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Abstract. For a linear connected semisimple Lie group G, we construct an explicit collection of
correspondences between the admissible dual of G and the admissible dual of the Cartan motion
group associated with G. We conjecture that each of these correspondences induces an algebraic
isomorphism between the admissible duals. The constructed correspondences are defined in terms
of algebraic families of Harish-Chandra modules. We prove that the conjecture holds in the case of
SLs(R), and, in that case, we characterize the bijections.
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1. Introduction

Recently, Alexandre Afgoustidis constructed a bijection (“The Mackey bijection”)
between the tempered dual of a real connected semisimple Lie group and the tem-
pered dual of its Cartan motion group [1, 2]. This generalized results of Higson for
complex semisimple groups [9, 10]. Such a bijection was first suggested in the work
of Mackey [15] and, in a special case, in [16, p. 10]. A nontrivial consequence of the
Mackey bijection is a new proof for the Baum-Connes conjecture for a semisimple
Lie group 9, 3.

In this paper, we construct algebraic correspondences between the admissible dual
of a connected semisimple Lie group, and the admissible dual of its Cartan mo-
tion group. This is done using algebraic families of Harish-Chandra modules in the
sense of [5, 6], and is a new application of these families (other applications include
contractions [6], and the hydrogen atom system [17]). We conjecture that our cor-
respondences are algebraic isomorphisms that extend the Mackey bijection between
the tempered duals. For SLs(R), we show that the conjecture holds, and, more
importantly, we characterize the Mackey bijections for the admissible dual.

We shall now state our results more carefully. Let G be a semisimple complex
algebraic group with an algebraic involution © and a commuting antiholomorphic
involution 0. We further assume that the real form G? is connected, having a
maximal compact subgroup K¢, which is a compact real form of K = G®. We denote
the Lie algebras of G and K by g and &, respectively, and their corresponding real
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forms by g and €. Our aim is to understand the Mackey bijection for admissible
irreducible representations of G7, viewed as irreducible (g, K')-modules.

Using a variant of the deformation to the normal cone construction, we obtain an
algebraic family of Harish-Chandra pairs (g, K) over the base X := CP'. The fibers

of (g, K) satisfy
(9, K), 2 # 00
Z)KZ ~
(g| |) {(EIX]J,K), Z = 00,

where p is the minus one eigenspace of © in g, and £ x p is the Lie algebra of
the (complex) Cartan motion group, G¢ = K X p. As a sheaf of K-equivariant
Ox-modules g ~ (Ox ®c £) @ (Ox(—1) ®c p).

Every O-stable Cartan subalgebra, b, of g, with a Cartan decomposition h = td a,
can be lifted to a Cartan subfamily of g, of the form h ~ (Ox ®ct) B (Ox(—1)®ca).
By Vogan’s classification of the admissible dual, Go , via minimal K7-types (see
Section 5 and [20, 21, 22]), with any p € IA(, we can associate a ©-stable Cartan, b,,,
and a standard tempered representation, /,,, having a real infinitesimal character. In
Subsection 3.3 we define a generalized Harish-Chandra homomorphism with respect
to by, Y, : Z2(g) — U(H,). It is a (rational) morphism of Ox-algebras from the
center of the sheaf of enveloping algebras of g, to the sheaf of universal enveloping
algebras of h,. An algebraic family of (g, K')-modules, on which the action of Z(g)
factors through 7, , is said to have an infinitesimal character with respect to b,
see Section 4. It is not the case that every generically irreducible family of Harish-
Chandra modules has an infinitesimal character (see Example 6.9).

An algebraic family of (g, K)-modules, F, has a canonical isotypic decomposition
with respect to the action of K: F = P .z F,. We define M(g, K), to be the
collection of all generically irreducible (g, K)-modules that are generated by their

J, part, having an infinitesimal character with respect to b,, and their fiber at
0 is equivalent, in the Grothendieck group of (g, K), to a submodule of I,. For

F € M(g,K)M and [« : ] € CP', we let J,[4.5(F) be the unique composition
factor of F|a.5 that contains .

Conjecture 5.4 Fix [o: #] € RP' with a8 # 0. As p varies in K and F varies
in M(g, K),, the correspondence J, o5 (F) <— J,,j0:1)(F) gives rise to a bijection

—ad —_— d
between G and K7 x p"a ™ such that:

1. The bijection is an algebraic isomorphism, namely: For each p G/\l? the bijection
restricts to an isomorphism of affine algebraic varieties between G, the space of
infinitesimal equivalence classes of irreducible admissible representations of G“

having p as a minimal K?-type, and the corresponding subspace of fo\p".

2. The bijection extends Vogan’s bijection (Theorem 5.2) between the tempered
dual of G? with real infinitesimal character, to K7 C K7 x p°.

3. The bijection maps tempered representations to tempered representations.

In addition, we suggest a relatively simple way, to calculate the various J, ja.5(F)
using the Jantzen filtration. The real structure o of GG induces a real structure on the
family (g, K'). With any family of of Harish-Chandra modules F, one can associate
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a dual family, F (the o-twisted dual), that is defined with respect to o, see Section
5. A non-zero rational intertwining operator between JF and F? gives rise to a
canonical filtration, the Jantzen filtration, on every F|i.5. For F € M(g, K),, we

denote by j‘;’[a;ﬁ] (F) the unique Jantzen quotient of F|i. that contains .

Conjecture 5.6 For any [a : 8] € RP! and any F € /\A/l/(g,K)M for which Fla.s
is reducible, J, a:5(F) = Jp a8 (F).

In Section 6 we consider the case of SLy(R) and we prove the following theorems.

Theorem 6.12 Conjecture 5.4 and 5.6 hold for SLy(R).

——— adms — ad

Theorem 6.13 Any bijection between SLy(R) and SO(2) x R? . satisfy-
ing the three conditions in Conjecture 5.4 above arises form the correspondence
T (F) = Jyuo:1)(F), for some [o: f] € RP! with a8 # 0.

The Mackey bijection for the tempered duals in the case of SLy(R) was studied
before in [8]. Recently, it was reformulated in terms of twisted D-modules on the
flag variety of SLy(R) [18], see also [25]. Most of the formalism of algebraic families
that we use here was developed in [5, 6]. We shall use Sections 2 and 4 to recall some
facts from there. In addition, a lot of the calculations that we shall need were done,
in some form or another, in those references. In Section 3 we define the generalized
Harish-Chandra homomorphisms. Section 5 is used to state our conjectures and in
Section 6 we deal with the case of SLy(R).

