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Abstract. The purpose of this paper is to study representations of simple multiplicative Hom-
Lie algebras. First, we provide a new proof using Killing form for the characterization theorem
of simple Hom-Lie algebras given by Chen and Han, then discuss the representations structure
of simple multiplicative Hom-Lie algebras. Moreover, we study weight modules and root space
decompositions of simple multiplicative Hom-Lie algebras, characterize weight modules and provide
examples of representations of sls-type Hom-Lie algebras.
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1. Introduction

Nowadays, one of the most modern trends in mathematics has to do with representa-
tions and deformations. These two topics are important tools in most parts of Math-
ematics and Physics. Hom-type algebras arised first in examples of g-deformations
of algebras of vector fields, like Witt and Virasoro algebras, where the usual deriva-
tion is replaced by a o-derivation. Motivated by these examples, Hartwig, Larsson
and Silvestrov developed from the algebraic point of view in [7] the deformation the-
ory using o-derivations and introduced a new category of algebras called Hom-Lie
algebras. A Hom-Lie algebra is a triple (g, [, ], @) in which the bracket satisfies
a twisted Jacobi identity along the linear map «. It should be pointed out that
Lie algebras form a subclass of Hom-Lie algebras, i.e. when «a equal to the identity
map. Various classical algebraic structures were considered and generalized within
a similar framework like Hom-Lie superalgebras in [14].

Representations of Hom-Lie algebras were introduced and studied in [18], see also
[15]. Based on this, we aim in this paper to discuss simple Hom-Lie algebra rep-
resentations. Simple Hom-Lie algebras were characterized in [4], where the authors
showed that they are obtained by a Yau twist of semisimple Lie algebras. This key
observation is used here to built a representation theory of simple Hom-Lie algebras.
Moreover examples are provided by a study of Hom-type sl(2)-modules.

The paper is organized as follows. In Section 2, we review basic definitions and
relevant constructions about Hom-Lie algebras. Then in Section 3 we recall some
fundamental results about the structure of simple multiplicative Hom-Lie algebras
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and provide a new proof of the main theorem using Killing form. Section 4 is dedi-
cated to the construction of multiplicative simple Hom-Lie algebras representations,
we show that there is a correspondence between representations of multiplicative
simple Hom-Lie algebras and representations of the induced semisimple Lie algebras
using invertible twisting maps. In Section 5, we introduce and discuss the notion
of simple multiplicative Hom-Lie algebra weight-modules. Finally in Section 6 we
study and classify Hom-s((2)-modules.

2. Basics

In this section, we provide some preliminaries, basic definitions and relevant con-
structions about Hom-Lie algebras and related structures. Throughout this paper
all algebras and vector spaces are considered over K, an algebraically closed field of
characteristic 0.

Definition 2.1. A Hom-Lie algebra is a triple (g, [, |, @) consisting of a vector
space g, a bilinear map [-,-], : g X g —> ¢ and a linear map « : g — g that satisfies:

[T, Y]la = —[y, T]a, Vz,y € g (skewsymmetry)
O |az), [y, zlala =0, Vz,y,2 € g (Hom-Jacobi identity).

T,Y,z
A Hom-Lie algebra (g, [, ]a, @) is said to be multiplicative if « is an algebra
morphism, i.e.
a([z,yla) = [a(z),a(y)]a, Vz,y € 0.

It is said regular if o is an algebra automorphism.

Definition 2.2. Let (g,[,]a,@) be a Hom-Lie algebra. A subspace b of g is
called Hom-Lie subalgebra if [h,h], € b and a(h) C h. In particular, a Hom-Lie
subalgebra b is said to be an ideal of g if [h, gl € h. The Hom-Lie algebra g is
called abelian if [x,y] = 0,Vz,y € g.

Definition 2.3.  Let (g1, [, ]ay, 1) and (g2, [, “|as, @2) be two Hom-Lie algebras.
A linear map ¢ : g1 — go is a Hom-Lie algebra morphism if for all z,y € g;

([, Ylay) = [0(2), 9(Y)]a, and p oy = ag 0 .

In particular, they are isomorphic if ¢ is a bijective linear map.
A linear map ¢ : gy — go is said to be a weak Hom-Lie algebra morphism if for all
,y € g1, we have only ¢([z,y]a,) = |(2), (Y)]as -

There is a key construction introduced by D. Yau that gives rise to a Hom-Lie algebra
starting from a Lie algebra and a Lie algebra homomorphism [19].

Proposition 2.4 (Yau Twist). Let g = (g,[-,-]) be a Lie algebra and oo : g — g
be a Lie algebra homomorphism. Then, g, = (g, [, |a := a([-,*]), ) is a Hom-Lie
algebra.

Proof. Tt is straightforward to prove that the new bracket [-, -], satisfies the Hom-
Jacobi identity. [ ]
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Remark 2.5.  More generally, let (g, [, ]a, @) be a Hom-Lie algebraand v: g — g
be a weak Hom-Lie algebra morphism. Then g, = (g, [, ], := 7([-,:]),yo @) is a
new Hom-Lie algebra.

Definition 2.6. Let (g, [, "|a, @) be a Hom-Lie algebra. If there exists a Lie algebra

(9, [+, ]) such that [z, ylo = a([z,y]) = [a(z), a(y)], for all 2,y € g, then (g, [+, Ja; @)
is said to be of Lie-type and (g, [, -]) is called the induced Lie algebra of (g, [, ‘o, ).

