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Abstract.  The space of smooth sections of an equivariant line bundle over the real projective
space RP™ forms a natural representation of the group GL(n + 1,R). We explicitly construct and
classify all intertwining operators between such representations of GL(n + 1,R) and its subgroup
GL(n,R), intertwining for the subgroup. Intertwining operators of this form are called symmetry
breaking operators, and they describe the occurrence of a representation of GL(n,R) inside the
restriction of a representation of GL(n + 1,R). In this way, our results contribute to the study of
branching problems for the real reductive pair (GL(n + 1,R), GL(n,R)).

The analogous classification is carried out for intertwining operators between algebraic sections of
line bundles, where the Lie group action of GL(n,R) is replaced by the action of its Lie algebra
gl(n,R), and it turns out that all intertwining operators arise as restrictions of operators between
smooth sections.
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1. Introduction

The real projective space RP" is in a natural way a homogeneous space for the ge-
neral linear group GL(n+1,R). This induces natural representations of GL(n+1,R)
on functions, or more generally sections of equivariant vector bundles over RP™.
The equivariant line bundles £ over RP™ are essentially parametrized by two com-
plex numbers, and the corresponding linear actions of GL(n+ 1,R) on smooth
sections C°(RP", L) form a two-parameter family of generically irreducible smooth
representations.

One natural question to ask in this context is how two such representations are
related, or more precisely: for which equivariant line bundles £, £’ over RP™ does
there exist a non-trivial (continuous) linear operator

A: C®(RP™, L) — C™(RP", L)

which respects the action of GL(n + 1,R)? For n > 2, it turns out that apart from
the trivial case £ = L', this only occurs for £ = A"(RP™) the top form bundle
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and £ = RP™ x C the trivial bundle, in which case the integration of differential
forms produces a non-trivial linear map with one-dimensional image, the constant
functions on RP" (see e.g. [6, 17]).

A much richer analysis arises if one allows line bundles over projective spaces of
different dimensions. For this we consider the subgroup GL(n,R) of GL(n + 1,R)
stabilizing the last standard basis vector. Given equivariant line bundles £ over RP"
and £ over RP"™! one may ask for (continuous) linear operators

A: C=(RP", L) — C=(RP" !, L)

which respect the action of the smaller group GL(n,R). In this paper we classify
all such operators and give explicit formulas for them in terms of their distribution
kernels. We further study the corresponding algebraic question, replacing smooth
sections by regular sections in the sense of algebraic geometry, and replacing the
group action by the Lie algebra action of gl(n,R).

In the language of representation theory of real reductive groups, the action of
GL(n + 1,R) on C®(RP", L) defines a generalized principal series representation,
since it can be constructed as a representation induced from a (maximal) parabolic
subgroup. Such families of representations play a major role in representation theory,
and they are one of the main ingredients for the classification of irreducible smooth
representations. Intertwining operators between principal series of a real reductive
group G and a subgroup G’ have only recently attracted more attention in the
context of branching problems as advocated by Kobayashi [10] in his ABC-program.
Our results can be viewed as a contribution to this program for the real reductive pair
(GL(n+1,R), GL(n,R)), similar to the recent contributions [11, 14, 15, 16] for the
pair (G,G’) = (0O(n+1,1),0(n, 1)) and [12] for (G,G") = (O(p+1,¢+1),0(p, ¢+1)).

Let us now describe our results in more detail.

1.1. Symmetry breaking operators

Let n > 2. The general linear group GL(n + 1,R) acts transitively on the real
projective space RP™ by ¢ - [x] = [gz], where we write [z] = Rz € RP™ for the
line through = € R™™ \ {0}. This action induces a family of representations 7y of
GL(n + 1,R) on the space C*°(RP") of smooth functions on RP", parametrized by
A= (A, \g) € C%:

L lg~ "] o 1= Aa—p2 -1
ma(g)e(la]) = 7] |det g™ (g ) (1)
for p € C=(RP"), z € R"™! and g € GL(n+ 1,R). Here (p1,p0) = (2, —1) is
chosen such that 7, extends to an irreducible unitary representation on L?(RP™) for
A € (iIR)%.

A more natural construction of the representations 7 is in terms of line bundles.
There exists a family of equivariant line bundles £, — RP" and GL(n + 1,R) acts
naturally on the space C*°(RP™, £,) of smooth sections. Trivializing the line bundle
identifies C*°(RP", £,) = C*(RP"), and under this identification the action 7, on
C>°(RP™) corresponds to the natural action of GL(n + 1,R) on C*(RP", L,).



FraaM AND WEISKE 513

In the same way we define a family of representations 7, of the group GL(n,R) on
the space C°°(RP"™!), parametrized by v = (v, 1) € C?:

o (R)(ly]) = (’h;ﬁ'

for ¢y € C=*(RP"!), y € R" and h € GL(n,R), where (p}, py) = (%,—1) € C2. We
view GL(n,R) as the subgroup of GL(n+ 1,R) fixing the last standard basis vector
ent1 € R Consider the space

*Vlfpll
) det A= |~ ap([h1y))

A: C(RP"™) — C*(RP"') continuous and linear :
H>*(\v):=

Aomy(g) =7,(9) oA Vg€ GL(n,R)

of operators respecting the actions 7, and 7,. Such operators are also called
symmetry breaking operators, a term coined by Kobayashi [10], and they describe
the occurrence of the representation 7, inside the restriction of m, to the subgroup
GL(n,R) € GL(n + 1,R). It is therefore natural to ask the following questions:

Q1: For which parameters \,v € C* is H*(\,v) # {0}?
Q2: If H*(\ v) # {0}, what is its dimension?
Q3: What are explicit bases of the non-trivial spaces?

Our first main result gives a complete answer to the first two questions Q1 and Q2
(see Theorem 3.5 and Proposition 3.7). Set

L={(—p1 —2i,—p} —2j) € C*:i,j € Z>p,j < i}.
Theorem 1.1 (Multiplicities).  If dim H>®(\,v) # 0 then either

Ay + p2 = vy + py or Xy — po — Vo — phy = 11 + pf.
(1) For Ag + ps = v + phy the dimension is given by

1 fOT ()\1, Vl) ¢ L,

dim H® (), v) =
m 50, v) {2 for (A,11) € L.

(2) For Ao — po — vy — py = vy + py it is given by

1 form=2o0rn=3and v =—p,

0 otherwise.

dim H*(\,v) = {

To describe an explicit basis of H*(\,v) we define three families of operators
C>®(RP") — C*(RP"!). For this we write S* for the unit sphere in R*¥** and
w = (wi,...,wes1) € S¥. Moreover, dw denotes the Euclidean measure on S*. We
then let

’wl’V1+P'1—1|w2|>\1+01—V1—P'1—1
Al = [ ;

s2D(MpA (R

Buuselll) = g [, el ol

wlﬁ : wz]> d(wy,ws),
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and for n = 2 additionally

—v1—p}
wayr _ wiy2

- Iyl [yl D dw
Crvoll) = [ S o g, A

2 2

‘wg‘A1+P1+V1_PI1_1

where ¢ € C*®°(RP") and [y] € RP"'. Note that B),p always is a constant
function. The normalizing gamma factors are chosen so that A,,, By, and C),
depend holomorphically on A\,v € C?. Tt turns out that B,,,C\, # 0 for all
\v € C? but Ay, = 0 if and only if (\;,r1) € L. Therefore, we define two
additional families of operators. First, for vy = —p| —2j, j € Z>¢, we let

2j

Ol(t% DM o[ty < 1)),

Y d
Al =y

and for A\; + p1 — vy — p) = —2N, N € Z>¢, we define

2N

5 d
AD o) = Iyl o

& |, |y, )™ ([y « 1]).

=0

For instance, if A\ + p; — vy — p} = 0, the operator AE\Q)V is simply restricting a
function on RP™ to RP"~! C RP™.

In Theorem 3.13 we give a complete answer to Q3:

Theorem 1.2 (Symmetry breaking operators). For \s + py = 15 + phy we have

CA,. or (A1, v L,
Hoo()\’ V) _ ?‘17) o f ( 1 1) ¢
CAy, ®CAy,,  for (M, 1) € L,
and for Ay — ps — v — phy = v + pl:
CCy, forn =2,
H>*(A\v) =4 CB,, forn>3andv, =—p,
{0} otherwise.

Although A,, = 0 for (A\,v1) € L, the families Af\l)y and AE\QI)/ can be obtained
as residues of A, , along certain one-dimensional affine complex subspaces through
(A1,11) € C? (see Corollary 3.6):

Theorem 1.3 (Residue Formulas). The following residue formulas hold:

_ : 7! (1) o
A)\,V - (_1)] (2 )'F()\1+p1 vi—p), )A fO’r' V= —p — 2]7
)

N!

A/\W: (—1)NW fO’f’ )\1—|—p1 — —pll :2N

(2
A,
For n =2 we further have the following relations:

1

Avy = —=
o VE

Cry forvi+py=—2ps, By, =+7C\, foruv,+p;=0.
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1.2. Algebraic symmetry breaking operators

The problem of constructing and classifying symmetry breaking operators can also
be studied in an algebraic framework. The representation 7, of GL(n+1,R) induces
by differentiation an action of the Lie algebra gl(n 4+ 1,R) on the space of regular
functions C[RP"] on RP" which we also denote by my. Similarly 7, induces an
action of gl(n,R) on C[RP""!] and we consider the space

T: C[RP"] — C[RP"] linear :
HY8(\ v):={Tom(X)=1,(X)oT VXegl(n,R)
Tom(k)=m1,(k)oT VkeO(n)

to which we refer as algebraic symmetry breaking operators. (In fact, for n > 3
the second condition can be omitted since so(n) C gl(n,R) generates SO(n) and
the irreducible O(n)-representations that occur inside C[RP"] and C[RP™!] remain
irreducible when restricted to SO(n).) Every symmetry breaking operator induces
an algebraic symmetry breaking operator by restriction, and since C[RP"| is dense
in C*°(RP™) the restriction map

H®(\v) = H"8(\,v), A Alcgen

is injective. In particular we have the following basic inequality between multiplicities
in the smooth and in the algebraic setting:

dim H®(\, v) < dim H8(\, v). (2)

In Section 5 we study algebraic symmetry breaking operators in detail and show
in particular that the multiplicities are actually equal, or in other words, algebraic
symmetry breaking operators are automatically continuous (see Theorem 5.10):

Theorem 1.4.  The restriction map H®(\,v) — H¥8(\,v) is a bijection for all
A\ veC?.

1.3. Representation theoretic context

The representations 7, and 7, belong to the so-called generalized principal series of
the Lie groups G = GL(n + 1,R) and G’ = GL(n,R), respectively. Principal series
representations are induced from a parabolic subgroup, which is in the case of 7 a
maximal parabolic subgroup P C G such that G/P = RP". In the representation
theoretic language, the space of symmetry breaking operators can be written as

H>*(\,v) = Homg/ (m)|cr, T0),

the space of intertwining operators between the restriction 7, |g of the representation
7y to the subgroup G’ and the representation 7,. Its dimension is called the
multiplicity of 7, in 7y, and it describes how often 7, occurs as a quotient of my|¢ . In
this way, the study of symmetry breaking operators can also be seen as a contribution
to branching problems, i.e. the decomposition of restricted representations. In his
ABC-program for branching problems, Kobayashi [10] initiated the systematic study
of symmetry breaking operators, and our natural questions Q1, Q2 and Q3 can be
viewed as a contribution to part B and C of his program.
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Also algebraic symmetry breaking operators have a representation theoretic inter-
pretation. The orthogonal group K = O(n+1) C G is a maximal compact subgroup
of G and the restriction of 7, to K is the natural representation of O(n + 1) on
C*°(RP™). In particular, it is independent of A and the regular functions on RP" are
precisely those which generate finite-dimensional representations of K. Therefore,
C[RP™| carries both an action of K and an action of the Lie algebra g = gl(n+1,R)
by differentiation, and these actions are compatible. This defines on C[RP"] the
structure of a (g, K)-module, also called the underlying Harish-Chandra module of
7y and denoted by (7 )uc-

In the same way, the representation 7, of G’ = GL(n,R) on C*(RP"!) induces
the structure of a (g’, K’)-module on C[RP""!], where we have g’ = gl(n,R) and
K' = O(n) € G'. Denoting this Harish-Chandra module by (7,)uc, the space
H2()\,v) of algebraic symmetry breaking operators can be written as

H¥(\,v) = Homy ) ((ma)ncl . x7)s (T)ic),

the space of intertwining operators for the actions of g’ and K’. In this language,
Theorem 1.4 confirms for our particular representations a conjecture by Kobayashi,
which states that for arbitrary real reductive groups G and G’ the restriction

Homg (7|gr, ) < Hom(g/,K/)(WHCkg/,K’), THC)

is an isomorphism for all admissible smooth representations © of G and 7 of G’ if
the homogeneous space (G'x G')/ diag(G’) is real spherical (see [9, Remark 10.2 (4)]).

We remark that in the related works [14, 15] the authors also derive so-called
factorization identities for symmetry breaking operators. These identities identify the
composition of a symmetry breaking operator with a standard intertwining operator
as a symmetry breaking operator. However, in our context there do not exist non-
trivial standard intertwining operators my — 7y since P and its opposite P are not
conjugate. The existing standard intertwining operators in our context map from
IndZ(1®e* ®1) to Ind%(1® e* ® 1), so to study factorization identities one would
first have to classify symmetry breaking operators

mdé(1®e*®1) = d% (1@’ @1).

The same comments are of course valid for the degenerate principal series represen-
tations of G.

