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1. Introduction

Let X be a manifold with a transitive action of a compact Lie group G. The
ring Dg(X) of G-invariant differential operators on X is commutative if and only
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if the complexification X¢ is Gc-spherical, i.e. X¢ admits an open orbit of a
Borel subgroup of G¢. This is the case for instance if X is a symmetric space
of GG, but there are also spherical homogeneous spaces that are not symmetric,
e.g. Xc = SO(2n + 1,C)/GL,(C) or SLy,+1(C)/Sp(n,C); they were classified in
[1, 25, 26]. Knop [15] proved that if X¢ is Gc-spherical then Dg(X) is actually a
polynomial ring; the number of algebraically independent generators of D¢ (X) is
equal to the rank of the spherical space X = G/H (see Section 2.2). A more explicit
structure is known in some special settings:

1. If X is a reductive symmetric space, then Dg(X) is naturally isomorphic to
the ring of invariant polynomials for the (little) Weyl group, by work of Harish-
Chandra [4].

2. If X¢ appears as an open Gc-orbit in a prehomogeneous vector space and if
the center Z(gc) of the enveloping algebra U(gc) surjects onto Dg(X), then
explicit generators in D¢ (X) were given by Howe-Umeda [9] as a generalization
of the classical Capelli identity.

In this paper we consider the situation where the spherical homogeneous space X
admits an overgroup, i.e. there is a Lie group G containing G and acting (transitively)
on X . In this situation there are two natural subalgebras of Dg(X), obtained from
the centers of Z(gc) and Z(gc), which play an important role in the global analysis
by means of representation theory of G and G. We investigate the structure of the
ring Dg(X) by using these two subalgebras as well as a third one, induced from a
certain G-equivariant fibration of X (see Section 1.1).

More precisely, the setting of the paper is the following.

Basic setting 1.1. We consider a connected compact Lie group G and two con-
nected proper closed subgroups G and H of G such that the complexified homo-
geneous space G¢/Hg is Gg-spherical. The embedding G < G then induces a
diffeomorphism o

X:=G/H = G/H, (1.1)

where we set H = HNG.

In most of the paper, we furthermore assume that G is simple. A classification of
such triples (é, H, G) up to a covering is given in Table 1.1; it is obtained from
Oniscik’s infinitesimal classification [27] of triples (é, H, G) with G compact simple
and G = HG , and from the classification of spherical homogeneous spaces [1, 25, 26].
In this setting G/H is never a symmetric space.

1.1. Three subalgebras of D¢ (X)

Let D(X) be the full C-algebra of differential operators on X . The differentiations
of the left and right regular representations of G on C*°(G) induce a C-algebra
homomorphism

dl@dr:U(ge) ® U(ge)” — D(X), (1.2)

where U(gc)" is the subalgebra of H-invariant elements in the enveloping algebra
U(gc) (see Section 2.1). It is known (see e.g. [6, Ch.II, Th.4.6]) that the image
dr(U(ge)®) coincides with Dg(X). However, the ring U(ge)¥ is noncommutative
and difficult to understand in general. Instead, we analyze Dg(X) in terms of three
well-understood subalgebras.

)H



666 KASSEL AND KOBAYASHI

The first subalgebra is the image d¢(Z(gc)) of the center Z(gc) of U(ge). The
ring Z(gc) is well-understood (it is isomorphic to a polynomial ring, described by
the Harish-Chandra isomorphism), but its image d¢(Z(gc)) is typically smaller than
D¢(X) in our setting, in contrast with the case where X = G/H is a symmetric
space [5].

The second subalgebra of Dg(X) that we consider is d¢(Z(gc)) = dr(Z(gc)), where
we regard X as a G -space and consider the map

Al @ dr: Uge) ® U(ge)” — D(X)

similar to (1.2). In our setting, d¢(Z(gc)) is always equal to the full subalgebra
Dg(X) C Dg(X) of G-invariant differential operators on X (Lemma 2.6).

Finally, the third subalgebra is dr(Z(tc)) for some subgroup K of G containing H .
This algebra is zero if K = H, and equal to d¢(Z(gc)) = dr(Z(gc)) if K = G.
However, it may yield new nontrivial G-invariant differential operators on X if
H ¢ K C G. We shall choose K to be a maximal connected proper subgroup
of G containing H (this is possible by Proposition 5.5.(2)). The geometric meaning
of the algebra dr(Z(€c)) will be explained in Section 2.3, in terms of the fibration
of X = G/H over G/K with fiber F' := K/H: namely, there are natural maps
drp : U(tc)® — Dg(F) (similar to dr in (1.2)) and ¢ : Dg(F) < De(X) such that
the following diagram commutes.

Z(gc) Z(gc) Z(tc)

déi déi y idrF (1.3)

Ds(X) < Da(X) <— Dg(F)

In our setting, dr,(Z(tc)) is also equal to the full algebra Dg (F') (Lemma 2.6), and
in particular,

UDg (F)) = dr(Z(Ec)). (1.4)

Remark 1.2.  The number of connected components of H = HNG may vary
under taking a covering of G, but the algebra D¢(X) and its subalgebras Dg(X) =
dl(Z(gc)), dr(Z(tc)), and d¢(Z(gc)) do not, see Theorem 5.1.

We prove the following.

Theorem 1.3. In the setting 1.1, suppose that G is simple. If H Ng is not a
maximal proper subalgebra of g, then there is a unique mazximal connected proper
subgroup K of G containing H, and

1. Dg(X) is generated by Dg(X) and dr(Z(tc));
2. Dg(X) is generated by dl(Z(gc)) and dr(Z(tc));
3. Da(X) is generated by D5(X) and d¢(Z(gc)), except if we are in case (ix) of

Table 1.1 up to a covering of G.

If bNg is a mazimal proper subalgebra of g, then Dg(X) = Dg(X) =dl(Z(gc)).
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The complete list of triples (é,f[ ,G) in Theorem 1.3, up to a covering of G, is
given in Table 1.1. In that table we use the notation H; - Hy for the almost product
of two subgroups H; and H, (meaning there is a surjective homomorphism with
finite kernel from H; x Hy to Hy - Hy). We also use the notation Diag to indicate
a diagonal embedding. Here t7,18,013 : H — K and 114 : H — H are nontrivial

—_—

embeddings described in Sections 6.7, 6.8, and 6.12. We denote by U(3) the double
covering of U(3), see Section 6.12.

The main case is when Hﬂ g is not a maximal proper subalgebra of g: the only
exceptions in Table 1.1 are (x), (xi), and (xii).
The condition that é(c / I:T(C be Gc-spherical depends only on the triples of complex

Lie algebras (gc, 5«:7 gc). The pair (g, H) is always a symmetric pair except in cases
(viii) and (ix); the pair (g, bh) is never symmetric.

G H G H K
(i) SO(2n+2) | SO(2n+1) U(n+1) U(n) U(n) x U(1)
(i)’ | SO(2n+2) U(n+1) SU(n+ 1) SU(n) U(n)
() |so@n+2) | Um+1) SO(2n + 1) U(n) SO(2n)
(iii) | SU(2n+2) U@2n+1) Sp(n+1) Sp(n) x U(1) Sp(n) x Sp(1)
(iv) | SU(2n +2) Sp(n+1) U@2n +1) Sp(n) x U(1) U(2n) x U(1)

(v) | SO(@n+4) | SO(n+3) | Sp(n+1)-Sp(1) | Sp(n)- Diag(Sp(1)) | (Sp(n) x Sp(1)) - Sp(1)
(v)) | SO(4n+4) SO(4n + 3) Sp(n+1)-U(1) | Sp(n)-Diag(U(1)) | (Sp(n) x Sp(1))-U(1)

(vi) SO(16) SO(15) Spin(9) Spin(7) Spin(8)
i) | so®) Spin(7) SO(5) x SO(3) 17(SO(4)) SO(4) x SO(3)
(viii) | SO(7) Ga(—1a) SO(5) x SO(2) 1s(U(2)) SO(4) x SO(2)
(ix) SO(7) Ga(—1a) S0(6) SU(3) U(3)

) SO(7) S0(6) Ga(—1a) SU3) SU(3)

(xi) SO(8) Spin(7) SO(7) Ga(-14) Ga(-14)
(xii) SO(8) SO(7) Spin(7) Ga(—14) Ga(-14)
i) | SO®) Spin(7) SO(6) x SO(2) 15 (U(3)) U(3) x SO(2)
(i) | SO(8) Spin(7) S0(6) SU3) U(3)
(xiv) SO(8) | SO(6) x SO(2) Spin(7) 14(U(3)) Spin(6)

Table 1.1: Complete list of triples (é, f], () in the setting 1.1 with G simple, up to
a covering of G. We also indicate H := H N G and the maximal connected proper
subgroup K of G containing H. In case (i) we require n > 2.

Remark 1.4. By using the triality of D4 for the realization of G in G, we see
that the triple

(G, H,G) = (Spin(8) x Spin(8), Spin(7) x Spin(7), Spin(8)) (1.5)
satisfies all the conditions of Theorem 1.3 with
H = f[ N G - GQ(_14)

except that G is not simple. This case arises as a compact real form of the complex-
ification of the isomorphism

Spin(1,7)/Go—14) =~ Spin(8, C)/Spin(7, C).
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In this case, there is a unique maximal connected proper subgroup K of G contain-
ing H, with K ~ Spin(7), and most (but not all) of our main results hold. We
discuss case (1.5) separately in Section 7 (see also Remark 1.9).

1.2. Generators and relations for D¢ (X)

We prove Theorem 1.3 by finding explicit relations among the three subalgebras
Dg(X) = dUZ(@e)), 1Dk (F)) = dr(Z(tc)) (sce (14)), and di(Z(gc)) of Do(X).
In particular, we find explicit algebraically independent generators of Dg(X) chosen
from any two of the three subalgebras, as follows.

Theorem 1.5.  In the setting 1.1, suppose that G is simple. Let K be a mazximal
connected proper subgroup of G containing H if b is not a maximal proper subalgebra
of g, and K = H otherwise. Let F = K/H .

(1) There exist elements P, of Dg(X), elements Qr of Dk (F), elements Ry of
Z(gc), and integers m,n, s, t € N with m +n = s+t such that
o Ds(X) =C[Py, ..., Py] is a polynomial ring in the Pj;
o Di(F)=C[Q1,...,Qn] is a polynomial ring in the Qy;

® Dg(X) = C[Pl, ceey Pm, L(Q1>, vy L(Qn)] = C[L(Ql), ey L(QS), dé(Rl), ,dg(Rt)]
is a polynomial ring in the Py, and 1(Qg), as well as in the 1(Qy) and d¢(Ry).
(2) The Py, Qy, Ry can be chosen in such a way that for any k there exist constants
ak,bk,ck e C with
(3) The Py, Qy, Ry, can always be chosen in such a way that
De(X) =C[P, ..., Py, d(Ry),...,d(R,)]
is also a polynomial ring in the Py, and d((Ry), unless we are in case (iz) of
Table 1.1 up to a covering of G.

Theorem 1.5.(1) gives an algebra isomorphism
De(X) ~Dg(X) @ Dg(F). (1.7)

In this setting there are two expressions of X as a homogeneous space, namely
G/H and G/H. Both are spherical, but their ranks are different in general; as an
immediate consequence of (1.7), we obtain the following relation with the rank of
the spherical homogeneous space K/H .

Corollary 1.6.  In the setting of Theorem 1.5, we have
rank G/H + rank K/H = rank G/H.

Corollary 1.6 also holds in case (1.5) by Proposition 7.4. Table 1.2 gives the ranks
of G/H, K/H, and G/H in each case.

The closed formulas (1.6) in Theorem 1.5 for explicit generators Py, Qk, R are given
in Section 6 for each triple (é, H, () according to the classification of Table 1.1.
These formulas imply the following.
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Corollary 1.7.  In the setting of Theorem 1.5, let Cz € Z(gc) and Ce € Z(gc)
be the respective Casimir elements of the complex reductive Lie algebras gc and gc.
Then there exists a nonzero a € R such that

d0(C5) € adl(Cg) + dr(Z(te)) (1.8)

as a holomorphic differential operator on éc/ﬁc.

Remark 1.8. In cases (v), (vii), (viii), and (xiii) of Table 1.1, the group G is
simple but G is not. The formulas that we compute show for any choice of an
Ad(G)-invariant nondegenerate symmetric bilinear form on gc, the corresponding
Casimir element Cg € Z(gc) satisfies (1.8) for some nonzero a € R.

The formulas (1.6) play a fundamental role in constructing a “transfer map” relating
the eigenvalues of Z(gc¢) and Dg(X) (see Theorem 1.11), providing some interaction
between the representation of g and of its subalgebra g.

rank é/ﬁ rank K/H | rankG/H
(i), (1)’ 1 1 2
(i) [ ] 15] n
(iif) 1 1 2
(iv) n n 2n
(v), (v) 1 1 2
(vi) 1 1 2
(vii) 1 1 2
(viii) 1 2 3
(ix) 1 1 2
(x) 1 0 1
(xi) 1 0 1
(xii) 1 0 1
(xii), (xiii)’ 1 1 2
(xiv) 2 1 3
(1.5) 2 1 3

Table 1.2: Ranks of G/H, K/H ,and G/H in each case of Table 1.1 and in case (1.5)

Remark 1.9.  An analogue of Theorems 1.3 and 1.5 may fail in the setting 1.1 in
the following situations:
o Theorem 1.3.(2) may fail if G is only assumed to be semisimple, not simple:
this happens in case (1.5) (see Proposition 7.5).

o Theorem 1.3.(1)—(2) may fail if K is not maximal: this happens for
(G,H,G,H) = (SU(2n +2),Sp(n + 1), U(2n + 1), Sp(n) x U(1))
and K = Sp(n) x U(1) x U(1) (see Remark 6.4.4.(2)).
o Theorem 1.3.(1)—(2)—(3) may fail if X¢ is not G¢-spherical: this happens for
(G,H,G,H) = (SO(4n + 4),S0(4n + 3), Sp(n + 1), Sp(n))
(see Remark 6.5.2).



670 KASSEL AND KOBAYASHI

In case (1.5), we shall prove that the “transfer map” still exists even though Theo-
rem 1.3.(2) fails, and we shall find a closed formula for it in Proposition 7.6. This

will be used in the forthcoming paper [12] for analysis on the locally symmetric space
I"\SO(8,C)/SO(7,C), see Section 1.4 below.

1.3. Transfer maps

We now explain how eigenvalues of the two algebras Z(gc) and Dg(X) are related
through a “transfer map”. In the whole section, we work in the setting of Theo-
rem 1.5.

1.3.1. Localization. We start with some general formalism. Let Z be a maximal
ideal of Z(tc) and (Z) the ideal generated by dr(Z) in the commutative algebra
De(X). Let

qr : Dg(X) — Dg(X)z := De(X)/(Z) (1.9)

be the quotient homomorphism. Theorem 1.5.(1)-(2) implies the following.

Proposition 1.10.  In the setting of Theorem 1.5, for any mazimal ideal I of
Z(tc), the map gz induces algebra isomorphisms

Ds(X) — Dg(X)z and Z(gc)/Ker(gz o dl) — Dg(X)z.

These isomorphisms combine into an algebra isomorphism

o1 Z(gc)/Ker(gz o dl) — Dg(X), (1.10)
which induces a natural map
¢4 Home a4 (Dg(X), C) — Homg qig (Z(gc)/Ker(qI odl), (C) C Home e (Z(gc), C).

We note that there is no a priori homomorphism between the two algebras Z(gc)
and Dg(X).

1.3.2. The case of the annihilator of an irreducible representation of K.
When 7 is the annihilator of an irreducible representation of K, the map ¢% has a
geometric meaning, which we formulate below as a “transfer map”.

For each irreducible K -module (7, V;) with nonzero H -fixed vectors, we consider the
isotypic K-module W, := (V¥)# @ V, and form the G-equivariant vector bundle
W, = G xg W, over Y := G/K. The group G acts by translations on the space
C>(Y,W;) of smooth sections of this bundle, and we may view C*(Y,V,) as a
subrepresentation via the natural injective G-homomorphism

i, C®(Y,W,) — C®(X)

(see Section 3.2). In our setting, W, is isomorphic to V, because the subspace
of H-fixed vectors in 7 is one-dimensional (see Lemma 4.2.(4) and Fact 3.1.(iv)).
The center Z(gc) of the enveloping algebra U(gc) acts on the space C°(Y, W,) of
smooth sections as differential operators which are G-invariant, and thus we have an
algebra homomorphism into the ring D (Y, W) of G-invariant differential operators
acting on C*(Y, W;):

der Z(g@) — Dg(Y, WT)
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We relate joint eigenfunctions for Dg(X) on C*°(X) to joint eigenfunctions for
Z(gc) on C*(Y,W;) as follows.

Let Z. be the annihilator in Z(fc) of the contragredient representation 7V of 7.
We have Ker(gz, o d¢) C Ker(d¢7), and the action of Z(gc) on C*(Y,W,) factors
through Z(gc)/Ker(gz, o df). The algebra isomorphism ¢z of (1.10) implies that
i, transfers joint eigenfunctions for Z(gc) on the subrepresentation C*°(Y, W,) to
joint eigenfunctions for Dg(X) on C*°(X) via ¢ . Such an algebra isomorphism
¢z, also exists when (G, H,G) is the triple (1.5), see Proposition 7.6. To describe
the relation between joint eigenvalues for D5(X) and Z(gc), we introduce “transfer
maps”

{ v(-,7) : Home ag(Dg(X), C) — Home g (Z(gc), C),

(1.11)
A(-,7) : Home ag(Z(gc) /Ker(d(™), C) — Homc.as(D5(X), C)

for every 7 € Disc(K/H) by using the bijection ¢3 as follows:

Homge a15(Z(gc), C)

U
Home s (D5(X), C) s Homg o15(Z(gc) /Ker(gz, o df), C)
U D) U
Spec(X), Home a1¢(Z(gc)/Ker(de7), C)

Here we set
C=(X; My); = {F €i,(C*(Y,W;)) : PF=XP)F VP ecDgX)}
and
Spec(X), := {\ € Homc.ag(Dg(X),C) : C™(X; M), # {0} }. (1.12)

We shall see (Proposition 4.8) that ¢35 (A) vanishes on Ker(d¢™) if A € Spec(X),,
hence v(A(v, 7)) = v for all v € Home ae(Z(gc)/Ker(dl™),C) and A(v(\, 7)) = A
for all A € Spec(X),.

By using the closed formulas in Theorem 1.5.(1)—(2), we find an explicit formula for
the transfer map

v(-,7) = ¢z : Homcag(Dg(X), C) — Home a(Z(gc), C)
in terms of the highest weight of 7 and the Harish-Chandra isomorphisms

Homc g (Z(ge),C) — jz/W(gc),
Homc_alg(Dé(X), C) ;> E(E/W,
where jc and dc are certain abelian subspaces of gc and gc, respectively, and W (gc)

and W are finite reflection groups (see Section 4.3 for details). We note that there
is no a priori homomorphism between ac and jc.
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Theorem 1.11.  In the setting of Theorem 1.5, for any irreducible K -module T
with nonzero H -fixed vectors, there is an affine map S; : af. — j& such that the
transfer map

I/(-, 7') : Hom@_alg(Dé(X), C) — HOch_a1g<Z<g(c), (C)

is given by S; : E(*C/W — j&/Wi(gc) via the Harish-Chandra isomorphisms. This
means that for any A\ € at and v € j& with v = S.(\) mod W(gc), the following
two conditions on f € C®(Y,W,) are equivalent:

d"(R)f = v(R)f VR € Z(gc),
DG, f) = AD)i,f VD € Ds(X).

Theorem 1.11 also holds in case (1.5). We refer to Theorem 4.9 for a more precise
statement. An explicit formula for the affine map S- for all 7 is obtained in Section 6
for each triple (G, H,G) of Table 1.1, and in Section 7 for the triple (1.5).

1.4. Application to noncompact real forms
We may reformulate Theorem 1.3 in terms of complex Lie algebras, as follows.
Suppose gc D gc, be, &c are reductive Lie algebras over C such that

§C:9<c+6<c,
bec :=gc Nbc C & C ge.

The ring ]D)éc(é@ /Hg) of Ge-invariant holomorphic differential operators on the

complex homogeneous space Ge / Hc is isomorphic to the ring Dg(G/H) and does

not depend on_the choice of connected complex Lie groups G¢ O Hc with Lie

algebras gc O bc in our setting, see Theorem 5.2 below. Consider the following two

conditions on the quadruple (gc, gc, be, €c):

(A) Déc(é({:/ﬁ({:) is contained in the C-algebra generated by d¢(Z(gc)) and
dr(Z(tc));

(B) d¢(Z(ge)) is contained in the C-algebra generated by D@C(éc/ﬁc) and
dr(Z(tc)).

Here is an immediate consequence of Theorem 1.3.(1)—(2).

Corollary 1.12.  In the setting 1.1, suppose G is simple. Let € be_a mazimal
proper Lie subalgebra of g containing hNg. Then conditions (A ) and (B) both hold

for the quadruple (gc, gc, be, tc) -

Remark 1.13.  In case (1.5) where G is semisimple but not simple, condition (B)

still holds (Proposition 7.4), but condition (A) fails (Proposition 7.5).

Since the rings of invariant differential operators depend only on the complexification
(see Theorem 5.2), our results hold for any real forms having the same complexifica-
tion. In particular, the generators Py, ((Qy), and d¢(Ry) are defined on real forms
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of X¢ by the restriction of their holomorphic continuation, satisfying the same re-
lations (1.6). Similarly, the relation (1.8) for the Casimir operators in Corollary 1.7
holds on any real forms of X¢ = G¢/Hc.

Let 7 € Disc(K/H). The transfer map v(-,7) of (1.11) gives certain constraints on
Z(gc)-infinitesimal characters of irreducible G-modules realized in C*°(Y, W;). We
now formulate this more explicitly by using the argument of holomorphic continu-
ation and the affine map S:. In the setting of Theorem 1.5, let G¢ D Hc, G¢, Kc
be the complexifications of the compact Lie groups G D H,G, K, and let Ggr D
Hg,Gg, Kg be other real forms. We set Hgx := Hg N Ggr and Xy := Gg/Hg.
For simplicity, we assume that Kr = K and Hr = H, hence Gr acts properly
on Xg. We use the same letter YW, to denote the Ggr-equivariant vector bundle over
Yk := Ggr/Kg, which is given by the restriction of the holomorphic G¢-equivariant
vector bundle W;C over Yr := G¢/Kc to the totally real submanifold Yg. For
A €j5/W(gce), we define the space of joint eigensections for Z(gc) by

C% (Yo, Wrs My) = {f € C%(Ye, W)« d07(2)f =x5(2)f Vz € Z(ge)},

see (2.10) for the notation of Harish-Chandra homomorphisms. The set of pos-
sible infinitesimal characters for subrepresentations of the regular representation
C*>°(Yr, W,) is defined by

SUDD 140y (C (Y W) = A € J2/W(ge) + (Yo, Wi My) # {0}).

Theorem 1.11 implies the following.

Corollary 1.14.  In the setting of Theorem 1.5, for any T € Disc(K/H),
SUpp () (C™(Yr, W;)) C Sr(ag)  mod W(gc),

where S; :af — j& is the affine map of Theorem 1.11.

In [12], we shall prove that under condition (]§), any irreducible unitary representa-
tion 7 of Gy realized in the space D’(Xg) of distributions on Xp is discretely de-
composable when restricted to G, even when Gy is noncompact. Then the relations
(1.6) give crucial information for the branching law of irreducible representations 7

of Gg restricted to G, using the analysis on the fiber
F = K/H—)XRHYR:GR/KR (113)

In subsequent papers, we use the present results to find:

(a) relationships between the spectrum for Riemannian locally symmetric spaces

['\Ggr/Kr and the spectrum for pseudo-Riemannian manifolds I'\Gr/Hg, using
Theorems 1.3.(2) and 1.11, see [12];

(b) explicit branching laws of irreducible unitary representations of Gz (e.g. Zuck-
erman’s derived functor modules A4(\)) when restricted to the subgroup G,
using Theorem 1.3.(1), see [13].
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Thus in both (a) and (b) we obtain results on infinite-dimensional representations
of noncompact groups by reducing to finite-dimensional representations of compact
groups and using Theorem 1.3.

1.5. Remarks

The idea of studying the interaction between harmonic analysis on homogeneous
spaces with overgroups and branching laws of infinite-dimensional representations
goes back to the papers [16, 17, 20], where computations were carried out in some
situations where G / H is a symmetric space of rank one. The work of the current
paper was started in the spring of 2011, as an attempt to generalize the machinery
of [16, 17, 20] to cases where G/H has higher rank, and to find the right general
framework in which such results hold. Our results were announced in [22].

One important motivation for this paper has been the application to the analysis
on locally pseudo-Riemannian symmetric spaces, as described in Section 1.4 and in
[12]. Relations between Casimir operators as in Corollary 1.7 were also announced
by Mehdi-Olbrich at a talk at the Max Planck Institute in Bonn in August 2011.
Recently Schlichtkrull-Trapa-Vogan put on the arXiv the preprint [28], investigating
the rank-one cases (i), (iv), (vi), (x) of Table 1.1, and proving the irreducibility of
the representations of the exceptional group Gz in [17, Th. 6.4] for the last singular
parameters.

1.6. Organization of the paper
Sections 2 to 5 are of a theoretical nature. Our analysis is centered around the

G-equivariant fiber bundle X = G/H 5 a /K. In Section 2 we collect some
basic facts on invariant differential operators and explain the diagram (1.3). In
Section 3 we discuss geometric approaches to the restriction of representations of G
to the subgroup G in the space of square integrable or holomorphic sections. The
assumption that Xc is Ge-spherical implies several multiplicity-freeness results for
representations, not only of G, but also of G and K. Using this, in Section 4
we explain a precise strategy for proving Theorems 1.3 and 1.11. In Section 5 we

examine the connected components of H = H N G, and prove that the subalgebras
Ds(X), dr(Z(€c)), and d¢(Z(gc)) are completely determined by the triple of Lie

algebras (gc, be, gc)-

Sections 6 and 7 are the technical heart of the paper: we complete the proofs of
the main theorems through a case-by-case analysis. In particular, we find the closed
formula for the “transfer map” for simple GG in Section 6 in each case of Table 1.1, by
carrying out computations of finite-dimensional representations. Section 7 focuses
on the case of the triple (1.5).

Notation. In the whole paper, we use the notation N = Z N [0,400) and N, =
ZN(0,400). For n € N, we set

(Zn)Z = {<a17"-7an> € Z": ay Z 2 an}
and (N")s := (Z")> NN".

Acknowledgements. We would like to thank the referee for carefully reading our
paper and for very helpful comments and suggestions. We are grateful to the Uni-
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versity of Tokyo for its support through the GCOE program, and to the University
of Chicago, the Max Planck Institut fiir Mathematik (Bonn), the Mathematical Sci-
ences Research Institute (Berkeley), and the Institut des Hautes Etudes Scientifiques
(Bures-sur-Yvette) for giving us opportunities to work together in very good condi-
tions.

2. Reminders and basic facts

In this section we set up some notation and review some known facts on spherical
homogeneous spaces, in particular about invariant differential operators and regular
representations.

Let X = G/H be a reductive homogeneous space, by which we mean that G is a
connected real reductive linear Lie group and H a reductive subgroup of G. We
shall always assume that H is algebraic. The group G naturally acts on the ring of
differential operators on X by

g-szzoDo(EZ)_l,

where £; is the pull-back by the left translation ¢, : z + g-z. We denote by D¢ (X)
the ring of G-invariant differential operators on X.