Lemma 2.7. Let (g,[, ]a, @) be a reqular Hom-Lie algebra. Then (g, [, |a, @) is of
Lie-type with the induced Lie algebra (g, [-,-]), where [z,y] = a ' ([x,9].), Y2,y € g.
Proof. Let [x,y] = a !([x,y],) for any z,y € g. Since (g, [, ]a, @) is multi-
plicative then, a([z,y]) = [a(x), a(y)]e. It implies o?([z,y]) = a[a(z), a(y)]) and
thus a([z,y]) = [a(z),a(y)]. In the following we shall prove that (g, [-,]) is a Lie
algebra. The skewsymmetry of [-, -] is obvious. Now, we prove that it satisfies the
Jacobi identity. Indeed, let z,y, z € g, we have

O [2,[y.2]] = O aMz,a7 My, 2lala = O a7*[a(@), [y, 2la)a = 0.

x7y7z x’y?’z x’y?'z

It follows that (g,[-,]) is a Lie algebra. ]

The concept of representation of a Hom-Lie algebra was introduced in [18], see also

[15].

Definition 2.8. A representation of a multiplicative Hom-Lie algebra (g, [, |a, @)
on a vector space V' with respect to § € End(V) is a linear map ps : g — End(V),
such that for any z,y € g, the following conditions are satisfied:

psla(z)) o B = Bops(x), (1)
ps([2,yla) 0 B = palal(x))ps(y) — ps(a(y))ps(). (2)
Hence (V, pg, B) is called a g-module via the action z.v = pg(x)v,Vz € g,v € V.

We have the following property.

Proposition 2.9.  Let (V,ps,8) be a representation of a simple multiplicative
Hom-Lie algebra (g, [, ], @) with B invertible. Then, for all n € N we have,

(1) psla™(x)) = B pg(x)p".
(2) pala”[z,y])B = pa(a™(x))ps(a™(y)) — ps(a™(y))ps(a™(x)).

Proof. (1) is straightforward by induction using identity (1), and (2) is proved
by induction using identity (2) of Definition 2.8. n

Definition 2.10. (1) For a g-module (V, pg, 8), if a subspace V; C V' is invariant
under pg(xr) Vr € g and under S then (Vi,pg, Slv;) is called a g-submodule of
(‘/a pﬁ?ﬁ)'

(2) A g-module (V, pg, ) is called drreducible if it has precisely two g-submodules
(itself and 0) and it is called completely reducible if V. = V; & ... & V;, where
(Vi, ps, Blv;) are irreducible g-submodules.
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Theorem 2.11 ([13]). Let (g, [, |a, @) be a Lie-type Hom-Lie algebra with (g, |-, -])
the induced Lie algebra.

(1) Let (V. pg, B) be a representation of the Hom-Lie algebra, where [ is invertible.
Then (V,p) = (V, 870 pg) is a representation of the Lie algebra (g, [-,"]).

(2) Suppose that (V,p) is a representation of the Lie algebra (g,[-,-]). If there
exists 5 € End(V') such that

Bop(x) = pla(z))of,Vecg,VveV, (3)

then (V. pg = Bop,B) is a representation of the Hom-Lie algebra (g, [-, ], @).

Definition 2.12. Let (g, [, ]a, @) be a Lie-type Hom-Lie algebra with (g, [, ])
the induced Lie algebra. A representation (V, pg, 5) of (g, [, ]a, @) is called of Lie-
type if pg = Bop, where p is the representation of the induced Lie algebra (g, [-,]).
It is called regular if the representation (V,p:= 710 ps) of the induced Lie algebra
(g, [,]) is irreducible.

The previous theorem provides a relationship between representations of Lie-type
Hom-Lie algebras and those of their induced Lie algebras.

3. Structure of simple multiplicative Hom-Lie algebras

In [4], the authors have proved that multiplicative simple Hom-Lie algebras are of
Lie-type and their induced Lie algebras are semisimple. Moreover they discussed
the dimension problem and showed that there is an n-dimensional simple Hom-Lie
algebra for any integer n larger than 2. We should mention also the following relevant
references [15],[13] and [20].

Definition 3.1. A Hom-Lie algebra (g, [, ‘]o, @) is called simple if it has no proper
ideals and [g, g], = g. It is called semisimple Hom-Lie algebra if g is a direct sum
of simple ideals.

We have the following two propositions.

Proposition 3.2 ([15]).  Let (g,]-,-]) be a simple Lie algebra and o € Aut(g).
Then, go = (g, (], "]), ) is a simple Hom-Lie algebra.

Proposition 3.3. Simple multiplicative Hom-Lie algebras are reqular Hom-Lie
algebras.

Proof. Let (g,],]a, @) be a simple Hom-Lie algebra, then [g, gl = g. Suppose
that ker(a) # 0. Then, a(ker(a)) =0 and a([ker(a), gla) =0. So ker(a) is a non
trivial ideal of (g, [, ]a, ). This contradicts the simplicity of (g, [, ]a, @), except
when ker(a) = 0. Hence, « is an automorphism. n

The following theorem summarizes results given in [4] about a characterization of
simple multiplicative Hom-Lie algebras. We provide a new and different proof based
on Killing form.
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Theorem 3.4. ([4]) Let (g,[, |a,) be a simple multiplicative Hom-Lie algebra.
Then the induced Lie algebra (g,[,-] = a7 ([-,"]a)) is semisimple and its n simple
ideals are isomorphic mutually besides o acts simply transitively on simple ideals of
g. Furthermore g can be generated by a simple ideal g1 of the Lie algebra (g, |, ])
and a € Aut(g). Taking o,y € Aut(g) such that o™ and ™ leaves each simple ideal
invariant and a"(g1) = g1 (or v"(g1) = g1 ). Then we have

(1) =01 D afg) ®®(g1) D ... D" (1)
(or g=g1®~(g1) B (g1) B ... ®7"H(g1))-

(2) « and v are conjugate on g < " and " are conjugate on g .