1.4. Multiplicities and symmetry breaking operators between irreducible
subquotients

Generically, the representations 7, and 7, are irreducible, but for certain singular
parameters \,v € C? they have composition series of length 2 (see Lemma 5.3).
The same questions Q1, Q2 and Q3 can be asked for the corresponding subrepre-
sentations and quotients of w, and 7, at reducibility points. In Theorem 5.14 we
determine multiplicities and explicit symmetry breaking operators between all sub-
representations and quotients, and show in particular that also in this case every
algebraic symmetry breaking operator is automatically continuous.
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1.5. Structure of this article

In Section 2 we introduce the necessary notation and briefly describe how the main
results of this paper are proven. The construction and classification of symmetry
breaking operators between the smooth representations m, and 7, are achieved
in Section 3 where Theorems 1.1, 1.2 and 1.3 are shown. Here we also obtain
a description of all symmetry breaking operators in the non-compact picture (see
Theorem 3.12) as well as explicit formulas for the action on each K-type (see
Lemma 3.17). Section 4 is concerned with a general combinatorial characterization
of algebraic symmetry breaking operators, generalizing some of the results in [3]
from semisimple groups to reductive groups, and also treating operators between
subquotients of principal series representations. Finally, in Section 5 we apply this
combinatorial characterization to the case (G,G’') = (GL(n 4+ 1,R), GL(n,R)) to
prove Theorem 1.4 and compute the multiplicities between all possible subquotients
of my and 7, (see Theorem 5.14). In the appendix we collect some elementary
facts about homogeneous distributions on R™, Gegenbauer polynomials and spherical
harmonics.

The results in Sections 4 and 5 were obtained in the second author’s Master the-
sis [20].

Acknowledgements
The authors thank the anonymous referee for careful and thorough reading and
various comments that helped improve the readability of this article.

2. Symmetry breaking operators between generalized principal series

Let us explain a general setting to study symmetry breaking operators into which
the real reductive pair (G,G’) = (GL(n + 1,R), GL(n,R)) fits.
2.1. Generalized principal series representations

Let G be a real reductive Lie group and P C G a parabolic subgroup with Langlands
decomposition P = MAN. We write g, m, a and n for the Lie algebras of G, M,
A and N respectively.

For any finite-dimensional representation Ve = (£,V) of M and any A\ € af, the
tensor product £ ® e* ® 1 is a representation of P = M AN on V and we form the
induced representation (smooth normalized parabolic induction)

Tea=IndS(E®@e* ®1)

which is called a generalized principal series representation. It is given by the left-
regular action on the space

IA(G) = {F € C*(G,V) : F(gman) = a *?&(m) ' F(g9) Vg € G,man € P},

where p = %tr ad|, € a*. A more geometric realization of ¢ is as sections of a
certain vector bundle. For this let V¢ denote the representation £ ® e*?®1 on V
and form the equivariant vector bundle

Vg,)\ =G Xp Vg,)\ — G/P7

then ¢ \(G) = C*°(G/P,Ve,,) as G-representations.
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2.1.1. The compact picture. We choose a Cartan involution 6 that leaves M A
invariant, then the fixed point group K = G? of  is a maximal compact subgroup
of G and KNP = KN M is a maximal compact subgroup of M. On the Lie
algebra level, the involution # induces a the Cartan decomposition g = € & s with
t the (+1)-eigenspace and s the (—1)-eigenspace of §. The subspace £ is precisely
the Lie algebra of K.

By the Iwasawa decomposition we have G = K P, so that restricting to K defines
an isomorphism from I¢ ,(G) to

I(K)={F € C®(K,V): F(km) = £&m)'F(k)Vk € K,m € KN M}.

This space is independent of A and by abuse of notation we also denote by ¢ ) the
representation of G on I¢(K) which makes the restriction map I \(G) — I¢(K)
equivariant. The realization (7, I¢(K)) is called the compact picture.

2.1.2. The non-compact picture. Let N := 6N be the nilradical of the parabolic
subgroup opposite to P. Yet another realization of 7 ) is obtained by restricting
functions in I z(G) to N. Since NP is an open dense subspace of G, restriction
to N defines an isomorphism Iz \(G) — I¢ x(N) onto a subspace Iz x(N) C C*®(N)
which contains the Schwartz space S(IV). This realization is called the non-compact
picture of e y.

2.2. Symmetry breaking operators

Let G’ C @G be a reductive subgroup, P/ = M'A'N’ C G’ a parabolic subgroup
and g, m’', a’ and n’ the corresponding Lie algebras. As above we form generalized
principal series representations

Tyw = nd$ (n®e’ ®1)

associated to finite-dimensional representations W, = (n, W) of M’ and v € (a')¢,
and realize them in three different ways, on J, ,(G’), J,(K’) and J, ,(N’), analogous
to the representations of G. For the two realizations J,(K’) and J,,(N’) we assume
that G’ and M'A’ are f-stable, then K’ = K NG’ is a maximal compact subgroup
of G' and N’ = N’ the nilradical opposite to N’. For a later purpose we write
g =¥t o for the corresponding Cartan decomposition of g’. Consider the space

Homer (7 Al Gry Ty )

of continuous intertwining operators between the restricted representation e )|q
and 7,,. Such operators are also called symmetry breaking operators by Kobayashi
[10], since they describe the occurrence of 7, , as a quotient of 7¢ »|¢r. One way to
study symmetry breaking operators is in terms of their distribution kernels. For this
it is most convenient to realize both representations as the spaces of smooth sections
of equivariant vector bundles.

Let p/ = 3 trad|y and denote by W, , the representation 1 ® et ® 1 of P’ on
W. Then J,,(G") = C>(G'/P',W,,), where W, , = G' xp W, , = G'/P’. In this

realization

HOHI(;/(W§7)\|G/,7}N,) = HOHlG/(OOO(G/P, Vg,)\), COO(G//P,, Wm,/)).



FraaM AND WEISKE 519

By the Schwartz Kernel Theorem, every continuous linear operator between the
spaces C®(G/P, Vg ) and C>(G'/P',W,,) is given by a distribution section of the
vector bundle Ve _y® W, , over G/P x G'/P', where £* denotes the representation
of M contragredient to £&. The G’-equivariance of the operator then translates to
an invariance property for the distribution. Since G’ acts transitively on G’/P’,
the distribution section can be viewed as a section on G/P with certain invariance
properties. The precise statement is:

Theorem 2.1 ([14, Proposition 3.2]).  There is a natural bijection
HOIHG/(W&)\IG/, 7777”) ;) (D/(G/P, V,;:*,_,\) ® Wm,,)P,, A — UA.

As in [14] we use generalized functions instead of distributions, with the effect that
D'(G/P,Ve-_y) is the continuous dual space of C*°(G/P, V¢ »). Then a distribution

u € (D'(G/P Ve —3) @ Wy)”
defines a symmetry breaking operator A: C*°(G/P, V¢ \) = C*(G'/P',W,.,) by
Ap(h) = (W, o(h-)), ¢ € CX(G/P. V). (3)

In Section 3 we will classify all symmetry breaking operators for the pair (G,G’) =
(GL(n+1,R),GL(n,R)) and certain generalized principal series in terms of their
distribution kernels.

2.3. Algebraic symmetry breaking operators

The algebraic counterpart of the smooth representation 7  is its underlying (g, K)-
module (m¢ y)uc. This is a representation of the Lie algebra g of G and the maximal
compact subgroup K such that both actions are compatible. The representation
space of the underlying (g, K')-module is the subspace consisting of K -finite vectors,
i.e. vectors which generate finite-dimensional representations of K .

The structure of the underlying Harish-Chandra module is most easily seen in the
compact picture, and we let
T:=1 g(K ) K

be the subspace of K-finite vectors in I(K). Abusing notation, we denote the
g-action on 7 also by mg . The restriction m¢)|x is independent of A, and the
K-module Z is completely reducible. It decomposes as

7= @I(a),

where Z(«) is the a-isotypic component of Z. Similarly the underlying (g, K')-
module (7,,)uc of 7,, is realized on the space J := J,(K')g of K'-finite vectors
in J,(K"), which decomposes into K’-isotypic components as

J= J).

a'eK’

The algebraic version of the space of symmetry breaking operators is

Hom g/ gy (e ) uc @, 57) > (Tow)uC),
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the space of all linear maps Z — J which intertwine the Lie algebra actions ¢ 5|y
and 7,, of g’ as well as the group actions 7 \|x» and 7,, |k of K'.

Let us assume the following three multiplicity-freeness properties:
dimHomg (o, Z) <1, dimHomg (o', J) <1, dimHomg (Z(a),J(a)) <1, (4)

for all @ € K, o € K’. Then all isotypic components Z(a) and J(a') are either
trivial or irreducible, and further every K-type Z(«) decomposes under the action
of K’ into a multiplicity-free direct sum

I(a) = P Z(a, o),

a'eK!

where Z(«, ) is the o/-isotypic component of Z(«).

Now let T:Z — J be an algebraic symmetry breaking operator. Then 7' is in
particular K’-intertwining. By Schur’s Lemma, each summand Z(«, o) is mapped
into J(a’). Since J(a/) is either trivial or irreducible, the restriction

Tz L(a, ') = T ()

must either be trivial or a K’-equivariant isomorphism, and in the latter case it is
unique up to scalar multiples. For all pairs (o, ') € K x K’ with Z(«, '), J (') #
{0} let us fix a K'-isomorphism

Roo: Z(a,a') = T (&), (5)

then every K'’-equivariant linear map T: Z — J is uniquely determined by a
sequence of scalars (t,,/) such that

T|I(oz,a’) = ta,o/ : Ra,a"

In Section 4 we reformulate the additional property that T is intertwining for the Lie
algebra representations m¢ )|y and 7,, of g’ in terms of a system of linear relations
that the sequence (¢,,./) has to satisfy. This was previously done in [3] for the case
of semisimple groups, and we generalized these ideas to reductive groups. Further,
we systematically extend this characterization to the case of symmetry breaking
operators between submodules and quotients of principal series. These general
techniques are applied to the pair of groups (G,G’) = (GL(n+1,R),GL(n,R)) in
Section 5.

3. Smooth symmetry breaking for the general linear group

In this section we classify all symmetry breaking operators between generalized
principal series of G = GL(n+1,R) and G’ = GL(n,R) in terms of their distribution
kernels. This proves Theorems 1.1, 1.2 and 1.3.

3.1. Generalized principal series representations

From now on let n > 2. We fix the necessary notation for the groups we consider.
Let G = GL(n + 1,R) be the group of invertible (n+ 1) x (n+ 1) matrices with real
entries. The group G acts transitively on the real projective space

RP" = {[z] = Rz : x € R*"'\ {0}}
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by ¢ - [x] = [gz]. The stabilizer P of the line [e;] through the first standard basis
vector e; = (1,0,...,0) is a maximal parabolic subgroup of G. Its Langlands
decomposition P = M AN is given by A = {diag(x,2’,...,2') : z,2" € Roo}, N the
unipotent group of matrices of the form

and M isomorphic to {£1} x SL*(n,R) realized in GL(n + 1,R) as matrices of the
form

+1 0

0 h

with h € SL*(n,R). In particular, MA = GL(1,R) x GL(n, R).

Let G' C G be the subgroup of matrices whose last row and column is the last
standard basis vector e, of R"™ then G’ = GL(n,R). With this identification
we consider from now on GL(n,R) as a subgroup of G. Then P = PNG' = M'A'N’
is maximal parabolic in G’ with M’ = M NG’ isomorphic to {£1} x SL*(n — 1,R),
A = {diag(y,v,...v,1) : v,/ € Rog} € MA and N = NN G'. The orbit
G' - le] &2 G'/P' inside RP" is the real projective space RP"" !, viewed as the
subspace {[z1:...: 2, : 0] : (21,...,2,) € R"\ {0}}.

Let K C G and K’ C G’ denote the maximal compact subgroups O(n + 1) and O(n)
belonging to the Cartan involution #(X) = —XT on g. Then the (—1)-eigenspace

s of 6 in g is the space of symmetric matrices. Further, G = KP and G’ = K'P’
and therefore G/P =2 K/(KNM) and G'/P' = K'/(K' N M').

Let A € ag and v € (ag)*. Let further

1 1 1 1
X =diag(l,——,...,——), Y =diag(0,—,...,—) €a, and
n n n n

P 1 1 L 1 1
X —dlag(l, m,..., O), Y —dlag(o,m7...,m,
We identify af = C? and (ap)* = C? via A — (A, X)) = (AM(X),A(Y)) and
v = (r,1n) = (v(X'),v(Y')). Every X\ € af resp. v € (ap)* defines a character
of A resp. A’ which we extend trivially to M A resp. M’'A’ and denote by [ +— [*
resp. ' — (I')Y. Then for | = diag(a,h) € MA, a € R*, h € GL(n,R) and
' =diag(a’,h/,1) € M'A’", o/ e R*, I € GL(n — 1,R) we have

0 .
— )Ea

P = | det )2, (1) = |a'|*|det ]2 (6)

For p € a* and p' € (a)* this means p; = 234, pf = %, pp = ph = —3.

Let 1 denote the trivial M and M’ representation. We consider the representations
m=hdS(10e ®1) and 7, =Ind% (1@ @1),

and use the notation I := I, and J, := Jy, for the three different pictures as
described in Subsection 2.1.
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3.2. The P’-orbits in G/P
Let bp=[1:0:...:0/€RP" = G/P, then Nby is open and dense in G/P. Let

and let 7, :=nl € N. Then fi,by = [1: 2] and
U1 = Nb():{[vl : ...:anr]_] ERP":vl #0}

Hence we have an embedding of R" into G/P:

bR —~ N <™ G/P, x5 7y, by

In [14, Theorem 3.16] the study of P’-equivariant distributions on G/P was reduced
to the open cell Nby under the condition that PPNP = @, i.e. every P’-orbit in
G/ P intersects Nby. This condition is not satisfied in the present situation as the
following description of P’-orbits in G/P shows.

Corollary 3.1.  The orbits of the left action of P' in G/P = RP" are given by

(1) O,=0,=P.[1:0:...:0]={[1:0:...:0]},

(2) Op=0y=P.0:...:0:1]={[0:...:0:1]},

(3) O3=P.[1:0:...:0:1={[v:0:...:0:1]: 0, eR*} =2 RP'\ (O, U Oy),
4) Oy=P.0:1:0:...:0 = {[v;:v:0]: v, € R, veR*1\{0}} =2 RP" 1\ 0,
(5) Os5=P.J0:...:0:1:1]={[v;:v:1]:v; ER, v R\ {0}}

= RP"\ (O1 U0, U 03U Oy).