The author is grateful to Nigel Higson for introducing him to the subject of the
Mackey-bijection and for many useful conversations. The author thanks Joseph
Bernstein for fruitful discussions and the referee for his many comments, on an
earlier version of the manuscript, which greatly improved the readability.

2. The deformation family

In this section, we recall and elaborate on the construction of the deformation family
of Harish-Chandra pairs as given in [5, sec. 2.1.2]. Throughout this work, G will
stand for a complex semisimple algebraic group, and we shall keep the notation and
assumptions, mentioned in the introduction, for ©, o, K, and for the corresponding
real forms and Lie algebras. The involutions © and o shall also stand for the
corresponding involutions of g. Whether we mean an involution of a group or its Lie
algebra shall be clear from the context. The corresponding Cartan decompositions
of g and g are given by

g=top, g7 =t Dy,
with p, and p? the minus one eigenspace of © in g and g, respectively.

2.1. The family of Harish-Chandra pairs

Let @, be the constant family of Lie algebras over X := CP! with fiber g.
Explicitly, @... 18 the sheaf of (algebraic) sections of the bundle X x g — X.
Thinking of X as C U {oo}, we define g to be the smallest subsheaf of g,
containing all sections having their values at infinity lie in €.
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Explicitly, for any open U C X,

F(U ) — F<U> gconst)? o0 §é U
’ {€ € DU, geonst)[6(0) € £}, 0 € U.

The involution © naturally induces an involution of g, which we also denote by ©.
The corresponding decomposition into eigen-subfamilies is denoted by g = € & p
with € ~ Ox ®c t and p ~ Ox(—1) ®c p. Hence, this decomposition of g is a
decomposition of K -equivariant sheaves of Ox-modules. The family (g, K), with
K being the constant group scheme over X with fiber K, is an algebraic family of
Harish-Chandra pairs in the sense of [5, sec. 2.3], and its fibers satisfy

(9, K), z# 00

z;Kz =
(g| |) {(%KP7K)7 Z = 00,

where z is the natural coordinate on X. In terms of the standard coordinates r =
on Xo := {[a: f] € X|a # 0}, and R = § on X = {[a: f] € X|3 # 0} we hav
['(Xo, 8) = C[r] ®c g, and I'(Xw, g) = (C[R] ®c t) © (RC[R] ®c p).

o ke

@

2.2. The real structure
The morphisms ox: X — X, |a:f]—[a:p]
0g:9 —>0x8, {r—o(§oox),

ox K — ox K, 1+ o(roo0x),

determine a real form of the family (g, K), in the sense of [5, sec. 2.5]. The fixed
point set of ox is Xg := RP!. The corresponding family of real Harish-Chandra
pairs over Xg, denoted by (g7, K7), has fibers satisfying

{(g”,KU), T # 00

7z K7|2) =~
(7] ) (¢ x p?, K7), z = oc.

(1)
By a family of real Harish-Chandra pairs we mean that we have a collection of real
Harish-Chandra pairs, parameterized by the topological space Xg (as a subset of X
equipped with its analytic topology).

2.3. The family of real groups

Using the deformation to the normal cone construction [7, sec 2.6], one can construct
a corresponding family of complex algebraic groups over X. Then, using the real
structure, one obtains a family of Lie groups over Xg. The focus in this paper, is
on the admissible dual of a real semisimple Lie group and the admissible dual of
its Cartan motion group. These duals are defined in terms of the corresponding
complex Harish-Chandra pairs, and in this sense the groups play no role. We note
that each of the real Harish-Chandra pairs in (1) determines a unique Lie group, up
to an isomorphism. In this way we obtain a Lie group for each z € RP!.

Remark 2.1. The family of complex algebraic groups that one obtains via the
deformation to the normal cone construction is related by a change of base operation
to the one obtained in [4]. On the other hand the real structures are very different
In nature.
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3. The generalized Harish-Chandra homomorphism

In this section we show how the classical Harish-Chandra homomorphism of g can
be lifted to g.

3.1. Subfamilies generated by a set

Any vector £ of g gives rise to a section 1 ® ¢ in I'(Xy, g). For a subset A of g, we
denote by S4, the subsheaf of g that is generated by the sections {1 ® £|£ € A} C
['(Xo, g). In other words, S, is the smallest subsheaf of g (as a quasi-coherent sheaf
of Ox-modules) that contains the local sections {1 ® &|§ € A}.

Lemma 3.1.  Let V be a vector subspace of g. Then Sy consists of all sections of
g with values in V' and such that their value at oo lies inside V N €. In particular,

if | =dim(V N¢) and m = dim(V') —1 then

Svﬁ (px@@Ox)@(px(—l)@@Ox(—l)) |

Vv N
l—times m—times

3.2. Families of Cartan subalgebras

From now on, we assume that b is a ©-stable Cartan subalgebra of g, with t =HN¢
and a = hNyp. The Cartan subalgebra gives rise to h = Sy, an abelian subfamily of
g. We shall call § the Cartan subfamily of g corresponding to b, or simply a Cartan
subfamily. As already mentioned in Lemma 3.1, h = Sy ~ (Ox®ct) B (Ox(—1)®ca).
Later on, we shall be interested in the dual of §, it is useful to note now that

[)* = HOIHOX([), Ox) ~ (OX Q¢ f*) D (Ox(l) KR a*).

We note that we can promote each root o € A(h,g) to an element @ € §*, by first
extending «, using extension of scalars, to be a morphism from Ox ® h into Ox,
and then use restriction to §.

3.3. The Harish-Chandra homomorphism

Let b be a O-stable Cartan subalgebra of g and AT (h,g) a fixed positive system.
Let vy : Z(g) — U(h) be the corresponding normalized Harish-Chandra morphism.
We shall show that ~, can be lifted to a rational morphism of sheaves of commutative
Ox-algebras 7, : Z(g) — U(h).

By extension of scalars, 7, can be lifted to a morphism of sheaves of commutative
Ox-algebras of the constant families:

Y0 Ox @c Z(g) — Ox @cU(h), [RE— fR1(E).

The following lemma shows that Z(g) is a subsheaf of the center of the constant
family Z(geonst) = Ox ©c Z(g).

