Journal of Lie Theory
Volume 29 (2019) 559-599
© 2019 Heldermann Verlag

Reduced and Nonreduced Presentations
of Weyl Group Elements*

Sven Balnojan and Claus Hertling

Communicated by E. B. Vinberg

Abstract.  This paper is a sequel to work of Dynkin on subroot lattices of root lattices and to
work of Carter on presentations of Weyl group elements as products of reflections.

The quotients L/L; are calculated for all irreducible root lattices L and all subroot lattices Lj.
The reduced (i.e. those with minimal number of reflections) presentations of Weyl group elements
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1. Introduction

This paper is a sequel to work of Dynkin [7, §5] on subroot lattices of root lattices
and to work of Carter [6] on presentations of Weyl group elements as products of
arbitrary reflections (that means, at all possible roots, not only at roots of a fixed
root basis as in [§]).

A root lattice is a Z-lattice L together with a scalar product (.,.): Lg X Lg — R on
the underlying real vector space Lg and a finite set ® C L — {0} of roots such that
® is a generating set of L as a Z-lattice, the reflection s, : Lg — Ly at a root «
maps P to itself, 2(5, a)/(a, a) € Z for any two roots a and S, and PNRa = {+a}
for any root a (Definition 2.2). Then the group W := (s, |a € ®) C O(L, (.,.)) is
the Weyl group of the root lattice. The set ® of roots is the root system.

Root lattices turn up in the theory of semisimple Lie algebras. A standard refer-
ence is [4, ch. VI]. The irreducible root lattices are classified and form the series
A,, B,,C,, D, and the exceptional cases Fg, Fr7, Es, Fy and G5. Section 2 recalls
their classification, standard models and Dynkin diagrams. Because the condition
®NRa = {£a} for any root « is unnatural in the context of a generalization of root
lattices, we will consider the slightly more general notion without this condition and
call it p.n. root lattice. Here p.n. stands for possibly nonreduced. The classification
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of the irreducible p.n.root lattices contains besides the irreducible root lattices only
the series BC,,.

Dynkin [7, §5] classified all isomorphism classes of pairs (L, L;) where L is an
irreducible root lattice and L is a subroot lattice (Definition 3.1). Crucial is an
algorithm which was discovered before by Borel and de Siebenthal [3] and which
allows to construct by a sequence of two types of steps subroot lattices of a root
lattice, by adding roots to and dropping roots from a given set of roots. We call
the steps (BDdS1) and (BDdS2). In Theorem 3.3 we recall Dynkin’s classification
and give the easy extension to the series BC,,. In Theorem 3.8 we carry out the
algorithm explicitly for the exceptional cases and construct thus for these cases for
any isomorphism class of pairs (L, L1) a representative. This allows to calculate also
the quotient groups L/L; and to show the following. Define the numbers

ki(L, Ly) :== min{ k | the group L/L; has k generators}, (1)
k
ko(L,Lq) :=min{ k|3 a1, ....,ap € D s.t. L =11+ ZZ oy}, (2)

i=1
L, can be constructed with k of }

ks(L, Ly) := min {k' the steps (BDdS1) and (BDdS2) )

Theorem 1.1. (Part of Theorem 3.8)
ki(L, Ly) = ko(L, Ly) = ks(L, Ly). (4)

Here the inequalities ky(L, L1) < ko(L, L1) < k3(L, Ly) are quite obvious. The in-
verse inequalities require the knowledge of the groups L/L; and an explicit execution
of the algorithm with the steps (BDdS1) and (BDdS2). The Tables 3.1-3.6 contain
Dynkin’s classification, the groups L/L; and the numbers k;(L, L1). For the series,
the execution of the algorithm is less important than for the exceptional cases, as for
the series one can associate graphs G(A) to sets A C ® of roots which are helpful
for understanding such sets and the subroot lattices which they generate (Definition

3.5 and Lemma 3.6).

Section 4 gives a proof of the following basic fact which seems to have been unnoticed
up to now and which may be of some independent interest.

Theorem 1.2. (Theorem 4.1) Let (L,(.,.),®) be a p.n.root lattice. Let A C & be
any set of roots which generates the lattice L as a Z-module. Then A contains a
Z.-basis of L.

The proof for the series is easy, it uses the graphs G(A) (Lemma 4.2). The proof for
the exceptional cases is a case discussion. Thanks to the results in section 3, it can
be reduced to a discussion of just a few cases, but they require some detailed work
(Lemma 4.3 and Lemma 4.4). Theorem 1.2 is crucial for the proof of Theorem 6.2.
By definition, any Weyl group element w can be written as a product of reflections
at roots,

W =54, 0..08q,, Qi,..0;€P.

Then the tuple (agq,...,qy) is called a presentation of w, k is its length, and the
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subroot lattice L := Zle Zay; C L is called the subroot lattice of this presentation
(Definition 5.1). The length {(w) is the minimum of the lengths of all presentations
of w. A presentation is reduced if its length is {(w). Carter [6, Lemma 2 and Lemma
3] proved the following.

Lemma 1.3. (Part of Lemma 5.2) A presentation (aq,...,ax) of a Weyl group
element w is reduced if and only if aq, ..., are linearly independent. And then the
subroot lattice Ly of the presentation satisfies

l(w)
Lic = P Caj = Pker(w — Nid : Le — Le). (5)
j=1 A£1

Definition 1.4. (Definition 5.3) A Weyl group element w is a quasi-Coxeter ele-
ment if it has a reduced presentation whose subroot lattice is the full lattice L. It
is a strict quasi-Cozeter element if the subroot lattice of any reduced presentation is
the full lattice L.

In the homogeneous cases, quasi-Coxeter elements and strict quasi-Coxeter elements
agree. In these cases, the definition of quasi-Coxeter elements is due to Voigt [11,
Def. 3.2.1]. In the inhomogeneous cases, Definition 1.4 is new. Theorem 5.6 gives the
classification of the quasi-Coxeter elements and the strict quasi-Coxeter elements for
all irreducible p.n. root lattices. In the homogeneous cases this is an easy consequence
of the results of Carter [6]. But in the inhomogeneous cases and especially in the
case Fy, there is some additional work to do (Lemma 5.7).

Any Weyl group element can be written as a product of strict quasi-Coxeter elements
for a suitable orthogonal sum of irreducible subroot lattices. The Tables 7-11 in [6]
give for any conjugacy class only one subroot lattice L; and only one presentation
as a strict quasi-Coxeter element for this subroot lattice.

Different presentations of one Weyl group element w may have different subroot
lattices Ly and L}. Only Lig = L g is clear, due to Lemma 1.3. Theorem 5.10
complements [6] and gives for the exceptional cases all subroot lattices of reduced
presentations and all presentations as quasi-Coxeter elements for these subroot lat-
tices. Here the case F) is more difficult than the cases Fg, F7 and Ejy.

The Theorems 5.10, 5.6 and 3.1 together allow to recover the complete classification
of all conjugacy classes of Weyl group elements for the irreducible p.n.root lattices
in [6] and provide additional information.

Section 6 studies nonreduced presentations of Weyl group elements. Define for a
Weyl group element w the numbers

(6)

a reduced presentation of w
ky(L,w) := min {/@(L, Ly) } ;

with subroot lattice L; exists

(7)

a presentation (av, ..., Q(w)t2x) With
subroot lattice the full lattice exists | -

ks(L,w) := min {k

It is easy to see ks(L,w) < ky(L,w).

Theorem 1.5. (Theorem 6.2) ks(L,w) = ka(L, w). (8)
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The proof builds on Theorem 4.1 and some additional arguments especially for the
cases (), and Fj.

Theorem 6.2 has an application to extended affine root lattices in section 7. They had
been defined by K. Saito [10, (1.2) and (1.3)], see also [1][2] and Definition 7.1. One
simply replaces in the definition of a p.n. root lattice the scalar product by a positive
semidefinite bilinear form (.,.) : Ly X Lg — Q and drops the condition that ® is
finite. Then the quotient L/Rad(L) becomes in a natural way a p.n.root lattice.
Any element w € W(L) induces an element w € W(L/Rad(L)). Presentations and
quasi-Coxeter elements in an extended affine root lattice are defined as in a p.n.root
lattice. The simple Lemma 7.4 gives for a quasi-Coxeter element w € W(L) the
inequalities

l(w) < rankL —rankRad(L), (9)
l(w) + 2ks(L/Rad(L),w) < rankL. (10)

(10) gives a constraint on the elements w which are induced by quasi-Coxeter
elements. Theorem 6.2 says k5(L/Rad(L),w) = k4(L/Rad(L),w), and Theorem
5.10 allows to calculate this number.

2. Basic facts on (possibly nonreduced) root lattices

This section recalls some basic facts on root systems. A standard reference is [4, ch.
VI]. Though we follow the more recent notation and call root systems what is called
there reduced root systems. We call p.n. root systems (p.n. for possibly nonreduced)
what is called there root systems. We include the p.n.root lattices because the
condition (18) below, which distinguishes root systems, is not necessarily preserved
if one goes from an extended affine root lattice (see section 7) to a quotient lattice.

Notation 2.1. A free Z-module L of rank n € Z-( is called a lattice. Then
Lo:=L®;Q, Lg := L®z R and L¢c := L ®z C. Let L be a lattice and (.,.) be a
scalar product on Lg. For o € L — {0} and € L define

_ 2(8,0)
(B,a) := o) (11)
Then S i Lg = Lg, So(z) =2 —(2,0) (12)

is a reflection. Two reflections s, and sg satisfy
SaS8 = S8Ss5(a) = Ssa(B)Sa- (13)

Definition 2.2.  (a) A p.n.root lattice is a triple (L, (.,.), ®) where L is a lattice,
(.,.) : Lg x Lg — R is a scalar product, and ® C L — {0} is a finite set such
that the following properties hold.

S
[E—
(2 SN
S~— ~—r

(i) ® is a generating set of L as a Z-module.
(ii) For any o € ® 5,(P) = . (
(iii) (B,a) € Z for any «a, f € ®. (

—_
=)
~—
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The elements of ® are the roots, and ® is a p.n. root system. The finite group

W= (so|ae ®) C OL,(.,.)) (17)
is the Weyl group.

A root lattice is a p.n.root lattice (L, (.,.),®) which satisfies additionally the
condition:

If « € @, then ® NRa = {+a}. (18)

Then ® is a root system.

(Lemma) The orthogonal sum of several (p.n.) root lattices is (in a most natural
way) a (p.n.) root lattice.

A (p.n.) root lattice is irreducible if it is not isomorphic to the orthogonal sum
of several (p.n.) root lattices.

The classification of p.n.root lattices and of root lattices is as follows. Again, a
standard reference is [4, ch. VI].

Theorem 2.3. (a) Any (p.n.) root lattice is either irreducible or isomorphic to

(b)

an orthogonal sum of several irreducible (p.n.) root lattices.

If (L,(.,.),®) is an irreducible (p.n.) root lattice then also (L,c-(.,.),®) for any
c € Ryg is an irreducible (p.n.) root lattice. Two irreducible (p.n.) root lattices
are of the same type if they differ up to isomorphism only by such a scalar c.

The types of irreducible p.n. root lattices are given by 5 series and 5 exceptional
ones with the following names,

A, (n>1), B, (n>2), C, (n>3), BC, (n>1),
DTL (77/24), E67 E77 E87 F47 G2~ (19)

All except BC,, are root lattices.

The following list presents one irreducible p.n. root lattice of each type. Always
Lg C R™ forsome m € {n,n+1,n+2}. Here (.,.) istherestrictionto Lg of the
standard scalar product on R™, and eq, ..., e, is the standard ON-basis of R™.

A,:m=n+l, d={£(e;—¢;)|1<i<j<n+1} (20)

B,:m=n, O ={te;|1<i<n}U{xe;te;j|1<i<j<n} (21)

Ch:m=n, O ={te;, £e;|1<i<j<n} (22)
U {£2e; |1 <i<n}.

BC,, :m =n, O ={te; |1 <i<n} (23)

U{te te|l<i<j<njU{£2e;|1<i<n}.
D,:m=n, O ={te; £e;|1<i<j<n} (24)
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Eg: m =38, O ={te;+¢;|3<i<j<T} (25)
U Y ele = £1 e = = e, T, = = 1

E7:m =38, O ={te;te;|2<i<j<ThU{x(e;+es)} (26)
U {%Zle gi€i|ei = 1, €1 = &3, H?:l g; = 1}.

Es:m =8, O ={te;te;|1<i<j<8} (27)
U {330 eiei] e =£1L [T, & =1}

Fy:m=4, O ={4e;|1<i<4} (28)

U{ze;£e; |1 <i<j<4}U{3(ter testestey)}.

Gy :m =3, (I):{ﬂ:(ei—Ej)|1§i<j§3} (29)
U {j:(Zeﬂ(l) — €x(2) — €x(3) ’71' € Sg}

Remark 2.4. (i) The p.n.root lattices above have roots of the following lengths,

A, | D,
0| Vi | V| Lve| vz | Va2 | va 6| 1vBe

The root lattices of types A,, D,,, E, have only roots of one length and are therefore
called homogeneous. The root lattices of types B, C,, Fy and G5 have roots of two
lengths, short and long roots. The p.n.root lattices BC),, have roots of three lengths,
short, long and extra long roots.

(ii) In the Tables 3.1-3.4 the symbols A,, ..., Go will denote root lattices with roots of
lengths as above. There we will also consider a few root systems with other lengths,
and a few other names for some of the root lattices above:

Ay = By = BCj = {0} denotes the rank 0 lattice.

Dy :=2A,:=A; L Ay, Dj:= As.

A1 By denotes a root lattice of type A; with roots of length 1.

Ay denotes a root lattice of type A, with roots of length 1.

('} denote a root lattice of type A; with roots of length 2.

C5 denotes a root lattice of type B, with roots of lengths v/2 and 2.

In Table 3.5 the roots in the root systems of type Cs have lengths 1 and V2. In
Table 3.6, roots in Ay and A; have length V6, roots in A1 have length V2.

