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Abstract.  Littlewood-Richardson coefficients describe the decomposition of tensor products of
irreducible representations of a simple Lie algebra into irreducibles. Assuming the number of factors
is large, one gets a measure on the space of weights. This limiting measure was extensively studied
by many authors. In particular, Kerov computed the corresponding density in a special case in type
A and Kuperberg gave a formula for the general case. The goal of this paper is to give a short, self-
contained and pure Lie theoretic proof of the formula for the density of the limiting measure. Our
approach is based on the link between the limiting measure induced by the Littlewood-Richardson
coefficients and the measure defined by the weight multiplicities of the tensor products.
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1. Introduction

In this paper we consider a problem from the asymptotic representation theory, which
attracts a lot of attention during the last decades (see e.g. [4,24, 25,17, 8, 11, 13, 14]).
Namely, let g be a simple complex finite-dimensional Lie algebra, h C g a Cartan

subalgebra, Vi, ..., Vi —irreducible finite-dimensional g-modules. We are interested
in the multiplicities of irreducible g-modules in the tensor product ®f:1 VZ@NZ' for
large Ni,...,Ni. The problem in various regimes was considered in several papers

(see e.g. [1, 2, 3, 7, 19]). The square root regime (see below for the precise
formulation) we are interested in is addressed in [7, 10, 13, 18, 23, 21]. In particular,
Kerov obtained an explicit formula in a very special case [10] and Kuperberg [13]
gave a general formula (see also [3, 23, 21]). Our goal is to give a short proof of
the limiting density formula in pure representation theoretic terms. Our approach
can be used to attack the case of representations of infinite-dimensional Lie algebras,
such as current algebras and affine Kac-Moody Lie algebras.

For simplicity in the introduction we consider a special case of the problem: we
assume that g is simply-laced (of type ADE) and k£ = 1 (the notation in the
general case are more heavy, but conceptually the special case is of the same level
of difficulty). So let V) be an irreducible highest weight representation of g and let
VEN = @, VY - V]V, be the decomposition into irreducible summands V,,, where
it belongs to the set P, of integral dominant weights. We consider the sequence of
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random variables 7(N) with values of the form #ﬁ distributed with the following
law (o is certain constant explicitly computed in representation-theoretic terms):

o\ [VEY v ]dimY,
(0= ) = i Y

(for the similar constructions see [5, 9, 15, 16, 20]). Our goal is to find the N — oo
limit of the random variables n(/N). To formulate the result we prepare some
notation. Let w;, ¢ = 1,...,r be the set of fundamental weights, let h>o be the
R>o span of the set {w;};_;. Also let R, be the set of positive roots of g summing
up to 2p. Finally, let C' be the Cartan matrix of g and (-,-) be the standard
nondegenerate invariant symmetric bilinear form. We prove the following theorem
(see [3, 7, 13, 21, 23]).

Theorem A. The random variables n(/N) converge in distribution to the random
variable 7 taking values in h>o with the distribution defined by the density

(ZL‘) _ Vdet C—1 HaER+ ({E, 01)2
b @) Tlocn, (0 @)

where x = "' x;w;, x; > 0 and the integration (defining the limiting distribution)
is performed against the standard form dx; ...dx,.

exp(—(z,)/2),

We note that the limiting density does not depend on the representation V). Recall
that in the introduction we assume g is simply-laced (in particular, C' is symmetric),
so (z,1) = Z:J:l(C’_l)Mxixj. Also, if o = "7, l;o; is the decomposition of a
positive roots into the sum of simples, then (z,a) =3 | zl;.

In order to prove Theorem A we consider a simpler sequence of distributions. Namely,
we consider another sequence of random variables &(N) with values in P/(ov/N)

(P is the weight lattice) with the following distribution:

v )_ dim VN (v)
o' N (dim V)NV 7

where for a g-module W and a weight v we denote by W (v) the h-eigenspace in W
of weight v. We prove that the random variables £(N) converge in distribution to the
random variable £ taking values in hr with the distribution defined by the density

pelo) = G xp(—(.2)/2), )

P (sv)

where x = Y"'_ x;w;, x; € R and the integration is performed against the standard
form dz;...dx,.

