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Abstract. We give a necessary and sufficient condition for an arbitrary real Lie group, to admit
an algebraic Ricci soliton. As an application, we classify all algebraic Ricci solitons on three-
dimensional real Lie groups, up to automorphism. This classification shows that, in dimension
three, there exist a solvable Lie group and a simple Lie group such that they do not admit any
algebraic Ricci soliton. Also it is shown that there exist three-dimensional unimodular and non-
unimodular Lie groups with left invariant Ricci solitons. Finally, for a unimodular solvable Lie
group, the solution of the Ricci soliton equation is given, explicitly.
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1. Introduction
Let M be a smooth manifold equipped with a complete Riemannian metric g . The
Riemannian metric g is called a Ricci soliton if

ricg = cg + LXg, (1)

for a real number c and a complete vector field X on M , where ricg and LXg denote
the Ricci tensor and Lie derivative of the Riemannian metric g , respectively. If X
is the gradient vector field of a differentiable function ϕ : M −→ R then g is named
a gradient Ricci soliton. In the equation (1), if c < 0 , c = 0 or c > 0 , then the
Ricci soliton g is called expanding, steady, or shrinking. We can easily see that the
concept of Ricci soliton is a natural generalization of the concept of Einstein metric.
But the more important reason for studying Ricci solitons is that g is a Ricci soliton
if and only if the one-parameter family of Riemannian metrics

gt = (−2ct+ 1)ϕ∗
tg, (2)

is a solution to the Ricci flow equation
∂

∂t
gt = −2ricgt , (3)

where ϕt is a one-parameter group of diffeomorphism of M (for more details see
[10] and [11]). In this article, our interest is in algebraic Ricci solitons. Let G be a
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real Lie group equipped with a left invariant Riemannian metric g , and g be its Lie
algebra. The Riemannian metric g is named an algebraic Ricci soliton if there exists
a derivation D ∈ Der(g) such that

Ricg = c.Id+D, (4)
where c ∈ R and Ricg denotes the (1, 1)-Ricci tensor of g . We can see any algebraic
Ricci soliton is a Ricci soliton (see [7] and [9]).
In the case of nilpotent Lie groups with left invariant Riemannian metrics, Lauret
showed that the equations (1) and (4) are equivalent. In fact left invariant Rieman-
nian metrics on nilpotent Lie groups are Ricci solitons if and only if they are algebraic
Ricci solitons ([9] and [6]). The definition of algebraic Ricci soliton can generalize
to homogeneous spaces. Jablonski proved that all homogeneous Ricci solitons are
algebraic [6]. So the classification of algebraic Ricci solitons on Lie groups (homo-
geneous spaces) is very important. This problem was studied in many recent works
(for more details see [2], [3], [5], [6], [7], [8], [9], [10], [11] and for a non-Riemannian
case see [14]).
In this paper, for an arbitrary real Lie group, we give a necessary and sufficient
condition based on structural constants, to admit an algebraic Ricci soliton. By
using this condition, we give all algebraic Ricci solitons on three-dimensional real
Lie groups, up to automorphism. We mention that in this classification, unlike [1]
and [3] which have considered Ricci solitons only on the set of left invariant vector
fields, we do not limit the problem to this set. Then, we show that there exist a
solvable Lie group and a simple Lie group, in dimension three, such that they do not
admit any algebraic Ricci soliton. Also we prove that there exist three-dimensional
unimodular and non-unimodular Lie groups such that they admit Ricci solitons.
Finally, for a special unimodular solvable Lie group, the solution of the Ricci soliton
equation is given.

2. Algebraic Ricci solitons
During recent years, left invariant Ricci solitons (a left invariant metric on a Lie
group which is a Ricci soliton) on some Lie groups have been studied (see [1] and
[3]). But, for simplicity, the authors only considered left invariant vector fields to
solve the Ricci soliton equation (1). For example, in [1], the authors showed that
the Ricci soliton equation (1) on a special solvable Lie group Gn equipped with a
special left invariant Riemannian metric, in the space of left invariant vector fields,
does not admit a solution. We can find another example in [3], where the author has
proven the same previous result for unimodular Lie groups.
As we mentioned in the introduction in [6] it is proven that homogeneous Ricci
solitons are algebraic. So we can characterize the left invariant Ricci solitons, by
using equation (4) without the restriction of considering only left invariant vector
fields.
In this section, using structural constants, we give a necessary and sufficient condition
for any left invariant Riemannian metric on an arbitrary Lie group to be a Ricci
soliton (or equivalently to be an algebraic Ricci soliton).

