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Abstract. We study flag curvature and homogeneous geodesics of left invariant Randers metrics
on the Lie group with Lie algebra a ®, v, where a and v are abelian Lie algebra of dimension
n and 1, respectively. We give their flag curvature formulas explicitly. We show that there is
an (n + 1)—dimensional Lie group with left invariant Randers metric which admits exactly one
homogeneous geodesic.
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1. Introduction

The study of invariant structures on Lie groups is an interesting subject in differential
geometry. In the last decade a generalization of these concepts from the Riemannian
geometry into the Finsler geometry, specially Randers metrics, have been done
[4, 5, 11, 15, 16]. A Randers metric on a manifold M is a Finsler metric defined in
the following form:

F=a+8,

where o = /a;;(z)y'y/ is a Riemannian metric and 8 = b;(x)y" is a 1—form on
M . Randers spaces were first introduced by Randers in 1941 [14], when he studied
the metric problem in the 4-space of general relativity. They also occur naturally in
many other physical applications, especially in electron optics [9].

Not only physicists, but also pure geometers started to show interest in the subject,
because Randers metrics supply one of the most basic examples of Finsler manifolds.
By adding a 1-form, their fundamental function perturbs the fundamental function
of a Riemannian manifold. A lot of invariants in Finsler geometry were explicitly
calculated for the first time for Randers manifolds. For a general survey of results
and applications of Randers manifolds, we refer to [2, 3, 9].

A classical problem of differential geometry is to study geodesics of Riemannian and
Finsler manifolds. Of particular interest are geodesics with some special properties,
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for example homogeneous geodesics. A geodesic v of a Finsler space (M, F') ia called
homogeneous if it is an orbit of a one-parameter group of isometries of M . For results
on homogeneous geodesics in homogeneous Riemannian and Finsler manifolds we
refer to [8, 10].

Homogeneous geodesics have important applications to mechanics. For example, the
equation of motion of many systems of classical mechanics reduces to the geodesic
equation in an appropriate Riemannian manifold M .

A Finsler metric on a manifold M is a continuous function, F': TM — [0, 00)
differentiable on T'M — {0} and satisfying three conditions:

1.  F(x,y) =0 if and only if y = 0;

2. F(x,\y) = \F(x,y) for any y € T, M and X > 0;

3. For any non-zero y € T, M, the symmetric bilinear form g, : T,M xT, M — R
given by
(u, v) 1 02
u,v) = =
I =5 950t

is positive definite.

[F?(y + su+tv)]|s =t =0,

Definition 1.1. Let G be a connected Lie group with Lie algebra g, a Finsler
function F: TG — [0, 00) will be called G-invariant if F' is constant on all G-orbits
in TG = G x g; that is, F(g,X) = F(e,X) forall g € G and X € g.

Randers metrics are built from a Riemannian metric @ = a;;dz’ ® da’, and a 1-
form 8 = b;dxz’, both living globally on the smooth manifold M. For Randers
metrics, strong convexity holds if and only if ||8]] < 1, see [3, 13]. The Riemannian
metric a induces a linear isomorphism between 7 M and T, M . Then the 1-form J
corresponds to a vector field X on M such that

a(y, Xz) = B(z,y).

Also we have ||5]| = ||X|| (for more details see [4, 5, 11]). Therefore we can write
Randers metric as follows:

F(z,y) =+Va.(y,y) + a,(X,y) x€ M,yeT,M.

An important quantity which associates with a Finsler space is flag curvature. This
quantity is a natural generalization of the concept of sectional curvature in Rieman-
nian geometry which is computed by the following formula:

gY(R(U7 Y)Y7 U) (1)
gY(U7 U)gY(Y’ Y)Y - g}zf(U’ Y) '

where R(U,Y)Y = VyVyY — VyVyY — ViyY and V is the Chern connection
induced by F'.