(iii) The Weyl group W (A,) of the root lattice above of type A, acts on the basis
€1, ..., enr1 of R™ D Ly by permutations, W(A,) = S,41, and 0 € S,,; maps e;
to €o(i) -

The Weyl groups of the p.n. root lattices above of the types B,,, C,, and BC,, coincide
and act on the basis ey, ...,e, of R®” = Lg by signed permutations,

W (B,) = W(C,) = W(BC,) = {£1}" x S,,

and (e1,...,6n,0) € {£1}" xS, maps €; t0 €;€().

The Weyl group of the root lattice above of type D,, is the subgroup of index 2 given
by the condition [[}_,&; =1.
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(iv) Let (L,(.,.), ®) be an irreducible root lattice. To any subset A = {0, ...,0;} C ®
with AN (—A) = () we associate a generalized Dynkin diagram as follows. It is a
graph with [ vertices, labelled 4y, ..., §;. Between vertices d; and J; with ¢ # j there
is no edge or an edge with additional information as follows.

no edge  if (4;,6;) =0,
a normal edge  if ||&;]] = ||9;] and (d;, ;) = —1,
a dotted edge if [|6;]| = [|6;]] and (&;,0,) =1,
a double arrow from &; to d;  if ||6;]| = v/2||6;]| and (5;,;) = —2,
a double dotted arrow from §; to §;  if ||| = V2||;] and (5;,6;) = 2,
a triple arrow from d; to §;  if ||6;]| = V/3||0;] and (;,,) = —3.

The corresponding pictures are depicted below.

° ° oo ®----——- ®
5 5 6 5 6 5;
€ > e e__>IIe ee—=——e

0; d; 0 0, 0; d;

Other cases will not be considered. If A is a Z-basis of L and the diagram is
connected, then the diagram encodes up to a common scalar the intersection numbers
(04,9;), and thus it determines the irreducible root system.

(v) The following list gives for each of the root lattices in theorem 2.3 (d) a root
basis 01, ...,0, (a Z-basis of L with additional properties [4]) and an additional
root 0,41 (which is minus the maximal root with respect to the root basis). The
diagram for the root basis is called Dynkin diagram, the diagram for oy, ...,0,11
is called extended Dynkin diagram. The roots 6y, ...,0,41 satisfy a linear relation.
For the cases Eg, E7, Eg, Fy, Go, it is given in Lemma 3.7 (c). In the case of Fj,

o7 = %(_ Zi:1,2,3,8 € + Zi:4,5,6,7 €i).

type | 01, ..., O Ons1

A, e —e (1=1,...,n) —e1 + enit
B, |—e, e;—enq (i=1,..,n—1) en_1+en
Cn | —2e1, e,—eq (i=1,..,n—1) 2e,,

D, |e—e(i=1,...,n—-1), e, 1+e, —e1 — €9

B %Zle e, —e3— ey, € — e (i =3,...,6) | o7
E7 %Z?:l €i, —€2 — €3, €; — €41 (l = 2, ceny 6) —e1 — €3

Ly %Z§:1 €, —e1— ey, €, —¢eiy1 (1=1,...,6) | er — es

Iy %Z?:l €j, —€1, €1 — €2, €2 — €3 €3 — €4

Gy |e1—ey, —ep+2e —e3 —e1 — ey + 2e3

The following table gives the extended Dynkin diagrams.
The Dynkin diagram encodes up to a common scalar the intersection numbers (d;, 9;)
of the basis 91, ..., d,, and thus it determines the irreducible root system.
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3. Subroot lattices and quotients

The subroot lattices of an irreducible root lattice can be determined up to isomor-
phism by a recipe due to Borel and de Siebenthal [3] and Dynkin [7]. In [7] also a
list and additional information is given. In this section, we will review the recipe and
go through it, and thus we will recover the list. We will extend the list in two ways.
First, we consider also the p.n.subroot lattices of the p.n.root lattices of type BC,,.
Second, we will calculate for any (isomorphism class of a) pair (L, L;) where L, is
a (p.n.) subroot lattice of an irreducible (p.n.) root lattice L the quotient group
L/Ly. This will be helpful in section 4 and crucial in the sections 6 and 7.

Definition 3.1.  Let (L, (.,.),®) be a (p.n.) root lattice.

(a) A (p.n.) root lattice (L1, (.,.)1,P1) is a (p.n.) subroot lattice of (L,(.,.),®) if
Ly C L and (.,.); is the restriction of (.,.) to L; and &; = L; N ®.
A notation: Because (.,.); and ®; are determined by L;, we will talk of the
subroot lattice L;.

(b) A (p.n.) root lattice (L1, (.,.)1,®1) is the (p.n.) root lattice of a (p.n.) subroot
system if Ly C L and (.,.); is the restriction of (.,.) to L; and &, C L; N P.

(¢) The index of a subroot lattice Ly is [L N Ly g : L1] € Z>;.

Remark 3.2.  Let (L, (.,.),®) be a (p.n.) root lattice.

(i) Let Ly C L be a Z-sublattice. Define (.,.); as the restriction of (.,.) to L;.
Define ®; := L; N ®. Then (L4, (.,.)1,P1) is a (p.n.) subroot lattice if and only if
it is a (p.n.) root lattice, and this holds if and only if L, is generated by ®; as a
Z-module: (16) holds for ®;, and s,(®;) C Ly holds for a@ € ®; because of (12)
and (11). This gives (15).
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(ii) If A= {a,...,oq} C ® is any nonempty subset, then the data

l
Li=YZ a, ()=, ®:=LNd (30)
i=1

satisfy the conditions in (i) and are a (p.n.) subroot lattice.

(iii) Any (p.n.) subroot lattice is the root lattice of a subroot system. If (L, (.,.), ®)
is a homogeneous root lattice also the inverse holds. But if (L, (.,.),®) contains
orthogonal summands which are of types By, Cy, BCy, Fy or GGy, then there are
subroot lattices (Ly, (.,.), ®1) such that the subsets ®; & ®; of short roots give rise
to root lattices (L, (.,.), P2) of subroot systems ®,, such that these root lattices
are not subroot lattices. We will not work much with them, but in [6] they are used.

(iv) If one erases from any of the extended Dynkin diagrams one vertex, one obtains a
disjoint union of Dynkin diagrams. This leads to the following recipe with two kinds
of steps with which one obtains easily subroot lattices of a root lattice. It is due to
[3] and [7, §5], therefore we call the steps (BDdS1) and (BDdS2). Start with a root
lattice (L, (.,.), ®). Choose a root basis A C &, that is a Z-basis of L consisting
of roots such that its generalized Dynkin diagram (defined in Remark 2.4 (iv)) is a
disjoint union of Dynkin diagrams. L decomposes uniquely into an orthogonal sum
of irreducible subroot lattices, which are called the summands of L.

Step (BDdS1): Choose one summand L; of L, add to A the unique root § in @
which gives together with the roots in A N ®; an extended Dynkin
diagram (g is a linear combination of the roots in AN®;) and delete
from AU{d} an arbitrary root in AN®;. The new set A C ® defines
via (ii) a subroot lattice L of L of the same rank as L.

Step (BDdS2): Choose one summand L; of L and delete from A an arbitrary root

in AN ®;. The new set A C ® defines via (ii) a subroot lattice L
of L with rank Ly = rank L — 1.

In both cases A is a root basis of L. Therefore one can repeat the steps. The
change in the Dynkin diagrams is easy to see. In the step (BDdS1) one extends one
component to its extended version and then erases one vertex. In the step (BDdS2)
one simply erases one vertex. [

The following theorem is mainly due to Dynkin [7, §5], the recipe in part (a) is also
in [3]. The only new (though rather trivial) part is the discussion of the cases BC,,.
That will follow from Lemma 3.6 below.

Theorem 3.3.  (a) Let (L, (.,.),®) be a root lattice. Any subroot lattice is obtained
by the choice of a suitable root basis of L and by a suitable sequence of the steps

(BDdS1) and (BDdS2).

(b) The first column in Table 3.1 and the first columns in the Tables 3.2 — 3.6 list
all isomorphism classes of pairs ((L,(.,.), ®), L) where (L, (.,.), ®) is an irreducible
(p.n.) root lattice with the lengths of the roots as in Theorem 2.3(d) and where L,
s a subroot lattice.
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The tables give the name for the type of L1, where additionally the lengths of the roots
of the summands of Ly are taken into account. The symbols Ag, By, BCy, D, D3,
Ay, By,Cy,Cy from Remark 2.4(ii) are used. The new notations [...]' and [...]" are
explained in (d) below.

(c) With one class of exceptions, the following holds. If ((L,(.,.),®),L1) and
(L, (.,.),®), L) are isomorphic pairs as in (b), then a Weyl group element w € W
with w(Ly) = w(Ly) exists. The class of exceptions are the sublattices of D,, of types
Ag, + ... + Ay, with all ky, ..., k. odd. For each of those types there are two orbits
with respect to W'

(d) The Tables 3.3 and 3.4 contain pairs [H|" and [H|" with
H e {A5 + Ay, A5, A3+ 2A, A3+ Ay, 444, 3A1}

for E7 and with H € {A7, A5+ A1,2A3, A3 +2A,,4A,} for Es. Here [H] and [H]"
denote (classes in the sense of (b) of) subroot lattices which are isomorphic if one
forgets the embedding into L. But for a subroot lattice L1 C L of type [H]' and a
subroot lattice Ly C L of type [H]", the pairs (L, L1) and (L, Ly) are not isomorphic.
This is an implication of the following properties: A subroot lattice Ly C L of type
Az for E7 and of type Ag for Eg with Ly C L3 C L exists, but no subroot lattice
Ly C L of type A; for E; and of type Ag for Eg with Ly C Ly C L exists.

The information in the following Tables 3.1-3.6 is treated in Theorem 3.3, Lemma
3.7 and Theorem 3.8. Always L is one of the p.n.subroot lattices in Theorem 2.3(d),
and L; is a p.n.subroot lattice of the type indicated. In the Tables 3.2-3.6 we have
Li=3en. mur—yZ-6;. Here I C {n+1,...,n+5} and J C {1,...,n} are given
in the tables and are explained in Lemma 3.7(b). The roots 0 for £ > n + 2 (in
the cases E7, Fs, Fy) are defined in Lemma 3.7. The quotient L/L; is given up to
isomorphism. Here Z,, := Z/mZ for m € Z~q. For ky = ky(L, L,) see Theorem 3.8.

For the symbols Ay, By, BCy, Do, D3, Ay, By, A2Ch, Cy see Remark 2.4(ii).

Table 3.1 for A,,B,,C,,BC,,D,: Here r >0, s >0, a; > 0, b; > 1 in the cases
Ch,, bj > 2 in the cases Dy, m = —1 in the case A,, m = 0 in the cases C,, and
D,,, m > 0 in the cases B, and BC,,

T

Z(ai+1)+ij+m = n.
j=1

=1

(31)

L Ly L/L, ki(L, Ly)

A, Z:Zl Ag, 7r—1 r—1

B, | > Aa +25 Dy, + By |ZWXZ5 | v+

Co | 2 Aa + 2752, Gy, Zrx Tyt r+s—1 ifs>1
Zr r ifs=0

BC, | >0 Aay + 2751 Co, + BCy |27 X Z5 |7+

Dy | 22 Aw + 2052 Dy, Zrx Tyt rds—1 ifs>1
zZr r ifs=0
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Ly I'\J |L/Ly |k I, I L/Li |k
FE —| = {0} 0 24, — 3,4 72 2
As+ A, |7 12 |Z 1 Ay +24, | — 4,5 72 2
34, 714 | Zs 1 44, 712,35 |Z2®xZy|3
As -3 |z 1 Dy — 11,6 72 2
24, + A | =4 |Z 1 As -11,2,3 |z? 3
A+ A | =2 |z 1 Ay + A | —12,3,6 |73 3
Ds —|1 |z 1 34, —12,3,5 |7? 3
As+2A1 |7 [2,3|ZxZy |2 Ay —11,2,3,4| 7 4
Ay — 11,222 2 24, —11,2,3,5| z* 4
As+ A | —12,3|Z2 2 A —1,...,5 |Z° 5
Table 3.3 for E;:
Ly I J L/Li |k L I |J L/Ly |k
E; — — {0} 1|0 As+As+A | — |4 7 1
Dg+ A, |8 6 Zy |1 [As+ Ay |8 [1,3 |Zx2Zy|2
As+ Ay |8 5 Zs 1 [As + A" | — |2 Z 1
2454+ A; | 8 4 Zy |1 Dy — |1 Z 1
Aq 8 3 Zy |1 Di+2A; |8 1,6 |ZxZy|2
Ds+34,18,9 1,6 |72 |2 As+34, |8 1,4 |ZxZy|2
TA; 8,9,10|1,6,4 |73 |3 34, 8 2,5 |ZxZs|2
Es — 7 Z 1 24, 8 (3,4 |ZxZy|2
Ds+ A | — 6 Z 1 Ag - |3 Z 1
A+ Ay | — 5 Z 1 6A; 8,9(1,4,6 | Zx7Z3|3
D; —|1,7 |2z2 2 [Ay+ Ay 1,3,4 |73 3
Ay + Ay - 13,6 |Z? 2 A3+ Ay 1,2,4 | Z3 3
24, + A1 |- 2,56 |Z? 2 24, 1,2,5 |2z 3
[As] -11,3 |z2 2 Ay +24, 2,4,5 |73 3
[A5]” -11,2 |z? 2 [A) 8 11,3,4,6 |Z3xZy |4
Dy + Ay —11,6 |z2 2 [4Ay)” 2,4,6 |73 3
As + Ay —13,5 |Z° 2 A 1,2,3,4 | Z* 4
54, 8 | 1,4,6|Z>xZy |3  Ay+ A 1,2,3,5 | Z* 4
Ay +34A; | —]46 |Z? 2 [BAY 1,3,4,6 | Z* 4
[As+2A,]" |8 | 1,3,4|Z* xZy |3 [3A)" 1,2,4,6 | Z* 4
[As +2A,])" | — | 1,4 | Z? 2 A 1,.,5 |2° 5
Dy —11,6,7|2° 3 24, 1,..,4,6 | Z° 5
Ay —11,2,3|7° 3 Ay 1,..,6 | Z° 6
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Table 3.4 for Fx:

