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Abstract. Let W; = K¢ be the d-dimensional vector space over a field K of characteristic 0
with the canonical action of the general linear group GL4(K) and let KX, be the vector space
of the linear functions on W;. One of the main topics of classical invariant theory is the study
of the algebra of invariants K[X4]°%2(5) of the special linear group SLo(K), when KX, is a
direct sum of SLg(K)-modules of binary forms. Noncommutative invariant theory deals with the
algebra of invariants F;(0)“ of a group G < GL4(K) acting on the relatively free algebra F,;(0)
of a variety of K -algebras 0. Due to the noncommutativity it is more convenient to assume that
F4(0) is generated by Wy instead of by K X4, with the corresponding action of GL4(K). In this
paper we consider the free metabelian Lie algebra Fy(2A?) which is the relatively free algebra in the
variety 22 of metabelian (solvable of class 2) Lie algebras. We study the algebra Fy(%)5%2(5) and
describe the cases when it is finitely generated. This happens if and only if as an SLy(K)-module
Wy K2oK®--- &K or Wy = S?(K?) (and in the trivial case KW, 2 K @ --- ® K ). Here
SLy(K) acts canonically on K2, trivially on K, and S?(K?) is the symmetric square of K2.
For small d we give a list of generators even when Fy(2A%)3%2(K) is not finitely generated. The
methods for establishing that the algebra Fy(A2)5%2(5) is not finitely generated work also for other
relatively free algebras F;(0) and for other groups G.
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1. Introduction

In classical invariant theory one considers the action of the general linear group
GL4(C) on the algebra C[X,] of the polynomial functions on the d-dimensional
vector space W; = C¢. Then for a subgroup G of GL4(C) one studies the algebra
C[X4)¢ of G-invariants. One of the possible noncommutative generalizations is to
replace the action of GL4(C) on C[X,] with the action of GL4(K') on the relatively
free algebra F,;(0) in a variety of (associative, Lie, Jordan, etc.) K-algebras U,
where K is an arbitrary field of characteristic 0. Due to the noncommutativity it is
more convenient to assume that Fy(*0) is generated by W, instead of by KX, as in
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classical invariant theory, with the corresponding action of GL4(K). In the sequel
we consider this action of GL4(K). In particular, the role of K[X,] is played by the
symmetric algebra

S(Wa) = S(KYa) = @D S"(Wa),

n>0

where S™(Wj) is the nth symmetric power of the canonical GL4(K)-module Wy =
KY, with the diagonal action of GL4(K) on S™(Wy). Then for a subgroup G of
GL4(K) we study the algebra F;(0)¢ of G-invariants in Fy(0).

One of the most intensively studied objects in classical invariant theory is the algebra
of invariants of the special linear group SLs(C) acting on binary forms. The trans-
lation in the language of noncommutative invariant theory is to assume that as an
S Ly(K)-module the vector space Wy = KYy, d > 2, is isomorphic to a direct sum
Vo, @@V, , where V, = SP(K?) and SLy(K) acts canonically on K? (and the
action of SLy(K) on KYj is not trivial, i.e., at least one p; is positive). Then we ex-
tend diagonally the action of SLo(K) on the relatively free algebra F,;(20) generated
by Yy in the variety of K -algebras 2. The algebra Fy(3)5%2(5) is a noncommutative
analogue of the “classical” object K[X,]"%2() of polynomial SLy(K)-invariants.

In the general case when G is an arbitrary subgroup of GL,(K) and U is an arbitrary
variety of algebras not too much is known about the algebra of G-invariants Fy(0)%
in Fy(*0). The picture is more or less clear for varieties of associative algebras. For
finite groups G see the surveys [13, 9, 17] and for G reductive — the papers [25, 7]. In
particular, Fy(0)% is finitely generated for all reductive groups G acting rationally
on K'Yy if and only if U satisfies the Engel identity [[[22, z1],...],21] = 0.

It is well known that for varieties of Lie algebras there is a dichotomy: The variety
Y either contains the metabelian variety 2A? or satisfies the Engel identity. Recall
that the variety 2A? of metabelian (solvable of class 2) Lie algebras is defined by the
polynomial identity

Hzlv 22], [237 Z4H =0

and the free metabelian Lie algebra Fjy(2?) is isomorphic to the factor algebra
Ly/LY of the free d-generated Lie algebra L; modulo the second term LI =
[[La, Lal, [La, Lg]] of its derived series. If U satisfies the Engel identity, then the
celebrated result of Zel'manov [27] gives that U is nilpotent. (The fact that the
Engel identity implies that F;(*0) is nilpotent with the class of nilpotency depend-
ing on d follows from the famous paper by Kostrikin [18] on the Burnside problem.)
When U is nilpotent, the algebra Fy() is finite dimensional. Hence Fy(0)¢ is
also finite dimensional and therefore finitely generated as a Lie algebra for all groups
G. If U contains A?, then the canonical homomorphism Fj;(0) — F;(A*) maps
Fy(0)% onto Fy(A2)¢. Hence, concerning the finite generation of F;(0)“, the free
metabelian algebra is the key object. If the group G is finite and U contains 22,
then F,;(0)¢ is never finitely generated by [4, 8]. To the best of our knowledge, not
too much information is available for F;(20)¢ when the group G is not finite. The
algebra of invariants F(%0)% of the group G = UT,(K) of unipotent 2 x 2 matrices
acting unipotently on KY; was studied in [10, 5]. In particular, when U = 2 the
algebra of Fy(A%)V"2(5) ig finitely generated if and only if KY; = K? @ K2 and
UT,(K) acts canonically on K? and trivially on K972.
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In the present paper we study the algebra Fy(A2)5%2(5) of SL,(K)-invariants of
Fy(2A%). We show that Fy(A2)SL2(E) is finitely generated if and only if as an S Ly(K)-
module KY; 2V, Vo®---@Vy or KY; =V, (and in the obvious case KYy; =
Vo ® -+ @ Vp) with the trivial action of SLy(K) on Vy = K.

One of the main tools in our considerations is the Shmel’kin embedding theorem
[23] which allows to consider Fj;(2(*) as a subalgebra of the abelian wreath product
(KAg)wr(KUy) of two d-dimensional abelian Lie algebras K A; and KU, with bases
Ay ={a1,...,aq} and Uy = {uq, ..., uq}, respectively.

To see whether Fy(A%)52(%) is finitely generated, the most difficult part of the
proof is to find whether the commutator ideal Fy(24?)" contains nonzero invariants.
For small d it can be established calculating the Hilbert (or Poincaré) series of
Fy(A2)5E2(K) - But it has turned out that in the general case we have to embed
(KAg)wr(KUy;) into a Poisson algebra and then to use classical results for the
existence of sufficiently many invariants of SLy(K).

