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Abstract. = We propose a definition of a “higher” version of the omni-Lie algebroid and study
its isotropic and involutive subbundles. Our higher omni-Lie algebroid is to (multi)contact and
related geometries what the higher generalized tangent bundle of Zambon and Bi/Sheng is to
(multi)symplectic and related geometries.
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1. Introduction

The generalized tangent bundle of a smooth manifold is the direct sum TM & T*M .
It is the natural arena for various interesting geometries, e.g. Dirac geometry, and
generalized complex geometry. The generalized tangent bundle is an instance of a
Courant algebroid. The omni-Lie algebroid of a vector bundle E — M is the direct
sum DF & JE, where D F is the gauge algebroid, and JE is the first jet bundle of
E. The omni-Lie algebroid of a line bundle is the natural arena for Dirac-Jacobi
geometry, and generalized complex geometry in odd dimensions [24, 10, 18, 22, 20],
and it is an instance of an FE-Courant algebroid. Now, fix a positive integer n.
There is an “n-form version” of the generalized tangent bundle, called the higher
generalized tangent bundle: TM & N"T*M . The higher generalized tangent bundle
and its isotropic and involutive subbundles have been first considered in [1, 27] (see
also [2, 3]). They encode higher Dirac structures, in particular closed n-forms and
certain Nambu structures [27].

It is then natural to ask: Is there an “n-form version” of the omni-Lie algebroid?
And, if yes, what kind of geometries do its isotropic and involutive subbundles encode?
In this paper, we (partially) answer these questions. We begin with what we call
vector bundle forms (see Subsection 2.2). They are sections of a certain graded
subbundle JoF of the bundle Hom(A*DFE, E) of E-valued forms on the gauge
algebroid. Vector bundle forms are for a vector bundle £ — M what ordinary
differential forms are for the trivial line bundle M x R — M. With vector bundle
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forms at hand, we are able to define the higher omni-Lie algebroid (see Subsection
2.3) as the direct sum DF & J,E (for any fixed n). In the same way as vector
bundle forms, higher omni-Lie algebroids are for a vector bundle what the higher
generalized tangent bundles are for the trivial line bundle. Various interesting “higher
geometric structures” appear as “Dirac structures” in the higher omni-Lie algebroid.
For instance, it turns out that certain “higher contact structures” [19] can be seen
as isotropic involutive subbundles of the higher omni-Lie algebroid.

The paper is organized as follows. In Section 2, we introduce the concept of vector
bundle forms and the higher omni-Lie algebroid of a vector bundle. In section 3,
we study isotropic and involutive subbundles of a higher omni-Lie algebroid which
project isomorphically either on ®F or on J,E. In the last Section 4, we study
higher omni-Lie algebroids for the spacial case when E is the trivial line bundle.

2. Higher omni-Lie algebroids

2.1. Preliminaries: omni-Lie algebroids

We begin recalling briefly the notion of omni-Lie algebroid [4], which generalizes
Weinstein’s omni-Lie algebras [26] to the realm of Lie algebroids. Given a vector
bundle £ — M, let D E be the gauge algebroid of E. Recall that a section of D F is
a derivation of E, i.e. an R-linear operator 0 : I'(E) — I'(F) satisfying the following
Leibniz rule:

o(fu) =1(@)(f)u+ fou, VueI'(E),

for some, necessarily unique, vector field j(?) € X(M). The gauge algebroid DF is
a Lie algebroid with Lie bracket given by the commutator of derivations, denoted
[—, —]o, and anchor given by the vector bundle map j: ®E — TM. The anchor j
is actually surjective, and its kernel gl(E) consists of vector bundle endomorphisms
¢ : E — E (covering the identity). Hence there is a short exact sequence

0—=gl(E) —~DF 1 ~TM —~0 (1)

sometimes called the Atiyah sequence of E. Notice that gl(E), hence DF, is
equipped with a canonical section: the identity endomorphism Idg : £ — F.
Now denote by JE the first jet bundle of E. Besides the usual definition, JE can
be equivalently defined from D FE as follows:

JE ={v e Hom(DE, E) : v(®) = Pov(ldg),V® € gl(E)} C Hom(DE, E). (2)
In its turn, ® F is determined by JE£:

ODF ={h € Hom(JE,E) : Jv € TM, s.t. h(y) =v(v),Vy € Hom(T' M, E)}. (3)

Given a vector bundle map h : JE — E as in (3), the associated derivation ? is
given by

du = h(ju), u €Tl (F),
where j : ['(E) — I'(JE) is the first jet prolongation. The first jet bundle sits itself
in a short exact sequence:

0 — Hom(TM, E) —*~3JFE 2~ FE 0, (4)
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where p : JE — FE is the usual projection, and e : Hom(T'M, E) — JE is given by:
e(h)=hoj, he€Hom(TM,FE).

We will often understand both the embeddings @ and 1 when there is no risk of
confusion. We summarize the relationship between ® F and JFE with the E-valued,
bilinear pairing

(—, ) JEQ@DE = E, (v,0) = ().

Then (j,e) and (1,p) are pairs of mutually adjoint maps with respect to (—, —) 5.

Remark 2.1.  There is yet another description of ®F and JE. Namely, given a
vector bundle £ — M , the diagram

TE—>E (5)

L

TM —M

is a double vector bundle (more precisely a VB-algebroid). Then sections of DF
identify with linear sections of the horizontal bundle TE — E, while sections of
JE identify with linear sections of the vertical bundle T"E — T'M . Here, by linear
section, we mean those sections that are, additionally, vector bundle maps. The
double vector bundle (5) is also equivalent to a certain vector bundle of graded
manifolds. Namely, shifting by one the degree in the fibers of the horizontal bundles
TE — E,and TM — M, we get the graded vector bundle

| (6)

and sections of JE do also identify with degree 0 sections of (6). For more details
about VB-algebroids see [16, 7]. See also [23] for the relationship between VB-
algebroids and graded manifolds.

