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Abstract. Given a maximal hypoelliptic differential operator of arbitrary order, we prove that its
graph norm controls the Sobolev norm of the same order if the operator has left-invariant principal
part and lower order terms with bounded coefficients. As an application, we obtain the essential
self-adjointness on L? of Rumin’s Laplacians on the contact complex of the Heisenberg groups.
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1. Introduction

The notion of maximal hypoellipticity for a differential operator of order m was first
introduced by Helffer and Nourrigat [11] and it consists, for the smooth functions
supported on a given bounded open set, on a control on the L”-Sobolev norm of order
m in terms of the graph norm in L? of the operator, with a constant depending on
the chosen set. It seems a natural question whether this local condition is equivalent
to a global estimate when the operator and the norms involved enjoy some sort of
translation invariance.

In this paper, we consider matrix-valued, differential operators defined in terms of
left-invariant vector fields on Lie groups endowed with a left measure. We answer in
the affirmative for operators with left-invariant principal part and with lower order
terms whose coefficients are essentially bounded, and we characterize the domain of
their closure. The matrix-valued case is aimed at considering differential operators
acting on differential forms of arbitrary degree, see also [2, 3, 4]. Indeed, this result
allows to obtain the essential self-adjointness on L? of Rumin’s Laplacians on the
contact complex of the Heisenberg groups.

Let G be a noncompact connected Lie group and identify its Lie algebra g with
the algebra of left-invariant vector fields on G. For a positive integer k& and multi-
index I = (Iy,..., 1) of length |I| = k, we denote by X; the differential operator
Xp, -+ Xp,,, where X, € g. We shall consider operators P: C*°(G)" — C®(G)™ for
arbitrary n,m € N of the form

P(Oél, e 7O[n) = (Zpﬂozi, ey Zpimozi>, o = (O{l, e ,Oén) € C°°<G)n’
i=1 i=1
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where P;; are (scalar-valued) differential operators on G given by

Py= Y a,;Xi, (1)
0<|1]<m

for some measurable coefficients (aj;) on G, vector fields X;, in g, and m € N.
We shall identify P with its components (P;;). Following [4], we say that P is
left invariant if P;; is for every 4,7, i.e. if P;; commutes with left translations. For
x € G, by left translation by  we mean the operator 77 given by (7 u)(y) = u(7.y)
for every measurable function u and y € G, where 7,y = 7 'y. We then extend
7 on vector-valued functions by componentwise action. We say that P has order
m € N, m > 1, if all P;; have orders < m and at least one has order equal to m.
Given P;; as in (1), the operators

(Pi)m = Y _ al; Xy, (Pij)<m = Pij — (Pij)m

[T|=m

will be called its principal part and its lower order terms, respectively. We then set

P =((Pij)m),  P<m=((Pij)<m)

Let A be a left Haar measure on GG. For a measurable subset 2 C G and p € [1, 00,
we denote by LP(Q, A) the classical Lebesgue spaces on {2 with respect to the measure
A, endowed with the usual norms which we denote by || - ||r@y. For n € N,
we denote by LP"(Q,\) = (LP(§2,\))" the space of n-vectors whose entries are in
LP(Q2, \), endowed with the norm

n
ol ooy = D llillzen-
=1

If Q@ =G, we write LP"(A). When there is no risk of confusion, we omit to specify A
and write simply LP, LP(Q2), || - ||,, and so on. The space of smooth and compactly

supported n-vectors (C2°(€2))" will be denoted C2*"(Q2).

We fix a family X = {X7,..., X, } of linearly independent left-invariant vector fields
in g. We say that an operator P as in (1) is a differential operator along derivatives
of X if X;; € X for every I appearing in (1). If u € C°(G), p € [1,00] and £ > 1,
we define

WX, = ST I Xl XpeX, j=1,...0

|I|=¢
n
and for a € C*"(G), we set |alf, = Z il 75,
i=1
Observe that we do not require a priori that X satisfies Hormander’s condition. If

this is the case, however, and if p € (1,00), then Y ;" |ulf, is equivalent to the
norm in the Sobolev space LP (\) defined in [8] in terms of the vector fields in X.