Ly I |J |L/Ly |k Ly L J L/l |k
s — — {O} 0 Eg+ A, 9 7 Zs 1
A 0 3 |z, ) E:+A4A1 |9 8 Zs 1
Dg 4241 | 9,10 1,8 73 2
Dy 9 1 | Z 1
A7+ Ay 9 2 |z, |1 Ds+4s |9 6 Z‘; L
As+As+A; |9 4 |z |1 2Dy 9,10 1,6 Z§ 2
24, 0 5 |z ) Dy +4A4; |9,10,12 1,6,4 |7Z3 3
44, 913 | 7.4 | 72 9 2A3+2A1 (9,10 8,4 Lo X Ly | 2
’ ’ 3 841 9,10,11,12 | 1,6,8,4 | Z3 4
Ag+ Ay - |2 Z 1 TA 9,10,11 | 1,6,8,4 | Z x Z3 | 4
Ag+As+ A1 | — 4 Z 1 Dg + Aq 9 1,8 Z X 7o |2
As + Ao 9 3,4 7 x Zs |2 Ds + Ay — 6 Z 1
3As + Aq 9 4,7 7 x Zs |2 Az+As+2A1 19 4,6 Z X 7o |2
Eg+ Ay - 7 Z 1 Dy + Aj 9 1,6 Z X Zlo |2
E; - 8 Z 1 As +4A, 9,10 1,4,8 |ZxZ3|3
Dr — 1 Z 1 Ay + As — 5) Y/ 1
D5 + 244 9 6,8 |ZxZy|2 As + 24, 9 1,4 Zx Ly |2
Dy + 344 9,10 1,4,6 | Zx 73 | 3 [A7]) — 3 Z 1
2A3 + A 9 2,6 Z XLy |2 [A7]” 9 1,2 7. x Lo | 2
3A, 9 (3,4,7|72%%x7Zs13 6A; 9,10]1,4,6,8 | 7% x Z% 4
FEg - 7, 8 72 2 A2 + 4A1 9 4, 6,8 72 x Zo | 3
Dg - 11,8 |72 2 Ay + 24, - 1,4 72 2
D4+2A1 9 1,6,8 ZQ X Z2 3 AG — 1,3 Z2 2
[2A35]) - 13,5 |72 2 As+As+A; | — 4,8 72 2
[2A5]" 9 (1,2,6|Z2%xZy |3 [As + A | — 2,3 7?2 2
D5 +A1 1,7 Z2 2 [A5 +A1]H 9 1,2,4 ZQ X ZQ 3
A3 + 3A1 9 17 4, 6 Z2 X Zg 3 A4 + A2 — 3, 4 72 2
Dy + A 1,6 | Z2 2 24, + 24, | — 4,6 72 2
Ds —11,7,8 VA 3 D, —11,6,7,8 Z* 4
[As +24,) | —12,3,5 |Z3 3 [4A] | -123,57 |z 4
[A3 +2A1]" |9 [ 1,2,4,6 | Z3 x Zy | 4 [4A1]" |9 | 1,2,4,6,8 |Z* x Zy | 5
As + Ay —13,5,8 |73 3 Ay+2A, | —11,2,4,6 |74 4
A 1,2,8 |73 3 24, -11,2,3,6 |z* 4
5A1 9 1,4,6,8 73 x Zo | 4 A3+A1 —11,2,3,5 Z* 4
A+ Ay —-11,3,4 |73 3 Ay —-11,2,3,4 |z* 4
Dy+ Ay —-|1,6,7 |Z3 3 As —11,2,3,4,5|72° 5
Ay +3A, | — 11,46 |73 3 Ay + A | —11,2,3,4,6 | Z° 5
24, + A, | —12,3,6 |73 3 3A, —11,2,3,5,7|72° 5
Ay | —1]1,..,6 [Z2°|6
2?11 —[1,..,5,7|7Z5|6 A= |17 20| T
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Table 3.5 for Fj:

L, I J L/Li |k As 1,2 |ZxZy |2
F - - {0} o 2A1+ Ay |5 2,4 |ZxZy |2
B, 5 1 Zs 1 A+ Ay | — |3 Z 1
As+ A, |5 2 Zy 1 C — |4 7 1
A+ Ay |5 3 Zs 1 34, 5,6(1,2,4|Zx72 |3
Cy+ A |5 4 Zs 1 Ay — 1,2 |72 2
D, 56 |1,2 |Z2 2 B, — 1,4 |22 2
By +2A, (5,6 |1,4 |72 2 A+ A4, | — 2,3 |72 2
4A, 5,6,7|1,2,4 |73 3 24, 5 (1,2,4|72x7Z,|3
B — 1 Z 1 A, — 3,4 |22 2
B+ A |5 1,4 |ZxZy|2 A — 12,3,4|73 3
Ay + A, | — 2 Z 1 A — ]1,2,3|7z3 3

Table 3.6 for Gy:

L[ 1|7 ]L/i |k A+4 32|21
Go {0y o A4 -
A2 Zg 1 Al

3

1

Remark 3.4. (i) Let (L,(.,.),®) be an irreducible root lattice. Theorem 3.3
(a)+(b)+(d) tells the following. There is an almost 1:1 correspondence between the
set of isomorphism classes of pairs ((L, (.,.), ®), L1) with L; a subroot lattice and the
set of unions of Dynkin diagrams which are obtained by iterations of the graphical
versions of the steps (BDdS1) and (BDdS2) in remark 3.2 (iv), namely

(BDdAS1):  Go from one Dynkin diagram to the extended Dynkin diagram and erase
an arbitrary vertex.

(BDdS2):  Erase an arbitrary vertex.

The only exceptions are the pairs [H]" and [H]” discussed in Theorem 3.3 (d). They
have the same Dynkin diagrams.

(ii)) In the Table 11 in [7, ch. II, §5] there are two misprints. Ag + Az has to be
replaced by Eg+ As. And one of the two A;+ A; has to be replaced by E7;+A;. =

In the cases of the series A,,, B,,C,, and D,,, one can see the subroot lattices also in
a different way, by associating a graph G(A) to a generating set A C ®; of a subroot
lattice L. This works also in the case of the series BC), and will give the proof of
the statements in Theorem 3.3 for BC,,. The graphs are defined as follows. They
are related to graphs in [5], especially if A is a Z-basis of the root lattice L.

Definition 3.5. Let (L, (.,.),®) be a p.n.root lattice in Theorem 2.3(d) of one
of the types A,, B,,C,, BC,,D,,. Let A ={ay,...,aq} C ® be a nonempty subset.
It defines a p.n.subroot lattice L; = 22:1 Z - ;. A graph G(A) with or without
markings of the vertices and with one or two types of edges is defined as follows.
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(a) L of type A,: The graph G(A) has n+1 vertices which are labelled 1,...,n+1.
It has [ edges. A root a € A with a = %(e; —¢;) gives an edge between the vertices
i and j. So, if e; —e; and e; —e; are in A, there are two edges between the vertices
i and j. The same applies in the cases (b) and (c).

(b) L of type BC,,: The graph G(A) has n vertices which are labelled 1,...,n. Any
root +e; in A leads to a marking of the vertex ¢ which is called a short marking
(and which may be represented by a circle around the vertex). Any root +2e; in A
leads to a marking of the vertex i which is called a long marking (and which may
be represented by a square around the vertex). So, depending on how many of the
roots +e; and +2¢; are in A, the vertex ¢ has between 0 and 4 markings. Any root
+(e; — €;) gives a normal edge between the vertices ¢ and j. Any root %(e; + €;)
gives a dotted edge between the vertices ¢ and j. So, between the vertices i and j
there are between 0 and 4 edges.

(¢) L of type B, or C, or D,: The graph is defined as in the case of type BC,, .
(In the case of B, there are no long markings, in the case of C,, there are no short
markings, in the case of D,, there are no markings at all).

The following lemma is obvious.

Lemma 3.6. Consider the same data as in Definition 3.5. The orthogonal
irreducible summands of the subroot lattice Ly can be read off from the graph G(A)
as follows. Each of the following subgraphs yields a summand, which is generated by
the roots which contribute via markings or edges to this subgraph.

Ay : A component of G(A) which has no markings and in which any cycle has an
even number of dotted edges yields a summand of type Aj,. Here k + 1 is the
number of vertices of the component. (An isolated vertex with no markings
yields thus the summand Ay = {0}).

Bk or BCy : The union of all components of G(A) which contain a vertex with a
short marking yields a summand of type By if L is of type B, and a summand
of type BCYy, if L is of type BC,,. Here k is the number of vertices of the union
of these components. If this union is empty, we write Byo(= {0}) if L is of type
B, and BCy(={0}) if L is of type BC,, .

Cyx : A component of G(A) which does not contain a vertex with a short marking, but
which contains a cycle with an odd number of dotted edges or which contains a
vertex with a long marking yields a summand of type Cy if L is of type C,, or
BC,, . Here k is the number of vertices of this component.

Dy : A component of G(A) which does not contain a vertexr with a marking, but
which contains a cycle with an odd number of dotted edges yields a summand
of type Dy, if L is of type B, or D, . Here k is the number of vertices of this
component.

The statements in Theorem 3.3 for the cases A,, B,,C,, BC, and D, follow easily
from this lemma and from the structure of the Weyl group, which was described in
Remark 2.4 (iii). As Theorem 3.3 for A,,, B,,, C,, and D,, had been proved by Dynkin
[7, §5], we give here details only for the case BC,, .

Proof of Theorem 3.3(b) and (c) for BCy:
Let (L,(.,.),®) be the p.n.root lattice of type BC,, in Theorem 2.3 (d).
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(b) Let Ly C L be a subroot lattice, and let A = {ay,...,oq} C ® be a subset of
® with L; = Zézl Z - ;. Consider the decomposition in Lemma 3.6 of the graph
G(A) into subgraphs:

There are r(> 0) components of type A,, (a; > 0). And there are s(> 0) compo-
nents of type Cy, (b; > 1). The roots in A which give rise to one such component
of type A,, or Cy, generate a sublattice of type A,, or Gy, in L.

Each other component of G(A) contains a vertex with a short marking. The roots
of A which give rise to the union of these components generate a sublattice of type
BC,, (m = 0 of no such component exists, m > 1 else). Counting the vertices in
all subgraphs of G(A) gives the relation (31).

(¢) Let Ly C L and Ly C L be p.n.subroot lattices such that L; = Ly as p.n.root
lattices. Choose the maximal sets A1 := L N® and Ay := Ly N .

In G(A;) as well as in G(As), a component of type A, has the following shape:
Between each two vertices, it has either two normal edges or two dotted edges, and
each cycle has an even number of dotted edges.

In G(A;) as well as in G(Ay), a component of type Cp, has the following shape:
Between each two vertices, it has two normal edges and two dotted edges, and each
vertex has two long markings.

In G(A;) as well as in G(A,), there is nothing left if m = 0, and if m > 1 the rest of
the graph is one component, such that between each two vertices it has two normal
edges and two dotted edges, and each vertex has two short and two long markings.
One sees that a suitable signed permutation of the set {%e,...,+e,} maps G(A;)
to G(Asz). The corresponding Weyl group element (see Remark 2.4 (iii)) maps Ly to
LQ . |
For the calculation of the quotients L/L; in theorem 3.8, we need in the cases
Es, B, By, Fy, G5 a concrete subroot lattice L; for each isomorphism class of pairs

(L,Ly). This is found in Lemma 3.7 by carrying out the recipe with the steps
(BDAS1) and (BDdS2).

Lemma 3.7.  Let L be an irreducible root lattice in Theorem 2.3(d) of one of the
types Fg, E7, Eg, Fy, Go. Additionally to the roots 01, ...,0,41 which are defined in
Remark 2.4(v), the following roots are considered.

Er7 | 09 = es + €7, 010 = €4 + €5.

Eg | 010 = e7 + eg, 011 = €5+ €6, 012 = €3 + €4,
013 = %(_61 + Z?=2 € — Zf:(s €i)-

Fy | 06 =e3+ ey, 07 = —e1 — eo.

(32)

(a) In the cases Eq, Eg and Fy, the generalized Dynkin diagrams which take into
account the roots 61, ...,0,11 and the roots above look as shown below.

(The edges which are not horizontal or vertical will be irrelevant except for the dotted
edge between 01 and 019 in the Dynkin diagram of Egs. It will be used once, in the
construction of a subroot lattice of type 2A3 + 24, .)

(b) The second and third column in the Tables 3.2-3.6 encode a realization of the
recipe in Remark 3.2(iv), in the following way.
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Suppose in the Tables 3.2-3.6 in the line for one subroot lattice, I is given as the
sequence 11, ...,1,. of numbers and J is given as the sequence ji,...,Js of numbers,
with 0 < r <s. One carries out r steps (BDAS1): In the k-th step one adds the root
i, and then erases the root 0;, . Afterwards one carries out s —r steps (BDdS2):
One erases the Toots 0j,_, ., ..., 05, . This leads to a subroot lattice of the type indicated
in the first column.

(¢) The roots oy for k> n+ 1 are linear combinations of the roots 01, ...,6,. The
linear relations are as follows.
E¢: 0=208, + 26y + 265 + 36, + 205 + 6 + 7.
E7:  0=20 + 302 + 203 + 404 + 305 + 206 + 67 + s,
0 = 8y + 05 + 204 + 205 + 206 + J7 + b,
0 = 9y + 03 + 204 + 5 + 1p.
Eg:  0=20 + 402 + 33 + 604 + 55 + 406 + 307 + 205 + 0o,
0 = 201 + 362 + 203 + 464 + 395 + 206 + 97 — 10,
0 = g + 03 + 204 + 265 + 206 + 07 + 011,
0 = 0 + 93 + 204 + 5 + O12,
0 = 01 + 203 + 203 + 304 + 205 + 96 + I13.
Fy: 0=26; + 405 + 363 + 204 + 05,
0 = 20y + 262 + 3 — dg,
0 = 202 + 93 — 7.
Go: 0=2301 4 20y + J3.