2.1. General structure of D¢ (X)

We first recall some classical results on the structure of the C-algebra D¢ (X); see
[6, Ch.II] for proofs and more details. Let U(gc) be the enveloping algebra of the
complexified Lie algebra gc := g ®g C. It acts on C*°(X) by differentiation on the
left:

_ 9
Ok

0

tl:O... %

(V1Y) - f)(9)

f( exp(—tmYm) -eXp(—terl)aj)

tm=0

for all Y1,...,Y,, € g, all f € C®(X), and all x € X. This gives a C-algebra
homomorphism

40 U(ge) — D(X), (2.1)

where D(X) is the full C-algebra of differential operators on X. On the other hand,
U(gc) acts on C*°(G) by differentiation on the right:

_ 9
- oh

0

tl:o... %

(Y1 Yin) - ) (9)

f(g eXp(tlyl) o 'exp(tmym))

tm=0

for all Y3,...,Y,, € g, all f € C*(G), and all g € G. By identifying C*°(X) with
the set of right- H-invariant elements in C*°(G), we obtain a C-algebra homomor-
phism

dr: U(ge)? — Dg(X), (2.2)

where U(gc)? is the subalgebra of Adg(H)-invariant elements in U(gc). It is
surjective and induces an algebra isomorphism

U(gc)” /U(gc)be NU(gc)” — Dg(X) (2.3)

(see [6, Ch.II, Th.4.6]).
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Since the center Z(gc) is contained in U(gc)?, the homomorphisms d¢ and dr
of (2.1) and (2.2) restrict to homomorphisms from Z(gc) to Dg(X). To see the
relationship between them, consider the inversion g + g~! of G. Its differential
gives rise to an antiautomorphism 7 of the enveloping algebra U(gc), given by
Yi---Y, — (=Y,) - (Y1) for all Y3,...,Y,, € gc. This antiautomorphism in-
duces an automorphism of the commutative subalgebra Z(gc). The following is an
immediate consequence of the definitions.

Lemma 2.1.  We have dlon =dr on Z(gc).

2.2. Spherical homogeneous spaces

Recall the following two characterizations of spherical homogeneous spaces, in terms
of the ring of invariant differential operators (condition (ii)) and in terms of rep-
resentation theory (condition (iii)). For a continuous representation 7 of G, we
denote by Homg(m, C*°(X)) the set of G-intertwining continuous operators from
to C*(X).

Fact 2.2. Suppose X = G/H is a reductive homogeneous space. Then the following
conditions are equivalent:

(i) Xc = G¢/Hc is Ge-spherical;
(ii) the C-algebra D¢ (X) is commutative;

(iii) dim Homg(m, C*°(X)) is uniformly bounded for any irreducible representation
m of G.

For (i) < (ii), see e.g. [31]; for (i) < (iii), see [23].
If X¢ = G¢/Hc is Ge-spherical, then by work of Knop [15] the ring Dg(X) is
finitely generated as a Z(gc)-module, and there is a C-algebra isomorphism

T :Dg(X) = Slag)V, (2.4)

where S(ac)" is the ring of W-invariant elements in the symmetric algebra S(ac)
for some subspace ac of a Cartan subalgebra of g¢ and some finite reflection group
W acting on ac. In particular, Dg(X) is a polynomial algebra in r generators, by
a theorem of Chevalley (see e.g. [33, Th.2.1.3.1]), where

r = dim¢ ac

is called the rank of G/H, denoted by rank G/H. A typical example of a spher-
ical homogeneous space is a complex reductive symmetric space; in this case the
isomorphism Dg(X) ~ S(ac)" is explicit, as we shall recall in Section 2.4.

2.3. A geometric interpretation of the subalgebra dr(Z(tc))

Let K be a connected reductive subgroup of G containing H. The reductive
homogeneous space X := G/H fibers over G/K with fiber F' := K/H. There
is a natural injective homomorphism

L Dre(F) — De(X) (2.5)
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defined as follows: for any D € Dk (F), any f € C*(X), and any g € G,

(L(D)f)|gr = ((6;)_1 oDo E;)(ﬂgF), (2.6)

where /, : X — X is the translation by g and £ : C*°(X) — C*°(X) the pull-back
by ¢,. Note that in (2.6) the right-hand side does not depend on the representative
g in gF since D is K-invariant. Thus ¢(D) is defined “along the fibers gF of the
bundle X = G/H — G/K”, and makes the following diagram commute for any
g € G (where the unlabeled horizontal arrows denote restriction).

C>(gF) —2— C=(F)

b

C*(X) ——— C=(gF)

Similarly to (2.2), we can define a map
drp : U(te)” — Dg(F). (2.7)

In particular, dry is defined on the center Z(fc) of the enveloping algebra U(fc).
The following diagram commutes.

Z(tc) = Ul(ge)”

Jors |or

D (F) —— Da(X)

2.4. The case of reductive symmetric spaces

Reductive symmetric spaces are a special case of spherical homogeneous spaces, and
the results of Section 2.2 are known in a more explicit form in this case, as we now
explain. We also collect a few other useful facts on symmetric spaces.

Note that in most cases of Table 1.1, both G / Hand F =K /H are symmetric spaces;
in Section 4, we shall apply the present results to G / H and F instead of X = G /H,
replacing (a C j, W, W(gc),p = pa + pw) with (a Cj, W, W(gc),p = pz + pm) and
(aF Cik, W, W(k(c), Pe = Pap + me)'
Suppose that X = GG/ H is a reductive symmetric space, i.e. H is an open subgroup of
the group of fixed points of G under some involutive automorphism o. Let g = h+¢q
be the decomposition of g into eigenspaces of do, with respective eigenvalues +1
and —1. Fix a maximal semisimple abelian subspace a of ¢; we shall call such a
subspace a Cartan subspace for the symmetric space G/H . Let W be the Weyl group
of the restricted root system X(gc,ac) of ac in gc. There is a natural C-algebra
isomorphism

T Da(X) = S(ac)” (2.8)

as in Section 2.2, known as the Harish-Chandra isomorphism. Any v € af/W gives
rise to a C-algebra homomorphism

o Dg(X) — C, D+ (¥(D),v).
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We extend ac to a Cartan subalgebra jc of gc and write W (gc) for the Weyl group
of the root system A(gc,jc)-

Harish-Chandra’s original isomorphism concerned a special case of reductive sym-
metric spaces, namely group manifolds (G x G)/Diag(G) ~ G. In this case the
isomorphism amounts to

®: Z(gc) ~ Daxa(G) — S(ic)"e). (2.9)

Any X € j&/W(gc) induces a C-algebra homomorphism x§ : Z(gc) — C, and we
have a natural description of the set of maximal ideals of Z(g¢) as follows:

je/W(gc) — Homcuag(Z(ge), C), A —> ¥ (2.10)

We now discuss the relationship between yX and x§.
Fix a positive system A1 (gc,jc) of roots of j¢ in ge and let X7 (gc, ac) be a positive
system of restricted roots of ac in g¢ such that the restriction map a — af;. sends
At (gc,ic) to Xt (ge, ac) U {0}. We set tc := jc N bhe. Then we have a direct sum
decomposition jc = t¢ + ac. Let p, (resp. p) be half the sum of the elements of
Yt (gc,ac) (resp. A*(ge,ic)), counted with multiplicities, and let py = p — pq.
Then p = pw + pa € j¢ = t¢ + ai. The py-shift map v — v + py from af to j¢
induces a map

T as/W — it/ W (ge), (2.11)

which is independent of the choice of the positive systems. The relationship between
X and x§ is then given as follows.

Lemma 2.3.  For any v € ai/W, the following diagrams commute.

Z(ge) —5= Slic)"Ve) Z(ge) —== Slic)"(®
\C_;Tj:) Xg(i
de C dr C
V XX
De(X) — S(a@)w De(X) —— S(a(c)W

Proof.  For the left diagram, see [5] or [33, Ch.2, §1.5]. The commutativity of
the right diagram follows from that of the left and from Lemma 2.1. |

The following fact is due to Helgason [5].

Fact 2.4. If GG is a classical group, then T is injective and the C-algebra homomor-
phisms d?: Z(gc) — Dg(X) and dr: Z(gc) — Dg(X) are surjective.

The Cartan-Weyl highest weight theory establishes a bijection between irreducible
finite-dimensional representations of gc and dominant integral weights with respect
to the positive system

A™(gc,jc): Rep(ge, A) «— A
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When it exists, we denote by Rep(G,\) the lift of Rep(gc,A\) to the connected
compact group G. Among such representation, the irreducible finite-dimensional
representations with nonzero Hc-fixed vectors are characterized by the following
theorem of Cartan-Helgason (see e.g. [33, Th. 3.3.1.1]):

Fact 2.5 (Cartan-Helgason theorem). Suppose X = G/H is a compact reductive
symmetric space, and let A € ji be a dominant integral weight with respect to

A*(gcsic) -
1. The representation Rep(gc, A) has a nonzero he-fixed vector if and only if

(A @)
(@, a)

M =0 and eN Vae Xt (gc,ac). (2.12)

In this case, the space of hc-fixed vectors in Rep(gc, A) is one-dimensional,
and we shall regard A\ as an element of af since Al = 0.

2. Suppose A satisfies (2.12). Then Rep(gc, A) lifts to a representation Rep(G, \)
of G if and only if A € af lifts to the compact torus expa (C G). In this case,
if H is connected, then the G-module Rep(gc, A) is realized uniquely in the
regular representation C'(X).

3. The algebra Dg(X) acts on Rep(ge, A) as the scalars x3, -

2.5. A surjectivity result
In the general setting of Theorem 1.5, we observe the following.

Lemma 2.6. In the setting 1.1, suppose that G is simple or that the triple
(G,H,Q) is (1.5), and let K and F = K/H be as in Theorem 1.5 or Remark 1.4.
Then the homomorphisms

dl: Z(gc) — Dg(X) and drp: Z(kc) — Dg(F)
of (2.1) and (2.7) are surjective.

Proof.  Suppose G is simple. It follows from the classification of Table 1.1 that
G /H is always a classical symmetric space, except in cases (Vul) and (ix), where
G/H = SO(7 )/Go(—1a), and in cases (xi) and (xiii), where G/H = SO(8)/Spin(7).
Similarly, F' = K/H is always a classical symmetric space or a singleton, except in
case (v)’, where

= ((Sp(n) x Sp(1)) - U(1))/(Sp(n) - Diag(U(1))) =~ (Sp(1) x U(1))/Diag(U(1)),

in case (viii), where F' = (SO(4) x SO(2))/ts(U(2)) (see Section 6.8 for the definition
of ts), and in the example of Section 7, where F' = Spin(7)/Gy—14y. Thus, by
Fact 2.4, we only need to prove that d¢ : Z(gc) — Dg(X) is surjective in the
following four cases:

1. X =G/H =S0(7)/Go-11;
2. X =G/H =S0(8)/Spin(7);
3. X =G/H = (Sp(1) x U(1))/Diag(U(1));
4. X =G/H = (50(4) x 50(2))/:5(U(2)).
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For (1) we see from Lemma 4.12 and Lemma 6.11.3.(3) below that Dg(X) is gen-
erated by the Casimir operator. For (2) we reduce to the classical symmetric space
SO(8)/SO(7) by taking a double covering and using the triality of Dy (see Sec-
tion 6.7). For (3) we note that Dg(X) is generated by the Casimir operators of Sp(1)
and the Euler operator of U(1). For (4) we see from Lemmas 4.12 and 6.8.3.(5) below
that Dg(X) is generated by the Casimir operator of SO(4) and the Euler operator
of SO(2).

Suppose (G, H, @) is the triple (1.5). Then X = G/H is a direct product of two
copies of Spin(8)/Spin(7), and F' = K/H = Spin(7)/Gy(-14), hence both d¢ and
dr, are surjective. [ ]

3. Analysis on fiber bundles and branching laws

In this section, we collect some useful results on finite-dimensional representations
of compact groups. A similar approach will be used in [12] to deal with infinite-
dimensional representations of noncompact groups; this is why we use the terminol-
ogy of discrete series representations here.

3.1. Discrete series representations

Let G be a unimodular Lie group and H a closed unimodular subgroup. The
homogeneous space G/H carries a G-invariant Radon measure. Recall that an
irreducible unitary representation 7w of G is called a discrete series representation
for X = G/H if there exists a nonzero continuous G-intertwining operator from 7
to the regular representation of G' on L?*(X) or, equivalently, if 7 can be realized
as a closed G-invariant subspace of L*(X). Let G be the unitary dual of G, i.e.
the set of equivalence classes of irreducible unitary representations of G. We shall
denote by Disc(G/H) the subset of G consisting of unitary equivalence classes of
discrete series representations for G/H.

We now assume that G is compact. Then any 7 € G is finite-dimensional. By
the Frobenius reciprocity theorem, Disc(G/H) is the set of equivalence classes of
irreducible finite-dimensional representations 7w of G with nonzero H -fixed vectors.
Furthermore,

dim Homeg (7, L*(X)) = [r|g : 1] := dim V7,

where V! is the subspace of H-invariant vectors in the representation space V;
of m. Here is a version of Fact 2.2 for compact G.

Fact 3.1. Let G be a connected compact Lie group. Then the following conditions
on (G, H) are equivalent:

(i) Xc¢ = G¢/Hc is Ge-spherical;

(ii) the C-algebra D¢ (X) is commutative;

(iii) the discrete series for GG/H have uniformly bounded multiplicities;
(

iv) G/H is multiplicity-free (i.e. all discrete series for G/H have multiplicity 1).
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For (i) < (iv), see [32]; for (iii) < (iv), see [24].
When X = G/H is a reductive symmetric space, the set Disc(G/H) is described by

the Cartan-Helgason theorem (Fact 2.5.(2)). For nonsymmetric spherical X = G/H
with G simple, the set Disc(G/H) was determined by Kramer [25]. We shall consider

nonsymmetric spherical X = G/H with an overgroup G as in Table 1.1 (where G
is not necessarily simple); in this case, the description of Disc(G/H) is enriched in
Section 6 by a description of the branching laws of representations for the restriction
GlG.

3.2. A decomposition of L?(X) using discrete series for a fiber

Let G be a_compact connected Lie group and H,G two connected subgroups of G
such that G = HG. Let H := H NG and let K be a connected subgroup of GG
containing H (see Proposition 5.5 for later applications). The space X := G/H
fibers over Y := G/K with fiber F':= K/H. For any finite-dimensional (complex)
irreducible representation (7,V;) of K, we set

W=V, @ (V)" 2V, @ C",

where (7Y,V.Y) is the contragredient representation and ¢, := [r|g : 1] € N; by
definition, ¢, # 0 if and only if 7 € Disc(K/H). The matrix coefficient

W,ou®v — (7(:) ', 0') = (u, 7V (- )) € C°(K) (3.1)

induces an injective K-homomorphism W, — C*(K/H), yielding the isotypic
decomposition
®
L(K/H)~ > W,

T€Disc(K/H)
of the regular representation of K on L*(K/H). (Here >.% denotes the Hilbert

completion of the algebraic direct sum.) For any 7, let L?(Y,W,) be the Hilbert
space of square-integrable sections of the Hermitian vector bundle

WTI:GXKWT — Y.

The group G naturally acts on L*(Y,W,) as a unitary representation, the reqular
representation. The Hilbert space L*(Y,W;) identifies with the space of square-
integrable, K-equivariant maps G — W,. (Here the action of K on G is by
right translation.) The K-homomorphism W, < C*(K/H) induces a (G x K)-
homomorphism C*(G,W,) — C*(G,C>*(K/H)), where G x K acts on the domain
C>®(G,W;) via id x diag : G x K — G x G x K. Taking K-invariant elements
yields a G-homomorphism

i, C¥(Y, W) C*(X)
2 2
Co(G, WK — C®(G, C®(K/H))X.

Since the map C*(G,W,) — C>®(G,C>*(K/H)) is a (K x H)-homomorphism,
it commutes with the infinitesimal action of U(gc) ® U(fc), hence in particular
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of Z(gc) ® Z(tc). This action preserves K-invariant elements. Thus for any
Q' € Z(kc), any R € Z(gc), and any ¢ € LAY, W,) N C=(Y, W),

dr(Q") (i-(¢)) =1i(d7(Q) ) and dl(R)(i-(¢)) = i, (AU(R) ).

Here v : U(tc) — U(fc) denotes the anti-automorphism of the enveloping algebra
induced by €c — €c, z — —z. The restriction to Z(¥¢) is actually an automorphism
because Z(fc) is commutative.

Y

With appropriate normalizations of the G-invariant measures on Y = G/K and
X = G/H, this defines an isometric embedding

i, L2(Y,W,) — L*(X) (3.2)
of Hilbert spaces. The embeddings i, induce a unitary operator
& ~
i ) LYW S LX) (3.3)
T€Disc(K/H)

3.3. Application of the Borel-Weil theorem to branching laws

In this section we give an upper estimate for possible irreducible summands in
branching laws by using a geometric realization of representations via the Borel-
WEeil theorem and the analysis of the conormal bundle for orbits of the subgroup.
The results here will be used in the proofs of Lemmas 6.6.3 and 7.7.

Let G be a connected compact Lie group with Lie algebra g. There exists a unique
complex reductive Lie group G¢ with Lie algebra ge := g ®r C such that G is a
maximal compact subgroup of G¢.

Given an element A € /—1g, we define the subalgebras nc = nc(4), Ic = Ic(4),
and ng = ng(A) as the sum of the eigenspaces of ad(A) with positive, zero, and
negative eigenvalues, respectively. We say that A is the characteristic element of the
parabolic subalgebra p¢ := [c +n¢. The opposite parabolic subalgebra is denoted by
pc =l +ng. We write Pc = L¢Ne and P = LcNg for the parabolic subgroups
of G¢ with Lie algebras pc and pg, respectively.

We take a Cartan subalgebra jc of gc, and fix a positive system A*(gc,jc). The
parabolic subagebra pc is called standard if the characteristic element A € j¢ is
dominant with respect to A*(gc,jc)-

For a holomorphic finite-dimensional representation (o,V’) of Pz, we form a G-
equivariant holomorphic vector bundle

V:IGCxPC—V

over the (partial) flag variety G¢/Pg . We shall write £ for V if (0,V) is a one-
dimensional representation whose differential restricted to jc is given by A € j¢.
There is a natural representation of G¢ on the space O(G¢/Pg,V) of holomorphic
sections of the bundle ¥V — G¢ /Py , which is irreducible or zero whenever (o,V) is
irreducible as a Py -module. More precisely, if (o, V') is an irreducible representation
of L¢ with highest weight u € jf for A*(I¢,jic) :== A(lc,jc) NAT(ge, jc) extended to
Pc = Le N with trivial N -action, then the Borel-Weil theorem gives the following
isomorphism of G¢-modules:

Rep(Ge, ) if pis A*(gc,jc)-dominant,

P V) ~
O(Ge/F¢, V) {{0} otherwise.
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We now apply this geometric realization of finite-dimensional representations to
obtain an upper bound for possible irreducible representations that may occur in the
restriction of representations. From now, we consider a pair of complex reductive
Lie groups G¢ C G¢. We use a parabolic subgroup of G¢ that has the following
compatibility property with G¢.

Definition 3.2 ([21, Def.3.7]).  Let gc C gc be a pair of reductive Lie algebras.
A parabolic subalgebra pc of gc is gc-compatible if pe is given by a characteristic
element A in gc¢.

We shall also say that a parabolic subgroup ]3@ of é(c is G'c-compatible if its Lie
algebra pc is ge-compatible, where G¢ is a reductive subgroup of G¢ with Lie
algebra gc. If pc = I¢ + n¢ is the Levi decomposition given by a characteristic
element A in gc, then pc := pc N ge is a parabolic subalgebra of ge with Levi
decomposition

pc = lc +nc:= (Tc Ngc) + (e Nge).

Since the holomorphic cotangent bundle of the flag variety Ge / ﬁ(E is given as the
homogeneous vector bundle G¢ x B ne — G¢/Pg , the holomorphic conormal bundle

for the submanifold G¢/Pz — Ge / EE is given by

T:. /P_(GC/P ) = Ker(T*(Ge/Fp)| o = T(Ge/Fy))
~ G Xp- (ng/ng)-

Since a holomorphic section is determined by its restriction to a submanifold with all
normal derivatives, we obtain the following upper estimate for possible irreducible
representations of the subgroup G¢ occurring in the branching law of the restriction
of representations.

Proposition 3.3.  Let GC D Gc be a pair of connected complex reductive Lie
groups, and let PC be a Gc-compatible parabolic subgroup of Gc. For any GC—
equivariant holomorphic vector bundle V over GC/P(C , we have an injective G-
homomorphism

O(Ge/Fe V)|q. — P O(GC/P&WGC/RE ®S£(f{(g/n(g)>,

=0

where S'(ng /ng) ~ Ge X p- St(ng /ng) is the (-th symmetric tensor bundle of the
holomorphic conormal bundle.

Applying Proposition 3.3 to the pair G¢ C G¢ X G¢, we obtain the following upper
estimate for possible irreducible representations occurring in the tensor product
representations.

Proposition 3.4.  Let Pc and Q¢ be standard parabolic subgroups of a connected
complex reductive Lie group Gc. Suppose that \,v € ji are dominant with respect
to AT(gc,jc) and that they lift to one-dimensional holomorphic characters of the
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opposite parabolic subgroups Pz and Q¢ , respectively. Then we have an injective
Gc -homomorphism

+oo
O(Ge/ Pz £) ® O(Ge/Qz. £4) © @ O(Ge/(PE NQE). £y S'(ng ) )

=0

where ne and ugs are the nilpotent radicals of the parabolic subalgebras pe and qc,
respectively, and S‘(ng Nug) is the Ge-equivariant holomorphic vector bundle
Ge X p-no; Sf(nz Nug) over the flag variety Ge/(Pe NQg).

4. General strategy for the proofs of Theorems 1.3 and 1.5

In this section we give a method for finding explicit relations among three subalgebras
of Dg(X). The basic tools are finite-dimensional representations and their branching
laws, looking at the function space L*(X) in two different ways. The key point, under
the assumption that X¢ is Ge-spherical, is the existence of a map ¢ +— (7(¥), 7(9))
relating discrete series representations for G/H, G/H , and K/H via branching laws,
see Proposition 4.1 below. We summarize the precise steps of the proof of Theorems
1.3 and 1.5 in Section 4.5, and that of Theorem 4.9 (hence of Theorem 1.11) in
Section 4.6. The explicit computations will be carried out case by case in Section 6
for G simple, and in Section 7 in case (1.5) where G is not simple.

4.1. A double decomposition for L?(X)

We use branching laws for the restriction G I G to derive explicit relations among
the generators of D5(X), t(Dg(F)), and dé(Z(gc)). Let us explain this idea in
more detail.

We decompose the regular representation on L?*(X) into irreducible G-modules in
two different ways. The first way is to begin by decomposing the regular representa-
tion L2(X) ~ L*(G/H) into irreducible G-modules, then use branching laws G | G
as in [16, 17]:

LA(X) ~ Z® [Tl 1] m o~ Z@ (@[ﬂg:ﬂ [7T|G:19]19), (4.1)

reDisc(G/H) r€eDisc(G/H) \ 9eCG

where [r]¢ : 9] := dimHomg(9,7|¢) > 0 is the dimension of the space of G-
intertwining operators from ¢ to the restriction of 7 to GG. The second way is to
expand functions on X along the fiber, and decompose L*(X) = L*(G/H) using the
unitary operator (3.3), and then to further decompose each summand into irreducible
G-modules:

Px) =~ Y ryow) = 3 (Z@ 7l 2 1) [0k 7] 19), (4.2)

T€Disc(K/H) T€Disc(K/H) \ 9@

where [¥|x: 7] = dim Homg (7, 9|k ) € N.

We compute the action of d¢(Z(gc)) and d¢(Z(gc)) on each summand 9 of (4.1),
and the action of dr(Z(€c)) and d¢(Z(gc)) on each summand 9 of (4.2). These
actions can be compared explicitly (see Proposition 4.6 below) if each ¥ appears
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only once in L?*(X), which is the case if X¢ = Gg/H@ is Gc-spherical (Fact 3.1).
Using this method and applying Lemma 2.3 to G and K, we find explicit linear

relations among the generators of Dg(X), dr(Z(¥c)), and d¢(Z(gc)), in particular
among the Casimir operators d¢(Cy), dr(Ck), and d¢(Cg).

4.2. Sphericity and strong multiplicity-freeness
We now give a method to find relations among generators of the three algebras
dl(Z(gc)), dr(Z(tc)), and d¢(Z(gc)), using finite-dimensional representations.

A key tool is the following canonical map.

Proposition 4.1. In the setting 1.1, let K be any connected subgroup of G
containing H. If X¢ = Ge¢/Hc is Ge-spherical, then there exists a map

Disc(G/H) — Disc(G/H) x Disc(K/H) (4.3)
v — (m (), (1))
such that [1(9)|g : 9] = [I|k : 7(F)] =1 for all ¥ € Disc(G/H).

We note that in our setting, Disc(G/H), Disc(G/H), and Disc(K/H) are free
abelian semigroups, and their numbers of generators satisfy, by Corollary 1.6,

rank G/H = rank G/H + rank G/ H.

Proposition 4.1 is an immediate consequence of points (3) and (6) of the following
lemma, which summarizes some consequences of the Gc-sphericity of X¢ in the
presence of an overgroup Gc.

Lemma 4.2.  In the setting of Proposition 4.1,

(1) Xc is Ge-spherical;

(2) for any w € Disc(G/H), the restriction w|¢ is multiplicity-free (i.e. [v|q : 9] = 1
for all ¥ € G);

(3) for any ¥ € Disc(G/H) there is a unique element w(9) € Disc(G/H) such that
[r(@)]e : 9] = 1;

(4) Fc = Kc/Hc is Kc-spherical;

(5) Wk:7] <1 forall ¥ e G and 7 € Disc(K/H);

(6) for any ¥ € Disc(G/H) there is a unique element 7(9) € Disc(K/H) such that
[k 7()] = 1.

Proof of Lemma 4.2.  Decompose L?(X) into irreducible G-modules as in (4.1)
and (4.2). Since X¢ is G¢-spherical, Fact 3.1 implies that these decompositions are

multiplicity-free. In particular, x|z : 1] = 1 for all 7 € Disc(G/H) and [r]y : 1] = 1
for all 7 € Disc(K/H), and so (1) and (4) hold by Fact 3.1. Moreover, for any ¥ € G,
by considering the multiplicities of ¥ in the regular representation on L*(X) in (4.1)

and (4.2), we see that
Yo mlevl= Y Wkt <L

w€eDisc(G/H) T€Disc(K/H)
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and the inequality is an equality if and only if ¥ € Disc(G/H). This implies (2), (3),
(5), and (6). ]

Remark 4.3. Lemma 4.2 implies that if X¢ = G¢/Hc¢ is Gc-spherical, then the
double summation (4.1) may be thought of as a strong multiplicity-free branching
law, in the sense that the restriction 7| is multiplicity-free and that the irreducible

summands make up a disjoint union as m ranges over Disc(G/H). A similar inter-
pretation holds for (4.2).

Via the multiplicity-free decomposition

LA(X) ~ Yy (4.4)

¥€Disc(G/H)

given by Lemma 4.2, we can diagonalize any G-endomorphism of L?(X) by Schur’s
lemma. This idea may also be applied to G-invariant differential operators on X,
and the map ¥ — (w(¥), 7(¥)) of Proposition 4.1 may then be interpreted in terms
of spectral data, which provide useful information in analyzing the three subalgebras
Dg(X), dr(Z(€c)), and dl(Z(gc)) of Dg(X). To be more precise, we recall that
the center Z(gc) acts on the representation space of any 9 € G as scalars by Schur’s
lemma, yielding a C-algebra homomorphism

\1119 : Z(g(;) — C

(Z(gc) -infinitesimal character). Similarly, to any = € G corresponds a Z(gc)-
infinitesimal character ¥, : Z(gc) — C, and to any 7 € KaZz (£c)-infinitesimal
character ¥, : Z(¢c) — C. We denote by ¥ : U(tc) — U(fc) the antiautomorphism
of the enveloping algebra induced by ¢c — €c, Z — —Z. Its restriction to the center
Z(tc) of U(tc) is an automorphism since Z(f¢) is commutative. We have

Wy (Q,) = \IJT(QN)
for all Q" € Z(tc), where 7 is the contragredient representation of 7.

Using the canonical map ¥ +— (7()),7(¢¥)) of Proposition 4.1, we can reduce the
question of finding explicit relations among G-invariant differential operators on X
to the simpler question of finding identities among polynomials via the evaluation at
v € Disc(G/H), by the following proposition.

Proposition 4.4.  Let G be a connected compact Lie group and X = G/H where

is H a closed subgroup of G, such that X¢ = G¢/Hc is Ge-spherical.

(1) There is a map : Disc(G/H) x Dg(X) — C  such that any D € Dg(X) acts
on the G -isotypic subspace Uy of 9 in C°(X) by the scalar (9, D). Moreover,
¥ induces an injective algebra homomorphism

¥ : Dg(X) — Map(Disc(G/H),C). (4.5)

(2) Suppose that X ~ é/ﬁ[ for some connected compact overgroup G of G. Let K
be a connected subgroup of G containing H. Then
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(0, d(P")) = W) (P') for all P' € Z(gc),
Y, dr(Q)) = U, (Q") for all Q' € Z(¢c),
(9, d¢(R)) = Uy(R) for all R € Z(gc).