Lemma 2.1. Let G be a n-dimensional Lie group with a left invariant Rieman-
nian metric g . Suppose that {E1, · · · , En} is an orthonormal basis for the Lie algebra
g of G, with respect to the Riemannian metric g .



Salimi Moghaddam 959

If αijk denote the structural constants defined by

[Ei, Ej] =
n∑

k=1

αijkEk, (5)

then the (1, 1)-Ricci tensor of g can be computed as follows,

Ricg(Ei) =
1

4

n∑
l=1

{ n∑
j=1

n∑
r=1

2αrjj(αirl + αlir − αrli)− 2αijr(αrjl + αlrj − αjlr)

−(αijr + αrij − αjri)(αjrl + αljr − αrlj)
}
El. (6)

Proof. Considering the curvature tensor formula of Theorem 2.9 in [12], we have

Ricg(Ei) =
n∑

j=1

R(Ei, Ej)Ej

=
1

4

n∑
j=1

n∑
l=1

{ n∑
r=1

(αjjr + αrjj − αjrj)(αirl + αlir − αrli) (7)

− (αijr + αrij − αjri)(αjrl + αljr − αrlj)− 2αijr(αrjl + αlrj − αjlr)
}
El.

Now the equations αjjr = 0 and αrjj = −αjrj complete the proof.

Now, by using structural constants of the Lie algebra of a Lie group, we give a
necessary and sufficient condition for a left invariant Riemannian metric on an
arbitrary Lie group G to be a Ricci soliton. We mention that, this condition is
given in general case and we do not restrict ourself to the set of left invariant vector
fields to solve the Ricci soliton equation (1).

Theorem 2.2. Suppose that G is a n-dimensional Lie group equipped with a left
invariant Riemannian metric g . Assume that {E1, · · · , En} is an orthonormal basis
for g, the Lie algebra of G, and αijk are the structural constants with respect to
this basis. The Riemannian metric g is a Ricci soliton if and only if there exists a
constant c ∈ R such that, for any t, p, q = 1, · · · , n we have,

cαqpt +
1

4

n∑
i=1

n∑
j=1

n∑
r=1

2αrjj

(
αiqt(αpri + αipr − αrip)− αipt(αqri + αiqr − αriq)

)
+ 2(αrji + αirj − αjir)(αiptαqjr − αiqtαpjr) + (αjri + αijr − αrij)

×
(
αipt(αqjr + αrqj − αjrq)− αiqt(αpjr + αrpj − αjrp)

)
(8)

− 2αpqiαrjj(αirt + αtir − αrti) + 2αpqiαijr(αrjt + αtrj − αjtr)

+ αpqi(αijr + αrij − αjri)(αjrt + αtjr − αrtj) = 0.

Proof. We know that a left invariant Riemannian metric on a Lie group is a Ricci
soliton if and only if it is an algebraic Ricci soliton (see [6]). So we replace the
equation (1) with the equation (4). Now, by using equation (6) of Lemma 1, we see
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that the Riemannian metric g satisfies the algebraic Ricci soliton equation (4) if and
only if, for any i = 1, · · · , n ,

D(Ei) =− cEi +
1

4

n∑
l=1

{ n∑
j=1

n∑
r=1

2αrjj(αirl + αlir − αrli) (9)

− 2αijr(αril + αlrj − αjlr)− (αijr + αrij − αjri)(αjrl + αljr − αrlj)
}
El.

On the other hand we know that a linear map D : g −→ g is a derivation if and only
if, for any p, q = 1, · · · , n ,

D([Ep, Eq]) = [D(Ep), Eq] + [Ep, D(Eq)]. (10)

Now substituting the equations (9) in the equations (10) completes the proof.