Lemma 32 Z(g) - Z(gconst) N Z/[(g) .

Proof. It is enough to show that ['(Xy, Z(g)) = I'(Xao, Z(Geonst) NU(G)). Let
s € I'Xw, Z(g)), then

8|Xoﬂxoo € F(XO N XOO? Z(g)) = F(XO N XOO? Z(gconst) N u(g))
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If 7€ I'(Xoo,U(Geonst)) then over Xg N Xy, we have [s|x,nx.., T|xonx..] = 0 and
from the continuity of s, 7, and the brackets, it follows that [s,7] = 0. Hence,
s € I'Xoo, Z(Geonst) NU(g)). The inclusion Z(g) O (Z(Geonst) NU(g)) is obvious. m

By restriction, we obtain a morphism 7, : Z(g) — Ox®cU(h). This morphism is a
morphism of sheaves of commutative Ox-algebras. We can interpret it as a rational
morphism 7, : Z(g) — U(h). In section 6, we will show, in the case of SLy(R),
that for any ©-stable Cartan subalgebra, the morphism 7, : Z(g) — U(h) is a
morphism of Ox-modules. In general, one can show that for most compact ©-stable
Cartans 7 is regular.

Remark 3.3.  One can not expect 7p|z(g) to be an isomorphism, since, in general
(and already for sly(C)), there might be two ©-stable Cartan subalgebras, h; and
ba, with b, not isomorphic to b,. See Example 6.9.

4. Algebraic families of Harish-Chandra modules

In this section we set notations and recall some properties of algebraic families of
Harish-Chandra modules, as they were defined in [5].

Let (g, K) be an algebraic family of Harish-Chandra pairs over a quasi-projective
complex algebraic variety X. An algebraic family of Harish-Chandra modules for
(g, K) is a flat, quasicoherent Ox-module F, that is equipped with compatible
actions of K and g. For a constant reductive K (which is the case considered in this
paper) with fiber K, any quasi-admissible F has a canonical isotypic decomposition
into K -equivariant locally free sheaves of Ox-modules,

F=F.

rek

We shall denote the category of quasi-admissible families of Harish-Chandra modules
for (g, K) by M(g,K). When X is a curve, F is generically irreducible if, up to
at most a countable number of fibers, all its fibers are irreducible. The family F
is quasisimple if the action of Z(g) on F factors through a morphism of sheaves
of Ox-algebras xr : Z(g) — Ox. A generically irreducible family of Harish-
Chandra modules is quasisimple. In the classical case, thanks to the Harish-Chandra
isomorphism, characters of the center of the enveloping algebras are the same thing
as Weyl-group-invariant linear functionals of h. In the context of families, this is
not true. Below we define in which sense a family of Harish-Chandra modules can
have an infinitesimal character, with respect to a given ©-stable Cartan subfamily.
We shall keep our assumptions on g, and © as before, and denote by (g, K) the
corresponding deformation family of Harish-Chandra pairs over X.

Definition 4.1.  Let h be a ©-stable Cartan subalgebra of g and F a quasisimple
family of Harish-Chandra modules for (g, K). The family F has an infinitesimal
character (with respect to ), if there is a morphism of sheaves of Ox-algebras
Yr :U(h) — Ox, such that, the following diagram is commutative:

Z(g) s Ox

%(l 4

Ub)



SUBAG 479

A family F may have an infinitesimal character with respect to one O-stable Cartan
and not with respect to another. See Example 6.9.

5. The correspondences between G° and K"/lx\p"

In the first part of this section we recall the algebraic description of Go by minimal
K -types due to Vogan. Then, we define certain classes of algebraic families of Harish-
Candra modules. In the last part, we construct correspondences between G and
fo\p" and conjecture that each correspondence is an algebraic bijection.

5.1. Vogan’s classification

In this section, we shall briefly recall the algebraic description of Go , which is due to
Vogan [20, 21, 22]. Since G is connected so is K7, and the highest weight theory
of Cartan and Weyl can be used, e.g., see [12, Chapter IV]. By choosing a maximal
torus 77 of K7, any u € K7 is uniquely determined by a dominant integral linear
functional (a highest weight) of t. The Killing form gives rise to a norm on t*, which
in turn defines a “norm”, ||_|| : Ko —s [0,00). A minimal K7 -type of 7 € Go, is
yu € K7 that appears in 7| k-, and minimizes the restriction of ||_|| to the K7-types
of 7£|\Ko, e.g., see [14, chapter X]. For any u € [/(\", we denote by é?,“ the subset

of G consisting of those infinitesimal equivalence classes having p as a minimal
K?-type. It is known that G° =,z G-

Let P be a parabolic subgroup of G° with a Langlands decomposition P = M AN
(e.g., see [13, chapter VII]). Denote the linear dual of the complexified Lie algebra
of A by a*. For any ¢ € M and v € a*, we denote the parabolically (normalized)
induced representation IndIGf d®@v®1 by Ip(d,v). The following theorem gives a

—

complete description of G7.

Theorem 5.1 (Vogan [21] Theorem 1.1 and 1.2). Let p € K° . There exists a cus-
pidal parabolic subgroup of G°, P, = M,A,N,, and a discrete series representation
0, of M, such that:

1. For any v € a*, Ip,(6,,v) has a unique irreducible subquotient, Jp, (6,,v), that
contains p (as a minimal K -type).

2. Forany m € C/}T’u, there exists v € a* such that 7 is infinitesimally equivalent to
qu(du,y).

3. Jp, (0, v) = Jp,,(0,,, V) implies that (M,A,,0,, @) is conjugate to (M A,
O, ®V'). Furthermore, assuming P, = P, and 6, = 6./, then Jp, (0,,v) ~
Jp, (04, V") if and only if V' is obtained from v under the action of the corre-
sponding R group (for more details see [21]).

Later on, we shall need the following related result of Vogan, identifying a certain
part of G° with K°7.

Theorem 5.2 (Vogan [23] Theorem 8.1). For a reductive Lie group, G°, the map
that sends an irreducible tempered Harish-Chandra module with a real infinitesimal
character to its (unique) lowest K7 -type, establishes a bijection between equivalence
classes of irreducible tempered Harish-Chandra modules with a real infinitesimal
character and K° .
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It is useful to note that the inverse of the map in Theorem 5.2 is given by

p— Jp,(0,4,0).