Proof. The Killing form K : g x g — C of (g,[-,-]) is non-degenerate. In fact,
let ¢ ={z € g/K(z,y) =0, Vy € g} its kernel. It is clear that ¢ is an ideal of g,
since K([z,y],2) = K(z,[y,2]) =0, Vo € t,y,z € g. Since « is an automorphism
and K(a(z),a(y)) = K(z,y), then K(a(z),y) = K(z,a '(y)) =0, Vo € £,y € g
and «(¢) C €. Then ¢ is an ideal of the multiplicative simple Hom-Lie algebra g
and then € = 0 and K is non-degenerate. We deduce that (g, [-,-]) is a semisimple
Lie algebra and then a direct sum of its simple ideals. Let g; be a minimal proper
ideal of the induced Lie algebra (g,[-,-]). In particular g; is a simple ideal. Let
n be the minimal integer such that o™ (g;) # g1 and a™(g1) = g;. The algebra
b=g1®alg)®...Ha" (g;) is an ideal of the simple multiplicative Hom-Lie
algebra (g,[., Ja,@). Then g=b=g & a(g) ® ... D" (g1). ]

Definition 3.5. A multiplicative Hom-Lie algebra is called semisimple if its in-
duced Lie algebra is semisimple.

Proposition 3.6. A multiplicative semisimple Hom-Lie algebra is a direct sum of
multiplicative simple Hom-Lie algebras.

Proof. For g semisimple Hom-Lie algebra, the Killing form of the induced Lie
algebra will be non-degenerate and from the previous definition the induced Lie
algebra is semisimple. We take a minimal ideal g; which will be a simple ideal. Let
n be the minimal integer such that o™ (g;) # g1 and a"(g;) = g;. The algebra
b =g ®alg)®...Ha" (gy) is a simple ideal of the semisimple multiplicative
Lie algebra. Let b’ be the subspace of g orthogonal (with respect to K) to b. As
K is invariant, b’ is an ideal of g. In fact, let € b,y € b’, z € g, by invariance
of K, we have K(z,[z,y]) = K([z,z],y) = 0 since [z,z] € b. Moreover, since
a(b) = b, K(z,a(y)) = K(a™'(z),y) = 0, then b’ is an ideal of the Hom-Lie
algebra (g, [., ]a, ).

By minimality of b, the intersection b N b’ can only be (0) or b. We can prove that
the second case cannot occur. If not K(z,y) = 0,Yz,y € b and z = 31 [x:, 4]
since [b,b] = b.Then for all z € g, using the invariance of K and b an ideal, we

have
k k k

K(z,z) = K(Z[ﬂfuyi]az) = ZK([%,%],Z) = ZK(%, [vi, 2]) = 0,

=1 i=1 =1

which contradicts the fact that K is non-degenerate. Hence g = b & b’. The
restriction of K to b’ x b’ is an invariant non-degenerate bilinear form.
The proof is completed by induction on the dimension of g. [ |
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4. Representations of simple multiplicative Hom-Lie algebras

We aim in this section to characterize representations of simple multiplicative Hom-
Lie algebras and provide the relationship with those of their induced semisimple Lie
algebras.

Proposition 4.1.  Let (V,ps,3) be a representation of a simple multiplicative
Hom-Lie algebra (g, [, |a,@). Then, Im(B) and Ker(8) are submodules of V' for
the algebra (g, [, |a, ). Moreover, we have an isomorphism of (g, [, *|a, &) -modules
p:V/Ker(8) — Im(p).

Proof. Let v € Ker(f), ps(a(x)) o f(v) = 0 = B(ps(z)(v)) Yo € g. Then,
ps(a(z))(v) € Ker(B). So Ker(f) is a submodule of V. Now let v € Im(3).
There exists w € V such that v = f(w). Since « is an automorphism Vz € g,
pa(2)(v) = palala(x))Aw) = Blps(a~t(@)w). So pa(x)(v) € Im(B) Vo € g and
therefore Im((3) is a submodule of V. [

Corollary 4.2.  If (V,pg,B) is an irreducible representation of a simple multi-
plicative Hom-Lie algebra (g, |-, |a, ). Then B is invertible.

Proposition 4.3.  Let (g, ]a,) be a simple multiplicative Hom-Lie algebra
and (V, pg, B) a representation with B invertible. If (V,p:= 7' 0 pg) is irreducible
representation of the induced Lie algebra. Then (V, pg, B) is irreducible representation
of the multiplicative simple Hom-Lie algebra.

Proof.  Assume that (V,pg, ) is reducible. Then, there exists W # {0y} a
subspace of V such that (V,pg, 8 |w) is a submodule of (g,[,]a, ). That is
W) C W and pg(z)W C W,V € g. Hence, S o p(x)W C W,Vx € g and
then p(x)W C B~Y(W) C W,Vx € g and so W is a submodule for (V, p) which is a
contradiction. [

Proposition 4.4.  Let g be a simple Lie algebra and (W, p) be a representation of
g. Then, for a € Aut(g), (W,p:= poa~*) is a representation of a*(g). Moreover,
there exists B € GL(W) such that p(a®(z)) = B¥ o pr(z) o 7%,V € g.