A
The closure relations of the orbits are given in the following diagram, where | m

B
means B is a subvariety of A of co-dimension m.

Os

n—1 \1

Oy
-1

Os "
1 / 1
O, O,
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Since the closed orbit Oy does not intersect the open cell U; we need to consider an
additional open subset of G/P which intersects Q. A convenient choice is obtained
by translating U; with a certain Weyl group element. Let

0 0 1
wg=10 1,1 0] € K.
1 0 O
Then the map
¢2:R”;>w0]v&>G/P, x»—>w0ﬁx-bo

is a diffeomorphism onto the open subset
Us; := ”LUoNb() = {[Ul Tt Un+1] € RP" : Un+1 7& O}

Let R? = {(2/,z,) € R* : / € R" "z, # 0}. Then the map ¢: R! —
R? | (', xn) = (z;'2’ 2 ") is a diffeomorphism which makes the following diagram
commute:

R: s G/P

le 27 (7)
R7
In particular, (R} ) = ¥»(R} ) = Uy N Us.

Lemma 3.2. We have G = PPNP U P'wyNP.

Proof. By Corollary 3.1 the set Uy = {[v1 : ... : vpy1] € RP" : v # 0} meets all
P’ orbits in G/P except for Oy, which is contained in

Uy =A{[v1:...:0551] € RP" 1 v,41 # 0} ]

3.3. Invariant distribution kernels on open cells

The open subsets Uy, Uy C G/P are particularly suitable to study the P’-action on
D'(G/P,V1,_y) since they are invariant under the action of M'A’ as the following
lemma shows:

Lemma 3.3.  We have

i) M'ANPCNP,

(i) M'ANwyNP CwyNP,
(iii) woP'wy C P.

Proof. For [ = diag(a,h,1) € M'A’, a € R*,h € GL(n — 1,R) and 7, € N with
r=(2,z,) € R"! xR. Then

Mg = Ng—1he! a1a,)] € NP, lwyn, = WoN(he az,) diag(l, h,a) € woNP, (8)

which proves (i) and M'A'wgNP C woNP. Let further y = (y,0) € R*! x {0}
such that n, € N’. Then



524 FrAHM AND WEISKE

0 0 .
1,., 0] € w,NP, (9)
1

/

Y

nywoﬁx = wgﬁ(x/@ﬁ(y/)%/)

o O =

which concludes the proof of (ii). Moreover we have wolwy ' = diag(1, h,a) € P and
1 0
wgnywo_l =10 1, 0] € P,
0 1

which proves (iii). ]

For every open subset U C G/P the G-action on D'(G/P,V; _,) induces an in-
finitesimal g-action on D'(U,Vq _»|y) by vector fields. Let ¢ = 1,2, then U =
U; is open and M'A’-invariant. By Lemma 3.3 we have a (g, M'A’)-action on
D'(U;, V1.-x|u;), such that the restriction

D/(G/P, Vlyf)\) — D/(Ui, VL,)\‘UZ.), u—u

U; (10)

is (g, M'A’)-equivariant. Using the diffeomorphism 1;: R" — U; we can identify U,
with R™ and trivialize V4 _,|y, to obtain an isomorphism

Ibz* : D,(Ui,V17_)\|Ui) — D/(Rn) (11)

This induces a (g, M'A’)-action 5 on D'(R") that makes the isomorphism (11)
(g, M' A’)-equivariant. Then the action o} , = &3|w,mary ® Wi, makes the isomor-
phism

D'(Ui, V1,-»

v:) ® Wi, = D'(R") (12)
(n', M'A")-equivariant.

Lemma 3.4. Let u e D'(Uy NU2, V1 _\|vynw,). Then
U(ﬁxbo) = |l’n|>\1_p1u(w0ﬁ¢(x)b0) Ve RZH

Proof.  First we note that x,, # 0 for all by € Uy NUy = NbyNwoNby. We have

T, 0 1 B
Ny = w0ﬁ¢(x) 0 1,4 —ZE,;IZL'I S 'UJONP
0o 0 -zt
Then (6) implies the statement. n

{ — 1 A/
Write  D'(R");, = {u e /(). D=1 Vg e MA }

o (Xu=0 VX ew (i=12)

for the subspaces of invariant distributions. The following result is a generalization
of [14, Theorem 3.16] to the case where the open dense Bruhat cell U; = Nby C G/P
does not meet every P’-orbit. We remark that a similar idea has recently been used
in [15, Section 5.2.3].
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Theorem 3.5.  The linear map
(D'(G/PV1,5) @ Wa,) = D'(R™) x D'(R"),  w s (87 (ulun), 5 (ul,)
s a linear isomorphism onto

DA, v) == {(u1,u2) € D'(R")}, x D'(R")3, s wilmy, = 2| " (2l ) } -

Proof. The maps (10) and (11) yield a map

D(G/PV1x) = D'(R") x D'(R"),  u > (] (ulu,), ¥3(ulu,)) - (13)
Then (13) restricted to P’-invariant distributions yields by (12)
(D'(G/P,V1,-2) @ W) = D'(RY)}, x D'(R"),- (14)

By Lemma 3.2 this map is injective and by Lemma 3.4 the image is contained in
D(A, v). Let (ug,uz) € D(A,v). Then by Lemma 3.4 we can define a distribution
u € D'(UyUUsz, V1 _\|thuw,) by uly, = (¥1)su1 and u|y, = (¥2)«us. Translating u by
p' € P’ yields a family of distributions p’ - u € D'(p'.(Uy UUs), V1,2l .(v1u0,)) Which
agree on the intersections since u; and ug are (n’, M’A’)-invariant. By Lemma 3.2
and the glueing property of the sheaf of distributions this gives rise to a unique
continuation of u in D'(G/P,Vy _») ® Wy, that is P’-invariant and is mapped to
(u1,u2) under (14). |

3.4. Classification of invariant distribution kernels
Recall from the introduction that
L:{<_Pl—227_P,1_2]) Gcz :i7j eZZO?j SZ} (15)

We introduce the following families of distributions on R"™.

(a) For (A,vy) € C2:

’UA (ZL’I T ): 5(x/)’xn|>\1+p1—l/1—p'1—1 ,wA (ZL'/ T ): 5('%./)’%71’1/1-1—;;’1—1
Ap AT F(/\1+91;V1*P/1)F(V142rﬂ/1)’ AT F(>\1+91;V1*P/1)F(V142rp/1)‘

(b) For vy = —p| —2j, j € Z>o: U;i’ul(l’/,l’n) =0, wﬁl(x/,xn) = 5(2j)(xn)5(x/).

(¢c) For My +p1—wvn—py=—-2N, N €Zx.:
viQ(x’,xn) = 6CM) (2,)6(2), wif(m',xn) = 0.

)
v

(@) For vy =~z (o) = 300
1= —pP1: AV yn _F(M)7
2

e) For n =2 and (\,v;) € C? additionally,
(e)

11|71 PL o | M1 —py 1
for, ) = L

F( —V1—2P'1+1 )F(A1+P1-2FV1—P'1 ) !

BN

C —
w/\v’/(ajl’ 'TQ) - F(7u1*2P’1+1)F(/\1+PlJ2rV1*P,1 ) '

We write for S = A, (A,1), (4,2), B, C: 3, == (v5,, w3 ,).
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By Lemma A.1 in Appendix A, uiy are holomorphic families of pairs of distributions
and satisfy the following

Corollary 3.6.  The pair ui, = 0 if and only if (A,11) € L.

Moreover, the following residue formulas hold:

1l
A (1N J: Al 9
U _( 1) (2 )ll"(A1+p12V1 o1 )uAV for v, p1—2j, J€ Z207
N!
uy, = (=D uy? for M+ p1 —v1 — g, = —2N, N € Zs,.

(2N)IT(2524)

Additionally, for n =2 the pair ugi,/ never vanishes and
1
A C /
uy, = —1u orn =2, v+ p; = —2po,
AV ﬁ A f 1 P1 P2
:\/Euiy forn=2, v+ p;=0.

Proposition 3.7.  For n > 3 we have

Cuf,u Zf/\2+/02 =V2+pl2,()\1,1/1) ¢ L,
D()\ 7/) = Cuiﬁ@@ui’f Z'f/\2+102:V2+p/27<)‘17V1) EL
7 C“ﬁu if Ay —pa— 10— py =11 +py =0,
{0} otherwise.
For n =2 we have
Cuf\l,V if Ao+ p2 = va 4+ phy, (M, 1) € L,
D\, v) = Cuyy ® Cuyy if Ao+ pa = va+ ph, (A1) € L,
’ Cuf, if Ay — po— va — py = 1 + p,
{0} otherwise.

Proposition 3.7 together with Theorem 3.5 and Theorem 2.1 implies Theorem 1.1.
We prove Proposition 3.7 in two steps. First, we separately classify invariant distri-
butions in D’ (R”)fw (i =1,2). Then we compare their pullbacks via ¢ resp. ¢~ '.
For the first step we need to study the actions o}, (i = 1,2) in detail. For
j =1,...,n let N; € n be the matrices given by (N) Kl = 01 k5]+1l Then for
r = (:El, ..+, 2n) we have exp(Y 7, ¥;N;) = n,. Let B =377 13:]8 denote the
Euler—operator on R".

Lemma 3.8. For a € R*,h € GL(n —1,R) let | = diag(a,h,1) € M'A" and
Njen', je{l,...,n—1}. The (W', M'A’)-actions o3, (i =1,2) on a generalized
function u € D'(R™) are for v = (2/,x,) € R"1 x R given by

() od, (Dula, 2) = lafr =240 det o ou(ah =, a,),
i) o5, (Nju(r) = 25 (B = (A = pr)) u(z),

(
Lo Due z,) = la|"171|a det h|v2tre— ety (B! o ay,),
A

Nju(x) = xj%u(x).

X
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Proof. The G-action on D'(G/P,V; _,) is given by the left-regular action. Now
(8) implies that pulling back the left-regular action of [ € M'A" on U; (i = 1,2)
along v; yields the left-regular action of diag(ah™!,a) for i = 1 and the left-regular
action of diag(h™',a™!) for i = 2. Then (6) concludes the proof of (i) and (iii).

Ad (ii): Fix z=(2/,z,) ER" ' xR. Let y=(y/,0) eR"*x{0}. For small y we have

1+yTx ‘ y?
My = x 1,
1+y"x | 0
= ﬁﬁ 0 1, wyT M € NMAN,

 1+yTx

which implies that the action 7_, of N’ on v € D'(Uy, V1 _\|v,) for fixed x € R"
and small y is given by

_a(ny)0(figho) = (1 — yTx) =Py (ﬁ%b()) .

11—yt x
Putting y = te; with j € {1,...,n — 1} and differentiating at ¢ = 0 gives

X
].—tl'j

huWuta) = G| (=t () = (B = O - ) uto)

t=0

Ad(iv): By (9) the action oy, |y is the infinitesimal action of the induced N’-action
7m_x on D'(R"™) given by

T_x(ny)u(wongby) = u (woﬁ(x/,xﬁ(y/)%,)bg) .

Hence for j € {1,...,n—1}

aivy(Nj)u(x) = —| (@, x, +te;) = x;—u(x). n

t=0 Oy,

Lemma 3.9.  For Ay + ps = vy + ply we have

CU:\L{V Zf ()\1, Vl) g L

Dl Rn 1 _
(R") {Cvf’f if (\,11) € L.

For n > 2 and Xy — py — vo — py = 11 + p| = 0, we have D'(R")}, = Cvy,,.
Forn =2 and Xy — py — vy — phy = 11 + pi we have D'(R?)} , = Cuf,.
In all other cases D'(R™);, = {0}.

Proof.  Let 0 # u € D'(R"); . Tosimplify notation we write p; = v1+p) =M1 +p1
and po = vo+ph—Aa+pe. Let [ = diag(a,1,...,1), a € R*. Then by Lemma 3.8(i)

o(Du(x',x,) = |a|" T2 u(az’, ax,),
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so that u has to be homogeneous of degree —p; — 9. Similarly the action of [ for
| = diag(1,a,...,a,1) and | = diag(a, a_ﬁ, ce a_ﬁ, 1) implies that u(z’,x,) =
u' (2 )y (z,) with v/ € D'(R™!) homogeneous of degree (n — 1)uy and u, € D'(R)
homogeneous of degree —pu; — nus. Moreover wu, has to be even and u’' has to be
invariant under left-regular action of matrices with determinant equal to +1. Hence

by Lemma A.2 in Appendix A we can assume
PR 7 T
u”(xn> € CF(—M—;M-H)’ u (.T ) = Cp((nl)éﬂﬁl))'

Now Lemma 3.8(ii) implies that either z;u'(z") =0 forall j =1,...,n or —pg—po =
A1 — p1. In the first case it follows that py = —1 such that «/(2) is a multiple of
d(2"). Hence Ay + pa = 1o+ py and —py —npe = —p1 +n =M +p1 —vy —p) — 1
such that

§(a")a, P

F( A1+p1 ;V1 —p )

ueC

?

which implies u € Cviy resp. u € Cvif in the respective cases by Lemma A.1 in
Appendix A. For the second case let —p; — po = Ay — py, i.e. pg = —vy — pj. For
n > 2 the SL(n,R)-invariance of u' implies ps = 0 i.e. that u’ is constant. Then
Ao — po =1+ phy and u € Cvfﬂj. For n = 2 we just obtain u € Cvgy. [ ]

Lemma 3.10.  For Ay + p2 = 12 + py we have

(wa’y Zf ()\17 1/1) ¢ L,

D/(Rn)Q L=
oo Cut if (M) € L,

For n>2 and Xy — py — vy — py = v1 + pf = 0, we have D'(R");, =C.

For n=2 and Ay — po — vy = ph = 11 + p; we have D'(R?), = C2 =
’ r

e o
—vi—p1+1
(—=1)

In all other cases D'(R™)3 , = {0}.

