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Abstract. Opdam introduced the notion of spectral transfer morphisms of affine Hecke algebras
to study the formal degree of a unipotent discrete series representation. Based on the uniqueness
property of supercuspidal unipotent representations established by Opdam and the author, Opdam
proved that unipotent discrete series representations of classical groups can be classified by the
associated formal degrees, in the same spirit as Reeder’s result for split exceptional adjoint groups.
The present paper aims at verifying that three specific families of finite maps of algebraic tori are
spectral transfer morphisms. These spectral transfer morphisms are used in the proof of Opdam’s
result mentioned above.

Mathematics Subject Classification: 20G25, 22E50.

Key Words: Affine Hecke algebra, unipotent representation, discrete series representation, formal
degree, spectral transfer morphism.

1. Introduction

Let k be a non-archimedean local field with a finite residue field §. Fix a separable
closure k, of k, and let k,., C k, be the maximal unramified extension of k.
Throughout this paper, assume that G is a connected absolutely simple algebraic
group of adjoint type defined and quasi-split over k£ such that G splits over k.
Lusztig [11] defined unipotent representations for G(k) (the group of k-rational
points of G). We will recall this definition in more detail in Section 4. The irreducible
unipotent representations of G(k) are the irreducible subquotients of representations
of the form V := C—Indg':k) E where (o, F) is a cuspidal unipotent representation
of a parahoric subgroup P, C G(k). In the case where Pj is a maximal parahoric
subgroup of G(k) then V is actually a finite direct sum of supercuspidal unipotent
representations.

A conjecture of Hiraga, Ichino and Ikeda [9] states that for a discrete series repre-
sentation of a connected reductive group defined over a local field, the formal degree
fdeg(m) equals to |y(¢,)| times a rational factor, where v(p,) is the adjoint gamma
factor associated with the Langlands parameter ¢, corresponding to w. An earlier
result of Reeder [21] on unipotent discrete series representations of split exceptional
adjoint groups is compatible with this conjecture (see [9, §3.4]).
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Recently, Opdam [18, Thm. 4.11] proved the Hiraga—Ichino-Ikeda (HII) conjecture
for unipotent discrete series representations of G(k), for classical groups G satisfying
our assumption. The main tool Opdam used is called Spectral Transfer Morphisms
for affine Hecke algebras which he developed in [17].

It is known that there is a bijection between the collection Irr,,(G(k), Pk, o) of rep-
resentations of G(k) which are irreducible subquotients of the compactly induced
representation V' and simple modules over the algebra Endg) (V). This endomor-
phism algebra is an extension of an affine Hecke algebra H(G(k), Pg, o). Parameters
of H(G(k), Py, o) are explicitly determined by G, the parahoric subgroup Pj and
the cuspidal unipotent character o. (An explicit expression of these parameters can
be found in [11, §5.12].)

If the unipotent discrete series representation is supercuspidal, the spectral transfer
morphism is particularly simple to describe (using the main result of [18]). We illus-
trate it briefly. Suppose now Py is a maximal parahoric subgroup and ¢ a cuspidal
unipotent character of the reductive quotient Py of Py (we lift it to a representation
of P via the natural projection Pj, — Py,). If m belongs to Irr,,(G(k), Py, o), then
7 is supercuspidal, and H(G(k), Py, o) is a direct product of copies of C, whose
simple direct factors are in canonical bijection with the irreducible summands of
V. Let A = Clv,v!] be the ring of complex polynomials in variables v,v~!, and
let H™M(G(k)) be the generic Iwahori-Matsumoto Hecke algebra (defined over A)
of G. In the case at hand, a spectral transfer morphism from H(G(k), Py, 0) to
H™M(G(k)) is simply the co-pairing of spectral transfer morphisms of the individual
factors. For each individual factor, the spectral transfer morphism is defined by a
morphism of the form:

S: Spec A — Spec Z(H™(G(k))),

where Z(H™(G(k))) is the centre of H™ := H™(G(k)). Here v € H™ acts on V
as multiplication by the positive square root of |f|. The main result of [18] states that
the morphism S defining a spectral transfer map from H(G(k), Py, o) to H™M(G(k))
is closely related to the (discrete, unramified) Langlands parameter of 7, in the way
we will now explain.

We shall relate Spec Z(H™) to the Langlands L-group G of G via a theorem
of Borel (cf. [1, Prop. 6.7]). This theorem can be formulated as: Spec Z(H™) is
bijectively corresponding to the set of GY-conjugacy classes of semi-simple elements
in G, which in turn can be identified with the quotient Wo\TV with TV = SV /(1 —
0)SY. Here SY is a maximal torus in the complex dual group GV, and W, is the
associated finite Weyl group. In other words, & corresponds to, in this special case,
a Wpy-orbit of a A-valued point of TV. This A-valued point of TV is obtained from
a Langlands parameter for 7 as follows. Let

¢ Frob? x SLy(C) — “G = GV x (V)

be a discrete unramified Langlands parameter associated with 7, where ¥ denotes
the automorphism on G induced by Frob. We denote u := ¢, (id, (§1)), and let
r € 'G be a semi-simple element such that

rurt = ulfl. (1)
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It is known that (cf. [10]) there is a semi-simple element ¢ in G¥ such that r = cs,
where s := @, (Frob, I5), and u must be a distinguished unipotent element in the
connected centraliser Zgv(s)°. Existence of distinguished unipotent elements in
Zgv(s)° forces that s must be an isolated element in “G (see [22, §3.7]). The GV-
conjugacy class of r can be identified with the Wy-orbit of a A-valued point r € TV .
Then [18, Thm. 4.11] implies that the morphism S defined by this Wy-orbit Wyr
defines a spectral transfer map from H(G(k), Py, o) to H™M(G(k)).

For the spectral transfer morphisms of supercuspidal unipotent representations of
non-split but quasi-split groups, we shall discuss in Section 4.4.

The affine Hecke algebra H(G(k), Py, o) attached to some 7 € Irr,, (G(k), Pk, 0)
can have positive rank in general. Let H be the generic affine Hecke algebra defined
over A which specialises to H(G(k), Pk, o) if we substitute the square root of |f| for
v. A spectral transfer morphism from H := H(G(k), Py, ) to H™M := HM(G(k))
is given by a finite morphism from Spec Z(H) to Spec Z(H™) satisfying some extra
conditions (see Def. 3.1). Among these defining conditions for spectral transfer
morphism, the most important one is that a spectral transfer morphism should
preserve the Plancherel measure in the following sense. We define a trace functional
7/ on an affine Hecke algebra H. The spectral measure of this trace functional is
called the Plancherel measure. The density of this Plancherel measure is expressed
by a function, called p-function, which is a certain rational function defined on
Spec Z(H) = W\T, where T is a certain algebraic torus associated with H, and
W denotes the underlying finite Weyl group. A spectral transfer morphism between
two pairs (H;,7/),i = 1,2, is given by a finite morphism of torsors of algebraic
tori §: T} — T, which, among other conditions, preserves the associated Plancherel
measure. Roughly speaking, this means the pull-back under S of the regularization
of po along the image of S, up to a non-zero rational constant, is equal to ;. (See
the condition (T3) in Def. 3.1.)

This paper aims at verifying that three specific maps of algebraic tori are spectral
transfer morphisms. In order to do this, we first recall the structure of the affine Hecke
algebra H(G(k), Pk, o) and define the p-function in Sections 2.1 and 2.2 respectively.
We will also recall residual cosets, which is necessary to give the definition of spectral
transfer morphisms in Section 3. Then we turn to unipotent representations in
Section 4. The materials here are borrowed from [18], except for Section 4.4. We
will recall the definition of unipotent representation and the associated affine Hecke
algebra. In particular, we will give the parameters of the relevant affine Hecke
algebras for classical groups in Section 4. After these preparation, we give expressions
of three morphisms in Section 4, and will prove in Section 5 that these morphisms
are spectral transfer morphisms.

2. Affine Hecke algebras and p-functions

2.1. Generic affine Hecke algebras

Let R = (X, Ro, Fo,Y, Ry, Fy) be areduced irreducible and semi-simple root datum,
with a perfect pairing ( , }: X xY — Z. Here F} is a base of Ry. Let ZRy be the
root lattice spanned by the root system Ry. Then Qy := X/ZR, is a finite abelian
group. Let Wy = Wy(Ryp) be the finite Weyl group of the root system Ry, with a
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set Sy of distinguished generators, in bijection with Fy. We equip the vector space
E* .= R®z X with a Euclidean structure which is invariant under the action of W,.
Following the convention in [17], we call elements of the set R := Ry X Z affine roots.
If a =a" 4+ n € R, the reflection r, induced by a is defined by r,(z) = x — a(x)a,
where a(z) = (z,a") +n for all z € E*. Such reflections are viewed as affine linear
transformations on E*.

The semi-direct product W := X x W, is called the extended affine Weyl group.
Inside W sits a normal subgroup W, ~ ZRy; x W, (the unextended affine Weyl
group). W, is an affine Coxeter group. Let S, be a set of distinguished generators
of W,. Let C' C E* be the fundamental alcove for the action of W, on E*. The
closure C of C is a fundamental domain for the action of W, on E*. The stabiliser
Staby (C) :=={w € W : w(C) = C} of C' in W is isomorphic to the quotient W/W,,
and hence isomorphic to x.