Proof. Let (W, p) be a representation of g on W such that the following diagram
is commutative

g 2 EndW)
o* | |7 0
af(g) 25 End(W)
This means that there exists 7' such that poa® = T o p. Using Skolem-Noether
Theorem [2], there exists S € GL(W) such that Vz € g, Top(z) = Sop(z)oS™ .
Then, we have poa®(z) = Sop(xr)o St
By basic linear algebra theory, there exists 8 € GL(W) such that S = g*. Then
the commutativity becomes po o*(z) = ¥ o p(x) o 7% Va € g. n

Proposition 4.5. ([2]) Let g = g1 @ ... D g, be a semisimple Lie algebra and let
(Vi,pi) be a g;-module, ¥ 1 < i < n. Then, an irreducible representation of g is
given by (V,p) where V=V, ® ... @V, and p is given for v = (x1,...,x,) by
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p:g — EndVi®..0V,)

r — p(zr) = Zldvl ® ... @ pi(z;) ® ... @ Idy,.

i=1

Using the classification of simple multiplicative Hom-Lie algebras by Chen and Han in
Theorem 3.4, Theorem 2.11 of Li [13], and Proposition 4.4, we provide a construction
of representations of a simple multiplicative Hom-Lie algebra.

Theorem 4.6.  Let (g,[,|a, @) be a simple multiplicative Hom-Lie algebra and
g1 be a simple ideal generating the induced semisimple Lie algebra such that we
have g = g1 @ a(g1) & ... ® a" g1). Let Vo,p0), (Vi,01)s--, (Voo1,pn1) be n
representations of g .

(1) There exist By € GL(Vy), 51 € GL(V4),...,Bn-1 € GL(V,—1) depending on
a such that p : g — End(V), where V. = Vy ® ... ® V,,_1, defined for all
X = (zp,a(z1),...,a" Hz,_1)) €Eg by

n—1
pX)=S Iy, ®...5 (5}; o p(x) © 5,;’@) ®...®Idy, ., (5)
k=0
is an irreducible representation of the induced Lie algebra (g,]-,-]) on V.

(2) Let =0y ®...Q Bn_1 € GL(V) and let pg: g — End(V') defined by

n—1
pa(X)=Bop(X)=> Bo®..0 B op(rr) 0 BF @ ... ® Bur.  (6)
k=0

Then the triple (V, pg, 5) is a reqular representation of the simple multiplicative
Hom-Lie algebra (g, [, |a, @)

Proof. Let p: gy — End(W) be a representation of g,. By Proposition 4.4, for
all k € N, there exists 8, € GL(W) and a representation pj, of a®(g;) on W given
by pi(a*(x)) = Bf o prl(z) o 5.

Now consider n representations (Vo, po), (V1,p1)s---, (Va1, pn_1) of g1, where g =
g1Dalg) ®...0a" Hgy) and V=1,®...®V,_1. Then, according to Proposition
4.4 and Proposition 4.5, there exists Sy € GL(V), ..., Bn—1 € GL(V,_1) such that
p:g—> End(V) defined by

" (wn1)

p(x07 Oé('%.l)? SO
= polx0) ® Idy; ® ... ® Idy,_, + Idy, ® (51 o pr(w1) 0 5;1) ®...®Idy,

to A Idy, @Iy, ® ... ® ( W10 pu1(Tno1) O ﬁﬁff)

S
—

=) Idy,®...Q® ([3’,; o pr(1) oﬁ,;’“) ®...®Idy,_,,
0

e
Il

is an irreducible representation of the induced Lie algebra (g,[-,-]) on V', which
completes the proof of (1).
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For (2), set f:=[y®...® B,—1. Condition (3) is satisfied, i.e. for (vy®...Qv,_1) €V,
we have

Bop(X)(vg® ... 0 U,_1)

n—1
=fBo Z Id(vg) @ ... @ BY 0 pr(xr) 0 B (0p) @ ... @ Id(v,_1)
k=0
n—1
= " Bo(v0) ® ... ® BEH 0 pr(ar) 0 B (k) ® .. ® Bt (vaey)
k=0

n—1
= ZBO(UO) ®X... & 6llj+l o pk(]]k) (@) B];k O Bk O Bl:l(vk) ® ... 67171(1}”,1)
k=0

n—1

= Bo(vo) @ ... ® B 0 pilax) 0 BTV 0 Br(vk) @ . ® i (V1)
k=0

= iﬁo(vg) ® ... @ pr(F 1) 0 B ® .o @ Br1 (V1)

=p(a(X)) o By & ... @ Vy_1).

So (V, pg = Bop,B) is a representation of the simple multiplicative Hom-Lie algebra
(g,[']a, @), which is regular if the representation of the induced Lie algebra is
irreducible. [ |

Proposition 4.7.  Let (g,[-,-]a,) and (g,[-, ]y, 7) be two isomorphic simple
multiplicative Hom-Lie algebras generated by a simple ideal g,. Let (g,[-,-],) and
(9.[,],) their induced Lie algebras. If (V, pa, B) (resp. (V,ps,8)) is an irreducible
representation of (g, [, |a, ) (resp. (9, ],7)) on the same vector space V. Then
d and B are conjugated by S € GL(V).

