that mg; = 0. Considering the equations
Eg, =0, E§,=0, Ejs=0andEj,=0

we get that Me,3 = My 2 — A14My4 1

)

mr4 = Ms2

mgs = M52

Mye = M52 + 3a1,4M41
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Now we have that
0=E],— B}, + (—343 = —3a;
= By, — Ey g+ (—3aye + as6a38 + a14a38)Ma1 = =303 yMma,,

and since a4 # 0 in U it follows that my; = 0. Given this, we continue
considering the equations

Eys =0, Ejg=0and Ej, =0

from which we get that Mi07 = M52 + Aa9M5 1
L,
mios = §m3,2

My, = M3,2.
Now, considering the equations

Eg, =0, Ej,=0andEj;=0

we get M3 = Me2 — 201,4M5,1
: _ 7 2
Finally, Mmgaq = Mgz — A14M51 Eyy =1 — §a1,4(m3,2 — 6a1.4ms52),
Mo 5 = Mg — 4ay 4ms .
1
_ 9 8 _ 2 2
and 0= 5@174E273 — CL479E172 = —§(m372 - 6m5,2)(15a174 — CL277CL4,9).

Since 15ai, — agrasy #0 in U™, it follows that m3, —6ms2 =0 and t=0. m

5.3. Dimension 11

Let u be a given filiform Lie bracket of dimension 11 and let {zq, 1, x2, 23, 24, 5, T¢,
T7,Ts, Lo, L10} be an adapted basis for it. Then, there are a, , € C, with (r,s) € Ay,
such that:

= fto + a1 4014 + a1 5015 + a16U16 + a17017 + a8 s + a19W19 + a110%1,10
+ag 66 + 27027 + 2828 + A2929 + a210Y2,10
+az gz g + as gtz + as10¥s.10

+aq10%4,10

Hence p(zo,z;) = 241, for 1 <j <10, and

p(21,2) = a1,42T4 + a1 525 + a1,6T6 + A1 7T7 + A1 8T8 + A1,9T9 + A1,10%10
p(z1, T3) = a1,4%5 + a1,5%6 + a1,6T7 + a17T8 + a1,8T9 + A1,9T10
(1, x4) = (14 — a26)T6 + (15 — az7)xr + (a16 — azs)rs + (a1,7 — az,9)Tg

+ (CL1,8 - a2,10)$10

(21, w5)
p(z1,26) = (a14 — 3a26 + ass)rs + (@15 — 3aa7 + as9)xe + (a1,6 — 3azs + as10)T10
p(z1,27) = (a14 — 4age + 3ass)xg + (a15 — das 7 + 3as9) 10
p(x1, xs) = (a1,4 — Sage + 6ags — as10)T10
(T2, 3) = 2,66 + 2727 + A28Ts + A2,9T9 + G2,10T10
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(T2, 1) = a262T7 + G728 + A28T9 + A2,9T10

,LL($27 $5) = (a2,6 - a3,8)958 + (@2,7 - CL3,9)$9 + (a2,8 - a3,10)$10
(w2, x6) = (a2,6 - 2a3,8)339 + (CL2,7 - 2a3,9)3710

p(za, x7) = (age — 2ass + as.10)T10

p(3,T4) = a3 8T + a39Tg + a310710

p(w3, w5) = azgTo + azgT1o,

M(ﬂf?na?fs) = (03,8 - 614,10)1510

M(I47$5) = Q4,10710

Let p; be the linear deformation of p defined in Section 4 associated to D*, that is
(see Remark 4.2)

e = o+t 7.

To prove that p, is a non-trivial deformation of u we proceed as we did in Subsection
4.2. So let g be an isomorphism from pu; to p and let [g] be its matrix with respect
to a standard basis {zg,x1,...,2Z10}. Then [g] is as in Proposition 4.14.

Proposition 5.3.  Let p € F'* be a given filiform Lie bracket of dimension 11
and let Ut be the following Zariski open set of F'!,

vt =uUnu’' = {a14a #0, a15 # 0, 3asea15(a14 — aze) # 2a2’7ai4}
N{aze # 0, asg # 0}.

If w e UM, then the filiform Lie bracket p, = p + ti17 is not isomorphic to p,
except for t = 0.