On the affine Coxeter system (W,,S,) we have a canonical length function 1: W, —
Z . such that every distinguished generator s € S, has length one. We extend [
to W by defining that [(w) = 0,Vw € Qx. Let t, € W denote the translation
corresponding to x € X. Then [ satisfies

l(wt,) =1(w) + Y (z,0") (2)

aERS’

forall we Wy and all z € X :={x € X : (z,a") > 0,Va € Fy}.

Let A := C[v*!] be the Laurent polynomial ring in variables v,v"1. We define an
associative algebra H(R,m) over A, with distinguished A-basis {N, : w € W}
parametrized by w € W, satisfying the following relations:

(i) If l(ww') = l(w) + l(w"), then NNy = Ny -
(i) (Ny — v™E) (N, +v™™) =0 for all s € 3,.

Here the parameters m(s) € Z are given by a function m: W\S, — Z, which
is defined on the W-conjugacy classes of S,. The algebra H(R,m) is called the
generic affine Hecke algebra (with parameter m). If there is no danger of ambiguity,
we shall simply write H(R) for H(R,m).

Remark 2.1. (i) Using the Bernstein presentation (see e.g. [17, Thm. 2.6]) for
H(R,m), one can show that the centre of H(R,m) is (A[X])".

(ii) From the definition, we note that (R, m) is not sensitive to the orientation
of the double or triple edges in the Dynkin diagram of Ry in case that the
roots in Ry have different lengths.

Define 7: H(R) — A by 7(3°, awNyw) = a1. Let H(R) be the specialisation
of H(R) at v € Ro;. Then 7 determines a family of C-valued linear functional
{7v | v € Ro1} on the family of the algebras {H,(R) | v € R~1}. Define an anti-
involution * on H,(R) by (>, @wNw)" = D, @GwlNy-1, then the functional 7, is
positive with respect to this anti-involution. Moreover, for all v € R.;, the triple
(Hy(R), Ty, *) form a type I Hilbert algebra in the sense of Dixmier [7].

The spectral measure associated with 7, on H, is called the Plancherel measure.
Its density is given by the so-called p-function which we will review in next section.
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2.2. The p-function

Recall the root datum R = (X, Ry, Fy,Y, Ry, Fy) underlying H(R). Let T be
the diagonalisable group scheme with character lattice X x Z. We view T as a
group scheme over Spec A = C* via the homomorphism A — C[X x Z] defined by
v" +— (0,n). The fibre at v € C* will be denoted by 7. The function u(Rp,v)
associated with H(R,m) is a rational function on 7 with rational coefficient.

To define p( Ry, v) we need to introduce some notations. Let R := Ry x Z. We define
a function mp: R — Z by the rules that (i) mg is W-invariant and (ii) mg(a) = m(s)
if the simple reflection s is conjugate to the reflection r, induced by a € R. This
function mg gives rise to the functions my: Wo\ Ry — %Z defined as

mp(aY) +mp(1+ oY)
2 Y

mp(a”) —mg(1+ o)
2

(3)

One observes that m_(-) = 0 if the two reflections r,v and ri,,v are W-conjugate.
It is well-known that if m_(-) # 0, then R, contains a component of type B.
For each a € Ry, define

my (a) = m_(a) =

1— ,Ume_;,_(a)afl 14+ p—2m— (a)afl
afarv) 1= U 3 (@)

We put ¢, := HaeRS’ e, v). The Weyl group W, acts on ¢,(a), and hence on ¢,
via its action on the roots. The p-function of H(R,m) is defined as

_ d(v) d(v) 1
Ro,v) = 2myy (wo) — 5
i(Ro,v) = v AT | e ey (5)

where wy € W is the longest element, my,: W — Z is defined by

myy (w) = Z mp(a),

a€R+Nw—1(R-)

and the factor d(v) is a rational function in variable v. Clearly, the p-function is
Wp-invariant.

The explicit expression of d(v) will be given in Section 3. Note that when the root
system Ry is empty, we have p(0),v) = d(v). Here we point out that we shall regard
d(v) as a normalisation factor in the following sense: let 1 € W be the identity
element of the extended affine Weyl group, then the functional Ny, +— d,,1d(v) defines
a trace 7/(+) :== d(v)7(-) on H(R,m).

By abuse of language, we call piy 4(Ro, V) := 1(Ro, v)|y=y the p-function associated
with (Hy(R,m),d), where d := d(v)]y—y .

2.3. Residual cosets and residual points

Let 7 be the complex torus defined as in Section 2, so that the character lattice of
T is X xZ. Let L C T be a coset of a subtorus of 7. We define (where ¢ = £ is
a sign)

p(L)={a € Ry:ealy =v 2} 2(L)={a € Ry:eal, =1} (6)
The coset L C T is called residual if
[P+ (L) + [p- (L) = [24(L)] = |24.(L)| = codim(L). (7)
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Suppose L is a residual coset for fi,, 4(Ro,v) with p.(L) and z.(L) as defined above,
by the regularisation of u along L we mean the following expression

(d/U2mW(w0)) HaeRo\z_(L)(l + a—l) HaeRo\z+(L)(1 _ a—l)
[Locrop (I + o7 @) ] cpoy, 1) (1 — 072 @a)

faa(Ro, v) = (8)

The regularisation ,unﬁ 4(Ro,v) restricting onto L defines a nonzero rational function
uifcz(RO, v) in v over the residual coset L. In particular, if L = {r(v)} is just a resid-
ual point with values in A, we call the expression ,LLIEE;})(RO, v) the “residue” of the
p-function at the residual point r, and we shall use the notation Res(pnqa(Ro,v),T)
for u;‘,{;} )(Ro, v), to distinguish the role of the residual point r. (Compare with the
computation of residue of a one-variable meromorphic function at a simple pole.)

Recall that T := T, is the fibre of 7 at v € C*. Since T is a complex torus, it
has a polar decomposition 7' = T, T, , where T, is unitary and 7', is the real vector
group of T'. For r(v) € T, we usually write s = s(v) for the unitary part of r(v).

3. The spectral transfer morphisms for affine Hecke algebras

Given two normalised affine Hecke algebras (H(Ri,m1),d1) and (H(Ro, ms),ds),
let Ty, T, be the associated tori. Let L = rT* C T, be a residual coset, with r € T},
a residual point. Here T is a subtorus of T" and we denote the quotient T/T* by
Ty,. Let Wh be the Weyl group associated with the root datum of R,. Denote by
W o(L) the quotient group of the stabiliser of L in W5 by the pointwise stabiliser.

Put K} =T, NT"NWyo(L), L,:=L/K}. (9)

Definition 3.1.  [17, Def. 5.1] Let L C Ty be a residual coset and let L,, be given
as in (9). A map ¢r: 71 — L, is called a spectral transfer map if it satisfies the
following conditions:

(T1) ¢r is a finite morphism (in the sense of algebraic geometry);

(T2) ¢r maps the identity e of 77 into (L NTL)/K}, and if we declare ¢r(e)
to be the base point of L (regarded as a T%/K?p-torsor), then ¢r is a
homomorphism of algebraic tori.

(T3) There exists a constant ¢ € Q* such that ¢ (,ui?dQ (R2)) = Ctmy 4, (R1).

Remark 3.2.  There is an extra defining condition (T4). However, to deal with
unipotent representations we do not need it and hence we do not state it. In practice,
the conditions (T1), (T2) and (T4) are usually easily verified. So the key point is
the verification of (T3). (See also [17, Def. 5.1] and [19, Def. 4.3.1, Remark 4.3.2].)

Remark 3.3. In the present paper, the quotient L, will in fact always be L
itself, so the composition of these spectral transfer maps is simply given by the naive
composition.

Here we give one elementary example of spectral transfer morphisms. For more
examples of spectral transfer morphisms, the reader can consult [17, §7].
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Example 3.4. Let W, be the finite Weyl group associated to the root datum
R. Every w € W, acts on the associate complex torus as automorphism. Since
the p-function is Wp-invariant, this morphism clearly satisfies the condition (T3).
These spectral transfer maps induced by elements in W, form one equivalence class,
which defines the identity spectral transfer morphism.

A surjective spectral transfer morphism is called a spectral covering. Examples of
spectral coverings can be found in [17, 7.1.3]. However, the main examples in this
paper all satisfy dim 7T} < dim 75, and hence are not surjective.

4. Unipotent representations and affine Hecke algebras

4.1. Unipotent representations

We will define unipotent representations for G(k) and discuss the affine Hecke
algebras derived from unipotent representations. Firstly, let us give the assumptions
on the ground field £ and on the linear algebraic group G.

Let k be a non-archimedean local field with finite residue field f. Fix a separable
closure kg of k. Let k,. C ks be the maximal unramified extension of k, with
residual field §, an algebraic closure of f. Recall that there exist isomorphisms of
Galois groups: Gal(kp,/k) ~ Gal(§/f) ~ Z. The geometric Frobenius element Frob,
whose inverse induces the automorphism z +— z/fl for any = € §, is a topological
generator of Gal(k,,/k).