5.2. Classes of families of modules
In what follows, for each p € Ko , we shall define a class of families in M(g, K).

By Weyl’s unitarity trick (e.g., [12, Proposition 5.7]), there is no difference between
locally finite continuous representations of a compact group, and algebraic represen-
tations of its complexification. From now on, whenever K is a complex algebraic
reductive group with a compact real form K, we shall identify K with K, the set
of equivalence classes of irreducible algebraic representations of K. Fix u € K. By
Theorem 5.1, there is a corresponding cuspidal parabolic subgroup, P, = M,A,N,,
of G7. To P, one can attach a ©-stable Cartan subalgebra b, of g, namely, one
chooses a compact Cartan subalgebra t, of m, := Lie(M,), there is such a Cartan
since P, is cuspidal. Then a corresponding ©-stable Cartan subalgebra b, is given
by the complexification of t, @ a, in g, where a, = Lie(A,).

Definition 5.3. Fix p € K. We define Mv(g,K)u to be the collection of all
F € M(g, K) that satisfies the following conditions.

1. F is generically irreducible.

2. F is generated by F,.

3. F has an infinitesimal character with respect to b, .

4. The collection of composition factors of F/|j1.o) (with their multiplicities) is con-

tained in the collection of composition factors of Ip,(d,,0) (with their multiplic-
ities).

Note that Jp, ((5 0) is one of the composition factors of F|j.o. Heuristically, a

family F € M(g, K) . should be thought of as a compactification of a (restriction
to a line of a) subfamily of {Ip, (6,,7)}vea-

5.3. The correspondence using composition factors

If F e Mv(g, K),,, the K-types of the fibers F|(,.5) are independent of [« : 5] € CP'.
Moreover, the multiplicity of p is one, and hence, there is a unique irreducible
composition factor of F|(4.5 that contains p. We shall denote it by J, [a:5(F).
The correspondence Fix [a: f] 6]RIP’1 different from “0” =[1:0] and “c0” =[0:1].
For any u € K we say that m € G"u and 7 € K7 % p p?, are in correspondence, if

there exists F € M(g, K), with 7 ~ J, (0.5(F) and n ~ J, 0.1)(F).

Conjecture 5.4. As p varies in K and F varies in M (g9, K),, the correspon-

dence Jy ja:5)(F) <— Juj0:1)(F) gives rise to a bijection between G° and K7 x po,

such that:

1. The bijection is an algebraic isomorphism, in the following sense. For each
i € K, the bijection restricts to an isomorphism of affine algebraic varieties

between G° n and fo\p"u.
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2. The bijection extends Vogan’s bijection (Theorem 5.2) between the tempered

L —

dual of G with real infinitesimal character to K¢ C K7 x po.

3. The bijection maps tempered representations to tempered representations.

Remark 5.5. It follows from [21, 24] that Go , can be identified with the spec-
trum of a certain finitely generated abelian algebra of regular functions on a,, and

hence, a complex affine algebraic variety. Similarly, K”/@U ., 1s an affine algebraic

variety. The structure of Go x and K"/M\p" ., as affine algebraic varieties, for complex
semisimple G7, is described in [10].

5.4. The Jantzen filtration and the correspondence

Here we reformulate an additional conjecture expressing the various J, jq.5)(F), in
term of the Jantzen filtration.

Recall that for F € M(g, K), the o-twisted dual, F7, is also in M(g, K), see

6, sec.2.4]. Let F € M(g, K),. For any nonzero rational intertwining operator
o: F — F°,and any [« : 3] € RP!, there is a corresponding decreasing filtration,
{Flitg nez s of Flap (the Jantzen filtration). The filtration is independent of ¢ (up

to a shift of the filtration parameter), see [6, sec. 4.1]. We shall denote by :]vuy[mg] (F),
the unique Jantzen quotient of F)..5 containing p. For some F, there are no
nonzero rational intertwining operators from F to F7. For example, in the case of
SLy(R), it exists if and only if the function by which the Casimir section (see Section
6) acts is real-valued on RP' (see [6, prop.3.5]). The following conjecture suggests
a relatively easy method to calculate J, (4.5 (F) in terms of the Jantzen quotients.

Conjecture 5.6. For any [o : 3] € RP!, and any F € M(g,K)M for which

Flia:g is reducible,  Jy 10:8/(F) =~ Jpfa:s)(F).

It should be stressed that, in principle, the Jantzen quotients are much easier to
calculate than the composition factors. In addition to that, Conjecture 5.6, if it
holds of course, implies that the unique Jantzen quotient of F|.5 that contains
p, is irreducible. In the next section we shall see that both Conjecture 5.4 and
Conjecture 5.6 hold for SLy(R). We note that if J, 4.5 (F) is irreducible then

Jufag)(F) 22 Ty fap) (F) -

6. The SLy(R)-case

In this section, for the case of SLy(R), we explicitly describe all relevant families,

we calculate the various Jantzen quotients J, [q.5(F) and show that they coincide
with J,, (a:5(F). We then prove that Conjectures 5.4 and 5.6 hold.

6.1. The family of Harish-Chandra pairs

The analysis described below is parallel to the one in [5, Sec. 4.2-4.3]). Through-
out this section G = SLy(C), the Cartan involution (of SLs(R)) is given by
O(A) = (A")~" and its fixed point subgroup is K = SO(2,C). A corresponding
antiholomorphic involution is given by o(A) = A and its fixed point subgroup is
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G? = SLy(R). We shall fix bases {H} of ¢ and {X,Y} of p, satisfying

For concreteness, we take

0 —i 1(1 11 —i
H‘(i 0)’X_§(z' —1)’ Y_§<—i —1)'

Each one of the vectors H, X, and Y generates a subsheaf of g (in the sense of
Subsection 3.1) that is a K -equivariant invertible sheaf. We denote these sheaves by

gy, 85, and g_,, respectively. For n€{—2,0,2}, the action of (_Oé 5)650(2,(@)

on g,, is given by multiplication by (a+i3)"™. The sheaf of Lie algebras corresponding
to K coincides with g,, and shall be denoted by € as well. As Ox-modules
gy = & ~ Ox, 9,5 ~ Ox(—1). The isotypic decomposition of g is given by
g=9_,Dg,Dg,. More explicitly, the section Hy :=1® H is a nowhere vanishing
regular section of g, the sections X := 1®X and Y, := 1®Y are nowhere vanishing
rational sections of g, and @_,, respectively. Moreover, the only pole of X, (and
Yy) is a simple pole at oo = [0 : 1]. The sections Hy, Xy, Yy form an sly-triplet and
satisfy the same commutation relations as in (2). This completes the description of
g. The family K is the constant group scheme over X with fiber K = SO(2,C).