Proof: The proof of the lemma is tedious as there are many cases, but the parts (a)
and (c) and most of part (b) are completely elementary. In part (b) one has to check
not only that the result has the correct Dynkin diagram, but also that the steps
(BDdS1) work, i.e. that one has after adding a root an extended Dynkin diagram
and that then a root of this extended Dynkin diagram is erased. The details are left
to the reader.

The only nontrivial part concerns the subroot lattices of types [H|" and [H]” in the
cases By and Fg (see Theorem 3.3 (d) for [H]' and [H]"). One sees that in the cases
of Ey, k=17,8, the constructed subroot lattices of types [H|" are contained in the
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subroot lattice EBie (1 k1) — {3} 7.0; of type Aj. The constructed subroot lattices of
type [H|"” contain in the case E; the roots ds,ds,d7 and in the case Fg the roots
3,05, 07,09. The following claim shows that the constructed subroot lattices [H]”
are not contained in subroot lattices of type A7 respectively Ag.

Claim: (i) Let L be the lattice of type E; in Theorem 2.3(d). There is no subroot
lattice Ly of type A; with d3,05,07 € L.

(ii) Let L be the lattice of type Eg in Theorem 2.3(d). There is no subroot lattice
Ll of type Ag with 537 55, (57, 59 c Ll.

Proof of the claim: (i) Suppose that L; is a subroot lattice of type A; with
03,05, 07 € L1. These three roots generate a subroot lattice Ly C Ly of type 3A;. By
Theorem 3.3, up to isomorphism there is only one pair of type (A7,3A4;). Therefore
a root a € Ly with («a,d3) = —1,(,05) = 0, (e, 07) = 0 exists. But now observe
J3 = ey —e3,05 = eq — e5,07 = eg — e7. Neither the roots in ®(L) of type *e; +e;
nor the roots in ®(L) of type %Z?:1 g;e; can serve as a root «. Contradiction.

(ii) Analogous to (i).

This finishes the proof of Lemma 3.7. u

Theorem 3.8. (a) Let (L,(.,.),®) be an irreducible p.n. root lattice, and let L,
be a p.n. subroot lattice. The third column in Table 3.1 and the fourth column in the
Tables 3.2-3.6 gives the isomorphism class of the quotient group L/L; .

(b) Let (L,(.,.),®) be a p.n.root lattice, and let Ly be a p.n. subroot lattice. Define
the numbers

ki1(L, Ly) := min{k | the group L/L; has k generators}, (33)

ko(L, L) == min{k |3 ay,...,oap € ® s.t. L =Ly +S.1 Z-a;}, (34)

(L L - L, can be constructed with k of .

3(L, Ly) i= min the steps (BDdS1) and (BDdS2) | - (35)

Then k’l(L, Ll) = k?g(L, Ll) = k’g(L, L1> (36)
The numbers are additive, i.e. if L = Lo+L3 and Ly = Ly+Ls and Ly D Ly, L3 D Lj
then ]{1 (L, Ll) = kl(LQ, L4) -+ kl (Lg, L5) (37)

The last column of the Tables 3.1-3.6 gives the numbers ki(L, Ly) for the pairs with
L irreducible. Minimal sequences of the steps (BDAS1) and (BDdAS2) for the cases

with L of type Fg, E7, Eg, Fy, Go are given in the second and third column of the
Tables 3.2-3.6 (see Lemma 3.7).

Proof: (a) First we treat the cases A,, B,,C,, BC, and D,,. Let A and G(A) be
as in Definition 3.5 and Lemma 3.6, and let Ly C L be the corresponding subroot
lattice. Let G(A) = (U,cx Gr (we choose the index set K such that 1 ¢ K if |K| > 2
and K = {1} if | K| = 1) be the decomposition into subgraphs Gy with the properties
in Lemma 3.6, let L; be the subroot lattice which corresponds to the subgraph Gy,

and let
Vi = @ Z - e;.

i is a vertex in Gy
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Then PVvi=EPz-eo>L>L =P L
keK i=1 keK
(with m =n+1 for A, and m = n else) and
L/LiC (PZ-e)/L = @ Vi/L
i=1 keK

The following table lists in the second and fourth line the isomorphism classes of the
quotients in the first column.

L A, B, |C,|BC,|D,
D Zei/L|Z | {0} | Zy | {0} |Zy
Ly A | B |Cy | BC, | D,
Ve/ Ly Z {0} | 2 | {0} |2

Finally, in the cases C,, and D,,, for any k € K

L¢ Lo P Vi

jeK—{k}

Therefore L/L; has the isomorphism type claimed in Table 3.1.

Now we treat the cases Fg, E7, Eg, Fy, Go. Let Ly C L be one of the subroot lattices
constructed in Lemma 3.7 using the data in the Tables 3.2 — 3.6. Let 9;,,...,0;,
respectively 0;,,...,0;, with 0 < r < s be the roots in one line in the second
respectively third column of these tables. Then

' Ly (Br=1Z-65) N Ly

The denominator of the right hand side is a Z-lattice of rank r (because rank L; =
n—s+r) and is generated by parts of those relations in Lemma 3.7 (c¢) which express
the roots 0, ..., 0;. as linear combinations of the roots 41, ..., d,.
We give one example: (L, L) of type (Es, Dy + 3A;), then (6;,,...,d;.) = (dg, 010)
and (0;,,...,9;,) = (61,04, 96). The relation for dy gives the element 26; + 694+ 406 of
(D;_,Z-6;,)N Ly, the relation for d; gives the element 201 + 494 + 20¢. Therefore
here

L _ Z-61®BL-04BL- g ~ 7w 72

Ly~ Z- (20, + 604 +406) D Z - (26, + 464 + 20) >
The calculations for all other cases (L, L;) are analogous. They are tedious as there
are many cases, but elementary.
(b) The additivity of the numbers ki(L, Ly ), ka(L, L1), k3(L, Ly) is obvious. There-
fore it is sufficient to prove (36) for irreducible L. The last column of the Tables
3.1-3.6 can be read off from the second to the last column immediately. The first of
the inequalities

ki(L, L1) < kao(L, Ly) < ks(L, Ly) (38)
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is obvious. The second inequality follows simply from the fact that in each step
(BDdS1) or (BDdS2), one root is erased. In the cases A,, B,,C,, BC, and D,
one easily constructs the p.n.subroot lattices in ky(L,L;) steps. Therefore then
ks(L, L) < ki(L, L), and equalities hold in (38).

In the cases Fg, Er, Es, Fy, Gy one observes |J| = ki(L,L;) in the Tables 3.2
3.6. In Lemma 3.7 |J| steps of type (BDsD1) and (BDsD2) are used. Therefore
ks(L, L) < ki(L, L), and equalities hold in (38). n

4. Any generating set of roots contains a Z-basis

The purpose of this section is to prove the following theorem. It is crucial in the proof
of Theorem 6.2. But it may be also of some independent interest. The proof in the
cases A,, B,,,C,, BC,, D, is an almost trivial application of the graphs in Definition
3.5 and Lemma 3.6. The proof in the cases Eg, Fr7, Ey, Fy, G5 is more involved.

Theorem 4.1. Let (L,(.,.),®) be a p.n. root lattice. Let A C ® be any set of roots
which generates the lattice L as a Z-module. Then A contains a Z-basis of L.

In the case of vector spaces instead of Z-modules, the analogous statement is triv-
ial. For Z-modules it is not true in general, that any generating set contains a
basis. For example the lattice Z? with standard basis (1,0),(0,1) has the set
{(1,0),(1,2),(0,3)} as generating set, but any two of these elements generate a
proper sublattice.

The rest of this section is devoted to the proof of Theorem 4.1. It is obviously
sufficient to prove it in the cases where L is an irreducible p.n.root lattice.

In the cases A,, B,,C,, BC,, D,,, Theorem 4.1 is an immediate consequence of the
following lemma. The lemma follows directly from Lemma 3.6.

Lemma 4.2.  Let (L,(.,.),®) be a p.n.root lattice in Theorem 2.3(d) of one of
the types A, By, Cy, BCp, D,,. Let A= {cy,...,oq} C @ be a nonempty subset. The
properties whether A is a generating set of L or a Z-basis of L, will be characterized
by properties of the graph G(A) from Definition 3.5.

(a) L of type Ay :
(i) A generates L as a Z-module <= G(A) is connected.
(ii)) A is a Z-basis of L <= G(A) is a tree.

(b) L of type By, :

(i) A generates L as a Z-module <= each component of G(A) contains at
least one vertex with a (automatically short) marking.

(ii) A is a Z-basis of L <= each component of G(A) is a tree and contains
exactly one marked vertex, and the vertex has only one (automatically short)
marking.

(¢) L of type C,,:

(i) A generates L as a Z-module <= G(A) is connected, and it contains a
marking (automatically long) or a cycle with an odd number of dotted edges.
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(ii)) A is a Z-basis of L <= either G(A) is a tree and contains ezactly
one marked vertex and the marking is simple, or G(A) is connected and
contains no marking, but it contains exactly one cycle and the cycle has an
odd number of dotted lines.

(d) L of type BC,,:

(i) A generates L as a Z-module <= each component of G(A) contains at
least one vertex with a short marking.

(ii) A is a Z-basis of L <= each component of G(A) is a tree and contains
exactly one marked vertex, and there is only one marking, and the marking
is short.

(e) L of type D,,:
(i) A generates L as a Z-module <= G(A) is connected, and it contains a
cycle with an odd number of dotted edges.

(ii) A is a Z-basis of L <= G(A) is connected and contains exactly one
cycle, and the cycle has an odd number of dotted lines.

It remains to prove Theorem 4.1 in the cases Gs, Fy, Fg, Bz, Es. Let L be the root
lattice of one of these types in Theorem 2.3(d). In each of these cases it is sufficient
to consider a generating set A = {ay, ..., 11} C @ with n + 1 elements (where n
is the rank of the root lattice). The cases of bigger generating sets can be reduced
to the case of such a set by an easy inductive argument.

There is an up to the sign unique linear combination
0= Z?:ll/\iai with )\1 € Z, ng(Al, ceey )\n-l—l) = 1, not all )\7, =0. (39)

It has to be shown that an index j with A\; = &1 exists.
Denote by L; C L, i € {1,...,n + 1}, the subroot lattice generated by A — {o;}.

Then rank L; <n <= \; =0. (40)

If this holds for some i then by induction on the rank of the lattice one can conclude
that A —{«;} contains a Z-basis of this subroot lattice. Then this Z-basis together
with «; forms a Z-basis of L. Thus suppose that all A; ¢ {0,+1}. Then

A priori, there are 20 possible cases in the Tables 3.2-3.6, summarized in the Table

of the next page.

In the cases Goq, Fy, Fg, F7, the only possible values for |)\;| are in {2,3,4}. The
condition ged(Aq, ..., Apg1) = 1 tells that at least one j € {1,...,n+1} with |\;| =3
exists.

The following more complicated argument gives the same conclusion in the case Fg.
Assume in the case Eg that all |\;| are in {2,4,5,6}. Define the decomposition

of {1,...,n+ 1} into two disjoint subsets.
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L | L | L | L I\
F, | By 2 Gy | Ay + A4, 2
Cy+ A, |2 Ay 3
Ay + A, |3 Es | Dy 2
As+ A, |4 E.+ A, 2
Es| As+ A, |2 Es+ Ay 3
34, 3 As 3
Er | Ds+ A |2 Ds + A 4
Az 2 A+ Ay 4
As+ Ay |3 24, 5
245 + A | 4 As+ Ay + A | 6

Because of ged(Ag, ..., \yy1) = 1, both are nonempty. Define the subroot lattices

Zl = ZZO&L’, ZQ = ZZOZZ

el i€lr

el A;«y; is a primitive vector in Ly,

Aoy is a primitive vector in Lo. But

Z /\iai = — Z )\za/z

1€l i€l

Then c:=ged(\; |7 € I;) € {2,4,6}, and ¢ >
and 5713 L

i€la

Therefore the order of the torsion part of L/ L, is divisible by 5. But Table 3.4
contains only one type of subroot lattices with this property, the type 2A4,. Therefore
\Il| = 8,|L] = 1,1, = {jo} for some index jo, and 2ay, € Ly C L, which is
impossible. Therefore the assumption above that all |\;| are in {2,4,5,6} was
wrong.

In the cases G, Fy, Es, E7 the type of the subroot lattices L; with [L : L;] = 3 is
unique, in the case Fg there are two possibilities,

L |G| F | Es | E7 | Es
Li| Ay | Ay + Ay |34, | A+ Ay | B + Ay, Ag

By renumbering the roots, we can assume [L : L, 1] = 3.

The case Gg: The roots a; and as generate an Ay lattice and thus are long.
Therefore ag is short. At least one of a; and as is not orthogonal to a3. That root
and «as form a Z-basis of L.

The cases Fy4, Eg, E7 and the case (Eg, Eg + As): The sublattice L, ;3 C L (with
Z-basis aj, ..., ;) contains one orthogonal summand L; of type Ay. Suppose that
a1 and oy form a Z-basis of this lattice L. Then Ly := zi€{1’27n+1}
lattice with Zl C ZQ C L and ZQ ¢ Lpyiand Ly & ZQ. Because of 0 = Z?:Jrll A0y
and all \; # 0 and n+ 1 > 3, the root a,4; is not in L, g, so the lattice Ly has

rank 3. The sum .
Z )\iai = — Z )\iai
=3

ie{1,2n+1}

Z.v; is a subroot
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is in the sum ZiR N L1 of the other orthogonal summands of L, ; and in the rank

one Z-lattice ZfR N Eg. In fact, it is a generator of this rank one lattice: This is
equivalent to ¢; = 1 where

c1 = ng()\l, )\2, )\n—l-l)-

If ¢, > 1, then Cl_lzie{m,nﬂ} Aia; were in the root lattice Zg. But then also
01_1 2?23 A;a; were in the root lattice L, thus ¢; would divide As,...,\,. Then
ged(Ag, ..oy Apy1) > 1 which is not true.