We assume that G is a connected absolutely simple algebraic group of adjoint type
defined and quasi-split over k such that G splits over k,.. The Galois group
Gal(ks/k) acts on G(ks). Since G is ky,-split, this action factors through an action
of Gal(k,,/k) on G := G(ky,). It turns out that the action of Gal(k,,/k) on G is
completely determined by the action of Frob on it. We shall denote F' € Aut(G)
the automorphism induced by Frob.

Recall that the equivalence classes of inner forms of G are parameterized by the
Galois cohomology set H'(k, G,q) = H'(k,G). By a theorem of Steinberg (cf. [24,
Thm. 1.9]), we know that H'(Gal(k,/kn,), G) is trivial. We thus have an isomor-
phism H'(k,G) = H(F,G) := HY(Gal(k,,./k),G). Let z € Z'(F,G) be a cocycle
and denote u := z(Frob) € G. Let F, := Ad(u) o F' be an inner twist of F' by u.
Then F,-action on G defines a k-structure on G. If G" is the inner form of G
corresponding to u, then G%(k) = G'. In particular, when [z] =1 € H'(F,G) is
the privileged element, we have G(k) = GF'.

We can find a parahoric subgroup P C G such that F,(P) = P. Let P, be
the pro-unipotent radical of P. The quotient P/P, is reductive. Since P, is
connected, we can apply the pro-algebraic version of Lang’s theorem and obtain
(P/P. )« = PFu /P which is a finite reductive group. We shall denote this finite
group by P

A smooth representation 7 of G« is called unipotent, if there exists an F),-stable
parahoric subgroup P of G, with a cuspidal unipotent representation o of 7_7F“,
such that the P! *-invariants of 7 contain o. (Here we lift o to a representation of
PFu via the natural projection P« — P ). The pair s := (P, g) is a type of GF*
in the sense of Bushnell-Kutzko [3].
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Definition 4.1. Let P C G be a F,-stable parabolic subgroup, and let o
be a cuspidal unipotent representation of P We call the pair s = (Pt o)
a unipotent type of G™™  and denote by Irr(Gf* s) the totality of isomorphism

classes of irreducible unipotent representations of G** attached to a unipotent type

4.2. Unipotent affine Hecke algebras

We fix a unipotent type s = (P o) of G in this section. Define a representation
C—Indgga of G™. Let V be the vector space of this representation. The endomor-
phism algebra End (V) is isomorphic to the (P, o)-spherical Hecke algebra of G.
We denote this (P, o)-spherical Hecke algebra by H,. Let Irr (H,) be the set of
isomorphism classes of (finite dimensional) simple H,-modules. From the work of
Moy—Prasad [15], Morris [13] and Lusztig[11], we know that

Theorem 4.2.(i) Thereis a natural bijection between the sets Irr(GF“, 5) and Irr(Hs) .

(i) Two sets Irr(G', s) and Trr(G*™,§') are either disjoint or identical. They are
equal if and only if there exists an element g € G* which conjugates P to P’,
and o to a representation isomorphic to o’.

The structure of H; has been determined by Lusztig [11]. Briefly, #; is the tensor
product of an affine Hecke algebra with the group algebra of a finite abelian group.
This finite abelian group can be described in terms of the group of diagram auto-
morphisms of the affine Dynkin diagram Dyn(Eél)) of G. Here Eél) is the affine
root system attached to G.

Let Z C P be an Iwahori subgroup of G. Define a group Q := Ng(Z)/Z. It is
known that 2 is finite and abelian (cf. [6]). After conjugation (if necessary), we may
and will assume that Z is standard. Thus, the group Q acts on Dyn(E[()l)) of G as
diagram automorphisms.

Let | denote the set of all nodes of Dyn(E((]l)). Suppose that P in the type s =
(PF«, o) corresponds to a subset J C 1. The Galois group Gal(k,/k) acts on
Dyn(Z(()l)). This action factors through the action of Gal(k,./k), because G is
Ekn.-split. Denote by 6 the diagram automorphism of Dyn(Z(()l) ) induced by F' (the
automorphism of G induced by Frob). We also have the twisted group 6,, induced
by F,. Since P is F,-stable, we see that 6, preserves J.

Furthermore, let Q% denotes the elements in  commuting with ,. Since Q is
abelian, we thus have Q% = QY. The action of 2 on Dyn(Eél)) induces an action of
Qf on the 6,-orbits of this Dynkin diagram. Denote by Q%(P) the isotropy group of
P. Then Q°(P) acts on the set (I — J)/0, of 6,-orbits as permutations. Let Qf(P)
be the pointwise stabiliser of (I —J)/6,, and let Q4(P) := Q°(P)/QI(P).

Lusztig [11, 1.18, 1.19, 1.20] described the structure of H,. It decomposes into
a direct sum decomposition of two-sided ideals H?¥ such that every ideal HY is
isomorphic to the other, and they are parameterised by irreducible characters v of
QY(P). Moreover, H¥ is isomorphic to an extended affine Hecke algebra which is
the smash product of an unextended affine Hecke algebra H% and Q4(P). More
precisely, Lusztig constructed an isomorphism between HY and an affine Hecke
algebra obtained as a generic affine Hecke algebra specialised at v = [f|'/?, and thus
gave the Iwahori-Matsumoto presentation of HY for all types of simple algebraic
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groups which are inner forms of split groups. Associated to HY is an affine Weyl
group W, with a set Ss of distinguished generators. The structure of W, and the
parameter function m, can be entirely determined by the data of G and s (cf. [14]).
However, there is no canonical way to choose the set S;. But different choices of
S; give us algebras which are essentially the same, in the sense that there exist
admissible isomorphisms (cf. [17, 2.1.7] and [18, text around Eq. (19)]) among them.

The following proposition is a consequence of the theory of types due to [3]. It is an
enhancement of the bijection (i) in Proposition 4.2. The claim of bijection is proved
at the end of [15] as an equivalence of two categories of representations. Using the
main theorem in [17] we obtain the other claim.

Theorem 4.3. Let s = (P o) be a unipotent type of G¥*. The bijection
between Trr(GFe,5) and Trr(H,) respects the notion of temperedness, and preserves
the Plancherel measure on the level of irreducible tempered representations.

We call H¥ a unipotent affine Hecke algebra, and denote it by H,,;. In particular,
we can define discrete series representations for unipotent affine Hecke algebras, and
study their formal degrees in place of the formal degrees of unipotent discrete series
representations of G¥'.

In Section 4, we will discuss the parameters for H,, when G is isogenous to a
classical group (except for the special linear group).

4.3. Cuspidal unipotent characters and the normalisation factor d
From [4, §13.7] we know that cuspidal unipotent characters are rare for classical
finite groups of Lie type. The root system type must verify selective conditions.
For instance, an odd orthogonal group has one cuspidal unipotent character only
if the rank is of the form n(n + 1) for some positive integer n, and has no such
character otherwise. Therefore, we can determine the subset J C 1 corresponding to
P such that fFu has a cuspidal unipotent character. Consequently, we are able to
explicitly define the normalisation factor d(v) of the p-function of H,,:. We proceed
as follows.
We normalise the Haar measure on G(k) as [6], then the volume of a parahoric
subgroup Pf+ equals to

Vol(PF+) = v~ PFu|, (10)

where v is the positive square root of |f|, a is the rank of G regarded as an algebraic
group defined over a separable closure k, of k, and Py, is the the reductive quotient
of P, by its pro-unipotent radical Py . So Py is a finite group of Lie type. Using
the results in [4, §2.9] we can determine |Py|, the order of Py.
For a unipotent discrete series representation belongs to Irr,, (G s) with s =
(Pfu. o), via the analysis in [18, §2.4.1], the normalisation factor d = d(v) is given
by [18, Eq. (24)]

d(v) = |Q4(P)|"'Vol(PF*) " deg(0). (11)

One can check case-by-case that d(v) satisfies that d(v) = d(v™1).
Definition 4.4. We define d(v) to be the rational function with rational coefficients

such that the value of d(v) at v = v is equal to d(v) given by Eq. (11). This rational
function d(v) will be regarded as the normalisation factor of the p-function u(Ry,v).
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4.4. The case of non-split but quasi-split exceptional groups

Let G be an adjoint k-group of type 3Dy or 2Eg. In this section, we show that for
a given supercuspidal unipotent representation 7 of G(k), there is only one Weyl
group orbit Wyr of residual point verifying the following equation

fdeg(r, q) = CrRes(u™, r) (12)
for some constant C, € Q* independent of ¢. (Here ¢ = v? is a variable, and
Eq. (12) is understood as an equation between rational functions in variable g.)
Thus Definition 3.1 (T3) implies that Wyr is the only orbit of A-valued points
eligible to define a spectral transfer morphism from H,, to H™. Tt can be easily
checked that Wyr indeed defines such a spectral transfer morphism.

