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1. Introduction

Since their introduction in the late 1960s, affine (Kac-Moody) algebras [28, 8] have
played a significant role in various areas of mathematics and physics, and their
representation theory is now well-developed. Many generalizations of affine algebras
have been studied, notably double affine Lie algebras [9], extended affine Lie algebras
[1, 35] and (¢-)toroidal (Lie) algebras, ¢ € Z~.

The ¢-toroidal algebras can be realized as the universal central extension of a multi-
loop algebra in ¢ variables with infinite dimensional center [6] for ¢ > 1 (the case
¢ =1 gives precisely the affine algebras). Like affine algebras [17], toroidal algebras
have found applications in physics [7] and also come in both untwisted and twisted
types. Much progress has been made on the representation theory in the untwisted
case, in particular through the use of vertex operators [4, 5, 13, 18, 36, 37] (see [19]
for a thorough study of vertex operator algebras). An expository survey can be found
in [11].

A major step forward in the study of toroidal algebras came in [34] when Moody,
Rao, and Yokonuma gave an alternate presentation of the untwisted types when
¢ = 2. This presentation is analogous to that of quantum affine algebras given in
[10]. It was subsequently generalized in [12] for an arbitrary positive integer £.

A few notions of twisted toroidal algebras have been studied [2, 3, 20, 38] with differ-
ing restrictions on the twisting automorphism(s); some of these notions are special
cases of others. The current work focuses on the twisted toroidal algebras studied in
[20] which can be viewed as fixed point subalgebras of untwisted toroidal algebras
with respect to Dynkin diagram automorphisms (the Dynkin diagram automorphism
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on a finite type Kac-Moody algebra is extended in a natural way). Only recently
have MRY-like presentations of these algebras been given in [22, 23].

Two important classes of representations of affine and toroidal algebras are the
fermionic and bosonic representations; they view the algebra elements as quadratic
operators on a Clifford or Weyl module, respectively, and are distinguished by
whether the operators anticommute or commute, respectively. The operators are
known as free fields and can be studied through the tools of vertex algebras [29].
Their study in regards to affine algebras include such seminal works as [30, 15, 16]
and, most notably for the current paper, [14]. Since that time, numerous authors
have used similar techniques to give representations of various affine [31, 32|, toroidal
[24, 25, 26, 27], and related algebras [33, 21].

In the recent paper [23], the aforementioned MRY-like presentations were used to
give fermionic representations of the twisted toroidal algebras of [20] with ¢ = 2 of
types Aa,—1, Aon, Dpi1, Dy, using similar techniques to [14, 24]. The main result of
the current work is to give bosonic representations of the same algebras studied in
[23].

The paper is organized as follows. In Section 2 we recall the twisted 2-toroidal
Lie algebras of [20], followed by the MRY-like presentations of [23] in Section 3.
In Section 4 we give the main result: the construction of the bosonic free field
representations of these algebras.

Throughout this paper, all algebras, spans, tensor products, vector spaces, etc. will
be over the field of complex numbers C unless indicated otherwise.

The author wishes to thank the reviewer for comments which helped improve an
earlier version of this paper.

2. Twisted 2-toroidal Lie algebras
We begin by recalling the construction of the twisted 2-toroidal Lie algebras [20].

Let g be the finite dimensional simple Lie algebra of type As,_1,(n > 3), A,
(n > 2), Dyi1, (n > 2), or Dy. ' The Chevalley generators of g will be
denoted by {el, fl,h; | 1 < i < N} where N = 2n—1,2n,n+1,4, respectively;
b’ = span{h] | 1 < i < N} is the Cartan subalgebra of g. Denote the simple roots
by {o} | 1 <i < N} C b, the set of roots of g by A, and the root lattice by Q.
Then o;(hj) = aj; where A’ = (aj;)};,_, is the Cartan matrix associated with g.