K(P;Y) =

Let a and t be abelian Lie algebras of dimension n and 1, respectively. Let
P = (pij) € gl(n,R) be any real (n xn)-matrix. A homomorphism ¢: t — End(a)
can be defined for a € v and = € a by

o(a)(z) = aPu.
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One can form a semi-direct product of the Lie algebra a by t as follows: The under-
lying linear space is the direct sum a @ v, and the bracket operation is given by

[(a, @), (b, B)] = (e(a)b —(B)a, [a, B]) = (p(a)b — ¢(B)a,0).
We denote this new Lie algebra by a @, t.

Clearly, if the matrix P is nilpotent, then a @, v is also nilpotent. If P is the zero
matrix, then a®,t is abelian. If P has trace 0, then a®,t is unimodular. Moreover,
if the matrix P is the identity matrix, then the associated simply connected Lie group
is isometric to the n+1-dimensional hyperbolic space H™** [18].

2. Flag curvature of left invariant Randers metric on Lie group of a®, ¢

Let g be the Lie algebra a,t defined in the introduction, E; = (0, ..., 1, ...,0) € R"
and let {E4, ..., E, 11} be an orthonormal basis for g and equip the left invariant
metric on the associated Lie group with the Lie algebra g. Then we have [18]:

Proposition 2.1. For 1 <i,j7 <n, we have
(1) [By Ej] =0, (2) [Enn, Bl =Ep5iE;,  (3) [Bngr, Enpa] = 0.
Let ay;, be defined by [E;, E;] = EZ;L%aijkEk. Then we have the following
Proposition 2.2.  For 1 <i,j5,k <n, we have
(1) ayr =0, (2) Q(nt+1)jk = —j(n+1)k = Pkj> (3) An+1)j(n+1) = Xnt1)(n+1)k = 0

Theorem 2.3. Let g be the Lie algebra a @, v and let {E, ..., E,11} be an ortho-
normal basis for g and equip the left invariant metric a on the associated Lie group
G with Lie algebra g. Let F' be a Randers metric defined by the Riemannian metric
a and the vector field X = Zf’:ll x,.E, then F is of Berwald type if and only if
(1) Assume that the matriz (p;;) is invertible

(a) If the matriz (p;;) is skew-symmetric, then X = cE, 1.

(b) If the matriz (p;;) is not skew-symmetric, then X =0 and F is Rieman-

nian.

(2) Assume that the matriz (p;j) is not invertible.

(a) If the i-th row and i-th column of the matriz (p;;) is zero then X = z;E;.

(b) If the i-th row and i-th column of the matriz (p;;) is zero and the matrix
s skew-symmetric then X = ;B + xpi1Eniq .

Proof. The Randers metric F' is of Berwald type if and only if X is parallel with
respect to a. By using the equation

n+1
1
Ve L = Z 5(%% = i + Qi) B,
k=1

we have the following
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Vel = %(p@'j +pji)En+1 (2)
Ve Enn = _%i(pki‘f‘pik)Ek (3)
k=1
Ve i = % Y (Pri — pir) B (4)
k=1
Ve, Enin = 0 (5)

So we have
n+1

VX = Z 2, VE;

- ; x; (Z §(pij + pji) Eni1 @ 0; + Z 5(]03‘1’ —pij) E; ® 9n+1>

Jj=1 ey
n 1 n
—Xp41 Z 9 <Z(pij +pji) E; % 9i>
=1 j=1
] — Lo
1 n
_§In+1 i;(pij +pji)E; ® 6;.
This proves the theorem. .

