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Abstract. Let G be a complex reductive Lie group. There is a bijection 1 between its dominant
weights AT and the set No . This bijection is called the Lusztig-Vogan bijection. In this paper,
we present the combinatorial description of the Lusztig-Vogan bijection for the exceptional complex
Lie group G».
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1. Introduction

Let G be a complex reductive algebraic group, and let B be a Borel subgroup of GG
with maximal torus T'. We denote by A = A(G) the weight lattice of G with respect
to T, and by AT = AT(G) the set of dominant weights with respect to the positive
roots defined by B.

Let N be the set of all nilpotent elements in the Lie algebra g of G. Suppose
X € N, and let Ox = {Ad(9)X|g € G} be the nilpotent orbit passing through
X, with centralizer G¥ = {g € G|Ad(g9)X = X}. Let Np, denote the set of
G -conjugacy classes of pairs

{(Ox,7)|X € N and (7,V;) an irreducible rational representation of G* }.

Lusztig [13] conjectured the existence of a bijection 7 : No, +— AT using his work
on cells in affine Weyl groups. From the point of view of Harish-Chandra modules,
Vogan also conjectured a bijection between these two sets. This bijection is usually
called the Lusztig-Vogan bijection, and denoted by 7.

We recall a brief account about the bijection 7 from the point of Vogan. Let K be
a maximal compact subgroup of G. Let C(g, K) be the abelian category of finitely
generated S(g/€)-modules N, which satisfies

k-(p-n)=(Adk)p) - (k-n), (ke K,pe S(p),ne N); and V(N) CNj.

*The author thanks David Vogan for the guidance he provided for this project and very helpful
suggestions. The research described in this paper is supported by the Ph.D. Start-up Fund of
Natural Science Foundation of Guangdong Province, China (Grant No. 2017A030310569).
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Here Ny stands for the cone of nilpotent elements in (gc/tc)* and V(N) is the
associated variety of N [19]. Then {N(Ox,7) £ IndSx(V;)|(Ox,7) € No,}
constitutes a basis for C(g, K) in the meaning of the Grothendieck group.

By [1, Theorem 2], the Grothendieck group of C(g, ) has another basis {Ind%(\)|\ €
A*}. Combining the two bases gives us equations of the form

NOx,7)= ) ma(X,7)Ind7(N). (1)
AEAT(G)

We add finite similar representations N(Ox:,7") with Oy, C 0O0x to make the
largest dominant weight appearing in the right-hand side of (1) as small as possible.
Here 0Oy is the boundary of Ox. That is,

NOx. )+ > ex o N(Ox,7) = Y ma(X,7)Indf(N).  (2)
041CO0y; T1eGX’ AEAT(G)
Then we define the map 7 : No, — AT(G) by
n(Ox, ) = the largest A in the right-hand side of (2) such that m,(X,7) # 0.

Such a bijection has been established by Bezrukavnikov in two papers (the bijections
in each paper are conjecturally the same) [4, 5]. Bezrukavnikov’s second bijection is
closely related to Ostrik’s conjectural description of the bijection [17, 6]. In the case
of G = GL(n,C), Achar [1] described an explicit combinatorial bijection between
No.- and AT from the Harish-Chandra module perspective. In [18], Rush presents a
combinatorial description of this bijection in type A that subsumes and dramatically
simplifies Achar’s algorithm. In [21], the Lusztig-Vogan bijection for local systems
of some special nilpotent orbits is computed explicitly. In [22], the author gives
some calculations of the Lusztig-Vogan bijection for some special local systems of
exceptional Richardson orbits. In [11], the induced representations of the minimal
orbits for classical groups have been studied, which will help to describe the Lusitig-
Vogan bijection.

Let X be a nilpotent element. By Jacobson-Morozov theorem, there is a standard
triple {H, X, Y} satisfying ¢ = Spanc{H, X,Y} = s[,(C). Let u* := g¥ n[g, X]
and g® ={Z €g|[Z,V]=0, forall V € ¢}.