Proof.  Since (g,[,]a,a) and (g,[-,],,7) are isomorphic, then there exists a
linear automorphism ¢ of g such that g oo =y o and ¢p([z,yls) = [p(z), ¢(v)],-
On the induced Lie algebras (g,[-,-].,) and (g, [, ];), ¢ is still an isomorphism of
semisimple Lie algebras, that is, it satisfies ([z,y],,) = [p(z), p(y)],

Let (V,pg,8) and (V,ps,d) be two representations on the vector space V' of re-
spectively (g, [, ]a, @) and (g, [, ]5,7). The corresponding induced representations
(V,p.) and (V, ,0;) respectively of (g,[-,-],) and (g, [, ];) are equivalent. So there
exists a linear automorphism 7' of End(V') such that piy op="Top,. By Skolem-
Noether Theorem [3], there exists an S € GL(V) such that T'= Adg. Therefore,

Va € g, p.(p(x)) = Sop,(x) o S (7)

Using Theorem 2.11, Theorem 3.4 and Proposition 2.9,

>0 py(p(@) 007 = ps((p())) = ps(p(al@))) = d o p.(plal(x)))
= (505’0/);(04(36))0571 :505«050#&(%)06710571.

So we get 6% 0 p,(p(z)) =d0So0Bop,(r)of 057 (8)
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Moreover, using (7) we get
50 5 (l2)) = 8% 0 S 0 gl () 0 5L 0 671, o)

Comparing (8) and (9), we will obtain So 8= ¢§0S. Therefore § = SoB0S5™!. =

5. Weight modules of simple multiplicative Hom-Lie algebras

We introduce and discuss in the following the root space decomposition of simple
multiplicative Hom-Lie algebras, weight modules and Verma modules.

5.1. Root space decomposition of simple multiplicative Hom-Lie algebras
Let (g, [, ]a, @) be a simple multiplicative Hom-Lie algebra and let g; be a simple
ideal generating the induced Lie algebra (g, [-,]) such that

g=0.%a(g)...® O‘n%(gl)'

Let h; be a Cartan subalgebra of g; (we write CSA for abbreviation). The decompo-
sition of g; into root spaces relatively to b is given by g1 = b1 ©€D, 4, (91)y, Where
A is the set of roots. Since « is an automorphism of g. For all n € (g1),, 2 € g1 and
h € b1, we have o*([h,z]) = n(h)ak(x),V0 < k < n — 1. Namely, [o*(h),a*(z)] =
n(h)a*(z) and so [a*(h),a*(z)] = noa*(a®(h))a*(x). Then, a*((g1),) is a root
space of o*(g;) and we have o*((g1),) = (*(g1))yoa—r- The set of roots of a*(gi)
is given by App1 = AjoaF={noa* ne A}

Remark 5.1. If o™ is an outer automorphism, then a"(h;) = b, otherwise,

a”(bh1) # b1
A consequence of the discussion above is the following proposition.

Proposition 5.2. Let g=g1 D alg,) ... ®a" Yg,) be the induced Lie algebra of
a simple multiplicative Hom-Lie algebra (g, [+, ]a, ). Then

(1) b=bh@alh)®..0a" (b)) isa CSA of g and A = | [}—y Ay1 is the set of
roots with respect to ty and the root space decomposition is given by

g=bho E|_9 P ).

k=0 n€Ak 41
(2) Let v be another automorphism which satisfies g = g, ® Y(g1) .- ® 7" (g,)
and y"(g1) = g1. Then, there exists ¢ € Aut(g) such that p oa = vy o ¢,
(y=woaop™) and v*(g1) = 7*(h1) © B, cn,0p+ (7 (81))y-

Set Ay, =0MoyF=AopoaFop and b =bh ®y(h) ... " L(hy).
n—1

Hence g = b & (D) D,cn’ (v*(g1))y) is the root space decomposition of g

k+1

with respect to b’

5.2. Weight modules of simple multiplicative Hom-Lie algebras

Let g=g1® ... ® g, be a semisimple Lie algebra. Let h =bh; & hy D ... & h, be a
CSA of g and g = nt @& h P n~ its triangular decomposition. Let A be the set of
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roots with respect to h. Let p: g — End(V) be a representation of g. Let A\ € h*
and Vy = {v €V : p(h)v = A(h)v,Vh € bh}. If V) # {0}, \ is called a weight of V
and V) is called a weight subspace of V' of weight A. Denote the set of all weights by
PV). ItV =,cpr Va is a direct sum of its weight subspaces then, we say that
V' is a weight module. Every weight module of g is a sum of modules of the form
Vi ®...®V, where V; is a module of the simple factor g; of g. Let V =V, ®...QV,,
then the set of weights of V' is given by:

P(V)=P(V)®..® PV, {ZA/A e P(Vi)}
and we have V= ® (V)a, ® ... @ (Vi)

A1y An)€EP(V)

Let (W,p) be a representation of g;. By Theorem 4.6 and Proposition 4.4, we
associate a representation (W, p) of a®(g;) such that there exists 3 € GL(W)

satisfying p(af(x)) = % o p o p7F.
We give a weight module version of Theorem 4.6.

Proposition 5.3.  Let (g, [, "]a, @) be a simple multiplicative Hom-Lie algebra and
g=9g1Dalg) ®a®(g1) ®...®a" (g1) be its induced Lie algebra, (a"(g1) = g1).

(1) Consider n weight modules (Vo, po), Vi, p1), ey Vi1, pn-1) of g1. Then, for
all integer k =0,--- ,n— 1, there exists a representation (Vi, px) of o*(g1) on
Vi and B, € GL(V}) satisfying pr(a*(x)) = B o pr(z) o B F for all x € g,.
Then Vj, is a weight module of o*(g1) and BF((Vi)a) is a weight subspace of Vi
of weight Ao a™F

(2) Let P(V) be the set of weights of V; with respect to 1. The set of weights of
V = @[ V; with respect to h=b, ® a(hy) S ... ® a"1(hy) is given by

= {HZ:I)\ioak/)\i € P(Vi)}.