If L is of type Fg, B or Eg, the root lattice Lois of type As. If L is of type Fy, the
root lattice Lo cannot be of type C3, because the roots in L, are long. Therefore
then L, is either of type Az or of type Bs. In all cases, the following lemma gives
the claim.

Lemma 4.3.  In both cases, at least one of A\ and Ay is equal to +1.

Proof: (a) The case Ly of type As: Embed ZQ,R as usual into a Euclidean space
R, with ON-basis ¢, ¢, €3, ¢4 such that ®(Ly) = {+(&; — €)1 <i<j<4} and
(L) = {£(e;—¢€;),|1 <i < j <3}. Agenerator of the rank one Z-lattice ZmeEQ
is obviously €1 + €5 + e3 — 3ey. Thus

€1+'€2+53—3'é4 =+ Z /\zOél
i€{1,2,n+1}
Lemma 4.2(a) applies to the graph G({a1, s, a,11}). The graph is a tree, as
a1, 0o, a1 18 a Z-basis of EQ. At least two of the four vertices €1, es,€3,¢, are
leaves, so at least one of the three vertices €1, €3, €3 is a leaf. Let a; with j € {1,2}
give the edge which contains this vertex. The coefficient 1 of this vertex must be
equal to £); because the other two terms in the sum :I:Zie{u’nﬂ} A;a; have no
contribution to the coefficient of this vertex.

(b) The case EQ of type Bs3: Embed Z2,R as usual into a Euclidean space R3
with ON-basis €7, €, €3 such that ®(L,) = {xe; £ ¢;)} U {xe;} and ®(L,) =
{£(& —€),]1 < i < j < 3}. A generator of the rank one Z-lattice Lip N Ly
is obviously €; + € + €3.

Thus gl + 52 + gg =+ Z )\ZCMZ (41)
1€{1,2,n+1}

Lemma 4.2 applies to the graph G({a, ag, ani1}). As ay and s are long roots, the
graph is a tree with one marked vertex. Then at least one vertex €; of the 3 vertices
€1, €2, €3 has no marking and is a leaf. Then A\; = £1 as in (a). [

The case (Eg, Ag): We can choose a root basis 4y, ..., dg of L and an additional root
d9 such that they give rise to the extended Dynkin diagram in Remark 2.4 (v) and
such that the subroot lattice L,.; is generated by 01,02, 04, ..., 09. Further, we can
embed Lg = L, 1 r into a Euclidean space R? with ON-basis €y, ..., €9 such that

(617527547 "'769) - (gl - g2752 - €37€3 - g47 "‘7€8 - gg) (42)

Part (a) of the following lemma tells how ®(L) can be expressed using the €, ..., €g.
Part (b) solves the case (Fs, Ag) and finishes the proof of Theorem 4.1.
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Lemma 4.4. 5 0
(a) 53=§(—2;a+;a), (43)
P(Ag) = {i@—@)u <i<j<9),

B(Ey) = B(Ag) U {&- <—2261+Z ).

€lq i€l

UL ={1,..,9}, || =3, || =6}. (44)
ove, at least one of the \; wit < j <8 15 equal to .
b) Ab [ he \; with 1 ) < 8 3 ) +1

Proof: (a) (43) follows from (42) and the relation
0 = 201 + 465 + 303 + 654 + 55 + 406 + 307 + 205 + dg,

see Lemma 3.7 (c). As ®(Eg) contains d3, it contains the combination of €; on
the right hand side of (43). As the Weyl group W (Ag) C W(Esg) consists of all
permutations of €j,...,€y, the root system ®(FEg) contains the right hand side of
(44). Counting the size of the right hand side, one finds

2 (g) +2 (g) =72+ 168 = 240 = |P(Ey3)],

thus equality holds in (44).

(b) The roots aj,...,ag form a Z-basis of L,.;. The root ag must be a root in
O(L) — ®(Lyy1), so it must be

3 9
1 ~ ~
— ig <_2 ;:1 Cn(i) + ;:4 eﬂ(i)> for some 7 € Sy.

The graph G({a,...,ag}) is a tree by Lemma 4.2 (a).

1st Case. At least one of the roots €x(), ..., €x(9) is a leaf in this graph: Let o; be
the only edge which contains this leaf. Then \ja; contains the only contribution to
the leaf, in the right hand side of the following formula,

3 9 8
—2 Z gﬂ(l) + Zgﬂ(z) = :i:30{9 ==+ Z /\jaj-
i=1 i=4 j=1

ThUS, )\] = +1

2nd Case. None of the roots €r(s), ..., €x(9) is a leaf in the graph: Then there are two
or three leaves, and they form a subset of the set {€x(1), €x(2), €x(3)}. For one of these
leaves, the number of vertices on the path from this leaf to the branching vertex (in
the case of three leafs) or to the unique inner vertex which is in {€xn), €x(2); €x(3)}

is maximal. Then the first two edges within this path, which starts at the 1eaf have
the coefficients A\; with values £2,+1. So %1 arises. [ |

This finishes the proof of Theorem 4.1. [ |
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5. Reduced presentations of Weyl group elements

Carter studied and classified the conjugacy classes of the elements of the Weyl groups
of the irreducible root lattices. Here we will review a part of his results and extend
them. Crucial are the (in the inhomogeneous cases new) notions of quasi-Coxeter
elements and strict quasi-Coxeter elements. The control of these elements reduces the
classification of conjugacy classes of Weyl group elements to the control of subroot
lattices in section 3. But first some definitions will be given.

Definition 5.1.  Let (L, (.,.),®) be a p.n.root lattice with Weyl group W.
(a) For any element w € W any tuple (ay, ..., a3) € ®* with k € Z>¢ and

W =S4, O...0 S, (45)

is a presentation of w. Its length is k € Zso. The length l[(w) € Zs¢ of
w is the minimum of the lengths of all presentations. A presentation with
k = l(w) is called reduced. The subroot lattice of a presentation (ay, ..., ay) is
L, = Zle Z-a;. The index of the presentation is the index [LNLy g : Li] € Z>,
of the subroot lattice L.

(b) An element w is of mazimal length if [(w) = n := the rank of the root lattice.

c) For any element w € W and any A € S! define
(c)

Vi(w) := ker(w—\-id) C Lg, (46)
Vaw) = EValw) D Vag = Le N Vi (w), (47)
A#£1

and analogously Vi g(w), Vi z(w), Vir(w), Vig(w), Viz(w).
Of course Vi p = Vilg.

Lemma 5.2.  Let (L,(.,.),®) be a p.n.root lattice with Weyl group W .

(a) [6, Lemmata 2 and 3] A presentation (o, ..., ax) of an element w € W is reduced
if and only if oy, ..., ax are linearly independent (in Lg ). The subroot lattice Ly C L
of a reduced presentation satisfies

l(w)
PQ-ai=|Lig = Vaolw) (48)

=1

and especially (w) = dim V. g(w). (49)
So, the subroot lattices of all reduced presentations of w generate the same subspace
of Lc, and it is Vi (w).

(b) [9, Satz 3.2][11, Satz 3.2.3] If (L,(.,.),®) is a homogeneous root lattice, then
all reduced presentations of one element w € W have the same index.

The following definition of a quasi-Coxeter element is in the homogeneous cases due
to Voigt [11, Def. 3.2.1] and in the inhomogeneous cases new.

Definition 5.3. Let (L, (.,.),®) be a p.n.root lattice of rank n € Z., with Weyl
group W.
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(a) An element w € W is a quasi-Coxeter element if a reduced presentation of w
exists whose subroot lattice is the full root lattice L. Of course then it is of
mazximal length (w) = n.

(b) An element w € W is a strict quasi-Cozeter element if the subroot lattice of
any reduced presentation is the full root lattice L. Of course then it is a quasi-
Coxeter element.

Remark 5.4. (i) An element w in the Weyl group of a p.n. root lattice has many
presentations. Often there are several presentations such that the isomorphisms
classes of their subroot lattices are different. In the homogeneous cases at least their
indices are equal. But in the inhomogeneous cases, even their indices can differ.

(ii) In a homogeneous root lattice, Lemma 5.2 (b) implies that there the notions
of quasi-Coxeter element and of strict quasi-Coxeter element coincide. But in any
irreducible inhomogeneous root lattice, there are quasi-Coxeter elements which are
not strict quasi-Coxeter elements. See theorem 5.6.

(iii) Of course, if (aq, ..., k) is a reduced presentation of a Weyl group element w,
then w is a quasi-Coxeter element in the subroot lattice L; of this presentation.
And of course, any Weyl group element has a reduced presentation such that it is a
strict quasi-Coxeter element in the subroot lattice L; of this presentation.

(iv) Let L = @,k Lk be the decomposition of a p.n. root lattice into an orthogonal
sum of irreducible p.n. root lattices, and let w € W be a (strict) quasi-Coxeter
element. Then it decomposes into a product [, ., wir of commuting elements
w € W(Ly), and wy, is a (strict) quasi-Coxeter element in Ly.

(v) Recall that a Coxeter element in an irreducible root lattice is an element w € W
which has a presentation (ay, ..., @) such that a, ..., o, form a root basis. Because
their Dynkin diagram is a tree, Lemma 1 in [4, Ch. V §6] implies that the products
of Sayy -y Sa, in any order are conjugate. As all root bases are conjugate, all Coxeter
elements are conjugate. Obviously the Coxeter elements are quasi-Coxeter elements.
It turns out that they are even strict quasi-Coxeter elements, see Theorem 5.6.

(vi) Carter’s work [6] on the classification of Weyl group elements gives in a direct
way the classification of the quasi-Coxeter elements in the irreducible homogeneous
root lattices and in a less direct way the classification of the strict quasi-Coxeter
elements in the irreducible inhomogeneous root lattices. In Theorem 5.6 these
classifications will be given, and also the classification of the quasi-Coxeter elements
in the irreducible inhomogeneous root lattices.

(vii) Recall the description of the Weyl group W in Remark 2.4(iii) for the root
lattices of the types A, B,,Cy, D,, in Theorem 2.3(d):

W(Ap) 2 Sper, W(B,) = W(C,) = {£1}" x S,,.

A signed permutation in {£1}" x S, will be called positive if the number of sign
changes in it is even, it will be called negative if the number of sign changes in it
is odd. The subgroup W(D,) C W(B,) = W(C,) consists of the positive signed
permutations.

A signed cycle will be written as (£1a1 £2as...cxax) with £ > 1 and €4, ..., € {£1},
ap,...,ar € {1,...,n} with a; # a; for ¢ # j. It maps *+a; to %e;11a,41 for
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1 <1< k-1 and £a; to *e1ay. It is positive if Hj e; = 1 and negative if
Hj g; = —1. Its support is defined to be {as, ..., a;}.

Any signed permutation is up to the order a unique product of signed cycles (=cyclic
permutations) such that their supports are disjoint and the union of the supports is
{1,...,n}. They are called the signed cycles of the signed permutation. Here cycles
of length one are used. For example id = (1)(2)...(n) and —id = (—1)(—2)...(—n).

Remark 5.5. (i) Carter classified in [6] the conjugacy classes of Weyl group
elements for all irreducible root lattices. A crucial point was the proof that any
element w can be written as a product w = wywy where w; and w, are involutions
with V_j(wy) N V_q(wy) = {0} (Proposition 38 and Corollary (ii) in [6]).

By [6, Lemma 5], any involution has a reduced presentation («q, ..., ) which con-
sists of pairwise orthogonal roots. The composition of two such reduced presentations
of two involutions w; and wy with V_;(wy) N'V_1(wy) = {0} is a reduced presenta-
tion of w = wywy. Its generalized Dynkin diagram is a graph whose cycles (if any
exist) have all even length. In [6, Theorem A] all graphs are classified which have
the following properties: The graph contains cycles, all cycles have even length, the
graph is a generalized Dynkin diagram of a presentation of an element w = wyw,
with w; and wy as above, the subroot lattice of the presentation is the full lattice,
and w is not contained in the Weyl group of a subroot system. The graphs are la-
belled D, (ax), Es(ax), Ez(ar), Es(ar), Fi(ar) and also Dy, (b,/2—1) if n is even and
E7<b2), Eg(bg), Es(b5)

In fact, the graphs in [6] are simplified by not distinguishing normal and dotted edges.
The generalized Dynkin diagrams are obtained from the graphs in [6] by replacing
some edges by dotted edges such that any cycle obtains an odd number of dotted
edges. This is possible.

It turns out that the graphs D,,(a), Eg¢(ax), F7(ax), Es(ax), Fi(a1) correspond to con-
jugacy classes of Weyl group elements, and that these include the elements with pre-
sentations giving rise to the graphs D, (b,/2—1) (n even) and E7(bs), Es(bs), Es(bs).
These Weyl group elements are strict quasi-Coxeter elements, because they are not
contained in the Weyl group of a subroot lattice. They are not Coxeter elements [6].
They and the Coxeter elements are the only strict quasi-Coxeter elements (Theorem
5.6 below).

(ii) Recall that the Coxeter elements in W (A,) are the cycles of length n + 1 in
Snt1, the Coxeter elements in W(B,,) = W(C,,) = W(BC,,) are the negative cycles
of length n in {£1}" % S,,, and the Coxeter elements in W (D,,) are the products
of two negative cycles of lengths 1 and n — 1. The products of two negative cycles
of lengths k and n — k for 2 < k < [n/2] form the conjugacy class D, (ay_1) in
W(D,).