It is well-known [28] that g possesses a nondegenerate symmetric invariant bilinear
form which will be denoted (-|-). For g of type As,_1, A2n, Dpi1, or Dy, this form
can be realized by defining

(aly) = tr(ay),tr(ry), Str(ey), Str(ey)

respectively, for all z,y € g. Then (Rh}|h]) = 2 with 1 < ¢ < N. Since the Lie
algebra g is simply-laced, we can identify the invariant form on §’ to that on the
dual space b and normalize the inner product by (aja) =2,a € A.

! The algebras denoted D,,y; for n =3 and D, will be distinguished by their respective values
for r defined below; r = 2 in the former, and r = 3 in the latter.
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Let o be the Dynkin diagram automorphism of order r = 2,2,2,3 respectively,
defined as follows:

U(h/i) = h/Nﬂ'Hai =1,--- N, for type As, 1 or Ay,.
o(h) =hji=1,--+ N —=20(h,) = h;+17 for type Dy 11.
o (R, hy, By, hy) = (hy, hy, By, hY) for type Dy.

Let o act on {1,2,..., N} analogously: o(i) = j < o(h;) = h;. Then g can be
decomposed as a Z/rZ-graded Lie algebra:

9:90@"'@9r—17 (1)

where g; = {z € g | o(z) = Wz} and w = e*™V=I/" Tt is known (see [28, Proposition
8.3]) that the fixed point subalgebra go is the simple Lie algebra of type C,,, B,,, By,
G respectively. Let I = {1,2,--- n} for each g, noting that n = 2 for g = Dj.
The Chevalley generators {e;, fi,h; | i € I} of go are given by:

7

r—1 r—1 r—1
€ = Zeiﬂ(qj)a fi= Zf(/,j(iy h; = Z h;j(i)7 if o(i) # i, except i =n for Ay,;
7=0 3=0 j=0

en =V20el + e 1), fo= V2Lt i), ha=2(h, +h ) for Ag,.

The Cartan subalgebra of go is ho = span{h; | ¢ € I} and the simple roots
{av | i € I} C b are given by:

r—1
1 /
o; = ; Zaaj(i).
J=0

Let A = (a;j); jer be the Cartan matrix for go. Then we have

(aj|aj) = dia;j, foralli,jel (2)
(305 1)  (Azamn);
1 11 .
where (dy, -~ ,dy) = (27 ,2714) (A2n); 3)
<1’ o ’1’5) (Dn—i-l):
(5:1) (Da).

Denote 00 =
oy + aoh + af

Note that 6° € A for g. Let {e}o, fpo, hjpo} be the sly-triplet associated to 6° having
bracket [hyo, €po] = 2€ho, [hgo, foo] = —2fp0 and hy = [ego, fool-
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Define [ = I U {0} and extend the Cartan matrix A = (a;;)ijer for go to the
Cartan matrix A = (aij)i,je 7 for the twisted affine algebra g, where g is of type
Agi)_l, Aéi), Dgll, Df), respectively, when g is of type As, 1, Aop, Dyi1, Dy, Tespec-
tively. Let {o; | i € f}, Q, 0, and A denote the simple roots, root lattice, null root,
and set of roots, respectively, for g.
Let A = Cls,s7,,t7!] be the ring of Laurent polynomials in the commuting
variables s,t and L(g) = g ® A be the multi-loop algebra with the following Lie
bracket:

[z ® sith Yy ® s't™] = [z, y] @ sTHET™,
for all z,y € g and j,k,l,m € Z. For j € Z we define 0 < j < r such that
j = j mod r, and define g; = g7. We extend the automorphism o of g to an
automorphism @ of L(g) by defining:

7z @ 7t = w ko (2) ® s7tF

where = € g, j,k € Z. We denote by L(g, o) the fixed point subalgebra of L(g) with
respect to @. Note that L(g, o) is Z-graded as follows:

L(g,0) = € L(8,0)m,
mez

where L(g,0)m = gm @ Am, A, = span{s’t™ | j € Z} = t™C[s, s™].