Recall that Kerov [10] considered the case g = gl,, and A\ = w;. He showed that the
limiting density is given by the density of the GUE eigenvalues. One easily shows
that the restriction of the GUE eigenvalues density to the traceless matrices produces
exactly the density from Theorem A.

Finally, let us briefly comment on the related papers. For the best of our knowl-
edge, Theorem A in the full generality first appeared in [13] (the paper mainly treats
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the type A case in a combinatorial manner). In [3, 23] the authors give asymptotic
formulas for the Littlewood-Richardson coefficients (as well as for the weights mul-
tiplicities in the tensor powers of irreducible representations and for certain lattice
paths). The paper [7] describes the link between the random matrix theory and
the tensor products decomposition problem. In the recent paper [21] Theorem A is
derived from the asymptotic formula for the Littlewood-Richardson coefficients ex-
pressed via certain function called the large deviation rate function. We note that our
proof utilizes only the Lie theoretic tools. This allows to obtain the limiting density
without using asymptotic formulas for the Littlewood-Richardson coefficients.

Our paper is organized as follows. In Section 2 we collect main notation and
definitions from the Lie theory and probability theory to be used in the main body
of the paper. In Section 3 we prove (2), which is used in Section 4 to prove Theorem
A. In Section 5 we work out the type A case explicitly; in particular we show the
connection with the GUE case.

We close with several examples for low rank algebras.

Type A;. The densities of the random variables £ and n are given by

pe(x) = \/124: exp(—z®/4), = €R,
p"](x) = 1/2ZE2 eXp<—$2/4), T E Rzo.

Type As;. The densities of the random variables £ and 7 are given by

V1/3 22 + zy + o>
— i Nt AN R
pf(x> o exp < 3 , T,Y €K,
V1/3 2%y%(x + y)? 2?2 + 2y + 1
o) = G ST e (S )y e

Type B,. The densities of the random variables £ and 7 are given by

1/4 2 2/9
p§($) = / exXp _$ +xy+y / y Ly Y GR,
21 2
V1/42%(y/2)%(x +y)* (v +y/2)° a? +ay + 12 /2
_ — Rsg.
pn(ﬂ?) o 3/2 exp 5 , T,Y € Rxg

Acknowledgments. We are grateful to Vadim Gorin, Alexander Kolesnikov, Grig-
ori Olshanski, Olga Postnova, and Nikolai Reshetikhin for useful discussions and
correspondence. The research was supported by the RSF grant 19-11-00056.

2. Notation

2.1. Lie algebras. All the material below can be found in the standard textbooks,
see e.g. [6, 12]. Let g be a simple Lie algebra and let h C g be a Cartan subalgebra.
Let R = R, LU R_ be the set of roots written as a disjoint union of positive and
negative roots and let aq,...,a, € R, be the set of simple roots, where r = dim h
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is the rank of g. In particular, each root from R, can be expressed as a linear
combination of simple roots with nonnegative integer coefficients. We denote by p
the half sum of all the positive roots, p = % Y as0 @, where here and below we write
a>0for e R,.

A symmetric bilinear form (+,-) on g is called invariant if ([z,y], 2) = («, [y, 2]). It is
known that any two nondegenerate invariant symmetric bilinear forms of g are pro-
portional. The restriction of such a form on the Cartan subalgebra is nondegenerate
and hence induces bilinear form on h*. The Cartan matrix C' = (¢;;);;—; is defined
by ¢; = 2(a;, )/ (04, «;), where (-,-) is an invariant from. In the simply-laced
ADE case (the lengths of all simple roots squares are equal) the Cartan matrix is
symmetric. In general, let d; = (;, ;)/2. Then the matrix C' = diag(dy,...,d,)C
is the symmetrized Cartan matrix. There are two natural forms: one is the Killing
form ((z,y)x = trgadzady) and the standard form defined by the (symmetrized)
Cartan matrix, ie. (o, ) = C’i’j. The two forms differ by the known factor b,
be(-,-) = (+,*) k. For example, by = 2(r + 1) in type A, and by = 4r — 2 in type B,
(see [6], Appendix).