Proposition 1.1. [7, Lemma 3.7.3] There is a direct sum decomposition g~ =uX®g?
in which wX is a nilpotent ideal of g% and g® is reductive.

By [20, Lemma 7.5, any irreducible rational representation of G* will be trivial
when restricting to the unipotent part of GX. Let GX, represent the reductive

part of G¥, and let G, be the set which consists of finite-dimensional irreducible

—

representations of GX;. We will always assume 7€ GZ to stand for an irreducible
rational representation of G*. Specially, when G2, is simply connected, we will let
7 be an irreducible finite-dimensional representation of g® by Proposition 1.1.

The bijection n for Gy first appears in Achar’s thesis [1, Table B.3] with very limited
details. In this paper, we describe this combinational bijection explicitly. There are
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five nilpotent orbits for G5, which have dimensions 0,6, 8,10, 12, respectively. We
will denote by O,, to stand for the n-dimensional orbit for n = 0,6, 8,10, 12.

In this paper, we use different method from [1] to deal with the orbits Og and Oyj.
For Og, we use the two-step induction of representations to study the structure of
N(Og, 7). Meanwhile, the tool of the induction of orbit covers is used to study the
space of algebraic sections of the bundle associated with the orbit O;9. Together
with McGovern’s formulas, this will imply the bijection for O;5. The tool of the
induction of orbit covers is also useful for studying the induced representations [23].
We now present the main results of this article.

Theorem 1.2.  Let {a, 3} be a simple system of Go with « the shorter one. Let
{A1, A2} be the two fundamental weights with respect to {«, 5}.

(a)  For the zero orbit Oq, the isotropy subgroup is Gy itself. For m,n € N,
let Viox,4nr, be the algebraic irreducible representation of Go with highest weight
mA +nXa. Then 1n(Oo, Vinay4nre) = (M +2)A1 + (n+2) Ay

(b)  For the minimal orbit O, the isotropy subgroup GX, = SL(2,C). Let Vj, be
the irreducible representation of Gy with the highest weight k € N. Then

(O V2 #)\1 if k is even;
PRI B0k xy ifk s odd

(c) For the 8-dimensional orbit Og, the isotropy subgroup GY., = SL(2,C). Let V;
be the irreducible representation of GY. 4 with the highest weight t € N. Then

AL+ %)\2 if t is even;

%)\2 if t is odd.

77(087 V;) = {

(d)  For the subregular orbit Oy, the reductive part of its isotropy subgroup is
isomorphic to the symmetric group Ss. Let the irreducible representations of Ss be
represented by {1,sgn, x}. Then

77(010, ]1) = Ai;
77((910, sgn) = Ag;
77((910, X) = 2);.

(e) For the principle orbit O12, the only algebraic irreducible representation of its
isotropy subgroup is the trivial representation 1. Then n(Oqa, 1) = 0.

As a byproduct, we get the following formulas.

Corollary 1.3. Let Z € Oyq, then we have
(a) Indgz (1) = IndZ[(0) — (A)];
(b) Indgiz (sgn) = IndZ[(\) — (A2));

() Indgz (x) = Ind7[(A1) — (2A0)]-
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This paper is organized as follows. In Section 2, we recall the basic properties about
the nilpotent orbits of G5 and then prove Theorem 1.2(a) and Theorem 1.2(e). In
Section 3, we prove Theorem 1.2(b). In Section 4, we prove Theorem 1.2(c). In
Section 5, we prove Theorem 1.2(d) and Corollary 1.3.

We describe this bijection 1 of Theorem 1.2 explicitly in Figure 1. Figure 1 shows
clearly that the dominant weights far from the hyperplanes of the fundamental Weyl
chamber are attached to Oy; that most weights near the hyperplane Ps are attached
to Og; that most weights near the hyperplane P, are attached to Og; and that a
few remaining small weights are attached to the orbits Oy and Oss.

2. Zero orbit and principal orbit

In this section, we recall some fundamental properties about the nilpotent orbits of
the group G5. Then we describe the combinational Lusztig-Vogan bijection for the
zero orbit Oy and the principal orbit O;s.