Set ' = A®.A. Then the action a(b; ®by) = aby @by = (by ®bs)a for all a, by, by € A
gives F' the structure of a two-sided A-module. Let G be the A-submodule of F
generated by {1®ab—a®b—b®a|a,b e A}. The A- quotient module Q4 = F/G
is called the A - module of Kéhler differentials, with the differential map being the
canonical quotient map d : A — Q4 given by da = (1 ® a) + G for a € A. Let
K'=Q4/dA and let — : Q4 — K’ be the canonical linear map. Since d(ab) = 0,
we have a(db) = —(da)b = —b(da) for all a,b € A. Then K’ = span{bda | a,b € A}.
Set K = span{bda | a € Aj,b € A;, k+1=0 (mod r)} which is a subalgebra of K'.
We note that {si=1t™mds, sit=1dt,s7'ds | j € Z,m € Zyo} is a basis for I and the
following relations can be checked by direct computation.

stdsk = 0y, _ks™1ds,

s‘t=1d(s*t) = g —oks™ds + skHi—1dt.

(4)

Define T(g) = L(g,0) & K,
with the Lie bracket given by
[z ®a,y®0b] = [z,y] ® ab+ (x|y)bda,

and /C central, where x € g;,y € gj,a € A;,b € A; for i,j € Z. It is shown in [20,
Theorem 2.1] that T'(g) with the canonical projection map n : T(g) — L(g,0) is
the universal central extension of L(g,o). T(g) is called the twisted 2-toroidal Lie
algebra of type g.

The elements ¢y = s~tds,c; = t~1dt € K are called the degree zero central elements.
A representation of T'(g) is said to be of level (ko, k1) for ko, ki € C if ¢y acts as
ko(id) and ¢, acts as ki(id).
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3. MRY-like presentations of twisted 2-toroidal algebras

In [23], different presentations of T'(g) are given which are similar to that in [34]
of untwisted 2-toroidal Lie algebras; these presentations are in turn based upon the
realizations of quantum affine algebras given in [10]. Here we recall the essentials of
the construction (for further details, consult [23]).

Let t(g) be the Lie algebra generated by symbols
¢ am(k) and X (£am,, k),
with m € I and k € Z, and satisfying the following relations:

27’]€5k7,g ¢ <A2n71> D1, D4>;

Zk(S, AnfaAmD )

2 k), ag()] = {0t (et Aan D)

aijk5k,—é ¢ (Dn+1)

where i € I,j € I with i <j and (4,5) # (n — 1,n), (n,n).

az‘jk5k o ¢ (A2n 1,D4);
3. [Oéz(k’),Oé](l)] = 4aljk5k —0 ¢ (AQn)7

2aijkdg,—¢ ¢ (Dnt1)
where (i,7) = (n—1,n) or (i,j) = (n,n).

4. [ay(k), X (xay,1)] = *+ai; X (£, k +1) where i,j € I.
5. [X(%ay, k), X(fas,1)] =0 where i € I.

6. [ (Oéz, >’X( Qs )]:

1]{041(]?4-[ ( 5 ( )kék - ¢} <A2n—l>D4);
Sk +1)+ (r (1+5m(r—1))—5z0(7’—1))k5k o f} (Ag);
I,J{Oéz ]{Z —+ l) (1 + (520 + (51 n)(’f‘ — 1))k5k iy ¢(} (Dn—i-l)

where 4,5 € 1.
7. adX(*ay, ko)X (£a,, k) =0 for i,j € I with i # j and a;; = 0.
8. adX(Fay, k3)adX (Fa, ko) X (Fay, ki) = 0 for 4, j € I with i # j and a;; = —1.
9. adX(Fay, ky)adX (Fa;, ks)ad X (Fay, ko) X (o, k) = 0 for i, € T with i # j
-2

and a;; = )
10. adX(:L:Oéi, ]{75)adX(:|:Oéi, kq)adX(:l:ozi, kg)&dX(:l:Oéi, kQ)X(:l:Oéj, 1{71> =0 for
i,7 € I with 7 # j and a;; = —3.