The omni-Lie algebroid of E [4, 6] is the direct sum £(F) = OF @ JE. The main

structures on E(F) are:

e the projection p: E(F) — DF onto the first summand;

e the (Dorfman-like) bracket {—,—} : T'(E(F)) x I'(E(E)) — I'(E(FE)) defined by:
{Po+pe+vi=Pto+Lov—Lipn+ijv,v)y, Yo+pu v+vel(E), (7)

e the E-valued, symmetric bilinear pairing (—, —): E(F) ® E(E)— E defined by

(D+M7t+y)+ :%<<M’t>E+<V7t>E)‘

Formula (7) requires some explanations. Here £ is the Lie derivative of jets along
derivations and it is uniquely defined by

(Lo, V) =0 (1, v) g — (1, [0, tl0) -

Together with the structure maps p,{—, —}, (—, —)+, the omni-Lie algebroid £(F)
is an E-Courant algebroid [5].
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2.2. Vector bundle forms

In this section, we propose an “n-form version” of the omni-Lie algebroid and study
its isotropic and involutive subbundles. We begin with a “vector bundle version”
of differential forms. In the case n = 1 our definition of an “higher form” should
reproduce sections of the jet bundle JE'.

The gauge algebroid ® E acts tautologically on the vector bundle E. Hence there is
a natural cochain complex

(Q*(DE,E),d),

the de Rham complex of ® E with coefficients in its representation E. Here
Q*(DE,E) 2 I'(Hom(A*DE, E)),

and the differential d : Q*(DE, E) — QFY(DE, ) is given by the usual formula:

k
d:u(a()7017 e 70/6) é Z(_l)zaz (M(007 e 76\i7 T 7Dk))
1=0 (8)
+ Z (_1)Z+j:u([awa]]a 701'7"' 70]'7"' 7Dk>7
0<i<j<k

for all p € Q¥(DE, E), 9; € T(DE), where a hat “=” denotes omission.

Remark 2.2. The de Rham complex (Q*(DE, E),d) is actually acyclic [17]. Even
more, it possesses a canonical contracting homotopy given by contraction t¢q, with
the identity endomorphism Idg.

Clearly, Q*(DE, F) is a DG-module over Q*(DE) £ I'(Hom(A*DE,Ry)). Using
J:OFE — TM, we can define a DG-algebra map

P QNM) = QUDE), wis Wi o).

Finally we can change the scalars via j*, and give Q*(DFE, F) the structure of a
DG-module over Q*(M). Notice that, for all v € T'(E), du = ju € QYDE, E) is
actually a section of JE and, from the Q°*(M)-DG-module property, we have that

d(fu) = fdu+df ®u, VfeC®(M), ue(E).

Now we want to extend I'(JE) to a whole Q°*(M)-DG-submodule Q3 of Q*(DE, E).

The DG-module €235 will be our vector bundle version of differential forms.
In the graded vector bundle Hom(A*®E, E) consider the graded subbundle [5]:

3\, € Hom(A*"'TM, E),
J.E & {u € Hom(A\*®DE,E): " ( ) } . (9)

s.t. topp = Do A, VO € gl(E)

Sections of J,F will be denoted shortly by 3, and the degree n homogeneous
component will be denoted by J,E. In particular Q%, = I'(J,E). Notice that
J1E = JE. The space JoF and its section were first considered in [5] (under a
different notation).
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Remark 2.3. Let pu € Jo£. Then the E-valued form A\, is necessarily unique
and it is completely determined by the condition

A =M=, 0—) = tiagp  forall & € gl(E). (10)

Proposition 2.4. Q3 is an Q*(M)-submodule in Q*(DE, E). Additionally, i
is preserved, for all 0 € T(DE), by

(1) the de Rham differential d, (2) contractions vy, (3) Lie derivatives £,.
Proof.  First we show that Q3 is an Q°(M)-submodule. Let w € QF(M), and
€ QDE,E). Then the product w A p is given by

w A N(Dlv o 7Dk+l) = Z (_1)UW(J]<DO(1))7 e ’J](Da(k’))):u(affk-‘-w s 700k+l)7 (11)

O'G,S'kyl

for all 9; € T(DE), where Sy, denoted (k,l)-unshuffles. Now let p € Q4 and let
O cI'(gl(F)). As j(®) =0, from (11), we immediately get

(WA p) = (—DFw A gp = (1) 0w A (@ of*)\,) = P of*((—1)"w A N,).

This shows that w A p € Q5E and Ayn, = (—1)Fw A A,

That Q3 is preserved by the de Rham differential d, and Lie derivatives £;, is
proved in [5]. To see that it is also preserved by contractions ¢y, let p, ® be as
above, and compute

Loloft = —lataft = —to(P 0 J*A,) = =P o j 1) Ay

This shows that tyu € Q%_El, and A, = —Lj@)Au- [ ]

Remark 2.5.  From Proposition 2.4, the full Cartan calculus restricts to €23.
Additionally, from Remark 2.2 and Proposition 2.4 (last point), (€235, d) is an acyclic
subcomplex and 14, is a contracting homotopy for it.

Proposition 2.6.  The short exact sequence (4) extends to a (degree-wise) short
exact sequence of N*T™* M -modules

0—=AT*M®FE —">3,E-2>N\NT"M @ E—0, (12)

where De(pt) = Ay and  eo(N) = j*N.
Proof.  See [5]. [

Remark 2.7. The sequence (12) does not split (in the category of A®T*M -
modules) in general. However the induced sequence in sections:

0—=Q*(M,E) "> Q3p > Q" Y(M,E) —=0, (13)
splits canonically in the category of graded vector spaces. Specifically, the map

jo: QTN M, E) = Qi A djA
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is a right splitting. As a consequence, there is a canonical isomorphism of graded
vector spaces

Qe 2 Q(M,E)® Q' (M, E) (14)
identifying p € QF 3p with a pair (po, 1) consisting of an E-valued k-form, and a
E-valued (k—1) form It is easy to see that, actually,

(Mm#l) = (Adw)‘u)' (15)
It then follows from Remark 2.5 that:

p=J"po +dj*p. (16)

Notice that j; = j is just the first jet prolongation. Finally, we describe all natural
operations on 3y in terms of the isomorphism (14). So, let w € Q*(M), and let
0 € ['(DE). The multiplication by w, the de Rham differential, the contraction with
and the Lie derivative along 9 induce operations on Q*(M, E) & Q°*~'(M, E) which
we still denote by w A —, d, t5, £5. A direct computation exploiting either (15) or
(16) then shows that, for all p e O3,

w A (pto; 1) = (WA pro = (=1)%dw A py, (=1)*w A ),
d(po, 1) = (0, po) , (17)
to(po, 111) = (Lo)to + Loktr, L) (18)
Lo (o, 1) = (Lopto, Lop) - (19)
In particular tdg (fo, p1) = (11, 0).