The commutator ideal Fy(2?) has a natural structure of an S(Wy)- module Well
known results give that (Fy(A2)")52(K) is a finitely generated S (W) %) _module.
For small d we give a list of generators of the S(Wy)5%2U) -module (F,(A2)")5F2(5)

This allows to find explicit sets of generators of the Lie algebra Fyy (%)% 2(5) even if it
is not finitely generated. This part of our paper may be considered as a continuation
of [5] where similar problems were solved for F,(22)VT2(K).

Finally, we want to mention that the methods for establishing that the algebra
Fy(A2)32(K) ig not finitely generated work also for other relatively free algebras
F4(%0) and for other groups G.

2. Preliminaries

In the sequel we fix the base field K of characteristic 0. All vector spaces, algebras,
tensor products, etc., will be over K. If R is any algebra generated by the elements
ri,...,rn and [ is an ideal of R, we shall denote the generators of the factor algebra
R/I with the same symbols ry,...,7,,.

2.1. Free metabelian Lie algebras and abelian wreath products

For a background on varieties of Lie algebras we refer to [2]. We denote by Fy the free
metabelian Lie algebra Fy(A?) freely generated by Yy = {yi,...,ya}. We assume
that all Lie commutators are left normed, e.g.,

15 y2, 93] = [[y1, 92], ys] = [y1, yoJadys.
The commutator ideal F); has a basis consisting of all
[yjpyjmyj;aa--'vyjn]v 1§Jz§d7 jl >]2§]3§§jn

The algebra Fj has a grading Fy = (Fy)1 @ (Fu)2 @ (Fy)s @ ---  where (Fy), is
the vector subspace of all homogeneous elements of degree n. Similarly, F,; is Z9-
graded (or multigraded), with grading which counts the degree of each variable y;,
t=1,...,d. The Hilbert series of F} is the formal power series defined by

H(Fy,Ty) = H(Fy ta,... ta) = Y dim(Fy), T,

n; >0
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where (Fy), is the homogeneous component of degree n = (ny,...,nq) and T} =
i1t th?. It is well known, see e.g., [8], that

1
H(F,;,Ty) = 1+(t1+"‘+td)+(t1+”'+td_1)H1_t:
=1 !
The consequence of the metabelian identity
[Zjl, Zjas ZJ};(g)? C 7Zjo(n)] = [Zjl, oy Zjgy e Zjn]?
where ¢ is an arbitrary permutation of 3,...,n, allows to define an action of the

symmetric algebra S(W,) = S(KY;) on F) by the rule

wf(yr, ... ya) =wf(ady:,...,adys), weFy [f(Yy) € S(KYy).

One of the main tools in our considerations is the Shmel’kin embedding theorem
[23] which allows to consider Fy(2A?) as a subalgebra of the abelian wreath product
(KAg)wr(KUy) of two d-dimensional abelian Lie algebras KAy and KUjy.

Recall the construction of abelian wreath products due to Shmel’kin [23]. Let
KA; and KU; be the abelian Lie algebras with bases Ay = {ai,...,aq} and
Ug = {uq,...,uq}, respectively. Let Cy be the free right S(KU;)-module with
free generators aj,...,aq. We give it the structure of a Lie algebra with trivial
multiplication. Then (K Ay)wr(KU,) is equal to the semidirect sum Cy X (KUy).

The elements of (K Aq)wr(KUy) are of the form

d d
Zajfj(Ud)+Zﬁjuj, f; € S(KUy), BjeK, j=1,....d.

j=1 j=1
The multiplication in (K Ag)wr(KUy) is defined by
[Cd, Cd] = [Ud, Ud] = 0, [CLjfj(Ud), uz] = ajfj(Ud)uz-, ’i,j = 1, e ,d.

The embedding theorem of Shmel’kin [23] gives that the free metabelian Lie algebra
Fy, is isomorphic to the subalgebra of (KA,)wr(KU,) generated by a; + uj, j =
1,...,d. In the sequel we identify F; with its copy in (K Ay)wr(KU,) and assume

yj:aj—l—uj, jzl,,d

If w belongs to F,

w="> [y fi(Ya) =) [y, yil fisladys, .. adya),  fi3(Ya) € S(KYy),

i>j 1>]
then in (KAy)wr(KUy): w=> (a;u; — aju;)fi;(Us). The element

d

Z aifi(Ua) € (KAg)wr(KUy)

=1

d
belongs to F) if and only if Z u; fi(Ug) = 0.

=1
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2.2. Poisson algebras

Given two algebraically independent SLo(K)-invariants fi(Yy), fo(Ya) € S(KYa)
we shall construct a nonzero SLy(K)-invariant 7(fy, fo) in Fj. For this purpose we
need to embed (K Ay)wr(KU,) into a Poisson algebra. Recall that the commutative-
associative algebra P with multiplication - is a (commutative) Poisson algebra if it
has a Poisson bracket [-,-] such that (P,[-,-]) is a Lie algebra and [, ] satisfies the
Leibniz rule

i fo, fal = [fi fs] - fo+ fro[fos f3l, [ fa fs € P
In the sequel we shall omit the - in the multiplication in Poisson algebras.
Lemma 2.1.  Let Ry be the factor algebra S(KAy® KUy)/(A2) of the symmetric
algebra S(KAq® KUy) on the vector space KAy ® KUy with basis AgU Uy modulo

the ideal generated by all products a;aj, i,7 = 1,...,d, endowed with the Poisson
bracket defined by

D1 Pd , 9 qd] __ p1+q1 Pd+qd
[aiul ...ud’ul ...ud]_(q1+...+qd)aiu1 ...ud ,

p1 Pa @ Q) _ [ .1 pa 0 ) _
[uy" - ug’ ul '] = e’ - ugt agud’ - ug'] = 0.
Then
(i) As a vector space Ry has a basis
p_ 4 dd q __ q1 qd N
{U =uf -l U] =aud - -ul | q¢; >0, i=1,...,d}.

(ii) The Lie algebra (KAg)wr(KUy) is isomorphic to the Lie subalgebra of Rq4
generated by Ay and Uy.

Proof. The verification that R, is a Poisson algebra with respect to the given
bracket is straightforward. The defining relations a;a; = 0 give that as a vector
space R, has a basis consisting of the elements from the statement (i) of the lemma,
since it is a commutative associative algebra. For the proof of (ii) we see that the
commutator ideal of the Lie subalgebra of R; generated by Ay and U, has a basis
consisting of all

0l = aad”uy) - (ad™ug), p=(pr,...,pa) £ (0, ..,0),

the same as the commutator ideal of (K Az)wr(KUy). The multiplication table is
also the same. Hence both Lie algebras are isomorphic. ]

2.3. Algebraically independent elements in Poisson algebras
The well known Jacobian criterion [16] gives that the elements fi,..., f,, € S(KYq),
m < d, are algebraically dependent if and only if

afl/ayjl af2/ayj1 T afm/ayﬁ
Of1/0y;, Of2/0yj, -+ Ofm/0yj),
0f1/0y;,. 0f2/0yj,, -+ Ofm/0y,

for all determinants with 1 < 71 < jo < -++ < 7, < d. A simple proof for m = d
can be found e.g., in [11] or [22]. We shall use the Jacobian criterion for m = 2 only
(and for any d > 2):
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Lemma 2.2. Let f1 (Yd), fz(Yd) S S(KYd) and let

_|0f1/0y; Of2/0yi| _
Talf )= ooy, of/ou) ~°

forall 1 <i<j<d. Then fi(Yy) and fo(Yy) are algebraically dependent.