In addition, ¢ is central.

Now let z,w be formal variables. We define formal power series with coefficients
from t(g):

= Z ai(kj)z_k_l, X (%o, 2) Z X(Fau, k) _k_l>

keZ keZ
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for i € I. We will use the delta function 8z —w) = ZkeZ W k1 Since
= > 1oz " twk in the region |z| > |w]|, then:

0(z —w) = 1,4 (ﬁ) + lw, (w 1_ 2) ;

where ¢,,, means the expansion in the region |z| > |w|. For simplicity in the
following we will drop ¢, ,, if it is clear from context.

zZ—w

We may write the above defining relations of ¢(g) as power series by collecting
components as follows.

3.1. Relations of t(g) as power series

2r0,0(z —w) ¢ (Asp_1, Dny1, Dy);

L lao(2), aow)] = {28w5(z —w) ¢ (Am).

i - Asy_1, Aay, Dy);
2. [ou(z), o (w)] = 7a;j0y0(z —w) ¢ (Agn-1, A2p, Da);
;j0u0(z —w) ¢ (Dpy1)
where i € I,j € I with i < j and (i,7) # (n — 1,n), (n,n).

aijﬁwé(z — ) ¢/ (A2n—17 D4)a
3. ai(2), aj(w)] = { 4a;0u0(z —w) ¢ (Asn);
20ij0,0(2 —w) ¢ (Dny1)
where (i,7) = (n—1,n) or (i,j) = (n,n).
4. [ai(2), X (Faj, w)] = +a; X (+a;,2)6(z — w) where i, € I.

5. [X(fa4,2), X(£a;,w)] =0 where i € 1.

6lj{Oéi(Z 6(z—w)—|— (7’—(517n<7’—1))a (5 Z—Ww ¢} (Agn 1,D4);
0i;{i(2)(z —w) + (r (1+6;0(r—1)) = 0(r— ))8 §(z—w) ¢} (Aon);
0531 i(2)0(2 — w) + (14 (010 + in) (r — 1)) Dud (2 — w) ¢} (Dnt1)

7. adX(*ay, )X (Faj,2) =0 for i,j € I with i # j and a;; = 0.
8. adX(£ay, z3)ad X (o, ) X (Fay, 21) = 0 for 4,j € I with i # j and a;; = —1.

9. adX(Fa;, z4)ad X (£ay, z3)ad X (Fay, 20) X (£, 21) = 0 for i,j € I with i # j
and a;; = —2.

10. ad X (o, 25)ad X (Fay, 24)ad X (Fau, 23)ad X (£, 22) X (£, 21) = 0 for
t,7 € I with 7 # j and a;; = —3.

For any power series a(z) = >, ., a(k)z~"~!, note that a(2)d(z—w) = a(w)d(z—w).
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Indeed, a(z)é(z—w) = Za(k)z_k_l Zwez_z_l = Z a(k)z" 2w’ and setting

keZ 0e7, k ez
K =k+/{+1 gives

Z a(k)z7F "tk Tkt = Z a(k)w ! Z w27 = a(w)d(z — w).

k,k'€Z keZ k'eZ

Define a map 7 : t(g) — L(g,0) as follows. In types As,_1, Dyi1, Dy,

(¢HO
ag(k) > 30— 0P (—hiy) @ s*;

a;(k) = (16 <>(1—;))2p00”(h’)

(o, k) = 30~ —Up(wr_”fe) (s*t);

(—ap, k) — Z —Up(wpe’eo)@)( skt=1y;
(i k) = (1= 50 (1= 1)) 25 0”(ef) @ 8%
(=i k) = (1= 6100 (1= 1)) Xpmp o (f) © 8.