In the formulas (18) and (19) the Lie derivative along 0 € ['(DE) of an E-valued
form v € Q*(M, E) appears. This requires an explanation. Let v be of degree k,
then £,v is the E-valued k-form on M given by

k
Sov(Xn, ., X)) =0(w( Xy, X)) = Y w(X, L [50), X)L, X,

=1

for all X; € X(M).

Remark 2.8.  Notice that Q°(M) can be seen as the graded algebra of function
on the graded manifold T'[1]M . It is not hard to see, e.g. in local coordinates, that
Q3 is also the Q*(M)-module of sections of the graded bundle (6).

2.3. The higher omni-Lie algebroid

We are now ready to give a definition of higher omni-Lie algebroid. Let E — M be
a vector bundle, and let n be a positive integer. We begin noticing that there exists
a Jn_1F/-valued, bilinear pairing

(= —hp  InEQ@DE = Jo 1B,  (1,0) = topt.
Definition 2.9. The n-omni-Lie algebroid or, simply, the higher omni-Lie alge-

broid of E, is the quadruple (&,(E), p,{—, —},(—, —)+), where &,(F) = DE®J, E.
Additionally
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e p:&(F) — DE is the projection onto the first summand,
o {—, —}:T(&(E)) xT(EL(E)) — T'(E.(E)) is the bracket defined by:
{0+ pe+v} £ 0, tlo+ v — L+ d (u,t)y5 = [0t + Sov — wedp, (20)
for all 9,v € I'(DFE), and p,v € I'(J,EF), and

o (— =)t 1 E(E) ®ELNE) = Jn1E is the symmetric bilinear pairing defined
by:

A

(0 + :uat+ V)—l— = % (<Dv V>3E + <t7 M>3E> ) (21)
forall 0,t € ®F, and pu,v € J,F.

The bracket {—, —} is called the higher Dorfman bracket.

Notice that the 1-omni-Lie algebroid & (F) = £(E) is just the omni-Lie algebroid.
In the following, we will often denote &,(F) simply by £ if this does not lead to
confusion.

Example 2.10. Let E = ¢ be a line bundle. Then every first order differential
operator I'(¢) — I'(¢) is a derivation. Hence ©¢ = Hom(J¢, ¢) and J¢ = Hom (D¢, ().
Similarly, the condition on A in (9) is empty and we have J.¢ = Hom(A*DY, 7).

It follows that Q3, = Q*(D(, () and &,(f) = DL S Hom(A"DL, ().

Theorem 2.11.  Let (€,p,{—,—},(—,—)+) be the n-omni-Lie algebroid of a
vector bundle E — M. Then, for all e,e1,es,e3 € I'(E) and f € C*(M),

(i)  (I(€),{—,—}) is a Leibniz algebra;

(ii)  p({er, e2}) = [pler), plea)]o

(iii) {e1, fea} = fler,ea} + (j o pler), df) (e2),

(iv)  Lpen(ea, e3)y = ({er, e}, e3)y + (e2,{e1, e3})

(v) {e;e} =dle,e)s.

Proof. Similarly as in the case of the generalized tangent bundle and the omni-Lie

algebroid, the statement follows from standard Cartan calculus on €35. We report
here some details of the proof for completeness.

(i): Write e;=0;+u;, where 3, eI'(DF) and p; €I'(JnE), i = 1,2,3. Then we have
{00 + p1, {02 + 12,05 + pz}}
— [017 [027 03]9]9 + ’201'802]/3 - ’201203]/2 + £D1diﬂgy2 - '8[02733]@ %1 + di[DQ,Dg}gyh

{01 + 1,02 + 12}, 03 + s} = [[01,02]9, 03] + Loy 0slo 3 — Loy Loy 12
+ 233232V1 — SagdiDQ 1241 + di03201 Vo — (dingDQ 141 + d’ig3di02 v,

{02 + 12, {01 + p11,03 + p3}}
= [02,[01,03]0]p + Lo, L0, 3 — Lo, Loyt + Looding 1 — Loy 0510 V2 + iy 04]0 Vo

So, it is enough to show that

Lo, ding V2 + dify, 0500 V1
= 202(112.33 v+ dl‘[aha?)bl/g — £D3d’i021/1 + dia32311/2 — dia3232 v+ dia3di02 V.
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But this identity follows straightforwardly from the following Cartan formulas (see,
e.g., [4])

[, d] = &, [£,d] =0, [n,%,]= L[o1,02]> (22)
where [—, —] is the graded commutator.
(ii): It follows from p({01 + p11,02 + p2}) = [01,02)n .
(iii): We have

{00+ g1, f(02 4 p2) } = [01, fO2]p + Lo, (fri2) — tpa,din
= f{01 + g1, 02 + pio} + (01, df) (02 + p2)
= {01 + w1, 02 + pa} + (p(01 + 1), df) (02 + pa2).

This concludes the proof of (iii).

(iv): The right hand side of (iv) is 1 (¢jay00]0/43 + togLor 2 + Loy Loy i3 + Loy 05]0 H2)
and the left hand side is 1 (£5,70,13 + Lo,90,t2). Now the statement follows from
the third equation of (22).