6.2. Generically irreducible families of Harish-Chandra modules

In the next few paragraphs we describe the classification of certain generically irre-
ducible families of Harish-Chandra modules for the deformation family of SLy(R).
The analysis is parallel to the case of the contraction family of SLy(R) that is given
in [5, sec. 4]).

The Casimir section. Recall that the Casimir sheaf C of g, is the subsheaf of
the center of the sheaf of enveloping algebras of g consisting of all sections of order
2 (with respect to the PBW filtration) that act trivially on the trivial family of
Harish-Chandra modules [5, sec. 4.4.1]). As a sheaf of Ox-modules, C ~ Ox(-2).
The canonical Casimir section (a rational section) of C [5, sec. 4.4.2]) is given by

Qo = HZ + 2Hy + 4Y Xo. (3)

This section satisfies ord.,(£20) = —2 and ord, () = 0 elsewhere on X.

Lemma 6.1. If F € M(g, K) is quasi-simple then Qo acts on F via multiplica-
tion by a regular function of the form c(r) = cor? 4+ c17 + ¢o € Clr].

Proof. Since () is a regular section over X, it must act via multiplication by
some regular function c(r) € C[r]. Since R%Q) is a regular section over X,
R%*c(R™') € C[R] and hence, c(r) = o1 + ¢17 + ¢, for some ¢y, ¢1, ¢ € C. n

Remark 6.2. In general, for the deformation family arising from a symmetric
pair (G, K), the Casimir section generates a subsheaf that is isomorphic to Ox(—2),
and Lemma 6.1 holds.
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The isotypic subsheaves. As mentioned in Section 4, each F € M(g, K), has
an isotypic decomposition F = P, .z F.. Here we identify the algebraic dual of K
with Z, and we denote the parameter by n instead of p. The sequence {F,},cz is an
invariant of an equivalence class of an algebraic family of Harish-Chandra modules.
If F is generically irreducible, then each non zero F, is an invertible sheaf.

Generically irreducible families generated by a minimal K-type. For each
m € Z, we denote by M(g,K), , the set of equivalence classes of generically
irreducible families in M (g, K), that have m as a minimal K-type and are being
generated by their isotypic subsheaf corresponding to m. For SLy(R) and its Cartan
motion group, an irreducible Harish-Chandra module is completely determined by
its K-types and the action of the center of the universal enveloping algebras. For
generically irreducible families of Harish-Chandra modules the following analogous
statement holds.

Theorem 6.3. Let m € Z and F € M(g,K),,. Then, up to an isomorphism,
F is completely determined by F,, and the action of the Casimir section.

The proof is analogous to the one of Theorem 4.9.3 of [5]. The main change is in the
action of the canonical Casimir section. In our case, it must act via multiplication by
a polynomial of degree bounded by two, while in [5], it must act via multiplication
by cir + co + ¢yt € Cr,r7]. It should be noted that, F,, is isomorphic
to Ox(l) ®c Vpn, for some | € Z, where V,, is an irreducible representation of
K corresponding to m. Up to the action of the Picard group of X, a family
F € M(g,K),, , is determined by the action of the Casimir section. We list all
possibilities in Table 1.

K-types Casimir Parameters’
c(r) domain
27, car? +er+cy | o(r) # k(k+2) for
M(g, K), 0 <k € Z and even
—k,—k+2,...,k k(k +2) 0 < k € Z and even
27 +1 cor? +ear+cy | c(r) # k(k + 2) for
—1<keZodd
M(gvK)l —
—k,—k+2,...,k k(k+2) 0 <k € Z and odd
1,3,5,. .. 1
2Z+1 cor? +er + ¢y | o(r) # k(k + 2) for
—1<keZodd
M(gvK))—l —
—k,—k+2,...,k k(k +2) 0 <keZand odd
~1,-3,-5,... 1
Mg, K), |dd+2,d+4,... d(d —2) l<deZ
M(g,K), |dd—2,d—4,... d(d+2) —1>deZ

Table 1: K-types and Casimir action for 7 € M(g, K),,
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Concrete bases. Throughout this paragraph, let 7 be in M(g, K), , with Casimir
action that is given by ¢(r) and set of K-types, I C Z. As we already mentioned
F decomposes with respect to the action of K as F = @,.; F, and each of the
nonzero isotypic subsheavs F, is an invertible sheaf. For a nonzero F,, we can
choose a rational section, f,, that is regular, except perhaps at » = oo, and nowhere
vanishing, except perhaps at 7 = co. Moreover, ord.(f,) = deg(F,,). The section
fn is unique, up to a nonzero multiplicative factor. For all of these facts see [5, sec
4.6]. The commutation relations of the rational sections Xy, Hy, and Yj, introduced
in Subsection 6.1, imply that we can rescale the sections f,,, such that,

HOfn :nfTu (4)

w2, 2¢l,m<
Xof, = / +2 n+z2elm<n (5)
3 (c(r) =n(n+2)) fay2, n+2€1l,m>n,

Yofn:{i(c(r)—n(n—m)fng, n—2€l,m<n (6)

fr_2, n—2¢el,m>n,

hold, as long as n +2 € I.

6.3. The classes M(g, K),,

Below we explicitly describe M (g, K),,. We shall start by proving that the gen-
eralized Harish-Chandra homomorphisms are regular. Then, for each m € Z = K ,
we shall specify a corresponding cuspidal parabolic P, = M, A, N,,, the ©-stable
Cartan b,,, the discrete series representation 0, € M,,, and the modules Ip_(9,,,0)
and Jp, (0, 0).

The generalized Harish-Chandra homomorphism. Recall that the center of
the universal enveloping algebra of sly(C) is a polynomial algebra in the Casimir
element. Similarly, for the family g, Z(g) is generated, as a sheaf of Ox-algebras,
by the Casimir section. More precisely, the following lemma hold.