The group of type 3D,

Let G be an adjoint k-group of type *D4. Under the Frobenius action, the relative
root system is Go. So the underlying root system of the unipotent affine Hecke
algebra is Ry = Gy. Let us denote by Fy = {ay, a3} the base of Ry, where ay is
a short root and as is a long root. In terms of [17, (4) and (8)], the parameters
of the associated p-function are given as follows: my(a;) = 1,m4(a2) = 3. The
associated Iwahori-Hecke algebra is denoted as Ga(3,1)[g] in notations of [18, 3.2.1],
and the normalisation factor d™(v) in the p™-function is given explicitly as

M,y — v—ovt 1 _ 1 _ q°
B R (e ey R [P

The only conjugacy class of maximal parahoric subgroups Py of G(k) which support
a cuspidal unipotent representation has root system type *Dy. From [4, §13.7] we
know that there are in total two cuspidal unipotent characters of the finite reductive
group of type Dy. They are denoted by 3Dy[1] and 3Dy[—1] (see the right-most
column U.,s, at Table 1). The algebra Go(3,1)[¢] has four orbits of residual orbits.
Among them, we find two residual orbits with representatives r1 = (1,¢) and ry =
(—q3,q) verify Eq. (12) for these two cuspidal unipotent characters respectively.
These are the only residual orbits of Go(3,1)[¢] supporting supercuspidal unipotent
representations. In terms of spectral transfer morphism, for irreducible supercuspidal
unipotent representations of G = 3D, occurring as subquotient of the representation
induced by the cuspidal unipotent character 3D4[1] (resp. by 3D4[—1]), the associated
spectral transfer morphism is determined uniquely by the condition that the image
is the Wy-orbit of r; = (1,q) (resp. r2 = (—¢2,q)).

Table 1: Cuspidal unipotent characters of 3Dj.

s r Res( ug,w, r) Ueusp
Go (¢* q) (P5Py)/(PFPEPED12)

Ga(ar) | (1,9) (P3P50F)~ “Dy[1]
As (¢*,9g7°) | @570 00yy

ALAy (—¢72,q) | (P3PFP12) " Dy [—1]
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The group of type 2E;

Now let G be an adjoint k-group of type 2Eg. Under the Frobenius action we have
a relative root system of type Fy. So the root system of the unipotent affine Hecke
algebra is Ry = F4. The parameter function m, takes value 2 (resp. 1) at long
(resp. short) roots in Ry = F4. The Iwahori-Hecke algebra is denoted as Fy(2,1)[q]
in notations of [18, 3.2.1]. The normalisation factor for the p'™-function is

d=(v—v )W -0 ) =¢ (- 1) - 1)

and there are eight residual orbits. The only conjugacy class of maximal parahoric
subgroups Py of G(k) which support a cuspidal unipotent representation has root
system type *Eg. From [4, §13.7] we know that there are in total three cuspidal
unipotent characters of the finite reductive group of type 2Eg. They are denoted as
2Eg[1],?Eg[0] and 2Eg[0%] where 6 is a primitive third root of unity (see the right-
most column at Table 2). Note that two cuspidal unipotent characters 2Eg[f] and
2Eg[0%] have the same degree.

Table 2: Cuspidal unipotent characters of 2Eg.

s r Res(pp’, ) Ueusp

Fy (q2 7,4 9) Ty T Ty

Fa(ar) | (¢*1,4,9) 0,070 2030 D, D7,

Fi(as) | (¢*,1,4,1) Nl R

Fy(as) (171,q, 1) (P5P303PE) ! *Ee[1]

ACs | (¢, % q.q) D, ;D iy

AsAy | (2,007, q,9) (PFDFD1,P15) *Egl0], *Ee[67]
AsAr | (AP V=1q"2q) | ;50,057 0s0 Oy

B4(1) (qz q q,—q ) @2—6@2%1)5(1) 3CI)7CI) CI)IGq)l_8

Ba(2) | (¢* q°) D, 0D %05 05 Dy Dy

There are 24 positive roots in F4. With the help of Maple, we obtain Table 2. We see
that two orbits with representatives r; = (1,1,¢,1) and 1y = (¢%,0¢%,q,q) verify
Eq. (12) for these three cuspidal unipotent characters respectively. These are the only
residual orbits of F4(2,1)[g] supporting supercuspidal unipotent representations. In
terms of spectral transfer morphism, for each irreducible supercuspidal unipotent
representation of G = 2Eg occurring as subquotient of the representation induced
by the cuspidal unipotent character *Eg[1] (resp. by ?Eg[0] or 2Eg[0?] equivalently),
the associated spectral transfer morphism is determined uniquely by the condition
that the image is the Wy-orbit of r; = (1,1,¢,1) (resp. ro = (¢*,0¢7%,q,q)).

Remark 4.5. The term s at the left-most column of Tables 1 and 2 has two-fold
meaning. Firstly, it is the unitary part of the residual point r € T, so s must be
a torsion element in G (see text around Eq. (1)). Secondly, from the classification
of torsion elements in complex algebraic groups, we know that s corresponds to a

node in the Kac diagram (cf. [22, §3.8 and Table 1]). We thus indicate s by the
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root system type of the complement of this node. The bijection mentioned in [16,
Prop. B.1] shows that these two interpretations of s are compatible.

4.5. The case of classical groups

We still need to determine the parameters my(a) for each Wy-conjugacy classes of
roots a € Ry. For classical groups, these parameters can be given via another two
closely related parameters m. such that 4my € Z and 2(m_ £ m,) € Z. These
parameters m.y are determined from two natural numbers ¢ and b coming from
the condition that P has a cuspidal unipotent character. The relationship between
{a,b} and {m_,m} (here we understand them as multi-sets, i.e. the elements can
be equal) are explicitly given by [18, 3.2.1]. An important fact is, the data {a, b}
come from the representation (or arithmetic) side, while the data {m_,m,} come
from the spectral (or geometry) side, and the correspondence of them should be
viewed as a correspondence satisfying Langlands’ philosophy.

Let V be the parameter space of the pair {m_,m,}. Recall that we have 4my € Z.

We partition V into six disjoint subsets as follows.
{m_,m,} eVt iffmg€Z/2andm_—m, ¢7Z,
{m_m eV iffmyieZ+1/2andm_—m, €Z,
{m_my} eV iff my €Zand m_ —m, ¢ 2Z,
{m_m }eVV iff my €Zand m_ —m, € 2Z,
{m_m }eVV iffmyeeZ+t1/dand s #4,,
{m_m eV iffmieZ+t1/dandd_ =4,.

(13)

The numbers . appearing in cases V and VI are determined by the following

method. If m € Z £1/4, we write

2¢ —1
1

where € € {0,1} and k € Z>(. The integer x determines a number § € {0,1} by

the rule that k — ¢ € 2Z. In other words, ¢ indicates the parity of «.

(14)

Im| = Kk +

Remark 4.6.  The isogeny classes of the corresponding classical groups are: uni-
tary groups in case I; odd special orthogonal groups in case II; symplectic groups
in cases III and V; even special orthogonal groups in cases IV and VI. Cases V and
VI correspond to the Hecke algebras of unipotent types of an inner twists of G by
elements of G,y which are not in the image of any nontrivial central isogeny. Their
irreducible representations correspond to enhancements of Langlands parameters on
which the centre of the spin group acts nontrivially. Following [18], we call them the
extra-special cases.

Finally, the parameters m4 () are obtained from m4 by the following rules: Observe
that from Lusztig’s list [11, §7] we can assume that the relevant root system R, of
the Iwahori-Hecke algebra always have type B. Let (¢;)1<i<; be the standard basis of
the character lattice which contains B;. We write the roots multiplicatively. Then:

m_(t;t7) =0, my(tit)) = b; m_(t;) = bm_, my(t;) = by, (15)
where b =1 if both my £m_ € Z, and b = 2 else.
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4.6. Three morphisms

We now look at three morphisms which are from unipotent affine Hecke algebras
associated with classical groups. Opdam defined them in [18, 3.2.6] and claimed
there that these morphisms are spectral transfer morphisms. We now write out their
definitions and prove that they are indeed spectral transfer morphisms. In what
follows, we will write T™ to indicate that the rank of the algebraic torus 7' is n.

(1) For my € Z + 1/2, define a homomorphism ¢r,, s, : T — TmIM+71/2 of
algebraic tori over C by

Oram iy (Frs oo tn) = (try ooy b, 08,050 M=), (16)

(2) For my € Z-g, define a homomorphism 7, ., 1 T™ — T™?™+72 of algebraic
tori over C by  ¢rm_m, (t1,...,tn) =

= (t17 A 7tn7 17 qu qb7 q2b7 q2b7 A 7qb(m+72)7 qb(m+72)7 qb(m""*l)). (17)

(3) (The extra-special cases V¥ and VV1). For my > 0, set
J . 2n+ (a/2)(a+1)+2b(b+1) if X =V, (18)
20+ (a/2)(a+1) +20° -6, if X = VI.

Let k4,e+ be defined as in (14). If we let Iy = ki(ke + e — 1/2), then
 =2n+ |l_]+|l4] in both parameter types V,VI. For m € Z+1 and m > 1,

let

2mf%).

Ue(m) = (q57 q6+17 cee 7q

Define the residual points r.(m) recursively by putting
re(=) = 7"6(1) =0; re(m)=(oe(m);re(m—1))if m > 1.

Finally we define the representing morphism &7 g, @ T — T* of the extra-
special STM by

Erm_my (t, .. ) = ( —re(m_), vy, vt v e, Uty re(m+)). (19)

It is easy to verify the defining conditions (T1)—(T3) for the first two families of
morphisms. However, for the extra-special cases the verification of condition (T3) is
much more complicated. Our main result is the following theorem.

Theorem 4.7.  The morphisms ¢rm_ m, (16), Y1rm_m, (17) and &rpm m, (19) are
spectral transfer morphisms.