The weight decomposition of V' is given by

V= o ((%)/\0 ® (‘/1))\1001—1 D...® (anl))\n_loal—")'
AEP(V)

Proof.  Let (Vi,px) be a weight module of gi. Then Vi = @,cpy;)(Vi)r, where
(Vi)a = {v € Vi/pr.(h)vx = A(h)v, h € b1}. By Proposition 4.4, there ex1sts pr and
Br € GL(V) such that for h € by,v € (Vi) we have

pu(®(h)Bi(w) = Bip(hyv = B (A(R)v) = A(h) ;i (v) = X o a™*(a*(h)) (B (v))-

So BE((Vi)a) = (Vi)a is a weight subspace of 8F(V)) = Vi with respect to the CSA
ak(f)l) of a(g1) of weight X o a™*. Hence we have BF((Vi)x) = (BF(Vi))aoa—+ and

=B8i(Vi) = B BV = B BEVi)rcar = B Vi)roa-s-
AeP(V) AEP(V}) AEP(V)
Thus, a weight decomposition of V' is given by

V= @ (0@ Mot @ ® (Vao)a, soat ). .
AEP(V)
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Remark 5.4.  Since a” is an automorphism of g;, if @” is an outer automorphism
then a™(hy) = by and "(Vy,) =V,,,0 <k <n—1.
If o™ is an inner automorphism then o”(hy) # by and B"(Vy,) = Vi,oa—n-

Definition 5.5. (1) A module of a simple multiplicative Hom-Lie algebra is called
a weak weight module if it is a weight module of the induced semisimple Lie algebra.
By a weak weight subspace of a module of a simple multiplicative Hom-Lie algebra
we understand a weight subspace of the weight module of the induced Lie algebra.

(2) A strong weight module (V, pg, 8) of (g, [, |a, @) is a weight module of (g, [-, -])
such that g transforms weight subspaces to weight subspaces.

Let g be a simple Lie algebra. Then, every irreducible finite dimensional module of
g is a highest weight module and its highest weight is a dominant weight. Let P™
be the set of dominant weights of g and A € P*. Denote such irreducible module
by V(\) and v, its highest weight vector.

Proposition 5.6.  Keeping the same hypothesis as in Proposition 5.3 and let
(V. pg, B) be a finite dimensional irreducible module of (g, [, ]a, ). Then (V,ps, B)
is a weak weight module.

Moreover, there exist (Ao, A1, ..., A\n_1) dominant weights for g, such that

V=VX)@VNoa)®...0 V(A oa ")

is an irreducible g-weight module of highest weight (Mg, \yoa™t, ... A\, 10al™™).
Furthermore, using Theorem 4.6, there exist By € GL(V (X)), p1 € GL(V(\)), ...,
Bn1 € GL(V(A_1)) such that BE(V(Ax)) = V(Mg o a™).

Proof. Let us assume that V' (\;) is a highest weight module of highest weight
Ak € b} of g; and highest weight vector vy, , (vy, # 0). Since

o*(g1) = o*(nf) & a*(h1) & o (ny),
by Proposition 4.4 we have for all z € n™,
~ —
pr(a(2)) o By (vr,) = B 0 prla)(vr,) = B (0) =

So [¥(vy,) is a highest weight vector of highest weight Az o a™® of BF(V(\)) =
V(A oa™®) as of(g;)-module and we have (vy, ® B1(vy,) ® ... ® B "1(vy, ,)) is a
highest weight vector of V' considered as g-module.

it

)

Let 8 =By ® ... ® B,—1 and set pg := [ o p, where p is the representation of the
induced semisimple Lie algebra. Then, (V,pg, ) is a representation of the simple
multiplicative Hom-Lie algebra (g, [+, ‘]a, @). It turns out that 5y do not necessary
transforms weight subspaces to weight subspaces. If it is the case then the weight
module of the induced Lie algebra becomes weight module for the multiplicative
Hom-Lie algebra (g, [, ]a, @). The same holds for highest weight modules. ]

Let M(\) be a Verma module of g of highest weight A € P. If there exists o« € A}
(the set of positive roots) such that A(«) € N, then M(\) is reducible and there

exists a maximal submodule M(A) of M(A) such that V() := M(X)/M(N) is
irreducible. Otherwise, A(a) € R\N and M ()) is irreducible.
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Remark 5.7.  Let M(Xg), ..., M(A,—1) be n Verma modules of g;. Then M(A) :=
MN)@MMoa™)®...0 M(A,_10a” ™) is a Verma module of g = g1 a(g) ®
.. @ a" Y(gy) of highest weight A = (Mg, Ay oa™!, ..., A1 0 @~ ("7V),

Let (M (M), p) the corresponding representation of g. Using Theorem 4.6, there exists
€ GL(M(X)) such that, (M(X),pg, ) is a weak weight module of (g, [, |a, @)
where pg = o p.

6. Applications

The simple Lie algebra s[(2) is the smallest simple Lie algebra which plays a distin-
guish role in Lie theory. In this section, we provide examples and study representa-
tions of simple Hom-Lie algebras of sl(2)-type.