Let G be a complex simple group of type G with Lie algebra g. Let A = {«, 5}
be a simple system of g with « the shorter one. Then its positive roots are
{a, B, a+ B, 20+ 8,3+ 5,3a+2F}. The fundamental weights of g are \; = 2a+f3
and Ay = 3a+2. Then the set of integral dominant weight A™ = {mA;+nXy|m,n €
N}. Let p be the half sum of all positive roots of g. The Weyl group W of g is
isomorphic to the Dihedral group and has order 12. Let S, (resp. Ss) be the
reflection with respect to a (resp. f3).

There are 5 nilpotent orbits for GG, by Bala-Carter Theory. For convenience of
reference, we list the properties of these orbits in Table 1 reproduced from [12, Table
22.1.5]).

Label | Weight Dynkin diagram | dim O | dim(g¥) | dim(u®) | m,(O)
O0<=0
0 0 0 0 14 0
Ay 0 1 6 8 )
A 1 0 8 6 3
Galar) 0 2 10 4 4 Ss
Go 2 2 12 2 2 1

Table 1: Nilpotent orbits of Go

Let G be a complex simply connected simple Lie group with Lie algebra g. Then
the trivial orbit Oy £ {0} is the unique nilpotent orbit of minimal dimension. Also
there exists a nonzero nilpotent orbit of minimal dimension, called the minimal
orbit, which is contained in the closure of any nonzero nilpotent orbit. This minimal
orbit is generated by the action of G on a nonzero vector in the highest root space
(with respect to some root system). On the other hand, there is a largest orbit,
which is dense in N and called the principal orbit or reqular orbit. Moreover, in
the boundary of the principal orbit, there exists a unique open and dense orbit,
called the subregular orbit. The subregular orbit is the second largest orbit and its
closure contains any other nilpotent orbit than the principal orbit. Specially for G,
there are five nilpotent orbits {Og, Og, Og, O19, O12}. The minimal orbit is Og, the
principal orbit is Q15 and the subregular orbit is Oy .
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Figure 1: The bijection 7 for G,

The bijection 7 for the zero orbit as well as the principal orbit of any G has been
known explicitly. Let II be a root system of G, and let A be a choice of simple
system. For p € II, let i denote the corresponding coroot. An integral dominant
weight A is called minuscule if |(f1, A)] < 1 for all p € II.

Conversely, A is said to be majuscule if |{fi, \)| > 2 for all p € A.



1142 ZHANG

Proposition 2.1. [1, Theorem2.4.2] Let G be a connected complex reductive group.
Let V) be the irreducible representation of highest weight \. When restricted to Oy,
the image of 1 is precisely the set of majuscule weights, and n is given by the formula

(0o, Vi) = A+ 2p.

When restricted to the principal orbit, the image of n is precisely the set of minuscule
weights. In this case, n gives a bijection between the representations of the center of
G and the set of minuscule weights.

Any finite-dimensional irreducible representation of G5 is attached to an integral
dominant weight mA; +nXy with m,n € N. Then restricting the above proposition
to the special case G2, we have the following theorem.

Theorem 2.2.  For m,n € N, let Vi,,a,+nr, be the algebraic irreducible represen-
tation of Go with highest weight mA; + nhs.

(a) For the zero orbit Oy, the isotropy subgroup is Go itself. Then
77(00, Vm)\l+n)\2) = (m —+ 2))\1 + (Tl + 2)/\2
(b) For the principle orbit Oq2, the only algebraic irreducible representation of its

isotropy subgroup is the trivial representation 1. And the only minuscule weights
is zero weight 0. Then n(Oy2, 1) = 0.

3. Minimal orbit

In this section, we consider the minimal orbit Og of G5. We use two-step induction
of representations to compute N(Og, 7) and then get n for Og.