><><><><

(¢ 0;
ao(k) = —hjy @ s*;
ai(k) = (14 0in) 320 Oap(h’)
In type As,, (a0, k) = —fho ® (s*t);
(—ao, k) = —eh ® (s*t71);
(ai k) = (140, (V2-1)) P b oP(eh) ® s*;
(i k) = (14650 (V2= 1)) S0y 0?(f]) @ s-.
The following proposition shows that ¢(g) realizes the twisted toroidal Lie algebras
T(g). We will call them the MRY-like presentations of 7(g).

X
X
X
X

\

Proposition 3.1.  The pair (t(g), ) is the universal central extension of L(g,0).
Hence t(g) = T(g).
Proof.  See [23, Theorem 3.3]. ]

4. Bosonic representations

In this section we will use the MRY-like presentations of 7'(g) from Proposition 3.1
to give bosonic free field representations of ¢(g) for g = Ay, 1, Aoy, Dy, Dy

Consider the vector space C"™ with basis {&; | i = 0,1,--- ,n + 3}. This basis is
orthonormal with respect to the inner product (-|-) defined by (g;|e;) = d;;.
Consider the lattice Py = @"H Ze;. Set ¢ = %(Eo—l—wmg) and d = (50—zen+3)
Then (c|c) =0 = (d|d) and (c|d) = 1.

Recall the decomposition (1) of g where r = 2 when g = Ag,_1, Aoy, Dyy1 and 7 =3
when g = Dy4. The simple roots of the fixed point subalgebra gy of g can be realized
via the ¢; elements as follows, with ¢ € I\{n} for g = As,_1, Aop, Dny1-

(a) Q= %(62 - 5i+1)7 Qp = \/§5n7 for g= AQn—l;
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(b> Q; = \/Li(gz - Ei—i-l)a Qp = \/Lﬁgna for g= AQna
(¢) a;=¢e;—€it1, an =¢ey,, for g= D, 1;
(d) o] = %(81 82) Qo = \/g(_gl + 262 — 53), for g= D4.

It is known (see [28, Proposition 8.3]) that g; is an irreducible go-module. The
highest weight of this representation can be realized via the ¢; elements as

%(51 + 52) (AQn 1)
1 - j \/581 <A2 )
Oy = — J(9°) =
PP (D)
\}3(51 - 53) (D )
—V2c+e1 (Azpr);
Now define 8= _\/%C +er (Aw);
—Cc+& (Dn+1)7
_\/§C+ €1 (D4)
_\/Li(ﬂ +e2)  (A2n-1);
and set api=c— 0y = —V28 (A2n);
_/B (Dn+1)7
_\/Lg(ﬂ —e3) (D).

Direct computation shows that the {a; | i € I} form the set of simple roots of
the twisted affine Lie algebra g with the GCM A = (a;y) The symmetric
nondegenerate invariant bilinear form is given by

ijel-

(Oéi|0éj) = diaij, for all Z,j S f, (5)
(%7%7 7%71> (A2n—1)7
L1 11y (4,
where (do,dy,...,dy) = (1’2’ ’2’;1) (Aaon);
(Evla 7175) (Dn—l—l)a
(3.3 1) (Da).
Notice that the symmetrization constants (dy,...,d,) simply extend the constants

(3) by adding the appropriate dy in each type. Furthermore, observe that (c|o;) =
0 = (d|ey;),7 € I, so ¢ corresponds to the null root  and d corresponds to the dual
gradation operator for g.