Proof. (1) All differential operators D € Dg(X) preserve each G-isotypic sub-
space Uy. Since X¢ is Ge-spherical, Uy is an irreducible G-module. By Schur’s
lemma, D acts on Uy by a scalar, which we denote by ¥ (D,d) € C. This gives
the desired map . Since the action of Dg(X) on C*°(X) is faithful, and since

Docvisc(c/m Us is dense in C*°(X), the induced map ¢ is injective.

(2) For any R € Z(gc) the operator d¢(R) € Dg(X) acts on Uy by the scalar Wy(R).
By definition (4.3) of m(¢9), the G-module Uy occurs in the G-irreducible module
7(¢), and so for any P’ € Z(gc) the operator d¢(P’) € Dg(X) acts on Uy by the
scalar W () (P'). By definition (4.3) of 7(¢), we have Uy C i) (C(Y, Wr))),
and so for any Q' € Z(£c) the operator dr(Q’) € Dg(X) acts on ¥ by the scalar
Trov(Q) = o) (Q). n

Remark 4.5. In the setting of Theorems 1.3 and 1.5, by a natural parametri-
zation of Disc(G/H) by a certain semilattice in a*, we may regard (4.5) as an
algebra homomorphism from D¢ (X) into the algebra of polynomials on af. See
Lemma 7.8 below for an example.

The next proposition follows immediately from Proposition 4.4.

Proposition 4.6.  Suppose Xc = Gc/Hc is Ge-spherical. If P € Z(gc),
Q' € Z(tc), and R € Z(gc) satisfy

Vo) (P) + Wr) (@) + Wy (R) = 0 (4.6)
for all ¥ € Disc(G/H), then d¢(P') +dr(Q") +dl(R) =0 in De(X).

In most cases of Table 1.1, we will be in the following situation: X¢ = G¢/Hc is
Gc-spherical and both G/H and K/H are symmetric spaces. Then we can refor-
mulate Proposition 4.6 in terms of D5(X) and Dy (F') instead of Z(gc) and Z(tc),

as follows. Let a (resp. ar) be a Cartan subspace for the symmetric space G / H
(resp. K/H) (see Section 2.4). By the Cartan-Helgason theorem (Fact 2.5), for any
¥ € Disc(G/H) there exist A(¢) € ag and u(¥) € (a}:)c such that 7(¢) =Rep(G, A(9))

and 7(9)=Rep(K, u(¥)). By Lemma 2.3, for any P'€ Z(gc) and Q' € Z(€c) we have

Vo) (P') = Xaw)sp, © A(P') and  Wryv(Q') = Xi(ﬁ)eraF odr(Q'). (4.7)

In Section 6, we extend the formula (4.7) to the cases where G / H is nonsymmetric,
see (6.7.2) and (6.8.3). Thus Proposition 4.6 yields the following.

Proposition 4.7.  Suppose that X¢ = G¢/Hc is Ge-spherical and that K/H is
a symmetric space. If P € Dx(X), Q € Dg(F), and R € Z(gc) satisfy

Xy sps(P) + Xﬁ(ﬂ)—i—qu (Q) +Vy(R) =0
for all ¥ € Disc(G/H), then P+ 1(Q) + d{(R) =0 in De(X).
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4.3. The transfer map v(-,7)
Let 7 € Disc(K/H). Recall from Section 1.3 that the transfer maps

{ v(-,7) : Homc ag(Dg(X), C) — Home g (Z(gc), C),
A(-,7) : Home ag(Z(gc) /Ker(d(™), C) — Home.as(D5(X), C)

of (1.11) are induced from a bijection
¢y Homg as(Da(X), C) — Homewg (Z(gc)/Ker(gz, 0 df),C), (4.8)

where Z, is the annihilator of 7V in Z(£¢); see the commutative diagram in Section
1.3.2. Such a bijection o7 exists in the setting 1.1 when G is simple by Proposi-
tion 1.10, and also in case (1.5) where G is a direct product of simple Lie groups by
Proposition 7.10.

Theorem 1.5.(1)—(2) for G simple and Proposition 7.4 for G a product imply that
the transfer maps v(-,7) and A(-, 7) are inverse to each other, in the following sense.

Proposition 4.8.  In the setting 1.1, suppose that G is simple or that (é, I:j, G)
is the triple (1.5). Let K be a maximal connected proper subgroup of G contain-

ing H if b is not a maximal proper subalgebra of g, and K = H otherwise. Let
7 € Disc(K/H).

(1) If A € Spec(X), (see (1.12)), then 3 (\) vanishes on Ker(d(T).
(2) We have v(A(v,7)) = v for all v € Homg ae(Z(gc)/Ker(dl™),C) and
A (N 1)) =X for all X € Spec(X),.

Proof. (1) Let A € Spec(X),. Consider a nonzero F € C*(X;M,),, and
write F = i,(f) where f € C*(Y,W,). By Theorem 1.3.(1) for G simple and
Proposition 7.4 for the triple (1.5), for any R € Z(gc) there exist P; € Dg(X) and
Q; € Z(tc), 1 < j <m, such that

AU(R) = > dr(@) B

in Dg(X). By definition (1.10) of ¢z, , we have @7 (\)(R) = 35, WK (Q;) A(F)),
because

ir(AC(R)f) = dC(R)F = 3 W (Q) A(P) F = ¢ (\(R) F.

Therefore, if d¢7(R) = 0, then ¢7 (A)(R) = 0 because F' is nonzero.

(2) This follows readily from (1) and from the definition of v(-,7) and A(-,7) in
Section 1.3.2. [

In the rest of this section, we give a description of the map (4.8) that relates joint
eigenvalues for Dg(X) and for Z(gc), by introducing an affine map S: : ag — j; in
this way, we give a more precise version of Theorem 1.11. This description is given
via the Harish-Chandra isomorphism, which we recall now.
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For a symmetric space X = G / H ., the Harish-Chandra isomorphism ¥ of (2.4) gives
an identification -
U™ ag /W — Home a1 (Dg(X), C), (4.9)

where W is the Weyl group of the restricted root system X (gc,ac). There are a
few cases where X¢ = Ge / Hc is a nonsymmetric spherical homogeneous space such
as X¢c = SO(7,C)/G5(C), and in Section 6 we give an explicit normalization of the
identification (4.9) in each case of Table 1.1, see (6.7.2) and (6.8.2) below.

The Harish-Chandra isomorphism & of (2.9) for the group manifold G¢ gives an
identification

®*: jz/W(gc) — Homc.ag(Z(gc), C),
where jc is a Cartan subalgebra of gc and W (gc) the Weyl group of the root system
A(ge,ic)-
Let d?: Z(gc) — Dg(X) be the natural C-algebra homomorphism (see (1.2)). Recall
from Section 1.3 that d¢™ : Z(gc) — Dg(Y,W;) is a C-algebra homomorphism

into the ring of matrix-valued G-invariant differential operators on C*°(Y, W, ), for
7 € Disc(K/H).

Theorem 4.9.  In the setting 1.1, suppose that either G is simple, or G='Gx'G
and H = Hy x Hy and G = Diag(‘\G) ={(g,9) : g € ‘G} for some simple Lie group
‘G and some subgroups Hy and Hy. Let K be a maximal connected proper subgroup
of G containing H if b is not a maximal proper subalgebra of g, and K = H
otherwise. We set Y := G/K, and let T € Disc(K/H). Then

(1) the ring Dg(X) preserves the subspace i,(C*(Y,W;)) of C=(X);

(2) for f e C®(Y,W,), the function i.(f) € C*(X) is a joint eigenfunction for
D&(X) if and only if f is a joint eigenfunction for Z(gc) via de7;

(3) the joint eigenvalues for Da(X) and Z(gc) on i-(C*(Y,W:)) in (2) are related
via the transfer map

v(-,7) : Home g (Dg(X), C) — Home ag(Z(gc), C)

in the sense that for any A € Homc_.s(D5(X),C), the following two conditions
on f € C®(Y,W;) are equivalent:

d"(R)f =v(A7)(R) f VR € Z(gc),
DA f) =AND)i.f VD € Ds(X);
(4) there exists an affine map S, : a& — it such that the following diagram
commutes.
~, S, .
ac Jc (4.10)
az/W j&/W (gc)

‘ll*l P

Home_a15(D5(X), C) v Homc a4 (Z(gc), C)
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We give a proof of Theorem 4.9.(1)—(3) in Section 4.6, postponing the proof of Propo-
sition 1.10 and its counterpart (Proposition 7.10) for the product case (G, H,G) =
(‘GX'G, Hy x Hy,Diag('G)) until Sections 6 and 7. We note that by the classification
of Proposition 7.2 below, the product case essentially reduces to the triple (1.5).
An explicit formula for the affine map S, is given in Section 6 for simple G in each
case, and in Section 7 for case (1.5).

Statement (3) provides useful information on possible Z(gc)-infinitesimal characters
for irreducible G-modules in C*°(Y, W, ), by means of the affine map S, .

Remark 4.10.  Theorem 4.9.(1) is not true if we do not assume X¢ = G¢/Hc to
be Ge-spherical. For instance, it is not true for

X =G/H = (S0(2n — 1) x U(n))/Diag(U(n — 1))

and G = SO(2n) x SO(2n), where X¢ is Ge-spherical but not Ge-spherical: see
[12, Ex. 8.8].

Remark 4.11.  The standard homomorphism 7" : a&/W — j& /W (gc) of (2.11) is
induced by the inclusion ac C jc and the “ p-shift”. In contrast, the map S, : af. — j&
of Theorem 4.9.(4) is defined even though there is a priori no inclusion relation
between ac (which is contained in gc) and jc (which is contained in gc).

4.4. Graded algebras gr(Dg(X))

In order to prove that two of the three algebras d¢(Z(gc)), dr(Z(tc)), d¢(Z(gc))
above generate the C-algebra Dg(X) as in Theorems 1.3 and 1.5, we use the filtered
algebra structure of Dg(X). In this section, we give preliminary results on the
graded algebra gr(De (X)) which will be used in Sections 6 and 7.

The C-algebra Dg(X) has a natural filtration {Dg(X)n}nen by the order of differ-
ential operators, with D¢ (X)yDe(X)n C De(X)m4n forall M, N € N. Therefore,

the graded module
= EB gry(Da(X

NeN

where gry (D (X)) := Do(X)n/Da(X)ni1, becomes a C-algebra, which is isomor-
phic, as graded C-algebras, to the subalgebra S(gc/be)” = @ yen S™ (gc/be)? of
the symmetric algebra S(gc/hc). We relate the two algebras Dg(X) and S(ge/be)?
using the following lemma.

Lemma 4.12.  For any m = (my,...,m;) € N¥ and N € N, let

Um(N)::#{(al,..., ) e NF Zaml— }

(1) The sequence (v, (N))nen determines k and m up to permutation.

(2)  Suppose S(gc/bc)? is a polynomial ring generated by algebraically indepen-
dent homogeneous elements Py, ..., Py of respective degrees my,...,my. Then

V(N) = dim SY (gc/be)? for all N € N.
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(3) Suppose X¢ = G¢/Hc is Gec-spherical, and let Py, ..., P, be as in (2). For
1 <j<k,let Dj € Dg(X)m, be the preimage of P; € S™ (gc/bc)” . Then
Dy, ..., Dy are algebraically independent, and Dg(X) is the polynomial ring
generated by them.

Proof.  Statements (1) and (2) are obvious. For (3), let R be the C-subalgebra
of Dg(X) generated by Dy,...,Dy. Since Py,..., P, are algebraically independent
in gr(Dg(X)) ~ S(gc/be)?, so are Dy,..., Dy in Dg(X). Furthermore,

dim (De(X)y NR) =Y dim $(ge/be)” = dimgr;(De(X)) = dimDg(X)y

for any N, hence R = Dg(X). ]

4.5. Strategy for the proofs of Theorems 1.3 and 1.5
We now explain how this machinery is used to find generators and relations for
D¢ (X) in Section 6. There are four steps.

The first step is to describe the map
Disc(G/H) — Disc(G/H) x Disc(K/H), 9 — (x(9),7(¥))

of Proposition 4.1, which exists by Gc-sphericity of Xc. We note that an explicit
description of the sets Disc(G/H), Disc(G/H), and Disc(K/H) was previously
known in most cases, and is easily obtained in the remaining cases. In fact, both G / H
and K/H are symmetric spaces in most cases, hence Disc(G/H) and Disc(K/H)
are described by the Cartan-Helgason theorem (Fact 2.5). On the other hand, G/H
is never symmetric, but Disc(G/H) for G¢-spherical G¢/He was classified in [2, 25]
under the assumption that G is simple. There are a few remaining cases where G/H
or K/H is nonsymmetric and G or K is not simple. All of them are homogeneous
spaces of classical groups of low dimension, and the classification of Disc(G/H) or
Disc(K/H) can then be carried out easily. To find an explicit formula for the map
9 s 7(9) or 7(¥9), we use the branching laws for the restriction G | G or G | K,
respectively. Some of them are obtained as special cases of the classical branching
laws, whereas Proposition 3.3 and an a priori knowledge of Disc(G/H) or Disc(K/H)
help us find the branching laws when the subgroups are embedded in a nontrivial
way (e.g. for SO(16) | Spin(7)).

The second step consists in taking generators Py, Qy, Ry for the three algebras
Dg(X), Dg(F), and Z(gc), respectively. In most cases, G/H and K/H are
symmetric spaces, hence we can use the Harish-Chandra isomorphism (see (2.8)
and (2.9)). The choices of Py, Qk, Rx are not unique; we make them carefully so
that Py, Qk, R have linear relations in the next step.

The third step consists in finding explicit linear relations among the differential
operators Py, t(Qr),dl(Ry) € De(X). For this we use the map ¥ — (7(9),7(9)) of
Proposition 4.1 and compute the scalars by which these operators act on 7(¢), 7(¢),
and 1, respectively. For appropriate choices of P, Qp, Ry, we find linear relations
among these scalars which hold for all ©¥. We then conclude using Proposition 4.7.

The last step is to prove that any two of the three subalgebras Ds(X), «(Dg(F)),
and d/(Z(gc)) generate D (X) (with one exception in case (ix) of Table 1.1). For
this, we exhibit algebraically independent subsets of the P, and ¢(Qy), of the ¢(Qy)
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and dl(Ry), and of the P, and d/¢(Ry), that generate Dg(X). The proof is reduced
to some estimates in the graded algebra S(gc/bc)? by Lemma 4.12.

These four steps complete the proof of Theorems 1.3 and 1.5, with explicit linear
relations (1.6).

4.6. Strategy for the proof of Theorem 4.9 (hence of Theorem 1.11)

Postponing the proof of Proposition 1.10 (consequence of Theorem 1.3) until Sec-
tion 6, and the proof of its counterpart for the product case (Proposition 7.10) until
Section 7, we now give a proof of Theorem 4.9.(1)—(3).

Proof of Theorem 4.9.(1)—(3). For 7 € Disc(K/H), let Z, be the annihilator of
the irreducible contragredient representation 7V in Z(tc), and

gz, : Da(X) = Da(X)z, := Da(X)/(Z7)

the quotient map (1.9) as in Sections 1.3 and 4.3. By Proposition 1.10 for G simple
and Proposition 7.10 for the product case (see Proposition 7.2), the map ¢z, induces
an algebra isomorphism

qz, © ds - Z(g(c) — Dg(X)IT = Dg<X)/IT,
which itself induces a bijection
¢+ Home ag(Ds(X), C) — Home g (Z(gc) /Ker(gz, o df),C).

(1) By Schur’s lemma, the algebra Z(fc) acts on i.(C°(Y,W,)) via dr as scalars,
given by the algebra homomorphism Z(¢c) — Z(tc)/Z, ~ C. On the other hand,
dl(Z(gc)) preserves the subspace i.(C*(Y,W;)) of C*°(X) because i, o dl"(R) =
dl(R) o i, for all R € Z(gc). Since gz. o dl : Z(gc) — De(X)z, is surjective, any
element of Dg(X) preserves i, (C*(Y, W;,)).

(2) We again use the fact that the algebra dr(Z(tc)) acts on C*(Y, W;) via dr as
scalars, given by the algebra homomorphism Z(tc) — Z(tc)/Z, ~ C. Since the map
@5 above is surjective, f is a joint eigenfunction for Z(gc) via d¢7 if and only if
i.(f) is a joint eigenfunction for Dg(X), if and only if i.(f) is a joint eigenfunction
for ]D)é (X ) .

(3) This follows from the definition of the transfer map v(-,7) in Section 1.3.2. =

The following proposition reduces the proof of Theorem 4.9.(4) to the question of
finding an explicit formula for the map ¥ — (w(), 7(¢)) of Proposition 4.1.

Proposition 4.13.  In the setting of Proposition 4.1, write

7(9) = Rep(G, A(9)) for A(9) € @,
7(¥) = Rep(K, v(1))) for v(9) €j¢.

Let 7 € Disc(K/H). Suppose there is an affine map S: : af — j& such that
Sy (AV) + ps) =v(9) +p mod W(gc)

for all ¥ € Disc(G/H) with 7(9) = 7. Then the transfer map v(-,T) is given by the
commutative diagram (4.10) for this S, .
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Proof. For every J € Disc(G/H), let Uy be the dJ-isotypic component of the
regular representation of G on C*(Y, W,(y)), and for the irreducible representation

7(¥) of G , let (7#(19) be the m-isotypic component of the regular representation of G
on C*(X). Then i (9)(Uy) C ﬁﬂ(ﬁ), and the algebras Z(gc) and Dg(X) act on
ir9(Uy) and ﬁﬂ(qg) as scalars, given by Xi((ﬁ) +p, and Xf(ﬁ) ., via the Harish-Chandra
homomorphisms (see (4.7) and (2.10)), respectively. Since the algebraic direct sum

B L) (cOoxX)

¥€Disc(G/H)
T(9)=1
of the eigenspaces of the algebras Z(gc) and Dg(X) is dense in i.(C°(Y, W;)), the
transfer map v(-,7) is given by the commutative diagram (4.10) for this S;. [

We prove that we can define an affine map S, : af. — jc as in Proposition 4.13 by
determining, in each case in Sections 6 and 7, an explicit description of the map

U= (m(9), 7(9)).

5. Disconnected isotropy subgroups H

In this section we prove that, in the setting of Theorem 1.5, the algebra D¢(X) and
its subalgebras D5(X), dr(Z(tc)), and d¢(Z(gc)) are completely determined by the
triple of Lie algebras (gc, be, gc)-

For reductive symmetric spaces G/H, it is easy to check that the ring Dg(G/H)
is isomorphic to Dg(G/Hy) where Hy is the identity component of H (see [11,
Rem. 3.1] for instance). However, the homogeneous spaces X = G/H in Table 1.1
or their coverings are never symmetric spaces, and in general, when a subgroup H is
disconnected, it may happen that Dg(G/H) is a proper subalgebra of Dg(G/H,).
In the setting of Theorem 1.5, the group H := HNG is not always connected: its
number of connected components may vary under taking a covering of G. However
we prove the following.

Theorem 5.1. Let G be a connected compact simple Lie group, and ﬁgnd G

two connected subgroups of G such that Ge/Hc is Ge-spherical. Let H = HNG.

(1) The algebra De(G/H) is completely determined by the pair of Lie algebras
(gc, be), and does not vary under coverings of G .

(2) Let € be a mazximal proper subalgebra of g containing Hﬂ g. Then the adjoint
action of H on Z(tc) is trivial, and so the homomorphism dr : Z(tc) —
De(G/H) of (1.3) is well defined.

(3) The subalgebras Dé(é/ﬁ), dr(Z(tc)), and dl(Z(gc)) are completely deter-
mined by the triple of Lie algebras (gc, be, gc)-

We may reformulate Theorem 5.1 in terms of the ring of invariant holomorphic
differential operators (Section 1.4) on the complex manifold X¢ = G¢/Hc, as follows.

Theorem 5.2.  Let CNJC be a connected complex simple Lie group, and ]:l(c and G¢
two connected complex reductive subgroups of G such that Gc/Hc is G -spherical.
Let H(C = H@ N G(C.
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(1) The algebra D¢ (Ge/Hc) is completely determined by the pair of Lie algebras
(gc, be), and does not vary under coverings of Gc.

(2) Let tc be a mazximal proper complex reductive subalgebra of gc containing Ecﬂg@.
Then the homomorphism dr : Z(tc) — Dg.(Ge/Hc) is well defined.

(3) The subalgebras Déc(é@/ﬁ@), dr(Z(¢c)), and d0(Z(gc)) are completely deter-
mined by the triple of Lie algebras (gc, be, gc)-

Theorem 5.2 is derived from Theorem 5.1 in Section 5.1, by using the natural
isomorphism (Lemma 5.4)

D, (Ge/He) = Da(G/H).

In Section 5.2 we reduce the proof of Theorem 5.1 to two inclusions of Lie groups
described in Proposition 5.5. These inclusions are established in Sections 5.3 and
5.5 for most cases, with a separate treatment for coverings of cases (v), (vi), (vii) of
Table 1.1 in Section 5.4.

By Theorem 5.1, it is sufficient to prove Theorems 1.3, 1.5, 1.11, and 4.9 for the
triples (G, H,G) of Table 1.1, and they are then automatically true for all other
triples obtained by a covering of G.

5.1. Invariant differential operators and real forms

We begin with some basic observations on invariant differential operators in the
setting where the groups G and H are not necessarily compact. A holomorphic
continuation argument will be used to apply our main results on compact groups to
the analysis of locally homogeneous spaces of other real forms, see Section 1.4 and
[12]. Recall that a subgroup Gy of a complex Lie group G is said to be a real form
of GGy if the Lie algebra gs of Gs is a real form of the complex Lie algebra g, of Gy,

namely g; = go + v/ —1g2 (direct sum).

Lemma 5.3.  Let G¢ D Hc be a pair of complex Lie groups, and G O H respective
real forms. Suppose H C G N He. Then the natural G -equivariant smooth map

t: X =G/H — Xc = Gc/He
induces an injective C-algebra homomorphism
(" 1 D (X¢) = Da(X).
Proof. The map ¢ is not necessarily injective, but it factors as follows:

X

G/GNHe — Xe.

covering real form

This induces two homomorphisms whose composition is the desired map ¢*:

DGC(X(C) m Dg(G/Gch) > Dg(X)
The second homomorphism is injective because X — G/(G N Hc) is a covering.
The first homomorphism Dg.(Xc) — Dae(G/(G N He)) is also injective because,
locally, we can find coordinates (zi,...,2,) on X¢, with z; = z; + v/—1y;, such
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that the totally real submanifold G/(G N Hc) is given by y; = -+ =y, = 0 and
any differential operator P € D¢ (Xc) is represented as P = ) cqa(2) % with
holomorphic coefficients c¢,(z), and therefore the restriction map P +— > cq(x) %
is injective. [ ]

Lemma 5.3 implies the following.

Lemma 5.4.  In the setting of Lemma 5.3, if H meets every connected component
of He, then (* is a ring isomorphism

D¢.(Ge/He) — D (G/H).

In particular, if Hc is connected, then the ring Dg(G/H) is completely determined
by the pair of complex Lie algebras (gc,be), and does not depend on the real form
H Of H(c.

Proof. To see that the injective algebra homomorphism ¢* from Lemma 5.3 is
surjective, it suffices to show that the induced map on the graded modules

gr(c) + S(ac/be)™ — S(ac/be)”

is surjective, see Section 4.4. If v € S(gc/bc) is H-invariant, then v is invariant
under the infinitesimal action of the Lie algebra b, hence of its complexification hc. If
H meets every connected component of Hc, then any v € S(gc/bc) is He-invariant,
hence gr(t*) is surjective. ]

Proof of Theorem 5.2 assuming Theorem 5.1. Up to replacing f[g by some
conjugate, we may and do assume that there is a Cartan involution ¢ of G¢ which
leaves both Hc and Gg¢ invariant. Since G¢ acts transitively on G¢/Hg, the in-
tersection He = }NI(C N Gc is conjugate to the original one if we take a conjugation
of G¢. Then the subgroups G, H, GG, and H of fixed points by 0 in G¢, Hc, Gc,
and Hc, respectively, are maximal compact subgroups of these complex groups. In
particular, H meets every connected component of He. Now Lemma 5.4 implies
that Theorem 5.2 follows from Theorem 5.1. [ |

5.2. Proof of Theorem 5.1
Theorem 5.1 reduces to the following.

Proposition 5.5.  Let G be a connected compact simple Lie group, and H and G

two connected closed subgroups of G such that Gc/Hc is Ge-spherical. Let H =

HNG.

(1) We have H C Hy Z(G), (5.1)
where Hy is the identity component of H and Z(é) the center of G.

(2) Suppose Hﬂg is not a maximal proper subalgebra of g. Let £ be a maximal proper
subalgebra of g containing H N g, and K the corresponding analytic subgroup

of G. Then B
(H=)HNG CK. (5.2)



696 KASSEL AND KOBAYASHI

Proposition 5.5.(2) implies that the space F' := K/H and the algebra homomorphism
dr: Z(tc) — D(F) in Section 1.1 are well defined, and that dr(Z(fc)) is contained
in the subalgebra Dy (F') of K-invariant differential operators on F'.

Proof of Theorem 5.1. (1) The injective algebra homomorphism Dg(G/H) —
D¢ (G/Hy) induces an injective homomorphism of graded algebras

S(ge/be)” — S(ge/be)™,

which is surjective by (5.1). Thus the homomorphism D¢ (G/H) — Do(G/Hy) is
surjective by Lemma 4.12, hence is an isomorphism.

(2) The fact that the adjoint action of H on Z(fc) is trivial is clear from (5.1). In
particular, Z(¢c) C U(gc)?, hence dr : Z(tc) — Dg(G/H) is well defined by the
restriction of the C-algebra homomorphism (2.2) to Z(f¢).

(3) By (1), the algebra Dg(G/H) is completely determined by the triple of Lie
algebras (gc, be, gc), hence so are the subalgebras dr(Z(tc)) and d¢(Z(gc)). Since
G is connected, ]DDé(CNJ /H) is the subalgebra of Dg(G/H) consisting of g-invariant
elements, and so it is also completely determined by the triple of Lie algebras

(gc, be, gc).- n

5.3. Proof of Proposition 5.5.(2) in most cases of Table 1.1

Here are two basic tools.

Lemma 5.6.  In the setting of Proposition 5.5, if G/H or G/G is simply con-
nected, then H NG is connected. Moreover, H1 N Gy is connected for any triple
(Gl, Hl, G1) of connected Lie groups such that G, is connected and a covering of G
and Hy and G are analytic subgroups of Gy with respective Lie algebras H and g.

Proof. Let H := HNG. For (L, I/) = (H,G) or (G,H), we have an exact
sequence of homotopy groups

m(G/L) — mo(H) — mo(L)

for the fibration H — L' — L'/H ~ G/L. Thus if G/L is simply connected and L’
connected, then H is connected. Since the assumption is not changed under taking
a covering of (G, the last statement also holds. [ |

Lemma 5.7.  In the setting of Proposition 5.5, let Z be a central subgroup of G.

(1) If ZC G orZCH,then (5.2) for G implies (5.2) for G/Z (i.e. w(H)Nw(G)
C w(K) where w: G — G/Z is the quotient map).

(2) If Z C K, then (5.2) for G/Z implies (5.2) for G.

Proof. ()IfZCGorZC j::[ then HZNGZ = (HNG)Z, and so w(H)Nw(G)
=w(H NG). In particular, w(H ) w(G) C w(K) assoonas HNG C K.
(2) If Z C K, then w (@w(K)) = K. In particular,

HNGC o N w(H @(G)) Cw (w(K)) =K

as soon as w(H) Nw(G) C w(K). |
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Proposition 5.8. If (é, f], G) is any triple of connected groups locally isomorphic
to the triples in case (i), (ii), (iii), (iv), (viii), (ix), (x), (xiii), or (xiv) of Table 1.1,
then H NG is connected.

Proof. Let (é , H ,G) be any triple of connected groups locally isomorphic to the
triples in case (i), (iii), or (xiv) of Table 1.1. Then H is the centralizer of a toral
subgroup of G, and so G / Hisa (generalized) flag manifold, hence simply connected.
We conclude using Lemma 5.6.

Similarly, let (CNJ, H ,G) be any triple of connected groups locally isomorphic to the
triples in case (i), (iv), (viii), or (xiii) of Table 1.1. Then G is the centralizer of
a toral subgroup of G, and so G /G is a (generalized) flag manifold, hence simply
connected. We conclude using Lemma 5.6.