5. The proofs

We will prove Theorem 4.7 in this section. The conditions (T1), (T2) are easy
to verify, and we shall only verify condition (T3). A key idea to the proof is
the factorisation of the p-function by a parabolic root sub-system (cf. Section 5).
We shall interpret this parabolic factorisation in terms of Lusztig’s classification of
unipotent representations.
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5.1. Lusztig’s classification and the parabolic factorisation of the
p-function

Recall that Lusztig’s classification [11] is achieved by matching the Iwahori-Matsu-
moto presentations of two affine Hecke algebras. One of these affine Hecke algebras
is Hs = Hupt(PF “ o), derived from the irreducible unipotent representation 7 €
Irr(G(k), P, o) (as we have seen in §2.1). The other one, here we denote it by
H := H(s, N, F), is obtained by considering cuspidal local systems F on unipotent
orbits N in a connected complex reductive group M := Zgv(s)° where s € 'G
is semisimple and GV is the complex dual group of G¥«. The conclusion is, 7 is
corresponding to the data (s, N, F) if and only if the two affine Hecke algebras
H(s, N, F) and 'Hupt(PF » o) have the same Iwahori-Matsumoto presentation.

Let I denote a set of simple roots of GV, and let J C I be the subset corresponding
to the reductive subgroup M. One can establish a bijection between K = I — J
and the simple roots in the underlying root system of H. (The case that K = () is
very simple, and we shall not consider this case here.) More precisely, starting from
the root systems of types I and J, one can determine a unique reduced root system
whose base is in bijection with K. This reduced root system is the underlying root
system of H. Then, the Iwahori-Matsumoto presentation of H is determined, with
the explicit expression of the parameters given in [11, 5.12]. The same procedure
applies to (I—J)/6, and hence the Iwahori-Matsumoto presentation of H., (P, o)
follows. (See [11, 1.17-1.20].) In particular, via Lusztig’s classification, we obtain a
bijection between K and the set (I — J)/6, of 6,-orbits of (I — J).

Now we turn to spectral transfer morphism. We consider the following morphism:
Spec Z(Hup: (P, o)) — Spec Z(H;),

where H; is an affine Hecke algebra attached to the root system I (and given by the
same recipe as the derivation of H). By Lusztig’s classification, H,u, (P, o) can be
replaced by H, so we can turn to consider a morphism between complex tori

S:TK - 17,

where Ty (resp. T') is the complex torus associated with H (resp. Hy). Let T be
a subtorus of T determined by the subset J C I (that is, if a root a € RJ N1,
then |77 is constant). We now interpret the image of S as a coset L of T7. In
order that & to be a spectral transfer morphism, we must choose an appropriate
base point r € T7 N (T?/T7) of L to verify the condition (T3). To this end, we are
led to the conclusion that the unitary part of r and the semisimple element s in the
triple (s, N, F) must be Wy-conjugate (cf. [16, Appendix B], [21, 18, 8] and also [9,
Conj. 1.5]).

In this regard, the three morphisms (16), (17) and (19) explicitly give the coordinates
of the point r, as a residual point of the p-function attached to Hy. Further, those
coordinates in r not involving with the original coordinates in Tk, give rise to a
residual point of the root system of the type of J (in the sense of [20]).

In general, suppose L C T is a coset of a subtorus 7% C T'. The natural projection
T — Ty := T/TY corresponds to a sublattice X; € X. Then L is a principal
homogeneous space of 7. Suppose r is the base point of L, then we can write
L=rTr.
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The intersection Ry := Ry N Xy is a parabolic root sub-system of Rj. If necessary,
we use an appropriate element in W, to map R, to a standard position, then, we
can choose a base J of R; which is a subset of the base Fy of Ry;. We have a root
datum Ry := (X*(T}), Rp, X«(Tr), R}) and a parabolic subgroup WE of W,. (In
fact, the root datum R; and the Weyl group W only depend on the subset J of
Fy.) Consequently, we can decompose the p-function as

o (R) = iy o(Re)

)

viQmWO (wL)

HaER07+\RL,+ (Cm(Oé)Cm(OéwL))
where w’ := wow;' € WE C W is the longest element.

, (20)

5.2. Conventions and the proofs

Before the proof, we have some conventions. Given a nonzero rational number x we
denote by €(z) = z/|z| € {£1} its sign. Recall that the normalisation factor d(v),
regarded as a rational function in v, satisfies d(v) = d(v™!), and hence so does the
p-function. Thus, we do not need to care about the minus signs. Moreover, we will
neglect the powers of ¢, because we are only interested in the ¢’-part. Consequently,
we can replace every expression 1 — ¢~ ® by 1 — ¢*. Accordingly, we can rewrite the
p-function as

o o) = H d(1 — a(t)?)? o

et (14+v2m-a(t))(14+v72m-a(t)) (1 —v?m+a(t)) (1 —v=2m+alt))

To simplify the notations, in the proofs below, we write Res(u,r) for =) (r).
The involutions

Ny : m_+——my,m_+—m_, n: interchanging m, and m_

act on the p-functions, inducing isomorphisms of normalised affine Hecke algebras.
The group Iso=(n,,n) is isomorphic to the dihedral group of order eight, and it is
called the spectral isomorphism group (cf. [17, §7]). By virtue of Iso, it is enough to
verify the condition (T3) m4 >m_ > 0. If m; = 1/2 then ¢7,,_ 12 = 4. Hence
we may and will assume that my > 1/2 from now on.

The morphism ¢}, . :T" — T"m+=1/2 (16).
We first check that the image L of ¢, ., in Tr+m+=1/2 g a residual coset. The

subset R C R(()l) (the affine extension of Ry) of roots which are constant on the
image is the set

Ry={t7":r<i<r+my—1/2}U{tt;" :r <i#j<r+my—1/2},

a root system of type B, _12. Consider the factorisation 7"+m+-1/2 = T7 x
Tm+=1/2 By [17, Thm. 3.7(ii)] we need to show that the point r,,, ., 1 in the torus
{id} x Tm+~1/2 defined by t;(tm_m,—1) =0 for i=r+1,...,7r +my —1/2
is a residual point with respect to the p-function u; := uzf;}i{l associated to
the roots of Ry. By definition of the residual points we nee/d to check that there
m4—1/2

m.my—1 Wwhich are zero in

are precisely m, — 1/2 factors in the denominator of pu
this point. Indeed, these are the factors corresponding to the roots t;,.t;* (for

i=7r+1,...,74+ms —3/2) and the factor corresponding to t,n, —1/2.
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It is a straightforward computation to determine the factor

Res(timy,a(RL), Tm_ m—1),

which is equal to d - Res(ftm, 1(RL), Tm_m,—1) (in the notation of (20), with d =
dm_m.—1). We obtain

- _— q _ 1 m+—1/2
Res(tmy 1 (RL), T ms—1) :_q( -—1/2)(m4—1/2) mE+m+f)1

k=m_—my+1 (qk + ]‘)

(22)

In this computation it is not necessary to compute the exact power of ¢, since a priori
we know that Res(ftm, a(RL), Tm_ m,—1) is invariant with respect to the substitution
v+ v~ 1. This remark simplifies the computation considerably.

In order to establish (T3) for ¢r we need to check firstly that

dm_,m+ =\ [dm_,m_,_fl : RGS(MmL’l(RL), rm_,m+71)] (23)

for some X\ € Q*. This is easy using (22). (Again, it is not necessary to compute
the power of q).

Next, we need to establish (T3) for the non-constant part of u, by considering the
restriction to L of the roots in B,,,, 12 which are not constant on {id} x Tm+—1/2,
For the long roots this is trivial, and by the Weyl group symmetry of u we only need
to consider the roots that restrict to one fixed short root and its opposite, let us say
t.41 and ¢}y, It is straightforward to collect all such factors and check that, after
cancellation of equal terms in numerator and denominator, we will obtain

(1200 -2,
(o2t ) (L 02 t)(L— o 2ot ) (L~ 0 27ty

(24)

This is a factor of Res(tim, 1(RL), Tm_m,—1) with my = (m_,my). In short, the
pull-back of the STM ¢7,,_m, (16) on the p-function Hm_ny—Ldm_my —15 15 €qual
to the p-function fim m, d, .., (up to a non-zero rational constant). As desired,
finishing the proof. |

Next, we discuss the case that my € Z and m, # 0.

The morphism 7, ., :T" — T2 (17).

We sketch a proof similar to the proof of ¢r,,_ . . It is enough to consider the case
my > 0. Let us check that the image of ¢, ... Is a residual coset. The parabolic
subset Ry of roots which are constant on the image is the set

Rp=A{t7":r<i<r+2(my—D}U{tt;" :r <i#j<r+2my—1)},

a root system of type By, —1). Consider 77 T2(m+=1) = T x T2(m+=1) " Again by [17,
Theorem 3.7(ii)] we need to show that the point r,, . 2 in the torus {id}x72m+=1)
defined by t;(tm_m,—2) = V212 for i =r +1,...,r +2(my — 1) is a residual
point with respect to the p-function py, 1= u;j_%%f:f) associated to the roots of Ry,.
Precisely 2(m, —1) roots are equal to 1 on this point, so by the definition of residual

points we need to check that there are precisely 2(my —1)+2(my —1) = 4(my —1)
2(m4—1)

factors in the denominator of fi,," 7, 7,

which are zero in this point. Indeed, there
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are 4(m4 — 2) such factors corresponding to roots of the form titj_l, 2 such factors
from the roots t; with ¢ = r +2m, —4 and i = r + 2m, — 3, and finally 2 such
factors from the roots ¢, 1t 2 and ¢, 1t 3.