6.1. Representations of the s[(2)-type Hom-Lie algebras

We consider the usual Lie algebra s[(2) generated by {e, f,h} and defined by the
brackets [h,e] = 2e, [h, f] = —2f, [e, f] = h. We call sl(2)-type Hom-Lie algebras or
Hom-s((2), the Hom-Lie algebras obtained by applying the Yau twist to s[(2). The
twisted algebras are obtained along algebra morphisms which are automorphisms in
the case of s[(2). They are determined in [10], see also [5]. In this section we will
study in details representations of s[(2)-type Hom-Lie algebras. The Hom-s[(2)-
modules will be constructed using Theorem 2.11. One needs first to consider the set
of all morphisms on s[(2) and then seek for twistings of sl(2)-modules.

Lemma 6.1.  Every diagonal Twist of sl(2) is given by a morphism « defined
with respect to the basis {e, f,h} by ale) = Xe, a(f) = A7f, a(h) = h, where
A is a nonzero parameter in K. Let (V. pg, B) be a representation of Hom-sl(2) =
(sl(2),[-,-]a = a(]-,"]), @) where V is an (n+ 1)-dimensional vector space with basis
{vo, ... ,vn}. Then B(v;) = X bovs, 0 <1 <mn, and by € K.

Proof.  Straightforward calculations show that the sl(2)-type Hom-Lie algebras
with diagonal twist are given by morphisms a of the form a(e) = Xe, a(f) = A7Lf,
a(h) = h, where X is a parameter different from 0 in K. Therefore Hom-s[(2) is
equipped with the following bracket,

[h,ela = 2Xe, [, fla = —2A"'F, [e, fla = h, where A # 0, 1.
Let p be a representation of s[(2,C) on an (n + 1)-dimensional vector space V
generated by {vy,...,v,}. It is defined as follows
ple)v;=m—i+ 1)v;_1, Vi=1,...,n, p(e)vy =0,
p(flvi= (i + vy, Yi=0,...n—1, p(f)v, =0,
p(h)v; = (n—2i)v;, Yi=0,..n.

In the following, we twist the previous representation with respect to Hom-s((2).
Let B € End(V) and set B(v;) = > 7 ga;v;. We construct maps 3 that satisfy
Condition (3): First, we apply p to e, then in the LHS we get

n

plafe))B) =AY (n—j+Dayviy and Blple)v) = (n—i+1) Y ai1;0;

J=1 J=0
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on the RHS. For j = n, the LHS vanishes; (n — i+ 1)a;,_1, = 0 and so we get
Ao = . = Qp_1n = 0. (10)

—_

n—

Considering the equality, one has (n —i+1) » a;_1,v; = A Z(n —J+ Dajvj_q.

Il
=)

Rewriting the equality we get J j=1

(n—i+1)(ai—10v0 + @i—1101 + oo + Gim1i-1Vi—1 + oo + Qi—1n—1Un—1)
= AMnazvo+ (n — Dagvy + ... + (n — (i — 1))azvi—1 + ... + QGinUp_1)-
More precisely, we have
(n—i+1Dai_10v0+ (n—i+1)ai—1 101 + ... + (n — i+ 1)a;_1,;—1v;1+
+...+n—i4+1)ai—1n-10n1
= A\na;vo + A(n — Dagvy + ... + A(n — (1 — 1))auvi—1 + ... + Aainvp_1.
By identification we get the following system of n equations
(((n—i+ )a;—10 = Ana;
(n—i+1)a;_11 = An—1)az
(n—i+1a;_12=An—2)a;

(TL -1+ l)ai_l,i_l = /\(n — i+ 1)(1“

(n — i+ 1>CL” = )\(Tl — i)ai+1’i+1

\ (n—i+1)a;_1n-1 = Aip.
Setting ¢ = 1, we get agp = Aay; and a2 = ... = ay, and from (10) we get
12 = ... = ay, = 0. (11)
(n — 1)ajg = A\nag
(n—1)a;; = A(n — 1)ag

For ¢ = 2 we have (n — Daz = AM(n — 2)ags

L (n — 1)&1’71,1 = )\agn.

Using (10) and (11) we obtain
21 = Q23 = ... = A2 p—1 = 0. (12)

It remains to verify that agy = 0.

( (n — 2)@20 = )\na31

(TL — 2)&21 = )\(n — 1)@32
For © = 3 we have { @99 = \.as3

. (n — 2)@2771,1 = )\ng
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Similarly, (12) leads to asy = ... = a3, = 0. One may show that asy and ag; also
vanish, and so on.

The case i = n leads to a,—10 = Anap1, @n_11 = AN — D)an2, ..., 0n—10-1 = Anp.
To check that the coefficients satisty a,1 = an2 = ... = apn—1 = 0 we use the

identity (3) with generator f. We have p(a(f))B(v;) = A7} E;L;g a;;(7+1)vj4 and
Bp(f)vi) = (i +1) 375_, aiv1,50;. Writing the equality, we obtain

)\710/2‘01]1 + 2)\71ai1’U2 + 3/\7101@'21)3 + ...+ 71)\71&7;7”,11)”

= (Z + 1)&1'_,_1,0’00 + ...+ (’L + 1)ai+1,nvn.
Then we get the following system of n equations

Qiyr1,0 = 0, Qiy1,1 = 0

2)\_1&i1?}2 = (Z + 1)ai+1,2'z}2

_1 . .
nA @i p—10n = (1 + 1)ait1n-10n

Solving the system, we obtain a diagonal matrix, where
A lay = aip1,41,V1 < i < n.
Setting agy = by, we have a; = \"'by for i = 1,...,n. n

We proved that [ is given by a diagonal matrix, that is for all v; € V| B(v;) =
A"'bov;, where by is a nonzero scalar. In the following, we characterize the action
with respect to 3, see also [13].