We now introduce a second copy of C"** having as a basis {&; | i =0,1,--- ,n+3}.
Extend the inner product (-[-) by (gf]e5) = d;; and (gile;) = 0 so that the
{ez 14 =0,1,--- ,n+ 3} form an orthonormal basis of C***. Form the lattice

Py =@@? Zsf Observe that (c|z) = 0 for all & € Py. Define

_\/§C+ET (A2n-1);
3= _\/L§C+5T (Azn);

—Cc+er (Dpt1);

—V3c+er (Da).
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Now consider P := Py @ Py ® Zc and denote by Pg the vector space C ® P which
has {c,e,6; | i = 1,2,...n + 2} as a spanning set. Define P* by the condition
a€ P& a* € P and P :=C® P* (and hence a € Pc < a* € P). Then the
vector space C := Pr @ F{ is a polarization into maximal complementary isotropic
subspaces with respect to the antisymmetric bilinear form given by

—(a,0%) = (b, a) = (alb), (a,b) = (a",b") =0, (6)

for all a,b € Pc. Consider the unital algebra W (P) generated by elements a(k), a*(k)
where a € Po, ke Z,for Z=7Z or Z=7+ %, with the relation

[a(k), b(D)] = {a, b)dr,
for a,b € C. W(P) is an infinite dimensional Weyl algebra; see [26]. Let

V=) | & Cla(-k)] X Cla*(—k)]

a \keZsg k€250

where the a runs over {c,e;,e; | i = 1,2,...n+ 2}. V is an infinite dimensional
representation space, called the Fock space, on which W (P) acts in the usual way:
a(—Fk) acts as a creation operator and a(k) acts as an annihilation operator for
k € Z.o. We introduce a notion of normal ordering. For a(m),b(n) € W(P), define

a(m)b(n) if m <0;
ra(m)b(n):= ¢ S(a(m)b(n) + b(n)a(m)) if m = 0;
b(n)a(m) if m > 0.

For formal variables z,w, we define bosonic fields by collecting components:

a(z) = Z a(m)z’m’% and b(w) = Z b(n)w’”’%.

mezZ nez

It follows that the normal ordering satisfies the relation
a(z2)b(w):=:b(w)a(z): .
The normal ordered product of k£ > 2 fields is defined inductively by:
Ial(Zl)a2(22> cee ak(zk) :::al(zl) (iag(ZQ) tee ak(zk) :) -

The contraction of two fields is defined by

a(z)b(w) = a(z)b(w)— :a(z)b(w):,

—_——
which contains all poles for a(z)b(w). In order to calculate the bracket among
normal ordered products, we make use of the following result which follows from
Wick’s theorem [29, Theorem 3.3], [26, Theorem 3.1]. The result holds in both
cases, Z=Z and Z =7+ 1.
Proposition 4.1.  For a,b,u,v € C and formal variables z,w, we have

[a(2)b"(2):, u(w)v*(w):] = (a,v*) :b*(z)u(z): (z — w)
+(b", u) ra(2)v*(2): (2 — w) + (@, v*)(b", u)0,0(z — w).

Proof.  See [26, Proposition 3.3]. ]
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In the following theorem, using the MRY-like presentations of 7'(g) given in Propo-
sition 3.1, we give bosonic representations of the twisted toroidal algebras t(g),
g= Aon_1, A, Dyi1, Dy, on the Fock space V. This is our main result.

Theorem 4.2.  Define a map p : t(g) — End(V) as follows for g of each type,
with 1 <1< n—1. For type As,_1,

o ¢ —1,

o ap(z) = — :B(2)B7(2): — re2(2)es(2): + reqp(2)ef(2): + 1ea(2)e3(2) 1,

o a(z) = iei(2)e](2): — reia(2)ef(2): — 1e5(2)ef (2): + rem(2)erg(2)
o an(2) rien(2)e(2): — rem(2)en(z),

e X(a,2) —:e5(2)"(2): + e1(2)es(2):,
(

>

—ap, 2) P e5(2)B(2): + ex(2)ea(2)

>

a;,2) = gi(2)ef 1 (2) + re(2)el(2):

AR

S

i+1

S

an, 2) = iep(2)ex(z):,

n

(

(

( ) )
(=i, 2) = igj(2)en (2): + ep(2)e(2)
(

(

>

—v, 2) ek (2)en(2) 1.