Unlike the Ricci soliton equation (1) and the algebraic Ricci soliton equation (4),
computing with equation (8) is very simple. In the next section we will use this
equation to classify all left invariant Ricci solitons on three-dimensional Lie groups.

3. Classification of algebraic Ricci solitons on 3-dimensional Lie groups
Ha and Lee [4] classified all left invariant Riemannian metrics on simply connected
three-dimensional Lie groups, up to automorphism (see also [13]), to fifteen cases.
Here we use Theorem 2.2 and this classification to classify all algebraic Ricci solitons
on simply connected three-dimensional Lie groups.
Let G be an arbitrary simply connected three-dimensional real Lie group equipped
with any left invariant Riemannian metric g , and g denotes its Lie algebra. Then,
up to automorphism, (G, g) is one of the following fifteen cases. In any case the set
{E1, E2, E3} is an orthonormal basis for g with respect to g .
3.1. Case 1. The first case is the trivial case G = R3 . In this case all structural
constants αijk are zero, so Ricg = 0 and in equation (4) for any c ∈ R , D = −c.Id .
3.2. Case 2. Let G be the Heisenberg Lie group. It is shown that, up to auto-
morphism, G admits only one family of left invariant metrics g such that for the
orthonormal basis {E1, E2, E3} , the structural constants are of the following form,

α123 = −α213 =
1

λ
,

where λ is a positive real number. We can see g satisfies equation (8) if and only if
c

λ
+

3

2λ3
= 0,

or equivalently, if and only if c = − 3
2λ2 . So, up to automorphism, any algebraic Ricci

soliton g on the Heisenberg Lie group satisfies the equation

Ricg = − 3

2λ2
Id+D,

where, by using (9), the representation of D in the basis {E1, E2, E3} is as follows:

D =

 1
λ2 0 0
0 1

λ2 0
0 0 2

λ2

 .



Salimi Moghaddam 961

Remark 3.1. In the cases 3 and 4 , we consider the Lie group G = R2 oφ R ,
where for any t ∈ R ,

φ(t) =

(
et 0
0 et

)
.

3.3. Case 3. G is a solvable Lie group such that the nonzero commutators of its
Lie algebra are as follows,

[E1, E3] =
1√
ν
E2, [E2, E3] =

1√
ν
E1,

where ν > 0 . In fact we have

α132 = −α312 = α231 = −α321 =
1√
ν
.

Now Theorem 2.2 shows that g is an algebraic Ricci soliton if and only if c = − 2
ν

.
Therefore we have

Ricg = −2

ν
Id+D,

where, by using equation (9),

D =

 2
ν

0 0
0 2

ν
0

0 0 0

 .

3.4. Case 4. The previous Lie group, up to automorphism, admits another left
invariant Riemannian metric such that the structural constants with respect to the
orthonormal basis {E1, E2, E3} are as follows,

α231 = −α321 =

√
µ+

√
µ

√
ν
√

µ−√
µ
, α312 = −α132 =

−
√
µ−√

µ
√
ν
√
µ+

√
µ
,

where ν > 0 and µ > 1 . If g satisfies equation (8), then µ = 1 , which is a contra-
diction. So g is not a Ricci soliton.

3.5. Case 5. This case specialized to the solvable Lie group G = Ẽ0(2) = C o R
where, for any (c, r) and (d, s) ∈ G , we have (c, r).(d, s) = (c+ e2πird, r+ s) . Up to
automorphism, G admits a left invariant Riemannian metric g . The Lie algebra g
of G has an orthonormal basis {E1, E2, E3} such that

α132 = −α312 =

√
µ

√
ν
, α321 = −α231 =

1
√
µν

,

where ν > 0 and 0 < µ ≤ 1 . Using Theorem 2.2, a direct computation shows that
g is a Ricci soliton if and only if c = 0 and µ = 1 . But in this case we have D = 0 ,
which means that (G, g) is an Einstein manifold. So the Lie group Ẽ0(2) does not
admit any non-Einstein algebraic Ricci soliton.