Proof. Let 0 # u € D'(R")3,. As before we write p = v5 4 ph — Xy + p2.
The proof works in the same way as the proof of Lemma 3.9: The action of [ =
diag(1,a,...,a,1), | = diag(a, 1,...,1) and diag(a,...,a,1) for a € R* implies by
Lemma 3.8(iii) that u(2’, z,) = v'(2")u,(x,) is homogeneous of degree vy + p} + nus
with v’ € D'(R""!) homogeneous of degree (n —1)uy and u,, € D'(R) homogeneous
of degree vy + p| + pg. Since u, has to be even and ' rotation-invariant by
Lemma A.2 in Appendix A we can assume

|5L‘n | vi+p) 2

/|(n—1)p2

— 0 V()= ————.
F(V1+01;‘M2+1) F((nfl)gﬂzﬂ))

Then by Lemma 3.8(iv) u is n’-invariant in two cases. Either x;u/(z) vanishes for
all i =1,...,n — 1 which implies uy = —1, so that ' is a multiple of §(z’). Hence
in this case )

§(a")a, !

INEE

ueC
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and Ay + py = 15 + ply. Hence u € (waﬂj resp. u € (wa,’y1 in the respective cases by
Lemma A.1 in Appendix A. The second case is u,, is constant i.e. vy + pj + o = 0.
For n > 2 the SL(n — 1,R)-invariance of «’ implies also that «’ has to be constant,
i.e. po =0 such that vy + ph — Ao + po = 11 + p; = 0 and u is constant. If n =2 it
just follows Ay — ps — 1o — ph = v1 + p) and

B

F( 71/1*2,0'1+1)

u(zy,xe) € C ) n

Corollary 3.11. (i) For (\,1) € C*: o, R i (w/‘\‘"ymgn) .

(ii) For vy =—p| —2j, J € ZL>p: ¢ (wi’ul’RQJ = 0.
(ili) For My +p1 —v1 —p) = —2N, N€Zso: (¢71)* (Uf,fh%ﬁn) =0.

(iv) For vy = —ph: v lry = |za| 710" (wilegn) .

Tn

(v) Forn=2: vgy\RgEQ = |xo|M1 P (wiu’R32> )

Proof. (ii) and (iii) follow immediately from the fact that the support of the
distributions in question is disjoint from R} and (iv) and (v) are true by definition.

Ad (i): We prove this identity for ReA; + p1 > Rewvy + p} > 0, then the general
A1+p1—v1—p] )F(VH—P'l )
2 2 /-

statement follows by analytic continuation. Abbreviate ¢ = I'(
Since ¢! = ¢ we have

Gt ) = [ el A0 et Do)

R

where D¢ is a upper triangular matrix with x,,! on the first (n — 1)-diagonal entries
and —z,? on the last. Hence

(@ w, Iy, ) = C_l/R [ [ A28 (2 ) pl(p() ) d.

We can pull back by the map R* — R* given by y + y~! with Jacobian —y~2 and
get
-1 vi+p)—n—2 -1 _ 1 —v1—pi+n
¢ || ©(0, 2, )dx, = c || ©(0, z,)dx,
R* RX
— ! |:En|(’\1+p1_”1_p/1_1)_h+p190(0,xn)d:tn _ <|$n|_/\l+plvﬁy|Rgn790>- -

RX

Proof of Proposition 3.7. By Corollary 3.6, we know that uiy = 0 if and
only if (Ay,71) € L, and in this case ufl”lyl and uffyl are linearly independent. If
v € —ph — 2Zxo and (M,11) ¢ L the distributions uj , and ufl’}yl are scalar

multiples of each other by Lemma A.1 in Appendix A. If \j +p; — vy — p) € —2Z>

and (A1, 1) ¢ L the distributions v} , and uffyl are scalar multiples of each other

and uf\{y and uf, can not exist at the same time. If n =2 and uf\‘jy and uiy exist,
they are scalar multiples of each other as well as uf, and uiy if both exist. Moreover
uf,, # 0 for all (Ay,11) € C*. Then Lemma 3.9, Lemma 3.10 and Corollary 3.11

imply the proposition. [ |
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3.5. Symmetry breaking operators in the non-compact picture
From our classification of the distribution kernels of symmetry breaking operators,

we first derive formulas for all operators in the non-compact picture, i.e. as operators
I\(N) — J,(N') from functions on N = R" to functions on N’ = R""!.

Theorem 3.12. The symmetry breaking operators A)\,,,A(;V)V,AE\Z})V,B)\’,,,C,\,,, €
Home (In(N), J,(N")) corresponding to the distributions u‘;"y,ui’,},ufﬁ,uf’wuiy €

D(A,v) are given as follows:

(i) For (A\,vy) € C%:

_ 1 AM+p1—vi—p)—1
Avvp(y) = F<u1;p’1)r(>\1+p1;l/1*p’l) /R|37n| (Y, zn)d,.
.. ’ . (1) . d2j —A1—p1 1
(ii) For vy = —p\ —2j, j€Lso: A, p(y) = lim 5 (It ply,t) .
o*N
(i) For My +p1—v1—pf = —2N, N € Z>y: AE@(p(@/) = 83:2](5 (y,0).
1
() Forvi =gl Buply) = oxprerma s | ol ola)ds
EETE e

(v) Forn=2 and (\,v,) € C*:

1
CAJ/SO(y) - 1—‘()\1+P1+V1—P'1)F(—Vl—Pll‘H)

2 2

- / |y — |7 | AT (1) d .
RQ

Proof.  Assume first that a pair of distributions v = (v, w) € D(\, v) corresponds
via Theorem 3.5 to a kernel on G/P which is either supported on a single P’-
orbit contained in Uj, or which is given by a sufficiently regular function times an
equivariant measure on a single P’-orbit which intersects U; non-trivially. Then
for i, € N', y € R*! and ¢ € I,(N) the operator A € Home (I\(N), J,(N'))
corresponding to u = (v, w) is given by

Ap(n) = [ olnglynpnin = [ o= (,0)pta)ds

. . . . . . . . . A2
in the distribution sense. This applies to the distributions uj{{y, uy, uij and uiy

if Re Ay > Rer; > 0. For instance,

|mn|>\1+p1*l/1*p'1*1 ,
dpr—yio(a', ) dx

Arwoly) = [ e~ 0)p()ds = [

n F(Vr;-ﬂ'l )F(M-l-m;q—ﬂﬁ)

/ |xn|>\1+p1—V1—p'1—1 (( ))
= / —— / 90 y? 'Tn dxn'
R F(VlJQrPl)F<>\1+P12 1 Pl)
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The claimed formulas for .Agf,),, B, and C,, follow in the same way. To obtain

the above expression for AE\I)V we use the residue formula of Corollary 3.6. For
v = —py —2j,7 € Z>o we find

@ﬁ(/wwwﬁl

’A1+p1—2¢(y, $n)d$n]

1 v1+p]
J ' vi+pi=—2j
L[ [ -
= (_1)] j' F y1+p’1 ‘t’ )\1 pl(p(y7t 1>dt
" Ve r(ags e
— i d* t —A1—p1 t_l
= q (| | ey, )) :

where we have used Lemma A.1 in Appendix A in the last step. Note that this limit
exists for every ¢ € I\(N). In fact, using the notation of the next section (see (17)
for the definition of v, ), for ¢ # 0:

[t oy, t7h) = [t P (R )

= (tVTF P 2) ey )

A1tp1

=+ P+ 172 nle)([t:ty = 1)), (16)
so that the limit is given by
lim 7 p(y, 1) = 12 (@)([0: - 0+ 1)),
By the same argument the limits of derivatives exist. ]

3.6. Symmetry breaking operators in the compact picture

We now find expressions for all symmetry breaking operators in the compact picture.
For this consider the equivariant isomorphism from the non-compact to the compact
picture

Ya - ]A(N) - ](K),
where we identify I(K) with C*(K/(K N M)) = C*(RP"). By the Iwasawa
decomposition G = K P we write n, = kp with £k € K and p € P. Then

1 * 1 *

€K, p=(1+]z]): eP.

k=(1+z*)"2 ol %

Tk

A function ¢ € I\(N) can be extended to a smooth function @ on G which is
right-equivariant under the action of P. As such it can be restricted to K C G:

P(iiy) = (1 + |z[?)"zXte0 (k).

This implies for all v; # 0

-----

@ = () (). (1
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We denote the corresponding map J,(N') — J(K’) between the non-compact and
the compact picture of 7, by 7,,.

In the following we write w = (wy, ..., wr1) for an element w € S¥ C R¥! of the
unit sphere and dw for the Euclidean measure on S*.

Theorem 3.13.  The operators A,\,,,A)\ll)j,Ag\zl),,BAy,C’Ay' I(K) — J(K') corre-

Al A2
sponding to the distributions uf,j, uAy,uAy,ufy,ufy are given as follows:

(i)  For (\,11) € C?:

O T e A
AA,VSD([y]) - /Sl 21_‘(,,1;,0/1 )F()“*Pl;/l*/’i) @ wlm L Wo d(W1,WQ).

(ii) For vy = —p| —2j, j € Z>p:

2j

AV o[(y]) = [y L . DIy < 1),

dat?7 |,

(i) For Ay +p1—wv1 —p) = —2N € —2Z> :

2N

AL o(ly]) =y d I(y,t)I*“’“w([y 1))

dtQN

9) Forva =gt Buosp) = grmgerry [ e

(v) Forn=2 and (\,v) € C?:

o1 ,
’wg ’>\1+ﬂ1+l/1 —p1—1

. Iy Iy D dew
C)\,VQD([Q]) _\/52 2F(71117p'1+1)1—\()\1+p1+1/17p’1) SO([ ])d ’

2 2

woyl _ wiy2

Proof. Let A € Homg (I\(N),J,(N')). Then the corresponding operator A in
the compact picture is given in the following way:

A=~loAo fy;l
Hence for y = [y; : /] with y; #0

Ap(ly]) = (%) o A () 'y (18)

For the first operator (18) is

_ A1—p1
e =l [ e U

(V142rpl )F<>\1+p121/1 Pl)

o(ly = yrz])da

) — —A1—p
e [ A
R

F( V1;p’1 )F( >\1+01;V1—P/1 )

p(ly - 2])dz
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1 ml/1+pl1*2|r|)\1+p1—ul—pll—l <{m 1) ;
= y:r r

. F(V1;P'1>F(>\1+01—V1—P'1) |y‘

1 |w1‘V1+P'1—1’w2’)\1+p1—u1—p’1_1 Wy ]
= 5 /5,1 F(V1+p/1)r()\1+p171/17p/1) ¥ my P Wo (W17W2)~
2

2

2

(ii) follows from (16) and (18) and (iii) follows from (18). (iv) and (v) follow from
(18) by pulling back the integral with the map S7 ., — R", (wi,...,wpi1) =

wl_l(w27"'7wn+1)‘ u

Theorem 3.13 concludes the proof of Theorem 1.2 and together with Corollary 3.6
it implies Theorem 1.3.

Remark 3.14. For z € C,m € Zx¢ let (z),, denote the Pochhammer symbol

given by (2),, = % Let A\ +p1 —v1 —p) = —2N, N € Z>o. By the product

rule the operator AE\QI), can be written as

N

ZN)' A+ P1 _
A9 _ _1)* ( 1 2N —2k
= resto ) (1) FeN—ami\ 2 ) %

where 0, denotes the normal vector field with respect to the submanifold RP"~! C
RP™ and rest: C®°(RP") — C(RP"!) the restriction map. This expression should
be compared to Juhl’s family of conformally covariant differential operators (see |8,

Chapter 5] and also [14, 10.2.]). In contrast to Juhl’s operators, the family AE\2)V
does not involve derivatives tangential to the submanifold RP*~! C RP", but only
normal derivatives.

Remark 3.15.  Only the operators B, , for n > 3 and C), for n = 2 define, for
generic parameters (\,v), families of regular symmetry breaking operators, in the
sense that the support of their distribution kernels contains an open P’-orbit. All
other symmetry breaking operators are always singular. More precisely, the support
of the distribution kernel K4 € (D'(G/P, V1) ® W1,)"" of a symmetry breaking
operator A is given by

(05 for (A, 11) €L, 1 ¢ —p,— 250, Mi+p1—11—p, & —270,
Oy for (A1,11) & L, M+ p1 — vy — p) € =27y,

O, for (A\1,11) € L, vy € —p) — 2Z>y,

{0} otherwise,

supp K4 =

\

o)
supp KN = O1,

(2)
supp K“\v = Oy,

G/P for )\1 # P1 — 1-— 2220, v = —pll,

supp KBw =<
04 for )\1 = pP1 — 1— QZZO’ v = —pll
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For n =2

G/P for — vy — p'l +1 ¢ —2220, )\1 + P1 + v — ,0/1 ¢ —2Z20,
@4 for — VvV — p'l +1 ¢ —2220, )\1 + P1 + v — ,0/1 c —2Z20,

@3 for — vy — p'l +1e€ —2220, )\1 + P1 + v — ,0/1 ¢ _ZZZOJ
01 for — V1 — p'l +1¢€ —2220, )\1 +p1+v1 — ,0/1 € _ZZZO'

supp KO =

In [14, Corollary 3.6] a necessary condition for the occurrence of regular symmetry
breaking operators was given. This condition is in our case satisfied for n > 3
if and only if Ao — po — o — py = v1 + p} = 0 and for n = 2 if and only if
Ay — po— Vo — phy =11+ pl.

3.7. K-type analysis

We now determine explicitly the action of all symmetry breaking operators on K-
finite vectors. For this we identify the space I(K) with the space of smooth functions
on the real projective space RP". Let Z := C*(RP™)g be the space of K -finite
vectors. By [19, Chapter IX], it decomposes into irreducible K -modules

I=P Z(a) (19)

CMGZEO

where Z(a) = H?*(R"™!), the space of harmonic, homogeneous polynomials on R™*!
of degree 2. In particular, we have Z = C[RP"], the space of regular functions
on the projective variety RP™ in the sense of algebraic geometry. Similarly we
decompose

J=C*RP" ) =CRP" ' = @ J(a J(o) = H*X(R™).  (20)

« 6220

Remark 3.16.  Since homogenous functions on R"*! are uniquely determined
by their values on the unit sphere S™, the restriction from R"*! to S™ defines an
isomorphism H2*(R"*!) — C*(S™) onto a subspace H**(S™) of C*(S™). The
inverse is given by writing for ¢ € H?**(S"): |m|2a¢(%) € H*(R"'). Since
O(n + 1) leaves |z| invariant, these are isomorphisms of O(n + 1)-representations.