Theorem 2.4. Let g be the Lie algebra a &, v and let {E,...,E,+1} be an
orthonormal basis for g and equip the left invariant metric a on the associated Lie
group G with Lie algebra g. Let F' be a Randers metric defined by the Riemannian
metric a and the vector field X = Z:’Lll x,.E,. which is of Berwald type. Then the
flag curvature of F' s, for j =1,...,n, given by

(3 (Pis + pji)* — papj;) (1 + z5) + z;a(X, A)

K(P,E;) = (e :

1 = /1 1
K(P Bu) = s (L + ) > (35 +2) i = p3) = 5p5(03s +92))

3

1 1
+ZL‘Z< X B + ; Z p]z _l'pu p(n+1)] pj(n+1)) - §pji(p("+1) +p]("+1))>}
where A= ; ( 517 i(Dri + pir) + Z(pij + pji) (Prj "‘pjk))Eka

3

1

S Pii (prj + pjr)) E,.

and B = (pji + pij)(prj - pjr) -

1 =

\E

(

r=1 7=1
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Proof. Since F is of Berwald type therefore the Chern connection of F' and the
Levi-Civita connection of @ coincide, by using the the equations (2), (3), (4), (5) for
the curvature tensor we have:

~ /1 1
R(E;, Ej)E; = Z (—§pjj (pri + pir) + Z(pij + ji) (Pr; +ij)> E. (6)
k=1

R(E:, Eny1)Bngr = Y (Z 1 Psi + i) (Prj = Pir) — 5pii(prj + Pjr)) E.. (7)
r=1 \j=1

2

1
By definition gy(u,v) = F?(y + ru + 50)|,—s—0.

2 0rds

So by a direct computation we get

(o) = )+ a(x, u)a(x, o) — X yﬂy’ui‘i(y’ v)
a(y,y)
e {((X. W)aly, o) + 6(X, y)alu, ) + (X, V)ily. 1)} (S)
a(y, y)
According to the formula (8) we have
95,(Ej, Ej) = (1 +a(X, Ey))* = (1 + ;) (9)

gEj(EivE’i) = 1+d(X>Ei)2+d(X’Ej)
= 1+ +z (10)

gr,(Ej, Bi) = a(X, E;)(1+a(X, Ej))
= (14 x;) (11)

1 -
95;(R(E;, E;)Ej, E;) = (Z(Pz‘j +pji)? — Pii%j) (14 ;) + za(X, A) (12)

where A = R(E“EJ)EJ,El

= Z (—§pjj(z9ki + pir) + Z(Pij + pji) (Prj +pﬂf)) E-
k=1

Also for j =n+ 1 we have

GEpir (Engts Enyr) = (1+ Tni1)7, (13)
9B, (i, E) = 1+ 27 + Tpy1, (14)
gEn+1(En+17 EZ) - xi(l + xn—l—l)? (15)

9B (R(Ei, Ena) B, B) =

(1+2p41) Z (i(pji + pij)(Pij — Pji) — %pji(pij +pji)) (16)

j=1

1

B 1
+ x; <a(X, B) + Z Z(pji + Pij) P(nt1)j — Pins1)) — §Pﬂ(p(n+1)j + pj(n+1))> ’

j=1
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where B = R(E;,En1)En
= > <Z 1 Wi + i) (Prj = pir) = 5pii(Pr +pjr)> E.
r=1 \j=1
Substituting (9), (10), (11), (12), (13), (14), (15), (16) in equation (1) completes the

proof. [ |

Theorem 2.5.  Let g be the Lie algebra a &, v where the matriz p = (p;;) is
skew-symmetric. Let {FE1, ..., E,1} be an orthonormal basis for g and equip the left
invariant metric a and the associated Lie group G with Lie algebra g. Let F' be a
Randers metric defined by the Riemannian metric a and the vector field X = cFE, 1 .
Then the flag curvature of F is zero.

Proof. By using formula (3), (5) we have
1 n n
VX = —502 (Z(pzj —f—pﬁ-)E@-) X Qj.

j=1 \i=1

Therefore the Chern connection of F' coincides with the Levi-Civita connection of
a. By using the formulas (2), (3), (4) and (5) we get

Vg E;j=0, VgE, =0,

Ve Ei=Y kb, Vi, Ena=0.

k=1
A simple computation for the curvature tensor shows that
R(EZ, E])E] == O, and R(EZ, En+1)En+l =0.
So K(P,E]):K<P,En+1):0 |