(v): It immediately follows from (20) and (21). ]

Remark 2.12.  The properties of the omni-Lie algebroid can be axiomatized and
this produces the definition of an FE-Courant algebroid [5]. Similarly it should
be possible to axiomatize the properties of the higher omni-Lie algebroid listed in
Theorem 2.11 and produce a definition of higher E-Courant algebroid. Specifically,
let £ — M be a vector bundle. Then a higher E-Courant algebroid should be a
quadruple (&, p,{—, -}, (=, —)+) where

e & — M is a vector bundle,

e p: & — DF is a vector bundle map,

o {—,—}: (&) xT'(E) = I'(€) is an R-bilinear bracket, and

e (— )1 :ER®RE — Jo_1 E is a non-degenerate, symmetric, bilinear pairing.
Additionally, the structure maps p, {—, —}, (—, —)+ should satisfy the properties (i)—

(iv) in the statement of Theorem 2.11. Finally, we speculate that property (v) in
Theorem 2.11 should be replaced by the following identity

({67 6}7 el)Jr = [’p(e’)d(ea €)+>
for all e, e’ € T'(€). Investigating this definition goes beyond the scopes of this paper.
Hopefully, we will follow this line of thoughts elsewhere.

Remark 2.13.  The Dorfman bracket on sections of the higher generalized tangent
bundle T'M & A"T*M can be deformed by a closed (n + 2)-form [1]. Similarly, the
higher Dorfman bracket can be deformed by a section of J,.oF. To see this, take
w E 93352 and define a new deformed higher Dorfman bracket

{—, =} :T(E) xT(E) = T(€)

by {61, 62}w = {61, 62} + Lp(ez)bp(er)W- (23)
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Now, a long but straightforward computation shows that

{617 {627 e3}w}w - {{617 62}w7 e3}w {627 {617 63}w}w — Lp(eg)l/p eg)”p(el)dw

For all ey,eq9,e3 € I'(E). In particular, (I'(€),{—, —}.) is a Leibniz algebra if and
only if dw =0, i.e. w = dy for some p € QL.

3. Higher Dirac-Jacobi structures

In this section we study isotropic and involutive subbundles of a higher omni-Lie
algebroid. So, let £ — M be a vector bundle, let n be a positive integer and let
€ = &,(F) be the higher omni-Lie algebroid of E.

Definition 3.1. A subbundle L C & is isotropic if (e, e2)y =0 for all ej,e5 € L
and it is involutive when {ej,es} € I'(L) for all ey, ey € I'(L). A maximal isotropic
and involutive subbundle of £ will be called a higher Dirac-Jacobi structure.

Remark 3.2.  Clearly, an isotropic subbundle L C £ is maximal isotropic if and
only if, for every section e € I'(€) such that (e,e’), =0 for all ¢ € T'(L), e already
belongs to I'(L).

When F =/ is a line bundle, and n = 1, then higher Dirac-Jacobi structures L C £
are exactly Dirac-Jacobi structures, first studied in [24, 25] (see also [18]). Dirac-
Jacobi structure encompass Jacobi structures, homogeneous Poisson structures, and
hyperplane distributions as special cases [24, 25, 18|. For generic n we will only
consider higher Dirac-Jacobi structures projecting isomorphically on either ® F or
I E.

3.1. Higher Dirac-Jacobi structures projecting isomorphically on ®F
We begin with a form p € Qg;l In the following we denote by B, : DF — J,F
the vector bundle map 0 + 7. The graph of B, is

graph B, £ {0+ B,(0) : 0 € DE} C &.

Theorem 3.3. Let p € Q”+1. The graph L of B, is a mazimal isotropic
subbundle and every isotropic subbundle projecting isomorphically onto DFE arises
in this way. Additionally, L is involutive, hence a higher Dirac-Jacobi structure, if
and only if p is closed, hence exact.

Proof. Let p € Q”“ It is obvious that graph B, C & is an isotropic subbundle.
It is also easy to see, using Remark 3.2, that graph B, is maximal isotropic. Con-
versely, let L. C £ be an isotropic subbundle projecting isomorphically onto D FE'.
Then L is the graph of a, necessarily unique, vector bundle map B : OF — J,F.
From isotropicity B is skewsymmetric in the sense that

LalB(OQ) + LDQB<01) =0

for all 91,0, € DF. Hence B = B,, for some p € Q"™ (DE,E) and it remains to
check that p € Qggl So let ® € gl(E), let 04,...,0, € DF, and compute

tot(01,02, ..., 0,) = (P, 01,09,...,0,) = —p(01,P,09,...,0,)
= _B(al)(q)ao27 ooy Op ) =—do >\B(01 ( (02) .]](an))
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Next we check that Ap,)(j02, . . .,J0,) is skew-symmetric in its arguments 01,...,0,.
Indeed  Ap(a,)(J02, . ..,30,) = B(01)(Idg, 02,...,0,) = —t1ayut(01,...,0,), which is
skewsymmetric. This shows that there exists an F-valued n-form v € Q"*(M, E)
such that Ap@,)(1(02),...,5(0n)) = v(§(01),5(02),...,3(0,)) forall 9,,...,0, € DE.
Hence p € Q3f" and v = —),.

For the second part of the statement, let pu € Qggl, and let ey, ey € I'(B,). So there
are 01,09 such that e, =0; + o1, 7 = 1,2, and

{617 62} = [017 02]9 + 201L02M - ’QDQLDQ + dl’ﬁgu'

The latter belongs to graph B,, if and only if

Loy toght — Logloy + dioy bt = Loy 05)0 H- (24)

Using (22) we see that (24) is equivalent to ¢y, to,dp = 0, and, from the arbitrariness
of 01,04, this is equivalent to du = 0. n

The above proposition shows that higher Dirac-Jacobi structures of £ projecting
isomorphically onto ® F are in one-to-one correspondence with closed, hence exact,
forms in Q5% In their turn, (17) shows that exact elements in Q%" are in one-to-
one correspondence with F-valued n-forms on M. Summarizing, the assignment

v +—— graph Bg;«,

is a one-to-one correspondence between Q"(M, E) and higher Dirac-Jacobi struc-
tures projecting isomorphically onto ®FE. The case when F = ¢ is a line bundle
is particularly interesting. In this case, higher Dirac-Jacobi structures projecting
isomorphically onto ©¢ encompass (pre-)multicontact structures, i.e. corank n dis-
tributions on M [19], as we now show.