For cases (ix) and (x) of Table 1.1, we consider the triple (G, H,G) given in the
table. For this triple the group G = SO(7) is adjoint, hence any other triple of
connected groups locally isomorphic to (é, H ,G) is obtained by a covering of G.
For the triple of the table we note that either G/H (case (ix)) or G/G (case (x)) is
diffeomorphic to S°, which is simply connected. We conclude using Lemma 5.6. =

5.4. Proof of Proposition 5.5.(2) in the remaining cases (v), (vi), (vii) of
Table 1.1
For the proof of Proposition 5.5.(2), we do not need to consider cases (xi) and (xii)

of Table 1.1, because £ = h N g in this case. Therefore, by Proposition 5.8, it is
sufficient to treat the remaining cases (v), (vi), and (vii) of Table 1.1, as follows.

Proposition 5.9. If (é, f], G) is any triple of connected groups locally isomorphic
to the triples in case (v), (vi), or (vii) of Table 1.1, and if K is a mazimal connected
proper subgroup of G such that b :=hNg C &, then the inclusion (5.2) holds.

For this we consider the coverings
Spin(4N) = SO(4N) -+ PSO(4N).

The center {£Iyy} of SO(4N) is isomorphic to Z/27Z, while that of Spin(4N) is
isomorphic to Z/27Z x 7Z/2Z (see [7, Chap. X, Th.3.32]). We write {1,—1, E, —F}
for the center of Spin(4N), where w(£1) = Iy € SO(4N) and w(xFE) = —I4y €
SO(4N). Therefore there are five Lie groups with Lie algebras so(4/N) and they are
related by the following double covering maps.

Spin(4N)
Spin(4N)/{1,—E} SO(4N) Spin(4N)/{1, E}

T~

PSO(4N)
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Let L be a connected Lie subgroup of SO(4N). (In the sequel, we shall take L to
be é, H , G, or K.) We consider connected subgroups with the same Lie algebra
[ in the above five Lie groups. Among them, we denote by L°® := w (L), the
identity component of ™ !(L) in Spin(4N). The following diagram summarizes the
situation.

.
=
@_(L*) L @ (L*) (5.3)
\ » /
p(L)

Each arrow in this diagram is either a double covering or an isomorphism. We now
refine the diagram (5.3) in cases (v), (vi), (vii) of Table 1.1 by writing a double arrow
in the case of a double covering and a single arrow in the case of an isomorphism.
The following three patterns appear, up to switching w, and w_.

Pattern (a) L*® Pattern (b) L*® Pattern (¢) L*®

/N /N / I\
|

w(L°) wi(L?) w (L) L w (L) w (L) L w(L*)

N1/ N1/ N/

p(L) p(L) p(L)

For instance, G = SO(4N) has pattern (c).

We claim the following.

Lemma 5.10. (1) Inside G = SO(4n +4) (case (v) of Table 1.1), either
o H:=SO0(4n+3) has pattern (a);

e G:=Sp(n+1)-Sp(l) and K := Sp(n+ 1) -Sp(1) have pattern (b) up to
switching w, and w_;

or G :=8p(n+1)-Sp(l) has pattern (c).
(2) Inside G =SO(16) (case (vi) of Table 1.1),
o H:=S0(15) has pattern (a);

e (G := Spin(9) and K := Spin(8) have pattern (b) up to switching w,
and w_ .

(3) Inside G = SO(8) (case (vii) of Table 1.1),
o H:= Spin(7) has pattern (b) up to switching wy and w_;
e (G :=50(5) xSO(3) and K :=S0O(4) x SO(3) have pattern (a).
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To check this, we make the following observations.

Lemma 5.11. (1) If —I4n ¢ L and SO(4N)/L is simply connected, then L has
pattern (a).

(2) If —Iuny € L and —1 ¢ L* (e.g. L is simply connected), then L has pattern (b)
up to switching wy and w_.

(3) If —Iuyn € L and —1 € L*, then L has pattern (c).

Proof of Lemma 5.11. (1) If —Iyny ¢ L, then p|p is an isomorphism. If
SO(4N)/L is simply connected, then the map w|;. is a double covering; in par-
ticular, —1 € L*® and so the two unlabeled arrows are double coverings. We deduce
that w_|;. and w, | are isomorphisms, since any of the three maps from L°® to
p(L) is a double covering,.

(2) If —I4x € L, then p|; is a double covering. If —1 ¢ L°®, then w|.e is an
isomorphism. The fact that —I;y € L means that £ € L* or —E € L* (possibly
both). If —1 ¢ L*, only one of F or —F can belong to L®, hence exactly one of the
two unlabeled arrows is a double covering. We conclude for w_|z. and w,|e using
the fact that any of the three maps from L°® to p(L) is a double covering.

(3) If —I4n € L, then p|; is a double covering. If —1 € L*, then w|.. is a double
covering. The fact that —Iyy € L means that F € L* or —F € L* (possibly both).
If —1¢ L*, only one of E or —FE, then both £ and —F belong to L*, hence both
unlabeled arrow are double coverings. We conclude for w_|e and @, |r. using the
fact that any of the three maps from L® to p(L) is covering of degree 4. |

Proof of Lemma 5.10. (a) Since —Iyys ¢ H and G/H ~ S**+3 is simply
connected, we can apply Lemma 5.11.(1) to L = H. Since —Iypq € K C G, we can
apply Lemma 5.11.(2) to L = K and L = G or Lemma 5.11.(3) to G depending on
whether —1 ¢ G* or —1 € G*.

(b) Since —I1g ¢ H and G/H ~ SY is simply connected, we can apply Lemma
5.11.(1) to L = H. Since —I44 € K C G and K and G are simply connected, we
can apply Lemma 5.11.(2) to L =K and L =G.

(c) Since —Ig € H and H is simply connected, we can apply Lemma 5.11.(2)
to L = H. Since SO(8)/SO(3) is simply connected, its quotients SO(8)/K and
SO(8)/G by connected groups are also simply connected. Since —Ig ¢ G, we can
apply Lemma 5.11.(1) to L = K and L =G. [

Proof of Proposition 5.9.  In cases (v), (vi), (vii) of Table 1.1, the patterns for
the groups H , G,and K are given by Lemma 5.10. On the other hand, Lemma 5.6
implies that (5.2) is satisfied for the form of G which is simply connected, and
Lemma 5.7 implies that we can transfer (5.2) successively between locally isomorphic
Lie groups in the diagram:

o property (5.2) is transferred downwards in case of a double covering for H

or é;

 property (5.2) is transferred upwards in case of a double covering for K.
It is then an easy verification to check that in our cases property (5.2) holds for all
five locally isomorphic quadruples (é, H ,G,K). [ ]

Thus the proof of Proposition 5.5.(2) is completed.
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Remark 5.12. We cannot drop the assumption that Eﬂ g is not a maximal proper
subalgebra of g in Proposition 5.5.(2). In fact, as we have already seen, there are
two cases where Hﬂ g is a maximal proper subalgebra of g, namely cases (xi) and
(xii) of Table 1.1. In each case, there are five locally isomorphic triples (é H, G) of
connected groups, and we can show by using a similar argument as above that the
intersection H NG is connected in four cases among the five, but has two connected
components in the remaining case. This shows that (5.1) does not always hold if
we take K to be the analytic subgroup of G with Lie algebra €, a maximal proper
subalgebra of g containing fh N g, when £ coincides with h N g.

5.5. Proof of Proposition 5.5.(1)

We now complete the proof of Proposition 5.5.(1). By Proposition 5.8, we only need
to treat cases (v), (vi), (vii), (xi), and (xii) of Table 1.1. Furthermore, the proof is
reduced to adjoint groups, as in the second statement of the following lemma.

Lemma 5.13.  Let (é, H, G) be a triple of connected groups as in cases (v), (vi),
(vii), (xi), or (xii) of Table 1.1. We note that G = SO(4N) for some N > 1 in all
cases. _ N

(1) Inside G = SO(4N), the group H NG is connected.

(2) Inside Ad(G) = SOMAN)/{xlLin} (= p(G)), the group p(H) N p(G) is also

connected.

Proof of Lemma 5.13. (1) The homogeneous space G / H is simply connected
in cases (v), (vi), and (vii), and G/G is simply connected in cases (vii) and (xi). In
either case, H NG is connected by Lemma 5.6.

(2) By Lemma 5.10, one of H or G has pattern (b) or (c) in case (v), (vi), or (vii),

and so does in case (xi) or (xii) as special cases. Thus —I;y € H NG. Therefore

Plina HNG — p(H)Np(G) is surjective, and so p(H) N p(G) is connected. |

6. Explicit generators and relations when G is simple

In this section we complete the proof of Theorems 1.3 and 1.5, Corollary 1.7, Theo-
rem 1.11, and Theorem 4.9 for simple G'.

By Theorem 5.1 on coverings of é, it suffices to prove these results for the triples
(G,H,G) of Table 1.1. We find, for each such triple, some explicit generators and
relations for the ring Do (X) of G-invariant differential operators on X, in terms
of the three subalgebras Ds(X) = d¢(Z(gc)), dr(Z(tc)), and dl(Z(gc)) of Dg(X),
and determine the affine map S, in Theorems 1.11 and 4.9 which induces the transfer
map

v(-,7) : Home as(Dg(X), C) = Home.ae(Z(gc), C)

of (1.11). The key step in the proof is to find explicitly the map ¢ — (7 (¢), 7(9))
of Proposition 4.1 between discrete series representations, via branching laws of
compact Lie groups.

Notation and conventions. We first specify some conventions that will be used
throughout the section. Any nondegenerate, Ad(G)-invariant bilinear form B on
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the Lie algebra g of a connected reductive Lie group G defines an inner product
(-,+) on the dual of the Cartan subalgebra, and also the Casimir element C € Z(g).
We fix a positive system, and use the notation Rep(G,\) to denote the irreducible
representation of G with highest weight A. If it is one-dimensional, we write C)
for Rep(G,\). The trivial one-dimensional representation is denoted by 1. For
G = Sp(1)(=~ SU(2)), we sometimes write C**1 for Rep(G, \), which is the unique
(A + 1)-dimensional irreducible representation of G'. For representations 7; of G,
(7 = 1,2), the outer tensor product representation of the direct product group
G1 X Gy is denoted by 71 X 75. The Casimir element Cg acts on Rep(G, \) as the
scalar

X+ o> = |p]* = (A, A+ 2p),

where p is half the sum of the positive roots. When G is simple, B is a scalar
multiple of the Killing form. For classical groups G = U(n), SO(n), or Sp(n), we
shall normalize B in such a way that in the standard basis {ej,...,e,} of the dual
of a Cartan subalgebra we have B(e;, e;) = 1. With this normalization, the Casimir
element Cg acts on the natural representation V' of G as the following scalars:

G Vv Eigenvalue of C¢
U(n) cr n
SO(n) cr n—1
Sp(n) c*n 2n + 1

We use similar normalizations for G and for K. By Fact 3.1 and Lemma 4.2.(4),
the multiplicity ¢, = [7|g : 1] is equal to 1 for all 7 € Disc(K/H), and so

WT:GXK(‘/;-(@CeT)ZGXKVT.

Inside the computations, we sometimes use the notation L*(G/K,T) instead of
L*(G/K,W;,) for T € Disc(K/H).

In describing the polynomial ring D(G/H) below, we use the notation Dg(X) =
C[A, B,...] to mean that Dg(X) is generated by elements A, B,... which are
algebraically independent.

6.1. The case (G, H,G) = (SO(2n +2),50(2n + 1), U(n + 1))

Here H = HNG = U(n), and the only maximal connected proper subgroup of G
containing H is K = U(n) x U(1). Note that the fibration

F=K/H~S'— X =§*" 5y =PpC

of (1.13) is the Hopf fibration. Let Ex be a generator of the complexified Lie algebra
C of the second factor u(1) of £ = u(n) @ u(l), such that the eigenvalues of ad(Fr)
in gc are 0,%1.

Proposition 6.1.1 (Generators and relations).  For
X =G/H = S0(2n+2)/SO(2n + 1) ~ U(n+1)/U(n) = G/H

and K =U(n) x U(1), we have
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= C[d(Cp), dr(Ex)] = CldU(Co), dr(Ex)].

We identify

Hom@_alg(Z(gC),(C) ~ ];E/W(g(c) ~ Cn+l/6n+1, (611)
Home(Dg(X),C) ~  @/W =~ C/(Z/22) (6.1.2)

by the standard bases. The set Disc(K/H) consists of the representations of K =
U(n) x U(1) of the form 7 = 1 X C, for a € Z, where C, is the one-dimensional
representation of U(1) given by z — z%. The element Ex acts on C, by v—1a.

Proposition 6.1.2 (Transfer map).  Let
X =G/H =50(2n+2)/SO2n +1) ~ U(n+1)/U(n) = G/H
and K =U(n) x U(1). For 71 =1KXC, € Disc(K/H) with a € Z, the affine map
S,: ar~C — crtt ~jc
A — %(A—i—a,n—Z, n—4,..., —n+ 2, —)\—i—a)
induces a transfer map

I/(~, 7’) : Hom(c_alg(]D)é(X), (C) — Homc_alg(Z(g@), C)

as in Theorem 4.9.

In order to prove Propositions 6.1.1 and 6.1.2, we use the following results on finite-
dimensional representations.

Lemma 6.1.3. (1) Discrete series for G/H, G/H, and F = K/H :
Disc(SO(2n +2)/S0(2n + 1)) = {H/(R***?) . j € N};
Disc(U(n +1)/U(n)) = {HM(C") : k¢ € N};
Disc((U(n) x U(1))/U(n)) = {1XC, : a € Z}.

(2) Branching laws for SO(2n+2) [ U(n+1): For j € N,

evy (R2n+2> @ sz j— k((cn+1)

k=0
(3) Irreducible decomposition of the regular representation of G: For a € Z,

L*(U(n+1)/(U(n) x U(1)),1 K C,) Z SETRET ©).

JEN
j—|al€2N
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(4) The ring S(gc/be)? = S(gl(n + 1,C)/gl(n,C))V™ s generated by two alge-
braically independent homogeneous elements of respective degrees 1 and 2.

Here we denote by H7(R™) the space of spherical harmonics in R™, i.e. of complex-
valued homogeneous polynomials f(z1,...,x,,) of degree j € N such that

m an_
;(% =0.

N

~

For m > 2, the special orthogonal group SO(m) acts irreducibly on H’(R™); the
highest weight is (j,0,...,0) in the standard coordinates.

For k,¢/ € N, we denote by H¥(C™) the space of homogeneous polynomials

f(z1,.- ., 2Zmy 21, - -, Zm) of degree k in zq,..., 2, and degree ¢ in Zi,...,Z,, such
that
=1

For m > 1 or for m = 1 and k¢ = 0, the unitary group U(m) acts irreducibly on
HEA(C™); the highest weight is (k,0,...,0,—¢) in the standard coordinates.

Proof of Lemma 6.1.3. For statements (1)—(3), see e.g. [8, §2.1 & 4.2] in the
context of the see-saw dual pair

0(2n +2) U(1)

>

U(n + 1) 0(1).

Statement (4) follows from [29]; we give a proof for the sake of completeness. Via
the decomposition

gl(n +1,C)/gl(n,C) ~C" & (C")" ® C
of gl(n + 1,C)/gl(n,C) into irreducible GL(n,C)-modules, the symmetric tensor
space decomposes as
S(gln+ 1,0)/gln,©) ~ @) $(C") © S((C)") © S(C).
a,b,ceN

Since the GL(n,C)-modules S*(C"), for a € N, are irreducible and mutually
inequivalent, we have

GL(n,C)
) ® 5(C).

$(gl(n +1,€)/gl(n, )" = @O (5°(C") @ 5°((C")Y)

a,ceN

Therefore,
dim S™ (gl(n + I,C)/g[(n,C))U(n) =#{(a,c) eN* : 2a+c=N},

which is the dimension of the space of homogeneous polynomials of degree N in
Clz, y?], and so we may apply Lemma 4.12. n
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Proof of Proposition 6.1.1. (1) By Lemma 6.1.3, the map ¥ — (7(9), 7(9))
of Proposition 4.1 is given by

HE(CY) — (HATYR™2) 1K Cyy). (6.1.3)

The Casimir operators for G , G, and K act on these representations as the following
scalars.

Operator ‘ Representation ‘ Scalar ‘
Cs HFER>™2) | (k+€)(k + ( + 2n)
Ca HEE(C ) k* 4+ 02 + kn + (n
Ck 1XCpy (k — 0)?

Ex 1XCyy V—=1(k—1)

This, together with the identity
(k+0)(k+£€+2n) =2k + 2+ kn+(n) — (k—10)%

implies d¢(Cx) = 2d¢(Cg) — dr(Ck) on the G-isotypic component H**(C"*') in
C>(X) for all k,¢ € N, hence on the whole of C*(X).

(2) Since G/H and F = K/H are symmetric spaces, we obtain Ds(X) and Dy (F)
using the Harish-Chandra isomorphism (2.8). We now focus on Dg(X). We only
need to prove the first equality, since the other one follows from the relations between
the generators. For this, using Lemmas 4.12.(3) and 6.1.3.(4), it suffices to show
that the two differential operators d¢(Cx) and dr(Ex) on X are algebraically
independent. Let f be a polynomial in two variables such that f(d¢(Cg),dr(Ek)) =
0 in Dg(X). By letting this differential operator act on the G-isotypic component
¥ = HH(C) in C*(X), we obtain f((k+0)(k+ ¢+ 2n),—v/—1(k—¢)) =0 for
all k£, ¢ € N, hence f is the zero polynomial. [ |

Proof of Proposition 6.1.2.  We use Proposition 4.13 and the formula (6.1.3)
for the map ¥ — (7(v), 7(0)) of Proposition 4.1. Let 7 = 1K C, € Disc(K/H) with
a € Z. If ¥ € Disc(G/H) satisfies 7(9) = 7, then 9 is of the form ¥ = HM(C"!)
for some k,¢ € N with k — ¢ = a, by (6.1.3). The algebra Dg(X) acts on the

irreducible G-submodule 7(¢) = HFH(R2"2) as the scalars
ANO)+ps=(k+0)+neC/(Z/2Z)

via the Harish-Chandra isomorphism (6.1.2), whereas the algebra Z(gc) acts on the
irreducible G-module ¥ = Rep(SO(5), (7, k)) K C, as the scalars

n n n n
— ==

u(19)+p:(lc+E LZ—2..,1- 3 ;

— n+1
22 )EC /Gnin

via (6.1.1). Thus the affine map S, in Proposition 6.1.2 sends \(9)+pz to v(9J)+p for
any ¥ € Disc(G/H) such that 7(J) = 7, and we conclude using Proposition 4.13. =
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This completes the proof of Theorems 1.3, 1.5, 1.11, and 4.9, as well as Corollary 1.7,
in case (i) of Table 1.1. For case (i)’ of Table 1.1, the homogeneous spaces G/H and
K/H change as follows:

G/H : U(n+1)/U(n) ~ SU(n+1)/SU(n),
K/H : (U(n) x U(1))/U(n) ~» U(n)/SU(n).

The proof works similarly, and so we omit it.

6.2. The case (G, H,G) = (SO(2n +2),U(n +1),S0(2n + 1))

There are two inequivalent embeddings of H = U(n + 1) into G = SO(2n + 2),
which are conjugate by an outer automorphism of G. In either case, we have
H = HNG = U(n) and the only maximal connected proper subgroup of G
containing H is K = SO(2n). Note that X¢ = G¢/He = SO(2n + 1,C)/GL(n,C)
is G¢c-spherical but is not a symmetric space. We shall give explicit generators of
the ring D(X) by using the fibration X N G/K.

Since X = G /I:T and F' = K/H are symmetric spaces, the structure of the rings
Dg(X) and Dk (F) is well understood by the Harish-Chandra isomorphism (2.8).
Further, Ds(X) = d¢(Z(gc)) and Dg(F) = drp(Z(Ec)) by Fact 2.4. We now recall
generators of the C-algebras Dz(X) and Dg(F), to be used in the description of
D¢ (X) (Propositions 6.2.1 and 6.2.4). We refer to Section 4.2 for the notation
X, Xﬁ ,x& for the Harish-Chandra isomorphisms.

The rank of the symmetric space X = G/H is m = |241], and the restricted root
system X(gc, ac) is of type BC,, if n = 2m is even and of type C,, if n =2m — 1
is odd. In either case, the Weyl group W of the restricted root system X(gc, ac) is
isomorphic to &,, x (Z/2Z)™. The ring S(ac)" is a polynomial ring generated by

algebraically independent homogeneous elements of respective degrees 2,4,...,2m.
Consider the standard basis {hy,...,h,} of ai and choose a positive system such
that

S (Fe, ic) = {2hi,h; £ hp:1<i<m, 1<j<k<m} if n=2m — 1,
8C:9C) = (hi,2hi by £ b 1<i<m, 1<j<k<m} ifn=2m.

Using these coordinates, for k& € N we define P, € Dg(X) by

(P = Z)\zk

for A= (A\,...,\n) € E?{;/W. Then Dg(X) is a polynomial algebra generated by
Py, ..., Py. The rank of the symmetric space F' = K/H is |%5], and the restricted
root system X (€c, (ar)c) is of type BC|, o). We define similarly Q) € Dk (F) for
k € Ny by

Ln/2]

Xh Qi) = Zu

for po= (p11, ..., pns2)) € (]F)ZE/W Then ]D)K(F) is a polynomial algebra generated
by Q1,...,Q|z. Finally, take a Cartan subalgebra jc of gc and the standard basis
{f1,..., fu} of jf such that the root system A(gc,jc) is given as

{£fotfi£fi:1<i<n 1<j<k<n}
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For k € N, we define Ry € Z(gc) by

n

XS (Ri) =Y vt

Jj=1

for v=(v1,...,v,) €ic/W(B,). Note that P, ¢(Qk), and dr(Ry) are all differen-
tial operator of order 2k on X.

With this notation, here is our description of D¢g(X).

6.2.1. The case that n =2m — 1 is odd.

Proposition 6.2.1 (Generators and relations).  For

X = G/H = SO(4m)/U(2m) ~ SO(4m — 1)/U(2m — 1) = G/H
and K = SO(4m — 2), we have
O { P+ 1(Qr) = 2% dl(Ry,) for all k € Ny;

dl(Cgz) = 2dl(Cg) — dr(Ck);
( Da(X) = C[P,,..., Py:
Di(F) = ClQ1, ..., Qm-1];
(2) Da(X) P Py t(Q1)y o t(Qme1)]

= C[Py,..., Py, dr(Ry),...,dr(Ry,_1)]
L = Cl(@1),- -, t(Qm-1),dr(Ry),...,dr(Ry)].

In all the equalities of Proposition 6.2.1.(2), the right-hand side denotes the polyno-
mial ring generated by algebraically independent elements.

[
[
= (|
[
[

In order to give an explicit description of the affine map S, inducing the transfer
map, we write the Harish-Chandra isomorphism as

HOHl((j_alg(Z(g(c),(C) ~ JE/W(QC) >~ CQmil/W<BQm,1), (621)
Home g (Dg(X),C) ~  a&/W =~ C"/W(Cy) (6.2.2)
using the standard bases. The set Disc(K/H) is the set of representations of
K = S0(4m—2) of the form 7 = Rep(SO(4m—2), t;n.m-1((k,0), k) for k € (N~ 1), .

We set b(k) == (kl +2(m—1) — L e Cm™ 1

2) 1<i<m—1
Proposition 6.2.2 (Transfer map).  Let

X =G/H = SO(4m)/U(2m) ~ SO(4m — 1)/U(2m — 1) = G/H

and K = SO(4m — 2). For 7 = Rep(SO(4m — 2),t,,m-1((k,0), k) € Disc(K/H)
with k € (N 1) | the affine map

Sy ap~C" — ¢t ~ %

At (% b(k))
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induces a transfer map
v(-,7) : Home_ag(Dg(X), C) — Home ag(Z(gc), C)

as in Theorem 4.9.

For the proof of Propositions 6.2.1 and 6.2.2, we use the following lemma on finite-
dimensional representations.

Lemma 6.2.3. (1) Discrete series for G/H, G/H, and F = K/H :

Disc(SO(4m)/U(2m)) = {Rep(SO(4m), tmm (4, 5)) : j € (N")>};
Disc(SO(4m—1)/U(2m~1)) = {Rep(SO(dm—1),w) : w € (N*"71)5 };
Disc(SO(4m—2)/U(2m—1)) = {Rep(SO(4m—2), tym_1((k,0), k)) :k € (N""1)5 ).
(2) Branching laws for SO(4m) | SO(4m —1): For j € (N™)s,

Rep (SO(4m), timm (4, 1)) |soam-1)
~ D Rep(SO(4m — 1), tm-1(4, k).

kG(Nm71)2
tm,mfl(j’k)e(NQm_l)z

(3) Irreducible decomposition of the reqular representation of G: For k € (N™71)s

L2 (SO(4m —1)/SO(4m — 2), Rep(SO(4m —2), tomei((k,0), k;)))

S5}
JEN™)>
tm,m—l(jvk)e(N2m71)Z

(4) The ring S(gc/be)? = S(so(4m — 1,C)/gl(2m — 2,C))V@™=2) s generated by
algebraically independent homogeneous elements of respective degrees 2,2,4,4,
.., m—1, m—1,m.

Here we use the following notation: for m’,m” € Ny with m” € {m/,m’ — 1}, we
define an “alternating concatenation” map t,,/ ,,» : 7 x 7™ — 7 by

b (3, k) = (J1s v, G2, K, ) (6.2.3)
for j = (1, jm) €Z™ and k= (ky,... kyn) € Z™".

Proof of Lemma 6.2.3. Since G/H and K/H are symmetric spaces, the first
and third formulas of (1) follow from the Cartan-Helgason theorem (Fact 2.5). For
the second formula of (1) (description of the discrete series of the nonsymmetric
spherical homogeneous space G/H ), see [25]; the argument below using branching
laws and (4.2) gives an alternative proof. One immediately deduces (2) and (3) from
the classical branching laws for SO(¢) | SO(¢—1), see e.g. [3, Th.8.1.3 & 8.1.4], and
the Frobenius reciprocity. For (4), see the tables in [29], or [15, § 10]. ]
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Proof of Proposition 6.2.1. (1) We first prove that P, + 1(Qy) = 2** dl(Ry).
By Lemma 6.2.3, the map ¢ — (7w(9),7()) of Proposition 4.1 is given by

Rep(SO(4m — 1), tmm-1(4, k))
— (Rep(SO(4m), b (jy ) Rep(SO(dm — 2), tym1((k,0), k)))

for j € N™ and k € N1 with j; > ki > - > j1 > ket > jm. For 1 <i<m
we set a; = j; +2(m — i) + 1. Since po =Y ", (4m — 4i + 1) h;, we obtain

(6.2.4)

2ijzhl +p5 = Qialhl GEZE
i=1 =1

Since the embedding ag <—>;?E is given by 2j — t,,.,(4,7) via the standard bases of
ai and j&, the map T : af/W — j&/W(gce) (see (2.11)) satisfies
- 1 1 1 N~
T2 zhz :< a0 T arc oy Um _7’m__> .*va )
( ;a ) a1+2a1 5 a +2a 5 €ijc/Wigc)

which is the Z(gc)-infinitesimal character W,y of 7(), and by Lemma 2.3.(1) the
operator Py acts on the representation space of m(1J) as the scalar

Xéal ,,,,, 2am)(P]€) = 22k Z a?k- (625)
=1

1
For 1 <i<m—1 we set bi::ki+2(m—i)—§.

Then 7(9)" has Z(tc)-infinitesimal character

1 1 1

ar bm— _me— Y ) je) )

9’ ’ 1+ 2 1 9 0) e (]E)C/W(EC)

and by Lemma 2.3.(2) the operator ¢(Q)y) acts on the representation space of 7(1)
as the scalar

1
U, gy = —<b1 +50bi -
m—1

On the other hand, 9 itself has Z(gc)-infinitesimal character
\1[19 - (ala blv ey Qp—1, bm—h am) S j(*C/W(BQm—1>7

and so df(Ry) acts on the representation space of ¥ as the scalar

m m—1
Uy(Re) =Y al*+ > 7.
i=1 i=1

Thus Py +¢(Qr) = 22* d¢(R},) by Proposition 4.6. We now check the relation among
Casimir operators. For any £ € N, and j € Z¢, we set

L 4 4 14

he(j) =Y 52+ (A0—4i+1)j; and hj(j) =Y 2+ Y (40 —4i+3)ji.