For type A,,,

o ¢ —1,

o ap(z) —rier(z)eq(z): — B(2)67(2),

o qi(z) —rigi(2)e] (2): — rei(2)ef (2): — 165(2)€f (2) 1 + regm(2)er(2) 1,
o an(2) = 2(en(2)e(2): — en(2)en(2):),

—q, 2) = ief(2)ei1(2) + e (2)g:(2) 1,
o X(an,2) = V2(en(2)e)1(2): — teng1(2)en(2) 1),

o X(—am,2) = V2(:ei(2)ent1(2): — e (2)en(2) ).
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For type Dpi1,

/-2,
ao(2) = 2(cer(z)ed(z): —B(=)B(2)2),

ai(2) = re2)e(2): — (D) (2): — ex(2)el(2): + epr(2)eig(2),
an(2) = 2(ea(2)en(2): — cen(2)en(2)1),

X(a0,2) = V2B (2)ensa(2): — ehan(2)er(2)2),
—a0,2) = VE(B(2)ha(2): — iensa(2)k(2):).
ai,2) = iei(2)ek (2): + remm(2)en(2):
—ai,2) e (e (2): + et ()e2)

X(ap, 2) — \/5(:5“(2)5;“(2): — enr1(2)es(2) ),

X (=, 2) = VEGEL(2)enr1(2): — iehpn(2)en(2):).

For type Dy,

¢'_>_2;

ag(z) = 2teq(2)er(2): —2:8(2)B*(2): + 1e5(2)ek(2) : — 1ea(2)e5(2):
+ 1e5(2)ex(2): — re3(2)es(2):,

ay(2) = :e1(2)e1(2): — ep(2)ef(2): — ea(2)es(2): + rea(2)eg(2)
+2:e3(2)e3(2): =2 1e3(2)ex(2)
ag(z) = ie2(2)e5(2): — eg(2)e5(2): — es(2)es(2): + eg(2)eg(2)

X(ag, z) B (2)ea(z) : — @ et
tw :e5(2)ez(2): —w ehf(2)eg(2) :,

Then p is a homomorphism, and hence gives a representation of the twisted 2 -toroidal
Lie algebra t(g). The representation is level (—1,0) for g = Ag,_1, Az, and level
<_27O) f07“ g= Dn+1>D4-
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Proof.  We need only show that the relations of Subsection 3.1 of ¢(g) hold. This
requires a significant number of calculations which are straightforward with repeated
use of Proposition 4.1. Hence we show only a few of the relations below which are
representative of the others; the rest can be readily verified by similar computations.
As a first example, we consider relation (3) with (i,j) = (n — 1,n) in the case
g = A, 1. Using Proposition 4.1 we have:

[P(0n1(2)), p(00(w))] = Lena(2)ena(2): — cnl2)er(2):
—:eﬁ<z>a;;_1<> +ren()en(z) s en(w)en(w): — enlw)en(w) ]
))8(z —w
):

—(— i (2)en(2): + en(z)er (2 ) — (=1)0w0(z — w)

— (= er(2)en(2): + ren(2)en(2))0(z — w) — (—1)0wd (2 — w)
=20,0(z — W) = ayp—1,0,0(2z —w)p(¢) = p([an_l(z), an(w)]).

Secondly, consider relation (4) with 1 <i,j < n — 1; the calculation is the same in

types Ag,_1, Ao, and D, .. In each of those cases we have

[p(@i(2)), p(X (0, w))] = gi(2): — rein(2)ei(2): — 155(2)Ef (2):
+ re(2)erg(2) Eg(w) ( ) + e (w)eg(w) ]

:( 52J+1 i ( )53<Z +0. ij 51( )5J+1( ) )5(2—10)

):

+ (= :Hl(z)e](). ez+1< >ej+1<z>)5<z—w>
( eX(2)ersr(2): 5w+1 e )5
+(—ai+1,j:em<z>ej+1<> +3i 7z >)6

= (28 = Bi1 - 5i+1,j><:ej<z>sjﬂ< 2):+ ]H(z)e;(z) )5 < w)

= aijp(X (0, 2))d(z = w) = p(loi(2), X (a3, w))).