Begin with an ¢-valued n-form v € Q"(M,¢). By definition, the kernel of v is
the (non-necessarily smooth) distribution kerv C TM on M consisting of tangent
vectors v such that ¢,v = 0.

Definition 3.4. An /-valued n-form v on M is of multicontact type if ker v has
corank exactly equal to n.

Notice that the kernel of an ¢-valued n-form v of multicontact type is a smooth
and regular distribution. When n = 1, Definition 3.4 simply says that D £ kerv
is an hyperplane distribution, hence v is an everywhere non-zero, hence surjective,
¢-valued 1-form on M, and can be interpreted as the projection TM — TM/D = {.
Next proposition generalizes this picture to the possibly higher n case.

Proposition 3.5. Let v be an (-valued n-form of multicontact type. Then
D & kerv is a smooth and reqular distribution and there is a canonical isomorphism
AN (TM/D) = (. Conversely, let D C TM be a corank n distribution, so that
¢ = N"(TM/D) is a line bundle. Then there exists a canonical {-valued n-form of
multicontact type vp such that D = kervp. Correspondences

v kerv, and Dw— vp

are mutually inverse.
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Proof. Let ¢/ — M be a line bundle and let v € Q"(M,¢) be of multicontact
type. Denote D = ker v, and consider the vector bundle map

A:NY(TM/D) =L, (vy+D)N---A(v,+ D) —v(vg,...,v,).

Clearly A is an isomorphism. Conversely, let D C T'M be a corank n distribution.
Put ¢ = AN"(T'M/D) and let vp : A"(T'M /D) — ¢ be the n-form defined by

vp(vi,...,vn) = (01 + D) A -+ A (v, + D).

It is easy to see that kervp = D, in particular vp is of multicontact type. This
concludes the proof. [ ]

3.2. Higher Dirac-Jacobi structures projecting isomorphically on J,F
We now pass to higher Dirac-Jacobi structures L projecting isomorphically on J,E.
In particular, L is the graph of a vector bundle map B : J,F — DF:

L=graph B2 {B(u)+p:p €I B} CE.

We want to characterize isotropicity and involutivity of L in terms of B. The case
n =1 is studied in details in [6] (see also [18] for the case n = rank ' = 1): in this
case B can be seen as a first order bidifferential operator A:T'(E)xI'(E) — I'(F) via

A(el, 62) = B((d61>(62).

In particular, A is a derivation in the first entry. Then L is isotropic if and only if A
is skew-symmetric, hence it is a bi-derivation. Additionally, L is a Dirac subbundle
if and only if 1) A is a Jacobi bracket on ¢, if F = ¢ is a line bundle, and 2) A is
the Lie bracket of a, necessarily unique, Lie algebroid structure on F, if rank £ > 1.
See [6] for all the details.

Next we assume n > 1. We have the following

Theorem 3.6. Let L C £ be an isotropic subbundle projecting isomorphically
onto .. If 1 <n < dimM + 1, then L = 0® J,E, and, in this case, L is
necessarily a higher Dirac-Jacobi structure.

Proof. See Appendix A. [ |

It remains to study the case n = dim M + 1. In order to state the main result of
this section, we need to give a new definition. So, let £ — M be a vector bundle.

Definition 3.7. A wvolume with values Lie algebras is a section Z of
A*PTM ® Hom(A*E, E)

such that, for every top form Q € QP(M), (Q,Z) € I'(Hom(A’E, E)) gives to E
the structure of a bundle of Lie algebras.

In the next proposition we show that, when n = dim M + 1, a higher Dirac-
Jacobi structure in £ projecting isomorphically onto J,FE is equivalent to a volume
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with values Lie algebras Z. Before stating our result we need some remarks. Let
m = dim M , and notice that, in view of (14),

I E X AT*M ® E.

In this case, a vector bundle map B : J,F — ®FE can be seen as a vector bundle map
B: AN"T*M ® E — DF or, equivalently, as a section Z of AT M @ Hom(A*E, E).
Now the bundle Hom(A%*E, F) embeds canonically into Hom(E, D F) via

Hom(A%E, E) < Hom(E,DE), b ¢
where dp(e1)(ea) £ bler, ex), e1,e0 € E.
Theorem 3.8. Letn=m+1=dimM + 1, and assume that Z is a section of
A"TM @ Hom(A%E, E). Denote by Bz : Jmi1 B — DE the associated vector bundle
map. The graph L of Bz is a mazximal isotropic subbundle of £ and every isotropic
subbundle projecting isomorphically onto I, E arises in this way. Additionally,

L is involutive, hence a higher Dirac-Jacobi structure, if and only if Z is a volume
with values Lie algebras.

Proof. Asin Remark 2.7 we denote by
jo 1 QY M, E) — Wp, A=dj'A

the embedding. As already remarked, j,,+1 is actually a C°°(M)-linear isomorphism.
Hence it comes from a vector bundle isomorphism that we denote again by

jm+1 . /\mT*M X E— Em-i-lE-

Now, let L C £ be a subbundle projecting isomorphically onto J,,+1F. So L is the
graph of a vector bundle map B : J,, .1 F — ®F. We work locally and fix a volume
form vol on M. Clearly B is completely determined by the composition

BV ampi M @ BNy BB DR,
that we denote by Bp:E—®F.
Notice that im+1(vol®e) = (—1)™ vol Ade (25)

for all e € I'(F). First we want to show that L is isotropic if and only if B = By for
some section Z of A"TM ®@Hom(A?E, E) (and, in this case, it is maximal isotropic).
This is equivalent to the following two conditions:

O'OBE:O, and BE(Gl)(€2)+BE(€2)(€1) =0

for all e;,eo € I'(E), and, in this case, (vol,Z) (e1,e2) = Bg(e1)(ea). Now, L is
isotropic if and only if