Lemma 6.4.  Let Q be the Casimir of g = sla(C). Then
L T(Xo, Z2(g)) = Clr] @c C[Q] = Clr, ],
2. T'(X,,Z(g)) = C[R, R*Qy].

Proof. By Lemma 3.2, Z(g) C Z(gconst) = Ox @c Z(g) = Ox ®¢ C[?]. Hence,
the first part of the lemma is clear. For the second part, observe that I'(X, Z(g))
is a submodule of the free C[R]-module, C[R] ®¢ C[?]. By a direct calculation
R*Qy = R?® Q € T'(X, Z(g)) and hence I'(X,, Z(g)) D C[R, R*Qq]. For the
reversed inclusion, first observe that a section & of I'(Xoo, U (Geonst)) is in T' (X, U(g))
iff it can be written as

ER) =S R @&, with & € U(g)dd(b), (7)

and where U(g), is the ¢-th piece of the PBW filtration. Such a decomposition of &
is unique. Now assume that £ € I'(X, 2(g)) C I'(Xeos Z(Geonst)) = C[R] ®@c¢ C[2].
There are fy, f1, ..., fn € C[R] such that

§(R) = X7 fi(R) ® Q.
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Each f; can be expanded as f;(R) = ¥, fi; R where f;; € C. Let M be the

maximum of {n,mg, my,...,m,}. We can write
§R) =L Tl f ¥ @ Q' =D)L R © (B, /).

Hence by the unique expansion for ¢ in the form of (7), ©Mf;;Q must be in
U(g);U(E). Since Q' € U(g)24U (8) \ U(g)2i—1U(€) we must have f;; = 0 for j < 2i.
That is fi(R) = Y7, f; R’ and in particular each f; can be written as fi(R) =
gi(R)R? for some g¢;(R) € C[R]. All together we can write

§(R) = SiLogi(R)R* @ O = BiLog:(R)(R*Q0)" € C[R, R*Qu. m

Proposition 6.5.  For any ©-stable Cartan, b, of g = sly(C), the generalized
Harish-Chandra homomorphism maps Z(g) into U(h).

Proof. By Lemma 6.4, it is enough to show that 7, (I'(X, Z(g)) C I'(Xw, U(H)).
Since T'(Xo, Z(g)) = C[R, R*Qy), it is enough to show that

T(R?® Q) = R?®7(Q) € I(X,U(H)).
Since 75 (Q2) € U(g)2 we get R? @ 74,(Q) € I'(Xoo, U(H)). n

The case of |m| > 1 (the discrete series case). For m € Z with |m| > 1,
a corresponding cuspidal parabolic and its Levi part can be taken to be P, =
M,, = SLy(R). The subgroups A,, and N,, are equal to the trivial group. The
representation d,, is the unique discrete series representation of M,, = SLs(R)
having m as a minimal K-type. In this case, Ip, (dm,0) = Jp,, (6m,0) = &,,. The
O©-stable Cartan, b,,, is s0(2,C) = ¢ = span{H}, and n and n can be chosen to
be CX and CY, respectively. We shall also use the notation h. (¢ for compact),
for B,,. The corresponding p. € b is given by p.(H) = 1 and the generalized
Harish-Chandra homomorphism is determined by

Ye(Q) = (Ho — 1)* + 2(Ho — 1) = Hy — 1 (8)

In particular, v.(R*Q) = R*>® (H; — 1) € I'(X,,U(h,,)). Note that since h, = €
we have h, ~ Ox. Therefore, any morphism of sheaves of commutative Ox-algebras
: U(Y,.) — Ox is completely determined by one complex number; ¢(Hy) =: a€C.
We shall denote this morphism by ), .

Proposition 6.6.  For every d € Z with |d| > 1, M(g, K)q = M(g,K),.

Proof.  For any such d, up to the action of the Picard group of X, there is exactly
one equivalence class in M(g, K ). For simplicity, we shall assume that 1 < d, the
other case is proven similarly. Let F € M(g, K)y, then the K-types of F are d,
d+2,... and p acts via multiplication by d(d — 2). Since Ip,(d4,0) is irreducible
(discrete series), it is isomorphic to Flo. The only thing that is left to check is that
F has an infinitesimal character with respect to h.. That is, we ask whether there
there is a € C such that,

Ya(71e(Q0)) = X(Q) <= a® — 1 = d(d — 2)

This obviously holds since we can take o = +(d — 1). |
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The case of |/m| < 1. For m € Z with |m| < 1, the cuspidal parabolic P,, can
be taken to be the subgroup of SLs(R) consisting of upper triangular matrices. Its
Langlands decomposition is given by M,, = {£l}, A,, is the subgroup of diagonal
matrices in SLy(R) with positive entries, and N,, the subgroup of P,, with all
diagonal entries equal to 1. The representation dg is the trivial representation and
both d; and §_; are the sign representation (the irreducible non-trivial representation
of the two elements group). The standard representation Ip,(dg,0) is an irreducible
spherical principal series representation (on which $|f.0) acts by multiplication
by —1), and hence, Ip,(dy,0) = Jp,(09,0). The representations Ip (d1,0) and
Ip_,(6_1,0) coincide, and are equal to the nonspherical principal series representation
which is the direct sum of the two limit discrete series. Jp (61,0) is the limit
discrete series with minimal K-type 1 and Jp_,(6_1,0) is the limit discrete series
with minimal K-type —1. The ©-stable Cartan b, is the Lie algebra of diagonal
matrices in sly(C). We denote b, also by b, (s for split). Similarly, we shall use
the notation P, = M A N, for P, = M,,A;, Ny, with |m| < 1. The subalgebras
n and n can be taken to be the upper and lower triangular matrices (respectively)
with zeros along the diagonal. Explicitly,

hs =CH?, n=CX* n=CY"

s (10 . (01 . (00
w0 5) = a) (o)

The canonical Casimir section can be written as

where

Qo=1® ((H*)>+2H* +4Y°X")..

The corresponding ps € h* is given by ps(H®) = 1. The generalized Harish-Chandra
homomorphism is determined by

7s(Q) =1® ((H*)* - 1).

