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1. Introduction

A manifold is said to be locally modelled on a homogeneous space G/H if it is covered
by open sets that are diffeomorphic to open sets of G/H and the transition functions
are left translations by elements of G. A basic example of a manifold locally modelled
on G/H is a Clifford-Klein form, i.e. a quotient space I'\G/H , where T is a discrete
subgroup of G acting properly and freely on G/H. We always assume that the
transition functions satisfy the cocycle condition (see [28, §2]). This assumption is
automatically satisfied if G/H is connected and G acts effectively on G/H. Also,
every Clifford-Klein form satisfies this assumption.

Since T. Kobayashi’s initial paper [13], the study of topology of Clifford-Klein forms
has attracted considerable attention, and in particular, various obstructions to the
existence of compact Clifford-Klein forms of G/H (or, more generally, of compact
manifold locally modelled on G/H ) has been found (see surveys [16], [18], [20], [21]
and references therein).

In a previous paper [26], we obtained the following obstruction:

Fact 1.1. Let G/H be a homogeneous space of reductive type and Ky a mazimal
compact subgroup of H. Let g, b and €y denote the Lie algebras of G, H and
Ky, respectively. If the homomorphism i: H®(g,h;R) — H*(g,ty; R) induced from
the inclusion map (A(g/h)*)" — (A(g/tn)*)t is not injective, then there does not
exist a compact manifold locally modelled on the homogeneous space G/H (and, in
particular, there does not exist a compact Clifford-Klein form of G/H).

Remark 1.2. (1) In [26], Fact 1.1 was proved only for the case of Clifford-Klein
forms, but the same proof applies to the case of manifolds locally modelled on
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G/H (see [28]). Note that we are not sure if this is an essential generalization,
as we do not know any example of a compact manifold locally modelled on a
homogeneous space of reductive type that is not a Clifford-Klein form.

(2) For the case of Clifford-Klein forms, Fact 1.1 was generalized by Tholozan [37]
and the author [29].

The purpose of this paper is to classify the semisimple symmetric spaces G/H to
which Fact 1.1 is applicable. Our main result is the following:

Theorem 1.3.  For a semisimple symmetric pair (g,h), the following two condi-

tions are equivalent:

(A) The homomorphism i: H*(g,h;R) — H*(g,tx;R) induced from the inclusion
map (A(g/6)*)" — (A(g/tx)*)t is injective.

(B) The pair (g,h) is isomorphic (up to possibly outer automorphisms) to a direct
sum of the following irreducible symmetric pairs (B-1)—(B-5).
(B-1) (L) (1: simple Lie algebra).

) (I LAl (1: simple Lie algebra).

) (e, 1) (Ic: complex simple Lie algebra, L: real form of I¢ ).

)

An irreducible symmetric pair (¢',h’") with rank b’ = rank €y, , where £y
is a mazimal compact subalgebra of by’ .
(B-5) (i) (sl(2n+1,C),s0(2n+1,C)) (n > 1),

(ii) (sl(2n,C),sp(n,C)) (n >2),

(iii) (so(2n,C),s0(2n —1,C)) (n > 3),

(iv) (es.c,fac)-
Remark 1.4. By Fact 1.1, there exists a compact manifold locally modelled on a
semisimple symmetric space G/H only if the corresponding semisimple symmetric
pair (g, h) satisfies (B). So far, we cannot exclude the possibility that the converse
holds, but it seems unlikely to be true. At least, it is false for Clifford-Klein forms:
many of the irreducible symmetric spaces in (B-3)-(B-5) do not to admit compact
Clifford-Klein forms ([13], [15], [2], [32], [37], [29]). Note that all of the irreducible
symmetric spaces in (B-1)—-(B-2) admit compact Clifford-Klein forms.

In Table 1, we list all the irreducible symmetric pairs (g, h) that do not satisfy the
condition (B) among Berger’s classification of the irreducible symmetric pairs [4]. By
Fact 1.1, there does not exist a compact manifold locally modelled on an irreducible
symmetric space G/H if the corresponding pair (g, h) is listed in Table 1.