The free Poisson algebra P(Yj) freely generated by Y; can be obtained in the
following way. Fix a basis By = {by,bs,...} of the free Lie algebra L,. Then,
as a commutative algebra, P(Yy) is isomorphic to the symmetric algebra S(Lg) =
S(KBy). The Poisson bracket in P(Yy) is defined extending the Lie bracket in
Ly using the Leibniz rule. If f1(Yy), fo(Ya) are elements in S(KY;) considered as
elements of the free Poisson algebra P(Yj), then, see e.g., [22],

0fi10fy  0f1 0fs
[f17f2] :Z[yi:yj] <8Jg;(9_§j - 8_;85/0@) (1)

Hence fi(Ya), fo(Ya) € S(KYy) C P(Yy) are algebraically independent in S(KYj) if
and only if [f1, f2] # 0 in P(Yy). An analogue for any fi, fo € P(Y;) was established
in [21]. We cannot apply directly this result for the algebra R, defined in the previous
subsection because it is a homomorphic image of the free Poisson algebra. We believe
that the following proposition is of independent interest because it allows, starting
from two polynomials in commuting variables, to construct elements with prescribed
properties in the free metabelian Lie algebra.

Proposition 2.3.  Let the homogeneous polynomials f1(Yy) and fo(Yy) be alge-
braically independent in S(KYy). Then in the Poisson algebra Ry the commutator

7(f1, f2) = [f1(Aa + Ua), fo(Aq + Ua)]
= [filar +uy,. .., a4+ uq), folay +us, ..., aq + ug)]

is different from zero and belongs to the commutator ideal F); of the free metabelian
Lie algebra F; embedded in Ry.

Proof. A direct consequence of the equality (1) together with the fact that we
may view the Poisson subalgebra of Ry generated by ay+uq,...,aq+ug as a Poisson
homomorphic image of the free Posisson algebra, we obtain

[f1(Ad + Ua), f2(Aa + Ud)] = Z(azua - a;u;) gﬁégji?gzj g}cjé S;SZ;

— o (0f1(Ua) 0f2(Ua)  9f1(Ua) 0f2(Ua)
_Z(CLZU] a]“z)( duou, o ou, )

1<j

L (oAU K 0f(U) 0/1(Us)  0f2(Ua)
_Z ( Z;uj du; ; du; AT '

because [a; + u;, a; + uj] = a;u; — a;u; and aga; = 0. Since fo(Uy) is homogeneous,
it is easy to see that
d

Zuj afgg,]d) = deg(f2) fo(Ua).

i=1
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If [f1(Aq+ Ug), fa(Aq + Uy)] = 0, then the coordinates of a; are equal to 0 and we
obtain a homogeneous linear system

d
3%(”%) deg(f2) f2(Ua) — Z aféiqd)yj 3]2(”%) =0

=1

of d equations, for ¢ = 1,...,d, with unknowns 0f,(Ug)/0u;, j = 1,...,d. The
matrix of this system is

deg(fg)fg — u13f2/8u1 —UQ8f2/8U1 cee —ud3f2/3u1
—u18f2/8u2 deg(fg)fg - u26f2/8u2 cee —ud8f2/8u2
w10 O wsdfefOus e deg(f)fa — uad faf

Since f2(Uy) # 0, at least one partial derivative is nonzero. Assume, for example,
Ofy/0uq # 0. Subtracting the last row of the system after multiplication with
(0f2/0u;)/(0fa/0ug) from the i-th row, we obtain an equivalent system with matrix

deg(f2) f 0 e 0 %

0 deg(fo)fo -+ 0 .

0 0 deg(h)fe '
—ulf)fg/@ud —u28f2/6ud s —ud_lf)fg/@ud deg(fg)fg — udﬁfg/aud

Since fo(Uy) # 0, the rank of the matrix is > d — 1. Since the system has a nonzero
solution dfy/0u; = 0f1/0u;, j =1,...,d, the rank is d — 1. Hence all solutions of

the system are
of2 _ p(Ua) 01
ouj  q(Uy) Ou;’
for some polynomials p(Uy), ¢(Uq) € S(KU,4). Therefore,

J¢j<f1<Ud),f2(Ud)) :O, ’l,j = 1,...,d,

=1,....d,

which contradicts with the algebraic independence of fi(Uy) and f5(Uy). Clearly,
the form of the element

f1(Aa + Ua), fo(Aa + Ua)] = Y (asu; — agu) fiy(Ua),  fis(Ua) € S(KUQ),

1<j

shows that [f1(Aq + Ua), f2(Aq+ Ug)| is a Lie element and belongs to F}. n

2.4. Invariant theory of the special linear group

All necessary information on representation theory of the special linear group SLs(K)
and the general linear group GL2(K) and on invariant theory of SLs(K) can be
found in many books, see e.g., [24, 26]. For a background on symmetric functions
see, e.g., [19]. In our considerations we combine ideas of De Concini, Eisenbud, Pro-
cesi [6] and for the noncommutative generalizations of Almkvist, Dicks, Formanek [1],
see [3] for details. Every rational representation p : SLy(K) — GLg(K) of SLy(K)
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is a direct sum of irreducible representations. For each nonnegative integer p there
exists a unique irreducible rational (p + 1)-dimensional SLy(K)-representation p,.
The corresponding S Ly (K)-module is V, = Sp(K 2). If the vector space K? has a
basis {e1, e}, then V, has a basis {ef, e/ 162, . eeheby. We equip V, also with
a structure of a GLQ(K )-module and use the same notatlon pp for the correspondmg
G Ls(K)-representation. If

— (711 712) € GLy(K), then
Y21 V22

qg: ZCY] p=j J — Z&] Y11€1 —|—’}/21€2)p J("}/12€1 +"}/22€2> Q; € K.
7=0

Example 2.4. The matrices ¢g; = <(1) D, 92 = (} (1)) in SLy(K) act on V, by

i .
. s j _
() = (l)eaeg Lo p

If KYj is isomorphic to a direct sum V, @ --- @V, , we may change linearly the
variables and assume that the bases of the SLy(K')-submodules V,, of KYj are
subsets of Y. If KY,,1 =V, we shall identify y1, v, ..., yp+1 with €}, ey, eb,
respectively.

The following statement is a part of classical invariant theory, see [15, p. 318 in the
1893 original]. A modern proof can be found, e.g., in [24, p. 65]. We restate it for
(1,080,

Proposition 2.5.  The transcendence degree of the algebra of invariants S(V;;)SLQ(K)
for the SLy(K)-module V,, is

0, ifp=1
transc.deg(S(V,)%2)) = { 1, ifp =2;
-2, ifp>2.