The Weyl group W of g is a subgroup of the automorphisms of b (the real
span of the simple roots) generated by the simple reflections s; = s,,. Explicitly,
si = B —2a;(a, B)/ (0, ;). For w € W we denote by [(w) the length of the
element and by (—1)* the sign (—1)®). In particular, I(s;) = 1 and (—=1)% = —1
for all 7. For an element w € W and 8 € by the shifted action w x 8 is defined
by w* 8 = w(B + p) — p. The fundamental Weyl alcove in b consists of 5 such
that (5,q;) > 0 for all « = 1,...,7. The Weyl group acts freely and transitively
on the set of all alcoves — the connected components of hi with all the reflection
hyperplanes o, o € R, removed. In particular, the number of alcoves coincides
with the cardinality of W.

The fundamental weights wy,...,w, € h* form a basis of h* defined by the formula
(wi,j) = d;0; ;. Let P C b* be the weight lattice, P = @._, Zw;. We define
P,, C P, C P as follows:

T T
Py = @Zzown P = EBZ>0M-
=1 i=1

Irreducible finite-dimensional highest weight g-modules are classified by the dom-
inant integral weights, i.e. by A € P,. Given such a A, we denote by V) the
corresponding irreducible representation of g. V) can be decomposed into the direct
sum of b eigenspaces, Vy = > . Va(p). In particular, VA(A) is one-dimensional
(spanned by the highest weight vector). For a g-module V' with the h-eigenspaces
decomposition V =3 .. V() the character chV is defined as the formal sum

chV =" 2 dim V().
peh*

In particular, chV|,-; = dim V). An important feature of the characters is that
ch(V @ W) = chVchW.

Remark 2.1.  One usually uses the notation e* instead of z#. However, we will
use the symbol e to denote the Euler number, so we use z in the characters instead
to avoid confusions. [
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The Weyl character formula says that

Zwew(_l)wzw*)\ _ Zwew(_l)wzw(/\ﬂ)
Ha>o<za/2 — 27%/2) [Toso(l —2%)

The formula implies two formulas: the product form for the denominator

POICEIEEE | [EXEREs

weW a>0

ChV)\ =

and the Weyl dimension formula

Ha>0()\ +p, a)
[Lolpia)

Finally, we recall the Casimir element. Let zy,...,Zdgimy and z', ... 29™9 be dual
bases of g with respect to the Killing form, i.e. (z;,27) = ¢; ;. The Casimir element
C5 belongs to the universal enveloping algebra of g and is given by the formula
S0 2t (the result does not depend on the choice of the bases). The Casimir
element belongs to the center of the universal enveloping algebra and hence acts as
a scalar operator in any irreducible g-module. The constant is equal to (A, A + 2p)
for irreducible representation V).

dim V,\ =

2.2. Probability

In the main body of the paper we consider several measures on the real weight space
bk (the R span of the simple roots). Let S be a finite set in hj and let (as)ses be a
set of nonnegative real numbers summing up to one. We denote by ug the discrete
measure being the sum of delta measures ) s ads. In particular, if f is a function

on bfé{a then fhﬂ% fd,us = ZSES CLsf<S).

Let u be an absolutely continuous measure with density p(z). Let S(N), N > 1
be a sequence of finite sets of b and assume that we have attached the weights
(as)ses(vy to each S(IN) . Then the measures pg(yy converge to p in distribution if
for any bounded continuous function f : bz — R one has

lim (x)dpsivy = | f(x)dp.
R R
Let £(N) be a sequence of random variables. We say that {(NN) converges in
distribution to a random variable &, if the measures induced by &(N) converge
in distribution to the measure induced by . We write {(IV) — &.