Definition 1.1. Let P be a differential operator of degree m, {2 C G be open
and p € [1,00]. We say that P is X-mazimal hypoelliptic in LP($2) if there exists a
constant C'(€2) such that for all o in C"(Q)

> lal¥, < @) (IPall, + llall,)- (2)
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If G is a stratified group and the family X is a basis of the first layer of its Lie algebra,
for every bounded open 2 C G our definition of X-maximal hypoellipticity in L?(Q)
coincides with the maximal hypoellipticity on € considered in [4]. Outside stratified
groups, examples of X-maximal hypoelliptic operators in L?(Q) for some Q C G
are Rumin’s Laplacians [15] on the group SL(2,R) and on the groups of [12, 9],
when X is a basis of the kernel of the contact 1-form of the group (see also [5]).
The case p € (1,00) was also considered in [4]. Observe that if G is a symmetric,
nonnegative, left-invariant and homogeneous differential operator of even order on
a stratified group, and if X is a basis of the first layer of g, then X-maximal
hypoellipticity in L?*(2) is equivalent to hypoellipticity in € (cf. [4, Theorem 1.1]).
If P is X-maximal hypoelliptic in LP(2), then it is also in LP(€)y) for any open
Qy € Q. Moreover, if P is left invariant and X-maximal hypoelliptic in L?(Q2) for
some 2 C G, then for any = € G it is X-maximal hypoelliptic in LP(£2,), where
Q. = 7,8 is a neighbourhood of x; this is a consequence of the left invariance of
P and of the norm. It seems a natural question whether a left-invariant differential
operator P which is X-maximal hypoelliptic in LP(£2) for some open {2 C G is also
X-maximal hypoelliptic in LP(G). In other words, whether the local estimate (2)
implies the global estimate

dlal¥ <C(Paly + llal,),  a€ NG,
=0

for some constant C' independent of «. In this paper we prove the following.

Theorem 1.2. Let p € [1,00) and P be a matriz-valued differential operator of
degree m along derivatives of X. Assume that

(1) Py, is left invariant;

(2)  Pom has L -coefficients.

If P is X-mazimal hypoelliptic in LP(QY) for some Q@ C G, then it is X-maximal
hypoelliptic in LP(G).

We shall prove Theorem 1.2 by proving that the statement holds when P itself is
left invariant, and that maximal hypoellipticity is preserved under L*°-perturbations
of the lower order terms. This is an analogous result to [7, Theorem 7] for local
estimates. Theorem 1.2 will allow us to characterize the domain of the closure of
Rumin’s Laplacians on test horizontal forms on the contact complex of the Heisenberg
groups, and to obtain their essential self-adjointness on L?.

We observe that the study of maximal hypoellipticity of matrix-valued operators
cannot be reduced to that of scalar-valued operators. Indeed, if all components P;;
of P are X-maximal hypoelliptic in LP(2) for some €2, then P is also, but the
converse is not true. To see this, consider the operator

_ A O . 00,2 n 00,2 n
77—(0 A) : C2(R™) — C*%(R"),
where A is the Laplacian on R" and let X = {04, ...,9,} be the canonical basis of
vector fields on R™. Then, P is X-maximal hypoelliptic in L*(R") since A is, but
its off-diagonal components are not.
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2. From local to global estimates

We begin by proving a Nash-type inequality.

Lemma 2.1.  Given m > 2 and p € [1,00], there exists a constant C(v,m) such
that for every £ <m —1 and € € (0,1]

X < em_e|a|£p + C(v, m)e_e||a||p Va € COMG).

|OZ lp —

Proof. Observe first that it is enough to prove the statement when n = 1, i.e.
for o = u € C°(G). Moreover, since the family of vector fields X plays no role, we
write |ule, instead of |ul},. Let e € (0,1]. The starting point is the inequality

1Xully < el X2ull, + 257l (3)
which can be found in the proof of [14, Lemma II1.3.3], by considering the left-
translation as a representation of G onto LP(\). Taking the sum over j =1,...,v
we get

[ulp < elula,y + 2ve™ [[ul],. (4)

By induction on ¢, we now prove that for € > 0
[ule,y < €lulesry + C(v, O)e|ull,. (5)

If £ =1, this is (4). Hence, assume (5) holds for { —1 < m — 2. By (4)

ulep = Z | Xrulip < Z (€|XIU|2,p+2V€_1||Xlu”p)

[1|=t—1 [T|=¢—1

— sy + 206 uliay (6)
Since for any § > 0
‘U|Z71,p S 5’“‘2,1) + C(V7 g - 1) 67(871)”,“”])

by the inductive assumption, if § = ¢/(4r) then by (6)

tp T Cv, 0= 1227 e lull,,

1
ulep < €lulerap + §|U
and thus ulep, < 2€uliii, + Cv, 0 — 122V ull,

for any € > 0. This is (5) with 2¢ instead of €. The statement is then proved
applying (5) backwards from ¢ =m — 1. [

By means of Lemma 2.1, we can prove that maximal hypoellipticity is preserved
under L*°-perturbations of lower order terms.