For any « € II, we write X, to stand for a nonzero root vector in the root space of g
associated with . Since 3a + 2 is the highest root of g, then Og is generated
by the action of G on the nonzero root vector Xs,i25. To be simple, we let
X = X3a428 € Og. The standard triple ¢ associated to X is

¢ = Spanc{Xsat28, X_(3a+28), Ha + 2Hg}.
Then g% = g%+ u* = Spanc{Xa, X5, Xat 8, Xoats: X3at8, X3at28, X—ar Hat

with g? = Spang{Hg, Xa, X o} = sly(C). Since the irreducible representations of
GX are parameterized by N, then we let V}, stand for the irreducible representation
of G¢ with highest weight k € N. Let P, be a parabolic subgroup of G’ with Lie
algebra

Pa = Span(C{Xaa Xﬁa Xoc-i—ﬁa X2a+ﬁa X3O¢+B7 X3o¢+257 X—om Hom H,B}
Then g¥ C p, = I, +u¥, and the Levi part of p, is
[ = Spanc{Xa, X_,, Ho, Hg} = gly(C).
We have Ind@x (Vi) = Ind@, Ind/5 (V).
Here IndZ% (Vi) = Ind$§12) (Vi)

with unipotent part U¥ acting trivially.
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The following two propositions will be used in our computations.

Proposition 3.1. [3, Theorem 3.10] Let G be a complex reductive Lie group and let
P be a parabolic subgroup of G with Levi factor L. Suppose Vy to be the irreducible
algebraic representation of G of highest weight X, and E, to be representation of
L with L-dominant weight . Then Vi appears in (Indg)k(E;) if and only if
p+p=w+p), for some w € W with l(w) = k. Here p is the half sum of
positive roots of G, and (Indg)k(EZ) is the cohomologically induced representation
of G on the sheaf cohomology group H*(G /P, E*) ([3, Definition 3.5]). In this case,
Vi appears with multiplicity one. Specially, when k =0, (Indg)O(EZ) = Indg(EZ).

Proposition 3.2. [2] Let L be a Levi factor of some parabolic subgroup of G'.

Then IndS(\,) = Z (—1)*IndS (A, + pr, — wpr).

weWrp,
Here Wy, is the Weyl group of L and pr s half the sum of positive roots of L.

The structure of the module N(Og, V}) is described as follows.

Theorem 3.3.  Let V;, stand for the irreducible representation of G with highest
weight k € N. Write N(Og, V;,) = Indgx(Vk). Then we have
N(067 Vk‘)
= Ind$ (kXy) + Ind$ (EA; + Xo) 4+ Ind% (kA + 2X2) 4+ Ind$((k — 4)A; + 3),)
— Ind%((k — 3)A1 + 2X\g) — IndS ((k — 3)A\; + 3Xg) — IndS ((k + 2)A\ — X2)
— IndS((k + 2)A1) — IndS((k 4+ 2)A; + X2) — IndS((k 4+ 6)A; — 2),)
+IndS((k + 5)A1 — 2X9) + IndS((k + 5)A — o) (3)

Lo (C

Proof. First, we have Ind§L2(((c)) (Vi) = Z Viatk,a), as L = G Ly(C)-representations.

a€Z
By Proposition 3.1, after calculation, we get that

Indfx (Vi) = Y Viknssaa):

s>0
as G-representations. By Proposition 3.2, we have

067 Vk Z Vk/\1+s)\2) = Z Z wIHdT /C)\l + 5)\2 +p— wp)

= Z[Indg(ml + s)\o) + Indg((k — DA+ (s +3)A2)
+ Ind$((k — 3)A\1 + (5 + 4)Ag) + IndS((k + 2)A + (s +2)\y)
+ IndS((k + 6)A; + (s — D)A2) + IndS((k 4+ 5)A1 + (s — 2)\s)
— IndS((k +2)A + (s — 1)A9) — Ind$((k + 6)A 4 (s — 2)\2)
— IndG((k 4 5)A\1 + sh2) — IndS (kA + (5 + 3)As)
— IndS((k — M + (s + D) Ag) — IndS((k — 3)A + (s 4+ 2)\2))]
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= Ind% (kA1) + Ind$ (kA + Ag) + IndS (kX + 2),)
+ IndS((k — 4)A\1 + 3X9) — IndS((k — 3)A1 + 2)9)
— IndS((k — 3)A\1 + 3Xs) — IndS((k + 2)A1 — Ao
— IndS((k +2)A1) — Ind$((k + 2)A\1 + Xo) — Ind$((k + 6)A; — 2)y)
+ Ind$((k +5)A1 — 2Xo) + IndZ((k + 5)A\ — Ag). n