In the second column in the Tables 5.1 and 5.2, A, B,,C,, D,, Egs, E7, Es, F, and
(G5 denote the conjugacy classes of the Coxeter elements. The root lattice of type
Fy contains subroot lattices of types By, C5 + A; and Dy. In W(F}) the symbols
By, C3+ Ay, Dy(ay) denote the conjugacy classes in W (F}) of the Coxeter elements
in W(By) and W(C3 + A;) and of the quasi-Coxeter elements of type Dy(a;) in
W(D,). The Coxeter elements of the subroot lattice of type Ay in Gy give rise to a
conjugacy class in W(Gs) denoted by As.
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Theorem 5.6 gives the classification of the quasi-Coxeter elements and the strict
quasi-Coxeter elements for the irreducible p.n.root lattices. A good part of it is due
to [6].

Theorem 5.6. Let (L,(.,,.),P) be one of the irreducible p.n.root lattices in
Theorem 2.3(d). The following Tables 5.1 and 5.2 list the conjugacy classes of the
strict quasi-Coxeter elements and in the inhomogeneous cases the conjugacy classes
of the quasi-Coxeter elements. See the Remarks 5.5 for the notations.

Table 5.1:
strict quasi-Coxeter el. = quasi-Coxeter el.

A, | A,

Dy, | Dy, Dyp(a1), ..., Dyp(ap/2—11)
Es | Es, Ee(a1), Es(az)
Er E77E7(CL1)7E7(G2)7E7(G3)>E7(6L4)
Es | Es, Es(ay), ..., Es(as)

Table 5.2:
strict quasi-Coxeter el. | quasi-Coxeter el.

B, | B, products of negative cycles s.t.
the sum of their lengths is n

BC, | — products of negative cycles s.t.
the sum of their lengths is n

C, |C, Cn, Dy, Dy(ar), ..., Dyp(ap/2—11)

F, Fy, Fy(aq) Fy, Fy(ay1), By, C3 + Ay, Dy(aq)

Gy, |Gy G, As

Thus the quasi-Cozeter elements of C,, are the products of one or two negative cycles
such that the sum of their lengths is n.

Proof: It is well known that the Coxeter elements are not elements of some proper
Weyl subgroup. Therefore they are strict quasi-Coxeter elements. The other elements
listed in the second columns are strict quasi-Coxeter elements because of the results
of Carter [6] discussed in the Remarks 5.5 (i).

By the same results, any other element w € W is in some proper Weyl subgroup. In
the homogeneous cases, a proper Weyl subgroup is the Weyl group of a proper subroot
lattice. Therefore then w is not a strict quasi-Coxeter element. This completes the
proof of Table 5.1.

In the inhomogeneous cases, the fact that the second column of Table 5.2 lists all
strict quasi-Coxeter elements is a consequence of the third column of Table 5.2, in the
following way. In the cases of the root lattices of types F; and G it is obvious that
the quasi-Coxeter elements of types By, C3+ Ay, Dy(aq) and Ay are not strict quasi-
Coxeter elements. In the cases of the p.n.root lattices B, C, and BC,,, observe

Se;Se; = Seite;Sei—e; = 52¢;52¢; ~ (—1)(—7) and (50)

(
Zei+Te; 2 Z(ei +ej) + Zlei — ej) 2 L2e; + L2 for i # j.



586 BALNOJAN AND HERTLING

This shows that all permutations whose signed cycles contain at least two negative
cycles are not strict quasi-Coxeter elements. BC),, has no strict quasi-Coxeter el-
ements because of s., = sy.,. Therefore the only elements in the third column of
Table 5.2 which are strict quasi-Coxeter elements are those in the second column.

It remains to prove the third column of Table 5.2.

The root lattice of type Cy: Because of L(C,,) = L(D,,) the quasi-Coxeter elements
of D, are also quasi-Coxeter elements of C,,. Let w € W(C,) be a quasi-Coxeter
element of C), which is not a quasi-Coxeter element of D,,. Then it has a presentation
(a1, ..., ) such that its subroot lattice is the full root lattice L(C),) and A :=
{ag,..,a,} ¢ ®(D,). By Lemma 4.2 (c)(ii) and (e)(ii) then the graph G(A) is
a tree and contains exactly one marked vertex. Then w is a negative cycle, so a
Coxeter element of C,,.

The p.n. root lattices of types B, and BC,: Let w € W(B,) = W(BC,,) be a quasi-
Coxeter element of B, or BC,,, and let («q, ..., ,) be a presentation whose subroot
lattice is the full root lattice L(B,) = L(BC,). By Lemma 4.2 (b)(ii) and (d)(ii),
the graph G(A) for A ={ay,...,a,) is a union of trees which have each exactly one
marking and which is short. Thus w is a product of negative cycles. Vice versa,
any product w of negative cycles has a presentation (a1, ..., a,) such that the graph
G({ay,...,a,}) is a union of trees which have each exactly one marking and which is
short. Thus w is a quasi-Coxeter element.

The root lattice of type Go: Obviously its quasi-Coxeter elements are the products
5453 with o short and 3 long and o £ 8 and the products s,,s,, with oy and oy
short and sy # £a;. The elements of the first type are the Coxeter elements of Gy,
the elements of the second type can also be written as products sg, sg, with 3; and
B2 long roots and Py # £;. They are the Coxeter elements of the subroot system
of long roots, which is of type As.

The root lattice of type Fy: See Lemma 5.7 (b). The restriction there that in the
presentation (ay, g, s, ay) first the short roots come and then the long roots, is
not serious. One can obtain a presentation with this property from an arbitrary
presentation using (13). ]

Lemma 5.7.  Let (L,(.,.),®) be the root lattice of type Fy in Theorem 2.3(d).

Obuviously the short roots form a root system of type Dy, which is called Dy, and the
long roots form a root system of type Dy, which is called Dy.

(a) Let A= {aq, a9, as,au} C P(Fy) be a Z-basis of L(Fy) such that first the short
roots come and then the long roots. Then one of the following cases holds.

(i) All four roots are short.

(ii) ai,as and az are short and oy is long. Then an element w € W (Fy)
exist such that w(ay), w(as), w(as) generate the subroot system of type As
which is also generated by ey, % Zle e;, e2, and then w(ay) = *e; £e; with
i€{1,2} and j € {3,4}.

(iii) @y and ag are short and as and a4 are long. Then {(ay,as) = 1 and
(g, a4) = £1 and Rag + Ray [ Raz + Ray.

(b) Let w € W(Fy) be a quasi-Cozeter element, and let (aq, ..., aq) be a presentation
of w whose subroot lattice is the full lattice L(Fy) and such that first the short
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roots come and then the long roots. Then the cases in (a) hold, and w is in each

case as follows.

(i) w isin W(Cs+ A1) and is a Cozxeter element there, or it is in W(Dy4) and
is a quasi-Cozeter element of type Dy(ay) there.

(ii) w s in W(Ly) for some subroot lattice Ly of type By and is a Cozeter
element there.

(iii) w is a Cozeter element of type Fy or a strict quasi-Coxeter element of type

F4(a1) .

Proof: (a) The following obvious statements will be used:

(A) The root lattice L(F}) contains the subroot lattice Lo of type By with root
system

It has the same long roots as ®(F}), but less short roots.

(B) For any short root f; a Weyl group element w exists such that w(f;) = e;. If
Bs is a short root with 5, L By then w(fy) € {+eq, tes, +es}, and w can be
chosen such that w(f52) = es.

The case that all four roots aq, ..., ay are long is impossible because they would only
generate the subroot lattice L(Ds). The case that «; is short and the three roots
ag, a3, ay are long, is also impossible, because by (B) a Weyl group element exists
such that w(ap) = eq, and then all four images w(cq;) are in Ly. Thus either two
roots are short and two roots are long, or three roots are short and one root is long,
or all four roots are short.

Consider the case that aq, g, a3 are short and a4 is long. Then aj,as and az
generate a subroot system of rank 3 of ®(D,). Only the two types A3 and 3A; are
possible a priori. Here the type 34, is not possible, because then by (B) an element
w € W(Fy) exists such that w(a;) = e; for ¢ € {1,2,3}, and these roots and any
long root w(ay) are in Ly.

A subroot system of type Eg in D, is the set of short roots of a subroot system of
type C5 in L (which is of type Fy). By Theorem 3.3 (b), any two subroot systems
of type C3 in L are conjugate by an element of W (Fy). Therefore any two subroot
systems of type Avg in 54 are conjugate by an element of W (Fy). This shows the
first half of part (ii). Obviously w(au) = +e; £ e; with ¢ € {1,2} and j € {3,4}.
This gives part (ii).

Consider the case that «; and «s are short and a3z and a4 are long. If a7 L as
then by (B) aq, ..., a4 are mapped by a suitable element w € W (F}) into the subroot
lattice Ly. Therefore (o, as) = +1. Furthermore

Ra; + Ras } Ras + Ray
because else the four roots would generate a reducible subroot lattice. An element

w € W (F}) exists such that

4

w(ay) = tep, w(ag) = %Zei.

i=1
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If a3 L oy then either
w(ag) = e1(e; + e2¢;) and w(oy) = e3(e; — €265)
for some €1,e9,63 € {£1} and some i,j with 1 <i<j <4, or
w(az) = e1(e; + e2¢5) and w(oy) = e3(ex — e4€))

for some e1,¢e9,e3,64 € {£1} and some i, j, k, I with {i,7,k,1} = {1,2,3,4}. One
sees easily with some case discussion that in both cases w(ay),...,w(ay) do not
generate L(F}).

(b) Of course, the cases in (a) hold.

The case (i): w is in W(D,) and is either a Coxeter element there or a quasi-

Coxeter element of type Dy(aq). In the first case, w is conjugate to

Slsn e;Se1SerSes = SLs ¢ SerSeatesSea—ess

which is in W(C5 + A;) and which is a Coxeter element there. In the second case,
w is conjugate to

S15 %L (e1tea—es—es)SerSes = SerterSestesSertesSer—es;

which is in W(D,) and which is a quasi-Coxeter element of type Dy(a;) there.

The case (ii): The element w is conjugate to

S% > €a Se;Sex S8 = S% > a€a Ser—eaSe1+esSB

for some B = e; + ce; with i € {1,2} and k € {3,4} and ¢ € {£1}. This is in
W (L3) for a subroot lattice Lz of type By. In the case ¢ = —1 the generalized
Dynkin diagram of the four roots on the right hand side is (up to the distinction
between dotted and normal edges) the B, Dynkin diagram, so then the element is a
Coxeter element in W(Ls). In the case € = 1, the right hand side is equal to

S% D a€a Se;—ezS—ej+erSerter;

where j is determined by {7, 5} = {1,2}. This is again a Coxeter element in W (Ls).

The case (iii): Using (13) for «; and as, one can suppose Ras L Rasz + Ray.
After conjugation, one can suppose

4
1
o =g E +ei, o = Fer, {asg,u} C{£(e; —¢;)[1 <i<j <3}
i=1

Using (13) for ag, a4 and changing possibly some signs and conjugating possibly
again, one can suppose

1
ap = 5(61 + ey +esestey), ap =e€1, a3 =€y —e3, Ay =€ — €3

for some 9,65 € {£1}.
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In the case (g9,€3) = (1, 1), the generalized Dynkin diagram of the roots ay, as, as, ay
is (up to the distinction between dotted and normal edges) a Dynkin diagram of type
Fy. Thus w is a Coxeter element in W (Fy).

In the case (e2,e3) = (1,—1), the element w is conjugate to the product of the two
involutions $,,S4, and S,,S., with admissible diagram of type Fy(a;). Thus it is a
quasi-Coxeter element in W (Fy) of type Fy(a1).

In the case (eq,e3) = (—1,—1), the element w is
W= Sa;SazSazSas = SazSsay(a1)Ssag(as)Sas = Se1SL(—e;—ey—estes)Se1—esSea—es-

The generalized Dynkin diagram of the roots on the right hand side is (up to the
distinction between dotted and normal edges) a Dynkin diagram of type Fj. Thus
w is a Coxeter element in W (Fy).

In the case (e9,e3) = (—1,1), the element w is

W = Sa;Sa5a35as = SarSaszSasSas = SarSasSasSsa,(az) = SarSasSasSes-

This is conjugate to the element
SeaSarSazSas = Ssey(a1)SeaSsay(as)Saz = S%Zi e;SeaSe1—eszSea—es-

The generalized Dynkin diagram of the roots on the right hand side is (up to the
distinction between dotted and normal edges) a Dynkin diagram of type Fj. Thus
w is a Coxeter element in W (F}). n

Remark 5.8. (i) In the Tables 7-11 in [6] all conjugacy classes of elements of
the Weyl groups of the root lattices of types G, Fy, Eg, E7 and Ey are listed in the
following form. For any conjugacy class one element and one presentation of it as
a strict quasi-Coxeter element is chosen. The tables show the isomorphism class of
the pair of full lattice and subroot lattice and the type of the strict quasi-Coxeter
element.

(ii)) Theorem 5.10 below gives more information for the root lattices of types Gs,
Fy, Fg, E; and Eg. For Fy it lists for any conjugacy class all isomorphism classes
of pairs of full lattice and subroot lattice, which turns up as subroot lattice of a
presentation as a quasi-Coxeter element, and the type of the quasi-Coxeter element.
This gives all types of reduced presentations for any element. For G, Fg, E7 and Ejg
one can extract the same information from Theorem 5.10 and the Tables 3.6, 3.2,
3.3 and 3.4.

(iii) For the tables in Theorem 5.10, the notations in Table 5.2 have to be refined:
There are three conjugacy classes of quasi-Coxeter elements in F; which have also
presentations as Coxeter elements in subroot lattices of type By and C3 + A;
respectively as a quasi-Coxeter element of type Dy(ay) in the subroot lattice of
type D4. The presentations of these elements as quasi-Coxeter elements in Fj are
now called F4(CL2>, F4(CL3) and F4(CL4).

Analogously, the presentations as quasi-Coxeter elements in W (G2) of those elements
which have also presentations as Coxeter elements in A, (the subroot lattice of long
roots) are denoted by A, .