This time we have (in the notation of (20), with d = dy,_ 1, —2):

Res(ttmy 1 (RL), Trm_ymy—2) =
qm_(m_‘_fl) (q _ 1)2(m+71)
m—_+m4—2 (qk+1)2(q(m+—m,)—1+1)(q(m++m7)_1+1)

k=m_—m4+2

(25)

Again, in this computation it is not necessary to compute the exact power of g.
In view of the factorisation (20) of p, in order for (T3) to hold we need to check
firstly that

dmf,m+ =\ [dm,,m+—2 . Res(ﬂmL,l(RL)y rm,,er—Q)] (26)

for some A\ € Q*. This is easy using (22). (Again, it is not necessary to compute
the exact power of ¢). The rest of the argument is an elementary computation as in
the proof for ¢, m, , finishing the proof. [ |

Now we turn to the most complicated case.

Proposition 5.1.  The morphism &g, defines a spectral transfer morphism
&, TT = T (27)

with | as defined in (18), which is called extra-special.

Remark 5.2.  Note that the unipotent affine Hecke algebra H;, ., associated

with 7" has parameter ¢?, while the unipotent affine Hecke algebra ”Hf;fm associated
with 7" has parameter q.

We will use induction, and the following lemma will serve as the induction basis.

Lemma 5.3. Proposition 5.1 is true for (m_,m,) = (1/4,1/4),(3/4,1/4),(1/4,3/4)
and (3/4,3/4).

Proof of Lemma 5.3.

Suppose my = 1/4. Then 6+ =0, and a =b =0, and r.(1/4) = (. If moreover the
rank r = 0 then we have nothing to verify because d;/4,1/4 reduces to 1, as does dy,
and there is no root contributing the p-functions so that both p-functions reduce to
1 as well.

Now assume r > 0. Since my = 1/4, we note that this is of parameter type VI
with @ = b = 0. Hence | = 2r, so that dyjs14 = (v —v72)"" (recall that we
have parameter ¢* here) and dog = (v — v™')™®". The p-function 4§ has only
contributions from the type D roots:

—1)\2 2
Mg'ro _ (U - ,U—l)—2'r | | . (1 - tlt] )1<1 - tztj) ‘
) - -1+ 47— -1
1<i<j<or (1 — qtlt] )(1 —(q tlt] )(1 — qtlt])l —( tlt])
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We compute the pull-back & *(,u%f"o)(L), so we need to make substitution
(ti,ta, . topo1,to) = (Us1, v 51,080,050, .., 08,07 ' sy)

in ,u%f"o, after regularising the expression along the image L of ¢. Concerning the
regularisation, observe that the parabolic subsystem of roots which is constant on
the image is

{(tltgl)ilu (t3t21)i17 Ty (t27“*1t27r1)il}7
of type A]. After dropping the singular factors, the remaining “constant factors”
yield (including the normalisation factor (v —v™1)7?"), up to a power of v which is
irrelevant for us (as explained before): (v?—v~2)~", which is indeed the normalisation
factor dy /4,1 /4.
For the non-constant part, by Weyl group invariance, it is enough to check the
contribution of one type B root in each Wy-orbit. First consider sys,. The roots
whose pull-back along ¢ equals a nonzero power of s;s, times a power of v are
tits, ta, t, t1ty, toty (together with their opposites). These yield gs;ss, 152, s152 and
q 'sys9 respectively, so these root give us the factor (after some cancellations, and
up to powers of v and other characters of 7", which are irrelevant anyhow):

(1 — 8182)2

(1 —q2s182)(1 — ¢®s152)

(28)

which shows that the pull back of p%f“o yields a factor which is a type D u function
with base ¢°, as desired for uf,, ;-
The type D roots which pull back to a power of v times a nonzero power of s; (a
type A; root) are only t1t, (and its opposite). Its pull back is s?. This gives a factor
in & (pd7) ") of the form:
(1 —51)%(1 + s1)?
(I+v7tsy)(1+vsy)(1 —ovtsy)(1 —vsy)

This second fraction is exactly the factor in 47, (with parameter ¢?) for this last
remaining type of root in the type B root system. In other words, the condition
(T3) is satisfied. Hence we have verified that &7, /,,,, represents an extra-special
STM. [

(29)

Now we turn to the proof of Proposition 5.1 itself.

Proof of Proposition 5.1.

Recall that my € Z £ }L. Using spectral isomorphisms from Iso = (n;,n), we can
assume that my > 0. So we can write m_ = k_ + (2¢_ — 1)/4 with k_ € Z>( and
e- € {0,1}. Let 6_ be defined by k_ — d_ € 2Z. In other words, 6_ = 0 (resp. 1)
if k_ is even (resp. odd). Similarly we have m, = k4 + (2¢; — 1)/4 and J...

We will apply an inductive argument on m_ 4+ m,, where the induction base is
provided by Lemma 5.3. Let us first assume that m, > m_ > 0 and that m, > 1.
By induction we may now assume that &7, .. _; represents an STM.

Note that 04, ex € {0,1}. We define 6%, €5 by the rules that . +07 = 1,ex+€§ = 1.
Also we define A(m) = 2m — 3 and write Ay = A(my) =2(ky — 1) + €4 € Zs_.
Observe that A, > 1 by our assumptions.

To proceed, we need more notations. The p-function associated to the source nor-
malised Hecke algebra (H! 7%) of the alleged STM & = &" . with parameters

m_,m4” m_,m
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my will be denoted by 4y, . ;. where we often omit the rank r if there should be
no confusion. When d = d, we will simply write uy, ., . The p-function of

m_,m4

the target is denoted by ,uf;_m, with [ given as in (18). Recall that we have, up to

irrelevant factors, ps s =ds ;. Pt 5, With
dfs,m =(v— v_l)_l(v + v_l)_‘Lé*. (30)

The second factor arises in [18, Prop. 2.5] from the fact that the reductive quotient
P of a minimal F-stable parahoric in the case (§_,6,) = (1,1) is an F,-torus of
split rank [ whose maximal [F-anisotropic subtorus has ¢ + 1 rational points over
F,. Furthermore,

—1\2
-1 — -1 _ )
rlicig =gty ) (=g 'ty ) | o (L= qtity) (1 — g7 'tit;) a1
l
W =11 (1—¢)°
6,04+ S_+. —0_+. I, N _ g0t
T (L4 t)(1+ g t)(1 — ¢*+t;) (1 — g%+ t;)

On the other hand 4, .. = d; 1P (@) o 4, With

m_,my

dr — (U_U—l)—rdo

m—_,m4 m—,my?

and the normalisation factor d° . is given by

m_,m

[m——my | 2Am_ —ma|—2i m—+my | 2 —2j
p2mo—m|-2 pAmotmel 2

0 —
dmf,m+ - H 1 +q2\m_—m+\—2i o 1 _l_q2|m_+m+|—2j
i= j=

as in [18, Eq. (36)]. Here uP"(q?) is similar to pP!, only with rank r instead of [
and with parameter ¢? instead of ¢. Finally:

Ar . (1 - 87,2)2
’ = 32
Honm. E (1 4+ v¥m=g;)(1 + v=4m-35;)(1 — v¥m+5;) (1 — v=4m+ ;) (32)

Recall that the morphism § := &7, ., T, — 1 is defined by
§rm_my (8150 0058:) = (=Te(m_), v sy, vsy, ., v s, 08, Te(my)) (33)

where 7.(3) =7(2) = 0,7.(m) = (oc(m),re(m — 1)) and

m—?
Ue(m): (q57q6+1""7q2 2)'
We denote ry := (—7r¢(m_),re(my)). Note that if we re-order the coordinates of
&(s1,...,8;) (or of rg), or invert them, then the result lies in the same W;o-orbit.

The p-function is invariant under the W o-action, hence also invariant under such
operation.

We now consider the rank 0 case, i.e. r=0. Thisis the main challenge, as we will see.

We need to verify the condition (T3), assuming that my > m_ > 0 and m; > 1,
and (by the induction hypothesis) that &7.,, .., represents an STM.

Write Iy = |I-| 4+ [l;+] for the rank of the target Hecke algebra if we use the
parameters (m_,m4), and Iy = [I_| + [I' ] if we use the parameters (m’,m/ ) :=
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(m—,my —1). Observe that ¢ = d_ and ¢, = 7. By our normalisations of the
Hecke algebras it suffices to show the following identity for the ratio of residues:

l/
Res (i1, o) - Res(uy” l?s+7r0) d ‘Res(uy 5, . 7o)

C -1 = = (34)
m—,m Al 7
Res(uPo, r) - Res(u; 850 rg) alfso,ﬁ+ -Reswa“,,(si7r6)
The last expression equals, up to powers of v and rational constants,
d§ 6c do dO
- m—,m4 —1\ A4 +6¢ —1\6_ (64 —0°) _“m_,m
60+  Ym_mi-1 m_,m4—1
The second equality is easy to check, using the relations Iy — lj = Ay + 07 =

2m+—%—5+.

