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1. Introduction

A contact manifold is a (2n + 1)-dimensional smooth manifold M equipped with a
I-form v on M such that v A (dv)" # 0 pointwise over M. Such 1-form v is called
a contact structure on M. Gromov proved that there exists a contact structure on
every odd dimensional connected non-compact Lie group (see [13]). However, such
contact structures are non-necessary left invariant under left translations of the Lie
group elements. In [7] Boothby and Wang proved that a semisimple (connected)
Lie group admitting a left invariant contact structure is locally isomorphic with
either the ortogonal group O(3,R) or SL(2,R). Then, an interesting and open
problem is to determine which Lie groups admit a left invariant contact structure.
An approach to solve this problem is to understand contact Lie groups through their
Lie algebras. A contact Lie algebra g is a (2n+ 1)-dimensional Lie algebra endowed
with a 1-form a € g* such that a A (da)™ # 0. Hence a natural question is how
to construct contact Lie algebras. In this work we focus on the construction of 7-
dimensional indecomposable contact nilpotent Lie algebras, obtaining all of them as
double extensions of 5-dimensional indecomposable contact nilpotent Lie algebras.

The first result concerning the classification of 3-dimensional contact Lie algebras
appears in [16] and it was obtained by Kruglikov. In this work it is proved that
almost every 3-dimensional Lie algebra admits a contact structure; moreover, it
is also described a method to construct an (¢ 4+ 1)-dimensional non-degenerate
Lie algebra from an ¢-dimensional non-degenerate one. In this way, a (2n + 1)-
dimensional contact Lie algebra can be obtained from a symplectic Lie subalgebra of
codimension 1 and in this case the process is called a contactization. Analogously, a
2n-dimensional symplectic Lie algebra can be obtained from a contact Lie subalgebra
of codimension 1 and in this case the process is called a symplectization.
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However, not every contact Lie algebra can be obtained in this way. For example,
letting p: slo — R? be the usual irreducible representation of sl into R?, the Lie
algebra Ajs 40 = sly X, R? cannot be obtained from a symplectic Lie subalgebra of
codimension 1.

In [10], Diatta provides a complete list of the 5-dimensional indecomposable non-
isomorphic contact Lie algebras. He presents a contactization method to construct
contact Lie groups via their Lie algebras, starting from exact symplectic ones. The
method works fine for 3-dimensional contact Lie algebras, but it does not provide a
constructive way to get a complete classification of the 5-dimensional indecomposable
solvable contact Lie algebras as contactizations of exact symplectic Lie algebras.
At first sight, from the exhaustive list of 5-dimensional indecomposable contact Lie
algebras provided by the author, just the Lie algebras As 36 and As 37 can be obtained
in this way. In order to get a complete classification, a characterization in terms of
the derived ideal of a solvable contact Lie algebra g has to be done.

In [17], Kutsak classifies the 7-dimensional nilmanifolds admitting a contact struc-
ture. This work is based in the classification of nilpotent Lie algebras of dimension
7 over algebraically closed fields and R, provided by Gong (see [11]). Later, the list
given by Kutsak was used by Capelletti-Montano et al in order to provide examples
of K -contact manifolds with no Sasakian metric (see [8]).

On the other hand, in [12], Goze and Remm approached the classification problem
of finite dimensional contact Lie algebras in terms of deformations. They prove that
any (2n + 1)-dimensional contact Lie algebra is a linear or quadratic deformation of
the (2n + 1)-dimensional Heisenberg Lie algebra ba, 1. They determine the closed
2-forms of the Chevalley-Eilenberg cohomology of the Heisenberg algebras which give
linear or quadratic deformations, and they also find the classifications in dimension
3,5, or 7 of contact Lie algebras given in [10].

In [15], Khakimdjanov et al provide a geometric description of contact Lie groups,
giving necessary and sufficient conditions for which a filiform Lie group admits a left
invariant contact form. The authors point out that in [18] it is proved that every
nilpotent symplectic Lie algebra is obtained from a sequence of symplectic double
extensions. As a consequence, every contact nilpotent Lie algebra can be obtained
by two operations, namely the symplectic double extension and the contactization.

The notion of double extension goes back to the work of Kac (see [14], §2, exercise
2.10) and it plays a significant role providing an inductive construction of finite
dimensional Lie (super)algebras endowed with a geometric structure. For a deeper
discussion of this subject, we refer the reader to [1], [3], [5] and [6]. However, it
is not possible to provide an inductive construction that generates all the finite
dimensional Lie algebras endowed with a contact structure: in [19], Rodriguez—
Vallarte and Salgado exhibit a family of (4n+1)-dimensional indecomposable contact
solvable Lie algebras that cannot be obtained neither as a suspension of a symplectic
Lie algebra of codimension 1 or as a double extension of codimension 2; and they
also show that a suitable double extension of a finite dimensional indecomposable
contact Lie algebra is a contact Lie algebra again. On the other hand, in [2] Alvarez
et al provide an inductive construction of the finite dimensional contact nilpotent
Lie algebras. More precisely, they proved that for n > 1, every (2n+ 3)-dimensional
contact nilpotent Lie algebra g can be obtained from the 3-dimensional Heisenberg
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Lie algebra b3, by applying a finite number of successive series of double extensions.
Thus, the aim of this work is to apply the inductive construction presented in [2]
to provide explicit calculations that describe a low-dimensional (i.e., a 5 and 7-
dimensional) indecomposable contact nilpotent Lie algebra g as a double extension
of an indecomposable contact nilpotent Lie algebra m of codimension 2. More
specifically, we are able to express g as a semidirect product m(D, ) = (D) x my(e),
where my(e) is a central extension of m by a 2-closed form 6 € (A*m)*, and D €
Der(my(e)) is a derivation. For dimension three it is well known that the Heisenberg
Lie algebra b3 is the only one indecomposable contact nilpotent Lie algebra, whereas
for dimension five there are three non-isomorphic indecomposable contact nilpotent
Lie algebras, namely Ns i, N522 and Ns3q (which is the 5-dimensional Heisenberg
Lie algebra b5 ), and we describe each one of them as a double extension of hz by an
appropiate pair (D, ).

On the other hand, since for dimension seven there are 43 non-isomorphic indecom-
posable contact nilpotent Lie algebras (see [17] for more details), we express each
one of them as a double extension of m by a suitable pair (D,#), where m is one
of the 5-dimensional contact nilpotent Lie algebras: N5, Ns20 and N531. Now,
to achieve our goal we shall proceed in the following way: given a contact nilpotent
Lie algebra m having dimension n = 3,5, first we shall determine the second scalar
cohomology group H?*(m,R), and then we shall compute a central extension my(e)
of m by a closed 2-form 6 € (A*m)*. Next, it follows from [19] (see Theorem 2.2)
that if there exists a suitable derivation D € Der(my(e)) acting non-trivially on the
center (e), then the double extension m(D, ) is a (n+ 2)-dimensional nilpotent Lie
algebra endowed with a contact form. Therefore, in order to find such D, it shall be
necessary to compute the structure of the Lie algebra of derivations Der(my(e)) of a
central extension my(e).