For 2 < k < 4, the presentations as quasi-Coxeter elements in W(By) of those
elements in W (By) which are products of negative cycles of lengths ly,..,[, with
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li + ... + 1. = k are denoted by Bg(ly,...,l,). The case By (k) is also denoted by By.
This will be used in the Table 5.4 for Fy. Similarly, C3(2,1) is used there.

(iv) The complete control in Theorem 5.10 on the reduced presentations of the

Weyl group elements of the irreducible root lattices allows to determine the number
ky(L,w) in Definition 5.9.

Definition 5.9.  Let (L, (.,.), ®) be a p.n.root lattice, and let w be a Weyl group
element. Recall ko(L, Ly) from Theorem 3.8. Define the number

(51)

with subroot lattice L, exists

a reduced presentation of w
]{]4([4, U}) ‘= min {kQ(L, Ll) } .

This number will be important in Section 6. Because of ki(L,L1) = koL, Ly)
(Theorem 3.8(b)),

ky(L,w) > dim Lg/V4 g(w) =n — l(w). (52)

Equality holds if and only if a reduced presentation with subroot lattice L; =
V1,0 N L exists. This is the unique primitive subroot lattice L; with L g = V.1 .
Often equality holds, often not.

Theorem 5.10.  Let (L,(.,.),P) be one of the irreducible p.n.root lattices in
Theorem 2.3(d).

(a) In the cases A, , B, and BC,,
ky(L,w) =n — l(w). (53)

(b) Consider in the cases C,, and D,, a Weyl group element w which is a product of
r positive cycles and s negative cycles with disjoint supports whose union is {1, ...,n}
(Remark 5.4(vii)). (In the case of D,,, s is even.) Then

r=mn—Il(w),
and any reduced presentation with subroot lattice Ly with minimal ky(L, L) satisfies

L/L, = 7" x 7=t/ (54)
s+1
|-

(¢) In the cases Go, Eg, E7 and Eg, for the big majority of the Weyl group elements
there is only one type of reduced presentations. That means, the pairs (L, Ly) are
isomorphic where Ly runs through the subroot lattices of all reduced presentations.

Table 5.3 lists for the (conjugacy classes of the) exceptions the different ways to
write them as quasi-Coxeter elements of subroot lattices Ly, and it lists the numbers
]{?4(.[/, U)) .

For the other elements, ky(L,w) = ko(L,Ly) for the unique isomorphism class
(L, Ly). All these other elements can be found by replacing in the Tables 3.6, 3.2,
3.3 and 3.4 Ly by the possible quasi-Coxeter elements with subroot lattice of type
L. See Table 5.1 for the possibilities. (E.g. Ds+ As has to be replaced by the two
possibilities Dy + A3 and Ds(ay) + As.)
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Table 5.3:

L | presentation of w as quasi-Coxeter element | ky(L, w)
in W (L) for some subroot lattice L;
Gy | Ay ~ Ay
E; | Dy(ay) +2A; ~ 245
E; | Dy(ar) +3A; ~2A5+ Ay
s(a1) + A1 ~ A7
s(ar) + 241 ~ [2A45]"
a(ar) +3A; ~ 245+ Ay
(a1)
(a1)
(

s(ar) +2A; ~ Dy + Az

6(ar) + Ay ~ [A7]"

4 (11) + 4141 ~ 2A3 -+ 2A1

Es | Dy + Dy(ar) ~ Ds(a1) + As

Eg D5—|—A3 NA7—|—A1 ND6<G1)+2A1
Eg D6(a2) + 2141 ~ 2D4

Eg Eﬁ(al) + AQ ~ Ag

Es | Ezx(ay) + Ay ~ Dy

Eg | Eqz(a3) + Ay ~ Ds(as)

&
SESESECES]ie

— = =N = = NN DN W -NDO

(d) In the case of Fy, the following Table 5.4 lists for (the conjugacy classes of)
all Weyl group elements all ways to write them as quasi-Coxeter elements of subroot
lattices. See Remark 5.8(iii) for the notations. It also lists the numbers ky(L,w).

Table 5.4:

Presentation of w as quasi-Coxeter element ky(L,w)
in W(Lq) for some subroot lattice L;
Fy 0
F4((I1) 0
F4(a2) ~ B4 0
Fy(az) ~ Cs + A4 0
Fi(ay) ~ Dy(ar) ~ By(2,2) 0
B4(3, 1) ~ D4 1
By(2,1,1) ~ As 4+ Ay ~ C5(2,1) + Ay ~ By + 24, | 1
By(1,1,1,1) ~ Bo(1,1) + 24, ~ 44, 1
Ay + A, 1
w ka(L,w) w ky(L,w)
B3 1 AQ 2
Ba(2,1) ~ Ay 1 B, 9
B3(1,1,1) ~ 24, + A, | 1 By(1,1) ~ 24; | 2
B2 + Al ~ 03(2, ]_) 1 Al —I— Al 2
By(1,1) + Ay ~ 34, |2 Ay )
Ay + 41 1 Ay 3
A+ Ay 1 Ay 3
Cs 1 0 4
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Proof: (a) In the cases A, B,, BC,,C, and D, any positive cycle in the Weyl
group can be written as a product s,, 0...05,, where aq, ..., o, are roots of the type
+e; £ e; whose graph G({a, ..., }) is a tree. The subroot lattice L; = ;| Za,
is a primitive sublattice.

Any element of W (A,) is a product of positive cycles with disjoint supports whose
union is {1,...,n}. Because the supports are disjoint, the sum of the subroot
lattices of the presentations above of the positive cycles is also a primitive sublattice.
Therefore there (53) holds.

In the cases B,, and BC,, any negative cycle can be written as a product in the
form s,, 0...05,, 054,,, such that s,, 0...0s,, is a positive cycle with graph a tree,
and such that a,;; is a short root which gives a marking of one vertex of the tree.
The subroot lattice L; = Z:ill Zay is the primitive sublattice, which is generated
by all the short roots which correspond to the vertices of the tree.

Any element of W(B,) = W(BC,) is a product of positive cycles and/or negative
cycles with disjoint supports whose union is {1,...,n}. Because the supports are
disjoint, the sum of the subroot lattices of the presentations above of the positive

and/or negative cycles is also a primitive sublattice. Therefore there (53) holds.

(b) In the cases C,, and D,,, any pair of negative cycles can be written as a product
Say © +.- O 8q, O 8p; O...0 88, 0 8q,,, ©8g,,, such that s, o0...0s,, and s o...0 55,
are positive cycles whose graphs are disjoint trees and such that o, = e; —e; and
Bry1 = €; + ¢; with i a vertex of one tree and j a vertex of the other tree. The

subroot lattice L; = Z?;rll Zov; + Z?g Z3; is of type Coipro respectively Dgipio.

In the case (), , any single negative cycle can be written as a product s,,0...05,,084,,,
such that s,, o...0s,, is a positive cycle with graph a tree, and such that o, is
a long root of the type 2e; which gives a marking of one vertex of the tree. The
subroot lattice L; = Zf:ll Zay; is of type Cyyq.

Let w be a Weyl group element which is a product of r positive cycles and s negative
cycles with disjoint supports whose union is {1,...,n}. One presents the positive
cycles as above (in the proof of (a)), and one presents as many pairs of negative
cycles as above. At most one (none in the case D,,) single negative cycle is left and
is also presented as above. Let L; be the subroot lattice of the presentation. Table
3.1 shows (54). One sees easily that no reduced presentation with smaller k;(L, L;)
exists. (55) holds.

(¢c) The Tables 7, 9, 10 and 11 in [6] list all conjugacy classes of elements of the
Weyl groups of root lattices of the types Gs, Eg, E7 and Eg. They give in each
case one type of presentation as a strict quasi-Coxeter element. It is easy to find all
presentations as quasi-Coxeter elements which are not in the list. One has to find
out which elements in the list are given also by these presentations. In most cases
it is sufficient to compare the characteristic polynomials. A table of characteristic
polynomials is Table 3 in [6].

The only cases where this is not sufficient arise for the Ejg root lattice and there for
the presentations as quasi-Coxeter elements of types Dy(ai)+2A; and Dg(ai) + A;.
In the first case the presentations as strict quasi-Coxeter elements of types [2A43]" and
[2A3]" have the same characteristic polynomial, in the second case the presentations
of types [A7]" and [A7]”. Because of
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index(Dy + 24;) = 2 = index([243]") # index([243]) = 1,
index(Dg + A;) = 2 = index([A47]") # index([A7]") = 1,
Lemma 5.2 (b) tells that Dy(a;) 4+ 2A4; gives the same conjugacy class as [243])” and
that Dg(ay) + Ay gives the same conjugacy class as [A7]”.

(d) Table 8 in [6] lists 9, 8, 5, 2 and 1 conjugacy classes of elements of the Weyl
group of type Fj of lengths 4, 3, 2, 1 respectively 0. On the other hand there are
19, 12, 6, 2 and 1 types of presentations of elements as quasi-Coxeter elements of
lengths 4, 3, 2, 1 respectively 0:

length | type of presentation as a quasi-Coxeter element

4 Fy, Fy(aq), Fy(az), Fy(as), F4(a4N),B4, B4<~3’ 1), B4(2,2),
Ba(2,1,1), B4(1,1,1,1), Ag + Ay, Ay + Ay, C5 + Ay,
C3(2,1) + Ay, Dy, Dy(ay), Ba + 2A1, Bo(1,1) 4+ 2A;,4 A,

3 Bs, B5(2,1), B3(1,1,1), By + Ay, Bo(1,1) + Ay, Ay + Ay,
A3, 2A1 + Ay Ay + Ay, Cs,C5(2,1), 34,

2 By, By(1,1), Ay, Ay + Ay, Ay, 24,

1 A A

0 0

For those types of presentations as quasi-Coxeter elements in the table above which
are not in the Table 8 in [6], one has to find out which conjugacy classes they give.
In many cases this is determined by the characteristic polynomials. The cases where
the characteristic polynomials is not sufficient, can be drawn from Lemma 26 in
[6]. It lists the presentations as strict quasi-Coxeter elements which give different
conjugacy classes, but with the same characteristic polynomials. Of the 8 pairs in
Lemma 26 in [6], only those 4 are relevant here, for which presentations as quasi-
Coxeter elements exist which are not in Table 8 in [6] and which have the same
characteristic polynomials. These 4 pairs and their characteristic polynomials are as
follows:

Cs+ 44 By + A, 24, + A, A+ A,
B+ 0)(E+1) [ Br2t+1] (E+1)3—1) |+ 12— 1)

D, Ag 34, 24,

The equality Se3Seq = SegtesSes—eq
tells that in Table 5.4

Bs(1,1) ~ 241, Bs(1,1) + Ay ~ 3A;, Bs(1,1,1) ~ 24, + A;.
The equality Se151 (e ter—es—ea)SL(erteatestes) = Se1Ser+eaSestes
tells that in Table 5.4 C5(2,1) ~ By + Aj.
The equalities Sey—e5Se35es = Seq—esSestesSes—es

and Se1—eaSea—ezSezSes = Ser—eySea—e3zSezt+esSez—ey

tell that in Table 5.4 Bs(2,1) ~ Az and By(3,1) ~ Dy.
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The equivalence Fy(a3) ~ C3+A; in Table 5.4 holds by definition of Fj(a3). All other
equivalences in Table 5.4 follow from comparison of characteristic polynomials. =

Remark 5.11. (i) From the Theorems 5.10, 5.6 and 3.3 (respectively the first
columns of the Tables 3.1-3.6), one can recover the classification of conjugacy classes
of the Weyl group elements of the root lattices of types Gs, Fy, Eg, E; and Eg which
is given in the Tables 7-11 in [6].

(ii) The proof above of Theorem 5.10 had used these tables, but not in a very crucial
way. Those few cases where different conjugacy classes have the same characteristic
polynomials, can be dealt with by hand. In fact, informations on them are given
in the Lemmata 26 and 27 in [6]. But Theorem 5.6 on the (strict) quasi-Coxeter
elements depends in a crucial way on the results in [6].

(iii) The characteristic polynomials of the strict quasi-Coxeter elements in all irre-
ducible root lattices are given in Table 3 in [6].

(iv) In [11, (2.3.4)] a table similar to Table 5.3 for E; and Ey is given. But one of
the cases for F; and four of the cases for Eg are missing there. The case for E7
which is missing in [11, (2.3.4)], is also missing in [11, (3.2.9)].

Remark 5.12.  There is a strange correspondence. Define for any irreducible root
lattice (L, (.,.),®) the two numbers
ke(L) := |{conjugacy classes of quasi-Coxeter elements}| — 1,
(L isomorphism classes of pairs (L, Ly) with L,
(L) = a subroot lattice of full rank with %y (L, L;) =1

Then k¢(L) = k7(L) for A, Cy, D,, Fy, Egs, E7, Eg and By, but not for B,, (n > 3)
and (G5, as the following table shows.

A | By \cn\D \GQ\FAEAEAES
WD) [0 [ p—1] (2] | [2] - 2 14 |8
kz(L) |0 |n—1 | [2]|[2] - 2 |4 |8

Here p(n) is the number of partitions of n

6. Nonreduced presentations of Weyl group elements

Definition 6.1.  Let (L, (.,.), ®) be a p.n.root lattice, and let w be a Weyl group
element. Define the number

(56)

_ a presentation (v, ..., Qy(w)t2x) With
ks(L,w) ;= min q k , ) .
subroot lattice the full lattice exists

Recall the Definition (51) of the number k4(L,w) in the same situation. Let
(a1, ..., @) be areduced presentation of an element w with subroot lattice L; such
that ko(L, L1) is minimal, i.e. ko(L, L) = k4(L,w) =: k. Let Bi,..., Br be roots
such that L; + Z;‘f:l ZB; = L. Then obviously (o, ..., aw), B1, B, B2, B2y -, Br, Br)

is a presentation with root lattice the full root lattice L. Therefore

ka(Lyw) < ky(Lyw). (57)
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Theorem 6.2.  Let (L,(.,.),®) be a p.n.root lattice, and let w be a Weyl group

element. Then
kS(L’ U)) = k4(La U)) (58)

The proof consists of a reduction to the special case in the following lemma and of
the proof of the following lemma. The proof of the lemma is given first.