Notation. In the equations below we will simplify notations by omitting the ref-
erences to the rank (if the arguments are given, the rank equals the number of
coordinates of the argument so the explicit references to the ranks are superfluous),
and we will simply write “reg” to indicate that we are using the regularisation of
p-functions, i.e. omitting the factors that are identically 0 after evaluation at the
argument. Finally, an expression like y”*8(r1;r,) means that we only consider the
product in the numerator and the denominator of those type D-roots tfltjil for
which ¢; is a coordinate of r; and ¢; is a coordinate of ry, and only those factors
which are not identically 0.

Since ro = (r(, 0c(m4)), we see that C,,_ ,, —1 is equal to

A,

re—'u _84 el
s () o ) (35)
X P (0o () ) P (e (mo ) o (m ) P (o (mey ) e (my. — 1))
It is easy to see that
Are c c c c
Ms_ 5g+<r ) _ H (1+¢° uy) (14q % u;) H (1—q6+wj)(1—q_5+wj) (36)
55 (xh) (14¢°ui) (14q "+ u;) (1=¢%rw;)(1—g %+ w;)
B u;€re(m-) wj€re(my—1)
while
Areg (1 — t2)2
o.(my)) =
wiilem) = N e mn -—swon-rmw
(1 (6-,04) = (0,0)
142"+ —3/2
. < El+q%(1+q§772+71/2; (6 75+) (170) (37)
- 1-¢""+ /") (1—q
14_q2rr_u§—1/2 (5 75+) (07 1)
Rt (0,00 = (L)

L 11712

B 1 + qA+ 6_ 1 _ qA+
- (1 i qA++1 1 — qA++1
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We denote this last expression by (P1) = u?ffﬁ (0e(my)).

Next we consider pP*8(—r.(m_);0.(m,)) and pP 8(o.(my);re(my —1)).

HPTE (o (m_); 00 ()
B H (1 —tt;1)?(1 = tit;)?
. (1= aqtit; )L — g 4t —atity) (1 —a 'ity) (35

ti€oe(my), t;€—re(m_)
(L4 DA+ gt (A + ¢ ty) (14 ¢ ty)

_tjegl_) (1+ @) (1 + g1 D (1+ ¢ 1t) (1 + gA+F1t)

where A, =2m, — 3/2. We can likewise obtain

P (oo (my), re(my — 1))
_ H (1 —tit; ) (1 — tit;)?
B (1= qtit; )1 — g~ Hat; (1 — qtity) (1 — g~ Hty) (39)

ti€oe(my), tj€re(my—1)

STl (1=t (1= g™t ) (1 = ¢ ty) (1 — g+ ty)
(1= g1 )= 18, ) (= oo 1)(1 — g1

tjere(my—1)

Observe that up to some power of v, we can cancel some factors from (36), (38) and

(39) and obtain

s 5, (o)
- ? X :u(Da q, _re(m*% U€(m+)) X M(Da qvae(m+)are<m+ - 1)) (40)
s s (T5)
-1 (T+ ¢ H (1 + g ty) I (1— g™t ) (1 = ¢+ ty) |
LA g+ (1 + g2+t 1ty) (1 — g+ (1 — gA+iey)

tj€re(m tjere(my—1)
Denote (P2) = H (1+ qA+tj_1)(1 +gA+t))
- (1 +qA++1tf1)(1 + qA++1t-)
tj€re(m_) J J
(1— gt t7H) (1 — g™ ty)
and P3) = J .
( ) H (1 _ qA++1tj_1)(1 _ qA++1tj)

tjere(my—1)

They can be simplified further. Observe that

reme) = (ot = 1)) = (oo oslm = 1 225 )

The number of o.’s in r.(m_) is k_. Recall that for g € Z-, we defined:

2e_ — 1 o —1)de
A )= (¢% ¢, ... AT

oc(g+
where g =0 if g is even and g = 1 if g is odd. Therefore we can write (P2) as

pyo T T ety
(14 g+ ) (14 gA++1ey)

=2 2e__ —1
I=276~ teoe(g+ 25)
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F— 1 _|_qA+—(29—2+5_))(1 —|—qA++g)
H 1+qA++1 g)(1+qA++(2g I+e— ))

g=2—e€_
T (L) (14 ghe)
- e (1 + gAr+Qo—1+e)) X (1+ ¢gA++1-9)’ (41)
Notice that d_ indicates the parity of xk_, so
1 ife. #0_
T (L+g™19) gt e s
H m = W lf €_ = (5_ = O
g=2—c_ 1+qA++1 f . 5 .
1+q2+ e =0_=
So (P2) is equal to
L et N (gt gt
1+ qAJr—‘rl—e, (1 + qA++3—e,)(1 + qA++5—e,> . (1 + qAJr—‘,-A,—I—l)’
where A_ = 2m_ — 3/2. (Recall that my > m_ > 0 and m; > 1, hence

Ay >A_>—1and Ay > 1. Observe that (P2) =1 if 0 < m_ < 1.) Similarly we
can compute that (P3) is equal to

1 —ghrer \REE (1) (1 g - (1 gt )
<1 _ qA++1—6+) (1 _ q2A+—1)(1 _ q2A+—3) e (1 _ qA++3—e,) . (43)
The final term to compute is puP™8(o.(my)) = uPor8(a.(m)) P8 (o, (my)).

Here Dy denotes the type D-roots whose coordinates sum up to zero (this is a
maximal proper parabolic root subsystem, irreducible of type A), and D_, denotes
the remaining roots of type D (this is not a root subsystem).

Recall that o.(my) = (¢*, ¢+, ..., ¢*™+=3/2). We can easily compute that

— j—1)2 _ A +1—(5+
Do,reg . (1 q’ ) B (1 q) +
p (0e(my)) = | | — — = s (44)
1<i<j<A,—b4 (l—g= (1 -¢ ) (1 —qgArti=o)

by considering the multiplicities of the range of j —i € {1,2,..., A, —d0, —1}. The
same idea applies to computing puP#0™¢(g.(m,)):

Doore B (1 o qi+j+2(5+—1))
oo g(Ue(m+)) = H (1 _ qi+j+25+—1)<1 _ qi+j+26+—3) (45)

1<i<y<A4—04

( 1+25+)( 3+25+) (1 A++§+ 1)( A++5++1) . (1 _ q2A+—1) . 5
(1 — q20+)(1 — q2T20+) - (1 — qA++04-2)(1 — gA++0++2) ... (1 — g2A+) e =0+
- 1+2(5+ 3+25+ 1 _ A++5+ 1 _ A++§+ - 1 _ 2A+71
D D B Ty D R ) BTN

(1= q20+)(1 — q2t204) -+ (1 — gA+H0r—1)(1 — gA++0++1) ... (1 — g2A+)

Here, if 6, = 0 then the denominator starts with (1 — ¢?).
We denote puPr8(a.(my)), pPore(o.(my)), uP»8(o.(m,)) respectively by (P4),
(P4a) and (P4d).



FENG 923

Now we multiply (P1), (P2), (P3) and (P4). The 4 parameters ey, d0;,e_,d_ take
values in {0, 1} independently. So basically we need to consider 16 cases (The parity

of A, is the same as €, ). But we spot a simplification when taking the product of
(P3) and (P4d). We see that:

(P3) x (P4d)

(1t SRS (- ) (1 gt (1 gt )

x (P4d
1 _ qA++1—E+ ( )

(1= g —g*2%) - (1 — g+t
(1= gAr2res) (1 - gho)

(1—q)[1_q2](1_q3)[1_q4] .. (1—qA++1_5+) (1_(],4+_~_1)6+
L@l l—®l1—¢%] - (1—gA%)  (1—q)~

(1= g1 = AL = )L = ¢*] - (1 — gh+F17) (1= @UAstD)S (1 = gArtl)es

[1—¢[1 = Y[l —¢Ol[1 — g5 --- (1 — ?A+H1er)) (1—q)%+
_ (1+ gA+Fh) 1— g4+l
(1+q)(L+¢g?) - (L+g+timer) (1—q)°+
1 1— qA++1

L+ a)(1+¢%) - (1+gh) (1—q)+

no matter if e, equals to 0, or not. Here in the third and the fourth equations we
insert in both the numerators and denominators the factors in square brackets to
produce the factors 1+ ¢* (x =1,..., A}) in the denominator.