In order to obtain a double extension m(D, ) endowed with a contact structure,
according to Theorem 2.2 in [19], it is necessary to requiere the existence of a
derivation D € Der(my(e)) acting non-trivially on the center (e) of my(e). We must
point out that for any 3-dimensional contact Lie algebra m and for any 2-closed
form 6 € (A?m)* it is always possible to find a derivation D such that m(D,6) is a
5-dimensional contact Lie algebra (see Table 4 from the Appendix). Indeed, in all
the worked examples it is possible to find such derivation (see section §5, Tables 2
and 3). For this reason one may conjecture that this fact must be true in general.
The precise statement can be found in Section §3, Conjecture 3.6.

For the sake of completeness the paper is organized as follows: in Section 2, we
provide the basic definitions, we also explain how to obtain a central extension and
the conditions satisfied by the derivations of these Lie algebras; in Section 3, we
point out general facts about 3 and 5-dimensional contact Lie algebras; in Section
4 we describe inductively the contact nilpotent Lie algebras as double extensions,
focusing our work on the description of a (2n+1)-dimensional contact filiform Lie
algebra as double extension of a (2n—1)-dimensional contact nilpotent Lie algebra
m of nilindex n, Thus, as an application of the results given in the previous sections,
in §5 we give a complete description of the 5 and 7-dimensional contact nilpotent
Lie algebras as double extensions of contact nilpotent Lie algebras of codimension 2.
Finally, in the Appendix we describe the 5 dimensional contact Lie algebras obtained
from a 3-dimensional Lie algebra through double extension.
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2. Preliminaries

Throughout the paper g denotes a finite-dimensional real Lie algebra. For the usual
definitions about Lie algebra cohomology, we follow [9].

Let g be a Lie algebra and p: g — gl(V) be a representation. We denote by
Cg,V) (¢ > 2), the set of alternating g-linear applications w: g x --- x g — V.
By definition C°(g,V) =V and C'(g,V) = Homg(g, V). We say that w € C(g,V)
is a q-form.

Given a ¢-form w € C(g, V) (¢ > 1), one can obtain a (¢+ 1)-form via the formula

q+1
1

q? (—1)i+1p($i)0t.)($1,...,i’i,...,l'qul)
i=1

dw(zy, ..., Tgr1) =

1 s R R
+ m Z(—1)1+JW([$1,$]'],1‘1, N TR ,l’j, ce 7$q+1>7
1<J

where z; € g (i =1,...,¢+ 1) and the hat over an z; € g means that this argument
is omitted. If ¢ = 0, then w € V and we set dw(z) = p(z)w for all z € g. The
linear mapping d: C9(g, V) — C9(g, V) is called the exterior differential.

One also can define the following subspaces,

Z9(g,V) = Ker(d: C(g,V) = C™(g,V)),
B(g,V) =Im(d: C*!(g,V) — Cg,V)).

We say that a g-form we Z%(g, V') is closed, and that a g-form ne Bi(g, V) is exact.
The q-th group of cohomology with coefficients in the representation p is defined by:

Z(g,V)

Hi(g,V) = Bilg, V)’

g>1, and H%g,V)=2"gV).

When p: g — gl(V) is the trivial representation and dimg V' = 1, the ¢-th group
of cohomology with coefficients in the representation p is called the ¢-th group of
scalar cohomology, and in this case we denote C'9(g, R) by (A%g)*.

A contact structure on a (2n + 1)-dimensional Lie algebra g is a 1-form « € g* such
that a A (da)™ # 0. We say that a contact Lie algebra is a Lie algebra endowed with
a contact structure. Observe that if g is a contact Lie algebra, a A (da)” is a volume
form for the corresponding Lie group.

A symplectic structure on a 2n-dimensional Lie algebra g is a closed 2-form w € (A%g)*
such that w has maximal rank, that is, dw = 0 and w™ # 0 is a volume form on
the corresponding Lie group. We say that a Lie algebra endowed with a symplectic
structure is a symplectic Lie algebra. Moreover, the symplectic structure is called
ezact if w = dp holds for some ¢ € g*.

We say that a finite dimensional Lie algebra g is decomposable if it can be written
as a direct sum of non-trivial ideals. Otherwise, we say that g is indecomposable. 1t
is easy to check that a decomposable Lie algebra g = m & n is a contact Lie algebra
if and only if m is a contact Lie algebra and n is an exact symplectic Lie algebra or
vice versa.
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Let g be a finite dimensional real Lie algebra and let 6 € (A%g)* be a closed 2-form.
Let Spang{e} := (e) be a 1-dimensional real vector space spanned by an element e
that does not belong to g. Then, letting

[z,ylo = [2,y]g + 0(z,y)e for x,y € g, and [z,e]p =0 forz € g, (1)

the real vector space g @ (e) is a Lie algebra. We denote this Lie algebra by gs(e)
and we say that it is a central extension of g by the closed 2-form 6. It is a well
known fact that the elements of H?(g,R) are in a one to one correspondence with
the isomorphism classes of central extensions of a given Lie algebra g.

On the other hand, given a central extension gg(e) of g by the closed 2-form # and
a derivation D € Derg(gg(€)), the double extension of g by the pair (D,#) is the
semidirect product g(D, ) := (D) X gg(e) of the abelian Lie algebra (D) with gs(e)
(see [19]). A direct calculation shows the following

Lemma 2.1. Let g be a n-dimensional real Lie algebra, and let gg(e) = g @ (e) be
a central extension of g by a closed 2-form 6. Then the center of gg(e) is given by

Z(go(e)) = (Z(g) NRad(0)) © (e).

Consider a central extension of a n-dimensional real Lie algebra g by a closed 2-form
0, go(e). The following Lemma shows that it is a simple matter to characterize a
derivation D € Derg(gg(e)):

Lemma 2.2. A linear transformation D € Endgr(ge(e)) consists of a 4-tuple
(A, f,v,b) € Endg(g) X g* X g X R such that

D(z) = A(z) + f(x)e forxzeg, and D(e) = v+ be.

Moreover, such D € Endg(gg(e)) is a derivation if and only if for all x,y € g, the
following conditions hold:

(1) dA(z,y) =0(x,y)v (in this case p = ad ),
(2) —df(z,y) =0(A(x),y) +0(z,A(y)) — b O(x,y) (in this case p=10),
(3) wve Z(g)NRad(f), where Rad(0) ={z € g|0(z,2) =0, Vz € g}.

Corollary 2.3.  Let D € Derg(go(e)) be a derivation as in Lemma 2.2 above. It
follows that,

(1) D(e) € Z(go(e)) -
(2) If x € Z(g) NRad(8), then A(x) € Z(g) N Rad(0).

(3) If D is a nilpotent derivation such that D(e) = be with b € R, then A € Derg(g)
s a nilpotent derivation and clearly, b = 0.