Let £ be a random variable taking values in hj. The characteristic function ¢¢(t),
t € b3 is defined as the expectation of ¢!®¢) (for the fixed scalar product). Recall
that if (i), ¢ = 1,...,k are independent random variables, then @e)4...ye)(t) =
Hle @e(i)(t). The importance of the characteristic functions comes from the fact
that {(N) — £ if and only if limy_ @e(ny) () = pe(t) for any ¢.

Let A be an r X r nondegenerate matrix. Recall the normal distribution N(0, A~1)
on the space R" with the density

(2(;1:;;3 exp(— % (Azx)*z)
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with respect to the standard measure dxr on R" (note that we only consider normal
distributions with zero mean). Here and below for two vectors y = (y1,...,¥,) and
r = (z1,...,x,) we write y*z = >, y;x;. Recall that the characteristic function
of N(0, A™") is given by exp(—3(A~'t)*t).

3. Weight multiplicities

Let Ay,..., Az € P, be a finite set of dominant integral weights and let 7,..., 7 be
a set of rational numbers. Given a number N such that N; = 7,N € Z>( for all ¢
we consider the tensor product

k

N.

VN - ®V>\(§? ‘.
=1

Remark 3.1. The condition 7, € Q is not really important. One can take

arbitrary real parameters 7; and let the numbers N; grow according to the law
NZ/N — T;- |

The g-module Vy enjoys the weight decomposition Vy = > . Vn(u). The
induced discrete measure is defined as

dim V! Z 0, dim V y (1)
webh*

(note that Vy (i) is non trivial only for finite number of weights ).
Our goal is to study the random variable £(N) with the following distribution law:

P (e = ) = v ®

where ¢ is certain number depending on g, 7, \; to be specified below. We first
prepare a lemma.

Lemma 3.2.  Let (-,-) be the standard invariant bilinear nondegenerate form on
b* and let t be an element of h*. Then

. 2
> dim Vi)t 1)* = by o

Heh*

(t,t) (4)

Proof.  One has the decomposition t = > _ t,, .. Let h, € b, m=1,...r

m=1

be defined by p(hy,) = (i, ayy) for any p € h*. Then

> dim Va(u)(t, 1)* = tri, (O tmhin)*. (5)

neb*
For any two elements z,y € g one has

(A, A+ 2p) dim V),
dim g

bg(x,y).

try, zy =

In fact, the form try, (zy) defines an invariant nondegenerate form on h. Therefore,
there exists a constant u such that try,zy = w(z,y)x = uby(x,y). Now for the
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Casimir operator Cy defined via the Killing form one has try, Cy = (A, A4+2p) x dim V),
(recall that (A, X\ + 2p)g is the eigenvalue of Cy on V) ), and tryCy = dim g, since
Cy acts by 1 in the adjoint representation (see [12], Exercise 8.7). Hence

(MA+F2p)gdimVy b (A, A+ 2p) dim V),

- dim g e dim g , and
(A A+ 2p)dim Vy (A A +2p)dim V)
trVA hlh] - dlnlg (hl? h’]) - bg dlmg (Oé“ Oé])'
We conclude that (4) holds true. [

Remark 3.3. Explicitly, (¢,¢) equals (Ct)*t, where C is the (symmetrized)
Cartan matrix and t is represented as a vector via the decomposition into the linear
combination of simple roots. [ |

In what follows we use the notation (see (3))

k
o 21 T A+ 2p)
0 = by dim g . (6)

3.1. Simply-laced case. We first work out the simply-laced case (g of type ADE).
The general case does not differ much and will be considered in the subsection below.