g b Conditions
*  sl(2n,C) s0(2n,C) n>1
sl(p+¢,C) sl(p,C)@sl(¢,C)dC p,g=1
** sl(p+q,R) s0(p, q) p,q=1,p,q odd
*  su(p,q) s0(p, q) p,q=1,p,q odd
su(n,n) sl(n,C)® R n>1
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**  sl(2n,R) sl(n,C) ® v—1R n =2
*x  sl(n,H) sl(n,C) & v—1R n > 2
sl(p+ ¢, R) si(p,R) @sl(gR)@ R p,g>1
sl(p + ¢, H) si(p, H) &sl(¢, H) 8RR p,g>1
*x  s0(p+q,C) so(p,C) @ s0(q,C) p.q=2,(p,q) #(2,2)
* s0(2n+1,C)  so(2n,C) n>1
s0(2n,C) sl(n,C)® C n>3
**  50(n,n) s0(n,C) n >3
*  50%(2n) so(n,C) n=3
p,q =1, p,q: odd,
** s0(p+r,qg+s) so(p,q)Dso(r,s) r,s =0, (r,s) # (0,0),
(p,q,r,s) # (1,1,1,1)
s0(n,n) sl(n,R) @ R n>3
0*(4n) slin,H) ® R n>2
sp(n,C) sl(n,C) @ C n>1
sp(p+q,C)  sp(p,C) ®sp(q,C) pg=1
sp(2n, R) sp(n,C) n>1
*  sp(n,n) sp(n,C) n>1
sp(n, R) sl(n,R) ® R n>1
sp(n,n) sl(n,H) ®R n>1
* e C sp(4,C) *
*x e s((6,C) @ sl(2,C) —
¢6.C 50(10,C) & C —
*x e6(6) sl(6,R) @ sl(2,R) —
*k Cg(6) sl(3,H) @ su(2) —
*x eo(—26) s((3, H) 69511( ) —
96(6) (5, 5) —
¢6(—26) s0(9,1) ®R —
€7,C sl(8,C) —
e7.C s50(12,C) & sl(2,C) —
e7.C es,c ©C —
€7(7) 5[(8, R) —
e7(7) s((4,H) —
€7(—25) 5[(4, H) —
e7(7) es(6) D R —
€7(—25) eg(—26) DR —
*x  egC 50(16,C) —
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*  egC erc @ sl(2,C) —
*x  fac sp(3,C) @ sl(2,C) —
*  fac 50(9,C) —
*x  gac sl(2,C) @ sl(2,C) —

Table 1: (g, h) not satisfying (B)

In Table 1, the signs xx and x signify

*x: The nonexistence of compact Clifford-Klein forms of G/H seems to be not
known before [26].

*: The nonexistence of compact Clifford-Klein forms of G/H had been known
before [26], but not for the locally modelled case.

Note that we saw in [26, Cor. 1.4] the nonexistence of compact Clifford-Klein forms
of »x except for the case (eg(6),sI(3, H) ® su(2)).

Remark 1.5. Our proof of Theorem 1.3 relies on Berger’s classification of the
irreducible symmetric pairs [4]. Thus, we do not know why the conditions (B-1)-
(B-5) looks relatively simple. In particular, we do not know why the pairs listed in
(B-5) are all complex.

Remark 1.6 (cf. [12, §0.1.5], [17, §4], [18, §4.3]).  We mention some previous
works on the existence problem of compact Clifford-Klein forms. To the best of the
author’s knowledge, there are basically four methods to study this problem (this
paper is based on the method (ii)):

(i) A criterion for properness in terms of the Cartan projection (e.g. [13], [15], [2],
(32]).

(ii) Comparison of relative Lie algebra cohomology and de Rham cohomology (e.g.
[19], [3], [26], [37], [29]).

(iii) Zimmer’s cocycle superrigidity (e.g. [38], [8], [22], [23]).
(iv) Estimate of the decay of matrix coefficients (e.g. [24], [31], [35]).

Each of them has its own advantage and applies to different examples. For example,
in the case of SL(n,R)/SL(m,R) (n > m > 2), where SL(m,R) is put in the upper-
left corner of SL(n,R) unless otherwise stated, each method gives the following
results:
« Kobayashi [15] (method (i)): If (n —1)/3 > [(m + 1)/2] and m > 2, then
SL(n,R)/SL(m,R) does not have a compact Clifford-Klein form.

o Zimmer [38], Labourie-Mozes-Zimmer [22], Labourie-Zimmer [23] (method
(iii)): If n —3 > m > 2, then SL(n,R)/SL(m,R) does not have a com-
pact Clifford-Klein form. If, in addition, n > 2m, then there does not exist a
compact manifold locally modelled on G/H .

o Benoist [2| (method (i)): If m > 2 is even, then every discrete subgroup I' of
SL(m+1,R) acting properly and freely on SL(m+1,R)/SL(m,R) is virtually
abelian, and in particular, SL(m + 1,R)/SL(m,R) does not have a compact
Clifford-Klein form.
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o Margulis [24] (method (iv)): Let «, be the irreducible representation of
SL(2,R) into SL(n,R). If n > 4, then SL(n,R)/a,(SL(2,R)) does not have
a compact Clifford-Klein form.

 Shalom [35] (method (iv)): If n > 4, then SL(n,R)/SL(2,R) does not have a
compact Clifford-Klein form.

o Tholozan [37], Morita [29] (method (ii)): If m > 2 is even and n > m, then
SL(n,R)/SL(m,R) does not have a compact Clifford-Klein form.

We remark that SL(n,R)/SL(m,R) and SL(n,R)/a,(SL(2,R)) are not semisimple
symmetric spaces. Among these methods, (iii) and (iv) are not applicable to the case
of semisimple symmetric spaces, whereas they sometimes give sharper results in the
nonsymimetric case.

The main results of this paper, along with an outline of proofs, were announced
in [27]. We shall give somewhat simpler proofs based on a necessary and sufficient
condition for the injectivity of the homomorphism i: H*(g,h;R) — H*(g,ty;R)
obtained in [30] (Fact 2.5). The author apologizes for the long delay in writing this

paper.