We proceed to combine with (P4a) and (P1) to obtain

(1 _ q>A++1—5+ 1— qA+ 6y 14+ qA+
(1 _ qA++1—§+) (1 _ qA++1) (1 + qA++1

5_
6C
) (1+¢)- V(1 =g
1 1— qA++1

M+ +a) - (1+¢%) (1—gP=

(g0 (gt gt N
I+ gL+ (1+¢M) (1+qA++1)

—(P1) x (P3) x (P4),

no matter the value of §, . Finally we multiply with (P2). Note first that

1 +qA++€_ €_0_+e€ 6¢ 1+qA+ d— 1 _|_qA++6_
<1+qA++1—e> (1+qA++1) - 1t gArtt

Hence no matter the values of e_ and d_, the total product C,_ ., —1 is equal to

(1) O (1—g) 100 (L4 g ) (1 g 24) o (L g )
(14q) -+ (142 ) (14 F1) (T4gM 37 ) (1457 ) o (T+gA+ A1)
1

— (1 — g)A++1=04 (] & 6_-(—1)°F y %
(1-19) (1+4q) 1+ +¢) (11 qA—aT)

1
X (14 gA—AF1)(1 + gA+—A-+3) oo (14 gA++A-+1)

(46)
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(The second and third factor of this product may be equal to 1, if Ay < A +1
or if A = —1 respectively). In view of the expression of d° my» We now verify
easily that C,,_,,,_1 = A(my). Furthermore, we remark that if m_ > m, then
we should compute C,,__,,, which can be obtained by changing the subscripts |
in (P1) to (P4) to _ and similarly to obtain A(m_). One can likewise verify that
Crm_—1m, = A(m_). To sum up, we have verified by induction on m_ +m. that in
the rank 0 case of &7 indeed represents a spectral transfer morphism.

Now we consider the positive rank cases. Again, assume that m, > m_. Still we
need to verify the condition (T3) for the p-functions. We put s = (sq,...,s,). Let
§(s) = &y, (8) and &'(s) = &1, —1(5) be given as in (33). Observe that
&(s) = (&'(s),0¢(my)). Let L be the image of £, and let L’ be the image of &'.
Observe that the parabolic root system R; of roots of Ry = B; which restrict to
constant functions on L is isomorphic to A] x By,, while the roots of Rj = By
restricting to constant roots on L’ form a parabolic subsystem of type A} x By .
Using (34) it suffices to prove that the ratio

6o, (66)) (o uT) T Res(uy 5 o) ps s mom (66D

(L 1N I
i 5 (€5) (W v )T Res(nd seTh) - ps e mpiy, (€1(5))

(s),isequal to Cp,_ p,—1X M

which we denote as C7, " ()
m_ ,m+7l

is defined in (34), and

—my—1 ) where C’m,,m+—1

r

H,m er H 1 — q m+71) )(1 — q2(m+71)8i) (48)
0Tl — @)

/"Lm m+—1 i=1

Based on the result of rank 0 case, to prove that

Fn_m. (5)
;L_,m+71(8) = Cm,,er—l X %,
m_,m_,_fl(s)

we just need to verify that

15 5. mo\Ry (E'(8), 0 H (1— ¢ 2m+Dg) (1 — g*m+Ds,) (49)

Ho- 00 Bo\Ry (& ( i=1 (1 —g2mtsi)(1 — ¢*m+sy)

It is enough to consider the contribution to the factors of the right hand side involving
s1. For this we need to consider the contribution in the numerator of the left hand
side of the set of type D-roots t;tlt;-tl such that ¢, = v='s; or vsy, and t; is a
coordinate of o.(m,). In addition, we need to consider the contribution in the
numerator and denominator of the left hand side of the roots t; = v=ls;, ty = vs;
and their opposites. Therefore, in this computation we may assume that r = 1.

The contribution from the type A7 roots t; = v™ls; and t, = vs; is:

a5, (0 s, v81) (1= g1 280) (1 — @2V 2s)) (1 — ¢ 0% 2s)) (1 — 0128
Hs PACRUNCEY (L= 2 (1 — ¢+ 28) (1 — g0+ 71261 (1 — g0+ +1/2sy)

)
B ((1 . q3/231)(1 o q3/281)>(—1) +

(1 —q"2s1)(1 — g Y/2sy)
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Next, consider the type D-roots tltfl and tgt;tl in the numerator, with ¢; = v='sy,
ty = vsy, and t; € o.(my). These yield:
2m—3/2 —s+1/2 —s—1/2 s+1/2 s—1/2
11 (1—¢ s1)(1—¢q s (1= ¢ s1)(1 — ¢ /%s1)
(1 _ qfs+3/281)(1 _ qfsf?)/QSl)(l _ qs+3/2sl)(1 _ qsf3/251)

s=04
(1 _ q_2m++281)(1 _ q2m+_281)(1 _ q—5+—1/281)(1 _ q_6++1/281)
(1 _ q—6++3/281)(1 _ q6+—3/2$1)(1 _ q—2m+31>(1 _ q2m+31)

Multiplying the contributions from the type A and type D roots, we are quickly led
to (49). Using induction on m_ + m, (as in the rank zero case), and the induction
basis Lemma 5.3, we can finish the proof that §7.m_m, represents an extra-special
spectral transfer morphism. [ |

We conclude this paper by the following remark.

Remark 5.4. Compositions of ¢7,,_m, and Y7, .., are obviously defined.
By applying (the compositions of) ¢, and &r, we obtain a spectral transfer
morphism from a rank zero unipotent affine Hecke algebras to the one of maximal
rank with parameters attain the minimum in the same parameter type. These three
spectral transfer morphisms are necessary in the proof of the main result, Theorem
3.4 in [18], which is called the essential uniqueness of spectral transfer morphism.

Acknowledgement. The author wants to express his gratitude to Eric Opdam and
Maarten Solleveld, for their patient guidance and helpful discussion.

References

[1]  A.Borel: Automorphic L-functions, in: Automorphic Forms, Representations, and L -
functions, A.Borel and W. Casselman (eds.), Proc. of Symposia in Pure Mathematics
33, Part 2, American Mathematical Society, Providence (1977) 27-61.

[2] C.J.Bushnell, G. Henniart, P. C. Kutzko: Types and explicit Plancherel formulae for
reductive p-adic groups, in: On Certain L-Functions, Clay Mathematics Proceedings
13 (2011) 55-80.

[3] C.J.Bushnell, P. C. Kutzko: Smooth representations of p-adic groups: structure the-
ory via types, in: Proc. of the London Mathematical Society 77, London (1998) 582
634.

[4] R.W.Carter: Finite Groups of Lie Type: Conjugacy Classes and Complex Characters,
John Wiley and Sons, Chichester (1985).

[5] D.H. Collingwood, W. M. McGovern: Nilpotent Orbits in Semisimple Lie Algebra: an
Introduction, Chapman and Hall, London (1993).

[6] S.DeBacker, M. Reeder: Depth-zero supercuspidal L-packets and their stability, An-
nals of Mathematics 169 (2009) 795-901.

[7] J.Dixmier: Les C*-algébres et leurs representations, Cahiers Scientifiques 29,
Gauthier-Villars, Paris (1969).

[8] Y.Feng, E.M.Opdam: On a uniqueness property of cuspidal unipotent representa-
tions, (2015) arXiv:1504.03458.



926

FENG

K. Hiraga, A.Ichino, T.lkeda: Formal degrees and adjoint gamma factors, and Cor-
rection, J. Amer. Math. Soc. 21(1/4) (2008) 283-304, 1211-1213.

D. Kazhdan, G. Lusztig: Proof of the Deligne-Langlands conjecture for Hecke algebras,
Invent. Math. 87 (1987) 153-215.

G. Lusztig: Classification of unipotent representations of simple p-adic groups, Inter-
nat. Math. Res. Notices 11 (1995) 517-589.

G. Lusztig: Classification of unipotent representations of simple p-adic groups, II,
Representation Theory 6 (2002) 243-289.

L. Morris: Tamely ramified intertwining algebras, Invent. Math. 114 (1993) 1-54.
L. Morris: Level zero G -types, Compositio Mathematica 118 (1999) 135-157.

A. Moy, G. Prasad: Jacquet functors and unrefined minimal K-types, Comment. Math.
Helvetici 71 (1996) 98-121.

E.M. Opdam: On the spectral decompostion of affine Hecke algebras, J. Inst. Math.
Jussieu 3/4 (2004) 531-648.

E. M. Opdam: Spectral correspondences for affine Hecke algebras, Adv. in Mathemat-
ics 286 (2016) 912-957.

E. M. Opdam: Spectral transfer morphisms for unipotent affine Hecke algebras, Sel.
Math. New Ser. 22 (2016) 2143,

E. M. Opdam: Affine Hecke Algebras and the Conjectures of Hiraga, Ichino and Ikeda
on the Plancherel Density, in: Representations of Reductive Groups, A.Aizenbud,
D. Gourevitch, D.Kazhdan, E. M. Lapid (eds.), Proc. of Symposia in Pure Mathe-
matics 101 (2019) 309-350.

E. M. Opdam, M. Solleveld: Discrete series characters for affine Hecke algebras and
their formal degrees, Acta Mathematica 205(1) (2010) 105-187.

M. Reeder: Formal degrees and L-packets of unipotent discrete series of exceptional
p-adic groups, J. Reine Angew. Math. 520 (2000) 37-93.

M. Reeder: Torsion automorphisms of simple Lie algebras, L'Enseignement Mathé-
matique (2), 56 (2010) 3-47.

T. A.Springer: Linear Algebraic Groups, Progress in Mathematics 9, Birkh&duser
(1998).

R. Steinberg: Regular elements of semisimple algebraic groups, Inst. Hautes Etudes
Sci. Publ. Math. 25 (1965) 281-312.

Yongqi Feng

Institute for Mathematics, Astrophysics
and Particle Physics

Radboud Universiteit

Nijmegen

The Netherlands
yongqi.feng@science.ru.nl

Received September 17, 2018
and in final form March 19, 2019