Theorem 3.4.  The sequence of random variables E(N) converges in distribution
to the random variable & with values x € by with the density

vdet C-1 1

pe(x) = W eXP(—§($a z)),

where x =Y .

i—1 Tiw; and the integration is performed against the standard form dx
Ezxplicitly, £ has normal distribution N(0,C).

Proof. It suffices to show that limy_.. en)(t) = exp(—3(Ct)*t) for any ¢. In
fact, let z = ¢/VN and for p € h* let

it 1)
M =exp(—=).
oy
Ly, \ M
Then by definition:  ¢gnv)(t) = (dim V) 'chVy = H (ﬁ) :
1m Vy,

=1
Expanding each exponent exp(i(t\/—’“ﬁ)) in N~1/2 we obtain

¥ iN~Y2

1+ dim V, (1)) —
dim Vj, +UdimV,\l< 72# m Vi (12))

neh*
Nfl

~ Sam vz 2 M Va4
1

pneh*

The coefficient of N~!/2? vanishes, since for any finite-dimensional g-module V'

Z pdim V(u) =0

HeEDh*
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(the left hand side is fixed by W). Lemma 3.2 implies that the coefficient in front
of 1/N is equal to
by( Ay A+ 2
g( ly .l+ p) (t,t)
o?dim g

Using definition (6) and the formula

. 1 bg(>\l7)\l+2p) nN _ 1
A}ggo( - ﬁTimg(t’t) +.) = eXP(—g(tat)bg

Tl()\la A+ 2p)
o2dimg

(£,1))

. 1
we conclude that ]&1_{20 ey (t) = exp(—g(t, t)).

Finally, we note that in the simply laced case the matrix C~! is the Gram matrix
of the scalar products w;,w;. We conclude that the density of the limiting random

variable £ is equal to
\/detC_le (_1( )
(2myrz P

where z is written as a linear combination of fundamental weights . = ) zw;. =

3.2. The non simply-laced case. Let C' = DC be the symmetrized Cartan
matrix, D = diag(dy,...,d,). Then the standard invariant form is defined by
(i,a;) = (C);j. In particular, d; = (ay,;)/2. The fundamental weights are
expressed via the simple roots by the matrix (C*)7!, ie. w; = Y7 (C"); }oy. We
conclude that the Gram matrix for the fundamental weights is given by the matrix
(CH)™'D. The inverse to this matrix is D7'C*. One easily sees that this is the
Gram matrix of the system of vectors a;d; '. We arrive at the following proposition

(analogue of Theorem 3.4).

Proposition 3.5.  Theorem 3.4 holds true in general if one replaces C with C
and assume that the standard invariant form is defined by the symmetrized Cartan
matriz.

Proof. One has to write vector ¢t € hi from the proof of Theorem 3.4 in basis
a;d; . Then the matrix responsible for (¢,¢) is D~'C* and the inverse matrix is
exactly the Gram matrix for the system of fundamental weights. |

4. Decomposition into irreducibles

We now consider another measure on h* coming form the decomposition of the tensor
product representation into irreducible components. Recall V = ®f:1 V/\JZV’, where
N; = 7,N. One has
Vy =P V. e M,
pePy

where M, is the space of multiplicities, spanned by the highest weight vectors of
all the submodules V), inside V. In particular, dim M, = [V : V,] (the number
of times V,, show up in Vy) and dimVy = _ p dim M, dimV,,. We consider a
random variable n(N) distributed according to the following formula

P (nuv) - - jﬁ) = B ilmb, )
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We note that n(N) takes values only in b3 = >°7 | Rsow;, ie. in the closure of
the fundamental alcove. Our goal in this section is to study the behaviour of the
random variables n(N) when N tends to infinity. To this end we extend n(N) to
another random variable n¢(N) taking values in the whole b by the following rule.
Recall the shifted action of the Weyl group W on h*: w* = w(B + p) — p. The
group acts transitively on the shifted alcoves and the shifted walls L, — p, where
Lo, ={p € b} : (B,a) = 0} labeled by positive roots « € Ry form the complement
of the union of the alcoves. We define n°(N) by the following formula:

e — _ 0, we UaeR+<La - p),
P(Tl (N)_ﬁ>_{|w|1p<n(jv):;”¢*%>, wHp € b (8)