Proof. It suffices to prove (2). From condition (1) of Lemma 2.2 one have that
for p =ad and for all z,y € g,

dA(z,y) = [A(z), ylg + [z, A(W)]g — A[z, yls) = O(z, y)v.

Let x € Z(g) N Rad(d). It follows that [A(z),y] = 0 for all y € g, that is,
A(x) € Z(g). Since df (z,y) = —f([x,y]) for all z,y € g, condition (2) of Lemma
2.2 implies that A(z) € Rad(#), which completes the proof. [
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Now, given a derivation D € Derg(gs(e)) a central extension gy(e) of g by the
closed 2-form 6, consider the double extension of g by the pair (D, ). We have the
following result:

Lemma 2.4. Let g(D,0) be a double extension of g by the pair (D, ), and suppose
D(e) #0. Then w € Z(g(D,0)) if and only if there exist wy € g,7,s € R such that

(1) w=wy+re+sD,
(2)  wo € Z(g) NRad(0),
3) s=0,

(4) D(wy+ ae) =0.

3. Contact Lie algebras of dimension lower or equal than 5

For the sake of completeness, the goal of this section is to provide a description
as complete as possible of the 5-dimensional real non-isomorphic indecomposable
contact Lie algebras that can be described as double extensions of 3-dimensional real
Lie algebras. The results and techniques presented here will be helpful in order to
understand the structure of low-dimensional real contact nilpotent Lie algebras. For
a deeper discussion of the following results we refer the reader to [19].

The classification of 5-dimensional real contact Lie algebras is known (see [10] for
more details): there are 3 non-solvable 5-dimensional contact Lie algebras, namely,
af, @ sly, af, @ s03 (both of them decomposable), and sl, x R? (indecomposable);
whereas there are 24 indecomposable solvable 5-dimensional contact Lie algebras.
Now, in order to describe a 5-dimensional indecomposable Lie algebra m as a double
extension of a 3-dimensional Lie algebra g, we shall include the following well known
result:

Theorem 3.1.  Let g be a 3-dimensional real Lie algebra over the ground field R,
with basis {e1,eq, e3}. Then, g is isomorphic to:

(1) az:=R3,
(2) b, [e1, 2] = e,
(3) do. [e1,e2] = eo,
(4) a5, [e1,e2] = Aea+e3, [e1,e3] = —ea + Aes, A ER,
(5) aqx, [er,e2] = ea, [e1,e3] = Aez, A#0,
(6) p, [e1,e2] = ea, [e1,e3] = ea +e3,
(7) sly, [e1,e2] = 2eq, [e1,e3] = —2e3, [eq, €3] = €1,
Sy or 503, [e1,e0] = —eg, [e1,e3] = ea, [ea,e3] = —ey.

It is easy to check that:

Theorem 3.2.  With exception of q1, every 3-dimensional non-abelian real Lie
algebra is a contact Lie algebra.

The next step is to compute the second scalar cohomology group H?(g,R) for a
3-dimensional Lie algebra g as those in Theorem 3.2. It is a simple matter to prove
the following result:
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Proposition 3.3.  Let g be a Lie algebra of dimension lower or equal than 3. For
0 < ¢ < 3, the scalar cohomology groups H%(g,F) are generated by the cohomology
classes of the following representatives:

g H°%(g,F) | H'(g,F) 1*(g,F) (g, F)
as F el e? el A e? 0
af F ! 0 0
as F el,e2 el | et Aet et Nede? Aed | el Ne?2 A e?
b3 F el,e? el Nede? Aed el Ne?2 Ae?
o F el, el el Ned 0
q5 R et e? A e’ et Ne? A e?
q A #0 R et 0 0
q_1 F el e’ Ae? 0
G A#£{0,—1)| F ! 0 0
P F ! 0 0
sl C 0 0 el Ne2 A e?
505 R 0 0 el Ne2 Ne?

From Proposition 3.3 above it follows:

Theorem 3.4.  Let g be a 3-dimensional real Lie algebra with basis {e1,es,e3},
as in Theorem 3.1, and let {e',e? e*} be its dual basis. Let H*(g,R) be its second
scalar cohomology group. Then

(1) dim H*(g,R) = 3 if and only if g = as. In this case,
H?*(a3,R) = ([e' Ae?], [e' A€?], [e2 nel]).

(2) dim H?*(g,R) =2 if and only if g = bs. In this case,

H*(h3,R) = ([e' A e, [e? A e?).
(3) dim H?*(g,R) = 1 if and only if g is one of the following Lie algebras: q_1,do, qp -

In this case,
H*(q-1,R) = ([e* A e’l]),  H?(qo,R) = ([e' Ae’]),  H?(qp,R) = ([e* Ae?).

(4) dim H?*(g,R) =0 if g is different from as,b3,q_1, qo, qp-
Suppose now that g is a 3-dimensional Lie algebra with basis {ej, ey, €3} as in
Theorem 3.1, and suppose also that such g is endowed with a contact form. From
Theorem 3.4 we can compute a central extension gg(es) of g by a closed 2-form
0. Now, for such central extensions, it follows from [19], Theorem 2.2, that if there
exists a suitable derivation D € Der(gg(es)) acting non-trivially on (e4), then the

double extension g(D,0) is also endowed with a contact form. Thus, in order to
prove that a 5-dimensional indecomposable contact Lie algebra m can be obtained
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as a double extension of a 3-dimensional Lie algebra g as those given in Theorem 3.1,
it is necessary to compute the structure of the Lie algebra of derivations Der(gq(e4))
for all possible central extensions gg(ey). Since the computation of Der(gg(es)) has
been previously done in [19] (see Appendix A), we can state the following result:

Theorem 3.5. Let g be a 3-dimensional non-abelian real Lie algebra. Then for
any 2-closed form 0, there exists a suitable derivation D € Der(gg(e)) such that
g(D,0) = (D) x gg(e) is a contact Lie algebra. If g = ag, then for any non-
trivial 2-closed form 0, there exists a suitable derivation D € Der(gg(e)) such that
9(D,0) = (D) x gg(e) is a contact Lie algebra.

Proof.  We shall proceed by cases, considering each one the 3-dimensional contact
Lie algebras g given in Theorem 3.1. First, for such g, one can choose a represen-
tative @ of the second scalar cohomology group, H?(g,R), in order to construct a
central extension gg(e) of g by €. Since the structure of the Lie algebra of deriva-
tions Der(gg(e)) is known (see for instance [19], Appendix A), a straightforward
calculation allows us to choose a derivation acting non-trivially in the central ele-
ment of gg(e), and hence, through the double extension process, one can construct
a 5-dimensional contact Lie algebra g(D,6). More specifically, in Table 4 of the
Appendix we describe the 5-dimensional contact Lie algebras obtained in this way,
exhibiting in each case a suitable derivation. Since Theorem 3.1 does not hold for
non-contact Lie algebras, it suffices to focus on the remaining cases: g = a3z and
g=1q.