In types Asy, Dyyq with ¢ = n, relation (5

[p(X(an, 2)), (X (a0, w))] = [V2(en(2)elm(2): — renrr(2)en(2):),
V2(:en(w)elp(w): — renpr(w )%( ):)]
= —2:6,(2)en(2): 0(z —w) + 2 :e5(2)en(2): 0(2 —w) = 0.
We show two examples of relation (6). Consider type Dy when i = 0,j = 2; this

result is not obviously 0 a priori (cf. the same calculation is obviously 0 a priori in
type D, 1, for example). But indeed,

[p(X (a0, 2)), p(X (=02, w))] = [:8"(2)ea(2): — 1e3(2)B(2): +w” 1e5(2)es(2):
)i

—w”iea(2)ez(2): tw iei(2)ea(2): —w ey(2)en(2) s ey (w)e (w) — ez(w)ez(w) ]

is shown below.

)
(e

Jw? ieh(2)ex(2): 6(z — w) — w? 1e5(2)es(2): d(z —w) = 0.
Relation (6) in type Dy with ¢ = j =1 is computed as

X @01:9). (X (=asw)] = [er(a)ei(a): = sep(a)ef(a): + sea(2)ei2):
—tex(2)5(2): + ea(2)ei(2): — ea(2)el(2) e (w)ea(w) : — ej(w)er(w):
+ refwea(w): — e3w)es(w): +:ehwlesw): — e3(wlestw) ]
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= (—:e5(2)ea(2): + :e1(2)e](2) )0(z — w) — Od(z — w)
+ (= ef(2)ep(2) s + 1e5(2)ex(2) )d(2 — w) — 0ub (2 — w)
+ (= ey(2)ea(z): + re3(2)es(2))0(2 —w) — awé(z —w)—:e5(2)ez(2): d(z —w)
+ (= 1e5(2)ez(2) s + 1e5(2)e3(2) )6(2 — w) — 0w (2 — w)+ 1e5(2)ey(2): 6(2 — w)
—e5(2)ea(2): 0(z —w) + (— :e5(2)eg(2) : + re3(2)e5(2) )0(2 — w) — Do (2 — w)
+ 1e4(2)ef(2) 1 6(2 —w) + (— :e5(2)ez(2) : + 1ea(2)ex(2) )0(2 — w) — Oud (2 — w)
= (re1(2)ef(2): — rex(2)eb(z): — tea(2)eb(2): + 1e3(2)ex(2):
+ 2 :e3(2)e5(2): —2 1e3(2)ex(2): )0 w)

(z —w) — 60y
2),

(2 —
= a1(2)3(z — w) + 19,0(z — w)p(#) = p([X (a1, 2), X (—an, w))).

Other calculations are similar, noting that the element 5 acts as €; on V' as in [26]
(see the proof of Theorem 3.2). We show one representative example of the Serre
relations (7)—(10): relation (9) in type Ay, when ¢ =n,j =n — 1. We have

[p(X (i, 22)), p(X (-1, 21))] = [V2(:n(22)eiir(22) : — rempr(z2)ei(z2) ),
ten—1(21)en(21): + em(21)ei—(21) ]
2 et (22)En-1(22): 6(22 — 21) — V2 tepr(2)ei(22) : 6(20 — 21).
Applying ad X (a,, z3) to this expression gives us
= [\/5(1%(2’3)5”+1(23) renrr(2s)en(zs) ),
2 et (z2)En1(22): 6(22 — 21) — V2 terp(2)ei(2) : 0(22 — 21)]
= —2 (ten(23)ei—(23): + eh(23)en—1(23):) 0(22 — 21)8(23 — 21).
Applying ad X («v,, z4) to the latter expression gives the desired result of 0. [ |
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