3.6. Case 6. Suppose that G is the simple Lie group P̃SL(2,R) , the universal
covering group of SL(2,R) . G admits only one family of left invariant Riemannian
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metrics g , up to automorphism. Then the Lie algebra g of G admits an orthonormal
basis {E1, E2, E3} such that

α123 = −α213 =
2ν√
λµν

, α312 = −α132 =
2µ√
λµν

, α321 = −α231 =
2λ√
λµν

,

where λ > 0 and 0 < ν ≤ µ . We can easily see that, for positive constants λ , ν and
µ , (G, g) does not satisfy the equation (8). So there is no algebraic Ricci soliton on
the simple Lie group G = P̃SL(2,R) .
3.7. Case 7. Let G be the Lie group SU(2) , the simply connected Lie group corre-
sponding to so(3) . The only left invariant Riemannian metric, up to automorphism,
on G is the metric induced by the orthonormal basis {E1, E2, E3} such that

α123 = −α213 =
ν√
λµν

, α312 = −α132 =
µ√
λµν

, α231 = −α321 =
λ√
λµν

,

where, 0 < ν ≤ µ ≤ λ . A direct computation together with Theorem 2.2 show that
the left invariant Riemannian metric g is an algebraic Ricci soliton if and only if
0 < λ = µ = ν . The assumption λ = µ = ν implies that c = 1

2ν
. In this case we

have D = 0 which shows that for λ = µ = ν , the Riemannian metric g is Einstein
and the Lie group G = SU(2) does not admit non-Einstein algebraic Ricci soliton.

Remark 3.2. The cases 8 to 15 are specialized to non-unimodular solvable Lie
groups.

3.8. Case 8. In this case we consider the non-unimodular simply connected Lie
group GI

∼= R2 oφI
R , where φI(t) =

(
et 0
0 et

)
. For any left invariant Riemannian

metric g on GI , the Lie algebra gI admits an orthonormal basis {E1, E2, E3} with

α122 = −α212 = α133 = −α313 =
1√
ν
,

where ν > 0 . The Riemannian metric g is a Ricci soliton if and only if c = −2
ν

.
Then we have D = 0 . Therefore (G, g) is an Einstein manifold and there is not any
non-Einstein algebraic Ricci soliton on GI .

Remark 3.3. In the cases 9 to 15 , we have considered the Lie group Gh
∼=

R2 oφh
R where for h = 1 ,

φh(t) = et
(

1 0
0 1

)
+ tet

(
−1 −1
1 1

)
,

and for h ̸= 1 ,

φh(t) = et
ezt + e−zt

2

(
1 0
0 1

)
+ et

ezt − e−zt

2z

(
−1 −h
1 1

)
,

where z =
√
1− h ̸= 0 . Similar to GI , Gh is a non-unimodular solvable Lie group.

For the Lie group Gh , there are 7 family of left invariant Riemannian metrics, up to
automorphism. We will study the existence of algebraic Ricci solitons on Gh in the
cases 9 to 15 . Again, we mention that the set {E1, E2, E3} is an orthonormal basis
with respect to the left invariant Riemannian metric of any case.
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3.9. Case 9. Let g be the left invariant Riemannian metric induced by {E1, E2, E3} .
Then for the structural constants we have

α123 = −α213 =

√
µ

√
ν
, α312 = −α132 =

h
√
µν

, α133 = −α313 =
2√
ν
,

where ν > 0 and 0 < µ < |h| , and h < 0 . We can see g satisfies in the equation (8)
if and only if h = −µ and c = −2µ−4

ν
. Now, by using equation (9), for D we have 0 0 0

0 2µ+4
ν

−2
√
µ

ν

0 −2
√
µ

ν
2µ
ν

 .

3.10. Case 10. In this case, the Riemannian metric and the structural constants
are the same as the previous case, but with condition h = 0 and 0 < µ, ν . A similar
computation shows that if g is an algebraic Ricci soliton then µ = 0 which is a
contradiction. So g is not a Ricci soliton.