Proposition 2.2.  Let P be a differential operator of degree m along derivatives
of X such that P.,, has L>®(Q) coefficients for some open 2 C G. Let p € [1,00].
Then P is X-mazximal hypoelliptic in LP(Q2) if and only if Py, is.
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Proof. Let A be the maximum of the L*°(2) norms of P_,,’s coefficients, and
let @ € C"(Q2). Then, by Lemma 2.1, for € € (0, 1]

m—1

[Pmall, < C(A, m) ( S JafX + ||a||p)
/=1

m—1
< cam)( X (¢l + Clnme al,) + )

(=1
< C(Am,v,m)(claf, + " lall, ).

Therefore, if we choose € = (2C(A, m, v, m) C’(Q))_1 we get

1
|Pemar|, < mmﬁ,p + C(v,m, A, Q)| -

Suppose now that P is X-maximal hypoelliptic in LP(£2). Then

||7Da||p < HpmaHp + Hp<m05||p

1
< | Pmal, + m’aﬁp + C(v,m, A, Q)|

1
< N Pmally + 5 ([Pally + llall,) + Clv,m, A, Q)llall,

from which we obtain the inequality ||[Pal|, < C(||Pmall, + ||e]|p). Thus, also P, is
X-maximal hypoelliptic in LP(£2).

Analogously, one can prove that if P, is X-maximal hypoelliptic in LP(Q2), then
1P, < C'(|Pall, + ||@]lp) for every a € C2*(R2), so that P is X-maximal
hypoelliptic in LP(€2) as well. n

The last ingredient in the proof of Theorem 1.2 is a covering lemma. Its proof is an
easy generalization of the proof of [1, Lemma 1], and is omitted.

Lemma 2.3. Let G be a locally compact second-countable group, and let U, V
be two open relatively compact subsets of G such that U C V. Then, there exists a
countable family s = {x): k € N} C G and n € N such that

(1) G = Uk zU;
(2)  for all zg € U, 2oV N2V is non-empty for at most n elements x € 4.

Property (2) of Lemma 2.3 will be referred to as bounded overlap property.

Proof of Theorem 1.2. By Proposition 2.2, it is enough to prove the statement
when P is left invariant. For notational convenience, for every open 2 C G and
0 </ <m we define

n

(W}, =Y I1Xnulp, weCe(Q), {a}f, =) {a}, aeclE(Q).

|I|=¢ i=1
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All the vector fields are meant to belong to X. Under this new notation, the X-
maximal hypoellipticity of P in LP(£2) is equivalent to saying that

> {a}E, < C@) (IPally + llalp)

for all @ € C2>"(Q2). By Lemma 2.1, there exists a constant x = k(p, v, m) such that
for {<m—1and ¢ >0

{a}f, S k(@™ Haly, +e[alh),  aeCN(G). (7)
Since P is left invariant, we may assume that ) is an open neighbourhood of the
identity e € G.

Let U, V beopensetssuch that U C V C ). By Lemma 2.3, there exists a countable
family (z) of elements of G such that G = |J, x,U and each x;V intersects at most
n other x,V. We set U, := x,U and V, := 2,V .

Let now ¢ € C°(V) be such that ¥ =1 on U, ©» =0 on V¢ and ¢ takes values in
[0,1]; set oy, = 77 1. Let a € C*"(G). Then

Z{a}fp < ZZ{ OM’“ }fp ZZ{ngl(a@Dk)}fp

k  ¢=0 k ¢=0

since 1y = 1 on Ui, (Uy) is a covering of G, and the LP norm and X are left
invariant.

Observe that 7, (at)y,) is supported in V. By the X-maximal hypoellipticity of P
Ly
in LP(V),

Sl <N Y [Ims e+ [P (7 ()
Cv,m)[lalls + 3 1P 3], (8)

where we used the bounded overlap property of the family (Vj), and the left invari-
ance of P and of the LP-norm. By the Leibniz formula,

P(Oélbk) = kaoz + R(lpk, a)

where R(¢y;a) is an m-vector supported in Vj; whose entries are sum of terms
having at least one derivative of 1, at most m — 1 derivatives of the components of
a, and all the derivatives are along the vector fields in X. By the bounded overlap
property and (8)

S {al¥, < [IPalls+ llalls + D7 IRk a)2].
=0 k

If £ denotes max|jj<m || X7¢||o, then by (7) we obtain that for € € (0, 1)