Proof. By considering the equations

E§71 =0, Eg, =0, E§73 =0, E&4 =0, E§,5 =0, Ejs =0, and ng; =0

we get Mp3 = —A14M31 + My
Me4 = —A14M371 + My 2
Mz = (—a14 + a26)M31 + Ma2
Mmse = (—a14 + 2a26)M31 + My
Mo7 = (—a14 + 3a26 — a38)M31 + M2
Miog = (—a14 + 4ass — 3azg)ms1 + Mo
mi19 = (—a174 + 5(12,6 — 6(13,8 + a4,1o)m3,1 + Myp

Then, by considering the equations
Eg, =0, E§,=0, Ejs=0, Ej,=0, and Ej;=0

we get Me3 = —A1,5M31 — A14M41 + M52

)

Mmra = —a15M31 — (a1,4 + a26)Ma1 + M52 + az6M31M32

)

mss = (—a15 + az7)ms1 — (a14 + ag6)mMas + Msa + 2as6ms 1m3 2

Mmoe = (—a15 + 2a27)m31 — (a14 + a2 — a38)Ma1 + Ms 2

+ (3ag6 — agg)ms1mss



410 TIRAO AND VERA

mio,7 = (—a1,5 + 3az7 — ag,g)m3,1 - (a1,4 + ag6 — 2a3,8)m4,1
+ ms o + (dase — 3ass)ms1ms 2
Then we have that ES, = —ay6(mj o — 2myy),

and since a6 # 0 in U, it follows that My = %mgg. Now

1
7 2
El,g = —3a1,4a26M41 + 3a26M52 + 341 402 613,132 — 502,6777/3,2 +t
L,
= t—3agp (a1,4m4,1 — M52 — A14M31M32 + gmgg)
and
ES P P = _3 L,
9.3 T L1M31M3 2 + L3M31 = —5a338 (a1,4m4,1 — My — G14M31M32 + émg,g)
where P1 = 201174&3’8 — 3@376 + a2 6038
Py = 2ay 4039+ 3a15a38 — Taz6a2,7 + a26a39 + 3az 7038
are defining equations of F''. Therefore, since azg # 0 in UM, EY, = ¢ and
t=0. |

6. The main results

In the previous section we proved that all filiform Lie algebras in certain open sets of
F?, F'% and F!Y, have a non-trivial deformation. These open sets are big enough
to prove that there are no rigid filiform Lie algebras inside these varieties.
We identify a point in ™ with a tuple of parameters in A,, ordered lexicographically.
Recall that Ag has 9 parameters, Ao has 13 and A has 16. For instance, if 4 € F?,
we identify

m~ (a1,4, <5 018,026, - -5 328, a3,8),

if o= Z(T,S)EAQ ar,s\lj'r‘,s .

Theorem 6.1.  There are no rigid filiform Lie algebras of dimension 9, 10 and
11. Moreover, in any Euclidean neighborhood of a filiform Lie bracket u € F", with
n =9,10,11, there is another non-isomorphic filiform Lie bracket v.

Proof. Let U° C F2 U° C FY and UY C FY be the open sets given,
respectively, in Propositions 5.1, 5.2 and 5.3.

Each one of these is Zariski dense in the corresponding variety, since they intersect
non-trivially each of the irreducible components of the variety, and therefore they
are Euclidean dense. This follows from:

(1) F? isirreducible and (1,—1,0,0,0,1,1,0,1) € U N F°.

(2) F' has three irreducible components C1°, C3° and C3° (see Subsection 3.1),
and
(1,-16,0,0,0,0,4,0,0,0,8,64,0) € U N C{°

(1,4,0,0,0,0,1,3,0,0,1,0,0) € U N C,"
(1,—16,0,0,0,0,-1,9,0,0,3,0,0) € U N C3°.
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(3) F' has two irreducible components C1' and C;! (see Subsection 3.1), and

1 5! 128
1. = 4.1 —— - 11 11
( ,6,0,0,0,0,0, 1, 12,0,0,8,0,0, 5 yeU " NQC

128
(1,1,0,0,0,0,0,4,0,0,0,0,8, —6, 3, ?) e U NGyt

Let n =9,10,11. Given v € F" and a neighborhood V of v, take p € VNU" # ).
If 2 v, then v is not rigid. If u ~ v, then for some t # 0, u; € V and p % p; so
that p; 22 v and therefore v is not rigid. [ ]

For the ease of completeness we briefly address the problem in dimensions < 8. See
Remark 3.2.

6.1. Dimension 8

Complex filiform Lie algebras of dimension 8 are classified [1]. Based on it, in [6] it
is shown that none of them is rigid in £%. This follows by constructing a solvable
non-nilpotent deformation of each of them.

However, it remains the question whether they are or not rigid in F®. The answer
is no, they are not rigid.

The same construction we used for dimensions 9, 10 and 11, applies successfully in
dimension 8. In this case, for a given u € F®, choose D = D? and consider the
corresponding deformation g, as in (5). It turns out that g ~ p, only if ¢ = 0. This
follows much easier than in the cases we treated, even though Proposition 4.14 does
not hold for n = 8.

6.2. Dimension 7

The situation in dimension 7 is very similar to that in dimension 8. On the one
hand all of them admit solvable non-nilpotent deformations. On the other hand, our
method (choosing D = D?) produces non-trivial filiform deformations of all of them.
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