(B(p), p2)yp + (Blp2), )3 =0

for all py, e € Jni1E. In view of the above discussion, it is enough to consider
(1, o of the form

Wi = imy1(vol®e;) = (—=1)" vol Ade;, e, € T'(F), i=1,2.
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where we used (25). In this case,

<B(:U’1)7 :U“2>3E + <B(:u2)7 :u1>JE - (_1)m (LBE(€1) (VOI /\d@g) + !Bg(e2) (VOI /\d€1)>
= (—1)m ((LU(BE((il)) VOl) A deg + (LO(BE(62)) VOl) N del)
+ vol A (Bg(e1)(e2) + Be(esz)(e1)) -

Denote by p € Q25 the latter expression. It vanishes if and only if

tlagt =0, and ¢q,dp = 0.
The first condition reads

(LU(BE(el)) Vol) ® es + (LU(BE(EQ)) Vol) ®e =0, (26)
while the second condition simply reads
vol A (Bg(e1)(e2) + Br(e2)(e1)) .

or, which is the same, simply

Bg(e1)(e2) + Be(es)(e1) = 0.

So, it remains to show that condition (26) holds for all eq, e if and only if coBr = 0.
The “if” part is obvious. For the “only if” part choose a local basis (0;) for X(M),
and a local basis () for I'(E). Then there are local functions B’ such that

o(Bg(ea)) = BLO;.
Finally, write condition (26) for e; = ¢, and e; = €5 to get
Ly, vol ® (foeg + Béea) =0 = Bles+ Béea =0,

which in turn implies B!, = 0 for all «,, hence o0 o Bg = 0. An easy check reveals
that L is also a maximal isotropic subbundle. This concludes the proof of the first
part of the statement.

For the second part, let Z be a section of A" TM @Hom(A?E, E),let By : 3 B —
D FE be the associated vector bundle map, and let L C £ be its graph. Then L is

involutive if and only if, for all ui, up € Q55

{Bz(u1) + p1, Bz(p2) + p2} € I(L).
Now, as o has top degree
{Bz(1) + p1, Bz(p2) + po} = [Bz (1), Bz(p2)] + LB, (u1) b2,
which is in I'(L) if and only if
Bz (L, Guyt2) = [Bz(m), Bz (p2)]- (27)

We fix again a local volume form vol so that p; = volAde;, ¢, =T'(E), i =1,2. In
particular
’SBz(,ul):u2 = ’ng(yl) VOl /\([162 = VOl /\de(ul)(eg), (28)
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where we used that 0 o By = 0. Finally, we put
b2 (vol,Z): N°E — E,
hence Byz(u;) = b(e;, —), and, taking into account (28), condition (27) reads
[b(er, =), blez, —)] = b(b(er, e2), —).

Applying both sides to a third section ez € I'(E), after reorganizing the three terms,
we get
b(ela b<€27 63)) + b<e27 b(e?n 61)) + b(€37 b(ela €2>> = O?

which is the Jacobi identity for b. This concludes the proof. [ |

4. Higher extended generalized tangent bundle

When EF = Ry, := M x R is the trivial line bundle, the structure maps in the
higher omni-Lie algebroid can be expressed entirely in terms of standard Cartan
calculus. This expressions are sometimes useful, and we present them in this section.
This section will also serve as a dictionary from the trivial [9, 11, 13, 14, 24| to the
non-trivial [12, 18] line bundle case.

We begin with a more general situation which is of an independent interest. Namely,
we assume F — M is a generic vector bundle equipped with a linear connection V.
In this case, the short exact sequence (1) splits canonically via

V:TM - ®FE, X w— V.
Accordingly, there is a direct sum decomposition of vector bundles
DFE=TM @ gl(E) (29)
and every derivation 0 € ['(DF) can be uniquely written in the form
0=Vx+o (30)

where X = j(0) and ® is a section of gl(E). In what follows we will often use (29)
to identify 0 with the pair (X, ®).

Now, recall that the short exact sequence (13) splits in the category of graded vector
spaces, but does not split canonically in the category of graded Q°(M)-modules.
However, connection V defines an Q°*(M)-linear splitting:

iV QTN M E) = Q5 Al —el(dY ),

where dV : Q*"1(M,E) — Q*(M, E) is the connection “differential”. As a conse-
quence, there is an isomorphism of graded Q°(M)-modules

Q3 2 Q(M,E)® Q" (M, E), (31)

identifying u € Q§E with a pair consisting of an F-valued k-form, and an E-valued
(k — 1)-form, that we denote by (fig, 1) in order to distinguish it from the pair
(o, p1) of Section 2.2. Using the notation of Section 2.2, it is easy to see that

(1o, ) = (po + d¥ pur, o). (32)
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Now, we want to describe all natural operations on (235 in terms of the isomorphisms
(29) and (31). To do this, we first recall two basic facts about linear connections and
their connection differential.

Firstly, any gl(E)-valued form on M, & € Q*(M, E), defines a degree |®|, graded
homomorphism of Q°*(M)-modules, also denoted by

D :Q(M,E) — QM E),

in the obvious way. In particular, the curvature R of V is a gl(E)-valued 2-form
on M, hence it defines a degree 2, graded homomorphism

R:Q*(M,E) — Q**(M, E),

and we have (dV)* = R.
Secondly, the connection V defines a connection in the whole tensor algebra of E,
in particular on gl(F). We denote again by V the induced connection. For any
O € Q*(M,gl(E)) we have

dVd = [dY,d], (33)
where, in the left hand side, dV is the differential of the connection in gl(E), ®
is a gl(F)-valued form, but dV® is interpreted as a graded homomorphism from
Q*(M, E) to Q*+®+1(M, E), while, in the right hand side, dV is the differential of
the connection in E and & is interpreted as a graded homomorphism from Q°*(M, F)
to Q*F1°I(M, E).
Finally, let w € Q*(M), and let 9 = Vx + & € I'(DF). The multiplication by
w, the de Rham differential, the contraction and the Lie derivative along 0 induce
new operations on Q*(M, E)®Q* (M, E) via (31). The latter will, respectively, be
denoted by B B

w A -, d, T(X,@), £(x,9),

in order to distinguish them from the operations on Q°*(M, E)®Q*~1 (M, E) discussed
in Section (2.2) (and independent of V). A direct computation exploiting (30), (32)
and (33) shows that, for all p € Q3,

wA (flo, i) = (w A Fio, (—1)“lw A i) (34)

d(fio, fir) = (d¥ i — R(fr), fio — d" Jir) (35)
v(x,@) (flo, i) = (expio + P (jir), —txfin) (36)
X<1>)( fio, fi1) (quo + (1) + (dv@ — %LXR) (), £% 10 + q’(%)) (37)

where £Y = [1x,dV]. In particular

Z(OvIdE)(ﬁm ljl) = (ﬁh 0)