Example 4.1. Let g=sl. Then r=1, W = {e,s} = 53, L, =0, P =7 and
p € P can be identified with an integer number (the ration of p and w;). Then
sxpu=—p—2 and —1 is fixed by s. So definition (8) says that

WP (n(N) = 45), k=0,
7
P =-42) = 4o h= 1,
ov N L 2
§P<77(N): \/ﬁ>7 p< =2

We note that the W orbit (with respect to the shifted action) of any element of
P, consists of W elements. Hence the definition (8) does make sense (all the
probabilities over all p sum up to one).

Remark 4.2. We will compute the density p,c(z), = € hg of the limit of the
random variables n°(N). Then clearly restricting to h*% one obtains the density of
the limit of the initial random variables n(N). n

Let D be an operator on the linear span of the expressions z*, p € h* defined by

T Ha>0(:u7 )
D= o) ©)

Lemma 4.3. Let p € Py, we W. Then Dz = (—1)¥z** dim V.

Proof.  We first note that by the Weyl dimension formula Dz#"? = z# dim V,, for
p € P, . By definition, Dz"#*+°) is equal to

2 [(w(e + p), @) = 2 T[ (1 + p.wa) = (=1)*2"* dim V,,
a>0 a>0

where the first equality holds since W preserves the scalar product and the second
equality holds, since w sends exactly [(w) positive roots to negative. [ |

Proposition 4.4. Let V' be a finite-dimensional (not necessarily irreducible)
representation of g. Then

D <chv Z(—U%wp) =) ) 2V V] dim V.

weWw neEPL weWw
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Proof.  We start with the case of irreducible V. Then V = V) for some \ € P,
and from the Weyl character formula we obtain that

chVy Z (—1)vz" = Z (—1)wzve),

weW weWw

Applying D and using Lemma 4.3 we obtain the desired result. Now for arbitrary
g-module one has the decomposition V' = @,cp, [V : VA]Vi. Since D is C-linear,
we obtain the desired formula. ]

Theorem 4.5.  The random variables n°(N) converge in distribution to a random
variable n° with values in §* distributed with the density

Vdet C-1T], ooz, a)? Lo
)7 Tleolpra) 0 2800

poe (@) = W[~

where x € by, the integration is performed with respect to the standard form dx
and x s identified with a vector in R" by writing it as a linear combination of
fundamental weights.

Proof. Proposition 4.4 applied to V = V implies

1 V:V,]dimV,
D(cvy S (—1yramr ) = 3 e " " 10
dim V x (C Nwew( )"z ) Hepf dim V x (10)
weWw

From definitions (7) and (8) we see that in order to study the limit of the random
variables 7°(N) one needs to understand the behaviour of the left hand side of (10)
in the limit N — oo. Let us define numbers ¢,, p € P by the formula

Applying the operator D to ¢chVy(dim V)™t D" 1 (—1)“2"”, one gets

Z (—1)"“c, D21 = Z (—=1)%ec, 2t twr=r H(,u + wp, @)

nepP neP a>0
weWw weW
v— w
= g 2V=° | |(V, Q) E (—1)“Cyup-
veP a>0 weW

Let z = N™2y /0. Recall that random variables £(N) (see Theorem 3.4) such that

P(f(m:a“N) ~ o

converge in distribution to the random variable & with the density

pelo) = G exp(—(0,)/2)
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Hence if we are able to find the limit

: 1/2 _1\w
]\}1_{%0 (N0, ) Z (—1)“exp
a>0 weW

B (N2 —wp, s N2 — wp)
2No?