As in the case of rational representations of SLs(K), every polynomial represen-
tation of GLy(K) is a direct sum of irreducible representations. Every irreducible
representation is of the form det’ ® p,, where det : GLy(K) — K is defined by
det : g — det(g), g € GLy(K). Clearly, the representation det’ ® pp s the same as
the representation indexed by the partition (p +{,1). If the SLy(K)-module KYy
is of the form
KY; =V @&V,

we extend the action of SLy(K) to the action of GLy(K) and then extend it
diagonally on the polynomial algebra S(KYj):

9(f(Ya)) = g(f(yr, - ya)) = Fl9(yr), - - 9(ya)), 9€GLa(K), f(Ya)€S(KYy).
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The homogeneous component S(KY), of degree n is a direct sum of GLo(K)-
modules

S(KYa)n = Y mn(p,1)(det @ V),

1,p>0

where the nonnegative integer my,(p,) is the multiplicity of det’ ®V, in S(KYy),.
The following well known lemma, see e.g., [6], describes the SLo(K)- and UTy(K)-
invariants of polynomial G Lo(K)-modules.

Lemma 2.6.  Let the (finite dimensional) polynomial G Ly(K)-module V' decom-
pose as

V=> mp)(det' ® V).

1,p>0

(i) The subspace V25 of the SLy(K)-invariants in V is spanned by the one-
dimensional GLy(K)-submodules det' @ V.

(i) Each summand m(p,1)(det'®V}) of V' has m(p,1) linearly independent elements

wl(l), i=1,2,....,m(p,1), (one in each irreducible component det' ® V,,) such
that the vector space VUT2K) has a basis

{w? |i=1,2,....,m(p,1),p,1 > 0}.

The above lemma implies that the homogeneous component (S(KYy)L2(K) = of
degree n of the algebra of SLy(K)-invariants S(KYy)SF2(5) is

(S(KY)S7200), = "m,, (0,1)(det’ @ Vp)

>0

and the Hilbert series of S(KYd)SLZ(K) is
H(S(KYy)™25) 2) =3 "m,(0,1)2

n>0 >0

Let Dy(K) be the diagonal subgroup of GLy(K). Then det’ ® V, has a basis
{vo,v1,...,v,} of eigenvectors of Dy(K) and

a; O
<()1 a) v]—>ozp+l ]o/;”v], 0#a,ay € K.
2

The element v, is equal up to a multiplicative constant to the element w; € det! ® Vp
from Lemma 2.6 (ii). The corresponding character of Dy(K) is

a; 0
x(det' @ V) : (01 042) — Sprip) (a1, az),

where St (trsta) = (tite) (6] + 87ty + -+ ity + 1)

is the Schur function. This defines a Z?-grading (or bigrading) on det' ® Vp and
hence on S(KYy). The Hilbert series of S(KY,) which counts both this bigrading
and the usual grading is

Her, ) (S(KYy), th,te,2) = Z My (D, 1) Sy (L1, £2) 2"

l,p,n>0
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The Hilbert series

d

H(S(KYy),Ty) = H(S(KYq), t1,. ... ta) = H - i -

of the Z-graded algebra S(KYy) and Her,r)(S(KYy),t1,t2,2) are related in the
following way. If {vy;,yj+1,...,Yj+p ) is the basis of V,,, we replace the variables
tistists .- tip, respectively, with 7z % 'tyz .. thiz. Then

HGLZ(K)<S(KYd)7 tl, t2, Z) = H(S(KYd>, tﬁ"lz, t?lithZ, PN ,thZ).

There are many methods to compute the Hilbert series of S(KY,)2(5). We have
chosen the following. We define the multiplicity series of Hep,x)(S(KYa), t1,t2, 2)

S<KYd>7t17t27z>: Z mn(p7l)t}]?<t1t2)l’zn7

l,p,n>0

which is the generating function of the multiplicities m,(p,l) of the irreducible
GLy(K)-components in S(KY),. We introduce new variables t = t1, u = tits
and rewrite Mer,x)(S(KYa),t1,t2, 2) in the form

MIGLQ(K)<S(KYd)7t,U,Z) = Z m (k, DtPu' 2™,

l,p,n>0

Then H(S(KYy) ") 2) = My, 0 (S(KYy),0,u, 2)

is the component of Mg, ) (S(KYa), ¢, u,z) which does not depend on ¢. For the
computing of Mer, k) (S(KYa), 1, b2, 2) and Mg, o) (S(KYq), t,u, z) we have used
the methods in [3] which origin from classical work of Elliott [12] and MacMahon
[20]. But it is much easier to verify that the formal power series f(t1,%2,2) is equal
to Mar,x)(S(KYa), t1,t2, 2). It is sufficient to see whether

Her, ) (S(KYy), th,te,2) = ; (t1f(t1,t2, 2) — taf(ta, 11, 2)).

1 — 12

Remark 2.7. Let v be an element of the polynomial GLy(K)-module V. In
order to check that v is SLy(K)-invariant it is not necessary to check that g(v) =v
for all g € SLy(K). It is well known that it is enough to see this only for the matrices
g1 and go from Example 2.4. The matrices g; and g, are unitriangular. Hence the
matrices g; — 1, ¢ = 1,2, act as nilpotent operators on V' and the logarithm

= loglg) = (- Uiy

n
n>1

is well defined. Omne may extend the action of §; on V to a derivation of S(V')
by the rule 6(uv) = d(u)v + ud(v), u,v € S(V), and then by linearity on the
whole S(V). Then f € S(V) is an SLy(K)-invariant if and only if §;(f) = 0,
i = 1,2. This verification is much simpler than the checking that ¢;(f) = f, i =1,2.
Similar arguments work for the tensor algebra on V' (which is isomorphic to the free
associative algebra K(V')), for the free Lie algebra on V', etc.
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Example 2.8.  Consider the element

p
p i p—i i i p—i
w:; <z><_1) eley el eV, V.
This element is bihomogeneous of degree (p,p). Direct verification shows that
g1(w) = go(w) = w (or, equivalently, w belongs to the kernel of the derivations
log(g1) and log(gs) of the tensor algebra on V},). Hence w belongs to (V,®V,,)5L2()
and generates an irreducible G Ly(K)-submodule of V, ® V,, isomorphic to det” @Vj.
The explicit form of w shows immediately that w belongs to the direct summand
S%(V,) for p even and to the summand A?(V,) of V, ® V, for p is odd.