If either g = a3 or g = ¢, it remains to prove the assertion. In both cases, from
Theorem 3.4 we can compute a central extension gy(es) of g for any 2-closed form
¢ and the corresponding Lie algebra of derivations Der(gg(es)) (see [19] for more
details). Then one can choose a suitable derivation D € Der(gg(es)) and by a
direct calculation, one can show that g(D,0) is a contact Lie algebra with contact
form n € g*. More specifically: for g = as consider § = e! A €2, hence choosing
D € Der((az)g(es)) as

1 0 00

0 -1 0 0
D] = 0O 0 0 o}’

0 0 0 0

it, follows that n = e3+e* € az(D, 0)* is a contact form, whereas for g = q; choosing
D € Der((q1)s(e4)) as

00 00
00 1 0
D=1o 10 of
1 0 0 1
it follows that n = e? + e* € q1(D, 0)* is a contact form. [

Observe that given a contact Lie algebra g one may pose the problem of determining
when the double extension g(D, ) is a contact Lie algebra again. For a 3-dimensional
contact Lie algebra one can deduce the conditions for which the double extension is
a contact Lie algebra again (see [19] for more details). Thus, letting e* € (go(e))* be
such that (e*,e) =1 and (e*,xz) = 0 for every x € g, one may conjecture that the
following statement is true:
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Conjecture 3.6. Let g be a finite dimensional contact Lie algebra with a contact
structure a € g*, let 6 be a closed 2-form and consider a central extension gg(e)
of g by 6. Then there exists a derivation D € Der(gg(e)), D(e) = v + be for some
b e R, v e g, such that the double extension g(D,#) of g by the pair (D,0) is a
contact Lie algebra with contact form § := a + Ae* for some \ € R.

Remark 3.7. Some evidence for this claim comes from Theorem 2.2 in [19],
since this result states that if there exists a derivation D € Der(gg(e)) such that
B(D(e)) # 0, then the double extension g(D, ) of g by the pair (D,0) is a contact
Lie algebra with contact form S := a + Ae* for some A € R. Next, we present some
cases in which this situation can be easily corroborated.

Since g is a finite dimensional contact Lie algebra with a contact structure a € g*,
there exists a contact basis B = {&1,...,%on, Z2p41} of g such that o = x5,
and da = —> " a5, Az} (see [12]). Letting B = {x1,..., %, Tani1, €} be a
basis of gg(e), Lemma 2.2 allows us to characterize D € Der(gg(e)) as a 4-tuple
(A, f,a,b) € Endg(g) x g* x R x R such that

D(z) = A(x) + f(x)e forz € g, D(e)=axy,1 +be forac R,
and satisfying conditions (1), (2) and (3) stated in Lemma 2.2.

With no loss of generality, we shall denote in the same way a linear transformation
and its matrix representation in the chosen basis. Hence, D € Der(gy(e)) is given by

4|0
D= . |
folb

and conditions (1), (2) and (3) of Lemma 2.2 are satisfied.
Now, we can consider the following cases:

Case 1: If # =0 and a # 0, it is clear that we may choose the derivation

0

A
D) = .
0 b

where Lemma 2.2 implies that A € Der(g), 6(A(x),y) + 0(z, A(y)) — b0(x,y) = 0
and axe,i1 € Z(g) N Rad(f). Letting 5 = a we have

n 2n+1
g = — g Ty N\ Th — E tiont1D* ANx; —aD* N e”
i=1 i=1

for some t; 9,41 € R (i =1,...,2n+ 1). Therefore

BA@B) =(-1)"" (n+ ! a(zi Az A Ay, ADA€E") #0.
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Case 2: If # =0 and a = 0, we can choose a derivation of the form

with b # 0. Hence, letting 8 = a + \e* we have that (D(e)) = A\b. Therefore, by
Theorem 2.2 in [19] we can choose A # 0 and the claim follows.

Case 3: If 0 # 0 and if there exists a semisimple derivation

aq 0
D] 0
0 A2n+1 ’
0 b
where aq,...,as,+1 € R, the system of equations to solve in order to get a contact

double extension is given by a; + a; = b if 0(z;,x;) # 0, and a; = a; + a; if cﬁj #0
for 1 < 1,7,k < 2n + 1. Hence, letting again that § = a + Ae*, the claim follows
from Theorem 2.2 in [19].

Now, following the notation and classification of the 5-dimensional indecomposable
solvable Lie algebras m presented in [4], where {fi,..., f5} is a basis for m and
{f*,..., f5} is the dual basis, for each m, a suitable change of basis can be provided
in order to recognize each m as a double extension g(D, ) of a 3-dimensional contact
Lie algebra g by a pair (D, #), where 6 is a closed 2-form and D € Der(ggy(e4)) acts
non-trivially on (e4), as it is stated in Theorem 2.2 of [19].

Theorem 3.8.  Let m be a 5-dimensional indecomposable contact Lie algebra with
basis { f1,..., fs}. Then, with exception of Agf’35, As 39 and As 40, m can be obtained
as a double extension of a 3-dimensional contact Lie algebra g.

Remark 3.9. Theorem 3.8 above says that Agf’%, As 39 and As 49 are the unique
5-dimensional indecomposable contact Lie algebras that cannot be obtained as a
double extension of a 3-dimensional contact Lie algebra. More specifically,

(a) Let Agf’% be the Lie algebra with brackets given by [eq, e4] = bey, [e1, e5] = aeq,
e2,e4] = €2, [e3,€5] = €2, [e3, eq] = e, and [ey, e5] = —ey. It is clear that Agl; is
the semidirect product of the 3-dimensional real abelian Lie algebra ag = (eq, es, e3)
by (es,es), where (e4,es5) acts on ag via Der(az). Observe that A is a family
of indecomposable solvable Lie algebras having trivial center. Letting {e',... e’}
be a basis of (Af%;)*, it is easy to verify that both o = e' + e* € (Af%;)* and
a = e+ e (Af;)" define contact structures on A%, . Clearly, Ag; cannot
be constructed as a double extension of a 3-dimensional contact Lie algebra g by a
pair (D,0) since it is not splittable by a 1-dimensional abelian subalgebra. In [19]
this example is generalized to a family of (4n + 1)-dimensional contact solvable Lie
algebras.

(b) Let As39 be the Lie algebra with the brackets [e1,e4] = €1, [e2,e5] = eq,
lea, e4] = €2, [e1,e5] = —eq and [ey, €5] = —e3. An easy calculation shows that Aj s
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can be obtained as a double extension of the 3-dimensional Lie algebra ¢, however
q; is not a contact Lie algebra.

(c) Let As4 be the Lie algebra with the brackets [e1,es] = 2eq, [e1,e3] = —ea,
[ea, €3] = 2e3, [e2, e4] = €4, [e3,e5] = €4, [e1,€4] = €5, and [eq, 5] = —e5. It is easy to
check that As 40 = sly X pR2 is a contact Lie algebra. Suppose now that As 4 can be
written as a double extension of a 3-dimensional Lie algebra, say, A5 40 = (D) xsly(e)
for some D € Der(sly(e)). Since (e) is a 1-dimensional trivial sly-module, it follows
that the irreducible sly-module R? can be splitted as (D) & (e) and clearly, it is not
possible.