Corollary 2.6. Let g be the Lie algebra a &, v and let {Ey,...,E,11} be an
orthonormal basis for g and equip the left invariant Riemannian metric a on the
associated Lie group G with Lie algebra g. Then the sectional curvature of a is
given by

1
K(E;, E;) = Z(pij + pji)? — pubjj

1 n
K(E;, Enp) = 1 Z(pm' + pir.) (3Pki — Pik)
k=1

3. Homogeneous geodesics

Let (M = G/H, F) be a homogeneous Finsler manifold with a fixed origin o, g and
h the Lie algebra of G and H, respectively, and

g=m-+bh
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a reductive decomposition. A homogeneous geodesic through the origin o € M =
G/H is a geodesic v(t) which is an orbit of a one-parameter subgroup of G, that is

v(t) =exp(tZ)(0), t€R

where Z is a nonzero vector of g. A nonzero vector Z € g — {0} for which ~(¢) =
exp(tZ)(o), t € R, is a geodesic is called a geodesic vector. Thus geodesic vectors
are in one-to-one correspondence with homogeneous geodesics through the origin o.
There are many interesting results about homogeneous geodesic [1, 6, 7, 8, 17].

The following is a simple criterion for a vector to be a geodesic vector in the Finslerian
case [10].
Lemma 3.1. A vector X € g — {0} is a geodesic vector if and only if

9x (X, [X, Z]m) = 0, VZ € m. (17)
We are going to calculate the above criterion for the left invariant Randers metric on
semi-direct product a @, t. Let I’ be a left invariant Randers metric on Lie group

G with Lie algebra g = a @, t defined by the Riemannian metric @ and the vector
field X = anll v E; e,

F(x,y) = valy,y) +a(X(z),y).

According to formula (8) we have

=a S z .

By using Lemma 3.1 and eq.(18) a vector y = Z?:ll yiF; of a @, is a geodesic
vector if and only if

n+1 Z y n+1

Zﬂkak+ kl el Z?/iEz‘,Ej] =0, (19)
n+1 -

k=1 pyal 1yk i=1

foreach 7 =1,....,.n+ 1. For each 1 < j < n we have

=1

n+1

u Zk 1 Yk

ZxkEknyn-H szg +a ﬁaynﬂ ZPW
k=1 Y

:ynﬂ(ZPijfEi — szgyz> =U. (20)
=1 \/ >k Yi =1

And for j =n+ 1, we have
n+1 n
. E
a(ZIkEk, yi(— ZplZEl ) + G<Zk1—i}:k yi(— Zplz’El>)
k=1 \/ ot yE =1

Z Privivk = 0. (21)

_Zpkzyzxk+ m
ik=1 \/ D or Y3 ik=1
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Thus we have Ynt1 ( Zpija:i pryz> =0, (22)
n+1
=1 Zk+1 Yi =1
Z PkilYi% + ———= Z PriYiye = 0. (23)
ik=1 /> ”+11ykzk1
Assume that y,.1 # 0. Then we have
>+ Y-
-1 yk i=1
for j =1,...,n or equivalently,
> pii(Cri+yi) =0, (24)

=1

for j=1,...,n, where C = ZZJrll y2. In other words, the CX +Y lies in the null-

space of P'. Thus if det(p;;) # 0, we have y; = —Cux;. Thus (=Cuxy, ..., —CZp, Ynyi1)
is the only geodesic vector. Next assume that y,,; = 0. Then we have

> pravivk +C Y prayire = 0. (25)
ik=1 ik=1
If (pi;) is skew-symmetric plus a positive diagonal matrix, i.e. p;; = —pj;, ¢ # j and

pii >0,i=1,...,n,and z; =0, i=1,..n (i.,e. X = X,,11F,,1), then we have y's
are all zero. Thus we have the following

Theorem 3.2.  If the matriz (p;;) is skew-symmetric matriz plus a positive dia-
gonal matriz and non-singular, then the Lie group with Lie algebra a @, v equipped
with the Randers metric F' defined by Riemannian metric a and X = x,1F, 11 has
only one geodesic vector.
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