Following (56) of Appendix C we have
HQCV(R’IH-I |K’ ~ @ %k Rn (21)
0<k<2a

Therefore every K-type Z(«) contains all K'-types J(a') with 0 < o < a.
The explicit embedding In_,q: H** (R") — H>**(R"*!) is given in (57) and (58)
of Appendix C and we put

(o, o) = Iy o(H*™ (R")) C Z(a). (22)

Further let R, o : Z(o, ') — J (/) be the map restricting functions on K to K’
which is an isomorphism of K’-modules. Then every symmetry breaking operator
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A: I(K) — J(K') is in particular K’-intertwining and therefore its restriction to
Z(a, o) is a scalar multiple of R, . For the families A, ,, By, and C), we now
determine these scalars explicitly.

A O/
5 °
4 ° )
3 ° ° °
2 o ) ) )
1 ° ° ° ° )
(8
® ® ® *—

*—e
0 1 2 3 4 5
Figure 1: K'-types Z(«, ') that occur in 7.

Lemma 3.17.  Let ¢ € Z(a, o). Then

<V1+p'1 )a’

Ay o= —-"2 "2 _ 23
v F()\r;m +a/) ( )
A —v—p) n—1 A 1
> 3F2 O{/—Oé, 1+Pl 141 p17 n —|—CY+CY/; 1+Pl +a/’ = 1 Ra,a’(@)a

2 2 2 2
W%(pli)\l)a(ﬂ)a
By, = 0o, 2 22" Ro o (). 24
" ) (24
For n =2 we further have
V1+p’1
(=L))o
Cruip = 2 ) (25)
F( 12,01 +Oz’)
A —pp 1 A 1
% 3 F) (o/—a, 1+/)1—2|—V1 /)1’ §+04+o/; 1—21-/)1 +O/’§;1> Roor ().

Here 3F5(ay, aq,as; by, be; 2) denotes the generalized hypergeometric function.

Proof.  (23) follows directly from [5, 7.319]. For (24) let ¢ = Iya(9), ¢ € T ().
We calculate using the coordinates (v/1—rw,/7)
A—p1—1 n—2 /
Tz (1—r) 2 T nolioy
21—\(>\1—p1+1) CQ(?X—O/) (\/F)dr7

2

Ly
By, = d(w)dw - /
sn—1 0

which vanishes if o/ # 0. For o/ =0, [5, 7.319] and [19, Theorem 2.2.6] imply the
formula. For (25) we calculate using the same coordinates for y € S*
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Ai+pitvi—o) 1 —v1-p}
—_— 1(1 _ 7“) +a’

1
_ [ I 2+2a
Cruipll]) = / R CE, (VR

2
|watn — W1y2‘_yl_p/1
g /s or(zy

The first integral can again be evaluated with [5, 7.319] and yields

1420/ ( )F(WITW%—O/)
2(a—a’) F()\1+p1 +O/)
2
A —p) 1 A 1
X3F2(0/—04, 1—|—,01—2|—V1 p1,§+a—|—o/; 1;Lp1—|—o/,§;1>.

The right K’-invariance of ¢ implies that the second integral is equal to

|y [T
y) /51 Wéf)(w)d%

which is by [5, 3.631 (8)] equal to

(—1)a/21’1+p/17rr(—1/1 -+ p’l) B \/7_1'(—”1;[),1)0/

I(=ater a/)r(*m;rpi _ O/)F(*VI*TPQH)(_VI — i +1) (st 4w

Together with the residue formulas of Theorem 1.3, the identity (23) also yields

the explicit actions of A A,y and A N, on every K'-type I(a,a’). In particular, the
following formulas for the action on the spherical vector follow:

Corollary 3.18.  For the spherical vectors 1, € I(K) and 1, € J(K') we have
1
1, By, 1\ = ;\n—

r(aa) IRV

Ay 1y =

and for (A,v1) = (—p1 — 21, —py —2j) € L

A(l)l)\: i‘(2j) 1 A(g)l :i!(Qi—Qj)!
A =g T g — )t

For n = 2 we have Ch1) =

4. Symmetry breaking operators between Harish-Chandra modules

In this section we recall the theory developed in [3] to classify symmetry breaking
operators between the underlying Harish-Chandra modules of principal series rep-
resentations and we extend this theory from the case of semisimple groups to the
case of reductive groups. For this we return to the general setting as described in
Section 2. In particular, we assume the multiplicity-freeness properties (4).
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Denote the center of G by Z, then A = Ag A, with A = ANexp([g,g]) and
A,=ANZ. We write 3, as and a, for the Lie algebras of Z, Ay and A,. An ana-
logous notation is used for G’ which explains the use of Z', AL, A}, 3, al, and a.

Write A = A + A, € af such that Ay vanishes on a, and ), vanishes on ag.
Similarly, we write v = v + v, such that vy vanishes on a and v, vanishes on
al,. In the following we view A, and v, as linear forms on the whole Lie algebras
g = 3®gs resp. ¢ = 3 @ gl vanishing on gy and € resp. ¢, and ¥, where
Oss = [gag]7 gés = [g/ag/] :

4.1. The spectrum generating operator

Assume that the parabolic subgroup P C G is maximal, then ag is one-dimensional.
Following [7, 9.4] the positive (g, a)-roots form an unbroken string ¢, 2¢, ..., ge with
e € a* and ¢ € N. (In fact, ¢ is trivial on a,.) Let H € ay such that e(H) = 1.

1 (S
We have p= 3 (Z] dim ng> £,
j=1

where g;. is the root space of je (or equivalently the eigenspace of ad(H) to the
eigenvalue j). We choose an invariant non-degenerate symmetric bilinear form B on
g with B(H, H) =1 (e.g. a scalar multiple of the Killing form) and consider Casimir
elements relative to B: For every 1 < j < ¢ let {X7} be a basis of £; = €N (g;.©g_;c)
with B(X/, X7) = —0;. Then we define

CaSj - = Z(ij)2’

which is a second order element of the universal enveloping algebra of €. Note that
by [1, Remark 2.4] the elements Cas; can be written as rational linear combinations
of Casimir elements of subalgebras of £, even though not all £; might be subalgebras.
The spectrum generating operator P is

q
P = Zj_lCasj.
j=1

Since the right-regular action of P commutes with the left-regular action of K, the
right-regular action of P is a K -equivariant linear transformation o, on the isotypic
component Z(«). Since Z(«) is irreducible, this transformation has to be a scalar,
thanks to Schur’s Lemma.

In the same way we can choose ¢ € (a)* and H' € al, such that the (g',d')-
roots form an unbroken string ¢’,2¢’,...,¢'c’ and £ (H') = 1. We further choose an
invariant non-degenerate bilinear form B’ on ¢ with B'(H', H') = 1 and denote by
P’ the corresponding spectrum generating operator for G'. The right-regular action
of P’ on the isotypic components J (') is given by scalars o7, .

4.2. Reduction to the cocycle

For A € af we write Ay = AM(H) € C, then A = A\se + A\, with A\, € 3. An
analogous notation is used for v = e’ + v, € af. We can extend B to a non-
degenerate symmetric C-bilinear form on the complexification gc. We define

wX): K —=C, wX)k) =BAdEHX,H) (X €ge, keK).
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Since w(Ad(h)X)(k) = w(X)(h™'k), this defines a K -equivariant map w from gc
to [1(K) = C*(K/(K N M)), where 1 is the trivial (K N M)-representation. The
map w is called a cocycle. Since sc and €¢ are B-orthogonal and H € s¢, the map
w vanishes on €¢ and since roots vanish on the center, the map w vanishes on j¢.
By m(w(X)) we denote the multiplication operator Z — Z with w(X), and we write
Projz(a): Z — Z(a) for the projection onto the direct summand Z(«). For K-types
a, f with Z(«),Z(B) # {0} we define for all X € g¢

wa(X) = projz(g om(w(X))lz(a).

The reduction to the cocycle is stated in the following theorem (see [1, Corollary
2.6]). It lets us express the derived representation ¢ ) in terms of the cocycle, the
linear transformations o, and A,.

Theorem 4.1.  For X € s¢ and K -types «,  with Z(«),Z(B) # {0} we have
. 1
Projz(s) 0T (X)|z(0) = 5(05 = 0o + 20)wi(X) + da s Ae(X). (26)

Following [1, Remark 2.8] it is evident that w? is non-trivial if and only if wg is
non-trivial. Hence we write a <»  for K-types o, with Z(«),Z(8) # {0} and
w? # 0 ie. everytime we can reach the K-type o by the multiplication with the
cocycle restricted to Z(f) and the other way around. Let U4 C Z be a (g, K)-
submodule of (m¢\)uc. We write U(a) for the a-isotypic component of Y. That
means U(«) = Z(a) whenever U(a) # {0} and U(a) = {0} otherwise. Then

. 1
Projy(s) ome(X)lu) = 5 (05 — 0a + 25 )wh (X)) + ba,50,(X),

for all X € s¢ and whenever o and 8 are K-types of U. If o or § is not a K-type
of U but a K-type of T we have projy s ome A(X)|u@) = 0. Let Z/U be the quotient
of (¢ x)nc. We can identify

/U= P ZI(a)=U".

(o) {0},
U()={0}

This identification is an isomorphism of (g, K')-modules if 2/~ is endowed with the g-
action given by proj,. ome zlyo . Then U+ has isotypic components Ut (o) = Z(a) #
{0} whenever « is not a K-type of U and Ut (a) = {0} otherwise. Hence for a
quotient U+ we have for X € s¢

. 1
Projy. gy °me (X)) = 5(05 — O + 202 (X)) + 64,800 (X),

if Ut(a),U(B) # {0} and projy.(g omea(X)|yr@) = O otherwise. Since this
formula is the same for submodules and quotients, we will treat submodules and
quotients in a uniform way, identifying quotients with subspaces of Z. This implies
that we can use the cocycle reduction in a modified way when working with a
submodule or quotient U':
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Lemma 4.2.  For a submodule or quotient U of (m¢x)uc we have for X € s¢ and
K -types o, B with U(e),U(B) # {0}

. 1
Proju(s) oeA(X)lute) = 5(05 = 0o + 20)wi(X) + GapAo(X). (27)
If U(er) or U(B) is trivial then projy g ome (X )|u(a) = 0.

Similarly we consider the cocycle w’ of G’ and define

Wi (X) = proj g om(w' (X)) ) X €gc, J(), T(B) # {0},

18’

and write o <+ " whenever w,, is non-trivial. Theorem 4.1 yields the identity

. 1 y
proj 7(s) OTnw(X)| 7@y = 5(023 — ol + 21/35)0«);’5 (X) + b pra(X). (28)

Then Lemma 4.2 also applies to composition factors of 7, .

4.3. Symmetry breaking operators for Harish-Chandra modules

Let U be a submodule or a quotient of (7¢ ))uc and U’ be a submodule or a quotient
of (7,,,)uc. Then we have Y C 7 and U’ C J under the identification above. An
intertwining operator for (¢ \)uc and (7,,)uc is a linear map 7: U — U’ that is
intertwining both as g’ and as K'-module:

T o projy ome \(X )y = projyr o7y o (X) | o T VX eg, (29)
TO7T§7,\(I€)‘1,{:T77’V(I€>’L{/OT VkEK/. (30)

The space of these operators is denoted by Homy gy (U|(y,x7),U"). The identity (30)
implies that for all o, &' the map T'|z(a,o is K'-equivariant from Z(o, a’) to J (o).
Recall that both Z(a, o) and J(«’) are either trivial or irreducible, and we fixed
a K'-equivariant isomorphism R, . : Z(«a, ') — J (/) whenever Z(a, '), J (o) #
{0} (see (5)). Then Schur’s Lemma implies that T'|7(q,e/) = ta,a’ - Ra for numbers
taor € C whenever {0} # Z(«o, /) CU and {0} # J (/) CU. If U(a,a’) = {0} or

U'(a’) = {0} we use the convention t, = 0.

Restricting the multiplication with the cocycle w to Z(a,a’) and projecting to
Z(pB, ) yields maps

wﬂyﬁ : 5{(} ®I(Oé, Oé,) N I(ﬁvﬁl)a wﬁﬁ (X) — prOjI(,B,,B’) Om(W(X))|I(a7a/),

a,af a,af

where wggi(X) I(o, /) — Z(B,0') is a linear map for all X € si, under the
identification Home (s ® Z(a, '), Z(8, ') ~ Home(sg, Home(Z(e, o), Z(5, 3')))-
By [3, Lemma 3.3] it is evident that wéﬁi # 0 if and only if wg:g,/ # 0. Hence we
write (o, ') <> (5, 4') whenever wﬁﬁﬁ # 0.