=1 =1 =1 =1

The Casimir operators for é, G, and K act on the following irreducible represen-
tations as the following scalars.
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Operator Representation Scalar
Ca Rep(SO(4m), tymm(j; ) 2 hm(j)
Co Rep(SO(4m — 1), tmm-1(4. k) | hin(j) + hio i (K)
Ck Rep(SO(4m — 2),tmm-1((k,0), k)) 2n! (k)

This implies d¢(Cy) = 2dl(Cq) — dr(Ck).

(2) We have already given descriptions of Dz(X) and Dg(F), so that we can now
focus on Dg(X). We only need to prove the first equality for Dg(X), since the
other ones follow from the relations between the generators. For this purpose, using
Lemmas 4.12.(3) and 6.2.3.(4), it suffices to show that the differential operators
Pi,....,P,, «(Q1), ..., t(Qn_1) are algebraically independent. Let f be a poly-
nomial in (2m — 1) variables such that f(Py,..., P, u(@Q1), ..., t(Qn-1) = 0
in Dg(X). By letting this differential operator act on the G-isotypic component
¥ = Rep(SO(4m—1), tymm-1(j,k)) in C*(X), we obtain

m m m m—1 m—1
f(ZAg,ZAf,...,ZAgm,ZBg,...,ZBfm—2) o,
i=1 i=1 i=1 i=1 i—1

where we set .

Since the set of elements (Ay,..., A, Bi,..., Bn_1) € C* ! for 9 ranging over
Disc(G/H) is Zariski-dense in C*"~! we conclude that f is the zero polynomial. =

Proof of Proposition 6.2.2. We retain the notation of the first half of the proof
of Proposition 6.2.1.(1), and use Proposition 4.13 and the formula (6.2.4) for the map
U (m(9), 7(9)) of Proposition 4.1. Let

7 = Rep(SO(4m — 2),t,m-1((k,0), k)) € Disc(K/H)

with & € (N™1)5. If ¥ € Disc(G/H) satisfies 7(9) = 7, then 9 is of the form
¥ = Rep(SO(4m — 1), t, m-1(J, k)) for some j € N with 53 > ky > -+ > g, >
Em—1 > jm, by (6.2.4). The algebra Dz(X) acts on the irreducible G'-submodule

7(9) = Rep(SO(4m), t;nm(J, 7)) as the scalars
AW) + s = (Qa.. ... 2a,) € C/W(C)
via the Harish-Chandra isomorphism (6.2.2), where a; = j; + 2(m — i) + 1/2
(1 < i < m), whereas the algebra Z(gc) acts on the irreducible G-module ¥ =
Rep(SO(4m — 1), tymm—1(4, k)) as the scalars
V(ﬂ) + p= (ala <oy Ay, bl7 s 7bm71) € (czm_l/W(Bmel)

via (6.2.1). Thus the affine map S; in Proposition 6.2.2 sends A(9)+pz to v(J)+p for
any ¥ € Disc(G/H) such that 7(J) = 7, and we conclude using Proposition 4.13. =
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6.2.2. The case that n = 2m is even.

Proposition 6.2.4 (Generators and relations).  For

X = G/H =80(4m +2)/U(2m + 1) ~ SO(4m + 1)/U(2m) = G/H
and K = SO(4m), we have
" { Pe+u(Qy) = 227 dU(R,) for all k € N,

d(Cg) = 2dl(Cg) — dr(Ck);
5(X) = Clh, ..., Byl;
Dg(F) = C[Q, .. 7Qm]7
(2) Da(X) = C[P1, ..., Py, t(Q1), -, t(Qm)]
= C[Py,.. Pm,dr(Rl) ., dr(R,)]
\ = C[(Q1),. .., (Qn), dr(Rl), o dr(Ry)]-

In all the equalities of Proposition 6.2.4.(2), the right-hand side denotes the polyno-
mial ring generated by algebraically independent elements. We identify

Homeag(Z(gc),C) = jg/W(ge) = C/W(Ban),
Home g (Dg(X),C) =~ ax/W = C"/W(BCy)
by the standard bases. The set Disc(K/H) consists of the representations of K =
SO(4m) of the form 7 = Rep(SO(4m), tym(k, k)) for k = (k1,... kn) € (N™)s.

1
We set b(k) :== <k:, +2(m—1)+ = e C™.

2) 1<i<m

Proposition 6.2.5 (Transfer map).  Let
X = G/H =80(4m +2)/U(2m + 1) ~ SO(4m + 1)/U(2m) = G/H

and K = SO(4m). For 7 = Rep(SO(4m),t,m(k,k)) € Disc(K/H) with k =
(k1y..., km) € (N™)s, the affine map
S, af~C" — c*m ~ i
A
Xt (5,60
. ’ 2
induces a transfer map
l/(', T) : Hom(c_alg(]D)é(X), C) — Homc_alg(Z(g(c), C)

as in Theorem 4.9.

For the proof of Propositions 6.2.4 and 6.2.5, we use the following lemma on finite-
dimensional representations, again with the notation (6.2.3).

Lemma 6.2.6. (1) Discrete series for G/H, G/H, and F = K/H :
Disc(SO(4m+2)/U(2m+1)) = {Rep(SO(4m+2), tys1,m((4,0),5)) : 5 € (N™)s };
Disc(SO(4m +1)/U(2m)) = {Rep(SO(4m +1),w) : w € (N*™)5};
Disc(SO(4m)/U(2m)) = {Rep(SO(4m), tym(k, k)) = ke (N™)>}.
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(2) Branching laws for SO(4m + 2) | SO(dm + 1): For j € (N™)5,

Rep(SO(4m +2), tms1,m((4,0), J)) |som+1)
~ @ Rep(SO(4m + 1), tpm (4, k))-

ke(N™)>
trm,m (k) E(N?™) >

(3) Irreducible decomposition of the reqular representation of G: For k € (N™)>,

12 (SO(4m + 1) /SO(4m), Rep(SO(4m), (k. 1)) )

&)
~ > Rep (SO(4m + 1), tm (4, k).
JEN™)>
tom,m (1, K)E(N2)

(4) The ring S(gc/be) =S(s0(4m+1,C)/gl(2m, C))V™ is generated by algebra-
ically independent homogeneous elements of respective degrees 2,2,4,4, ...,m,m.

The proof of Lemma 6.2.6 is similar to that of Lemma 6.2.3, and the one of Propo-
sition 6.2.5 to that of Proposition 6.2.2, using the formula (6.2.6). We omit these
proofs. The proof of Proposition 6.2.4 is also similar to that of Proposition 6.2.1; we
now briefly indicate some minor changes.

(1) We first prove that P + 1(Qg) = 22* dl(Ry,).
k)), where j, k € N™ satisfy j; > ky > -+ > j, >
— (m(9),7(1¥)) of Proposition 4.1 is given by

Proof of Proposition 6.2.4.
Let ¢ = Rep(SO(4dm + 1), ty.m (4,
k.. By Lemma 6.2.6, the map v

{ 77'(19) = Rep(so(4m+2)atm+1,m<<j7 0),])),

(6.2.6)
7(9) = Rep(SOMAm), tum(k, k).

We conclude as in the proof of Proposition 6.2.1.(1), with a; = j; + 2(m — i) + 3/2
and b; = k; +2(m —1) +1/2 for 1 <i <m.
We now check the relation among Casimir operators. For /€N, and j€Z’, we set

l l

4 J4
he(§) =D 37+ ) (A0 —4i+1)j5i and hy(j) =D 57+ Y (40— 4i +3) j;
=1 1

i= =1 =1

The Casimir operators for é, G, and K act on the following irreducible represen-
tations as the following scalars.

Operator Representation Scalar
Co | Rep(SO(m +2),t1m((,0),7)) | 20,())
Ca Rep(SO(4m + 1), tmm(j. k) | Wip(j) + haa(K)
Ck Rep(SO(4m), tpm(k, k)) 2 h (k)

This implies d¢(Cx) = 2dl(Cq) — dr(Ck).
(2) This is similar to the proof of Proposition 6.2.1.(2). [
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6.3. The case (G, H,G) = (SU(2n+2),U(2n +1),Sp(n + 1))

Here H = Sp(n) x U(1), and the only maximal connected proper subgroup of G
containing H is K = Sp(n) x Sp(1); we have F = K/H = S2.

Proposition 6.3.1 (Generators and relations).  For

X =G/H =SU(2n+2)/U(2n+1) ~ Sp(n + 1)/(Sp(n) x U(1)) = G/H
and K = Sp(n) Sp(1), we have
(1) 2dé(Cq) = 2d(Cq) — dr(Ck);

Dg(X) = Cld(C));
(2) § Dx(F) = Cldr(Ck)];
Da(X) = Cldi(Cg), dr(Ck)] = Cldl(Cq), dl(Co)] = Cldl(Cq), dr(Ck)].

We identify

Home.ag(Z(gc),C) =~ jo/W(ge) = C"/W(Con), (6.3.1)
Homey(Dg(X),C) ~ a/W  ~ C/(Z/27) (6.3.2)

by the standard bases. The set Disc(K/H) consists of the representations of K =
Sp(n) x Sp(1) of the form 7 =1 X C?****! for a € N. Here, for b € N, we denote by

C® the (unique) irreducible b-dimensional representation of Sp(1) ~ SU(2).
Proposition 6.3.2 (Transfer map).  Let

X =G/H =SU(2n+2)/U(2n+1) ~ Sp(n+1)/(Sp(n) x U(1)) = G/H
and K=Sp(n)xSp(1). For r=1KXK C**! € Disc(K/H) with a€N, the affine map

S, ap~C — crtt ~

A — (%—I—a—i—%,%— <a+%),n—1,n—2,...,1>
induces a transfer map
v(-,7) : Home g (Dg(X), C) — Homeaig(Z(gc), C)

as in Theorem 4.9.

In order to prove Proposition 6.3.1, we use the following results on finite-dimensional
representations.

Lemma 6.3.3. (1) Discrete series for G/H, G/H, and F = K/H :
Disc(SU(2n +2)/U(2n + 1)) = {H?(C**?) : j € N};
Disc(Sp(n + 1)/Sp(n) x U(1)) = {HM(H"!) : k,¢ €N, k—{ € 2N};
Disc(Sp(n) x Sp(1)/Sp(n) x U(1)) = {1KC*** : ¢ € N}.
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(2) Branching laws for SU(2n +2) | Sp(n+1): For j € N,

2
HIC sy~ DH )

k=j

(3) Irreducible decomposition of the reqular representation of G: For a € N,

L*(Sp(n +1)/Sp(n) x Sp(1), 1 W C***!) ~ Zﬂa HI eI (H.
jEN
j=a
(4) The ring S(gc/be)? = S(sp(n + 1,C)/(C @ sp(n, C))SPW>*VA) s generated by
two algebraically independent homogeneous elements of degree 2.

Here, for k > ¢ > 0 we denote by HM*(H"!) the irreducible finite-dimensional
representation of Sp(n + 1) with highest weight (k,¢,0,...,0).

Proof of Lemma 6.3.3.  Since G/H and K/H are symmetric spaces, the first
and third formulas of (1) follow from the Cartan-Helgason theorem (Fact 2.5), see
also [8] for the spherical harmonics on CV. For the second formula of (1), see [25].
The branching law in (2) and the decomposition in (3) are classical. They can be
derived from [8, Prop. 5.1] and the Frobenius reciprocity; they are also a special case
of the general results of [17] on the branching laws of unitary representations.

We now prove (4). Recall that C,,, for m € Z, denotes the one-dimensional
representation U(1) — GL(1,C) given by z +— z™. For m # 0, the graded ring
S(C,, @ C_,,)VM is generated by one homogeneous element of degree 2. As H-
modules, we have

g(c/[](c >~ (]_ X CQ) D (1 X (C,Q) @D ((CQTL X (Cl) @D ((CQn X (Cfl),
hence the isomorphism of U(1)-modules
S(gC/hC)Sp(n)X{l} ~ S(CQ fan C—2) ® S(@Qn D CQn)Sp(n)X{l}.

Since S(C*") decomposes into a multiplicity-free sum
S ~ P si(c™)
jeN

of self-dual irreducible representations of Sp(n), we see that the dimension of
SN(C? @ C*)5(M is 0 if N is odd and 1 if N is even. In particular, Sp(1)
acts trivially on S(C2 K C2n)Sp(n)> {1} = §(C2" @ C?*)5P( | and so does its subgroup
U(1). Therefore,

S(ac/he)P* VW ~ §(Cy @ C_o)VW © S(C @ ),

We conclude using the fact that both factors in the tensor product are polynomial
rings generated by a single homogeneous element of degree 2. [ |
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Proof of Proposition 6.3.1. (1) By Lemma 6.3.3, the map ¢ — (7(9), 7(9))
of Proposition 4.1 is given by

k+4 k42
27 2

HEH) — (M (C* ), 1K), (6.3.3)

The Casimir operators for G , G,and K act on these representations as the following
scalars.

Operator | Representation Scalar
Cq | M5 (C2) | L(k+ 0)(k + £+ 4n + 2)
Ca HEA(HL) k% + 02 +2(k + O)n + 2k
Ck 1 X Ck-tHt (k—0)(k—1(+2)

This, together with the identity
(k+0(k+0+4n+2) =2(K*+ C +2(k+ On+2k) — (k= 0)(k — (+2),
implies 2d{(Cg) = 2d¢(Cq) — dr(Ck).

(2) Since G/H and F = K/H are symmetric spaces, we obtain Ds(X) and Dy (F)
using the Harish-Chandra isomorphism. We now focus on Dg(X). We only need to
prove the first equality, since the other ones follow from the relations between the
generators. For this, using Lemmas 4.12.(3) and 6.3.3.(4), it suffices to show that the
two differential operators d¢(Cg) and dr(Ck) on X are algebraically independent.
Let f be a polynomial in two variables such that f(d¢(Cg),dr(Ck)) =0 in Dg(X).
By letting this differential operator act on the G-isotypic component ¢ = H*¢(H"!)
in C*°(X), we obtain

1
f<§(k:+€)(k+€+4n+2),(k:—€)(k—€+2)> —0
for all k,¢ € N with k — ¢ € 2N, hence f is the zero polynomial. [

Proof of Proposition 6.3.2.  We use Proposition 4.13 and the formula (6.3.3)
for the map ¥ — (w(9),7(19)) of Proposition 4.1. Let 7 = 1 X C**! € Disc(K/H)
with a € N. If ¥ € Disc(G/H) satisfies 7(0) = 7, then ¥ is of the form

0 =TT H") ~ Rep(Sp(n+ 1), (j + a,j — a,0,...,0))

for some j € N with j > a, by (6.3.3). The algebra Dg(X) acts on the irreducible
G-submodule

m(0) = H(C*2) ~ Rep(U(2n + 2), (j,0,...,0, 7))

as the scalars
A +ps=2(+n+1/2) € C/(Z/27Z)

via the Harish-Chandra isomorphism (6.3.2), whereas the algebra Z(gc) acts on the
irreducible G-module ¢ = HIT*I=¢(H"*!) as the scalars

v +p=mn+1+j+an+j—an—1,...,1)cC"™/W(Ch)

via (6.3.1). Thus the affine map S, in Proposition 6.3.2 sends \(9)+pz to v(9J)+p for
any 9 € Disc(G/H) such that 7(J) = 7, and we conclude using Proposition 4.13. =
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6.4. The case (G, H,G) = (SU(2n+2),Sp(n+1),U(2n + 1))
To simplify the computations, we use a central extension of G by U(1) and work
with

(G,H,G) = (U2n +2),Sp(n + 1), U(2n + 1)).

This increases the dimension of X = G / H by one. By using block matrices of sizes
2n+1 and 1, the group G = U(2n + 1) embeds into SU(2n+2) as g — (g,det g7)
and into U(2n + 2) as g — (g,1). Consequently, H = H N G is isomorphic to
Sp(n) x U(1) in the original setting, and to Sp(n) in the present setting where

G = U(2n 4 2). The only maximal connected proper subgroup of G containing H
is K = U(2n) x U(1). The space X¢ = G¢/He = GL(2n + 1,C)/Sp(n,C) is
Gc-spherical but is not a symmetric space.

Since X =G / Hand F=K /H are classical symmetric spaces, the structure of the
rings Dg(X) and Dg(F) is well understood by the Harish-Chandra isomorphism
(2.8). Further, D&(X) = d¢(Z(gc)) and D (F) = drp(Z(tc)) by Fact 2.4. On the
other hand, G/H ~ X is not a symmetric space. We now give explicit generators of

the ring ]D(;(X) by using the fibration X — G/K . We refer to Section 2.4 for the
notation 3, Xu , and x& for the Harish-Chandra isomorphisms.

The rank of the symmetric space X = G / Hisn+ 1, and the restricted root system
Y(gc, ac) is of type A,. We take the standard basis {hy,. .., h,+1} of af and choose
a positive system such that

YSt(ac,ac) ={h; —hy : 1 <j <k <n+1}.
Then the Harish-Chandra isomorphism (4.9) amounts to
Homge g (Ds(X),C) ~ a5/W ~ C™'/S,.1. (6.4.1)
Using these coordinates, for £ € N we define P, € Dg(X) by

n+1

X,\ Pk Z)\k

for X = (A\i,..., A1) € ag/W(A,) ~ C""/&, 1. Then Dg(X) is a polynomial
algebra generated by Py,..., P,y1.

We observe that the fiber F'=K/H isisomorphic to the direct product U(2n)/Sp(n)x
U(1); the first component is the same as G/H with n+1 replaced by n. Thus the re-

stricted root system X (¢, (ar)c) is of type A,_1, and we define similarly @ € Dg (F)
and Qi € Dg(F) for k € Ny by

X (Q) =po and x5 (Qp) = Zuj

for p1= (p1, .- i, p1o) € (ap)/(W(An—1) x {1}). Then

Dic(F) = Dygan) (U(20)/Sp(1)) @ Dy (U(L) = C[Q1, ..., Qul @ CIQ.
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Finally, take a Cartan subalgebra jc of gc = gl(2n + 1,C) and the standard basis
{f1,---, fant1} of j& such that the root system A(gc,jc) is given as

{£(fj—fr) 11 <j<k<2n+1}.
The Harish-Chandra isomorphism (2.10) amounts to
HOmc_alg<Z(g(c), (C) ~ ]&/W(g(c) ~ C2n+1/62n+1. (642)

For k € N, , we define Ry € Z(gc) by

2n+1

Xy (Ry) = ZV

for v = (v1,...,v0011) € j&/W(Ag,) ~ C*""1/Sy, 1. Note that Py, ¢(Qy), and
dr(Ry) are all differential operator of order 2k on X.

The group K = U(2n) x U(1) is not simple; for ¢ € {1,2}, we denote by C}? € Z(tc)
the Casimir element of the i-th factor of K. With this notation, here is our
description of Dg(X).

Proposition 6.4.1 (Generators and relations).  For
X =G/H=U2n+2)/Sp(n+1) ~U(2n+1)/Sp(n) = G/H

and K =U(2n) x U(1), we have

Py +1(Qr) = 28 dl(Ry) for all k € N,
) dl(Cg) = 2d0(Cg) — dr(CSP);
( Ds(X) = C[P,,..., Poyl;
Di(F) = ClQ,Qx, .., Qnl;
Dg(X) = C[Py,..., Pog1,t(Q1), .., 1(Qn)]

[
[
[
Cl
[
[

= C[(Q 1) (@), d ( ) - dl( Ry
— [P, ... n+1,d€(Rl) de(R,,)]
{ = C Pl, Pn,dﬁ(Rl) ( n+1)]

In all the equalities of Proposition 6.4.1.(2), the right-hand side denotes the polyno-
mial ring generated by algebraically independent elements.
The set Disc(K/H) consists of the representations of K = U(2n) x U(1) of the
form 7 = Rep(U(2n),t,(k,k)) X Rep(U(1),a) for k € (Z")> and a € Z (see
Lemma 6.4.3.(1) below). For k = (ky,...,k,) € Z", we set

b(k) = (ki+n—2i+1), __ €C"

1<i<n
Proposition 6.4.2 (Transfer map).  Let

X =G/H=U@2n+2)/Sp(n+1)~U(2n+1)/Sp(n) = G/H
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and K =U(2n) x U(1). For 7 = Rep(U(2n),t,(k, k)) X Rep(U(1),a) € Disc(K/H)
with k € (Z")s and a € Z, the affine map

S;:ap~Ct — ctl ~ %
A
A tnﬂ,n(a, b(k))

induces a transfer map
v(-,7) : Home g (Dg(X), C) — Home ag(Z(gc), C)
as in Theorem 4.9.

Here we use the notation t,, .~ (j, k) from (6.2.3). To avoid confusion, we write
Rep(U(1),a) for the one-dimensional representation of U(1) given by z — 2%, and
not C, as in Sections 6.1 and 6.3.

Propositions 6.4.1 and 6.4.2 are consequences of the following results on finite-
dimensional representations.

Lemma 6.4.3. (1) Discrete series for G/H, G/H, and F = K/H :
Disc(U(2n+2)/Sp(n+1)) = {Rep(U(2n + 2), tyi1,n11(j, 4)) : 4 € (Z")s};
Disc(U(2n + 1)/Sp(n)) = {Rep(U(2n + 1),w) : w € (Z*"*1)s};
Disc(U(2n) x U(1)/Sp(n)) = {Rep(U(2n), tnn(k,k)) ®Rep(U(1),a):k € (Z")>, a€Z}.
(2) Branching laws for U(2n+2) L U(2n+1): For j € (Z™)s,

Rep(U(2n+2)vtn-i—l,n-i—l(jaj))‘U(QnJrl) = @ Rep(U(2n+1)7tn+l,n(ja k))

kezZ™
tn+1,n(j:k)€(Z2n+l)2

(3) Irreducible decomposition of the regular representation of G :
For a € Z and k € (Z")>,

L2(U(2n +1)/(U(2n) x U(1)), Rep(U(2n), t,.n (k, k)) © Rep(U(1), a))

@ .
= Z Rep(U(2n+ 1)7tn+1,n(]ak))'
jezn+1
thrl,n(j’k)e(ZQ"-H)z
2?211 Ji—2lie ki=a
(4) The ring S(gc/be)? = S(gl(2n + 1,C)/sp(n, C))™O) s generated by alge-
braically independent homogeneous elements of respective degrees 1,1,2,2, ...,
n,n,n—+1.

Proof of Lemma 6.4.3. (1) Since G/H and K/H are symmetric spaces, the
descriptions of Disc(G/H) and Disc(K/H) follow from the Cartan-Helgason theo-
rem (Fact 2.5). For the description of Disc(G/H) for the nonsymmetric spherical
homogeneous space G/H, see [25]; the argument below using branching laws and
(4.2) gives an alternative proof.

The statements (2) and (3) can immediately be deduced from the classical branching
laws for U(¢ 4 1) L U(¢) x U(1), see e.g. [3, Th.8.1.1].

We now prove (4). The quotient module gl(2n + 1,C)/sp(n,C) is isomorphic to
Casl(2n+1,C)/sp(n,C), and the second summand splits into a direct sum of four
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irreducible representations of sp(n, C):
2Rep(sp(n), (1,0,...,0)) ® Rep(sp(n), (1,1,0,...,0)) & C.

We use the observation that this sp(n,C)-module is isomorphic to the restriction of
the following irreducible gl(2n, C)-module:

(CQTL D ((CZTL)\/ D A2(@2n)
By the Cartan-Helgason theorem (Fact 2.5), the highest weights of irreducible rep-
resentations of gl(2n,C) having nonzero sp(n, C)-fixed vectors are of the form

()\1,)\1,)\2,)\2,...,/\7”)\”) with ()\1,...,/\n) c (Zn)z (643)

Then, for any N € N, the dimension of S¥(sl(2n + 1,C)/sp(n, C))%*™C) coincides
with the multiplicity of such irreducible gl(2n,C)-modules occurring in
SN (CQn ® (C2n>\/ D A2(C2n)) ~ @ Sz(@Qn) ® Sj(((CQ")v) ® Sk(AQ(C%)),
i,j,k€N

i+j+k=N

because sp(n,C)-fixed vectors in irreducible gl(2n,C)-modules are unique up to a
multiplicative scalar (Fact 2.5). The gl(2n,C)-module S*(A?(C*")) has a multipli-
city-free decomposition

B  Rep(al(2n,C), (b1, b1, ba, ba, - .., b b))

b1>--2>bp >0
b1+ +bn=Fk

The tensor product representation S'(C**)® S*(A%(C?")) is, according to Pieri’s law
[3, Cor. 9.2.4], decomposed as

@ Rep(gl(2n, C), (a1, br, az,ba, ..., ap, by)),

where the sum is taken over (aq,...,a,), (b1,...,b,) € Z" satisfying

ap>by>ay>by>--->a, >b, >0,
b1++bn:k>
(a1 —b1) + (a2 — by) + -+ - + (an — by) =i

Using Pieri’s law again we see that irreducible representations of gl(2n,C) with
highest weight of the form (6.4.3) occur in

Sj(((c2n)v> X Rep(g[(Zn, (C), (CLl, bl, as, bQ, ey Qpy, bn))

A=0 V<<
if and only if { e =r="

(a1—)\1)+(a2—/\2)+---+(an—)\n) :j
Therefore, dim SV (sl(2n + 1, C)/sp(n, C))%PC) is equal to

#{(al,bl,...,an,bn) e (N*")s : 2 Zae - Zbg = N}. (6.4.4)
=1 =1

, Coi1 = a; —b;
For any 1 < j < n, we set { / I 77
Coj = by =,



KASSEL AND KOBAYASHI 719

with the convention that ag,1; = 0. Then (6.4.4) amounts to

n

#{(Cl"”’CQ”)EN% : Z(j+1)c2j—1+ZJCZj:N},

J=1 Jj=1

which is the dimension of the space of homogeneous polynomials of degree N in

Clzy, 23, ..., 2™ y?, ys, ...,y "] for algebraically independent elements z, ..., T,,
Y1, - -, Yn- We conclude using Lemma 4.12. |

Proof of Proposition 6.4.1. (1) We first prove that P + ¢(Qy) = 28 d¢(R;,). By
Lemma 6.4.3, the map 9 — (7(J),7(J)) of Proposition 4.1 is given by
Rep<U<2n + 1)7 tn+1,n(j> k))
— (Rep(U(n +2), tas 101G, 5)), (6.45)
Rep(U(2n), t,0(k, £) B Rep(U(1), S0 ji = SO0, 1))
for j € Nt and k € N* with j; >k > - >4, > ky > jpe1. For 1 <i<n+1
we set a; ;== j; +n — 2¢ + 2. Then

n+1 n+1

22]1h1+ﬂa = QZath
i=1 =1

Since the embedding a¢. <—>I*C is given by 2j — t,41,+1(7,7) via the standard bases
of af and ji, the map T :al/W — j&/W(gc) (see (2.11)) satisfies

s 1 1 1 N o~
T 2Zaihi = (Ch + §,a1 - 57 ceey Opy1 Tt §7a’n+1 - §> € ]C/W(QC)7
i=1

which is the Z(gc)-infinitesimal character W,y of 7(), and by Lemma 2.3.(1) the
operator Py acts on the representation space of m(1J) as the scalar

n+1
Xlsar,20m,0)(Pr) = 28 " al. (6.4.6)
- n+1 n
For1<i<nweset b,:=k;+n—2i+1, and 1 ::Zji—Zki.
Then 7(¢)" has Z(tc)-infinitesimal character - -
1 1 1

1 .
\117(19)\/ = _<V0>bl + _7b1 - . 7bn + §7bn - 5) € (JE)C/W(EC)7

2 5, ..
and by Lemma 2.3.(2) the operator ¢(Q) acts on the representation space of 7(1J)
as the scalar

Xébl ..... an,yo)(Qk) =2 Z bf~

i=1
On the other hand, ¥ itself has Z(gc)-infinitesimal character

\1119 = ((11, bl, vy Qg bn, an+1) € ](E/W(Agn) ~ C2n+1/62n+1,
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and so d¢(Ry) acts on the representation space of 9 as the scalar

n+1 n

i=1 i=1

Thus Py, + ¢(Qy) = 2F d¢(Ry) by Proposition 4.6.

We now check the relation among Casimir operators for é, G, and K. These act
on the following irreducible representations as the following scalars.