Remark 1.7.  We take this opportunity to correct some errors in [27]:

(1) In [27, Th. 2.1], the pair (sl(2n,C),sp(n,C)) (n > 1) should be denoted as
(sl(2n,C),sp(n,C)) (n = 2).

(2) The pairs (sp(2n,R),sp(n,C)) (n > 1) and (sp(n,n),sp(n,C)) (n > 1) should
be labelled as *.

(3) Since so0(4,C), s0(2,2) and s0*(4) are not simple Lie algebras, the pairs (g, b)
with g =s0(4,C), s0(2,2) or s0*(4) should not be listed in the table.

2. Preliminaries

2.1. Reductive pairs and semisimple symmetric pairs

We say that (g, b) is a reductive pair if g is a (real) reductive Lie algebra with Cartan
involution @ and b is a subalgebra of g such that #(h) = . We then put € = g’ and
£y = b?. Similarly, we say that a homogeneous space G/H is of reductive type if G
is a linear reductive Lie group with Cartan involution 6 and H is a closed subgroup
of G with finitely many connected components such that §(H) = H. We then put
K = G? and Ky = H?. Note that K and Ky are maximal compact subgroups of
G and H, respectively.

If g is a semisimple Lie algebra and h = g for some involution o of g, we call
(g,bh) a semisimple symmetric pair. In this case, there exists a Cartan involution
6 of g such that 6o = 06 ([4, Lem. 10.2]), and any other Cartan involution that
commutes with o is of the form exp(X)fexp(—X), where X € b ([25, Lem. 4]).
Therefore, (g,h) can be seen as a reductive pair in a natural way. Similarly, if G
is a connected linear semisimple Lie group and H is an open subgroup of G¢ for
some involution o of G, we call G/H a semisimple symmetric space, which has a
natural structure of homogeneous space of reductive type. We say that a semisimple
symmetric pair (g,h) is an drreducible symmetric pair if g is simple or (g,b) is
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isomorphic (up to possibly outer automorphisms) to ([ & [, Al) for some simple Lie
algebra [. A semisimple symmetric space is called irreducible symmetric space if the
corresponding semisimple symmetric pair is irreducible. Every semisimple symmetric
pair is uniquely decomposed into irreducible ones. The complete classification of the

irreducible symmetric pairs (up to possibly outer automorphisms) is accomplished
by Berger [4].

2.2. The graded algebra (Sg*)? and the graded vector space P,

We recall some basic results on the algebra (Sg*)? of g-invariant polynomials on g.

Fact 2.1 (Chevalley restriction theorem, see e.g. [7, Ch. VIII, §8, no. 3, Th. 1}). Let
g be a (real or complex) reductive Lie algebra. Let j be a Cartan subalgebra of g and
W the associated Weyl group. Then, the restriction map

rest: (Sg*)? — (Sj*)V
is an isomorphism.

Fact 2.2 (Chevalley-Shepherd-Todd, see e.g. [11, Th. 3.5 and Prop. 3.7]). Let g be
a (real or complex) reductive Lie algebra of rank r. Let j be a Cartan subalgebra
of g and W the associated Weyl group. Then, (Si*)V (or equivalently, (Sg*)?)
is generated by r algebraically independent homogeneous elements (Py,...,P,) of

positive degree. The degrees (deg Py, ...,deg P,) do not depend on the choice of
(Pi,...,P).

For a complex simple Lie algebra g, the degrees of algebraically independent gener-
ators of (Sg*)? (~ (Sj*)V) are as follows (see e.g. [11, p. 59]):

g Degrees
sl(n,C) 2,3,...,n
so(2n+1,C) 2,4,...,2n
sp(n, C) 2.4,...,2n
50(2n,C) 2,4,...,2n—2.n
6. 2.5.6,8,9,12
er.c 2,6,8,10,12, 14, 18
es.c 2,8,12, 14, 18, 20, 24, 30
fac 2,6,8,12
g2,c 2,6

Table 2: Degrees of generators of (Sg*)?

If g is abelian, the graded algebra (Sg*)® = Sg* is generated by the elements of
degree 1. For the classical cases, the structure of graded algebra (Sg*)? is explicitly
described as follows:

Fact 2.3 (see e.g. [7, Ch. VIII, §13]). Let f. € (S*(gl(n,C)*)?™O) (k=1,2,...,n)

denote invariant polynomials defined by

det(M,, — X) = A" + fLi(X)N" + f(X)A" 2+ 4 f(X) (X €gl(n,C)).
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We use the same notation fi, for the restriction of fr to sl(n,C), so(n,C) or
sp(m,C) (if n=2m). Then,

e The graded algebra (S(sl(n,C)*))*™C) s the polynomial algebra of (n—1)
variables fo, f3,..., fn. We have f1 =0.

o Ifn=2m+1, the graded algebra (S(so(n,C)*))*™C) js the polynomial algebra

of m wvariables fo, fa,..., fom. We have fi = f3=---= fou1 = 0.
e If n =2m, the graded algebra (S(sp(n,C)*))*®™C) is the polynomial algebra of
m variables fo, fa, ..., fom. We have fi = f3=---= fon_1 =0.

e If n = 2m, the graded algebra (S~(50(n,C)*)~)5°("7C) is the polynomial algebra
of m wariables fa, fi,..., fom—o, f, where f € (S™(s0(n,C)*))*"C) s the

Pfaffian of n xn skew-symmeric matrices. We have f; = f3 =+ = fap 1 =0

and fo, = f*.