3.11. Case 11. In this case, we consider the left invariant Riemannian metric g
such that

α122 = −α212 =
1

2
√
ν
, α213 = −α123 = α312 = −α132 =

√
3

2
√
ν
, α133 = −α313 =

3

2
√
ν
,

where h = 0 and ν > 0 . By using equation (8) of Theorem 2.2 we can see g is an
algebraic Ricci soliton if and only if c = − 4

ν
. Now, the equation (9) shows that the

derivation D is as follows

D =

 0 0 0

0 3
ν

√
3
ν

0
√
3
ν

1
ν

 .

3.12. Case 12. In this case for ν > 0 , h = 1 and 0 < µ ≤ 1 we have,

α123 = −α213 =

√
µ

√
ν
, α312 = −α132 =

1
√
µν

, α133 = −α313 =
2√
ν
.

A direct computation shows that if g is an algebraic Ricci soliton then 2
√
µ√
ν
(1+µ) = 0

which is a contradiction. Therefore, in this case, g is not a Ricci soliton.

3.13. Case 13. With respect to the left invariant Riemannian metric g considered
in this case, the structural constants are as follows

α122 = −α212 =
λ√
ν
, α123 = −α213 =

√
1− λ2

√
ν

,

α312 = −α132 =
1− λ2√
(1− λ2)ν

, α133 = −α313 =
2− λ√

ν
,

for ν > 0 , h = 1 and 0 < λ < 1 . Equation (8) shows that there is not any c ∈ R
and D ∈ Der(gh) such that the Riemannian metric g satisfies the equation (8). So
g is not a Ricci soliton.
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3.14. Case 14. In this case the left invariant Riemannian metric g is defined by
the orthonormal basis {E1, E2, E3} where we have

α132 = −α312 = − h− 1√
(µ− 1)ν

, α123 = −α213 =

√
µ− 1√
ν

,

α122 = −α212 = α133 = −α313 =
1√
ν
,

where ν > 0 , h > 1 and 1 < µ ≤ h . The Riemannian metric g satisfies the equation
(8) if and only if h = µ and c = − 2

ν
. But in this case equation (9) shows that

D = 0 . So (G, g) is an Einstein manifold.

3.15. Case 15. In the last case for the structural constants, with respect to the
the orthonormal basis {E1, E2, E3} we have,

α122 = −α212 =
1−

√
1− h√
ν

, α312 = −α132 =
2µ

√
1− h√

ν(1− µ2)
,

α133 = −α313 =
1 +

√
1− h√
ν

,

where ν > 0 , 0 ≤ µ < 1 and 0 < h < 1 . Now we can see that the Riemannian
metric g satisfies in the equation (8) if and only if µ = 0 and c = 2h−4

ν
. So by using

equation (9) we have

D =

 0 0 0

0 −2(h−1−
√
1−h)

ν
0

0 0 −2(h−1+
√
1−h)

ν

 .

We summarize the above results in Table 1.

Corollary 3.4. There exists a solvable Lie group which does not admit any left
invariant Ricci soliton. In fact, Table 1, cases 12 and 13, show that, for h = 1,
the solvable non-unimodular Lie group Gh

∼= R2 oφh
R does not admit any algebraic

Ricci soliton (neither Einstein nor non-Einstein).

Corollary 3.5. There exists a simple Lie group which does not admit any left
invariant Ricci soliton. More precisely, the case 6 of the table 1 proves that there
is not any algebraic Ricci soliton (neither Einstein nor non-Einstein) Riemannian
metric on the simple Lie group P̃SL(2,R).

Remark 3.6. Although it is shown that the Ricci soliton equation (1) for a three-
dimensional non-unimodular Lie group has not any solution in the set of left invariant
vector fields (see [3], Proposition 3.5), but cases 11 and 15 show that there are three-
dimensional non-unimodular Lie groups that admit algebraic Ricci solitons in the set
of all vector fields.