Identifying €%, e’ ey, ..., e € V, with 41,92, ..., ypp1 € KYpy1, respectively, we
identify V,, and KY,,;. Then for p = 2¢ even the element w € S*(V,,) becomes

ol |
Wpt1 = Z (Z - 1) (=) yiypro—i

i=1

q
p i p 2
- ZZ (z _ 1) (=)' yiypra—i + (q) (—1)qy§+1 € S(K Y1),
i=1

Similar to the argumentation above, for p = 2¢ + 1 odd we identify A%*(V,) and the
GLy(K)-module [KY, 1, KY,1] and obtain the SLo(K)-invariants

p+1 P '
W1 = Z <Z _ 1) (_1)171[?%7 yp+2—i]

i=1
g+l

p .
=2 Z (Z _ 1) <_1) l[yivyp—i—Q—z’] S (F;+1)SL2(K).
i=1

2.5. Noncommutative invariant theory for arbitrary groups

Let U be a variety of K-algebras. We shall assume that U is a variety of Lie algebras.
Since the base field K is of characteristic 0, and hence infinite, the relatively free
algebra F;(%0) is Z%-graded. The action of the group GL4(K) = GL(KYy) on KYy
is extended diagonally on Fy(*J):

9(f(Ya) = 9(f(yr, - wa)) = Flg(w), -, 9(wa)), 9 € GLa(K), f(Ya) € Fu(D).

Let G be a subgroup of GL4(K) = GL(KYy). Then the algebra of G-invariants is
Fy(0)" = {f(Ya) € Fu(B) | 9(f(Ya)) = f(Ya) for all g € G}.

The following lemma is well known, see e.g., [10, Proposition 4.2] for the case of
varieties of associative algebras.

Lemma 2.9.  Let U and 205 be two varieties of algebras and B C W. Let G be a
subgroup of GL4(K) = GL(KYy). Then the natural homomorphism F4(20) — Fy(50)
maps Fy(W)E onto Fy(V)Y. Hence, if the algebra Fy(B)C is not finitely generated,
then the same is Fy(20)%.
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As a result of the dichotomy of the varieties of Lie algebras (either U contains
2A% or Y satisfies the Engel identity and is nilpotent), the G-invariants of the free
metabelian Lie algebra are the key object in the study of the finite generation of
Fy(0)¢. We give a couple of cases when the algebra Fj;(2(%)¢ is not finitely generated.
We shall assume that GL4(K) acts in the same way on the vector spaces K'Yy, KAy,
and KUy. If g € GLy(K), then

d d d
9(y;) = Zaijyia 9(a;) = Z%’jaz’, g(u;) = Zaijuiv J=1....4d,
i=1 i=1 i=1
with the same «;; for Yy, Ag, and Uy.

Lemma 2.10.  Let the subgroup G of GL4(K) = GL(KYy) be such that the vector
space K'Yy has no G -fived elements (i.e., KY,® = 0) and the algebras S(KY;)¢ and
Fy(A*)C are nontrivial (i.e., S(KYy)® # K and Fy(A2)¢ # 0). Then the Lie algebra
Fy(A*)C is not finitely generated.

Proof.  Since the algebra FY = Fy(2%)¢ is graded, the condition KY{ = 0
gives that F¥ C F). Hence the algebra F$ is abelian and it is sufficient to
show that it is infinite dimensional. Working in the Poisson algebra R; from
Subsection 2.2, if w € R, = [Rq,Ry) and f € S(KU,;) C R, are homogeneous
nonzero elements, then the element wf is also nonzero. Starting with a nonzero
homogeneous w € (F})¢ and with a homogeneous polynomial of positive degree
f € S(KUy)® = S(KY,;)%, we obtain an infinite sequence of elements wf" € F,

n =0,1,2,... which are linearly independent in R; because are of different degrees.
Since g(wf™) = g(w)g(f)" = wf" for all g € G, we conclude that wf™ € (F})“ and
complete the proof. [ |

Proposition 2.11.  Let KY,f = 0 for the subgroup G of GL4(K) = GL(KYy)
and let the transcendence degree of S(KY,)¢ be greater than 1. Then the Lie algebra
Fy(A2)Y is not finitely generated.

Proof. Since transc.deg(S(KYy)%) > 1, the algebra contains two algebraically
independent homogeneous invariants f; and f;. Then the element

7(f1, f2) = [f1(Aa + Ua), fa(Aa + Ug)] € Ry
belongs to F and is nonzero by Proposition 2.3. Also, if ¢ € G, then
9(fi(Aa+Uq)) = fi(Aa+Ua),  g(f2(Aa+ Ua)) = fo(Aa + Ua).
Hence
9(m(f1, f2)) = [9(f1(Aa + Ua)), 9(f2(Ad + Ua))] = [f1(Aa + Ua), f2(Aa + Ua)]
and 7(f1, f2) € (F1)E. Now the proof follows from Lemma 2.10. .

Finally, computing the Hilbert series of the SLy(K)-invariants of the free metabelian
Lie algebra F,;, we may apply exactly the same methods as for the S Ly(K)-invariants
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of S(KYy). Starting with the decomposition of the SLy(K)-module K'Y, and the
Hilbert series H(Fy,T;) of Fy we obtain the Hilbert series

Her, ) (Fa, ti,ta, 2) = Z M1 (Fa) Spr) (t1, 2) 2",

k,p,n>0

the multiplicity series

Meroo)(Fati o, 2) = > iy (Fa)th (tit)'2",

p,l,n>0

MéLQ(K)(Fd7t7u7Z): Z mn,pJ(Fd)tpulz”,

p,l,n>0

and the Hilbert series

H(F;PH) 2y = M0 (Fa, 0,0, 2)

of F 5 LK) Gee [5] where such computations were performed for the multiplicity
series of Fy.

3. Infinite generation of the metabelian invariants
of the special linear group

In this section we assume that SLo(K') acts rationally on the vector space K'Yy and
KY;Z2V, &---dV,,

where V, 2 SP(K?) as an SLy(K)-module. When necessary we extend the SLy(K)-
action to GLo(K). If V' is an SLy(K)-submodule of KY,; we assume that it
is spanned by a subset of Y;. We denote by Fj the free metabelian Lie algebra
generated by Yj.

Following our agreement, if K'Y, has an SLy(K)-invariant subspace we may assume
that it has a basis {ym+1,- .., ya} and its complement has a basis {y1,...,ym}. Then
the subalgebra of SLy(K)-invariants in S(KYj) has the form

S(KYy)520) = S(S(KY,, )52y 10 ya)),

where S(S(KY;,) 25 Ly 1., .., yq}) is the symmetric S(KY,,)5 2 ) algebra on

the free S(KY,,)"25)module generated by {ym41,...,%a}. We shall derive an
analogue of this fact for the algebra F Cf L)
erators of Ff L2(K) if we know the generators of . The proof is based on a
similar statement for the algebra of UT,(K)-invariants from [5]. We shall work in

the Poisson algebra

which shows how to obtain the gen-
[SLa(K)
d—1

Rd = P(Ad> Ud)/(A§7 [Ada Ad]a [Uda Ud]a [amyj] — @Y; | Za] = 17 ey d)

from Lemma 2.1. The lemma gives that the Lie algebra (K A;)wr(KU,) is isomorphic
to the Lie subalgebra of R; generated by A; and U,. Hence the free metabelian Lie
algebra F,; embedded in R, as the Lie subalgebra generated by

Yd:Ad—l—Ud:{yZ:az—i—uZM:l,,d}
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Clearly, the unitary associative subalgebra of R; generated by Yj is isomorphic to
the symmetric algebra S(KY,). By Proposition 2.3, if f1(Yy) and f3(Yy) are two
polynomials in S(KYy) C Ry, then the commutator

7(f1(Ya), fo(Ya)) = [f1(Aa + Uaq), f2(Aq+ Uy)]
belongs to the commutator ideal F of F; C Ry.