ST IR@w )2 < Clm,m, E) Z{a}gp

< C(m,m, E,n, x) (ep{o«}m,p + CemmYallp).
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We used again the bounded overlap property of the sets (V}) and left invariance of
the vector fields in X. By choosing €® = (2C(m,m, E,n,x)C(V,n))~!, we obtain
the global estimate as desired. [ |

3. Rumin’s Laplacians on the Heisenberg groups

For p € (1,00) and m € N, consider the Sobolev space LP"(X) of n-vectors «

whose norm
m
lallzroey = D Lol
£=0

is finite, see also [8]. Let P be a matrix-valued differential operator of degree m
along derivatives of X, with left-invariant principal part and lower order terms with
L>-coefficients. If P is X-maximal hypoelliptic in L?(Q2) for some Q2 C G, then by
Theorem 1.2 there exists C' > 0 such that

CH el < Pally + llell, < Cllalle e

for all o in C2*"(G). In other words, the norm of L7*(X) and the graph norm of P
in LP" are equivalent on C2*"(G). Thus, if P is also closable in LP" and P stands
for its closure,
_ - L{)ﬁn X

Dom(P) = C(G) " . (9)
As we explain now, this fact allows to prove the essential self-adjointness on L? of
Rumin’s Laplacians on the contact complex of the Heisenberg groups. First, we
briefly recall their construction, referring the reader to [16, 2, 3] for a thorough
treatment and details.

Let G = H" be the Heisenberg group identified with R?"*! through exponential
coordinates. Let & = {Xj,..., Xy,,T} be the standard basis of its Lie algebra, see
e.g. [6], where X = {X},..., Xy,} is a basis of the first layer. We endow g with an
inner product for which £ is orthonormal. Denote by {61, ..., 0s,,6} the dual basis
of #. We define A°(g) =R, and

A¥(g) =span {0, A--- A0, 1 <iyp < - <ip <2n+1}, k=1,....2n+1,

X

where 05,41 = 0. Denote by .#* the ideal generated by ¢ and by _#* the annihilator
of #*. Both .#* and _#* are graded, i.e.

2n+1 2n+1
j*:®jk, /*:@/kv
k=0
where (if one sets A=2(g) = A~!(g) = {0})

IE={OANB+dONY: B e N g), v e A2 (g)},
/k:{aeAk(g): ONa=diNa=0}.

For k=0,...,n, one has _¢#*% = {0} and .#2"+1=% = A?""1=k(g) Then, let

o [N @) ifk=0,...n,
) ot ifk=n+1,....2n+1.
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If k=0,...,n—1, we denote by d.: C*E} — C°°E§+1 the map induced by the
exterior differential on the quotient spaces, while if k. = n+1,...,2n + 1, we let
d. be the usual exterior differential. Then, see [15], there exists a left-invariant
homogeneous differential operator of order two D: C®E} — C*EJ™" such that the
contact complex induced by d. and D has the same cohomology as that of De Rham.
If 4. is the formal adjoint of d.. in L?, and D* that of D, we define Rumin’s Laplacian
on C®E} as

(n —k)dd:. + (n—k + 1)d.d. iftk=0,...,n—1,
(d.0.)> + D*D it k= n,

Ap = . 5 ,
DD* + (6.d.) ifk=n+1,
(n—k+1)d.d. + (n — k)d.d, ifk=n+2...,2n+1

We recall that Apy is symmetric, left invariant and homogeneous, of order four if
k=mn or k=mn+ 1, of order two otherwise. We also recall that it is X-maximal
hypoelliptic in L?(2) for a suitable neighbourhood Q of the identity, see [15] and
also [2, 4].

Corollary 3.1.  For every k=0,...,2n+ 1, Agy with domain CE} is essen-
tially self-adjoint on L*E}.

Proof. Let (Agy)o be the restriction of Agy to CPEE. Since (Agyg)o is sym-
metric and densely defined in L?E} | it is closable. Thus, by (9) and the density of
test functions in the Sobolev spaces on the Heisenberg groups (cf. [10]),

Dom((Am)o) = LAEE ifk#n,n+1,

R . (10)
Dom((Apg)o) = LIEy ifk=n,n+ 1.

By [13, Theorem 1.3.29], the operator Ag defined in the distributional sense on the
spaces (10) is self-adjoint. Thus, Agj; and (Apy)o coincide, hence the closure of
(Amk)o is self-adjoint. This implies that (Agy)o is essentially self-adjoint. n
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