Operator Representation Scalar
Ce | Rep(U@n+2), tuy1a11(J5)) | 2220 (52 + 2(n + 2 — 20)5)
Ca Rep(U(2n + 1), tny1n (5, k) | iy (G2 +2(n 4 2 — 2i)j;)
+3 0 (k24 2(n+ 1 —20)k;)
cy Rep(U(2n), ton(k, k)) 23" (k2 +2(n+1— 20)k;)
CP | Rep(U(), X i =00 k) | (X i = S k)

This implies d¢(Cz) = 2d0(Cq) — dr(CY).
(2) We have already given descriptions of Dz(X) and Dg(F). The description of

D¢(X) can be deduced from Proposition 6.4.1.(1) and Lemma 6.4.3.(4), similarly to
the proof of Proposition 6.2.1.(2). ]

Proof of Proposition 6.4.2. We use Proposition 4.13 and the formula (6.4.5)
for the map ¥ — (7(¥), 7(¥)) of Proposition 4.1. Let

7 = Rep(U(2n), t,(k, k)) ¥ Rep(U(1),a) € Disc(K/H)

with k € (Z")> and a € Z. If ¥ € Disc(G/H) satisfies 7(¢) = 7, then ¥ is of the
form ¢ = Rep(U(2n + 1), t,11,(J, k)) for some j € N*™! with j; >k > - > j, >

kn 2 jnt+1 and
n+1 n

dji=a+d ki,
=1 =1

following (6.4.5). The algebra Dg(X) acts on the irreducible G-submodule (1)) =
Rep(U(2n + 2), t,41n41(J, 7)) as the scalars

AW) + ps = (2a4,. .., 2an41) € C"M /G,y

via the Harish-Chandra isomorphism (6.4.2), where we have a; = j; +n — 2i + 2
for 1 < i < n+ 1, whereas the algebra Z(gc) acts on the irreducible G-module
¥ =Rep(U(2n+ 1), tui1.(j,k)) as the scalars

l/(19) + P = ((11, S ,an+1,b1, .. ,bn) S (C2n+1/62n+1

via (6.4.1), where b; = k; + n — 2i + 1 as in the proof of Proposition 6.4.1.(1).
Thus the affine map S, in Proposition 6.4.2 sends A(¢) + pz to v(¥) + p for any
v € Disc(G/H) such that 7(¢) = 7, and we conclude using Proposition 4.13. [
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Remark 6.4.4. (1) One can deduce analogous results in the original setting where
G = SU(2n 4 2) from the corresponding ones for G = U(2n + 2) which we have just
discussed, such as Propositions 6.4.1 and 6.4.2. If G = SU(2n + 2), then af is
isomorphic to C", rather than af for G=U@2n+2).

(2) Let K’ := Sp(n) x U(1) x U(1), so that H C K' C K C G = SU(2n + 2).
Then K'/H ~ S!', hence the C-algebra dr(Z(€)) is generated by a single vector
field (the Euler homogeneity differential operator). It follows from Proposition 6.4.1
that neither condition (A) nor condition (B) of Section 1.4 holds if we replace K
with K’. In particular, Theorem 1.3.(1) and (2) fail if we replace K with the
nonmaximal subgroup K.

6.5. The case (G, H,G) = (SO(4n + 4),S0(4n + 3),Sp(n + 1) - Sp(1))

Here H = Sp(n) - Diag(Sp(1)), and the only maximal connected proper subgroup
of G containing H is K = (Sp(n) x Sp(1)) - Sp(1). The groups G and K are not

simple. For i € {1,2} we denote by C’g) € Z(gc) the Casimir element of the i-th
factor of G, and for j € {1,2,3} by C}ﬁ) € Z(tc) the Casimir element of the j-th
factor of K. Then dT(Cg)) =0, and dT(Og)) = dr(C’S)) € Dg(X); we denote this
last element by dr(Ck).

Proposition 6.5.1 (Generators and relations).  For
X =G/H = SO(4n +4)/SO(4n + 3)
~ (Sp(n+1)-Sp(1))/(Sp(n) - Diag(Sp(1))) = G/H
and K = (Sp(n) x Sp(1)) - Sp(1), we have

{ d(Cg) = 2d(CY) — dr(Ck);
dl(Cg)) = dr(Cr);

Remark 6.5.2. Let G' := Sp(n+1) C G and H' := Sp(n) C H. Then X is
isomorphic to G'/H' as a G'-space, and K’ := Sp(n) xSp(1) C K is a maximal con-
nected proper subgroup of G’ containing H'. However, X¢ is not G--spherical, and
none of the assertions in Theorem 1.3 holds if we replace (G, H, K') with (G', H', K').
In fact, the subalgebra of D¢/ (X) generated by Dg(X), dr(Z(€:)), and dé(Z(g¢)) is
contained in the commutative algebra Dg(X), whereas Dg(X) is noncommutative
by Fact 2.2.

We identify
Homc ag(Z(gc),C) =~ j&/W(ge) ~ (C""' @ C)/W(Chi1 xC1), (6.5.1)
Homeag(Dg(X),C) =~ &/ = C/(2)22) (6.5.2)
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by the standard bases. The set Disc(K/H) consists of the representations of K =
(Sp(n) x Sp(1)) - Sp(1) of the form 7 =1XC*K C* for a € N, .

Proposition 6.5.3 (Transfer map).  Let

X =G/H = SO(4n+4)/SO(4n + 3)
~ (Sp(n+1)-Sp(1))/(Sp(n) - Diag(Sp(1))) = G/H
and K = (Sp(n) x Sp(1)) - Sp(1). For 1 = 1XC*KC* € Disc(K/H) with a € N4,
the affine map
S,:ag~C — cC'eC ~ %

Ata A—a
(( —, = ,n—1,n—2,...,1>,a)

A

induces a transfer map
l/(', T) : HOIIl(c_alg(]D)é<X), C) — Homc_alg(Z(g(c), C)

as in Theorem 4.9.

In order to prove Propositions 6.5.1 and 6.5.3, we use the following results on finite-
dimensional representations.

Lemma 6.5.4. (1) Discrete series for G/H, G/H, and F = K/H :
Disc(SO(4n + 4)/SO(4n + 3)) = {H? (R***) . j € N};

Disc((Sp(n+1) - Sp(1))/(Sp(n) - Diag(Sp(1)))) = {H* (H""") W CF' : k>¢>0};
Disc(((Sp(n) x Sp(1)) - Sp(1))/(Sp(n) - Diag(Sp(1)))) = {1KC*KC* : a € Ny }.

(2) Branching laws for SO(4n +4) | Sp(n+ 1) - Sp(1): For j € N,

Hj(R4n+4)|Sp(n+l)-Sp(1) ~ @ Hk,j—k(Hn+1> X CQk_j+1'

keN
1<k<j

(3) Irreducible decomposition of the reqular representation of G: For a € N,

L*((Sp(n +1) - Sp(1))/((Sp(n) x Sp(1)) - Sp(1)), 1 K C* K C*)
~ ZEB Hk,k+1fa(Hn+l) X Ce.

keN
k>a—1

(4) The ring S(gc/bc)? is generated by two algebraically independent homogeneous
elements of degree 2.

Here, for m > 1 we denote by H®* (H™) the irreducible representation of Sp(m)
whose highest weight is (k, £, 0,...,0) in the standard coordinates. For a € N, | we
denote by C* the unique a-dimensional Sp(1)-module.
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Proof of Lemma 6.5.4.  Statements (1), (2), (3) follow from [8, Prop.5.1] and
the Frobenius reciprocity. To see (4), we note that there is an isomorphism of H-
modules

gc/be =~ ge/be @ te/he ~ (C*" K C?) @ (CX C?).

The action of H = Sp(n) - Diag(Sp(1)) on g¢/be thus comes from an action of
Sp(n) x Sp(1), and we have S(gc/bc) = S(gc/be)%P™>*SPM) | Note that

S(gC/bC)Sp(n)X{l} ~ S(c2n D CZn)Sp(n)X{l} ® S((CB)

as Sp(1)-modules. As in the proof of Lemma 6.3.3.(4), the group Sp(1) acts trivially
on S(C?" @ C2)Sp(m)>{1} = Therefore,

S(ge/he)P*SP) ~ g (C2 g €215 @ §(C?)SP)

is a polynomial ring generated by two homogeneous elements of degree 2 coming
from S(C?" @ C?")SP() and S(C3)SP(), ]

Proof of Proposition 6.5.1. (1) By Lemma 6.5.4, the map ¢ — (7(¢), 7(9))
of Proposition 4.1 is given by

Hk,ﬁ(Hn+1> X Ck7£+1 — (7_[/6+€(R4n+4)’ 1K Ck*@rl X (Ckf@rl) ) (653)

The Casimir operators for G and for the factors of G and K act on these represen-
tations as the following scalars.

Operator Representation Scalar
Cs HEHE(RAH) (k+0)(k+(+4n+2)
O | HPAHMY) RCH | g2 4 2 4 2(k + On + 2k
C? | HR(HM) R ChH (k—0)(k—(+2)
Cx | 1RCHHI R+ (k—0)(k—0+2)

This, together with the identity
(k+0)(k+C+4n+2) =2(k + 2 +2(k+ On+2k) — (k= O)(k — ( +2),

implies d6(Cg) = 2d0(CY)) — dr(Ck) and dL(CS)) = dr(Ck).

(2) Since G/H and F = K/H are symmetric spaces, we obtain Ds(X) and Dy (F)
using the Harish-Chandra isomorphism. We now focus on Dg(X). We only need
to prove the first equality, since the other ones follow from the relations between
the generators. For this, using Lemmas 4.12.(3) and 6.5.4.(4), it suffices to show
that the two differential operators d¢(Cx) and dr(Ck) on X are algebraically
independent. Let f be a polynomial in two variables such that f(d¢(Cg),dr(Ck))=0
in Dg(X). By letting this differential operator act on the G-isotypic component
9 = HPH(HM) K CFHL in C°(X), we obtain

PR+ Ok + 0+ 4n+2), (k= O)(k — £ +2)) =0

for all k,¢ € N with &k > ¢, hence f is the zero polynomial. |



724 KASSEL AND KOBAYASHI

Proof of Proposition 6.5.3.  We use Proposition 4.13 and the formula (6.5.3)
for the map v — (7(¥), 7(¥)) of Proposition 4.1. Let 7 = 1K C*XC* € Disc(K/H)
with a € Ny If ¥ € Disc(G/H) satisfies 7(J) = 7, then 9 is of the form

¥ = HM(H") K C* ~ Rep(Sp(n + 1), (k, £,0,...,0)) X Rep(U(1), a)

for some k,/ € N with k — ¢+ 1 = a, by (6.5.3). The algebra Ds(X) acts on the
irreducible G-submodule () = H*(R4"*4) as the scalars

NO)+pa=k+0+2n+1€C/(Z/2Z)

via the Harish-Chandra isomorphism (6.5.2), whereas the algebra Z(gc) acts on the
irreducible G-module ¥ = H&*(H" 1) K CeHIT@i~2(H"+!) as the scalars

v()+p=(k+n+1L+nn—1,....—1;k—L+1) € (C"" @ C)/W(Cpry1 x C)

via (6.5.1). Thus the affine map S, in Proposition 6.5.3 sends A(9)+pz to v(J)+p for
any ¥ € Disc(G/H) such that 7(J) = 7, and we conclude using Proposition 4.13. =

This completes the proof of Theorems 1.3, 1.5, 1.11, and 4.9, as well as Corollary 1.7,
in case (v) of Table 1.1. For case (v)" of Table 1.1, the homogeneous spaces G/H
and K/H change as follows:

G/H : (Sp(n +1) - Sp(1))/(
~ (Sp(n+1) - U(1)

K/H . ((Sp(n) x Sp(1)) - Sp(1))
~ ((Sp(n) x Sp(1)) - U(

The proof works similarly, and so we omit it.

Sp(n) - Diag(Sp(1)))
)/(Sp(n) - Diag(U(1))),

/(Sp(n) - Diag(Sp(1)))
1))/(Sp(n) - Diag(U(1))).

6.6. The case (G, H,G) = (SO(16),SO(15), Spin(9))
Here H = Spin(7), and the only maximal connected proper subgroup of G con-
taining H is K = Spin(8). The fibration F' — X — Y is the fibration of spheres
ST — S — S8,
Proposition 6.6.1 (Generators and relations).  For
X = G/H = S0(16)/SO(15) ~ Spin(9)/Spin(7) = G/H
and K = Spin(8), we have
(1) dl(Cg) =4dl(Cq) —3dr(Ck);

Da(X) = C[dl(Cy), ér(cK)] = C[Al(C), dU(Cg)] = C[Al(Cg), dr(C)].
We identify
Homeag(Z(gc), C) =~ ji/W(ge) = CY/W(By), (6.6.1)
Home,(Dg(X),C) =~ ax/W =~ C/(Z/2Z) (6.6.2)

by the standard bases. The set Disc(K/H) consists of the representations of K =
Spin(8) of the form 7 = H*(R®) for k € N.
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Proposition 6.6.2 (Transfer map).  Let
X = G/H = SO(16)/SO(15) ~ Spin(9)/Spin(7) = G/H

and K = Spin(8). For 7 = H*(R®) € Disc(K/H) with k € N, the affine map

S,:apg~C — ct ~ E

A — T(NE+5k+3,k+1)

induces a transfer map

v(-,7) : Home g (Dg(X), C) — Home aig(Z(gc), C)
as in Theorem 4.9.

In order to prove Propositions 6.6.1 and 6.6.2, we use the following results on finite-
dimensional representations.

Lemma 6.6.3. (1) Discrete series for G/H, G/H, and F = K/H :
Disc(SO(16)/SO(15)) = {H’(R'°) : j € N};

Disc(Spin(9)/Spin(7)) = {Rep(spin(9), %(j,k, k, k)) . keEN, j—ke 2N};
Disc(Spin(8),/Spin(7)) = { Rep (Spin(s). %(k, kkE)) :ken)
(2) Branching laws for SO(16) | Spin(9): For j € N,
HI(R')|spiney ~ D Rep(Spin(Q), %(j, k k, k)) .

keN
j—ke2N

(3) Irreducible decomposition of the reqular representation of G: For k € N,
1
L2 (Spin(Q) /Spin(8), Rep<spm<8), 5.k k. k)))

1
~ Z@ Rep(Spin(9),§(j,k,k,k)>.
j—ke2N
(4) The ring S(g@/hC)H = S(C8 @ CM(T) 45 generated by two algebraically
independent homogeneous elements of degree 2.

Proof of Lemma 6.6.3. (1) The description of Disc(SO(16)/SO(15)) and of
Disc(Spin(8)/Spin(7)) follows from the classical theory of spherical harmonics (see
e.g. [6, Intro. Th.3.1]) or from the Cartan-Helgason theorem (Fact 2.5), and the
description of Disc(Spin(9)/Spin(7)) from [25].

(2) Let jc be a Cartan subalgebra of gc = s0(16,C) and {fi,..., fs} the standard
basis of I*c Fix a positive system A*(ﬁ(gj@) ={fixf; :1<i<j<8}. Let
pe = {c + fic be the standard parabolic subalgebra of gc with

AMc,jc)={fit f; : 2<i<j<8}, (6.6.3)

and f’(c the corresponding parabolic subgroup. By the Borel-Weil theorem, we can
realize the irreducible representation H’(R) = Rep(SO(16), 5 f1) of G on the space
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O(éc / ﬁc_ ,L;r) of holomorphic sections of the Gec-equivariant holomorphic line
bundle £L;s = G¢ X B C,¢,, where Py is the opposite parabolic subgroup to Fc.

Let @(4, C) be the double covering group of GL(4,C), given by

{(c,A) € C* x GL(4,C) : det(A) = ¢*}.
The natural embeddings GL(4,C) — SO(8,C) — S0O(9,C) lift to the embeddings
GL(4,C) — Spin(8,C) < Spin(9,C) = G¢.

We take the standard basis {ei, es, e3,e4} of jf, and a positive system
At(gesic) ={eite; : 1<i<j<4}u{e : 1<i<4}
We set Wy = %(61 +e9+e3+ ey)

and define a maximal parabolic subgroup FPr = LcN¢ by the characteristic element
(1,1,1,1) € C* ~jc. Then the Levi subgroup L¢ is isomorphic to GL(4,C) and

Alng,jc) ={e;+e : 1 <i<j<4tu{e : 1<i<A4} (6.6.4)
Given that the spin representation Rep(Spin(9),w,) ~ C' has jc-weights
{3(z1, 29,33, 24) : x; € {£1}} C C g,
we may and do assume that j¢ is contained in ?C and that

u(1,1,1,1) = (2,1,1,1,1,0,0,0) € j¢ and " f; = wy €, (6.6.5)

where ¢ denotes the inclusion map jc < jc.

Let @c be the standard parabolic subgroup of éc _given by the characteristic element
(2,1,1,1,1,0,0,0) € jc. Then (6.6.5) shows that ()¢ is compatible with the reductive
subgroup Gc¢ and Pc = Qc N Gc. We now verify that Pc = Pc N Gc. Clearly,

Qc is a subgroup of Pg, hence Pc C Pc N Ge. We note that Pc N Ge is a proper
subgroup of G¢, because G¢ = Spin(9, C) cannot be a subgroup of the Levi subgroup
SO(2,C) x SO(14,C) of Pc. Since Pr is a maximal parabolic subgroup of G¢, we
conclude that Pr = ]5@ N Gc with Le C EC and N¢ C ]V(c, and so ]S(C is also
compatible with the reductive subgroup G¢.

We claim that the Levi subgroup L¢ ~ GL(4,C) acts on the group fi¢/ng ~ C* by
Rep(évIJ(4, C),(1,1,1,0)). To see this, we observe from (6.6.3) that

Affic,jc) = (Afc,jc))
= {($1,$2,$3,$4) LT E {Oa 1}} ~ {(0707070)a (_17 _]-7 _]-7 _1)}
Comparing this with (6.6.4), we find
A(ﬁ({j/ﬂc,jc) = {(1’ L1, 0)7 (1’ 1,0, 1)7 (17 0,1, 1)7 (07 L1, 1)}

Applying Proposition 3.3 to the embedding Gc¢/Pz — é@/ﬁc_ , we obtain the
following upper estimate for possible irreducible Spin(9)-modules occurring in the
restriction of the SO(16)-module H/(R') ~ O(G¢/Pg, Ljp):

+00

O(é@/ﬁé, ﬁjfl) ’Spin(g) C @ O(G(C/P(E’ £w+ ® Se(ﬁ(g/né))’

=0
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because ¢* f; = w, . The right-hand side is actually a finite sum because the Borel-
Weil theorem states that

~ Rep Spin(9>7jw + (07 _67 _67 _6) 1f.] > 267
O(Ge/Ps s Lo, 0S8 (g ng)) = { ( : )

{0} otherwise.
Thus we have shown
j 1
J 16 . Lo
HR) 000 C ke% Rep<splﬂ(9), L /@k)). (6.6.6)
jlkean

Since the union of all irreducible Spin(9)-modules occurring in H’(R!®) for some j
coincides with Disc(Spin(9)/Spin(7)) by the comparison of (4.1) with (4.2), the
description of Disc(Spin(9)/Spin(7)) in (1) forces (6.6.6) to be an equality. This
completes the proof of (2).

(3) By the Frobenius reciprocity, this follows from the classical branching law for
o(N) L o(N—1), see e.g. [3, Th.8.1.3], with N =9.

(4) This follows from the fact that there is no common nontrivial Spin(7)-module in
S(C?) and S(C7), as is seen from the following irreducible decompositions:

S(CY) ~ @Rep(Spin(?),%(l,l,l))®C[r2],
S(CT) ~ @D Rep(SO(7), (k,0,0)) @ Cls?, (6.6.7)

JjeN

where 72 denotes a Spin(7)-invariant quadratic form on C® and s® an SO(7)-
invariant quadratic form on C7. u

Proof of Proposition 6.6.1. (1) By Lemma 6.6.3, the map 9 — (7 (¢), 7(¢}))
of Proposition 4.1 is given by

Rep(Spin(Q), %(j,k,k, k)) — (Hj(R16),Rep(Spin(8), %(k,k, k, k))) (6.6.8)

The Casimir operators for G , G, and K act on these representations as the following
scalars.

Operator Representation Scalar
Cs HI(R1Y) J% + 145
Ca Rep(Spin(9), 3(j, k, k, k)) | 3 (5% + 145 + 3k* + 18k)
Ck Rep(Spin(8), 5 (k, k, k, k)) k* + 6k

This, together with the identity j2+145 = (j2+14j+3k*+18k)—3 (k*+6k), implies
dl(Cg) = 4dl(Cq) — 3dr(Ck).

(2) Since G/H and F = K/H are symmetric spaces, we obtain Ds(X) and Dy (F)
using the Harish-Chandra isomorphism. We now focus on Dg(X). We only need

to prove the first equality, since the other ones follow from the relations between
the generators. For this, using Lemmas 4.12.(3) and 6.6.3.(4), it suffices to show
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that the two differential operators d¢(Cz) and dr(Ck) on X are algebraically inde-
pendent. Let f be a polynomial in two variables such that f(d{(Cg),dr(Ck))=0
in Dg(X). By letting this differential operator act on the G-isotypic component
V= Rep(Spin(9), %(j, k,k, k)) in C*°(X), we obtain

F(5%+ 145, k* + 6k) =0
for all j,k € N with j — k € 2N, hence f is the zero polynomial. [ |

Proof of Proposition 6.6.2.  We use Proposition 4.13 and the formula (6.6.8)
for the map ¥ — (7(99),7(9)) of Proposition 4.1. Let 7 = H*(R®) € Disc(K/H)
with £ € N. If ¥ € Disc(G/H) satisfies 7(J) = 7, then ¢ is of the form J =
Rep(Spin(9), %(j,k, k,k)) for some j € N with 7 — k € 2N, by (6.6.8). The algebra
Dg(X) acts on the irreducible G-submodule 7(9) = H7(R'S) as the scalars

M)+ ps = j + 7 € C/(Z)2T)

via the Harish-Chandra isomorphism (6.6.2), whereas the algebra Z(gc) acts on the
irreducible G-module ¥ = Rep(Spin(9), 5(j, k, k, k)) as the scalars

v(0)+p=3(+7k+5k+3k+1)eC"/W(By)

via (6.6.1). Thus the affine map S, in Proposition 6.6.2 sends A\(9)+pz to v(¢)+p for
any 9 € Disc(G/H) such that 7(9) = 7, and we conclude using Proposition 4.13. =

Remark 6.6.4.  The homogeneous space C* x Spin(9, C)/Spin(7,C) arises as the
unique open orbit of the prehomogeneous vector space (C* x Spin(9,C), C®) (see
e.g. [9, 10]). Howe-Umeda [9, §11.11] proved that the C-algebra homomorphism
dl : Z(gc) — De(X) is not surjective and that the “abstract Capelli problem”
has a negative answer for this prehomogeneous space. Proposition 6.6.1.(2) gives
a refinement of their assertion in this case. The novelty here is to introduce the

operator dr(Ck) € Dg(X) ~ dl(Z(gc)) to describe the ring D (X).

6.7. The case (G, H,G) = (SO(8), Spin(7),SO(5) x SO(3))

Here H = H NG is isomorphic to SO(4) ~ (SU(2) x SU(2))/{=(I5, I)}. The only
maximal connected proper subgroup of G containing H is K = SO(4)xSO(3), which
is realized in G in the standard manner. The group H is the image of the embedding
t7 2 SO(4) ~ (SU(2) x SU(2)) /{=(Is, I»)} — K induced from the following diagram:

1 — {£Diag(ls)} x {£l} — SU(2) x SU(2) x SU(2) — K — 1
U U U

Thus F = K/H is diffeomorphic to the 3-dimensional projective space P3(R), and
the fibration ' — X — Y identifies with a variant of the quaternionic Hopf fibration
P3(R) — P"(R) — S*. The groups G and K are not simple. We denote by
C'(Gi) € Z(gc) the Casimir element of the i-th factor of G, for ¢ € {1,2}, and
by C' € Z(tc) the Casimir element of the SO(4) factor of K.
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Proposition 6.7.1 (Generators and relations).  For
X = é/ﬁ = SO(8)/Spin(7) ~ (SO(5) x SO(3))/tz(SO(4)) = G/H
and K = S0(4) x SO(3), we have
{ (e > = 4d0(Cy) - 4d0(CT);

Dg(X) = Cldi(Cq)l;
(2) Dy (F) = Cldr(Cg)l;
D (X) = CldU(Cg), dr(C)] = CAA(C), dUCE)).

We identify

Homcag(Z(9c),C) =~ j/W(ge) =~ (C*@C)/W(By x By), (6.7.1)
Homes(Ds(X),C) ~  an/W =~ C/(Z/22) (6.7.2)

by the standard bases. We note that G / H is not a symmetric space, but the Lie
algebras (§,h) = (s0(8),spin(7)) form a symmetric pair and the description of the
algebra Dz (X) is the same as that for symmetric spaces. In order to be more precise,
let us recall the triality of the Dynkin diagram Dy.

Triality. The outer automorphism group Out(gc) = Aut(ge)/Int(ge) is isomor-
phic to the symmetric group &3 for gc = $0(8,C) and corresponds to the auto-
morphism group of the Dynkin diagram D,. More precisely, let Aj/(c be a Cartan
subalgebra of gc and {ej, ez, e3,e4} the standard basis of T(*C Fix a positive system
A+(§C5¢:) ={e;te; : 1 <i<j<4} and set

Wy = %(61 +es 4 e3tey).

€3 — €4

€3+€4

Then the automorphism group of the Dynkin diagram D, is the permutation group
of the set {ej,w,,w_}. It gives rise to triality in s0(8). We denote by ¢ the outer
automorphism of s0(8) of order three corresponding to the outer automorphism of D,
as described in the figure above. With this choice,

*le1) =wy, M(wy) =w-, F(w_)=e. (6.7.3)

The set Disc(K/H) consists of the representations of K = SO(4) x SO(3) of the
form 7 = Rep(SO(4), (k, k)) X Rep(SO(3), k) for k € N.
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Proposition 6.7.2 (Transfer map).  Let
X = CNJ/FI = 50(8)/Spin(7) =~ (SO(5) x SO(3))/17(SO(4)) = G/H

and K = SO(4) x SO(3). For 7 = Rep(SO(4), (k, k)) M Rep(SO(3), k) € Disc(K/H)
with k € N, the affine map

S, ar~C — C*oC ~ ik

A — T(N2k+3,2k+1)
induces a transfer map

V('7 7—) : HomC-alg(Dé(X)a C) — HomC-alg(Z(gC)a (C)
as in Theorem 4.9.

In order to prove Propositions 6.7.1 and 6.7.2, we use the following results on finite-
dimensional representations.
Lemma 6.7.3. (1) Discrete series for G/H, G/H, and F = K/H :
Disc(SO(8)/Spin(7)) = {Rep(SO(8), (4,7, 4, 7)) - J € N};
Disc((SO(5) X SO(3))/L7(SO(4)))
= {Rep(SO(5), (5, k)) W Rep(SO(3), k) : k,j €N, k < j};

Disc((SO(4) x SO(3))/12(SO(4)))
— (Rep(SO(4), (k, k) B Rep(SO(3), k) : k € N}.
(2) Branching laws for SO(8) | SO(5) x SO(3): For j €N,
Rep(SO(8), (4, 4, J)) |soe)xso@) = éRﬂp(SO@), (4, k)) ®Rep(SO(3), k).
(3) Irreducible decomposition of the regulai“f“epresentatz'on of G: For k€N,

L*((SO(5) x SO(3))/(SO(4) x SO(3)),Rep(SO(4), (k, k)) K Rep(SO(3), k))

~ 3" Rep(SO(5), (j, k)) K Rep(SO(3), k).
jeN
Jj2k
(4) The ring S(gc/be)™ = S(CT) 7SO 4s generated by two algebraically indepen-
dent homogeneous elements of degree 2.

Proof of Lemma 6.7.3. (1) We use the triality of so(8). The automorphism ¢
of 50(8) sends spin(7) to s0(7), and induces a double covering S” — P7(R) by

SO(8)~/SO(7)™ = SO(8)/Spin(7) — SO(8)/Spin(7) = G/H,

where SO(N)~ denotes the double covering of SO(N) for N = 7 or 8. Thus

Disc(G/H) is obtained by taking the even part of Disc(SO(8)/SO(7)) (see Lemma
6.1.3.(1) with n = 3) via ¢, and the computation boils down to the isomorphism

Rep(SO(8),s - (24,0,0,0)) = Rep(SO(8), (4, 4,7, 7))- (6.7.4)
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(2) We use another expression of the double covering S” — P7(R), namely
(Sp(2) x Sp(1))/(Sp(1) x Diag(Sp(1))) —> (SO(5) x SO(3))/41(SO(4)).
With the notation of Lemma 6.3.3, we have
Disc((Sp(2) x Sp(1))/Diag(Sp(1))) = {H**(H*) K C* "' : a>b>0, a,b € Z}.