Remark 3.7. In [3], it is proven that there is not any left invariant Ricci soliton on
a unimodular Lie group such that the vector field X , in the Ricci soliton equation (1),
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Table 1: The classification of algebraic Ricci solitons on simply connected
3-dimensional real Lie groups

case The simply
connected Lie
group

Structural constants with re-
spect to the orthonormal ba-
sis {E1, E2, E3}

Conditions for
parameters

Einstein Ricci
soliton

Non-Einstein
Ricci soliton

case 1 R3 0 − + (if c = 0) + (if c ̸= 0)

case 2 The Heisenberg
group

α123 = −α213 = 1
λ

λ > 0 − +(if c = − 3
2λ2 )

case 3 The solvable
Lie group
G = R2 oφ R

α132 = −α312 = α231 =
−α321 = 1√

ν

ν > 0 − + (if c = − 2
ν

)

case 4 ′′ α231 = −α321 =√
µ+

√
µ

√
ν
√

µ−√
µ
, α312 = −α132 =

−
√

µ−√
µ

√
ν
√

µ+
√
µ

µ > 1, ν > 0 − −

case 5 The solvable
Lie group G =

Ẽ0(2) = C o R

α132 = −α312 =√
µ√
ν
, α321 = −α231 = 1√

µν

0 < µ ≤ 1 , ν >
0

+ (if c = 0 and
µ = 1)

−

case 6 The simple
Lie group
P̃SL(2,R)

α123 = −α213 =
2ν√
λµν

, α312 = −α132 =
2µ√
λµν

, α321 = −α231 =

2λ√
λµν

µ ≥ ν > 0 ,
λ > 0

− −

case 7 The simple Lie
group SU(2)

α123 = −α213 =
ν√
λµν

, α312 = −α132 =
µ√
λµν

, α231 = −α321 =

λ√
λµν

λ ≥ µ ≥ ν > 0 + (if λ = ν =
µ)

−

case 8 The non-unimo-
dular Lie group
GI

∼= R2 oφI R

α122 = −α212 = α133 =
−α313 = 1√

ν

ν > 0 + (if c = −2
ν

) −

case 9 The non-
unimodular
Lie group
Gh

∼= R2 oφh R

α123 = −α213 =√
µ√
ν
, α312 = −α132 =

h√
µν

, α133 = −α313 = 2√
ν

0 < µ ≤ |h| ,
ν > 0, h < 0

− + (if h =
−µ and c =
−2µ−4

v
)

case
10

′′ α123 = −α213 =√
µ√
ν
, α133 = −α313 = 2√

ν

µ, ν > 0, h = 0 − −

case
11

′′ α122 = −α212 =
1

2
√

ν
, α213 = −α123 =

α312 = −α132 =√
3

2
√

ν
, α133 = −α313 = 3

2
√
ν

ν > 0, h = 0 − + (if c = − 4
ν

)

case
12

′′ α123 = −α213 =√
µ√
ν
, α312 = −α132 =

1√
µν

, α133 = −α313 = 2√
ν

ν > 0, h = 1,
0 < µ ≤ 1

− −

case
13

′′ α122 = −α212 =
λ√
ν
, α123 = −α213 =

√
1−λ2
√
ν

, α312 = −α132 =

1−λ2√
(1−λ2)ν

, α133 = −α313 =

2−λ√
ν

ν > 0, h = 1,
0 < λ < 1

− −

case
14

′′ α132 = −α312 =
− h−1√

(µ−1)ν
, α123 = −α213 =

√
µ−1√
ν

, α122 = −α212 =

α133 = −α313 = 1√
ν

ν > 0, h > 1,
1 < µ ≤ h

+ (if h = µ and
c = − 2

ν
)

−

case
15

′′ α122 = −α212 =
1−

√
1−h√
ν

, α312 = −α132 =

2µ
√
1−h√

ν(1−µ2)
, α133 = −α313 =

1+
√

1−h√
ν

0 ≤ µ < 1, ν >
0, 0 < h < 1

− + (if µ = 0 and
c = 2h−4

ν
)
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is a left invariant vector field. But the case 3 shows that there is a three-dimensional
unimodular Lie group that admits algebraic Ricci solitons. Certainly, in this case,
the vector field X in the equation (1) is not a left invariant vector field. In the
following example we compute such a vector field, explicitly.