When E = R, is the trivial line bundle and V is the trivial connection on it,
Equations (35)—(37) significantly simplify. Indeed, in this case gl(E) = Ry and
every derivation 0 € I'(®Ry,) is of the form ? = X + f where X = j(0) as usual,
and f € C°°(M). Additionally, fig, i1 are standard differential forms, d¥ = d, the
standard de Rham differential, and R = 0. Hence, in this case,

d(Fio, fir) = (dFio, Fio — dfiy) (38)
vx,p) (Hos fin) = (expio + fiin, —txfir) (39)
L) (o, i) = (ExTio + flio + df A Fiy, ExFin + fTin) (40)
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Remark 4.1.  The operations (38), (39) and (40) are also discussed in [24, 8, 10].
Our version differs from those by a sign, which is due to our conventions about the
isomorphism J,Ra; = A"T*M @ A" 1T*M.

Definition 4.2. The higher extended generalized tangent bundle is the higher
omni-Lie algebroid

EX(TM & Ry) @ (A"T*M & N 'T*M). (41)

of the trivial line bundle R,,.

Remark 4.3. In (41) we used the vector bundle splittings DRy, = TM & Ry,
and J,Ry = A"T*M @ A" 'T*M , induced by the trivial connection in the trivial
line bundle. For n = 1, we recover Wade’s extended generalized tangent bundle [24].

We conclude this section describing explicitly the structure maps of the higher
generalized tangent bundle in terms of standard Cartan calculus, as promised. Using
(38), (39) and (40), we immediately see that, for any pair of sections (X, f) +
(10, 111), (Y, g) + (7o, 71) of the higher generalized tangent bundle, we have
(X, f)+ (o, 1), (Y, 9)+ o, 1)) . = 5 (exPo + fT1 + iy fio + glin, —txPh — Ly fia)
{(X7 f) + <ﬁ07 ﬁl)v (Y7 g) + (/7707;1)} = ([Xv Y]7X(g) - Y(f))
+(&xto + fro +df ANvi — wydjio — g(fo — djin), £xv1 + for + 1y (o — dfn))

These formulas generalize to the case n > 1 those of [24] (in the case n = 1), up to
a conventional sign.

Remark 4.4. Recall that the graph of a map B = ®F — J,F is a higher
Dirac-Jacobi structure if and only if B is the flat map

wy : OF — 3, B, 0 o

of a closed, hence exact form pe Qg‘gl We apply this result to the case E=R,, to

see, from (38) and (39), that the graph of a map B : TM®Ry; — A"T*M®SA" ' T* M
is a higher Dirac-Jacobi structure if and only if B is the flat map

(fio, )y : TM & Ryp — A"T*M @ A" 'T*M, (X, f) — T (Tios i)

of a pair (Jig,Ji1) € Q"M(M) & Q*(M) such that d(fig,fir) = 0, or, which is the
same, [ig = dji1.

A. Proof of Theorem 3.6

In this proof we understand the embedding
Ce: (M, E) — Q5
and interpret Q°*(M, E) as a graded Q°(M)-submodule in Q3,. We work in local

coordinates. So, let dim M = m, and let 2',..., 2™ be coordinates on M, and
0; = aii the associated coordinate vector fields. Additionally, let (¢,) be a local

frame of sections of E. Locally, a derivation ? € I'(DFE) can be uniquely written as

0= X'0; + Xl , where,
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(1) €7 is the unique endomorphism T'(E) —T'(E) such that e2(eq)=05¢e,, for all «,

(2) abusing the notation, we also denote by 0; the unique derivation with symbol
the i-th coordinate vector field, and such that 0;e, = 0 for all «,

and the X7, X§ are local functions. It will be also useful to consider the coordinate
volume form
vol :=dal A -+ Adx™,

and, for every (skewsymmetric) multiindex I = ;- -- iy, the m—k form
voly = vol;,..;, = Loy, " Loy, vol .

In the following we denote by |I| := k the lenght of a multiindex I =iy - -iy.

It easily follows from (14) that Q3 is locally generated, as a graded Q°(M)-module,
by (e4,de,). Hence, it is generated, as a C°°(M)-module, by the following forms:

W = Vol ®e,, and vj, = vol;Ade,.

Now, let 1 <n <m+1,andlet B:J,EF — ®F be a vector bundle map. Then B
is completely determined by

B(pra) = By o0i + Bl o525, | =m—n,
and B(vya) = CY ,0; —|—Cmﬁ€§, |J|=m—n+1.

Compute (B(ttr,a), 1r,a)~

(B(tir,a): Vaar)y
<B(VJ,a) a’> JE = Jaﬂuo/
(B(via),voaze = Chavira + (=1)" CF oty -

E - Ia:u’ip !

E_BIaVZJa +( )TL IB:TYoza’/LJ,'Y

Denote by L the graph of B and recall that L is an isotropic subbundle of £ if and
only if

<B<M)?V>3E+ <B(V>7M>3E = 07 for all My v € QgLE (42)
It is clear that, if B = 0, then L = 0 & J,FE is isotropic, and it is easy to
check that it is actually maximal isotropic and involutive, i.e. a higher Dirac-Jacobi

structure. Conversely, let L be isotropic. Then, using (42) with u, v chosen among
the generators firq,V 4, we find, e.g.:

0= <B(N1,a)mul’,a’>3}3 + <B(M1’,a’)7#1,a>3E = (51”5& B[a + 51“(Sa BI’ ,> i ot

As the lenght of I is at least 1, it follows that B}, = 0. One can show that the
other coefficients B 4, C7,,C] 5 all vanish, in a similar way. We leave the obvious
details to the reader.