is equal to some p(z), then we will show that the sequence n°(IN) converges in

distribution and the density of the limit is given by W—%p(m). We rewrite
[[.0) = W'720) I T ] (2, 0). (11)
a>0 a>0

Now we analyze the factor ) . c,—w,. Replacing c,_,, with exp(—ﬁ(y —
wp,v —wp)) (see Theorem 3.4) we obtain

5 oo (2225200

wew ~exp (_ ;?\}ZZ) exp (_ ;?\}5)2) U;/(—l)“’ exp (—%) :

The factor exp(—1%4) turns into exp(—2(x, x)) after the substitution z=N"2v/c.
The factor exp ( — 2(]pv’§ )2) tends to 1 when N — oco. The most complicated is the

last factor

> (=1)¥exp (-%) .

weWw

For a weight v we define a linear functional 7, on the C[P] (the group algebra of

the weight lattice P) by the formula m,(2”) = exp (— (221552) ) Then

> (=1)"exp (—%) =, Y (—1)ezr

weWw weW
_ a/2 a2y (V’ CY) . _(U7 O[)
=, }:[()(z 24%) = }:[0 <exp (—2]\702 exp | 3] )-

Expanding in 1/N we obtain the leading term

0y T () = o305 T

a>0

Multiplying by (11), we arrive at the desired formula. [

Corollary 4.6.  The random variables n(N) converge in distribution to the random
variable n taking values in B with the density given by

poe) = YL Masg(@ @) L)
) = Ty gy P2 )

Proof. It suffices to note that p,c(z) is W invariant. ]

Remark 4.7.  In the non simply-laced case one has to replace C' with the sym-
metrized Cartan matrix C'. [
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5. Type A

In this section we consider the Lie algebra sl,, of rank r =n—1 (of type A,_1). Let
a;, Wi, t=1,...,n—1 be simple roots and fundamental weights. The positive roots
of sl,, are of the form «o;; = a; + 11 + -+ a1, 1 <7 < j < n. The nonzero
entries of the Cartan matrix C' are given by ¢;; =2, ¢; ;41 = ¢it1; = —1.

The inverse matrix is the symmetric matrix defined by the formula (C~1);; = i(”n_j )
for1<i<j<n-1.

The limiting density for the random variables £(N) (see Theorem 3.4) is given by
the following function on R"*~!:

\/Tnlexp (—% Z (C’_l)i7j:via:j>

(2m) 2 1<i,j<n—1

and the limiting density for the random variables 7n(NN) (see Theorem 4.5) is given
by the following function on R’ZLBI:

L/n ngigjgn_1($i +o At xj)Q exp —l Z (0_1)~ T
(QW)%I [licicjen G —i+1) ijTiZj |

1<i,j<n—1

In the simplest case of sly the densities reduce to

1/2 1 \V1/2 1
/ exp (——x2) ,z € R and / x* exp (——xZ) ;x> 0.
V2m 4 V21 4

Recall that the density for the joint GUE eigenvalues distribution equals (up to
a scalar factor) exp(—3 > ,_; i) [[i<icjcn(@i — a;)?, where @y > --- > a, are
eigenvalues. In [10] Kerov showed that this density pops up in the limit of the
distributions coming from the decomposition of the large tensor powers of vector
representation of gl into irreducible components. Let us rewrite this density in Lie
theoretic terms.

Proposition 5.1.  Assume that Y, _, a, =0. Let x; = aj—aj41, j=1,...,n—1.

Then
exp (—% Z ai) H (a; — aj)* = exp(—(z,1)/2) H(x, a)?,

k=1 1<i<j<n a>0
n—1
where x =3 57, Tjw;.
Proof.  Since the positive roots of sl,, are of the form «; ; = o; + i1+ -+ a1,

1 <i<j<mn,onehas (z,0;;) =2; + i1 + -+ xj_1 = a; — a;. Now it’s suffices
to show that

n

1
St vt Y (@ e

k=1 1<4,j<n—1

which is the direct computation. [ |
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