Example 3.8. Similar to [1], let Gn be the 2n + 1-dimensional real Lie group
which is defined as follows:

Gn =




eu0 0 · · · 0 x0

0 eu1 · · · 0 x1
... ... ... ... ...
0 0 · · · eun xn

0 0 · · · 0 1



∣∣∣∣∣∣∣∣∣∣∣
(x0, x1, ..., xn, u1, ..., un)∈R2n+1,

u0 = −
n∑

i=1

ui


. (11)

Suppose that Xi = eui ∂
∂xi

and Uα = ∂
∂uα

, where i = 0, · · · , n and α = 1, · · · , n .
Easily we can see the set {X1, · · · , Xn+1, U1, · · · , Un} is a basis for the Lie algebra
gn of Gn . Now, let n = 1 . We can see the Lie algebra g1 is the same Lie algebra of
the case 3 . The non-zero brackets are as follows

[X0, U1] = X0, [X1, U1] = −X1.

Assume that g is the left invariant Riemannian metric on G1 such that the set
{X0 = e−u1 ∂

∂x0
, X1 = eu1 ∂

∂x1
, U1 = ∂

∂u1
} is an orthonormal set. In fact with respect

to the coordinates (x0, x1, u1) we have

g =

 e2u1 0 0
0 e−2u1 0
0 0 1

 . (12)

If we want to compare with the case 3 , it is sufficient to put ν = 1 , E1 =
1√
2
(X0+X1) ,

E2 = 1√
2
(X0 − X1) and E3 = 1√

ν
U1 . Similar to [1], we use the basis {X0, X1, U1} .

In this basis for the Levi-Civita connection ∇ we have

∇ X0 X1 U1

X0 −U1 0 X0

X1 0 U1 −X1

U1 0 0 0

. (13)

Let V = αX0 + βX1 + γU1 be an arbitrary element of the Lie algebra g1 , where
α, β, γ ∈ R . Easily for (1, 1)-Ricci tensor of g we have

Ricg(V ) = −2γU1. (14)

So the Riemannian metric g satisfies the algebraic Ricci soliton equation (4), where
c = −2 and, with respect to the the basis {X0, X1, U1} , D is as follows:

D =

 2 0 0
0 2 0
0 0 0

 . (15)
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Now we compute the vector field X such that satisfies the Ricci soliton equation (1).
For the Riemannian manifold (G1, g) , it is shown that there is not any solution for
the Ricci soliton equation (1) in the set of left invariant vector fields (see [1]). But
in above, and also in case 3 , we proved that there is a solution for the equation (1)
if we consider the equation on the set of all vector fields.
Suppose that X = θX0 + ηX1 + ζU1 is an arbitrary vector field on G1 , where θ, η ,
and ζ are smooth real functions on G1 . A direct computation shows that the Ricci
soliton equation (1) reduces to the following system

2(ζ +X0(θ)) = 2c

X0(η) +X1(θ) = 0

X0(ζ) + U1(θ)− θ = 0

2(X1(η)− ζ) = 2c

η + U1(η) +X1(ζ) = 0

U1(ζ) = 2(c+ 2).

(16)

On the other hand we see that X = gradΦ , for some smooth functions Φ , if and
only if 

∂Φ
∂x0

= eu1θ

∂Φ
∂x1

= e−u1η

∂Φ
∂u1

= ζ.

(17)

We see that, for c = −2 , there exist at least three solutions to the Ricci soliton
equation (1).

Solution 1: If θ = x0e
u1 , η = −5x1e

−u1 and ζ = −3 , then
X = θX0 + ηX1 + ζU1 = x0

∂
∂x0

− 5x1
∂

∂x1
− 3 ∂

∂u1

satisfies equation (1) or, equivalently, X satisfies system (16).

Solution 2: If θ = −2x0e
u1 , η = −2x1e

−u1 and ζ = 0 , then
X = θX0 + ηX1 + ζU1 = −2x0

∂
∂x0

− 2x1
∂

∂x1

is a solution to (16).

Solution 3: If θ = −5x0e
u1 , η = x1e

−u1 and ζ = 3 , then
X = θX0 + ηX1 + ζU1 = −5x0

∂
∂x0

+ x1
∂

∂x1
+ 3 ∂

∂u1

is a solution to (16).

So the left invariant Riemannian metric g is a left invariant expanding Ricci soliton
on G1 . The system (17) shows that the left invariant Ricci soliton g is a non-gradient
expanding Ricci soliton.
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