Let us then recall the definition of the space Py« of primitive elements in (Ag*)9,
and its relation with the algebra (Sg*)? (see [9] and [33] for details). For a (real or
complex) reductive Lie algebra g, we denote by Py« the space of primitive elements
in (Ag")?, ie.

Py ={ae (ATg")?: a(zAy) =0 for all x,y € (ATg)*},

where AT denotes the positive degree part of the exterior algebra. Then Py« is oddly
graded: Py = @,.; P2~ ([9, Ch. 5, §5]).

We define the Cartan map py: (S*g*)® — (A**71g)® (k > 1) by the following formula

for Xq,..., Xorn_1 € g pg(P)(Xl,...,ng_l)
= Z sgn(0) P(Xo), [Xo@): Xo@))s - -5 [Xo@e—2), Xo@e-1)])-
0€625-1

Remark 2.4.  Up to scalar multiple, the above definition of p, coincides with the
definition in [9, Ch. VI, §2], which uses the Weil algebra (see [9, Ch. VI, Prop. IV]).

If g is reductive, p, induces a linear isomorphism
gt (ST ((STg")® - (STg")") = Py

([9, Ch. VI, Th. 2]). Therefore, one can derive the degrees of a basis of Py, called
the exponents of g, from Table 2:

g Degrees
sl(n,C) 3,5,7,....2n—1
so(2n+1,C) 3,7,11,...,4n —1
sp(n,C) 3,7,11,...,4n -1
s50(2n,C) 3,7,11,...;4n —5,2n — 1
€6,C 3,9,11,15,17,23

7. 3,11,15,19,23,27,35
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es.c 3,15, 23,27, 35,39, 47, 59
fac 3,11, 15,23
ga.c 3,11

Table 3: Degrees of a basis of F-

If g is abelian, the graded vector space Py is concentrated in degree 1. If (g, b) is
a reductive pair, the restriction map rest: (Ag*)? — (Ah*)" induces a linear map

rest: Py« — Ppy-.
Similarly, the restriction map rest: (Sg*)® — (Sh*)" induces a linear map
rest: (S7g")?/((STg")?- (STg")") — (STH)"/((STH)" - (SFh)").
The following diagram commutes (see [9, Ch. VI, Prop. 2]):

(5Tg7)*/((STg)? - (57g")0) ——= Py

Pa
rest \L \L rest

(STH")°/((STH") - (STH")") —= Py .

Py

2.3. The injectivity of i: H*(g,h;R) — H*(g,ty;R) and the graded vector
space (Py)~°
The following fact, proved in the previous paper [30], plays a foundational role in

our classification:

Fact 2.5. Let (g,h) be a reductive pair with Cartan involution §. Put 5 = b?.
Then, the homomorphism i: H®(g,h;R) — H*(g,ty;R) is injective if and only if
the linear map rest: (Pp )™ — (Py)™% is surjective, where (-)~% denotes the (—1)-
eigenspace for 0.

Remark 2.6. The isomorphism

Pa: (S*g)e/((STg")®- (SFg)f) = Py
induced by the Cartan map commutes with the Cartan involution 6. Therefore,
Fact 2.5 is rephrased as follows: the homomorphism i: H®(g,b;R) — H*(g,ty;R)
is injective if and only if the linear map

rest: ((STg")?/((S*g")? - (STg7)) ™ — ((STH7)"/((STH")" - (STH7)")~"

is surjective. See [30] for some other conditions equivalent to the injectivity of
i: H*(g,b;R) — H*(g, 4 R).

2.4. Some properties of (P,-)~%

We mention some results on (Py<)~% that are useful when we verify whether the map
rest: (Py:)~ — (Py-)7% is surjective or not.



MORITA 501

Fact 2.7 (cf. [9, Ch. X, Prop. VII]). Let g be a reductive Lie algebra with Cartan
involution 6. Put € = g°. Let py: (STg*)? — (ATg)® be the Cartan map for g.
Then,

(Py) ™" = {ps(P): P € (STg")%, Ple=0}.

Fact 2.8 ([9, Ch. X, Cor. to Prop. VI]). Let g be a reductive Lie algebra with Cartan
involution 6. Put € = g°. Then,

dim(P,-)~? = rank g — rank £.

Proposition 2.9.  For a simple Lie algebra g with Cartan involution 6, the degrees
of a basis of (Py)~% are as follows:

g Degrees
sl(n,R) 5,9,13,..., 4[] -3
sl(n, H) 5,9,13,...,4n—3
s0(p,q) (p,q: odd) p+q—1
€6(6) 9,17
€6(—26) 9,17
sl(n,C) 3,5,7,....,2n—1
s0(2n 4+ 1,C) 3,7,11,...,4n — 1
sp(n, C) 3,7,11,...,4n — 1
50(2n,C) 3,7,11,...,4n—5,2n — 1
¢6,C 3,9,11,15,17,23
e7.c 3,11,15,19,23,27,35
es.C 3,15,23,27,35,39,47, 59
fac 3,11,15,23
g2,c 3,11
Otherwise —

Table 4: Degrees of a basis of (Py)™°

Proof. Although this proposition seems to be already known in the early 1960s
(cf. [36]), we give its proof for the reader’s convenience.