Then, from Theorem 3.8 and Remark 3.9 it follows that not every (2n + 3)-
dimensional indecomposable contact Lie algebra m can be obtained as a double
extension of a (2n + 1)-dimensional contact Lie algebra g.

4. Contact nilpotent Lie algebras as double extensions

In this section we use the results obtained in Section 2 for providing a description of
an arbitrary contact nilpotent Lie algebra as a double extension of a contact nilpotent
Lie algebra of codimension 2. For a deeper discussion of the results presented here,
we refer the reader to [2]. Finally, in subsection 4.1 below, we provide explicit
calculations in order to describe a (2p + 1)-dimensional contact filiform Lie algebra
as a double extension of a (2p — 1)-dimensional contact nilpotent Lie algebra.

Let g be a nilpotent Lie algebra of nilindex k + 1. Then, it is clear that 0 # g~ C
Z(g) C [g,9]. Moreover, if such g is also a contact Lie algebra it is well known that
dim Z(g) < 1, and hence

dim g* = dim Z(g) = 1.

Now, from [12] we recall the following result:

Lemma 4.1. Let g be a contact Lie algebra with contact form o € g*. Then
there exists a basis {ai,...,qon11} of g* with the properties ag,1 = « and
dogny1 = —ag Naig — - - — Qi1 A ey, . Moreover, if {xy, ... xo,11} is the dual basis

of g*, it follows that

2n
S
[IQkfla ka] = SE2TL+1 + E 02k71’2kx3, k = 1, oo, n,

s=1

2n
i, ay] =Y Ciwy, 1<i<j<2n+1, (i,)) # (2k — 1,2k),
s=1

where CF; € R for all i,j,s=1,...,2n.

Suppose now that g is a (2n + 1)-dimensional contact Lie algebra and let us fix
a basis as in Lemma 4.1 above. Supposing that C3, ., = C7; = 0 for all s =
L....2n,k=1,...,n,and 1 <i < j <2n+ 1 with (4,7) # (2k — 1,2k), it is clear
that g is the (2n+ 1)-dimensional Heisenberg Lie algebra ha, 1. On the other hand,
supposing that either C35; |5 # 0 or CF; # 0 for some s =1,...,2n,k=1,...,n
and 1 <i<j<2n+1 with (i,7) # (2k — 1,2k), it follows that:
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Lemma 4.2.  Let g be a (2n+ 1)-dimensional contact Lie algebra with a contact
form a € g*. Consider the basis {a,...,qan1} of g* such that ag,1 = o and
dogpy1 = —ag Nag — + -+ — Qg1 A oy, If g is nilpotent, then Z(g) = (Tant1)-

In [12] (see Theorem 20), it is proved that a contact Lie algebra g is nilpotent if and
only if g is a central extension of a symplectic nilpotent Lie algebra. Lemma 4.2
above can be used to provide another proof for this result:

Theorem 4.3.  Let g be a (2n+ 1)-dimensional nilpotent Lie algebra. Then g is
a contact Lie algebra if and only if it is a central extension of a nilpotent symplectic
Lie algebra.

Now, one can state the following:

Theorem 4.4. Let g be a (2n+ 1)-dimensional contact nilpotent Lie algebra
(n > 2). Then g is a double extension of the Heisenberg Lie algebra bs,_1 by a
pair (D,0) where D € Der((ha,—1)o(€)), if and only if, g is a double extension
of the abelian Lie algebra R*"~' by a pair (T,0) where T € Der((R*"1)y(2)) and
0 € A2(R*™1)* is a closed 2-form of mazimal rank.

The main result of this section is the following:

Theorem 4.5. Let g be a (2n + 1)-dimensional contact nilpotent Lie algebra
(n > 2) with a contact form B € g*. Then, there exist

(1) a (2n — 1)-dimensional contact nilpotent Lie algebra b with a contact form
aebh”,

(2) a 2-closed form 0 € (A*h)*, and

(3) a nilpotent derivation D € Der(hg(e)) of the central extension by(e) of b by 0,

such that g is isomorphic to the double extension W(D,0) of b by the pair (D,0).
Moreover, there exists A € R such that = a + Ae*.

Corollary 4.6. For n > 2, every (2n+1)-dimensional contact nilpotent Lie algebra
g can be obtained from the 3-dimensional Heisenberg Lie algebra b3, by applying a
finite number of successive series of double extensions by pairs (D,0), where D is a
nilpotent derivation.

Contact Filiform Lie algebras. Now, we focus on providing explicit calculations
that allow us to express a (2n+1)-dimensional contact filiform Lie algebra as a double
extension of a (2n — 1)-dimensional contact nilpotent Lie algebra m of nilindex n.
So, we shall introduce the notion of a formal deformation of a Lie algebra, following
Goze [12].

A formal deformation g; of a Lie algebra gy is a Lie algebra whose Lie bracket
satisfies

ez, y) = po(w,y) + to1(z,y) + do(z,y) + -+ "Gz, y) + -+

where pg(x,y) is the Lie bracket of gy and the maps ¢; are bilinear on gy with
values on gy (the Lie algebras gy and g; have the same underlying space). The
formal deformation is called quadratic it ¢; = 0 for any ¢ > 3. It is called linear if
¢; = 0 for any ¢+ > 2.
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Let L, = (e, ..., €9,) be the (2n+ 1)-dimensional filiform Lie algebra with brackets
pi(eg,e;) = eiq fori=1,...,2n—1. Clearly, Z(L,) = (ea,). In [15] Khakimdjanov
et al give necessary and sufficient conditions for which a (2n+1)-dimensional filliform
Lie algebra is a contact one. In [12] Goze and Remm summarize this result as follows:

Theorem 4.7.  Any (2n + 1)-dimensional filiform contact Lie algebra gony1 1S a
linear deformation of the filiform Lie algebra L, whose bracket is isomorphic to

n—1
H12n+1 = M1+ E a;2i42Vi2ite, where
i=1

k-1 R 0<i<j—1<2n—1,
Bialene) = DN L ET ) ey ey 02 T RE

Ui s(er, €j) = €stj—k-1,

and the constants ajsj1o € R satisfy fori=1,...,n—1
i—1 3

Ai = -1 K n—i n—i 0. 2

3 (A 1 )

Remark 4.8. For go,,1 as in Theorem 4.7 above, let C’f? denote the structure
constants accompanying the central element e,,. For future convenience, we shall
show that the constants Cfg are not zero for any pair of integers (¢, j) such that
1 < /¢ < j<2n. From Equation (2) follows that & > 2i — k — 2, thus k > i — 1.
Then, for £ = ¢ — 1 it follows that n —i 4+ &k = n — 1. Therefore, for the pair of
integers (n — 1,2(n — 1) 4+ 2) we have that

‘I/n—1,2(n—1)+2(€z, €j) :(_1) 1( (n B 1) . €2(n—1)+2+j-2(n—1)—1+l

n— J—n
=(-1) ! <n 11— l) Cl+j+1

‘Iln—1,2(n—1)+2(€n—1, €j) = €2(n—1)424j—(n—1)—1 — Enij-

Since 7 —n >n —1—1, it follows that {4+ j+ 1 > 2n. Hence, for any j > n —1 we
have that n + 57 > 2n, which proves our claim.