In particular, v,(R*Qp) = R? @ ((H®)? — 1) € T'(X,,U(h,,)). Note that since
hs C p, b, ~ Ox(—1). Hence, any morphism of sheaves of commutative Ox-algebras
v :U(h,) — Ox is completely determined by two complex numbers «g, a; defined
by ¥(H§) = aar + ap, where as before, Hj :=1® H* € ['(Xy, h,). We shall denote
this morphism by 4, a, -

Proposition 6.7. M(g,K)o consists of all F in M(g,K), that have 2Z as
their set of K -types and on which Q) acts via multiplication by c(r) = cor? — 1 with
Cy € C.

Proof. Let F € Mv(g,K)o. Since Flo =~ Ip,(d0,0) = Jp,(d0,0), the set of K-
types of F must be 27Z, and c(r) must be of the form cyr® + ¢;r — 1. Since F has
an infinitesimal character with respect to ., there must be ag,a; € C such that

Vag,ar (75($0)) = x(£) . Hence,
(arr +ag)? —1=cor? +cr — 1 <= a9 =0, (a1)? = ¢y, ¢, = 0.

Hence, c(r) = cer? — 1. n
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Proposition 6.8. (1) M(g, K); consists of all F in M(g,K),, on which the
Casimir acts via multiplication by c(r) = cor® — 1, with ¢y € C, along with the
following constrains on their K -types. If co # 0, the set of K -types is 27 + 1,
and if co =0, then the set of K -types consists of all odd positive integers.

(2) M(g,K)_1 consists of all F in M(g,K)_,, on which the Casimir acts by
multiplication by c(r) = cor?—1, with ¢y € C, along with the following constrains
on their K -types. If co # 0, the set of K -types is 27 + 1, and if co = 0, then
the set of K -types consists of all odd negative integers.

Proof. Let F € M(g,K);. Since the collection of composition factors of Flq
is contained in {Jp_,(d_1,0),Jp,(01,0)}, ¢(0) = —1 and the same calculation as
in Proposition 6.7 shows that c(r) = cyr? — 1. If F|g ~ Jp,(61,0) then, as in
the discrete series case, ¢y must be zero. If Flog % Jp,(61,0) then the set of
K-types of F|o (which is also the set of K-types of F) must be 2Z + 1, since
Ip, (61,0) = Jp ,(6-1,0) ® Jp,(61,0). From the explicit description of the action of
g (equations 4-6), we see that generic irreducibility forces ¢ to be nonzero. The
second part of the proposition is proven similarly. [ |

6.4. Examples of families with and without infinitesimal character

Example 6.9. Consider a family of Harish-Chandra modules F € M(g, K)g.
By Theorem 6.3 such a family is completely determined by two invariants; a (trivial)
K -equivariant invertible sheaf Fg, and a polynomial function c(r) = cor? + 17 + co,
which determines the action of the Casimir section. In fact, for any choice of
c(r) = cor* + 17 + ¢ and Fy there is a unique generically irreducible family F
in M(g, K), with those invariants. This follows from Section 4 of [5] and can be
verified directly using (4)-(6) and (10)-(12). There are exactly two non-isomorphic
©-stable Cartan subalgebras of sly(C) and accordingly, exactly two ©-stable Cartan
subfamilies of g. Explicitly these are §, and b,. Since b, = Ox and h, = Ox(—1),
h. Z bh,. We note that F has an infinitesimal character with respect to b, iff
Yo (7:(20)) = x(Qo) for some a € C. This holds iff

o —1=c(r),

that is, iff ¢ = ¢; = 0. On the other hand F has an infinitesimal character with
respect to B, iff Yoy .a,(75(Q20)) = x(€) for some g, aq € C. This holds iff

(ar + ap)? — 1 = ¢(r),

that is, iff ¢ = af, ¢ = 20001, = a2 — 1 for some ag,; € C. In particular
we see that if F has an infinitesimal character with respect to . it also has an
infinitesimal character with respect to §,. On the other, any family F that have an
infinitesimal character with respect to b, with (a7 +ag)? — 1 = ¢(r) and agay # 0
does not have an infinitesimal character with respect to b,.. Finally, the family F
with ¢(r) =72 + r + 1 has no infinitesimal character with respect to §, or b,.

6.5. The admissible duals

In the next paragraphs we recall a classification of the admissible dual of SLs(R) and
its Cartan motion group SO(2) x R?. The sections Hy,=1® H, X, =RXy:=R® X
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and Y, = RY) := R®Y form a basis for the Lie algebra I'(X, g), over C[R]. They
satisfy the commutation relations

[Hoo, Xoo] = 2X oo, [Hoo, Yao] = =2V, [Xoo, Yoo] = R*Ho,. (9)
The section Qoo i= R*Qy = R*(H2 + 2H,,) + 4Y X,

is a nonvanishing regular section of the Casimir sheaf C over X, . In particular, for
every R € C, the image of Q. in the fiber U(g|r), Quo|r, is central. In fact, Z(g|r)
is equal to the polynomial algebra C[Q2|g]. By essentially linear algebra, it can be
shown that an irreducible admissible (g|g, K)-module is completely determined by
the action of Q. |r (which is given by scalar multiplication) and a minimal K -type.
Such calculations can be found, for example, in [22, ch.1], [11, sec.II. 1] and [19,
ch.8]. For R # 0, it is more common to look at the action of the canonical Casimir
Qolr = R72Qu|r, instead of the action of Q|g.

K-types Parameters Parameters’
(R2Quo|r,m)r, R#0 domain
27 (w,0)r w # k(k+ 2) for
M(g|r, K)o 0 <k € Z and even
—k,—k+2,...,k (k(k+2),0)r 0 <k € Z and even
27 + 1 (w, g w # k(k +2) for
—1<keZodd
M(gls. ): —
—k,—k+2,...,k (k(k+2),1)r 0 <k e€Z and odd
1,3,5,... (—1, 1)
2Z + 1 (w,—1)g w # k(k+ 2) for
—1<keZodd
M(g|r. K o
—k,—k+2,...,k (k(k+2),-1)r 0 <k e€Z and odd
1,-3,-5,... (—1,-1)g
M(g|lp, K)a | d,d+2,d+4,... (d(d—2),d)g l<deZ
./\/l(g|R,K)d d,d—2,d—4,... (d(d+2),d)R —1>deZ

Table 2: The admissible dual of SLy(R) by minimal K-types

We denote by M(g|r, K) the space of equivalence classes of irreducible admissible
(g|r, K)-modules. For every m € Z, we denote by M(g|gr, K),, the subspace of
M(g|r, K) consisting of all modules having m as a minimal K-type. We introduce
parameters for M(g|g, K),, as follows. For R # 0, we shall denote by (w,m)r
the (equivalence class of) irreducible admissible (g|g, K)-modules on which Qg|g =
R™2Q.|r acts via multiplication by w, having minimal K-type m. For R = 0, we
shall denote by (w,m)o the (equivalence class of) irreducible admissible (g|o, K)-
module on which €2, |o acts via multiplication by w, which has minimal K-type m.