Let |k| denote the largest integer not greater than k € R.
Theorem 3.4. When n > 1, we have

(a) N(Og, Vonya) — Z N(Oo, Vain—3j-1)a+(2j4+1)2s )
0<j<((n—1)/3

+ ) {N(Oo, Vin-spn+@ina) — N(Oo, Viam-3j)+)ai+2)xe)
0<j<[n/3)
= Ind%(nA;) — 2IndS((n — 1)A; + X2) — IndS((n + 5)\1)
+2Ind$ ((n + 3)A;1 + A2) + 2Ind%((n — 1AL + 2X9) + IndS((n + 2)A\)
— 2Ind$ (nA; 4+ 2X3) — Ind$((n + 3)A1)
(b)  N(Og,Vanss) — Y, N(Oo, Vagn-sprrim)

0<j<[n/3]

+ Y [N (Oo, Vin-sj-2n+@i+ae) = N(Oo, Vam-sj-sn+@i+1r)
0<j<[(n—2)/3]

= IndS((n — 2)A\; + X2) — Ind%(nA;) — IndS((n — 3)A\; + 2Xs) + IndS((n + 4)\,)
— 2Ind%((n + DAL + o) — IndS((n 4 3)A; + X2) — IndS((n — 2)A; + 3X2)
+ Ind$ ((n + 1A + 2X2) + 2Ind% (nA + Ag) + Ind$((n — 3)A; 4+ 3X2).

Proof. By Theorem 3.3, we get the formula of N(QOg,V)). By Proposition 3.2,
we write N(Og, Viur,4n,) as the sum of the terms as Ind%(weight). Then we insert
them to the left-hand side of the formulas in Theorem 3.4. We use the well-known
result Ind$(\) = Ind%(wA) for w € Wg. Then after careful and tedious calculation,
we prove this theorem. [ |

Theorem 3.5. We have

E£6 ), if k is even;

2
BN 4\, if K ds odd.

2

e

n(Os, Vi) = {

Proof. When k£ = 2n 4+ 4 is even and n > 1, we see that the largest weight
appearing in Theorem 3.4(a) is (n+5)A;. Then in this case, 7(Og, Vap+a) < (n+5)A;.
Next we will prove that the equality holds. If we want to make (n + 5)A; smaller,
then we should add more representations V, of G. By Proposition 3.2, we have

Vi =) (=) Indf (A + p — wp). (4)
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If (n+ 5)\; appears in the right-hand side of (4), we will get A 4+ 2p > (n + 5)A;.
Since A is dominant, then A+2p > (n+5)A;. In order to eliminate the term A+ 2p,
then we should add another V\§ with X > X. This will give us a larger weight
N + 2p. By induction, we know that (n + 5)A; is the smallest weight. Therefore,

77(067 %n+4) = (n + 5))\1

Similarly, when k = 2n + 3, we have 1n(Og, Van13) = (n + 3)A1 + Asa.
It remains to consider the cases of £ =0,1,2,3,4. This will be verified case by case.
Here we illustrate the case of k = 3.

N(067 Vé) + N(OO7 %Al)
= Ind$(3\1) + IndS (A + 2X2) — Ind$ (201 + Ag) — 2IndS (A + A
— Ind%(3\; + Xo) — Ind%(0) + IndS (A1) + IndSG(4A;) 4+ Ind%(\2).