Observe that we can now rewrite the brackets for the filiform Lie algebra go,.1 as
follows:

leg, ;] = ejp1 for 1 <j<2n—1, and [e;,ej] = ¢ €irjp1 for 1 <i<j<2n,

where

N
_ w()—k—1 j—k—=1>k—i>1,

k=i+1

Now, applying the following change of basis

1
Top1 = ———ep_1 for 1 <k <n, w9 =e9,  for 1 <k <mn, and x9,,1 = €9y,
Ck—1,2n—k

and appropriately labeling the indexes of the constants c;_1 9,—, we have
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Corollary 4.9.  Let b be the (2n+ 1)-dimensional filiform Lie algebra defined on
the basis {xy,...,Tanr1} by the following brackets:

[Tok—1, Tok] = Tont1 1<k <n,
1
——xg if2<li<n-—1,
Cl—1.9n—
(21, 221-1] = ! 11’2” :
Ton Zfl =n,
Cnfl,n
(21, X21] = @20-1) 1<l <n,
[z, ] = 0 1<l<2n+1,
Ck—1,2p—k—1
[x2k71>$2(k+1)] = 1<k<n-1.
Ck—1,2p—k

Then b is isomorphic to the (2n + 1)-dimensional filiform Lie algebra go,1 .

From Corollary 4.9 above, it is clear that we have a closed 2-form 6 given by

—_

n—

Ck—12n—k—1 _
0 — n 2261 A x2k+2) .
Ck—12n—k

B
||

2

Hence, since D = ad(z;) is a derivation, we can state the following:

Theorem 4.10.  Let h be the (2n + 1)-dimensional contact filiform Lie algebra
defined on the basis {1, ..., xan11} by the brackets given in Corollary 4.9 above. Then
b can be obtained as a contact double extension m(D,0) of a (2n—1)-dimensional
contact nilpotent Lie algebra m by a pair (D,0), where D € Der((m)y(z)) is a deri-
vation and 6 € (A*m)* is a closed 2-form. Moreover, the nilindex of m is n.

Proof. Let m = (x3,...,29,_1) be the (2n—1)-dimensional Lie algebra defined
by the following brackets:
[Tok—1, Tok] = Tons1 2<k<mn,

Ch—1,1-1 o 4<k+l-1<n-1,
xQ(k‘-ﬁ-l—l)-{-l lf 2 < k < l <n

Ck—1,2n—kCl—1,2n—1
[$2k—1, 1‘21—1] =

Ck—1,1—-1 T lfn§k+l—1§2n—2,
Ck—1,2n—kCl—1,2n—1 2n=(kH-1)] 2<k<l<n,
Ch—1.9n—
[Tok—1, Tai] :ng(Z—k) 2<k<l-1<n-1,
Ck—1,2n—k
[Tor, 2] = 0 4 <2k <l<n.
From the brackets [zog_1,%or] = Tonyq for any 2 < k < n, it is clear that m is a

contact Lie algebra with contact form given by a = z3,,, € m*. Thus, what it is
left is to show that m has nilindex n, but this is done by a simple computation:

) ) n+1
g" = {zaic1}iopys U{aaitiiy U{oonia ) for 1 <k < { 2 J s
gLnT-HJ —2+k _ {x%}?:—;(k—l) U {1‘2n+1} for 1 < k < \\gJ )

g"" = {zonn} and g" = {0}. -
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Remark 4.11. In [15] Khakimdjanov et al characterized through deformations
the (2n + 1)-dimensional contact filiform Lie algebras. In contrast, Theorem 4.10
above provides explicit calculations that allow to identify an arbitrary (2n+1)-
dimensional contact filiform Lie algebra as the double extension of a (2n—1)-
dimensional contact nilpotent Lie algebra m of nilindex n by a pair (D, 0).

5. Low dimensional contact nilpotent Lie algebras

For n = 5 and 7, the aim of this section is to present an inductive construction of the
n-dimensional indecomposable contact nilpotent Lie algebras via a double extension.
The underlying result behind this is Theorem 4.5 introduced in [2]: for & > 1, every
finite (2k +1)-dimensional contact nilpotent Lie algebra can be obtained as a double
extension of a contact nilpotent Lie algebra m of codimension 2 by a pair (D,#6).
Thus, following the notation and classification of the low-dimensional nilpotent Lie
algebras given by Gong (see [11]), for each indecomposable contact nilpotent Lie
algebra g having dimension 5 and 7, our goal is to explicitly identify it as a double
extension of an indecomposable contact nilpotent Lie algebra m of codimension 2 by
a pair (D,0), where § € (A*m)* is a 2-closed form on m and D € Der((m)y(e)) is a
derivation of a central extension (m)y(e) of m.

First, we shall study the 3 and 5-dimensional indecomposable contact nilpotent
Lie algebras. The Heisenberg Lie algebra b3 is the only one 3-dimensional Lie
algebra of this type, and in this case, the second scalar cohomology group H?(h3, R)
and the Lie algebra of derivations Der((h3)g(e)) are known. On the other hand,
from the work of Kutsak (see [17]), it follows that there are three 5-dimensional
indecomposable contact nilpotent Lie algebras: N1, N522 and N5 31 (where Nj 5 is
the 5-dimensional Heisenberg Lie algebra). In this case we describe each one of them
as a double extension of h3 by a pair (D, 6) with 8 € (A%h3)* and D € Der((h3)qs(e)).

Finally, in order to describe any 7-dimensional indecomposable contact nilpotent
Lie algebra as a double extension of a 5-dimensional one, for g = N51, N522 and
N5 3.1 we shall to compute the second scalar cohomology group H?(g,R) and the Lie
algebra of derivations Der((g)y(e)). In each one of these cases, we obtain H?(g,R) by
straightforward calculations, whereas we use the LieAlgebras package from Maple(c)
to compute the structure of Der(gy(e)).

3 and 5-dimensional contact nilpotent Lie algebras. First, from Theorem
3.2 clearly follows that the 3-dimensional Heisenberg Lie algebra b3 is the unique
3-dimensional contact nilpotent Lie algebra.