We list all possibilities for the case of R # 0 corresponding to SLs(R) in Table
2, and the case of R = 0 corresponding to the Cartan motion group SO(2) x R?
in Table 3. Note that the same (g|g, K)-module can correspond to two different
parameters. Two different parameters (o, m)gr, (8,m')g correspond to isomorphic
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(g|r, K)-modules if and only if {m, m'} = {1,—1} and a = . These are the only
equivalences.

For any R € C and any m € Z, we can use the parameter w in (w,m)g to identify
M(g|gr, K),, with a subset of C. Explicitly,

Mgl K)o = {C’ e

{point}, |m|> 1.
Using this identification, we can equip each M(g|g, K),, with the structure of
an affine algebraic variety (see Remark 5.5 above). It should be stressed that
M(g|r, K),, has it own intrinsic structure as an affine algebraic variety and this
structure coincides with the one we just obtained. We shall not prove this here.

K-types | Parameters | Parameters’
(Qoolo, m)o domain
27, ,0 0
Mgl K)o (00 o7
0 (0,0)o
97 + 1 1 0
Mglo, K): e L o7
1 (07 1)0
27+ 1 ,—1 0
Miglo, K) - 7o | <7
-1 (07 _1>0
M(glo, K)a d (0,d)o l<delZ
M(glo, K)a d (0,d)o -1>deZ

Table 3: The admissible dual of SO(2) x R? by minimal K -types

6.6. The Jantzen quotients

In this section, following the calculations given in [6, sec. 5.2]), we list all the Jantzen
quotients for F in the various M(g, K),. Let F € M(g,K), be a family on
which g acts via multiplication by ¢(r). For any K-type n of F, we can find a
section e, such that, I'(X, F,,) = C[R]e,. And moreover, the action of I'(X, g)
on ['(X, F) is given by,

H.oe, = ne,, (10)
X €nt2, n+2elm<n (1)
00€n =
B ((RY) —n(n+2))enrs, n+2€l,m>n,

4

(12)
€n—2, n—2¢cl,m2>n.

Yoo _{R—2(C(R1)—n(n—2))en_2, n—2€l,m<n

From these equations and the concrete expression for ¢(r) (which is either cor? — 1
or m(m £ 2) according to the value of m), we see that F|g is reducible for some
R € R, if and only if ¢(r) takes only real values on R. From these formulas, doing
the same calculations as in [6, sec. 5.2]), we obtain the following.
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Theorem 6.10. Let m € Z, and F € //\/lv(g,K)m such that Qo acts on F via

multiplication by c(r) = cor® +¢o. For any [a: B] € X, R := 5, we have

j“ ' (J__.)N (%+Co,m)3 R#O
m[ef] - (Cz,m)o R = 0

Note that in particular the Jantzen quotients are irreducible and as a result we obtain
the following corollary.

Corollary 6.11.  Conjecture 5.6 holds for SLs(R).

6.7. The Mackey-Higson-bijection for SL,(R)
Theorem 6.12.  Conjecture 5.4 holds for SLy(R).

Proof. Since K is a constant family and since the Casimir of SLy(R) is canon-
ically defined, for any nonzero R, Ry € X, and any m € Z, there is a canonical
identification M(g|g,, K),, ~ M(g|r,, K),,. Foreach 0 # R € X, and m € Z, the
correspondence arising from Theorem 6.10 gives rise to a well-defined isomorphism of
affine algebraic varieties. We denote it by nf : M(glo, K),, — M(g|r, K),,, and it
is given by 7t ((z,m)e) = (% + co,m)r. We define a map n™ from M(glo, K) into
M(g|r, K) by sending (z,m)o to nft ((z,m)o) = (% + co,m)r. It is well-defined
since (z,m)o =~ (2/,m)y if and only if either z = 2/ and m = m’, or z = 2/ and
{m,m'} = {—1,1}. In both cases n ((z,m)o) =~ n%, ((z',m')y). Since

(—1,0)g, m =0
(=1, 1)g, m =

M ((0,m)0) = 4 (=1, =1)a, m=—1
(m(m —2),m)gr, m>1
L(m(m +2),m)r, m< —1,

it extends Vogan’s bijection. Since the tempered dual of (glo, K) is given by
{(0,m)o|m € Z} U {(c,£1)olc < 0} U{(c,0)0|c < 0},
and the tempered dual of (g|g, K) is given by

{(d(d —2),d)g|0 < d € Z} U{(d(d +2),d)r|0 > d € Z}
U{(w, £1)olw < —1} U {(w, 0)olw < —1},

n*¥ takes tempered to tempered. [ |

_——— adms — ad

Theorem 6.13.  Any bijection between SLs(R) and SO(2) x R? satisfy-
ing the three conditions in Conjecture 5.4, arises form one of the correspondences

g (F) < o) (F), for some [o: f] € RP' with off # 0.
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Proof. Let ¥ be a bijection from M(glo, K) onto M(g|i, K) (the choice of
R =1 is not important) satisfying the three conditions in Conjecture 5.4. For any
d € Z with |d| > 1, M(glo, K), and M(g|;, K), consist of exactly one equivalence
class and ¥ must agree with any of the n” when restricted to M(glo, K),. Now,
since W restricts to an algebraic isomorphism from M (gly, K), onto M(gl:, K),, it
must be of the form ¥ ((z,0)q) = (az+0,0);, for some «, f € C with a # 0. Since ¥
extends Vogan’s bijection, ¥((0,0)g) = (—1,0); and hence § = —1. Since ¥ takes
tempered modules to tempered modules, it must map {(z,0)9|z € (—00,0]} into
{(2,0)1]z € (—o0,—1]}. Hence, « > 0 and ¥ coincides with 77% on M(glo, K),.
Similarly, it also coincides with it on M(glo, K)_;. [
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