We can use the cocycle reduction to prove the following theorem which is a general-
ization of [3, Theorem 3.4].
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Theorem 4.3.  Let U C I be a submodule or quotient of (me x)uc and U C T be
a submodule or a quotient of (7,,)uc. Then a linear map T: U — U’ is intertwining

for (me\)uc and (7,,)uc if and only if

T| _Jtaw - Rao  ifU(a, o) # {0} and U'(a') # {0},
Ulaned) = 0 otherwise.

with numbers t, o € C satisfying

Z (O’g — Oy + 2)\ss)t5’5/ . (Rﬁﬁ/ o wi’ﬁj (X)) + 250/,5/)\2()()15@70/ . Ra,o/

B
a7a/ ﬁ7ﬁ/ /
Gy [ (0 = ot + 2 e (W (X) 0 Raw)
N if U(a') # {0},
- +25a/75/VZ<X)ta7a/ . Ra’a/ (31)
0 otherwise,

for all X € s¢. and U(o, ), U'(B’) # {0}.
Proof. = We have that (29) holds if and only if

Projys gy ©1' o projy oTe M (X)) |u(aary = Projy(s) 0Ty (X) © Tui(a,an (32)

for all U(a,a’) # {0} and U'(5') # {0}. Since A\, acts by scalars it leaves K’-types
invariant. Applying (27) to the right-hand side of (32) yields

1 /
5(0-/6’ - 0:1/ + QVSS)tOé,Oé/ (w/ﬁ (X) o Ra,a’) + 504’,,3’VZ<X)to¢,a’ ' Ra,oc’a

a/

where ¢, = {0} if U(a) = 0. For the left-hand side we have by (27)

Projygn 1" o projy, oTe A (X)) (o) = Z T o projy s, 4 oTe (X)) ety
B
(a,0")(8,8")
1 y
= 5 Z (Uﬁ_aa+2)\ss) . <T e} wg:g, (X)) + 50/,,3/)\Z<X)ta7a’ . Ra,o/

B
(a0 )e(8,8")
Uu(,p")#{0}
1 /
= 5 Z (0’5—0'&4—2)\55)7;3,5/ . <R5,gl o wi:é(X)) + 5a/,g/)\z(X)ta7a/ . Ra,a/. u

B
(,a')+(B,8")
up.p")#{0}
This theorem gives a description of intertwining operators between submodules and
quotients of (7 x)uc and (7, )uc-

4.4. Scalar identities
We denote the (—1)-eigenspace of 6 on gy resp. gL, by s resp. s, such that
s =a,® S5 resp. 8 = a, & s, . We introduce the notation

o w/ﬁ,| oR
(sts)cr na,a’ — Wor 1(sls)c a,a’

B.6" _ 8.6’
na,a’ - R/B”g/ © wa,o/

B’

ﬁ?z J— b
na,a’ - Rﬁval © woc,a’

(a7)c>
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for the maps (s2,)c @ Z(a, ') — J (') resp. (a,)c @ Z(a, ) — J(a'). Further we
assume

dim Homg ((siy)c ® o, 8') < 1, (33)

for all U(a, o), U'(8') # {0}. Then for all (3,3") for which 7’ 0/777a a,,# 0, they
must be scalar multiples of each other. We define proportionality constants Aﬁfj, by

58— N

%a ’naa

If we further assume dim(a)) <1 (34)

we can fix 0 # Z € al, then a, = RZ and there is a unique character v} €
(a%.)* with ¥!(Z) = 1 that vanishes on @/ . Again by (33), the maps 777, and
v} ® Ry are scalar multiples of each other, whenever they are non-zero. This
defines proportionality constants /\fliw by

Nty = Nty V} @ R, (35)

o, Z

Since s, C sg the restriction \,|¢ does in fact only depend on the restriction to
a, C §'. For simplicity, we write A, resp. v, for A\,(Z) resp. v,(Z2).
Now Theorem 4.3 simplifies as follows:

Corollary 4.4. Let U CT and U' C J be quotients or submodules and (33) and
(34) hold. A linear map T: U — U'" is intertwining for (m¢ x)uc and (7, )uc if and
only if

. toc,o/ : Ra,o/ ZfZ/{(Oé, O/) 7é {0} and Z/{/(O/) 7é {0}7
T|L{(ao¢ -

0 otherwise,

with numbers t, o satisfying

, 0l —0, +20) e  if U'(d 0},
D (05— 0a+t20) N ts e = 5~ % Yo ¥ UL) 210} (36)
5 ’ 0 otherwise,
(a,0)(B,8")
Uu(p,p")#{0}
for all U(a, ) # {0} and U'(F') # {0} and
> (05— 00+ 20) N b0 = 2(v, — Mo (37)
B
(a,0")¢(B,a")
U(B,e)#{0}

for all U(a, /) # {0} and U(a') # {0}.

It is not necessary to compute all proportionality constants by explicit calculations
with K’-finite vectors since they always fulfil the relations stated in the following
lemma, which is a generalization of [3, Lemma 3.7] to the reductive case and to the
case where H and H’ do not coincide.
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Lemma 4.5. Let Z(a, ') # {0} and J(B') # {0}. Assume R, . and Rgp to
be the restriction from K to K' for all p with (a, ') <> (8,0"). Let Q := B(H', H)
and let (33) and (34) hold for all Z(co, '), T (B') # {0}. Then we have

> A0 =Q, Y (os— T )ND, = oy — ol +2(Qp — p),
B B
(@) (8.6) (@) (8.5)
> Naw=0, Y. (o5 0 =0,
B B
(@a’)o>(B.') (@) o> (B.')

where we identify p and p' with the numbers p(H) and p'(H').

Proof. We have §B(H',H) = 1. Therefore B'(-, H')|o. = &'|o. = §B(-, H)
Let mMpin @ amin @ nmin € m@adn be a minimal parabolic subalgebra. By the Iwasawa
decomposition we have g = €@ (A, NM) B (N M) G ags B a, B n where ag is B-
orthogonal to all other summands. Hence for Y € g, B(Y, H) is uniquely determined
by the projection to ag. By the same argument we have that for X € ¢', B'(X, H')
is uniquely determined by the projection to al .. We have al, C (ayi, M) S ag where
B(-, H) vanishes on (a,,;,, Nm). Hence B(-, H) composed with the projection to a
coincides on g, with B(-, H) composed with the projection to al, and therefore
B(-, H)|q, is uniquely determined by the projection to al;. Then for all X € s, and

k € K' we have

/.
Oss

W(X)(k) = BAA(K1)X, H) = QB (Ad(k) X, H') = Qu'(X)(k).

Hence for all X € sf Rppow(X) =Quw' (X) o Ry o

Therefore Qna:a, = Z 7755 = Z )\g:’zl,ng:a,,
B B
(ona”)(8,8") (o,a")(8,8")
and 0= Z 775:2, = Z )\gfx,yzl ® Ry
B B
(o,a)>(Ba") (a,a")(B,a")

For the second identity we look at the restriction operator rest: Z — J i.e. the
operator with t, . =1 for all (o, a’). Let proj, be the orthogonal projection from
g to a. The restriction operator is (m¢ z, 75, )-intertwining if

(Ass€ 4 p) 0 proj, 4+, 0 proj,, = v’ + p' + vy,
which is the case if and only if A,| =1, and
As+p)B(H' H) = (vs+p') <= Qs =15 — (Qp— ).

This together with (36) resp. (37) for U =7, U' = J and together with identities
already proven implies the missing identities. ]

Remark 4.6.  In the same way as for the restriction above, the knowledge of every
additional intertwiner yields a new formula for the proportionality constants.
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5. Algebraic symmetry breaking for the general linear group

We return to the setting of (G,G’") = (GL(n + 1,R), GL(n,R)) with the notation as
in Section 3.

5.1. The spectrum generating operator

We first determine the eigenvalues o, and o/, of the spectrum generating operators
P and P’ of G and G’. Recall the positive (g,a)-root ¢ € af with root space
g. = n and the positive (g’,a’) root &' € (ag)* with root space g., = n’. Then we
have e(H) =¢'(H') =1 for

n 1 1
H:=d y 5 y T € g,
1ag(n+1 n—+1 n—l—l) ¢
n—1 1 1
H :dlag( - ,—E,...,——,O)Gags

The bilinear forms B(X,Y) := 2 tr(XY) on g and B/(X',Y") := - tr(X',Y")
on g’ are Ad-invariant and satisfy B(H,H) = B'(H',H') = 1. We further fix the
central element Z = diag(1,...,1,0) € al, then v} = ¥ € (ai,)* satisfies v, (Z) = 1.

Remark 5.1.  In the notation of (6) we have

n+1 s n Ass
)\1 = )\ssa )\2 :)\Z_ 5 V= Vgs, Vo =V, —
n n n—1

n—1

We extend B and B’ C-bilinearly to the complexifications g¢ and g. The set
{X1, = /ot (B — Ej1) : j = 2,...,n+1} is a basis of (g © g_.) N ¢ with

2(n+1)
B(X],;, X} ;) = —0;;. Hence the spectrum generating operator is defined as
n+1
Po=—) (X)) (38)
=2

Note that P is equal to the difference of the Casimir element for £ and the Casimir
element for € Nm. Therefore, the eigenvalues o, of P, and similarly the eigenvalues
o!, of the spectrum generating operator for g’, are given by a renormalization of the
eigenvalues of the Laplacian on RP™ resp. RP"!:

n—1

n+1a(2a+n—1), ol = - (2 +n —2). (39)

Oq —

5.2. Reduction to the cocycle

Let X’iﬁ,j = ﬁ(Ei’j + Ejﬂ') for all 7 #] and XZSKL = nLH(EM - Ei+1,i+1) for 4 S n.
Then {X7;} is a basis of ss. Let & € K be an orthogonal matrix with first column

(1,...,%n41)" € S™. We can explicitly calculate w(X7;)(k) = B(k" Xk, H):

2 2 ._ .
i —Tiyq, =1

(X5 ) (k) = { A (40)

Therefore w({X7,}) forms a basis of H*(S™). By restricting the decomposition (60)
in Appendix C to S™ and combining it with the decomposition (22) we can directly
conclude the following:
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Corollary 5.2. (i) For the K -types «, B € Z~o of G we have
a e pe{atl al.
(i) For a =0 we have w) =0 and w} # 0 since w(X) € Z(1) for all X € s¢.
(iii) For ¢ € H**(S™) and i # j we have
ngl(Xf,j)(¢) = Cbzij and WS(XfJ)(¢) = ?,jv
and for i = j we have
ngl(Xf,j)(¢) = ziz - i—l,i-&-l and WS(Xsz)(Qs) = ?1 - ¢?+1,z‘+1;
with gzﬁffj, 0, defined as in (59) of Appendiz C with |z|=1.
(iv) For the K -types o, 8 of Z, B #0, and &/, 3" of T, 8 #0, n > 3 we have
(a, )+ (B, 0) e fe{atl,a} and fe{ad’ £1,d/} and o/ < o, F < 5.
and for n =2

(a,d) = (B,8) e pe{atl,al and f € {o/ £1} and &/ < a, ' < 6.
(v)  We have (a,0) 4 (5,0) for all n and all o, (.
Now that we know the eigenvalues of the spectrum generating operator and how the

multiplication with the cocycle acts we can use (26) to decide for which A € af. the
(g, K)-module (7))yc is irreducible.

Lemma 5.3.  (m))uc s @rreducible if and only if \y # +(p1 +2i), i € Z>o. If
A = E(p1 +2i), a € Zso, (ma)uc has a unique irreducible submodule and a unique

irreducible quotient. The submodule is finite dimensional if and only if Ay = —p1—21,
1 € L.
Its K -types are given by F_(i,\,) = @I(a).
a<i
For the quotient we have T_(i,\,) =Z/F_(i,\,) =k @I(a).
a>1

The quotient is finite dimensional if and only if \y = p1 + 21, i € Z>q. In this case
the K -types of the unique submodule are given by

T (i, \) = P Z(a).

a>1

For the quotient we have Fy(i,\,) =Z/T+(i,\,) =k @I(a).

a<i

Proof. By (26) we have for X € s¢
: 1 P
Projz(g) omA(X)|z(a) = 5(05 = 0 + 2As)wa (X),
where w? = 0 if and only if 8 & {a 4 1,a} or if « = 8 = 0. Since w vanishes on

tc, by the action of g we can at most step from Z(«) to Z(a £ 1). For =a+1
we have that (03 — 04 +2)s) =0 (n+1+4a+2)\) =0 and for f =a —1
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we have that (03 — 04 +2As) =0 < (n+1+4a—4 —2)\;) = 0. So we cannot
step from Z(«) to Z(a + 1) if and only if 2A\; = —(n + 1) — 4 and we cannot step
from Z(a+ 1) to Z(«) if and only if 2A\; = n+ 1 + 4a. In the first case we get
a unique submodule of (my\)uc given by D, Z(B). In the second case we get a
unique submodule Py, Z(5). ]

Remark 5.4. The composition factors of the smooth representations m, 7, are
given by the Casselmann—Wallach globalizations of the composition factors of the
underlying Harish-Chandra modules. We write Fi(i, A\,)>, T (i, \)®, FL(j,v,)>®
and T (j,v,)* for the globalizations. In particular quotients of the smooth repre-
sentations can be realized in the compact picture on the orthogonal complements of
the submodules in C*°(RP") with respect to the L?-inner product.

Remark 5.5. If n = 2 we have the following isomorphisms of composition factors:
f’(j’ VZ) = Ff}-(]a Vz) = ‘F/—(jv Vz)> T/(ja VZ) = 71(]7 Vz) = 71,(]7 Vz)a

and for all n > 2 F(0,v,) = F(0,1,).

5.3. Proportionality constants

The identities of Lemma 4.5 do not give enough information to calculate the propor-
tionality constants XB % Let Z(a, o) # {0}. By Corollary 5.2 we have for each

with o/ <+ 3" up to three such constants. In the following we calculate one of the Aféﬁl,
for each 3’ by explicitly decomposing projz ) om(w(X))|z(a,a)- Recall from (57) and
(58) of Appendix C the K’-equivariant embedding Iy q: J(a) = Z(a,a’). For
an element ¢ € Z(a, ') given by ¢ = Iy_a(@)|sn with ¢ € J(a/) and X € (s.,)c,
B+« and 8 > o we have

Projzs (W(X)d) = wis H(X)(9) + Wl (X)(0) + Wit TN (X)(9).  (41)

If we look at the identity (41) for an element X7, ,i,j #n+1,i # j we get

Projz(s) (wir;0) = A0S o1 5(¢7;) | sn + Ag’,iffa'eﬁ(ﬁjﬂsn
+Aa ,af a+1—>ﬁ( 1])|Sn (42)

for some constants Ag o1 Ag 3,, Aﬁ @+l Note that following the proof of Lemma 4.5

we have w(X)|x = W' (X)VX € ( SS)C, with Q = B(H',H) =" ’1 . This gives

nE W (X2)(0) = QT ()62, i (x2)(8) = ALCyE Y 0yl

where gzﬁ € {¢7F ?;} for the corresponding ' € {a’ +1,a}. Therefore

INE

L*l+213/

2

NI Co-p (0)
ool T C%Ha/

a QAZY. (43)
2(a—a’) (0)
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Lemma 5.6. For a > o + 1 we have

2(a—a)(2(a— ) —2) (n+2(a—a)—2)2(a—da)

)\af},a’+1 Yol )\af},o/ -0
e (n+4a—1)(n+4a—3)" (n+4a—1)(n+4a—3)
)\a—l,o/—l o Q(n + 2(04 + O/) B 4)(” + 2(0& + CK/) — 2)
oo B (n+4a —1)(n + 4o — 3) '

~ ~ , n—1 o n

Praof. ~ Let 6 € Z(0.0/). 6(x) = Luma(0)(x) = o**0(e') Oy " (1)
T

with ¢ € H?*'(R™), 2 = (2, 2p41) € R""!. Let further 3 = a — 1.