If rank g = rank €, we have (P,)~% = {0} by Fact 2.8. We thus assume rank g #
rank €.

Let gc denote the complexification of g. We use the same symbol 6 for the complex
linear extension of 6 to gc. It suffices to compute the degrees of a basis of the
complexification (Py)™" @ C = (Py:)™".

Suppose that g is a complex simple Lie algebra. We write gr for g regarded a real
simple Lie algebra. We have a natural isomorphism (ggr)c ~ g ® g. The Cartan
involution 6 acts on Pgy)x =~ Py- @ Py by (a1, 2) = (a2, 1) (a1,0p € Pye).
Therefore dim(P(’“gR)é)_e = dim PJ. for every k € N, and Proposition 2.9 in this case
follows from Table 3.
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Suppose that g = sl(n,R). Then (gc, &c) = (sl(n,C),s0(n,C)). Let fp € (S*gs)ec
(2 < k < n) beas in Fact 2.3. The restriction of f; to ¢ vanishes if and only if
k=3,5,...,2|%% | — 1. Since the images of f; (2 < k < n) under the Cartan map
form a ba31s of Py, we obtain from Fact 2.7 that the degrees of a basis of (Py)™
are 5,9,13, .. L”“J

Suppose that g = sl(n, H) Then (gc, tc) = (sl(2n,C),sp(n,C)
fr € (S*gr)® (2 < k < 2n) to € vanishes if and only if k = 3,
the degrees of a basis of (PC)_ are 5,9,13,...,4n — 3.
Suppose that g=s0(p,q), where p and ¢ are odd. Then (gc,tc) = (so(p + ¢,C),
s0(p, C) @ s0(q,C)). The restriction of fo, € (S*gr)®* (1 < k < B2 —1) to &
is nonzero for every k, and that of f € (SP+9/2g%)9c is gero. Thus, (Pyz)™? is a
1-dimensional vector space concentrated in degree p+q — 1.

Suppose that g = eg). Then (gc,€c) = (e6,c,50(4,C)). Let us fix algebraically
independent generators ¢s, gs, gs, gs, 9o, 12 (deg gr = k) of the algebra (Sgg)%c (cf.
Table 2). Notice from Table 2 that the degrees of generators of (S€.)t are all even.
Therefore, (S*€5)tc = 0 if k is odd, and in particular, gsle. = gole. = 0. By Fact 2.7,
the images of g5 and g9 under the Cartan map are nonzero elements of (Pgé)_a.

). The restriction of
5,...,2n—1. Thus,

Their degrees are 9 and 17, respectively. Since dim(Pgé)*e = rank gc — rank ¢ = 2
(Fact 2.8), they form a basis of (Py:)™*.

Finally, suppose that g = eg_a6). Then (gc,€c) = (esc, fac). Again, (S¥€:)'c =0
it k£ is odd, and rank gc — rank ?(C = 2. The degrees of (Pgé)*g are hence 9 and 17
by the same argument as the case of g = eg)- [ |

3. Some results on the surjectivity of rest: (Py)=% — (Pyx)™*

Our goal is to classify the semisimple symmetric pairs (g,h) such that the map
i: H*(g,h;R) — H*(g,tm; R) is injective. In view of Fact 2.5, it suffices to classify
(g,h) such that the restriction map rest: (Pp)™ — (Py)~? is surjective. In this
section, we give some easy-to-check necessary conditions and sufficient conditions for
the surjectivity.

Although our main interest in this paper is the case of semisimple symmetric spaces,
many results in this section are valid, more generally, for homogeneous spaces of
reductive type. Thus, we state some direct consequence of these results in a general
setting (Remark 3.2, Corollaries 3.5, 3.8 and 3.10), while they are not used in this

paper.

3.1. Comparison of the total dimensions

As we saw in [30], we obtain the following necessary condition for the surjectivity of
the restriction map rest: (Py)~? — (Py+)? from Fact 2.8:

Proposition 3.1.  Let (g,h) be a reductive pair with Cartan involution 6. If
rank g — rank ¢ < rank b — rank €5, the restriction map rest: (Py)™% — (Pye)™0 is
not surjective.

Proof. By Fact 2.8,

dim(Pg*)_o = rank g — rank £ < rank b — rank 5 = dim(Py-)7’. [
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Remark 3.2.  Kobayashi’s rank conjecture [14, Conj. 6.4] follows immediately
from Facts 1.1, 2.5 and Proposition 3.1 (see [30]).

3.2. Comparison of the dimensions of low degree parts

Let g be a reductive Lie algebra and write g as

g~R" & V=1R" & @ my - L.