We conclude using the fact that the Sp(2)-module H**(H?) descends to SO(5) if

a=b mod 2 and is isomorphic to Rep(SO(5), (452, 452)) as an SO(5)-module.

(3) The branching law is a special case of Lemma 6.5.4 with n = 1 via the triality
automorphism ¢ and the covering Sp(2) x Sp(1) — SO(5) x SO(3).

(4) We have an irreducible decomposition as SO(4)-modules via ¢7:
gc/be =~ ge/bec @ tc/be ~ (CPRC?) @ (1K C?).

Then the ring S(C? X C?)SUZ)*{1} ig a polynomial ring generated by a single ho-
mogeneous element of degree 2, on which {1} x SU(2) acts trivially. Therefore,
S(gc/be)? is isomorphic to

S(CQ X CQ)SU(2)><{1} ® S(]. X C3){1}><SO(3)’
and the statement follows. ]

Proof of Proposition 6.7.1. (1) By Lemma 6.7.3, the map ¢ — (w(9), 7(9))
of Proposition 4.1 is given by
Rep(SO(5), (4, k)) B Rep(SO(3), k)

L (6.7.5)
— (Rep(SO(8), (4, . 4, 1)), Rep(SO(4), (k, k)) ® Rep(SO(3), k)).

The Casimir operators for G and for the factors of G and K act on these represen-
tations as the following scalars.

Operator Representation Scalar
Cz | Rep(SO(8),(5,5,5,5)) | 4(*+3))
CY | Rep(SO(),(j.k) | 7> +3j+k +k
c Rep(SO(3), k) k2 + k
C Rep(SO(4), (k, k)) 2(k* + k)

This implies d¢(Cg) = 4d0(CY)) — 4d6(CS)) and 2d0(CY)) = dr(CY).

(2) The description of Dg(X) from the classical result for the symmetric space
SO(8)/SO(7) ~ Spin(8)/Spin(7) (see Proposition 6.1.1.(2) with n = 3) by the
triality of D,. The description of Dg(F) is reduced to the group manifold case
(‘G xX'G)/Diag('G) with ‘G = SU(2) using the diagram just before Proposition 6.7.1.
We now focus on Dg(X). We only need to prove the first equality, since the other one

follows from the relations between the generators. For this, using Lemmas 4.12.(3)
and 6.7.3.(4), it suffices to show that the two differential operators d¢(Cz) and
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dr(C%) on X are algebraically independent. Let f be a polynomial in two variables
such that f(d¢(Cg),dr(C%)) = 0 in Dg(X). By letting this differential operator act
on the G-isotypic component ¥ = Rep(SO(5), (4, k)) ® Rep(SO(3),k) in C>(X),
we obtain

F(4G° +35),2(k* + k) =0
for all j,k € N with j > k, hence f is the zero polynomial. [ |

Proof of Proposition 6.7.2. We use Proposition 4.13 and the formula (6.7.5)
for the map ¥ — (7(¥), 7(¢)) of Proposition 4.1. Let

7 = Rep(SO(4), (k, k)) ® Rep(SO(3), k) € Disc(K/H)

with £ € N. If ¥ € Disc(G/H) satisfies 7(J) = 7, then ¢ is of the form J =
Rep(SO(5), (7, k)) ® Rep(SO(3), k) for some j € N with j > k, by (6.7.5). The
algebra Dg(X) acts on the irreducible G-submodule 7(9) = Rep(SO(8), (4, 7, 4, 1))
as the scalars

AV) + ps = 2j + 3 € C/(Z)27)

via the Harish-Chandra isomorphism (6.7.2), whereas the algebra Z(gc) acts on the
irreducible G-module ¥ = Rep(SO(5), (7, k)) ¥ Rep(SO(3), k) by the scalars

1
v(d)+p= textstyle§ (2§ +3,2k+1;2k+1) € (C°@ C)/W (B, x By)

via (6.7.1). Thus the affine map S, in Proposition 6.7.2 sends A(9)+pz to v(J)+p for
any ¥ € Disc(G/H) such that 7(J) = 7, and we conclude using Proposition 4.13. =

6.8. The case (G, H,G) = (SO(7), Gy(_10),SO(5) x SO(2))

Here H = H NG is isomorphic to U(2) ~ (SU(2) x SO(2))/{£(I5, I5)}. The only
maximal connected proper subgroup of G containing H is K = SO(4) x SO(2),
which is realized in GG in the standard manner. The group H is the image of the
embedding ¢s : U(2) ~ (SU(2)xSO(2)) /{*(I5, I>)} — K induced from the following
diagram:

1 — {£Diag(l)} x {£L} — SU(2) x SU(2) x SO(2) — K —> 1
U U U
1 —  {*(l,Ir,l)} — SU(2) x Diag(SO(2)) — H — 1.

This case and case (ix) of Table 1.1 (see Section 6.9) are different from the other
cases in the sense that neither G/H nor K/H is a symmetric space.

The groups G and K are not simple. We denote by C’g ) (resp. C’S)) the Casimir
element of the first factor of G = SO(5) x SO(2) (resp. K = SO(4) x SO(2)), and
by E¢ (resp. Ek) a generator of the abelian ideal so(2) of g (resp. £) such that the
eigenvalues of ad(Fg) (resp. ad(Fk)) in gc are 0, £1.

Proposition 6.8.1 (Generators and relations).  For
X = G/l = SO(T)/Gay1y =~ (S0(5) x S0(2))/1s(U(2)) = G/H

and K = S0O(4) x SO(2), we have
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dl(Eg) = dr(Ek);
2d0(C) = 6d0(CH) — 3dr(CY):;

Ds(X) = Cl[d(Cg)l;
) ] DxE) = Cldr(C), dr(Ex));
Dg(X) = Cldl(Cg),dr(CY)), dr(Ex)] = ClAUCS), dr(CY), dr(Ex)]
— CldU(C),dL(CS)), dU(Eg)).

Identifying j& with C? @ C via the standard basis, the Harish-Chandra homomor-
phism amounts to

Homc.aig(Z(gc),C) = jt/W(gc) = (C*@C)/(W(Bs)x{1}). (6.8.1)

On the other hand, X¢ = G¢/He = SO(7,C)/G(C) is a nonsymmetric spherical
homogeneous space of rank one. We take af := C(1,1,1) viewed as a subspace of j§,
and normalize the generalized Harish-Chandra isomorphism of (2.4) as

Home,(Dg(X),C) ~ ag/W =~ C/(Z/2Z) (6.8.2)
Xf — A

so that XX (d6(Cz)) = 3(A2 — 9/4). Then ¢ = Rep(SO(7), A) belongs to Disc(G/H)
if and only if A is of the form A = j(1,1,1) for some j € N (see Lemma 6.8.3.(1)
below), and P € Dg(X) acts on ¢ by the scalar Xi(era(P) where we set

pa=3(1,1,1). (6.8.3)
With this normalization, the set Disc(K/H) consists of the representations of K =
SO(4) x SO(2) of the form 7 = Rep(SO(4), (k,k)) X C, for a,k € Z and |a| < k,
and the following holds.
Proposition 6.8.2 (Transfer map).  Let
X = G/H =S0(7)/Ga-11) = (SO(5) x SO(2))/15(U(2)) = G/H

and K = SO(4) x SO(2). For 7 = Rep(SO(4), (k,k)) X C, € Disc(K/H) with
a,k € Z and |a| < k, the affine map
S, ar~C — C*oC ic
A — (Mk+1),a)

12

induces a transfer map
v(-,7) : Home ag(Dg(X), C) — Home aig(Z(gc), C)

as in Theorem 4.9.

In order to prove Propositions 6.8.1 and 6.8.2, we use the following results on finite-
dimensional representations.
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Lemma 6.8.3. (1) Discrete series for G/H, G/H, and F = K/H :

Disc(SO(7)/Ga(-14)) = {Rep(SO(7), (5,4, 7)) : j € N}

Disc((SO(5) xSO(2))/ts(U(2))) = {Rep(SO(5), (j, k)) K C, : |a| <k<j, a,j, k€L};
SO

(2))
Disc((SO(4) xS0(2))/1s(U(2))) = {Rep(SO(4), (k, k) K C, : |a| < k, a,k € Z}.

(2) Branching laws for SO(7) | SO(5) x SO(2): For j € N,

Rep(SO(7), (4,4, 7)) Isos)xso@) =~ @ Rep(SO(5), (4, k)) R C,.

a,k€Z
la|<k<j

(3) Irreducible decomposition of the reqular representation of G :

L2((SO(5) x SO(2))/(SO(4) x SO(2)), Rep(SO(4), (k, k)) K C,)

@
~ E Rep(SO(5), (j,k)) XC, for a € Z and k € N.
jEN
Jj>k

(4) The ring S@c/be)? = S(C")%2 s generated by a single homogeneous element
of degree 2.

(5) The ring S(gc/be)f = S(C* @ C3)SURXSOQ) s generated by three algebraically
independent homogeneous elements of respective degrees 1,2,2.

(6) The ring S(tc/be)? = S(C3)S°?) s generated by two algebraically independent
homogeneous elements of respective degrees 1,2.

Proof of Lemma 6.8.3. (1) The description of Disc(SO(7)/Go(-14)) is given
by Kréamer [25]. The description of Disc((SO(4) x SO(2))/:s(U(2))) readily follows
from a computation for SU(2) using the diagram just before Proposition 6.8.1. The
description of Disc((SO(5) x SO(2))/:s(U(2))) follows from (2) via (4.1) or from (3)
via (4.2).

(2) See [30].

(3) By the classical branching law for SO(N) | SO(N — 1), see e.g. [3, Th.8.1.3],
with N =5, the assertion follows by the Frobenius reciprocity.

(4) See [29] or the proof of Lemma 7.7.(4) below.
(5) We have an isomorphism of (SU(2) x SO(2))-modules

gc/bc=C' @ CP ~ (C°R(C;®Cy)) @ (1R (C; 8 Co @ C_y)).
The ring S(C? ® C?)SY@>*{1} is a polynomial ring generated by one homogeneous
element of degree 2, on which {1} xSO(2) acts trivially. Hence, S(C*@C3)SVU(2)*S0(2)
is isomorphic to

S(C?R(Cy & C_y)) "W g 5(C, 0 €)% & 5(C),

and statement (5) follows.
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(6) Via the double covering SU(2)x SO(2) — H ~ U(2), the group SU(2)xSO(2)
acts on gc/hc ~ C* as 1 X (Cy & Cy @ C_,), and then the ring S(tc/hc)? is
isomorphic to

S(Cy) ® S(Cy @ C_5)5°?),

and statement (6) follows. ]
Proof of Proposition 6.8.1. (1) By Lemma 6.8.3, the map 9 — (7 (), 7(9)) of
Proposition 4.1 is given by

Rep(SO(5), (j, k) B C,

— (Rep(SO(7), (4, . 7)), Rep(SO(4), (k, k)) K C,

for a € Z and j,k € N with |a|] < k < j. The Casimir operators for G and for the
factors of G and K act on these irreducible representations as the following scalars.

(6.8.4)

Operator Representation Scalar
Cg Rep(S0(7). (4,4, 7)) 3(5° +37)
(1) 9 ~ 2
%6 | Rep(s0(), (j. k)BT, [T LR
EG vV —la
cy 2(k2 + k)

Rep(SO(4), (k, k) R C,
e p(SO(4), (k, k) N=r

This implies d¢(Eq) = dr(Ex) and 2d6(Cg) = 6dL(CY)) — 3dr(CIY).
(2) The description of Dg(X) follows from the fact that it is generated by a single

differential operator of degree 2, by Lemma 6.8.3.(4). Using the diagram just before
Proposition 6.8.1, we see that

F = K/H ~ (SU(2) x SO(2)/{1})/Diag(50(2)).

hence Dg(F) is isomorphic to Dgy(z)xso)(SU(2)), which contains dﬂ(Cﬁ(l)) =
dr(Cg)) and dr(Fk); we conclude using Lemma 6.8.3.(6). We now focus on Dg(X).
We only need to prove the first equality, since the other ones follow from the relations
between the generators. For this, using Lemmas 4.12.(3) and 6.8.3.(5), it suffices
to show that the three differential operators d¢(Cg), dr(C’g)), and dr(Ek) on X
are algebraically independent. Let f be a polynomial in three variables such that
f(d(Cy), dr(C’S)), dr(Ek)) =0 in Dg(X). By letting this differential operator act
on the G-isotypic component ¥ = Rep(SO(5), (j,k)) K C, in C*(X), we obtain

F(3G*+37),2(k* + k), —V—1a) =0
for all a,j, k € Z with |a| < k < j, hence f is the zero polynomial. [

Proof of Proposition 6.8.2.  We use Proposition 4.13 and the formula (6.8.4)
for the map 0 — (7(¢9), 7()) of Proposition 4.1. Let 7 = Rep(SO(4), (k, k)) K C, €
Disc(K/H) with k > |a|. If ¥ € Disc(G/H) satisfies 7(9) = 7, then ¥ is of the
form ¥ = Rep(SO(5), (j,k)) X C, for some j > k, by (6.8.4). The algebra Dz(X)
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acts on the irreducible G-submodule m(¥) = Rep(SO(7), (4, 7,7)) of C®(X) as the
scalars

ANV) + ps = 3(2j + 3) € C/(Z/2Z)
(

via the Harish-Chandra isomorphism
(5

6.8.2), whereas the algebra Z(gc) acts on the
irreducible G-module ¥ = Rep(SO(5), (4,

k)) X C, as the scalars
v(@) +p=(j+3k+%a) € (C0C)/W(By) x {1}

via (6.8.1). Thus the affine map S, in Proposition 6.8.2 sends A(9)+pz to v(J)+p for
any 9 € Disc(G/H) such that 7(J) = 7, and we conclude using Proposition 4.13. =

Remark 6.8.4. The group SO(5) already acts transitively on X = é/f[ I,
instead of (SO(5) x SO(2),:5(U(2))), we take (G, H) = (SO(5),SU(2)), then X =
G/H is the same as in Proposition 6.8.1 and Lemma 6.8.3. However, X¢ is not
Gc-spherical anymore and Theorem 1.3.(1)—(2) fail, as one can see from Proposi-

tion 6.8.1.

6.9. The case (G, H,G) = (SO(7), Gy(_14),50(6))

Here H = SU(3), and the only maximal connected proper subgroup of G contain-
ing H is K = U(3). Neither G/H nor G/H is a symmetric space. Let Ex be a
generator of the center of £ = u(3) such that the eigenvalues of ad(Ek) in gc are
0,41, +2.

Proposition 6.9.1 (Generators and relations).  For
X = G/H = SO(7)/Ga(_14y = SO(6)/SU(3) = G/H
and K = U(3), we have

(1) 2d6(Cz) = 3d(Cq) — 3dr(Ck);

=
Q.
>
I
a
(ol
=
o
o,
=
=]
<
|
a
[N
=
>
(N
3
=]
3

Thus the algebra Dg(X) is generated by Dg(X) and dr(Z(fc)), and also by
dl(Z(gc)) and dr(Z(tc)), but not by Dg(X) and dl(Z(gc)). The subalgebra
generated by Dz(X) and dl¢(Z(gc)), which is isomorphic to the polynomial ring
C[d¢(Cs),de(Cg)], has index two in Dg(X).

We now identify
Hom@_alg(Z(gc),(C) ~ ]Z{:/W(gc) ~ Cg/W(Dg) (691)

via the standard basis and use again the Harish-Chandra isomorphism (6.8.2) for
X = SO(7)/Gy(-14y. The set Disc(K/H) consists of the representations of K = U(3)
of the form 7 = y; for k € Z.
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Proposition 6.9.2 (Transfer map).  Let
X = G/H = SO(7)/Ga(_14y =~ SO(6)/SU(3) = G/H
and K =U(3). For T = xj € Disc(K/H) with k € Z, the affine map

S, apg~C — C’oC ~ ji
A — ()\Jr%,)\—%,k)

induces a transfer map
v(-,7) : Home ag(Dg(X), C) — Home ag(Z(gc), C)

as in Theorem 4.9.

In order to prove Propositions 6.9.1 and 6.9.2, we use the following results on finite-
dimensional representations.

Lemma 6.9.3. (1) Discrete series for G/H, G/H, and F = K/H :

Disc(SO(7)/Gy—149) = {Rep(SO(7),(j,7,7)) = j € N}
Disc(SO(6)/SU(3)) = {Rep(SO(6), (5,4, k)) : [kl <j, i,k € Z};
Disc(U(3)/SUB)) = {xx : k€ Z),

where xi(g) = (det g).
(2) Branching laws for SO(7) | SO(6): For j € N,

Rep (SO(7), (4. 4, 4)) Isoe) ~ €D Rep(SO(6), (4. 4. k).

keZ
|k|<j

(3) Irreducible decomposition of the regular representation of G: For k € 7Z,

® .
L*(SO(6)/U(3), xk) ~ Y Rep(SO(6),(j. j, k).
jEN
J=|kl
(4) The ring S(gc/be)® = S(CC @ C)SYB) s generated by two algebraically inde-
pendent homogeneous elements of respective degrees 1 and 2.

Proof of Lemma 6.9.3. (1) For Disc(SO(7)/Ga(-14)), see Lemma 6.8.3.(1).
The equality for Disc(U(3)/SU(3)) is clear. The equality for Disc(SO(6)/SU(3))
is given in [25], but we now provide an alternative approach for later purposes. The
isomorphism of Lie groups U(4)/Diag(U(1)) ~ SO(6) induces a bijection between
the two sets

m ~ {(x,y,z)€Z3 x>y >z}

(U(4)/Diag(U(1))) =~ {(a,b,c,d)€Z* : a>b>c>d}/Z(1,1,1,1),

via the map (x,y,2) — (z+y,z+ 2,y + 2,0). (6.9.2)
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Now the description of Disc(SO(6)/SU(3)) follows from the classical branching law
for SU(N) | SU(N — 1), see e.g. [3, Th.8.1.1], for N = 4 and from the Frobenius

reciprocity.
(2) This is a special case of the classical branching law for SO(N) | SO(N — 1), see
e.g. [3, Th.8.1.3], for N =7.

(3) By using (6.9.2), the proof can directly be reduced to the classical branching law
for UN) | UN—-1) for N =4.

(4) This is immediate from the symmetric case SO(6)/U(3) because gc/bc =~
(s0(6,C)/gl(3,C)) @ C, and H acts trivially on the second component. n

Proof of Proposition 6.9.1. (1) By Lemma 6.9.3, the map ¢ — (7w(9), (1)) of
Proposition 4.1 is given by

Rep(SO(6), (4, 4, k)) — (Rep(SO(7), (4,5, 7)), X&) (6.9.3)

for k € Z and j € N with |k| < j. The Casimir operators for CNJ, G, and K act on
these irreducible representations as the following scalars.

Operator Representation Scalar

Caz | Rep(SO(7),(4,5.4)) | 3(5*+3J)
Ce | Rep(SO(6), (4.4 k) | 2% + 3j) + &

Ck k2
Xk

Ex v—1k

This implies 2d¢(Cg) = 3dl(Cq) — 3dr(Ck).

(2) For Dg(X), see Proposition 6.8.1.(2). For Dg(F), the statement is obvious
since H is a normal subgroup of K and K/H is isomorphic to the toral group S'.
We now focus on D¢ (X). We only need to prove the first equality, since the other one
follows from the relations between the generators. For this, using Lemmas 4.12.(3)
and 6.9.3.(4), it suffices to show that the two differential operators d¢(Cz) and
dr(Ek) on X are algebraically independent. Let f be a polynomial in two variables
such that f(d¢(Cgz),dr(Ek)) =0 in Dg(X). By letting this differential operator act
on the G-isotypic component ¥ = Rep(SO(6), (4,7, k)) in C*°(X), we obtain

f(3(5% +3j), —V—1k) =0
for all j,k € Z with |k| < j, hence f is the zero polynomial. [

Proof of Proposition 6.9.2.  We use Proposition 4.13 and the formula (6.9.3)
for the map ¢ — (7w(9¥),7(¥)) of Proposition 4.1. Let 7 = xx € Disc(K/H
with k € Z. If ¥ € Disc(G/H) satisfies 7(¥) = 7, then ¢ is of the form J =
Rep(SO(6), (4,4, k)) for some j € N with j > |k|, by (6.9.3). The algebra Dz(X)
acts on the irreducible G-submodule 7(9) = Rep(SO(7), (j, 4, 7)) as the scalars

AV) + ps = 3(2j + 3) € C/(Z/2Z)
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via the Harish-Chandra isomorphism (6.8.2), whereas the algebra Z(gc) acts on the
irreducible G-module ¥ = Rep(SO(6), (4,7, k)) as the scalars

v()+p=(j+2,j+1,k) € C*/W(Ds)

via (6.9.1). Thus the affine map S; in Proposition 6.9.2 sends A(9)+pz to v(J)+p for
any ¥ € Disc(G/H) such that 7(J) = 7, and we conclude using Proposition 4.13. =

Remark 6.9.4.  The only noncompact real form of é@/fﬂc is Xgp = SO(4,3)0/Ga2)-
There are exactly two real forms of G¢/Hc isomorphic to Xg [17, Ex.5.2]:

Xz ~ SO(3,3)0/SL(3, R) ~ SO(4, 2)o/SU(2, 1).

Discrete series representations for Xg in both cases were classified in [17] via branch-
ing laws for G 4 G, in the same spirit as in the present paper. In these cases the
isotropy group is noncompact, which means that SO(3,3)y and SO(4, 2), do not act
properly on Xg. This explains why case (ix) of Table 1.1 does not appear in our
application [12] to spectral analysis.

6.10. The case (G, H,G) = (SO(7),SO(6), Ga(_ 1))
Here H = SU(3) is a maximal connected proper subgroup of G, so that K = H
and F' is a point.

Proposition 6.10.1 (Generators and relations).  For
X = G/H = S0(7)/S0(6) =~ Gy_14)/SU(3) = G/H
and K = H = SU(3), we have
(1) dl(Cg) = di(Ceq);
(2) Dg(X) = Dg(X) = Cldl(Cg)] = Cldl(Cq)]-
Let wy,ws be the fundamental weights with respect to the simple roots oy, s of Gs,

respectively, labeled as follows: c==0. Then w; = 3a; + 2a5 and wy = a1 + 2as.
We identify X2

Homeag(Z(gc),C) =~ jo/W(ge) = (Cwi @ Cw,y)/W(G2), (6.10.1)
Home.ay(Dg(X),C) ~ & /W~ C/(Z)27) (6.10.2)
by the standard bases. In this case, Disc(K/H) is the singleton {1}.

Proposition 6.10.2 (Transfer map).  Let
X = G/H = S0(7)/S0(6) =~ Gy_14)/SU(3) = G/H
and K = H =SU(3). For 7 =1 € Disc(K/H), the affine map
S, ap~C — Cc? ~ %

A wr (A= 3)w
induces a transfer map

I/(', 7’) : Hom@_alg(Dé(X), C) — Homc_alg(Z(gC), (C)

as in Theorem 4.9.
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In order to prove Propositions 6.10.1 and 6.10.2, we use the following results on
finite-dimensional representations.

Lemma 6.10.3. (1) Discrete series for G/H and G/H :

Disc(SO(7)/SO(6)) = {HFR") : ke N},
DISC(GQ(_M)/SU(?))) = {Rep(Gz(_14),]{?WQ) . ]CEN}

(2) Branching laws for SO(7) | Go—14y: For k € N,

%k(R7>|G2(_14) ~ Rep<G2(_14), ]{?WQ).

(3) The ring S(gc/be) = S(C3@ (C*)V)SUG) s generated by a single homogeneous
element of degree 2.

Proof of Lemma 6.10.3. In (1), the first equality follows from the Cartan-
Helgason theorem (Fact 2.5) and the second from [25]. For (2), see for instance [14];
the formula can also be obtained directly from the Borel-Weil theorem, applied to
the isomorphism

Ga(-12)/U(2) = O(7)/(SO(2) x O(5))
of generalized flag varieties. Statement (3) follows from the isomorphism
S(Ca(C*)Y) ~ @ 5'(C*) ® S7(C?)"
ijEN
and from the fact that the S*(C?), for i € N, are irreducible and mutually noniso-

morphic. [ |

Proof of Proposition 6.10.1. (1) Since the restriction H*(R")|e, _,, remains
irreducible by Lemma 6.10.3.(2), the map ¥ — (7(¢),7(9)) of Proposition 4.1
reduces to

Rep(Gg(_14)7 kwg) — (Hk(R7), ].) (6103)

We normalize C¢ so that the short root of g has length 1. Then the Casimir ope-
rators for G and G act on these irreducible representations as the following scalars.

Operator | Representation Scalar
Cs HE(RT) k% + 5k
CG Rep(G2(714), kXUQ) ]{52 + 5k

This implies d¢(Cy) = d¢(Cq).
(2) This follows from the fact that Dg(X) is generated by a single differential
operator of degree 2, by Lemma 6.10.3.(3). [

Proof of Proposition 6.10.2.  We use Proposition 4.13 and the formula (6.10.3)
for the map ¥ — (7w (9),7(d)) of Proposition 4.1. Let 7 = 1 € Disc(K/H). If
¥ € Disc(G/H) satisfies 7(¥) = 7, then ¥ is of the form ¥ = Rep(Ga(—14), kws) for
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some k € N, by (6.10.3). The algebra Dz(X) acts on the irreducible G-submodule
7(9) = H¥(R") as the scalars

AV) + ps = 3(2k +5) € C/(Z/2Z)

via the Harish-Chandra isomorphism (6.10.2), whereas the algebra Z(gc¢) acts on
the irreducible G'-module ¥ = Rep(Ga(—14), kwy) as the scalars

v(0)+p=kwy+p=w + (k+ 1wy € (Cwy + Cuwsy)/W(G2)

via (6.10.1). Thus the affine map S, in Proposition 6.10.2 sends A(9) + pz to
v(9) + p for any ¢ € Disc(G/H) such that 7(¢¥) = 7, and we conclude using
Proposition 4.13. [ |

6.11. The case (G, H,G) = (SO(8), Spin(7), SO(7))
Here H = G5(_14) is a maximal connected proper subgroup of G, so that K = H
and F' is a point.

Proposition 6.11.1 (Generators and relations).  For
X = G/H = SO(8)/Spin(7) ~ SO(7)/Ga(_14) = G/H

and K = H = Gy_14y, we have
(1) 3di(Cz) =4dl(Cq);
(2)  Dg(X) =Dg(X) = C[d(Cg)] = C[de(Cq)] -

We identify Ds(X) with C/(Z/2Z) as in (6.7.2), and Z(gc) with C*/W(Bs) as in
(6.2.1) with m = 2. In this case, Disc(K/H) is the singleton {1}.

Proposition 6.11.2 (Transfer map).  Let
X = G/H = SO(8)/Spin(7) ~ SO(7)/Ga(_1a) = G/H
and K = H = Gy_14). For 7 =1 € Disc(K/H), the affine map

S, apg~C — c? ~ j
A — T(A+2,00-2)

induces a transfer map
l/(', T) : HOIIl(c_alg(]D)é<X), (C) — HomC_alg(Z(g@), (C)

as in Theorem 4.9.

In order to prove Propositions 6.11.1 and 6.11.2, we use the following results on
finite-dimensional representations.

Lemma 6.11.3. (1) Discrete series for G/H and G/H :

Disc(SO(8)/Spin(7)) = {Rep(SO(8), (k,k,k,k)) : k€ N};
Disc(SO(7)/Go—11)) = {Rep(SO(7), (k,k,k)) : ke N},
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(2) Branching laws for SO(8) | SO(7): For k € N,

Rep(SO(8), (k. k, k, k) |sog ~ Rep(SO(7), (k, k, k)).

(3) The ring S(gc/be)™ = S(CT)%2 is generated by a single homogeneous element
of degree 2.

Proof of Lemma 6.11.3. (1) We consider the double covering Spin(8)/Spin(7) —
SO(8)/Spin(7) and apply the triality of D4 to the covering space, which shows that

Disc(Spin(8)/Spin(7)) = {¢-H*(R®): ¢ c N}
~ {Rep(Spin(S), % (0,¢,¢, €)> S N}.

The representations which contribute to Disc(SO(8)/Spin(7)) are those with even
parity, which yields the description of Disc(SO(8)/Spin(7)). For Disc(SO(7)/Ga(-14)),
see Lemma 6.8.3.(1).