Lemma 6.3.  Let (L,(.,.),®) be a p.n.root lattice of some rank n, and let w be
a Weyl group element of length n — 1. Then

ks(L,w) =1 <= ky(L,w) = 1. (59)

Proof of Lemma 6.3: If (L,(.,.),®) is reducible with orthogonal summands
Drcx Li, then w decomposes accordingly into a product of commuting elements
wy € W(Lyg), and the numbers ky(L,w) and ks(L,w) are additive,

ka(Lyw) = ka(Lgywy),  ks(Lyw) =) ks(Li, wy).

keK keK

Therefore it is sufficient to prove the lemma and also Theorem 6.2 for the irreducible
p.n. root lattices.

Let (L,(.,.),®) be an irreducible p.n.root lattice of rank n, and let w be a Weyl
group element with [(w) =mn — 1. Then ks(L,w) > 1. If ky(L,w) =1 then by (57)
also ks(L,w) = 1. Thus it is sufficient to prove ks(L,w) =1 = ky4(L,w) = 1.

The cases Ay, Dy, Eg, E7,Eg: Suppose ks(L,w) = 1, and let («q,...,a,11) be a
presentation of w whose subroot lattice is the full lattice. By Theorem 4.1, the set
{aq, ..., 41} contains a Z-basis of the full lattice L. Using (13), we can suppose that
aq, ..., 18 a Z-basis of L. Let (5, ..., B,—1) be an arbitrary reduced presentation
of w. Then

Sa; ©...08q, =88, 0...083, , 08q, ..

The subroot lattice of the presentation on the left hand side is the full lattice, so it
has index one. By Lemma 5.2 (b), the index of the subroot lattice of the presentation
on the right hand side is the same, so it is also one. Thus

n—1

> ZB;+ Lo = L.
J=1

This shows here ky(L,w) = 1.

The cases B, and BC,: Because of Theorem 5.10 (a), ky(L,w) = n — l(w) =1
holds anyway.

The cases Cy: ky(L,w) = 1 holds if and only if a reduced presentation with subroot
lattice of type A,_1 or of type Ax_1 + C,_y for some k € {1,2,...,n — 1} exists.
This follows from Table 3.1. In the case A, 1, w is a positive cycle of length n. In
the case A1+ C,_i, w is a product of a positive cycle of length k£ and of one or
two negative cycles such that the sum of their lengths is n — k.

It remains to show that w is such an element if k5;(L,w) = 1. Thus suppose
ks(L,w) = 1. Let (aq,...,ant1) be a presentation of w whose subroot lattice is
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the full lattice L. By Theorem 4.1, the set {aq,..., 11} contains a Z-basis of the
full lattice L. Using (13), we can suppose that o, ..., an 41 is a Z-basis of L. Thus
Say © ... 0 84, ., =: v is a quasi-Coxeter element, so either one negative cycle or the

product of two negative cycles.
If oy is a long root, multiplying v from the left with s,, will turn one of the (one

or two) negative cycles into a positive cycle.
If a; is a short root, so a; = *e; & ¢;, then the type of s,, ov depends on the

position of the vertices ¢ and j in the supports of the (one or two) negative cycles. If
¢ and 7 are in the support of the same negative cycle, then it splits into two cycles,
one positive and one negative. If ¢+ and j are in the supports of different negative
cycles, then s,, owv is a positive cycle of length n.

In any case, w is of one of the types which satisfy k4(L,w) = 1.

The case Gg: By Table 3.6, all subroot lattices of rank 1 are primitive sublattices.
Therefore ky(L,w) =mn — 1 =1 holds anyway.

The case F4: By Table 5.4, the only elements w with [(w) = 3 and ky(L,w) > 2 are
those of type Ba(1,1)+ A; ~ 3A;, and the elements of this type satisfy ksq(L,w) = 2.
It remains to show for them k;(L,w) > 2.

Suppose that such an element w satisfies k5(L,w) = 1, and let (ay,...,a5) be a
presentation of w whose subroot lattice is the full lattice. By Theorem 4.1, the set
{aq, ..., a5} contains a Z-basis of the full lattice L. Using (13), we can suppose that
Qq,...,0y is a Z-basis of L. We may SUppoSe W = S¢,_e,Seq+epSes—eq - LNEN

Se1—eaSe1+eaSes—esSas = SarSazSazSay-

Because of the right hand side, this is a quasi-Coxeter element in W (Fy).

First case, o is a long root as = te;£e;: Then {7, 7} = {1,2} is impossible because
else the four roots on the left hand side were linearly dependent. [{i,j}N{1,2}| =1
is impossible because else the element on the left hand side were a Coxeter element
in W(Dy), and this is not a quasi-Coxeter element in W (Fy). Also {i,j} = {3,4} is
impossible because else the left hand side were an element of type 4A;, and this is
not a quasi-Coxeter element in W (Fy), or the four roots on the left hand side were
linearly dependent. The first case is impossible.

Second case, a5 is a short root: By conjugation and renumbering of the e; we
can suppose as = te; for some i. Then i € {1,2} is impossible because else the
four roots on the left hand side were linearly dependent. i € {3,4} is impossible
because else the left hand side were an element of type Bs + 2A;, and this is not a
quasi-Coxeter element in W (F,). The second case is impossible.

Thus ks(L,w) # 1, so ks(L,w) > 2. This finishes the proof of the case Fj and the
whole proof of Lemma 6.3. u

Proof of Theorem 6.2: Let (L,(.,.),®) be an irreducible p.n.root lattice of some
rank n. At the beginning of the proof of Lemma 6.3 it was shown that it is sufficient
to prove Theorem 6.2 in this case.

Let w be a Weyl group element, and let (as,..., aquw)42r) be a presentation with
subroot lattice the full lattice L and with & = ks(L,w) minimal with this property.
By Theorem 4.1, the set {ov, ..., aw)+2r) contains a Z-basis of the full lattice L.
Using (13), we can suppose that ay, ..., o, is a Z-basis of L. The element s,,0...05,,
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has length n. Thus the element
V1= 84, 0. 08q, 4,

has length I(v) = n—1. And it satisfies k5(L,v) = 1. Lemma 6.3 applies. Therefore a
reduced presentation (71, ..., v,—1) of v and a root v, exist such that Z?:_Ol Zry; = L.
Let L; be the subroot lattice of the presentation

(Y15 s Vne1, Q2 -oy Q) +2k) (60)

of w. As k is minimal, L, ; L. Because of Ly +Zvyy = L, ki(L,L;) = 1. The
presentation of w in (60) shows k;5(Ly, w) < k—1. If k5(Ly, w) < k—1 then by adding
two times 7y to a shortest presentation of w with subroot lattice L;, one obtains
also k5(L,w) < k, which contradicts the minimality of k. Thus ks(Li,w) =k — 1.
Induction on k gives ky(L;,w) =k — 1. Now

ka(L,w) < kao(L, Ly) + ko(Ly,w) = 1+ (k — 1) = k = ks(L, w). (61)

Together with (57) this gives (58). ]

7. An application to extended affine root lattices

The number ks(L,w) in Definition 6.1 and Theorem 6.2 controls the existence of
quasi-Coxeter elements in eztended affine root systems. These had been defined by
K. Saito in [10, (1.2) and (1.3)]. In [2] the equivalence with an alternative definition
in [1] was shown.

The inequalities in Lemma 7.4 below give constraints on a quasi-Coxeter element w
in an extended affine root system in terms of conditions for a nonreduced presentation
of the induced element w in the Weyl group of the associated p.n.root lattice
L/Rad(L).

Definition 7.1.  An extended affine root lattice is a triple (L, (.,.), ®) where L is
a lattice, (.,.) : Lg X Lg — Q is a symmetric positive semidefinite bilinear form, and
® C L—{ae€ L|(a,a) =0} is a subset such that the following properties hold.
Here (38, «) and s, are defined as in (11) and (12).

® is a generating set of L as a Z-module. (62)
For any a € ® 5,(P) = . (63)
(B,a) € Z for any «, 3 € Z. (64)

The elements of & are the roots, and ® is an extended affine root system.
W= (sq|a € ®) CO(L,(.,.)) (65)
is the Weyl group of the extended affine root lattice.

Remark 7.2. (i) In [10] the definition of an extended affine root system contains
additionally the following irreducibility property:

®:®1U¢2Withq)1légz>q)l:@OI'(I)QZQ. (66)
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(ii)) Let (L,(.,.),®) be an extended affine root lattice. Because (.,.) is positive
semidefinite, the radical of (Lg, (.,.)) is

Rad(Lr) = {a€ Lg|(a,5)=0forall g € Lg}
= {a€ Lg|(a,a)=0}.

Define the radicals Rad(L) := Rad(Lg) N L and Rad(Lg) := Rad(Lg) N Lg. The
quotient L/ Rad(L) with the induced bilinear form (.,.)quot and the induced set of
roots

D40t == (® + Rad(L))/ Rad(L)
is obviously a p.n.root lattice. It is called the quotient p.n. root lattice. Any element
w e O(L,(.,.)) induces an element w € O(L/Rad(L), (.,.)quot)- If w € W(L), then
w e W(L/Rad(L)). If « € ® induces @ := [a] € L/Rad(L), then 5, = s5 €
W(L/Rad(L)).

(iii) The reducedness property (18) is not required here. Even if (L, (.,.), ®) satisfies
it, it does not necessarily hold for the quotient p.n.root lattice. That is the reason
why in this paper p.n. root lattices and not only root lattices are considered.

Definition 7.3.  Let (L, (.,.),®) be an extended affine root lattice of rank n.

(a) For any element w of its Weyl group, a presentation (aq, ..., o), the length of
a presentation, the subroot lattice of a presentation, and the length [(w) of the
element are defined as in definition 5.1 (a).

(b) An element w € W is a quasi-Cozeter element if a presentation of length n
exists whose subroot lattice is the full lattice (this generalizes Definition 5.3(a)).

The following simple lemma connects the existence of quasi-Coxeter elements with
the numbers k5(L/ Rad(L), w) from section 6. Theorem 6.2 says ks(L/Rad(L),w) =
k4(L/Rad(L),w), and Theorem 5.10 allows to calculate this number.

Lemma 7.4. Let (L,(.,.),®) be an extended affine root lattice of rank n with a

radical Rad(L) of rank r > 1. Let w € W be a quasi-Cozeter element, and let @

be the induced element in the Weyl group W(L/Rad(L)) of the quotient p.n.root
lattice. Then

l(w)

[(w) + 2ks(L/ Rad(L), w)

IA A

n—r and (67)
n.

Proof: (67) is a trivial consequence of (49), i.e. [(w) = dim V.;(w). A presentation
of length n of w whose subroot lattice is the full lattice L induces a presentation
of length n of W whose subroot lattice is the full lattice L/Rad(L). This shows
(68). ]

Examples 7.5. (i) The classification of the extended affine root lattices whose
quotient root lattices are inhomogeneous p.n.root lattices is nontrivial, see [2] and
references therein. If, however, L/ Rad(L) is a homogeneous root lattice, then there
is a sublattice Ly C L such that (Ly,(.,.)|z,, ® N Ly) is isomorphic to the quotient
root lattice L/ Rad(L) and (L, (.,.), ®) is equal to

(L, ® Rad(L), (.,.), ® N L; + Rad(L)).
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Thus up to isomorphism, (L, (.,.), ®) is determined by the isomorphism class of the
(homogeneous) quotient root lattice and by the rank r of the radical.

(ii) Let (L, (.,.),®) be an extended affine root lattice of rank n with radical Rad(L)
of rank r. Let w € W be a quasi-Coxeter element such that w has maximal length
[(w) =n —r. Then Lemma 7.4 and Theorem 6.2 give

r > 2ks(L/Rad(L),w) = 2k4(L/ Rad(L),w). (69)
References

[1] B.Allison, S. Azam, S. Berman, Y. Gao, A. Pianzola: Extended affine Lie algebras and
their root systems, Mem. Amer. Math. Soc. 603 (1997) 1-122.

[2] S.Azam: Extended affine root systems, J. Lie Theory 12 (2002) 515-527.

[3] A.Borel, J.de Siebenthal: Les sous-groupes fermés connezxes de rang mazimum des
groups de Lie clos, Comm. Math. Helv. 23 (1949) 200-221.

[4] N.Bourbaki: Groupes et Algébres de Lie, chap. 4-6, Hermann, Paris (1968).

[5] P.J.Cameron, J.J.Seidel, S.V.Tsaranov: Signed graphs, root lattices and Coxeter
groups, J. Algebra 164 (1994) 173-2009.

6] R.W.Carter: Conjugacy classes in the Weyl group, Comp. Math. 25 (1972) 1-59.

[7] E.B.Dynkin: Semisimple subalgebras of semisimple Lie algebras, Translations of the
AMS (2) 6 (1957) 111-244.

[8] J.E.Humphreys: Reflection Groups and Coxeter Groups, Cambridge Studies in Ad-
vanced Mathematics 29, Cambridge University Press, Cambridge (1990).

9] P.Kluitmann: Geometrische Basen des Milnorgitters einer einfach elliptischen Sin-
gularitdt, Diplomarbeit, Bonn (1983).

[10] K. Saito: Extended affine root systems. I: Coxeter transformations, Publ. RIMS Kyoto
21 (1985) 75-179.

[11] E. Voigt: Ausgezeichnete Basen von Milnorgittern einfacher Singularititen, Doctoral
Thesis, Bonner Mathematische Schriften 160, Bonn (1985).

Sven Balnojan Claus Hertling

Lehrstuhl fiir Mathematik VI Lehrstuhl fiir Mathematik VI

Universitdt Mannheim Universitdt Mannheim

B 6, 26 B 6, 26

68131 Mannheim 68131 Mannheim

Germany Germany

svenbalnojan@gmail.com hertling@math.uni-mannheim.de

Received January 18, 2019
and in final form March 6, 2019