Proposition 3.1.  Let y; € KYy be SLy(K)-invariant and let KYy = KYy 1 @
Kyy as SLy(K)-modules. Let {v; | i € I} and {w; | j € J} be, respectively,
homogeneous bases of ()52 and w(S(KYy_1))32®) with respect to the usual
Z-grading, where w(S(KYy—1)) is the augmentation ideal of S(KYy—1). Then
(F})52(K) Ry has a basis consisting of

viuy = viad"yy, €1, n>0,
d—

ydej Z ydayl ad}/d 1)ad Yd, ] S ‘]7 n Z 0.
1=1

Proof. = We consider the group UT»(K) as a subgroup of SLy(K), both groups
acting on KY;. Hence UTy(K) acts unitriangularly on the irreducible SLo(K)-
components of KY;. Then the algebras of UTy(K)-invariants S(KY,)UV™) and
Fg T2(K) coincide, respectively, with the algebras of constants (i.e., the kernels)
S(KYy)" and FJ' of the Weitzenbock (i.e., locally nilpotent linear) derivation
61 = log(g1). A basis of the vector space (F)V"2(5) is given in [5, Theorem 4.3]. We
translate it in the language of our paper. Let {v; | i € I} and {w, | j € J} be, re-
spectively, homogeneous bases of (F; ;)VT25) and w(S(KY,; 1))V with respect
to both Z- and Z2-gradings. Then (F)U"2(5) as a subspace of (K Aq)wr(KUy) C Ry
has a basis
{viuy, m(yg,wj)uy | i€ I, j € Jn >0}

A bihomogeneous element in S(KYy)V2E) or in F, UT(K) ot bidegree (p,q) is

SLy(K)-invariant if and only if p = ¢. Since the elements Yd, aq, Ug are of bide-
gree (0,0), the vector space (F)%L2(5) has a basis consisting of the basis elements
vaut and 7(yg, w;)ul of (Fj)VE) with the property that the bidegrees of v; and
w; are equal to (p;,p;) and (g;,q;), respectively. But this condition simply means
that v; € (F)_)%2®) and w; € w(S(KYy 1))525) . To complete the proof it is
sufficient to see that

viuy = viad"yy, i€l, n>0,

d—1
ow; )
7(Ya, wj)yg = E [ydayl]_ayj (adYg_1)ad"yy jeJ, n>0. n
I
=1

The proof of the following lemma is quite obvious and is similar to the proof of
Lemma 2.9.

Lemma 3.2. Let KY,=V' @ V", where V' = KY, = K{y1,...,y.} and V" are

SLy(K)-submodules of KYy and let F, be the Lie subalgebra of Fy generated by Y.

Then the natural projection v : Fy — F, which send Yey1,...,yq to 0 maps FSL2(K)

onto F SLa(K)
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Our strategy to determine whether the algebra F C}g La(K) 4 finitely generated will be
the following. First we shall consider the case when KY,;; =V, is an irreducible
S Ly(K)-module and shall describe the cases when Fpsf12(K) is not finitely generated.
We shall show that this holds if and only if p > 2. In view of the above Lemma 3.2,
this will imply that F 5 L2(5) ig never finitely generated if K'Y, contains a submodule
Vo, p > 2. By similar arguments we shall eliminate the cases when KYj; contains
a submodule isomorphic to Vo @ V,, p = 0,1,2, and V; @ V;. In all other cases,
namely when KY; =V, @& Vi@ ---dV, or d =3 and KY,; = V,, we shall show that
Fds La(K) i finitely generated.
Lemma 3.3. Letd=p+1 and KY,1; =V,, p> 3. Then the algebra FpSJrLf(K)

is not finitely generated.

Proof.  The group SLy(K) does not fix any nonzero element of V), because p > 3.
If p > 4 we use Proposition 2.5 which gives that the transcendence degree of
S(KY,y1)2®) is equal to p—2 > 2 and by Proposition 2.11 the algebra FpSJrLf(K) is
not finitely generated. If p = 3 we shall apply Lemma 2.10. Since the transcendence
degree of S(KY,)5"2() £ K is equal to 1 and S(KY;)%%2(5) £ K it is sufficient to

show that F f La(K) # 0. A nonzero element in F! 45 La(K) i given in Example 2.8. =

Remark 3.4. We may give a constructive proof of Lemma 3.3. Example 2.8
provides a nonzero element in Fpsff(K) for p > 3 odd. In order to apply Lemma
2.10 we need an SLy(K)-invariant element of positive degree in S(KY,+1). For this
purpose we may take the discriminant. Recall that if 6,,...,0, are the zeros of the
polynomial f(t) = &P + &P~ 4 -+ + &1t + &, with coefficients &, &y, ..., &, in
S(V,), then the discriminant

S | R
1<i<j<p
of f(t) is an SLy(K)-invariant element of degree 2(p — 1) in S(V,) = S(KY,41).
For p > 3 even we may choose one more explicit SLs(K)-invariant of second degree
in S(KY,4+1), namely the element in Example 2.8. Then we may produce a nonzero

(K)

element in Fps +L12 applying Proposition 2.3.

Lemma 3.5. Let KY;ZVidoVo®---dVy, where Vi and Vo & --- ® Vy have

(K)

bases Yo and {ys,...,ya}, respectively. Then the algebra FjL"’ is generated by

[y27 yl] and {y37 e 7yd} .

Proof.  We proceed by induction on d applying Proposition 3.1 in each step. For
d = 2 we have that S(KY,)2(5) = S(KV;)¥2K) = K. Since as a GLy(K)-
module F} decomposes as a direct sum of det @V}, n > 0, we obtain that Fy™* is
the one-dimensional vector space spanned by the commutator [ys,y;]. By induction,
we assume that the Lie algebra F f_Lf(K) is generated by [ye,v1], 93, ..., Ya—1 and has
a basis consisting of all commutators

(Yo, y1]ad™ys - - -ad"tyy—y, n; >0, i=3,...,d—1,
starting with [y2,41] and all commutators

[yiuyiz""?yin]? i1>i2§"'§in, ij:3,...,d—1, n:1,2,....
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The vector space of the SLy(K)-invariants in the augmentation ideal of S(KY; 1)

has a basis consisting of all monomials in ys,...,ys_1. Now Proposition 3.1 implies
that the SLo(K)-invariants in F); are spanned by the elements [yq, y1]ad™ys - - - ad"?yq
SLQ( ).

and the commutators of length > 2 in ys, ..., y4. Since ys, ..., yq belong to F),
this implies that F), 5L2(K) ig generated by [yo, 1] and {ys,...,ya}- [

Lemma 3.6. Let d =3 and KY; = Vs, Then Fy") =0.