Then the formula in Theorem 3.5 holds for £ = 3. Similarly, we prove the cases of
k=0,1,2,4. Therefore, we prove this theorem. [ |

4. Eight-dimensional orbit

In this part, we study the bijection on the orbit Og. We first define a representation
©(v) as in (5), which is an approximation to N(O, 1) when v|gx = 7 with X € Os.
Then we get n by computing the representation ©(v).

For any nilpotent orbit O, let {X, H,Y} be the Jacobson-Morozov sly(C)-triple
with respect to X € O, and form the H -eigenspace decomposition of g:

9 = Diczdi-

We take Px to be the connected subgroup of G with Lie algebra @;>g; and its Lie
algebra

px =[x +ux

has Levi factor [y = gy and nilpotent part uxy = @;>19;. Let dx = ®;>20;.
For any representation (v,W,) of Py, define a certain representation O(v) of G as
follows:

Ov) = @qZO;(U,Mg)€é<_1)qum Ly (ANuyx, Hom (M,, W, ® S(0%))) ® M,. (5)

Proposition 4.1. [1, Proposition 2.1.7] Given an irreducible representation T Gé},
if vVlgx = 7, then ©(v) is an approximation to N(Ox,T), in the sense that

@(V) = N(OX, T) + Z C(X’,T’)N(OX'7 7'/>7

Ox1COOx ;T €GX!

where only finitely many of c(x: are nonzero.

Moreover, about this representation ©(v), we have the following result.
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Proposition 4.2. [1, Proposition 2.2.4] Let v be an irreducible representation of
Lx with highest weight A. Write Y (—=1)" A" (ux/dx) as a sum of irreducible
representations; say

Z( 1) /\T UX/DX Zmlw&

r

k
Then = Z Z DmiInd$ (AN + pr, — w(& + pry))-
i=1 weWp

Now we go back to the case of Og of the group G. Let X £ Xy, 5 € Og. The
standard triple ¢ associated to X is

Spanc{Xaa+4, X_(20+8), 2Ha + 3Hp}.
Then QX = 9¢ +u¥ = SpanC{Xg, Xoa+8s X3a+48; X3a+428, X—3; Hﬁ}

with g? = Spanc{Xg, X_z,Hs} = 5l5(C). So the irreducible representations of G*
are charactered by t € N. Let Px be the parabolic subgroup of G with Lie algebra

pX = Span({:{xau Xﬁu Xa+57 X2a+57 X3C¥+ﬁ7 X3a+257 X*,B7 HOM Hﬁ}
Then the Levi part of px is

[x = SpanC{Xg,X,g,Hg, 2H, + 3H5} = g[g((C)

Also Ux = SpanC{Xa, Xa+5, X2a+g, X3a+5, X3a+25}
and 0x = Spanc{Xaa+s, X3a+4; X3a+28}-
Then ux/DX = C{Xa,Xa+5}.

As [x = gly(C)-representations, we have ux /0x = V{y0), where V{; o) stands for the
irreducible gly(C)-representation with highest weight (1,0). Furthermore, we have

D (1) A (ux /0x) 2 Vigo) = Viwoy + Vi,

as gly(C)-representations. Let v, = Vlatt,0) With a € Z be an irreducible represen-
tation of Ly and v,|gx = V;. Then by Proposition 4.2, we have

O(vy) =ndG[(a +t,a) — (a+t+1,a—1)+(a+t—1,a—1)
—(a+t,a—2)—(a+t—1,a)+ (a+t+1,a—2).
Write the weights (a,b) of Lx as the form mA; + n\y, we have
@(I/a) = Indg[((a — t))\1 + t)\g) — ((& —t— 3))\1 + (t —+ 2))\2)
+((a—t—=DA+thy) — ((a—t =M\ + (t+2)\2)
—((a=t+ DN+ (t—DA) + ((a —t —5)A\ + (£ +3)A)].
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Theorem 4.3. In the Og case, we have

M+ B2X\,  ift is even;
O Vi) =3 .
Ry if t is odd.
Proof. When t = 2m is even, we choose a = —m + 1. Then we have