Table 1: 3-dimensional contact nilpotent Lie algebras

Lie Algebra | Lie Product

b3 [617 62] = €3

Now, let g be a 5-dimensional contact nilpotent Lie algebra spanned by (eq,...e5).
As a consequence of Theorem 4.5, every 5-dimensional contact nilpotent Lie algebra
g is a contact double extension h3(D, 6) of the 3-dimensional Heisenberg Lie algebra
hs = (e1,eq9,e3) by a pair (D,6), where § € H?*(h3,R) is a closed 2-form and
D € Der((h3)g(eyq)) is a derivation of the central extension (hs3)g(ey).
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For the sake of completeness let us observe that according to Theorem 3.4, every
closed 2-form 6 can be written as 6 = afo + b3 + o3 for some scalars a, b, c € R,
where 6;; stands for a non-trivial generator [¢' A €] (i,7 = 1,2,3) of H?(h3,R).
From [19] we know the structure of the Lie algebra of derivations Der((h3)g(es)).
More precisely,

Proposition 5.1.  For the 3-dimensional Heisenberg Lie algebra b3, assume
0 = a3 + bls3, [0] € H*(h3,F) for some a,b € R, and consider a central extension
(b3)a(es) = (e1,e9,e3,eq) with brackets [e1,es] = es3, [e1,e3] = aeq, [e2,e3] = bey.

Then D € Der((h3)g(eq)) if and only if

Dy Dy 0 0

D | P2 D= 0 0
D3l D32 D33 D34 ’
D41 D42 D43 D44

where D;; € R (4,5 = 1,...,4) satisfy the following relations:

(1)  Ds3 = Diy + Do,

(2) aD3y =bDsy =0,

(3) Daz =aDsy —bDsy,

(4)  aDyy = a(Dy1 + Ds3) + bDoy,
(5) 0Dy = aDis + b(Das + Ds3).

Table 2: 5-dimensional contact nilpotent Lie algebras described as a double extension
of a 3-dimensional contact nilpotent Lie algebra.

Lie Algebra | Lie Product Double extension data
[e1, €] = €5
0-100
N [63764]265 (h,O,D :(0 0 00))
el —e |\
1, 64] = —e3
[e1; 2] = e 0000
Neas | lwel=cs | (0p1= (§11))
er, e = —e» 0100
0000
- N [e1, €] = €5 0.[D] = (0000
D= Moot | feger) = s | PO IPI= 0000

In Table 2 above, we describe each 5-dimensional contact nilpotent Lie algebra as a
double extension h3(D, ) of the 3-dimensional Heisenberg Lie algebra hs by a pair
(D,0). The double extension data h3(D, ) is given by the triple (b3, 6, D), where b3
is the 3-dimensional Heisenberg Lie algebra spanned by (es, e4, e5) with [es, eq] = €5,
ey is the central element of the central extension of hs by 6, and D = ad(e;).
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7-dimensional contact nilpotent Lie algebras. The classification of all 7-
dimensional indecomposable nilpotent Lie algebras over the real numbers has been
done in [11]. On the other hand, the existence of contact structures on these
indecomposable nilpotent Lie algebras has been discussed in [17]. Here we follow
the notation and classification introduced in [11], and the exhaustive list of the
non-isomorphic 7-dimensional indecomposable contact nilpotent Lie algebras given
in [17]; that is, each 7-dimensional contact nilpotent Lie algebra g is introduced
in accordance with the sequence of dimensions of the upper central series (UCSD,
for short). More specifically, the Lie algebras having a UCSD 1,4,7 are listed as
follows: (147A), (147B), (147C), etc. Thus, in the first column of Table 5, we
present the USCD of a 7-dimensional contact nilpotent Lie algebra g with brackets
defined on a basis {ej,...,er}. Again, as a consequence of Theorem 4.5, each one of
these Lie algebras is a contact double extension m(D, ) of a 5-dimensional contact
nilpotent Lie algebra m by a pair (D, #), where § € H*(m,R) is a closed 2-form and
D € Der(my(e)) is a derivation of the central extension my(e). The double extension
data m(D, ) is given by the triple (m,0, D).

Observe that from Table 2 follows that there are three non-isomorphic 5-dimensional
contact nilpotent Lie algebras, namely Ns1, N522 and Nj 31 (which is the 5-dimen-
sional Heisenberg Lie algebra bs). Hence, for the sake of completeness we shall
compute the second scalar cohomology groups of these Lie algebras. A straightfor-
ward calculation proves that:

Theorem 5.2.  Let g be a 5-dimensional real contact nilpotent Lie algebra as those
in Table 2, with basis {e1,...,e5} and {e',... €’} as its dual basis. Let H?*(g,R)
be its second scalar cohomology group. Then,

H*(N51,R) = {[e' Ae® +e2 nel],[e* net —e' Ae?], [et Ae® —e? Ael]},
H?*(N522,R) = {[e' Ae” +e* Ae’],[e2 Ael], [er Ae’], [er Ae? — e Ael]},
H*(Ns31,R) = {[e' Ae? —e* Ae],[e Aed], [ef Ael], [e2 Aed], [e2 Aet]}

Let g be either Ns; or Nsao. Given an arbitrary closed 2-form 6 € H?(g,R),
one can compute the Lie algebra of derivations Der(gg(es)) of a central extension
go(es). On the other hand, if g = N531, the computation of Der(gy(es)) is not a
simple task since it requires to solve a system of 12 linear equations involving 21
parameters: 5 of them correspond to an arbitrary closed 2-form 6 € H?(g,R), and
the remaining correspond to an arbitrary derivation D € Der(gg(es)). On the other
hand, since the derivations D € Der(gg(eg)) must be nilpotent, for g = Nj 1, N5 oo it
will be enough to exhibit the structure of the nilpotent derivations D € Der(gy(eg)),
whereas for g = Nj 37 it will be enough to consider a couple of specific 2-closed forms
to get a suitable central extension (hs5)g(e) and hence, a suitable nilpotent derivation
D € Der((hs)g(e)) (see for instance Lemma 5.3 below and Table 3). Thus, denoting
again e’ Ae/ (1 <i < j<5) by 6;, we have the following result:

Lemma 5.3. Let g be a 5-dimensional real contact nilpotent Lie algebra as those
in Table 2, with basis {ey,...,e5}. Hence,
(1) For g= Ns; let 0 € H*(N51,R) be a closed 2-form given by

0 = a1 (015 + 624) + aa (034 — O12) + a3 (045 — Ba3)



828 ALVAREZ, RODRIGUEZ-VALLARTE, SALGADO

where aq,az, a3 € R. Then a nilpotent derivation D € Der((N51)o(es)) has the
following matrix representation in the chosen basis:

0 0 0 0 0 0

Doy 0 Do3 0 0 0

[D] — D31 0 0 —D23 0 0
0 0 0 0 0 0

D5y Dy3 —D31 Dsy 0 0

De1 De2 De3 Des Dgs O

where D;; € R (i,5 =1,...,6) satisfy the following relations:
(a) Dey = —a1 D31 — g Da3 — a3 Doy,

(b) D¢z = —a1Dsq + azDsy — ap D3y — a1 Dy, and

(¢) Des = asDsi + ayDas.