Acknowledgements. Part of this work was completed while YB and TZ were
visiting the Chern Institute of Mathematics in September 2015. YB and TZ are
grateful to Prof. Chengming Bai for his kind invitation and hospitality. We would



898 B1, VITAGLIANO, ZHANG

like to thank Prof. Zhangju Liu for giving us the key idea at the very beginning
of the work. We thank Prof. Zhuo Chen and Prof. Yunhe Sheng for explaining to
us the concept of omni-Lie algebroids. YB also thanks the Department of Mathe-
matics at Penn State University for its hospitality and China Scholarship Council
(N0.201608360038) for financial support. LV thanks YB and TZ for inviting him to
join this project.

References

[1] Y.Bi, Y.Sheng: On higher analogues of Courant algebroids, Sci. China Math. 54
(2011) 437-447.

[2] Y.Bi, Y.Sheng, Dirac structures for higher analogues of Courant algebroids, Int. J.
Geom. Methods Mod. Phys. 12 (2015) 1-13.

[3] H.Bursztyn, N. Martinez Alba, R. Rubio: On higher Dirac structures, Int. Math. Res.
Notices 2019 (2019) 1503-1542.

[4]  Z.Chen, Z.-J.Liu: Omni-Lie algebroids, J. Geom. Phys. 60 (2010) 799-808.

[5] Z.Chen, Z.-J.Liu, Y.Sheng: FE-Courant algebroids, Int. Math. Res. Notices 2010
(2010) 4334-4376.

[6] Z.Chen, Z.-J.Liu, Y. Sheng: Dirac structures of omni-Lie algebroids, Int. J. Math. 22
(2011) 1163-1185.

[7]  A.Gracia-Saz, R.A.Mehta: Lie algebroid structures on double vector bundles and
representation theory of Lie algebroids, Adv. Math. 223 (2010) 1236-1275.

[8] D.Iglesias-Ponte, J. C. Marrero: Generalized Lie bialgebroids and Jacobi structures, J.
Geom. Phys. 40 (2001) 176-199.

[9] D.Iglesias-Ponte, J.C.Marrero: Lie bialgebroid foliations and E(M)-Dirac struc-
tures, J. Phys. A: Math. Gen. 35 (2002) 4085-4104.

[10] D.Iglesias-Ponte, A. Wade: Contact manifolds and generalized complex structures, J.
Geom. Phys. 53 (2006) 249-258.

[11] D.Iglesias-Ponte, A. Wade: Integration of Dirac-Jacobi structures, J. Phys. A: Math.
Gen. 39 (2006) 4181-4190.

[12] A.Kirillov: Local Lie algebras, Russian Math. Surveys 31 (1976) 55-76.

[13] M.de Leén, J.C.Marrero, E.Padréon: Lichnerowicz-Jacobi cohomology, J. Phys. A:
Math. Gen. 30 (1997) 6029-6055.

[14] M.de Leén, J. C. Marrero, E. Padrén: Lichnerowicz-Jacobi cohomology of Jacobi man-
ifolds, C. R. Acad. Sci. Paris, Ser. I 324 (1997) 71-76.

[15] J.Liu, Y.Sheng, C. Wang: Omni n-Lie algebras and linearization of higher analogues
of Courant algebroids, Int. J. Geom. Methods Mod. Phys. 14 (2017) 1750113, 18 pp.

[16] K.C.H.Mackenzie: Double Lie algebroids and the double of a Lie bialgebroid,
arXiv:math/9808081 (1998).

[17] V.Rubtsov: The cohomology of the Der complex, Russian Math. Surveys 35 (1980)
190-191.

[18] L. Vitagliano: Dirac-Jacobi bundles, J. Sympl. Geom. 18 (2018) 485-561.

[19] L. Vitagliano: L -algebras from multicontact geometry, Diff. Geom. Appl. 39 (2015)
147-165.



[20]

B1, VITAGLIANO, ZHANG 899

L. Vitagliano, J.Schnitzer: The local structure of generalized contact bundles, Int.
Math. Res. Notices (2019), published online, doi: 10.1093/imrn/rnz009.

L. Vitagliano, A. Wade: Holomorphic Jacobi manifolds and holomorphic contact grou-
poids, Math. Zeitschrift (2019), published online, doi: 10.1007/s00209-019-02320-x.

L. Vitagliano, A. Wade: Generalized contact bundles, C. R. Acad. Sci. Paris, Ser. I
354 (2016) 313-317.

T. Voronov: @Q-manifolds and Mackenzie theory, Comm. Math. Phys. 315 (2012) 279-
310.

A.Wade: Conformal Dirac structures, Lett. Math. Phys. 53 (2000) 331-348.

A. Wade: Locally conformal Dirac structures and infinitesimal automorphisms, Com-
mun. Math. Phys. 246 (2004) 295-310.

A. Weinstein: Omni-Lie algebras, in: Microlocal Analysis of the Schrodinger Equation
and Related Topics, Kyoto (1999), 1176 (2000) 95-102.

M. Zambon: L. -algebras and higher analogues of Dirac structures and Courant
algebroids, J. Sympl. Geom. 10 (2012) 563-599.

Yanhui Bi Luca Vitagliano

College Math. Inform. Science Dip. di Matematica
Nanchang Hangkong University Univ. degli Studi di Salerno
Nanchang 330063, PR China 84084 Fisciano (SA), Italy
biyanhui0523@gmail.com lvitagliano@unisa.it

Tao Zhang

College Math. Inform. Science
Henan Normal University
Xinxiang 453007, PR China
zhangtao@htu.edu.cn

Received August 11, 2017
and in final form May 23, 2019