(2) This is a special case of the classical branching law for SO(N) | SO(N — 1), see
e.g. [3, Th.8.1.2], for N = 8.

(3) By (6.6.7) and Lemma 6.10.3.(2), we have
S(C7) ~ @ Rep(Gy, jws) @ Cls’]
jEN

as graded Gg-modules, where s? is an SO(7)-invariant quadratic form on C7 and
Rep(Ga, jwy)@C-1 is realized in S7(C7) for j € N. Therefore, S(C7)¢? is isomorphic
to C[s?] as a graded algebra, proving Lemma 6.11.3.(3). ]

Proof of Proposition 6.11.1. (1) Since the restriction Hk(R”)|G2<714 remains
irreducible by Lemma 6.11.3.(2), the map 9 — (7(¢),7(09)) of Proposition 4.1
reduces to

Rep(SO(7), (k. k, k)) — (Rep(SO(8), (k, k. k. k)), 1). (6.11.1)

The Casimir operators for G and G act on these irreducible representations as the
following scalars.

Operator Representation Scalar
Ces Rep(SO(8), (k, k, k, k)) | 4(k* + 3k)
Ca Rep(SO(7), (k, k. k)) | 3(k* + 3k)

This implies 3d/(Cg) = 4d¢(Cg).

(2) The description of Dg(X) from the classical result for the symmetric space
SO(8)/SO(7) ~ Spin(8)/Spin(7) (see Proposition 6.1.1.(2) with n = 3) by the
triality of Dy. The description of Dg(X) follows from the fact that it is generated
by a single differential operator of degree 2, by Lemma 6.11.3.(3). [
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Proof of Proposition 6.11.2.  We use Proposition 4.13 and the formula (6.11.1)
for the map ¢ — (w(¢),7(¥)) of Proposition 4.1. Let 7 = 1 € Disc(K/H). If
¥ € Disc(G/H) satisfies 7(¥)) = 7, then 9 is of the form ¥ = Rep(SO(7), (k, k, k)) for
some k € N, by (6.11.1). The algebra Dg(X) acts on the irreducible G-submodule
7(¥) = Rep(SO(8), (k, k, k, k)) as the scalars

MNO)+ps=2k+3€C/(Z)2Z)

(see (6.7.4) for the triality of D, ), whereas the algebra Z(gc) acts on the irreducible
G-module ¥ = Rep(SO(7), (k, k, k)) as the scalars

v(W)+p=(k+3, k+3 k+3) e C/W(Bs).

Thus the affine map S, in Proposition 6.11.2 sends A(Y) + pg to v(J) + p for any
Y € Disc(G/H) such that 7(J) = 7, and we conclude using Proposition 4.13. ]

6.12. Application of the triality of D,
Cases (xii), (xiii), (xiii)", (xiv) of Table 1.1 can all be reduced to cases discussed
earlier by using the triality of the Dynkin diagram D,, described in Section 6.7.

6.12.1. The case (G, H,G) = (SO(8),50(7), Spin(?))(see (xii) in Table 1.1). We
realize H and G in such a way that H := HNG ~ G'o(—14)- Up to applying an inner
automorphlsm of gc = 50(8 C), we may assume that jc ﬂ f)(c = et and jcNge = wi

or wt, where for A € [Jc we set

= {zebc : Az) =0}
Then the automorphism group of the Dynkin diagram D,, switching e, and w,
or w_, induces an automorphism of gc = s0(8, C) switching so(7, C) and spin(7,C).
Thus this case reduces to case (xi) of Table 1.1.

6.12.2. The case ié’,ﬁ,G) = (SO(8),Spin(7),S0O(6) x SO(2)) (see (xiii) in Ta-
ble 1.1). Here H = H N G is isomorphic to the double covering

U(3) ~{(Z,s) € U(3) x C* : det Z = s°}

of U(3). The only maximal connected proper subgroup of G containing H is
K =1U(3) x SO(2). The group H is the image of the embedding

ns: UB) — U(3) x SO(2)
@i = (22 () wi))

Up to applying an inner automorphism of gc = $0(8,C), we may assume that
ic N he = wi or wt and gc = Zj.(e1), where we identify ;*c with jc via the
Killing form and write Zj.(A) for the centralizer in gc of A € i*c ~ TC Then the
automorphism group of the Dynkin diagram Dy, switching e; and w, or w_, induces
an automorphism 7 of g, ' gc = s0(8,C) such that 7(be)Nje = et and 7(gc) = Zge(wy)
or Zz.(ws). Then T(bc) ~ 50(7,C) and 7(gc) ~ gl(4,C), and 7 takes the triple
(SO(8), Spin(7),SO(6) x SO(2)) to (SO(8),SO(7),U(4)). Thus this case reduces to
case (i) of Table 1.1 with n = 3.

Likewise, case (xiii)’ reduces to case (i)’ of Table 1.1 with n = 3.
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6.12.3. The case (G,H,G) = (SO(8),S0(6) x SO(2),Spin(7)) (see (xiv) in Ta-
ble 1.1). Here H = HNG is again isomorphic to the double covering Ij(\g)
of U(3). The only maximal connected proper subgroup of G containing H is
K = Spin(6). The embedding of H ~ Uﬁ(g) into H = SO(6) x SO(2) factors
through the embedding ¢13 : 6@) — U(3) x SO(2) of Section 6.12.2. The automor-
phism 7 of gc = s50(8,C) that we just introduced in Section 6.12.2 takes the triple
(SO(8),S0(6) x SO(2), Spin(7)) to (SO(8),U(4),SO(7)). Thus this case reduces to
case (ii) of Table 1.1 with n = 3.

7. Explicit generators and relations when G is a product

Let us recall that the basic setting 1.1 of this paper is a triple (é, H ,G) such that
G is a connected compact Lie group, H and G are connected closed subgroups, and
Gc/Hc is Ge-spherical. Our main results have been proved in this setting under an
additional assumption, namely

e Gis simple,
based on the classification of such triples (Table 1.1). In this section, we consider
the basic setting 1.1 with another assumption, namely

o G is isomorphic to G X G where G is simple, and H= H, x Hy where Hy, H,
are subgroups of G.

In Section 7.1, we begin with a classification of such triples (é, H ,G): Proposition 7.2
states that, up to coverings and automorphisms, the triple (1.5), which is described
more precisely as Example 7.1 below, is essentially the only one. Then, for the rest
of the section, we examine to what extent analogous results to our main theorems
hold for this triple.

Example 7.1.  Let ¢ be the lift to Spin(8) of the outer automorphism < of order
three of the Lie algebra so0(8) described in Section 6.7. We consider the triple

(G,H,G) = (Spin(8) x Spin(8), Spin(7) x Spin(7), Spin(8)),

where H is embedded into G using the covering of the standard embedding SO(7) —
SO(8) in both components, and G is embedded into G by g — (g,<(g)).

7.1. Classification of triples

In contrast with the classification of the triples (CNJ, H , ) for simple G in Table 1.1,

the following proposition states that there are very few triples (é, H ,G) with G a
product in the setting 1.1.

Proposition 7.2.  In the setting 1.1, suppose that G is isomorphic to G x G where
G is simple, and that H = Hy x Hy where Hy, Hy are subgroups of G. Then the
triple (G, H,G) is isomorphic to

(Spin(8) x Spin(8), Spin(7) x Spin(7), (s, <?)(Spin(8))) (7.1)

for some 0 < i +# j <2, up to coverings and (possibly outer) automorphisms of G.
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For (i,7) = (0,1), the triple (7.1) is the triple (1.5) described in Example 7.1. Up
to applying the outer automorphism (¢7*,¢77) of G = G x G, the triple (7.1) is
isomorphic to

(Spin(8) x Spin(8),s*(Spin(7)) x s~/ (Spin(7)), Spin(8)),

where Spin(8) is embedded into Spin(8) x Spin(8) diagonally, by g — (g,g). Thus
the proof of Proposition 7.2 reduces to the following lemma.

Lemma 7.3. Let G be a connected compact simple Lie group, and Hy and Hy
connected closed subgroups such that G = H1Hy and that Ge/((Hi)e N (H2)c) is
G -spherical. Then the triple (G, Hy, Hy) is isomorphic to

(Spin(8), <"(Spin(7)), <’ (Spin(7)))
for some 0 <1 # 5 <2, up to coverings and conjugations.

Proof of Lemma 7.3. The triples (G, Hy, Hy) where G is a connected compact
simple Lie group, H; and Hy are connected closed subgroups, and G = H; H,, were
classified by Oniscik [27]. Among them, we find the triples (G, Hy, Hy) such that
Gc/((Hy)cN(Hs)c) is Ge-spherical by using Kramer’s classification [25] of spherical
homogeneous spaces G¢/Hc with G¢ simple. [ |

7.2. Differential operators and transfer map for the triple (1.5)

For the rest of the section, we examine the algebra D¢ (X) and its subalgebras for
the triple (1.5). In this case, since G/H ~ S™x S is simply connected, the transitive
G-action on G/H via G — G, g+ (g,<(g)), has connected stabilizer H := HNG};
it is isomorphic to Ga(_14). T he only maximal connected proper subgroup of G
containing H is K = Spin(7). For i € {1,2}, we see the Casimir element of the

i-th factor of G = Spin(8) x Spin(8) as an element of Z(gc), and denote it by C'g).
Clearly Cz = C’g) + C’g).

Proposition 7.4 (Generators and relations).  For
X = G/H = (Spin(8) x Spin(8))/(Spin(7) x Spin(7)) ~ Spin(8)/Go—1ay = G/H
and K = Spin(7), we have

(1) 3dl(Cz) =3(dUCY) +dUCY)) = 6dl(Cq) — 4dr(Cr);
(2) D (F) = Cldr(Ck)];
Da(X) = C[dUCY), d(CL), dr(Cx)] = C[U(CY)), de(CE)), de(C)].

Proposition 7.4.(2) states that

De(X) = (Dg(X),dl(Z(ge))) = (Dg(X), dr(Z(tc))).
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In particular, condition (E) of Section 1.4 holds. However, unlike in the previous
cases where G¢ is simple, here the subalgebra

R = (dl(Z(gc)), dr(Z(Ec))) (7.2)

is strictly contained in Dg(X), namely condition (A) fails. More precisely, the
following holds.

Proposition 7.5.  For
X = G/H = (Spin(8) x Spin(8))/(Spin(7) x Spin(7)) = Spin(8)/CGa_14y = G/H

and K = Spin(7), and for any i € {1,2}, we have
(%) .

(1) deCy) ¢ R, |

(2) Dg(X)=R+ Rdé(C’(f)) as R-modules.

G
We identify Home ae(Z(gc), C) =~ ji/W(ge) =~ C'/W (D), (7.3)
Homea(Da(X),C) ~  ax/W  ~ C*/(Z/2Z)? (7.4)

by the standard bases. More precisely, let jc be a Cartan subalgebra of gc = s0(8,C)
and {ey,eq,e3,6e4} the standard basis of ji. For later purposes, we fix a positive
system At (gc,jc) ={eite; 1 1 <i<j<4}. Let ¢ be the outer automorphism of
order three of s0(8) leaving jc invariant and, as in (6.7.3),

We view G = Spin(8) as a subgroup of G = Spin(8) x Spin(8) via id x <.

The set Disc(K/H) consists of the representations of K = Spin(7) of the form
T = Rep (Spin(?), %(a,a,a)) for a € N. In this case, G is not a simple Lie group,
but Theorem 4.9.(4) still holds as follows.

Proposition 7.6 (Transfer map).  Let
X = G/H = (Spin(8) x Spin(8))/(Spin(7) x Spin(7)) ~ Spin(8)/Ga—1ay = G/H
and K = Spin(7). For 7 = Rep(Spin(7), 1(a,a,a)) € Disc(K/H) with a € N, the
affine map
Can~ € — ct ~je  (75)
ANX) — s (A+a+3 N+ N =1, A—a—23)
induces a transfer map
v(-,7) : Homeag(Dg(X), C) — Home.ag(Z(gc), C)
as in Theorem 4.9.
Proposition 7.6 will be proved in Section 7.6.
7.3. Representation theory for Spin(8)/Gy(_14) With overgroup Spin(8)xSpin(8)

In order to prove Propositions 7.4 and 7.6, we use the following results on finite-
dimensional representations.
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Lemma 7.7. (1) Discrete series for G/H, G/H, and F = K/H :

Disc(Spin(8) x Spin(8)/Spin(7) x Spin(7)) = {H#/(R®) K HI'(R®) : 4, € N};

. . . 1, g .
Disc(Spin(8)/Ga(—14)) = {Rep <Sp1n(8), 5(] +a,j,7,a— ])) :

j-flSa<j+j, j+i—aecn}
. : ) 1
Disc(Spin(7)/Ga(-14)) = {Rep <Sp1n(7), —(a,a, a)) D a€ N}.
2
(2) Branching laws for Spin(8) x Spin(8) | (id x ¢)(Spin(8)): For j,j" € N,

(R RH (R sy~ D Rep (Spin(S), L(j+a,f,jha— j)>.

li—5"1<a<j+j’
a=j+j’ mod 2

(3) Irreducible decomposition of the reqular representation of G: For a € N,

L? <Spin(8)/Spin(7), Rep <Spin(7), 1(a, qa, a)) )

@ . . . . .
~ Y Rep <Spln(8)7 t+aj, i a— J))-
J,3'eN
j+j' —a€2N

(4) The ring S(gc/bc)? = S(spin(8,C)/gac)®? is generated by three algebraically
independent homogeneous elements of degree 2.

Proof of Lemma 7.7. (1) The description of Disc(G/H) follows from the clas-
sical theory of spherical harmonics as in Spin(8)/Spin(7) ~ SO(8)/SO(7). The
description of Disc(G/H) and Disc(K/H) is given by Kréamer [25].

(2) Let ¢*H’(R®) be the irreducible representation of Spin(8) obtained by precom-
posing H/(R®) by ¢ : Spin(8) — Spin(8). We first observe the following isomor-
phisms of Spin(8)-modules:

H/(R®) ~ Rep(Spin(8),je;) and ¢*H’(R®) ~ Rep(Spin(8), jw,),

because ¢*(e;) = wy. Let Pc and Q¢ be the parabolic subgroups of G¢ = Spin(8, C)
given by the characteristic elements (1,0,0,0) and (1,1,1,1) € C* ~ j¢, respectively.
The nilradicals n¢ and uc of the parabolic subalgebras pe and q¢ have the following
weights:

A(ng,jc) ={e1 te; : 2< 5 <4},
A(U.(c,j(c):{ei—l-ej : 1<i<j§4},
and so A(ng Nug,jc) ={e1+¢ = 2<j <4}

The Levi subgroup of the standard parabolic subgroup Pr N Q¢ is a (connected)
double covering of GL(1,C) x GL(3,C), and its Lie algebra acts on nc Nuc ~ C3 by
Rep(gl(1, C)+gl(3,C), (1,1,0,0)), hence on the £-th symmetric tensor S*(nc Nugc) by

Rep(gl(1,C) 4 gl(3,C), (¢,£,0,0)).
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Applying Proposition 3.4, we obtain an upper estimate for the possible irreducible
summands of the tensor product representation H’(R%) ® ¢*H’' (R®) by

+o0
P O(Ge/(Pz NQ2), 8 (ng Nug) @ Lieyrjres)-
=0

By the Borel-Weil theorem, we have an isomorphism of Spin(8)-modules:

O(Ge/(Pz NQg), S (ng Nug) ® Ljey i)

Rep(Spin(8), 3(2j + j' — 2¢,5',5',5' — 20)) if 0 < ¢ < min(j, j'),
{0} otherwise.

Via the change of variables a = j+ j’' —2¢, the condition 0 < ¢ < min(j,j’) on £ € N
amounts to the following conditions on a € Z:

li—71<a<j+j and a=j+j mod 2.

Thus we have

. ., 1
WEYeHW R @ Rep(Spin(®). 20 +a s a—0).  (76)
l7—5"1<a<j+j’
a=j+j’ mod 2

By comparing (4.1) with (4.2), we see that the set of all irreducible Spin(8)-modules
occurring in H7(R®) @ ¢*H7' (R®) for some 7, j' coincides with Disc(Spin(8)/Ga(—14)),
counting multiplicities. Therefore the description of Disc(Spin(8)/Ga-14y) in (1)
forces (7.6) to be an equality. This completes the proof of (2).

(3) By the classical branching law for the standard embedding so(7) C so(8), see
e.g. [3, Th.8.1.2], we have

Homg (7 <Rep (50(7), %(a, a, a)) ,Rep(s0(8), (21,22, 23, 74)) |50(7)> ={0}

if and only if (21, %9, 3, 14) = %(] +j'ya,a,j —j') for some j, 5" € Z with |j — j'| <
a<j+j and j+ 5 —a € 2Z. Using (6.7.3), we have

ol . 1. g .
S 1(5(] —|—j/,a,(l,] _j/)> = 5(]"‘@,]/7],,@_])-

We conclude using the Frobenius reciprocity.

(4) There is a unique 7-dimensional irreducible representation of Gs, and we have
an isomorphism of Gy-modules

spin(8,C)/gac ~ C" @ C".

Let Q € S?(C7) be the quadratic form defining SO(7,C). Then we have a decom-
position as SO(7, C)-graded modules:

S(C) =~ PH(C) e ClQ),

jeN
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where SO(7,C) acts trivially on the second factor. The self-dual representations
HI(CT) of SO(7,C) remain irreducible when restricted to G5, and they are pairwise
inequivalent. Therefore (H!(C") ® H’(C"))“2 # {0} if and only if i = j, and in this
case its dimension is one. Hence the graded C-algebra of GGo-invariants
S(spin(8,C)/gac)”® =~ (S(CT) @ S(CT))*
~ @ H(C) W ()™ Qe
ijEN

is isomorphic to a polynomial ring generated by three homogeneous elements of
degree 2. n

7.4. Generators and relations: proof

In this section we give a proof of Proposition 7.4. For this we observe from Lemma 7.7
that the map ¢ — (7w(9),7(9)) of Proposition 4.1 is given by

Rep(Spin(8), 1(j + a5 j'.a — )

— (HJ(RS) X 17 (R®), Rep <spin(7), L(a,a, a>)> (7.7)

for j,j',a € N with |[j —j'| <a<j+j and j+j —a € 2N.

Proof of Proposition 7.4. (1) The first equality follows from the identity Cz =
de¢ (C’g)) +de (C’g)). For the second equality, we use the fact that the Casimir opera-

tors for G , G, and K act on these irreducible representations as the following scalars.

Operator Representation Scalar
C HI (R®) R HY'(RY) 2477460 +7)
Co | Rep(Spin(8), 5(j +a,5", 4, a = j)) | 5(* +3" +6(j + ) + a(a +6))
Ck Rep (Spin(7), 1(a,a, a)) 3 a(a+6)

This, together with the identity
372457 +6( + 7)) =3(52 + 577 +6(j +4) +a(a+6)) —3ala+6),

implies 3d/(Cg) = 6d¢(Cg) — 4dr(Ck).

(2) The description of Dg(X) follows from the fact that Spin(8)/Spin(7) is a sym-
metric space of rank one, see also Proposition 6.1.1.(2) with n = 3. For the fiber
F = K/H = Spin(7)/Gy(-14), the description of Dg(F) was given in Proposi-
tion 6.8.1.(2). We now focus on Dg(X). We only need to prove the first equality,

since the second one follows from the linear relations between the generators in (1).
For this, using Lemmas 4.12.(3) and 7.7.(4), it suffices to show that the three differ-

ential operators df(Cg)), dﬁ(Cg)), and dr(Ck) on X are algebraically independent.

Let f be a polynomial in three variables such that f(dE(Cg)), dé(C’g)), dr(Ck)) =0
in Dg(X). By letting this differential operator act on the G-isotypic component
Y= Rep(Spin(S), %(] +a,5,7,a— ])) in C*°(X), we obtain

f(5* 464, 5" + 65", § ala +6)) =0
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for all j,5',a € N with |j—j| <a<j+j and j+j —a € 2N, hence f is the zero
polynomial. |

7.5. The subalgebra R = (dr(Z(¢c)),d¢(Z(gc)))

Unlike Theorem 1.3.(2) for simple G, here Dg(X) is strictly larger than the subal-
gebra R generated by dr(Z(€c)) and d¢(Z(gc)). In this section, we give a proof of
Proposition 7.5 on the subalgebra R. For this, we describe Dg(X) as a function on
Disc(G/H), as in Proposition 4.4. Recall from Lemma 7.7.(1) that

Disc(G/H) ~ {Rep(Spin(8),3(j + a,5',j',a—j)) : a>|j—j'|, j+j —a€c2N}L

Setting = := (j + 3)? and y := (j' + 3)® and z := (a + 3)?, we may regard the
polynomial ring C[z,y, z| as a subalgebra of Map(Disc(G/H),C).

Lemma 7.8.  The map zZ of Proposition 4.4 gives an algebra isomorphism

Dg(X) — Cla, v, 2].

Proof.  We take generators Ry, ..., Ry of Z(gc) as follows. Recall from Section 2.4
the notation x¢ : Z(gc) — C for the infinitesimal character. There exist unique
elements Ry,..., Ry € Z(gc) such that

{ XS (Ry) = 221 (vik 4 u2h + 3k + 2R for 1 <k <3,
Xy (Ra) = 2'viusuy
for v = (v1,10,v3,14) € j&/W(D,) =~ C*/&4 x (Z/2Z)? via the standard basis of

the Cartan subalgebra jc of gc = s0(8,C). Then Z(gc) is the polynomial algebra
C[R1, R, R3, Ry]. Let us set

ri = P(dU(Ry)) for 1<k <4, q:=0(dr(Ck)), pii=(dUCY)) for 1 <i<2.
By Proposition 4.4.(2), these are maps from Disc(G/H) to C sending any
¥ = Rep(Spin(8), 3 (j +a,j',j',a — j)) € Disc(G/H)

to (0, dl(Ry)) (for 1 < k < 4), ¥(¥,dr(Ck)), and (9, dU(CY)), which are
the scalars by which Ry € Z(gc) acts on ¢ and Cx € Z(f) acts on 7(¥) =
Rep(Spin(7), 3(a,a,a)) and Cg) € Z(gc) acts on 7(v) = H/(R®) @ H7'(R®), respec-
tively, by (7.7). These scalars are given as follows:
(1 = z+y+z+1,

ry = 2?4620+ 22 +y? + 6y + 1,

rs = 34 15222 + 15222 + 22 + 4% + 15y% + 15y + 1,

ry = (z—=1)(y—2),

qg = %(z—Q),
P = .7)'—9,
L P2 = y—9.

Therefore, the algebra homomorphism ) : Dg(X) — Map(Disc(G/H),C) takes
values in C[z,y, z]. The image is exactly C|x,y, z| since py, ps, ¢ generate it. [
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From now on, we identify Dg(X) with the polynomial ring C[z,y,2]. Since the
algebra dr(Z(€c)) is generated by dr(Ck) and d¢(Z(gc)) is generated by the d¢(Ry)
for 1 < k <4, we may view R in (7.2) as the subalgebra of C[x,y, z| generated by
q,71,72,T3,T4.

Lemma 7.9.  In this setting,
(1) z,x+y, zz+y, xy € R;
(2) 2" y*€ R+ Rx for all n € N.

Proof. (1) We have z € Cq+ C, hence z € R. Similarly, x +y € Cq+ Cry + C,
hence v +y € R. The inclusions zz + y,zy € R follow from the equalities

Yoz +y)=ry+2ry — (x+y)* — (2 +1)%
zy=ry+ (xz+y) + 2.

(2) Let us prove 2™ € R+ Rz by induction on n. The cases n = 0,1 are clear,
and we have 2? = —zy + (z 4+ y)r € R+ Rz by (1). Assuming 2" € R, we have
2" = 22" € ©(R + Rr) = Rx + Rz?, hence 2" € R + Rx by the case n = 2.
The assertion for y" is clear from y = (x +y) — z. [

Proof of Proposition 7.5.  We again identify Dg(X) with the polynomial ring
Clz,y, z] as in Lemma 7.8. Since x + y € R, it is sufficient to show:

(1) ¢ R; (2) Clz,y,2] = R+ Rz as R-modules,
where R is again the subalgebra of C[z,y, z] generated by q,71,79,73,74.

(1) Suppose by contradiction that there is a polynomial f in five variables such that

f(Tl,TQ,Tg,T;l,Q) =T (78)

Taking z = 1 in the identity (7.8) of polynomials in x,y, z, we see that the left-
hand side is symmetric in x and y, whereas the right-hand side is not, yielding a
contradiction.

(2) Since zy, z € R by Lemma 7.9.(1), any monomial of the form x‘y™z" with
¢,m,n € N belongs to ™R if £ > m, and to y™ *R if £ < m. In both cases we
see, using Lemma 7.9.(2), that 2‘y™2" € R+ Rx. Therefore R+ Rz = Clx,y,2]. =

7.6. Transfer map: proof of Proposition 7.6

As we have seen in the previous section, the algebra R = (d¢(Z(gc)),dr(Z(tc))) does
not contain Dg(X) in our setting, and an analogous statement to Proposition 1.10
does not hold for all maximal ideals Z of Z(€c). Nevertheless, the following holds for
certain specific maximal ideals Z, which include all ideals we need to define transfer
maps. We denote by Z, be the annihilator of the irreducible K-module 7V (=~ 7)
in Z(tc), and ¢z, : Dg(X) — Dg(X)z, = De(X)/(Z,) the quotient map as in
Section 1.3.

Proposition 7.10.  For any 7 € Disc(K/H), the map qz, induces algebra iso-
morphisms

Ds(X) — De(X)z, and Z(gc)/Ker(gz, o dl) — Dg(X)z, .
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These isomorphisms combine into an algebra isomorphism
o1, « Z(gc)/Ker(gz, o dl) — Dg(X),
which induces a natural map

gD;—T . HOHl((j_alg (Dé (X), C) ;> I‘IOIII(C_a]g (Z(gc)/Ker(qIT @) df), C)
C Homc.ag(Z(gc), C)

Proposition 7.10 implies Theorem 4.9.(1)—(3) in our setting, see Section 4.6.

Proof of Proposition 7.10. We identify Dg(X) with the polynomial ring
Clz,y, 2] via ¢ using Lemma 7.8. Write 7 = Rep(Spin(?), %(a,a,a)). Under the
isomorphism Dg(X) ~ C[z,v, 2|, the ideal (Z,) is generated by z — (a+3)?, and the
map ¢z, identifies with the evaluation ¢, at z = (a + 3)?, sending f(z,y,2) €
Clz,y,2] to f(z,y,(a + 3)?) € Clz,y]. This induces an algebra isomorphism
De(X)z, ~ Clz,y], and we obtain the following commutative diagram for each
7 = Rep(Spin(7), 1 (a, a,a)).

P
\L q9z- l da

Dg(X)z, — Clz,y]

We now examine the restriction of ¢, to the subalgebras Dg(X) and d¢(Z(gc))
of Dg(X). The restriction of ¢, to Dg(X) = Cp1,p2] = Clz,y] is clearly an
isomorphism. On the other hand, a simple computation shows

Gu(r) = z+y+(a+3)>+1,
q(—11 + 1o+ 2ry) = 2((a+3)2—1)(x—y).

Since (a + 3)* # 1, we conclude that ¢,(d¢(Z(gc))) = Clx,y], hence the second
isomorphism. [

Proof of Proposition 7.6. We use Proposition 4.13 and the formula (7.7) for
the map ¢ — (7(9),7(9)) of Proposition 4.1. Let 7 = Rep(Spin(7), 3(a,a,a)) €
Disc(K/H) with a € N. If ¥ € Disc(G/H) satisfies 7(J) = 7, then ¥ is of the form
¥ = Rep(Spin(8), 5 (j+a, 5, j',a—j)) for some j,j" € N with |[j—j'| < a < j+;" and
Jj+ 37" —2a €N, by (7.6). The algebra Dg(X) acts on the irreducible G-submodule
m(¥) = HI(R®) X HI'(R¥) of C°(X) as the scalars

AO) +ps = (5 +3,5 +3) € C*/(2/2Z)*

via the Harish-Chandra isomorphism (7.4), whereas the algebra Z(gc) acts on the
irreducible G-module ¥ = Rep(Spin(8), %(] +a,j,7,a— ])) as the scalars

v)+p=31A+a+3N+1, XN -1, A—a—-3) € C'/W(Dy)

via (7.3). Thus the affine map S, in Proposition 7.6 sends A(9) + pz to v(¥) + p for
any 9 € Disc(G/H) such that 7(J) = 7, and we conclude using Proposition 4.13. =
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