In this setting the identity (42) is

Oy = N a1 (7)) + AY Y T a1 (60))

So we need to calculate ¢;j
the notation we set

+ 70

and decompose it into multiples of ggz i @5 ;- To simplify

l::n—l

120, 2= N = 2(a — o). (45)

With this substitution (44) reads

0ij(@) = Ag o™ 7o (@2l OR P (2) + A 6l (@) |2V A ON Ly (2)

2,

AL G (@) |2 N IO (2). (46)

Then calculating qu_ ; with (51) in Appendix B and the product rule immediately
yields
Ao—lal+l _ (n+4a’+1)(n+4a' - 1)
o’  (n+4a—-3)(n+da—1)"

Applying (54) in Appendix B to ~;’j — Az;j’alﬂ v (2')|z|N O3, (2) yields

(n+2(a+d)=2)(n+2(a+a)—3)
(n+4a —3)(n+4a —1) ’

Aafl,a’ o
a,a’ -

and successively applying (54), (55), (52) and (54) in Appendix B to

O = Nl (@) NTIORZ (2) — A 60 (a) 2N L L (2)

n+2(a+d)—=2)(n+2(a+ ) —3)
(n+4a —3)(n +4a —1) '

yields Ag’_a%’a/ = —
Then (43) and (50) in Appendix B yield the proportionality constants. |

Now Lemma 4.5 and (39) yields all proportionality constants Aﬁﬁ',
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Lemma 5.7. Whenever they are defined, the proportionality constants for T and
J are the following:

n+2a+ad)—4)(n+2a+a)—2)
(n+4a —3)(n +4a — 1)
22(e —a) = 1)(n+2(a+ ') —2)
(n+4a —3)(n +4a+1)
2@ —d)+3)2(a—-a)+1)
(n+4a—1)(n+4a+1)
(n+2(a+da)—2)2(a—da)

r_ a—1l,0/—1
/6 —_— Oé - 1 >\Ol,al —_— Q

a,a’'—=1
Aa,a’ = (2

a+1l,a’'—1 (
/\a,a’ =2

a—1l,a'
F=o Ao (n+4a —3)(n +4a —1)
o :Q(n+4a—3)(n+40/)+4(a—o/)(2(a—a’)—1)
Lo (n+4a —3)(n +4a+1)
\atla’ :Q(n—i—Q(a—i—o/)—1)(n+2(a—o/)+2)

! (n+4a —1)(n +4a+1)
dla—d)(a—ao —2)
(n+4a —3)(n+4a —1)
dn+2a—ad)—1)(a—a)
(n+4a—3)(n+4a+1)
(n+2(a+ad)—1)(n+2(a+a)+1)
(n+4a—1)(n+4a+1)

B=d+1 N =0

a,a’ +1 o
)\a,a’ = (2

a+1,a’+1
)\a,oz’ = (2

Corollary 5.8.  The proportionality constants )\g’fl, are given by

Bz _ (" B
)\a,a’ - n—1 ol 5075 .

/

(47)

Proof. Let X =diag(l,...,1,0) € 3. Then

n 1 1 n
1, Xy € 5 with X =di , ,—
n+1 w1t 39 W > 1ag(n+1 n+1 n+1

Then w(X) = w(Xg), which is by (40) equal to

2 |? n+1
T = e e we ),

X =

).

P

n
Let ¢ = Iyo(®)|sn € Z(a, @), ¢ € J(a') as before. Then by (42) we have

projz(s(1'*0) = Ay ™ a1 (Z @Ti)
i=1

n n
+ Afm?’ lor (Z ¢?z) + Ag;’ HIa’Hﬁﬁ (Z (b;rz) , (48)
i=1 =1

with the scalars Aiﬁﬁ as before. But since the first and the last summand of (48)
vanish we have

projz(ﬁ)(]x'|2<5) = Ag’,zfja'ﬁﬁ (Z ¢2¢> = Ag’;/[a’ﬁﬁ(éﬁ)-
i=1
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Hence 06 = (AL = 60) oz 00

tr(X) R (¢) 0”21+2a (0)6,

/
) O{ a
n

which implies the corollary.

Now Corollary 4.4 gives a full characterization of intertwining operators.

Theorem 5.9.  An operator T: T — J is intertwining for (7x)uc and (7,)uc if
and only if  T|z(aa) = tae TSt |z(aay  for scalars o satisfying

(R1) Aiiﬁ’“'_l(n +4da + 20 + Dtggrra—1 + )\z:zi_IQ)\lta,o/—l
-+ )\g;},a’fl<2)\1 —n— 4o + S)tafl,a’fl = Q(2V1 —n — 40/ + 4)ta,a’7
(R2) AT (n+da + 20 + Dtaria + A52N ta 0
FACY (20 = n—da + 3ta_rw = 2Witaw,
(R3)  AS Y (n+da+ 20 + Dtarrarn + A0S 20t a1
+ )\g;}’alﬂ@)\l —n—4da+3) o101 = QUn+ 4" + 2u1)t g0,
(RZ) A2 (n+4da+ 20 + Dtgsra + AZ52N oo
FAY 2N —n—da + 3)tasrw =20y, — A, +

A taa’a
n+1 Ve,

where relation (R2) has to be satisfied only if n > 3 and o/ > 0.

As illustrated in Figure 2 we can view the relations (R1), (R2), (R3) and (RZ) as
relations between points in the K’-type picture which was described in Figure 1.

a—1a+1 aa~|—1 a+1a+1)

V \\ \\A

(a—1,0/ = 1) (a,& = 1) (e + 1,/ — 1)

(R2), (RZ)

(a—1,¢/)  (a,0¢)  (a+1,a)

Figure 2: The relations (R1), (R2), (R3) and (RZ).

Our goal will be to define the scalars t,  inductively using these four relations. If
A = —p1 — 21 € —p; — 2Z>¢ we cannot define ¢, in terms of ¢, g with o < 4.
We can illustrate this fact by a line between the i-th and (i 4+ 1)-th K-type column
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in our K’-type picture and in the pictures of our relations, indicating that we cannot
step from left to right (see Figure 3). Similarly we can draw a horizontal line between
the j-th and (j+1)-th rows if v, = —p} —2j € —p| —2Z>( indicating that we cannot
step down.

z—1a+1 zoz—i—l 2+1a+1

(z—la—l za—l z—l—la—l

(Oé—l,]—l—l) (Oé,j—|—1) (Oé+17]+1)
. o . . | e
(i—1a) (o) | (i+1,0) N7

(@)

Figure 3: Barriers for \y = —p; — 2i, i € Z>o (vertical) and for vy = —p| — 25,
jJ € Z>o (horizontal).

5.4. Multiplicites between Harish-Chandra modules

In this section we use Theorem 5.9 to classify symmetry breaking operators between
the Harish-Chandra modules (m))uc and (7,)uc, which concludes the proof of The-
orem 1.4. For the statement recall the definition of the discrete set L C C? from

(15).
Theorem 5.10. For the multiplicities between (my)uc and (1,)uc we have for n > 3

1 if X+ po=ve+ph (M,1n) ¢ L,
m((m )i, (7)) = 2 if Ao+ pa =1+ ph, (M, 1) € L,
L ifdg—pa—va—py=1v1+p; =0,
0 otherwise,

and for n =2

if Ao+ p2 =10+ ph, (A\1,11) € L,
if Ao+ p2 = v+ phy, (A1,11) € L,
if Ao — p2 — v — py =11+ py,
otherwise.

m((m\)uc, (1.)nc) =

S = NN

First we examine the diagonal sequence (tnq)q. If we take (R3) for a = o’ we get
a relation only involving tq,q and tai1a41. Since AGEM*T = Q) this is

(n4+14+4a+2X\)tat1.a+1 = (N + 4o+ 201 )tg 0. (49)

That implies:
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Lemma 5.11.  The space of diagonal sequences (toa)a satisfying (49) is one-
dimensional if (A,v1) € C\ L . Every non trivial sequence satisfies

(1) fOT’ )\1 g —pP1 — 2220 and 1%} ¢ —pll — 2Z20 N

lao #0 Ya € Zs,
(i) for \y = —p1 — 2i,i € Zso and vy ¢ —p) — 27>y :
taa=0 Va<i and taa 70 Va>r1,
(iii) for \y € —p1 — 2Z>p and vy = —p| — 2,5 € Z>o:
taa #0 Va<j and taa =0 Va>j,
(iv) for Ay = —p1 —2i,i € Z>o and vy = —p| —2§,j € Z>p and i < j:
taa#0 Vi<a<j and ta.a = 0 else.

If (M) = (—p1 — 2i,—py — 25) € L the space of diagonal sequences (ton)a S
two-dimensional and has a basis {(t, ,)a; (ta.o)a} satisfying:

tha 70 Ya <y, tha =0 Ya>j
toa =0 Va <i, toa 70 Va>i.

Proof of Theorem 5.10. By (2) we just need to prove that the multiplicities
between the Harish-Chandra modules are less than or equal to the ones given in
Theorem 5.10. This is done the same way as in the proof of [3, Lemma 4.5] and
will therefore only be sketched. Details can be found in [20]. We need to distinguish
between three cases which split into several subcases each.

Case 1. First we assume

vy =c —c+ A1 — Ao + po = s + py.

n+1
The formulas (RZ) and (R2) are equivalent, whence we can handle this case for all
n > 2 simultaneously. We need to distinguish between three cases to give upper
bounds for the multiplicities.

Case 1.1. Let A\ € —p; — 2Z>¢, then (n + 1+ 4a + 2);) never vanishes. If a = o/
relation (R2) resp. (RZ) reduces to a relation between t,, and t,41, for all o > 0.
Hence given a diagonal sequence (tnq)a we can use (R2) and (RZ) to uniquely
define the second diagonal series (fo+1.0)a>0. Now we can define all missing scalars
on the diagonal by moving further in «a-direction using (R2) or (RZ). Hence the
dimension of the space satisfying all relations (R1), (R2), (R3) and (RZ) can at
most be one-dimensional.

Case 1.2. For all (A,14) ¢ L we can expand a given diagonal sequence to the
right using (R2) or (RZ). If \y = —py — 21, i € Z>¢ the scalars t, with a > i
and o/ < ¢ cannot be defined that way since (n+ 1 + 4i + 2)A;) vanishes. But we
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can define these scalars uniquely with (R3) in terms of already defined scalars. This
yields multiplicity less than or equal to one for all (Aq,14) ¢ L.

Case 1.3. Let (A\,1n) = (—p1—2i,—p} —2j) € L, i,j € Z>p, i > j. For a diagonal
sequence (t,.q)q satisfying (R3) we have ¢, , = 0 for j < a <. In the same way as
in the second case we can define all ¢, with o > j using (RZ) and (R3) and for
a <iand o < j we can define all ¢, as in the first case using (R2) resp. (RZ),
which gives the situation as in Figure 4.

The scalars t, o with @ < i and o < j are independent of those with a > 1,
o > j. The two blocks do only depend on the diagonal sequence which is taken
form a two-dimensional space as shown in Lemma 5.11.

It remains to show that the undefined scalars ¢, with a > i, o/ < j can be
uniquely defined in terms of already defined scalars. Since (R2) resp. (RZ) for
(a,) = (i +1,5) and (R1) for (o,0’) = (i + 1,5 + 1) are linearly independent
we can uniquely define ¢;;,; and ¢;1o; using these two relations. Then moving to
the right with (RZ) and down with (R3) implies that the multiplicity of sequences
satisfying all four equations is at most two-dimensional.

/

! e
.0 L] L] L]
ji+1 0 'O/I\ .« .
j ° ° | o} [e]
&
1 1+1

Figure 4: K'-types Z(a, o) for (Aj,11) € L, Ao + p2 = va + pl with scalars ¢, o
already defined e, and ¢, not yet defined o with relations (R1) and (R2).

Case 2. Now we assume

A2 + pa # Vo + i, v = —pj.
For n > 3, subtracting (R2) from (RZ) implies that a non-trivial operator can
only exist in this case if t,, = 0 for all o/ # 0. By (R3) this can only hold if
v1 = —p). Under this assumption we can again handle the cases for n = 2 and

n > 3 simultaneously since the relations we will use in the following are all defined
for n > 2 and do not depend on ¢, with o/ > 0.

Case 2.1. For A\; # —p; — 2i, i € Z>g the three relations (R1) for (o, /) = (1,1)
and (RZ) for (a,a’) = (0,0) and («o,a/) = (1,0) are a 3 x 3 system of linear
equations in tg,t10 and to. It is easily checked that this system has rank two if
and only if £14 = ¢ — ¢+ niﬂ)q which holds if and only if Ao + ps = 15 + po o1
Ao — po — Vo — py = 11 + py, and rank three otherwise. The case Ay + ps = v + py is
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already covered and if Ay — py — 1o — py = 11 + p} we can define all ¢, in terms of
too using (RZ) and get multiplicity less than or equal to one.

Case 2.2. If \; = —p; —2i we can look at the two equations (R1) for (a, ') = (i,1)
and (RZ) for (a,a’) = (4,0) which only involve ;1o and ¢;o. These two equations
are equivalent if and only if Ay 4+ p2 = v2 + p2 such that ¢, = 0 for all a < 4
in all cases not already covered. Then (R1) for (a,a’) = (i + 1,1) and (RZ) for
(a, ') = (i+1,0) involve only ¢;+1 and t;420 and the two equations are linearly
dependent if and only if Ao — pa = 15 + p5. Hence in this case we can define all ¢, g
with « > i uniquely in terms of ¢;;1 using (RZ), which yields also multiplicity less
than or equal to one in this case.