[: simple
Lie algebra
We then put di(g) =n",

d(g)= > my

[: complex simple

Lie algebra

d3(g) = Z Misi(k,R) T Z Misi(k,C) + Z Msi(k,H)

k>3 k>3 k>2

ds(g) = Mao(7,1) + Mao(5,3) T 2Miso(s,C)

—+ Z Mes|(k,C) + Z Meso(k,C) + Z Msp(,C)-

k>4 k=7, k#8 k>2

Remark 3.3. When we compute di(g), we must be careful in the following
accidental isomorphisms:

(9): 50(2,C) ~C =R & +/—1R, so(1,1) ~R.

(g9): s0(4,C) ~sl(2,C) ®sl(2,C), so0(3,1) ~sl(2,C).

o d3(g): 50(6,C) ~5sl(4,C), s0(3,3) ~sl(4,R), so(5,1) ~sl(2,H).

(g): s0(5,C) ~sp(2,C), s0(6,C) ~sl(4,C).

Proposition 3.4.  Let (g,h) be a reductive pair with Cartan involution 6. If

di(g) < di(h) for some 1 < k < 4, the restriction map rest: (Pp)™0 — (Pye)™0 is
not surjective.

Proof. It is enough to check that rest: (ng_l)_e — (Pg*k_l)_e is not surjective.
By Proposition 2.9, we have

dim(P*) ™" = di(g) < di(h) = dim(P2F") " m

Corollary 3.5. Let G/H be a homogeneous space of reductive type. If di(g) <
dp(h) for some 1 < k < 4, then there does not exists a compact manifold locally
modelled on G/H .

Proof. Combine Facts 1.1, 2.5 and Proposition 3.4. [ |

3.3. The c-dual of a semisimple symmetric pair
Let (g,h) be a semisimple symmetric pair defined by an involution o (i.e. h = g7).
Put q=g¢g7 and

g°=bhdv—-1q Cgc,
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where gc is the complexification of g. Then (g° b) becomes a semisimple symmetric
pair. It is called the c-dual of the semisimple symmetric pair (g,h). If 6 is a Cartan
involution of g that commutes with o, one can define a Cartan involution 6° of g°
by

0, =0, 0°| =14 = —0.
Note that g = g, and the c-dual of an irreducible symmetric pair is again irre-
ducible.

Proposition 3.6.  Let (g,h) be a semisimple symmetric pair and (g% b) its c-
dual. Then, the restriction map rest: (Pp)~% — (Py)~? is surjective if and only if
rest: (Pgey )% — (Pye)™% is surjective.

Proof.  We use the same symbols 6 and 6¢ for their complex linear extensions to
gc. The restriction map rest: (Py<)™% — (Py+)7% is surjective if and only if
im(rest: Py — Py+) C (Pb*re;
or equivalently, im(rest: Py — Pys) C (Pye) ™"
Similarly, rest: (Pgeys) ™" — (Py«)~% is surjective if and only if
im(rest: Py — Pys) C (Pye) ™"

Since 6 = 0° on B¢, these two conditions are equivalent. [ |

3.4. Complex reductive pairs

A reductive pair (g,b) is called complex if g is a complex Lie algebra and b is a
complex subalgebra of g. We remark that the Cartan involution 6 of g is complex
antilinear in this case. We use the notation gg (resp. hr) when we regard g (resp.
h) as a real Lie algebra.

Proposition 3.7.  Let (g,h) be a complex reductive pair with Cartan involution
0. Then, the following three conditions are equiavlent:

(1) The (real) linear map rest: (P,
(2) The (complex) linear map rest: Py — Py« is surjective.

o) 0 = (Pyys) 70 s surjective.

(3) The (complex) graded algebra homomorphism rest: (Sg*)® — (Sh*)" is surjec-
tive.

Proof. (1) < (2). Aswesaw in the proof of Proposition 2.9, the Cartan involution
6 acts on Py« @ C ~ Pp» @ Py by (a1, a9) — (ag,q) (oq,a2 € By+). Thus
(Ppr) ?@C >~ {(a,—) : @ € Pp}, and (Py) @ C ~ {(3,-B) : B € Pp}. By
these isomorphisms, the restriction map rest: (Py«)™ — (BPy+)™ is rewritten as
(a, —ar) = (aly, —aly) (€ Py+). This is surjective if and only if so is rest: Py« — Py
(2) & (3). Recall that the restriction map rest: Py- — Py« is canonically identified
with
rest: (S7g")?/((STg")?- (STg")?) — (STH)"/((STH)" - (S7h)")

via the Cartan maps. By Fact 2.2, the above linear map is surjective if and only if
rest: (Sg*)? — (Sh*)" is surjective. n
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Corollary 3.8.  Let G/H be a complex homogeneous space of reductive type (i.e. a
homogeneous space of reductive type such that the corresponding reductive pair (g,b)
is complex). If the restriction map rest: Py — Py« is not surjective or, equivalently,
rest: (Sg*)? — (Sh*)Y is not surjective, then there does not exists a compact manifold

locally modelled on G/H .

Proof. Combine Facts 1.1, 2.5 and Proposition 3.7. [ ]

3.5. Complexifications

Proposition 3.9.  Let (go, ho) be a reductive pair with Cartan involution 6y. Let g
and b be the complexifications of go and bg, respectively. We denote by 6 the Cartan
involution of g such that 0|y = 0y. Then, the restriction map rest: (Py)™% — (Py:)™°
is surjective only if so is rest: (Py:) ™% — (Pyr) ™.