(2) For g = Nsa9 let 0 € H*(N522,R) be a closed 2-form given by
0 = o1 (015 + ba3) + oblas + bz + o (612 — O34)

where ay,...,aq € R. Then a nilpotent derivation D € Der((Nj522)9(es)) has
the following matriz representation in the chosen basis:

D51 Dsy Dsz Dsy O
Dg¢1 Dea Dgz Dgs  Des

0 0 0 0 0 0

Dyy 0 Doz Dyy 0 0

R 2T 0 0 0 0
[D]_ Dosg 0 0 0 0 0
0

0

where D;; € R (i,5 =1,...,6) satisfy the following relations:
(a) Ds = —g—fD%Oél # 0,
(b)  Dsz = —Doy — 22 Do3,
(c) Dsz= —%Dzs — Doy,
(
(

d) Dg = —a1Dsy — ayDoy — 24 Doy — iy Doy, and

iy

e) Dgs = a1 Doy + agDos.

(3) For g = Ns31, Table 5 shows that it is sufficient to consider the 2-closed

forms 01 = 1013 + anbiy + asbyy and 0y = Os3, where aq,...,ay € R. In
the chosen basis, a derivation D &€ Der((Ns31)e,(es)) has the following matriz
representation:

D1 D12 D1z Du
Da1 Daaz Daz Doy
D3y D3z D3z Day
Dy —Di3 Dyz Dy 0
D51 Dsz Ds3 Dsy D1y + Do Dsg

De1  Dgz Dg3 Des Dgs D11+ Da2

o O O

0
0
0
0

where D;; € R (4,5 =1,...,6) satisfy the following relations:
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Dsg = a3Daz—oy Dig+asDig

) aios ’
)

Dgs = anazDse,

(a

(b

(¢)  Dsi=—Dss+ Dsg,
(d)  Dsy = Dy + azDsg,
(e)  Ds3 = Dy + 22Dss,
(
(
(
(

—

) Dsy=2(Ds3 — Dy1) — %Dy,
g) Dy = Doz — a1 Dsg,

h) Dy =—5D1s,

i) Dy = D11 — 3—§D12-

On the other hand, a derivation D € Der((Ns31)s,(€6)) has the following matriz

representation:
D11 D12 Dis D1y 0 0
0 Doy Doy 0 0 0
(D] = 0 Dy D33 0 0 0
Do3 Dss Dyz D11+ Doy — D33 0 0
D51 Dsz  Dss D5y D11+ D2y —Di13— Dy
Dg¢1 De2  Dgs Degy 0 Dy + D33

where D;j; € R (i,j =1,...,6).

It is important to mention that our list of 7-dimensional contact Lie algebras is
slightly different to the one given by Kutsak in [17]. The main remarks are the
following;:

(1) In the lists provided by Kutsak and Gong, there are a few equivalent Lie algebras,

namely
Kutsak (see [17]) Gong (see [11])
13575(0) 1357P
1357S(\), A £ 0,1, —1 | 13578 ((%)ﬂ
13575, 13575(0)

(2) The Lie algebras 1357QRS1(—1) and 12457N,(1) are in fact contact Lie alge-
bras, as can be seen in Table 5.

(3) The Lie algebras 1357N(0), 12457L and 12457N(1) are not contact Lie alge-
bras. Let g denote any of these Lie algebras, a straightforward computation
shows that for an arbitrary 1-form w = 32| e’ € g*, necessarily (dw)® = 0.

Finally, as a consequence of Theorem 4.5 and Lemma 5.3, we can describe in Table 5
below each 7-dimensional contact nilpotent Lie algebra as a contact double extension
of a 5-dimensional contact nilpotent Lie algebra of codimension 2. In what follows
b5 represents the 5-dimensional Heisenberg Lie algebra spanned by (es, ey, €5, €5, €7)
with brackets [es, e4] = [e5,€6] = €7, es is the central element of a central extension
of b5 by a closed 2-form € and the derivation D € Der((hs)g(e2)) is given by ad(e;).
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Table 3: 7-dimensional contact nilpotent Lie algebras as double extensions

/

L ——
- ~ co oo o
< I/ / -~ ~ - ~ T ) coc oo oo oo co-Ho
= o o o cooco —o cooco co co cocoo
S | Soeos | Zoeos | 23332 | 33 | Seees | 233232 swesos | croess
g | ooocooo coocooo z z coocococo oo e oo oo oo I
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Table 3: (continued)
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Table 3: (continued)
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Table 3: (continued)
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Table 3: (continued)
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Table 3: (continued)
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Table 3: (continued)

le1, e2] = e7
[e1, e5] = e2
[e3, €] = €7
10 0 0000 _ Al
azsastny | (85 10n8000Y | levedl = 25t 200 b 00
2ol | (B8 g anas )| el =er, Mooz tuor | 9748 8 88
T\ 3 sas) | el = wpmes 5 8% 8 83
le1,e3] = =x€4
e, €6] = €2
le1,e4] = €5

6. Appendix

Given a 3-dimensional Lie algebra g as those of Theorem 3.1, one can choose
a representative of its second scalar cohomology group H?(g,R) in order to get
a central extension gg(e). Since the structure of the Lie algebra of derivations
Der(gy(e)) is known (see [19]), choosing a suitable derivation D € Der(gy(e)), the
double extension process allow us to construct a 5-dimensional contact Lie algebra
g(D,0). Hence, for the sake of completeness, in Table 6 below we present a list of 5-
dimensional contact Lie algebras obtained as a double extension from a 3-dimensional
Lie algebra g.

Table 4: 5-dimensional contact Lie algebras obtained from a
3-dimensional Lie algebra through double extension

g(D,0) | Representative of | D € Der(gp(e)) | Contact form 7
0] € H?(g,F)

0000

w.0) | o=oa | D= (§I0E) | a-ere
0101
1000

W) | oo | 0= (400) | a=e
0001
1 100

hs(D,0) | O=06i3+03 |[D]= (o1 0188) n=e
2 100
1 000

)| o=o o= (jyEl) | a=ere
0001
0000

w0 | o=0a | D= (§0E) | a-ere
0011
0000

WD) 6=0 o= (§i11) | a=ere
0000

1 0000 1

a0 | o=em | o= (§iH) | 0=
1002
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000 O

.0 | o=0 | o= (JH1E) [-erere
000 —1
0000

0.0 a20] o= |0l =(FAHE) | a—ee
0001
00 0 O

o (D.0) | 6= 0y [D]:(88018> e 4 et
10 0 -1
000 O

aa0.0) | o=0 0= ({11]) [n=crrese
000 —1
0000

w0 | o=0 | 0= (§IH) | a—ee
1001

qx(D, 0), _ _ 8—0188 2 3 4

a2y | U7 PGy e et
0000

po.0) | o=o | o= (fit) | a-eee
0001
0—-100

sly(D, 0) 0=0 [D] = (g 9 88) n=e+4 e
00O01
0000

s03(D, 0) 0=0 [D]:<8888) n=e+ e
0001
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