Proof. In [5, Example 3.2] we computed the Hilbert series of the algebra FUT2

t3t92?
(1 —122)(1 — t1t92)

Hepy ) (Fy ™5 b, 2) = 32 +

ti(titg)?2? tu®z”
— 22+ 12(12)’2 — 122+ - ,
(1 —t2)(1 — tytq2) (1 —#22)(1 — uz)
where t = t;, u = tit3. Since the Hilbert series of Ff LK) ig obtained from
UT»(K)

the Hilbert series of Fj substituting ¢ = 0 and u = 1, we obtain that
H(FfLQ(K)y z) =0, and hence F:,)SLZ(K) =0. .

As we have agreed below Example 2.4, if V) is an irreducible component of the
SLy(K)-module KYy, then V, has a basis {yi, Yit1, .-, Yi+p} with the same action
of SLy(K) as on the basis {e?, e’ ey, ... b},

Lemma 3.7. Let KY; =2 ViaVi,Va@ Vo, Vo Vi or Vo & Vy. Then FdSLz(K) is
not finitely generated.

Proof. If KY; = V,®V;, we assume that V; and V; have bases {yi,..., 941} and
{Yivas -, Yirjra}, respectively. First, we construct nonzero elements in (F})SL2(6)

(i) Let d=4 and KY,; =V, & V,. Consider the element

v = (Y1, Ya] — [yo, y3] € Fi.

Applying Remark 2.7 we see that g1(v11) = go(v11) = v11. Hence vy € FSLQ(

(ii)) Let d =4 and KY; =2 Vo, @ V. It is well known for more than 100 years see
[14], that the element f = y2 — y,y3 belongs to S(KY3) 2(K) = §(14)5E2(K)  Since
Yy is an SLo(K)-invariant, applying Proposition 3.1 we obtain the nonzero element

3

0 = 7o, £) = Dl ] (@)

=1
= 2[ya, y2, y2] — [ya, y1, ys] — [ya, ys p1] € (F)5200.
(iii) Let d =5 and KY5 = V5, @ Vi. Then the simplest nonzero SLy(K)-invariant is

Vo1 = [y, Ys] € F5SL2(K)-

(iv) Let d =6 and KYs = V5 & V,. Using the element

2
=Z() CRCEEE SR

1=
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from Example 2.8 we can obtain the nonzero SLy(K)-invariant

vas = [y, y6) — 2[ya, ys) + [ys, va] € Fp 27,

It is also known that if KY, = Vi @ Vi, then S(KY,)%25) = S(K (y1ys — y2u3)).

Hence in all four cases we have SLo(K)-invariants of positive degree in S(KYj). In
(i) this is f = y1y4 — ¥oy3 and in (ii)—(iv) f = y3 —y1ys. Since KYdSLQ(K) =0 in the
cases (i), (iii) and (iv), by Lemma 2.10 we conclude that the algebra F j L2545 not

finitely generated.
Let us assume that in the case (i) the algebra F) L2(K) s finitely generated. Since

K YLLSLQ(K) = Ky,, this implies that Ff La(K) i generated by y4 and a finite number
of elements wy, ..., w,, € (F})2®) Hence (F})**2(%) is spanned by

wad"yy, 1=1,...,m, n>0.
But (F})%2(5) contains the infinite sequence of elements
vga(ad?yy — adyjadys), 1=0,1,2,...,

and for sufficiently large [ these elements cannot be expressed as linear combinations

of w;ad"y,. Again, F, f L2 is not finitely generated. |

The following theorem is one of the main results of the paper.

Theorem 3.8.  Let KY, be isomorphic as an SLy(K)-module to the direct sum
Vo @@V, , where (p1,...,pr) # (0,...,0) and let Fy = Fy(A?) be the d-generated
free metabelian Lie algebra. Then the algebra FjLZ(K) of SLy(K)-invariants is
finitely generated if and only if KY; Vi Vo®---dVy or KY; = V.

Proof. Let KY; =V, & ---®V, . We may assume that p > --- > p,. By
Lemmas 3.5 and 3.6 the algebra F j LalK) g finitely generated in the cases KY; =
VieVo@---@Vy and KY; = V,. Hence we have to show that in the cases (i) p; > 3;
(ii) py = 2, r > 2; (iii) p1 = p2 = 1 the algebra FdSLQ(K) is not finitely generated.
Applying Lemma 3.2 we reduce the considerations to the following three cases:

(i) KY;=V,, p>3. By Lemma 3.3 the algebra FfLQ(K) is not finitely generated.
(it") KY; = Vo,®V;,i=0,1,2. Now we apply Lemma 3.7.

(iii") KYy; = Vi & Vi, We apply Lemma 3.7 again and complete the proof of the
theorem. [ |

4. Explicit invariants in small dimensions

In this section we proceed to compute the explicit generators of the finitely generated
S(KYy)5t2() module (F})5t2() for d <5 and for d = 6 when KY; = Vo @ V; and
KYs =2 Vi ®V; @ Vi. Applying Proposition 3.1 we omit the cases containing Vj
as a component of KYy. In what follows, the Hilbert series are obtained from [5,
Example 3.2] and the generators and the relations between them from [5, Section 5],
taking into account the homogeneous components of bidegree (n,n) only.
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Example 4.1. (i) Let d =3 and KY; = V5. In this case we have from Lemma
3.6 that
H((F3)*F ), 2) = 0,
and the algebra (F3)S%2(5) does not have nonzero elements.
(ii)) Let d =4 and KY; = V3. Then

2
__~ SLo(K 1
=1 and H(S(KYy)St ),z)—1_24.

H((F7)%15),2)
The S(KY,)%2) _module (F})%"2%) has one generator of degree 2

v = [y, y1] — 3[y3, va],

and the single generator of S(KY,) (%) is

f = v2% — 6yry2ysys + 41vs + dydys — 3yy2.