Case 3. The remaining case is
Ao+ p2 # Vo + py, v # —p.
By the considerations of the case before we can assume n = 2.

Case 3.1. Let (A\,11) ¢ L and assume that t,, = 0 for all a. Then expanding to
the right with (RZ) and down with (R3) implies that the whole sequence (fn.0/)a/<a
vanishes. Hence we assume that there exists a K -type a such that ¢, , # 0. Further
since (A1,v1) ¢ L we have \; ¢ {—p1 —2a, —p; —2(av+1)}. Then the formulas (R3)
for (o, ), (RZ) for (a,a), (RZ) for (o« +1,«) and (R1) for (a+ 1, + 1) yield
a 4 x 4 system of linear equations in ¢y o, ta+1,0+1, tati.a, tar2,a- 1t is easily checked
that this system has rank three if and only if

2
+1 :c’—c+§)\1.

Then —v; = —c+ %)\1 holds if and only if Ay — py — 1o — p), = 1 + p; and in this
case the same argument as for the case v, = ¢ —c+ %)\1 yields multiplicity less than
or equal to one for (Aj,14) ¢ L.

Case 3.2. Let (A,v1) = (—p1 —2i,—p| —2j) € L and i # j. As before expanding
to the right with (RZ) implies that t, . = 0 for all a <4, o > j. For i # j and
J # 0 the two formulas (RZ) for (a, /) = (i,7) and (R1) for (o, ') = (i, 7+1) yield
a 2 x 2 system of linear equations in ¢; ; and ¢;_; ; that has a non-trivial solution if
and only if v, = —c+ %)\1. Hence in all other cases, including —v; = ¢ —c+ %)\1
we have t,, =0 for all a <.

Case 3.3. Let (A\1,11) = (—p1 — 2i,—p) —2j) € L and i = j. The relations (R1)
for (a,a/) = (i,1), (RZ) for (a,a’) = (i — 1,4) and (R3) for (o, ') = (i — 1,4 — 1)
yield a 3 x 3 system of linear equations in ¢;;,%;,_1,-1 and ¢;,_1 which is solvable
if and only if Ay + ps = vn + py. Hence for all cases Ao + ps # 1o + ph and
(A,v1) = (—p1 — 2i,—p} — 2j) € L we have t, o = 0 for all @ < i. Now assume
ta,o = 0 for all a. Then expanding to the right we get ¢, = 0 for all o <4 and
all ' > j. Then for a choice of t;11; we can expand to the right both with (R1)
and (RZ). But it is easily checked that these two expansions do coincide if and only
if -y =¢—c+ %)\1. Otherwise we can assume that there exists an o > i such
that ¢, # 0. Then in particular t,41,+1 # 0 and by the same argument as above
we obtain that non-trivial intertwiners can only exist if Ao — ps — 15 — py = 14 + p.
Moreover the space of intertwiners is at most one dimensional since we can uniquely
define t,41; in terms of t,41 ;41 as in Figure 4. [ |



FraaM AND WEISKE 553

5.5. Multiplicities between composition factors

The same procedure as in the proof of Theorem 5.10 can be used to compute
multiplicities and classify symmetry breaking operators between composition factors.
We abuse notation and write A, ,, Af\{fl, A(f,),, B, and C), for the restrictions of the
smooth symmetry breaking operators to Z. Then Ay ,|7(a.a) = tia,()\, V) Ry for
numbers t; (A, v) € C. Similarly we write ti’i,()\,u), ti’z,()\, v), t (A v) and
tg,a,()\, v) for the numbers defining the other operators. All these sequences are

explicitly given by Lemma 3.17 and they are the only solutions of the relations
(R1), (R2), (R3) and (RZ).

Lemma 5.12. (i) IfU C (m\)uc is a submodule, then the restriction

Hom(g/7K/)((7T)\)Hc|(g/7K/), (TV)HC) — Hom(g/’K/)(Z/{|(g/7K/), (T,,)Hc), T —> T|u
1S surjective.

(i) Ifn >3, U # F.(0,v,) is a quotient of (1,)uc and q : (1,)uc — U’ is the
quotient map, then the composition

Homy g ((m2)ucl k1 (7o)uc) = Homyy k) (7 )uc &, U ), T+ qoT
1S surjective.

Proof. Ad (i): By Corollary 4.4 an operator 7' € Homy ) (U|(y k7, (Tv)uc) is
given by scalars ¢, o satisfying the identities of Theorem 5.9 for all K-types a that
occur in U. But every time U(f) is trivial, and U(a) with « <> § is not, the factor
(0 — 04 + 2)s) vanishes anyway, so that the relations for U are just a subset of
the old relations, including the diagonal relation (49) and the central relation (RZ).
Hence we get the same restrictions on the parameters Ay, 5 and if A\ = —p; — 2¢
the scalars t,, have to satisfy (49) for (a,a’) = (4,7) such that in every case the
diagonal sequence (f,a)u(a)2{0} can be expanded to a sequence as in Lemma 5.11,
which has a unique continuation to all («, a’) by Theorem 5.10.

Ad (ii): Let vy # pf. If U'(/) is trivial and U'(B’) with o’ <+ (' is not, then the
factor (07 — 07, + 2v4) vanishes anyway, so that the set of relations the scalars ¢, o
defining an element 7' € Homy g ((7)uc|(g,x7),U’) have to satisfy is a subset of
the relations of Theorem 5.9. In particular since U’ # F' (0, \,) there exist K'-types
for which (R2) and (RZ) hold. Hence we get the same restrictions on Ay, v5. As
before, given such an operator, we can expand the diagonal sequence to a sequence
as in Lemma 5.11 using (49). ]

If U is a quotient of (my\)uc we have that an intertwiner 7T: U — (7,)nc together
with the quotient map ¢: U — (my)uc induces an intertwiner

(7T,\)Hc T T, (TV)HC

that vanishes on the complement of /. On the other hand if ¢/’ is a submodule of
(T)uc, t: U — (1,)uc the inclusion and T': (m))uc — U’ intertwining, then

(T —— U —— (1,)uc

is an intertwiner whose image is contained in U’. Recall that for n = 2 we have
Fl(j,va) = F (j,v,) and T](j,v,) = T'(j,v,), and for that n > 3 we have
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F'(0,v,) = F'(0,v.). This implies that every algebraic symmetry breaking op-
erator between composition factors is given by the restriction of a smooth symmetry
breaking operator. Hence the considerations above and Lemma 5.12 reduces the
classification of smooth symmetry breaking operators between composition factors
to the analysis of zero-sets of the sequences tia,()\, v), S=A4A, (A1), (A2), B, C.

Proposition 5.13.  Let i,j € Z>o. Then

B (taaw 1), =0, for vy = —p — 25,
(i) (L), ., =0, for Ay = —p1 — 24,
(i)  (th(\v) a;m, ., =0, for \y = p1 +2i, vy = py + 27,1 > 7,
(iv) (ti’;(}\, V))a/>j =0, for vy = —p — 27,

or N\ = —p1 — 20, vy = —p) — 27, 1> 7,
P1

Vi) (tew 1), =0, for Ay = —p1 — 2i,

(vi))  (t2 (A, V))a;. =0, for Ay = p1 + 2i,

(viit) (5 0 (A, V))a,>j =0, for vy = —p — 27,

(ix) (tgja,()\, V))aq =0, for A\ = —p1 — 21,

(x) (tg}a,()\,y))w%a%j =0, for \i =p1+2i, vy =—p) — 27,0 > 7,
(xi) (tg}a,()\, V))oc>i,a’<j =0, for A\ = —p1 — 21, vy = p| + 27,0 > 7.

Proof.  The numbers ¢/ (), v), ti’;,(k,u), ti’i,(k, v), t8 (A v) and t§ (N v)
satisfy the relations of Theorem 5.9. Hence the diagonal sequences satisfy the
conditions given in Lemma 5.11. Expanding to the right with (RZ) implies (i),
(ii), (iv) and (vi).

Ad (iii): The relations (R2) for (o, ') = (i4+1,j+1) and (R3) for (o, /) = (i+1, )
imply ¢;41(A,v) = 0. Then (R1) for (o, a’) = (¢ 41,7+ 1) implies t;12 (A, v) = 0.
Then the zeros expand to the whole block a > i, o/ < j by (RZ) and (R3).

Ad (v): By Lemma 5.11 there exist non-trivial linear combinations of tSL,(A, v) and

tgfl,()\, v) that vanish on the diagonal for all a < i. Such sequences vanish for (a, o)
with a <7 by (RZ). The right linear combinations are given by Corollary 3.18.

Ad (vii): In (24) the factor (252%), = (—i), vanishes for all a > .
Ad (viii) and (ix): We have for the diagonal
(3%

tC A\v)=—2"2%
a,a( ) F(/\lgpl —1—04)

which vanishes for vy = —p) —2j for all a > j and for \y = —p; — 2i for all o <.
Expanding to the right with (RZ) yields the desired result.

Ad (x) and (xi): The relations (RZ) for (o,o’) = (i + 1,7 + 1) and (R3) for
(o, ') =i+ 1,7 imply t;41 (A, v) = 0. Then (RZ) implies the statement. n
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Finally together with Remark 5.4 we get a classification of symmetry breaking
operators between composition factors of 7w, and 7, :

Theorem 5.14. Let U € {F4 (i, A\,)®, T (i, \,)>°} and U € {F(j, v.)®, TL(j,v.)>}.
The spaces Homg (U| e, U") are spanned by operators given in the following tables:

U U 7L v)> FL(Gv)> Ti(G,v)™ T2, va)
FoiA)® | An 0 0 0
F_(i, M) 0 A 0 0
To (i, \))™® 0 AL A, 0
T (i, M\,)>® Ay, 0 0 A(Alx)/ - (2223%;)!145\2,1
for 7 <i and Ag + ps = vo + ph,
U U F(Gv)™  FL(jva)™
T (i, \,)> Ay Af\l)u
T (1, A,)> Ay Af\lz)/

for 7 >1i and Ay + pa = vo + ph,

All other spaces are either trivial or given by the cases above composed with the
isomorphisms from Remark 5.5.

For the relation between the numbers (A1, A2), (v1,12) and (A, Ay), (Vsss Vs) se€
Remark 5.1.

A. Homogeneous generalized functions

Let n > 1. For A € C with Re A > —n the function

)

(")

up(z) =

is locally integrable and hence defines a distribution u, € D'(R™) which is homoge-
neous of degree .

Lemma A.1 ([4] Chapter I, 3.5 and 3.9).  The family of distributions uy € D'(R")
extends holomorphically to an entire function in A\ € C. For N\ ¢ —n — 27>y we
have suppuy = R" and for A\ = —n — 2N € —n — 2Z>¢ we have

wenean(@) = (<) Gy (AR @)

Lemma A.2. Let u € D'(R") be homogeneous of degree N\ and invariant under
the action of O(n), then u is a scalar multiple of uy .

Lemma A.2 follows directly from the classification of homogeneous distributions on
R in [4, Chapter I, 3.11].
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B. Gegenbauer polynomials

Following [2, Chapter 10.9, (18)] Gegenbauer polynomials can be defined by

,i
NIE
i,

VRUEE ¥ G Vi CVET pogeey
Cale) = “— jl(n - 2j)! 22"

If n =2k is even the special value at z = 0 is given by (see [2, Chapter 10.9, (19)])
(=D*T (N + k)

C3.(0) = 50
The following identities of neighboring polynomials with respect to n and A hold:

d

d—cA = 20C (51)

2ACHT — (n +20)C) = 21001 (52)

2A(1 = 23Ot = (n+20)2C) — (n+ 1)C) 4, (53)

AANA+1)(1 =202 =202 A + DO — 2A +n)2A +n +1)C), (54)

AN+ 1D)(1 = 202 =202\ + 1)2C0 —n(2X +n)C). (55)

The relation (51) is [2, Chapter 10.9, (23)]. (52) is [2, Chapter 10.9, (25)] and (53) is
[2, Chapter 10.9, (35)]. (54) is a combination of (52) and (53). (55) is (52) applied
o (54).

C. Spherical harmonics

Let H*(R™) be the space of homogenous harmonic polynomials of degree o on R",
endowed with the natural action of the orthogonal group O(n). In this way H*(R")
is an irreducible O(n)-representation (see [18, Chapter IX] and Remark 3.16). Re-
stricting this representation to the subgroup O(n — 1) realized in O(n) in the upper
left (n — 1) x (n — 1)-block, we get the following decomposition into irreducible
O(n — 1)-representations (see [13, Section 7.5, H5]),

HO R |om-1 = € HYR"). (56)

0<a/<a

Let x = (2/,2,) € R” with 2/ € R*! and ¢ € H* (R""!). For 0 < o/ < a the maps

T s HY (®) 5 HORY),  Twsad(e) = [ ()T (%) (57)

are O(n — 1)-equivariant embeddings (see [13, Fact 7.5.1]). For the spaces of even
polynomials H2*(R") and H?>*'(R"!) we use the notation

j2a’—>2a - Ia’—>a- (58)

Following [18, TV.2] every homogenous polynomial in € R™ can be uniquely written
as the sum of harmonic homogenous polynomials times even powers of |z|.
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For ¢ € H?**(R") with a # 0 we define

o 1 ¢
W (4 4a — 4)(n + 4a — 2) Ox;0x;
o 1 0¢ 99 2|z ? 0%¢ iy
i T da \ Y o, T dr;  n+4a —40x;0x; 00 ) (59)

;fj =TT — |$|2¢2j - |9U|4¢i_,j-
Lemma C.1.  For ¢ € H**(R™) with a # 0 we have
zixip = o + |z *d); + x| i (60)

with ¢;; € H*D(R™) and ¢); € H**(R").
Proof. The decomposition (60) follows immediately from the definition (59).
To show that gb;tj and gb?’j are indeed harmonic one simply applies the Laplacian
to all three polynomials. The rest is an easy computation using A¢ = 0 and

0
YL Tigt = 200 n
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