Proof. We write ¢ for the complex linear extension of 6y to g. We note that

Oc is a complex linear involution on g, whereas 6 is complex antilinear. If the linear

map rest: (Py: )% — (Py:)~" is surjective, so is rest: Py — Py« by Proposition 3.7

(1) = (2). In particular, it is surjective on the (—1)-eigenspaces for 6c, namely,
rest: (Pp) ™ @ C = (Pp) ™" — (Pp) ™ = (P) ™ ®C

~% s surjective.

is surjective. This is equivalent to saying that rest: (Py)~% — (BPy)

Corollary 3.10.  Let Go/Hy be a homogeneous space of reductive type with Car-
tan involution Oy. Let G/H be a complex homogeneous space of reductive type such
that G and H are the complexifications of Gy and Hy, respectively. If the homo-
morphism i: H*(go, ho; R) — H*(go, tn,;R) is not injective or, equivalently, if the
map rest: (Py)™" — (Py=)~? is not surjective, then there does not exist a compact
manifold locally modelled on G/H .

Proof. Combine Facts 1.1, 2.5 and Proposition 3.9. [ |

4. Proof of Theorem 1.3

Notice that a direct sum of two semisimple symmetric spaces (g1,h1) and (g2, bho)
satisfies the condition (A) (resp. (B)) if and only if both (g1, 1) and (g2, h2) satisfy
(A) (resp. (B)). Recall from Fact 2.5 that the injectivity of the homomorphism
i: H*(g,h;R) — H*(g,ty;R) is equivalent to the surjectivity of the linear map
rest: (Py:)~" — (Py+)~%. Therefore, it is sufficient to prove the following two claims:

o If an irreducible symmetric pair (g, h) is listed in (B-1)—(B-5), the restriction
map rest: (Py )70 — (Py)7? is surjective.

o If an irreducible symmetric pair (g, ) is listed in Table 1, the restriction map
rest: (Py) ™% — (Py)~? is not surjective.

If (g,h) satisfies (B-1) or (B-2), the surjectivity of rest: (Pp)™? — (B)7? is
obvious.
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If (g, b) satisfies (B-3), its c-dual (g°, b) satisfies (B-2), and therefore the restriction
map rest: (Py)™? — (Py)~? is surjective by Proposition 3.6.

If (g,b) satisfies (B-4), we have dim(P;)~ = rankh — rank &y = 0 by Fact 2.8.
Hence, rest: (Py )™ — (BPy) 7 is trivially surjective.

Suppose that (g,h) satisfies (B-5). By Proposition 3.7 (3) = (1), it suffices to see
that rest: (Sg*)? — (Sh*)Y is surjective. If (g,h) = (sl(2n + 1,C),s0(2n + 1,C)),
(sl(2n,C),sp(n,C)) or (so(2n,C),s0(2n—1,C)), the surjectivity easily follows from
Fact 2.3. If (g,h) = (¢6.c, fac), the surjectivity is proved in [36, p. 322].

Let (g,h) be one of the irreducible symmetric pairs listed in Table 1. If (g, h) satisfies
di(g) < di(h) for some 1 < k < 4, the restriction map rest: (Py)™ — (Py) 70 is
not surjective by Proposition 3.4. The remaining cases are the following:

g b Conditions
5l(2n, C) 50(2n,C) n>1
sl(p + ¢, R) so0(p, q) p.q=>1,p,q odd
su(p, q) so0(p, q) p,q=1,p,q odd
s0(2n+1,C)  so(2n,C) n =3
p,q 21, p,q: odd,
so(p+r,q+s) so(p,q) Dso(r,s) r,s>0,(rs)#(0,0),
(p,q,r,s) # (1,1,1,1)

Table 5: (g, h) of Table 1 to which Prop. 3.4 is not applicable

The pair (sl(p + ¢,R),s0(p,q)) is the c-dual of (su(p,q),s0(p,q)). The two pairs
(sl(2n,C),s0(2n,C)) and (s0(2n + 1,C),s0(2n,C)) are the complexifications of
(su(2n — 1,1),80(2n — 1,1)) and (so(2n,1),s0(2n — 1,1)), respectively. Hence,
by Propositions 3.6 and 3.9, it is sufficient to verify that the restriction map
rest: (Pp)™? — (Py-)7Y is not surjective when (g,h) is (su(p,q),s0(p,q)) (p,q:
odd) or (g,h) = (so(p +7,q + s),50(p,q) ® so(r,s)) (p,q: odd, (r,s) # (0,0)).
If (g,h) = (su(p,q),s0(p,q)) (p,q: odd), the nonsurjectivity follows from Proposi-
tion 3.1. If (g,h) = (so(p+7r,q+s),50(p,q) Dso(r,s)) (p,q: odd, (r,s) # (0,0)), we
have dim(P%1) =0 < dim(P,qufl)_e, and the map rest: (Py)™% — (Py)~? cannot
be surjective. [ |

A. The nonlinear case

Let G/H be a homogeneous space and 7: G—Ga covering map. Let H= 7 1(H).
Then, G / H is diffeomorphic to G/H via 7. In this appendix, we discuss the
difference between the existence problem of a compact Clifford-Klein form of G / H
and of G/H (or, more generally, the existence problem of a compact manifold locally
modelled on G/H and on G/H).