(iii) Let d =4 and KY; = V; @ V;. By Lemma 3.7 we have a nonzero SLy(K)-
invariant in (F})%2%) . Then, we shall find all generators of the finitely generated
S(KYy)32E) -module (F})5%2() . Using the method suggested above we have

1
1 — 22

H((F})S2E) ) = and  H(S(KYy)2U00 2) =

The free generators of the S(KY,)%2) module (F})52() are

U1 = [Ys, Y1) — [Y3,92),  v2=[yo, 1] and vz = [ys, y3].
The single generator of S(KY;)5%25) is f = y1y4 — yoys.
(iv) Let d =5 and KY; = Vy. Then

25 1

H((F5)*", 2) = S H(K[X5)520) 2) =

The only generator of the S(KYj3)“L2(E)_module (F})L2(5) is

v = [y2, 11] - (123 + 429z — 16ysyays5) +[y3, v1] - (—20102 +18y5ys — 18ysyi +4y2yays)
+ [3, 2] - (1625 — 18y2y3ys) + [ya, 1) - (—4y2yi + 12y3ya + 4y1yays — 16y2y3ys)
+ [ya, v - (—8y2ysys +1245y5) + [ys, 1] - (y1ysys — 93 — 3y193 — Y3Ys +14y213y4)
+ [y5, va] - (—8y3ya + 6y213),

(_

(_
where w - p(Y;,,) = wp(adY,,) for w € F} and p(Y,,) € S(KY,,). The generators of
S(KYz)325) are

fi=vys — 4oy + 3y3,  fo = —y1YsYs — 292Y3Ya + U5 + Y1Ys + Y3 Ys.
(v) Let d =5 and KY; = Vo & V;. Then

1
(1—22)(1—23)

22423424420

R 2 = Ty ==y

H(S(KY3)552(9, 2) =
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The four generators of the S(KY5)5 () -module (F2)52(5) are

U1 = [2/57 y4]7

vy = [Ys,Y2| - Ys — [Ya, Y3] - ya — (Y5, v1] - vs + [Us, 4] - Y,
V3 = [Ya, 1] - Y3Ys — [Ya, Yol - Yaya + [Ya, Ya] - (Yoya — 11Ys5) — [Ys, Y1) - Y2us + (Y5, 2] - 115,
Vs = —[Ya, y1] - Y3y + 2[ya, vol - Yausya — [Ya, vs] - y1ysya + [Ys, 1] - (2020594 — Y1ysys)
+ys, yo) - (20102y5 — 4Y3ya) + (s, ys) - (219204 — Y1ys) + (Y5, ya] - (205 — 2019203).-

Note that the first generator was suggested in Lemma 3.7. The generators of
S(KYz)325) are

fi= y% — Y3, fo= y1y§ — 2y2yays + ysyi-
(vi) Let d=6 and KYg =V, ®V; @ V;. Then

1\ SLa(K) 62% — 20 SLy(K) 1
H((FG) ,Z) :m and H(S(KYE;) ,Z) :m

The generators of the S(KY;)5% ) -module (F})5*2(5) are

v = [y27y1]7 Vg = [?J4,Z/3]> U3 = [y67y5]7 Vg = [Z/4,Z/1] - [leayz];

vs = [Ye, y1] — [ys, vl v6 = Y6, y3] — (Y5, yal-
The generators of S(KYg)5"2(5) are

fi=v1ys = v2ys,  f2=y1Ys — Yoys, 3 = YsYe — Ya¥s-
There is a relation of degree 6 between the generators vy, ..., vq:
o1 f5 v f3 s [T —va- fofs+us- fufs —ve - fufa=0.
(vii) Let d =6 and KYs = Vo & V,. Then

b
(1— 228

224223 4324 — 26

H((FGI)SL2(K)7 Z) = (1 _ Z2>3 )

H(S(K )0, 2) =

The K|[Xg)%"2) module (F})5*2(5) has 6 generators. The first one was obtained in
Lemma 3.7:

v1 = [y, y1] — 2[ys, ya + [ya, y3),
vy = Y2, 1) - Yo — [Y3, Y1) - Ys + (Y3, Y2] - Yas
v3 = [Y6, Y1) - Ys — [Us, Y1l - Yo + [Yas Yol - Yo — [Yar Y] - Y5 — [Y6, Y] - Ya + Y5, Ys] - Ya,
vs = [ys,v1] - U2 + e, v - (20295 — v1ys) — [yas ys] - ysya — 22, 11 - Usys
+ys, y1] - (2y296 — 2ysys5) + [y, v2] - (293y5 — Y2y6)
+[Ys, Ya| - (2y3ya — 2y2y5) — 2[y3, Y2] - Yays — Y6, Y2] - Yoy,
vs = [Ys, 1] - (196 — 29295) + Yo, y1] - (U5 — vays) + [y, v1] - (24395 — 2y296)
+2[ys, y1] - Yays + [ya, v2) - yoys — 2ys, vol - ¥5 + [Ys, v2) - Yaya — [ya, v - v3,
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v = Yo, 1] - Ya¥s + [Ya, Y] - yave — 2[ys, 1] - YsYs — 2[ya, vo) - Ysye + 4[ys, yal - v2
—2[y6, Y2 - Yas — 2[Ys, y3] - Yays + [Ya, v1] - Ve + [y, vs] - v3,

while the generators of K|[Yg]%%2(5) are

fi=wnys — 957 fo = 11Y6 — 2y2Ys + Ysya, f3 = YaYs — y§,

with a relation between the generators of (Fy)9L2():

Vi fotus fs—ve fi v (f3 + fifs) =0.
Now we explain one of the cases in detail.

Example 4.2. Let d = 4 and KY; = V3. The Hilbert series of the algebras
(F)HUTE) and S(KY,)Y"2) are computed in [5, Example 5.2]:

Hepy i) (FDV5) 1y 1y, 2) = t3t222 (12 + 13 + 522 + 13152° — 5#52)
2(K) 4 ) U1, 02, (1 — t:fZ)(l — t%t22)<1 _ tflitgz4)

truz? +ud2? + b2t 4t — 2

- (1 —132)(1 — tuz)(1 — ubz4) ’
14 15432
(1= 82)(1 — 132°) (1 — £5852)
1+ t3u323
(1 —32)(1 — t2u222)(1 — ub24)’

where ¢ = t;, u = tit,. The Hilbert series of (F})*2() and S(KY,)5%2(®) are
obtained from the above Hilbert series substituting ¢ = 0 and v = 1. Note that the

degree of u gives the information of the symmetric bidegrees of the homogeneous
generators. Thus we have

HGLQ(K)(S(K}/ZL)UT2(K)7tl)t27Z) =

2
SLa(K __F SLo(K _ 1
H((F})%10, 2) = T H(S(KY,;)%2™) 2) = [
The Hilbert series suggest that the S(KY;)52) _module (F})*L2() has one gener-
ator of bidegree (3,3) and degree 2, and S(KY;)%2(5) is generated by a generator
of bidegree (6,6) and degree 4. A candidate for a generator of S(KY)5"2(K) ig of

the form

[ = oayiy; + aoyiyaysys + asyiys + auysys + asysys.

Since it is S Ly(K)-invariant, it is preserved under the actions of g; and go. Easy
computations give that (aq, s, as, oy, a5) = (1,—6,4,4,—3). Using similar argu-
ments we obtain the generator of the S(KY;)5*2(5)_module (F})5*2() of the form

v = B1[ys, y1] + Balys, yal,

and find that (81, 8.) = (1, —3).

On the other hand, the Hilbert series of S(KY,)%2()_submodule of (F})SF2()
generated by v = [y4,y1] — 3[ys, y2] is equal to the Hilbert series of whole algebra.
Thus (F})%%2(5) is a free cyclic S(KY;) ) _module generated by v. As a vector
space (F})32(5) is spanned by the elements v - f*, n > 0, forming an infinite set of
generators of (F})52() as an algebra.
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