Theorem 6.2.  The representations (V,pg,3) of sl(2)-type Hom-Lie algebras
on a vector space V  equipped with a basis {vg,...,v,} are given by [ such that
B(v;) = Ay, by # 0 and the actions defined by

psle)vi=(n—i+ DN Thyv;,_q, i=1,...,n.

ps(fvi = (i + 1)A " bgvia, i =0,...,n — 1.

pﬁ(h)vi = (22 - n))\*"bovi, 1= O, o, n.

Proof.  This is straightforward using Theorem 2.11. ]

From the foregoing theorem we can classify the irreducible s[(2)-weight modules as
follows.

Theorem 6.3.  There are precisely four types of irreducible Hom-s((2)-modules.
The actions are described in the following.

(1) The finite-dimensional irreducible modules with basis {vg, v, ...,v,} and where

ho; = (20 — )X bovy, 0< i<, evy = A ""hyvip, 0<i<n, ew, =0,

fui=iN"Tho(n+1—d)v_y, 0<i<n, fuy=0, with B(v;) = A\ "bov;.
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(2) The irreducible infinite-dimensional lowest weight Hom-sl(2)-modules, with a
basis of h-eigenvectors {vg, vy, ...} and nonnegative integer T, such that
h.’UZ' = )\_ibg(T + Qi)vi, 1 2 0, €.V, = )\_i_lbo’l)lqu, 1 Z 0,
f.UZ' = —Z’)\il#lbo(T +1— 1)1)1',1, 7> O, f.U[) = O, with ﬁ(vl) = Aiib[ﬂ)i.

(3)  The irreducible infinite-dimensional highest weight Hom-s((2)-modules, with a
basis of h-eigenvectors {vg,v1,...} and T € ZN| — 00, 0], such that
h.Ui = Aiibo(T — Qi)Ui, 7 Z O, f-U'i = Aiiilbovi+1, 1 Z O,

e.v; = i)\7i+1b0(T — 1+ 1)1)1',1, 1> 0, €.V = O, with B(’UZ) = )\71'[)01}7;.

(4) The irreducible infinite-dimensional Hom-sl(2)-modules (the Hom-module of
intermediate series) with a basis {...,v_o,v_1,v9,v1, Vg, ...} such that

h.v; = X "bo(T + 2i)vs, i € Z,
ev; = N T gvisr, ifi >0, f; = A""bouiq, ifi <0,
e.v; = %(,u — (T 42+ 12+ 1)/\_i_1bovi+1, if 1 <0,
fui=Yp— (742 =1 + )X bgvi_y, ifi >0,
with B(v;) = X "bov; and T #\/u+1, u,7 € Z.

6.2. General method to compute Hom-s[(2)-modules

Let pg : sl(2) — End(V) be the representation of the Hom-s[(2) and consider the
action of the generators {e, f,h} as follows:

pple)vi = pivi_1, pﬁ(f)vi = YiVi+1, Pﬁ(h)vz‘ = v, with B(vi) = n;v;.

The next step is to calculate the parameters v;,;, it;, and n; so that pg be a Hom-
s[(2)-module on a (n+1)-dimensional vector space V. Straightforward computation
using Definition 2.8 gives for each i = 0,...,n the following 5 equations

(

(1) wimi = Miftigr — A~ privioa
(2) pimi = %(,Ui’/ifl — AVjpt;)
(3) yimi = _%(%Vi—l-l — A v)
(4) mic1pti = Amipug

(5) Miv1yi = A" nivi

\

Conditions (4) and (5) lead to n; = (A™')'ng, i # 0. Then

%

(1) = ayiptizr — A pavier = vi(A ™)'

(2) = %Vi—l — %Vi = (/\71)@[70.
(3) = —3vis1 + 3vi = (A7) .

It follows that —%Vi_i_l + %V,‘ = (A1) 1y, Then, %I/i_l —v; = 2(A7 Y. Thus,
v; = %(VO — 2ing). Now for p; and ~; we get



1134

AGREBAOUI, BENALI AND MAKHLOUF

Vi1 = A7 v+ vi(A ) g

=7 <a_2m_1%_2 + Vi—l(a_l)i_1770> +v;(a™") o

=\ ()\_2%72%73 + Vifz()\_l)i_2770> + AT (T 0 + (A 0
— )\72X3,ui72%73 + )\72X2Vi72()\71>2'72770 + (>\72)Vi71(/\71)i71770 4 Vi()\il)ino
— )\_2X3,Ui—2'77;—3 4 Vi—2()\_1)i+2770 4 Vi_l()\—l)i—l—lno 4 Vi<)\_1>i7]0

i—1

= A0 3 v (v = 20 = k)

k=0

1—1
= A" 1170 + 1o Z AT (Vo — 2iny + 2k770>
k=0

i—1 i—1 i—1
= )\721'#1’)’0 + >\72i770 ( Z vy — Z 2imo + Z 2k00>
k=0 k=0 k=0

—27 —2 . . 2_1
= AP0 + A 277()<W()—212770+ 2i 7 770)

=\ <,u1% + 19 (1/0 —(i+ 1)7]0)>.

Therefore, we get the following connections characterizing the parameters such that
pp is a Hom-sl(2)-module on a (n + 1)-dimensional vector space V':

Setti

ni=A"")"n0,1#0 and yipip =A% (Nl% +ino(vo — (i + 1)770)>'

ng 1o = bg, 41 = 1,7 = n leads to the same result obtained in Theorem 6.2.
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