Remark A.1. Recall that we have assumed the cocycle condition for the transi-
tion functions ([28, §2]) in the definition of a manifold locally modelled on a homo-
geneous space. Without this assumption, all the discussion in this appendix is false.
Note that Clifford-Klein forms always satisfy the cocycle condition.
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Every manifold locally modelled on G / H can be naturally regarded as a manifold
locally modelled on G/H . In particular, if there does not exist a compact manifold
locally modelled on G/H, neither does on G / H. On the other hand, it is not
necessarily possible to give a structure of a manifold locally modelled on G / H toa
manifold locally modelled on G/H: in general, one cannot lift transition functions
from G to G so that the cocycle condition is still satisfied. Thus, even if there exists
a compact manifold locally modelled on G/H , it does not imply the existence of a
compact manifold locally modelled on G / H.

The situation is similar for Clifford-Klein forms. If f\CNJ / H is a Clifford-Klein form
(i.e. if T is a discrete subgroup of G acting properly and freely on G/H), 7(D)\G/H
is also a Clifford-Klein form. However, even if I'\G/H is a Clifford-Klein form,
LI\G /H H is not a Clifford-Klein form except when G' = G: indeed, the 7—(I)-

action on G /H is not free, and if 7 is an infinite covering, it is not even proper.
Note that, when T is finitely generated (this is always satisfied if the Clifford-Klein
form I'\G/H is compact) and G is linear, one can circumvent the freeness issue
by Selberg’s lemma [34, Lem. 8]. Thus, if G is a finite linear covering of G, the
existence problem of compact Clifford-Klein forms of G / H is equivalent to that of
G/H.

Now, let us state our result. Let G/K be an irreducible Hermitian symmetric space
of noncompact type (i.e. G a connected linear simple Lie group whose fundamental
group is infinite and K its maximal compact subgroup). By A. Borel’s theorem [5],
G/K admits a compact Clifford-Klein form. In contrast, we have the following:

Proposition A.2. Let G/K be an irreducible Hermitian symmetric space of
noncompact type. Let T: G — G be the universal covering map of G and K =
7 YK). Then, there does not exist a compact manifold locally modelled on G/K

In particular, G/K does not admit a compact Clifford-Klein form.

Proof.  We shall apply the following generalization of Fact 1.1:

Fact A.3 ([28, Th. 1.2 (2) and Prop. 5.1]). Let G be a (possibly nonlinear) Lie
group such that the adjoint action of g on itself is trace-free. Let H be a closed
subgroup of G with finitely many connected components such that by is reductive in g
(i.e. that g is completely reducible as an h-module). Let Ky be a maximal compact
subgroup of H. If the homomorphism i: H®(g,b;R) — H*(g,ty;R) is not injective,
there does not exist a compact manifold locally modelled on G/H .

Notice that K is noncompact since 7 is an infinite covering. Let [?ss be a connected
Lie subgroup of K corresponding to £, = [¢, €]. It follows easily from the Cartan-
Malcev-Iwasawa-Mostow theorem (see e.g. [6, Ch. VII, Th. 1.2] or [10, Ch. XV,
Th. 3.1]) that lN(SS is a maximal compact subgroup of GG. Thus, it suffices to see that
the homomorphism

1: H‘(g,f,R) — H.(gvéss;R>

is not injective. Take a nonzero element X of the centre of €. Let F' be the element
of g* corresponding to X via the Killing form of g. We have Staby(F) = €. Then,
w = dF is an element of (A?(g/€)*)". Note that w corresponds to the G-invariant
Kihler form on G/K under the isomorphism (A%(g/€)*)t ~ Q*(G/K)%. Since w is
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a nondegenerate symmetric form on g/€, we have w™¥/2 # 0, where N = dim(G/K).
Since H™(g,&R) ~ R, it follows that [w™/2];¢ # 0 in HY (g, &R). In particular,
[wlge # 0 in H?*(g,&R). On the other hand, since F € ((g/€s)*)%, we have
[wlgee = [dF]ge,, = 0 in H?(g, tss; R). Therefore, the above homomorphism i is not
injective. ]

Remark A.4. The homogeneous space G / H mlght be a rather unnatural obJect
from a geometric viewpoint: the G-action on G / H is not effective unless G = G.
However, it sometimes appears in the study of the Lie group G. For instance, in
the erratum of [1], Atiyah-Schmid considered a homogeneous space G / K in order
to construct the discrete series representations of G where G is a nonlinear finite
covering of a linear semisimple Lie group G and K is a maximal compact subgroup
of G. In fact, they needed to study the nonlinear case separately since it is not
known if G/K admits a compact Clifford-Klein form, unlike the linear case to which
A. Borel’s theorem [5] applies. Note that Proposition A.2 is not applicable to the
case which Atiyah-Schmid studied; this proposition concerns the case of a nonlinear
infinite covering of a linear semisimple Lie group G.
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