O(r,) = IndS[((=3m + )AL + (2m)A2) — ((=3m — 2)A; + (2m + 2)\2)
+ ((=3m)A1 + (2m)Aa) — ((—=3m — 3)A\1 + (2m + 2) \2)
—((=3m+2)A\1 + (2m — 1)A2) + ((=3m — 4)\1 + (2m + 3) \a)]
= Ind$[(2M\1 + (m — 1)A3) — (2A\1 + mA2) + (mA2)
—((m+DA) — A1+ (m—=1DX) + (A + (m+1)A)]. (6)

Here the action of Sg- S, € W maps the weight ((—3m + 1)\; + (2m)Aq) (resp.
((=3m —2)A\1 + (2m + 2)\2), ((—=3m)A\ + (2m)As), ((—=3m — 3)A1 + (2m + 2))9),
(=3m +2)A1 + (2m — D)A2), ((=3m — A + (2m + 3)X2)) to (2A1 + (m — 1)\9)
(resp. (2A1 +mA2), (mA2), ((m+1)A2), (M + (m—1)A2), (A + (m+1)A\s)).

So when m > 1, all the weights appearing in (6) are dominant and the largest one
is (A1 + (m+1)A2). Also when we choose different a € Z, we verify that the largest
weight appearing in ©(v,) is larger than A\; + (m + 1)Ay. Then for m > 1, we have

T](Og, ‘/Qm) = /\1 + (m + 1))\2
When m = 0, the largest weight in ©(v,) is smallest when a = —1. That is,
O(v_1) = IndF[(2A1 — A2) — (2A1) + (0A1) = (A2) = (A1 — LXa) + (A1 + A2))]

= Indg[—(2>\1) + (0)\1) - ()\2) + (/\1 + >\2)]

Therefore, we have n(Os, Vo) = A1 + Ao
When ¢t = 2m + 1 is odd, we choose a = —m. And then similarly, we will get that
n(Os, Vams1) = (m + 2)As. u

5. Subregular orbit

In this section, we consider O;9. We will use a well-known formula of McGovern
about the space of regular functions on nilpotent orbit to compute N(Ojg,1). And
then we use some properties about orbit cover to compute N(Ojg,sgn). Then we
get n for Oyp.

Given X £ Xp 4+ Xoayp € O19, we have the standard sly(C)-triple {X, H, Y} with
H =2H, +4Hz. We define px = [x + ux and dx attached to X € Oy as in the
beginning of Section 4. Then we get that

[x = Spanc{H,, X,, X_,, Hy + 2Hg},

and ux/0x = {0}. In Oy case, we have dimg? = 0 and m(Oy9) = S3. Then
irreducible rational representations of G¥ will be represented by {1,sgn, x}. Here
1 is the trivial representation of S3, sgn stands for the sign representation and y
represents the 2-dimensional one.
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Proposition 5.1. [15, Theorem 3.1] As G -representations, we have

Indx (1) = R(O10) = Y (~1)'Indf (Ngn).
J
Here R(Ox) stands for the space of regqular functions on Ox and we decree that
Ag; = C even if g = 0.

Theorem 5.2.  We have R(O1) = Ind%[(0) — (M)]. Then n(Oy, 1) = A,

Proof. By Proposition 5.1, we have
R(O10) = Ind§, (Vo) = IndS, [(0,0) — (1,—1)].

Here Lx has Lie algebra [x = gl(2,C) with Cartan subgroup T’x, and (0,0), (1,—1)
are two weights of [y = gl(2,C). So

R(O19) = IndF[(0) — 2\ — A2)].
The element Ss - S, € W acts on Ay by (Sg - Sa)A\1 = (2A\1 — A2). This implies
Indgx (1) = R(O10) = IdF[(0) — (A1), (7)

This also implies 7(O10,1) < Ay. If we add representations N (O, 7') with O’ in the
boundary of O, according to Theorem 1.2(a,b,c), the largest weight will be larger
than A\;. This implies 7(O1q, 1) = A;. n

Next we will use properties of induced orbit covers to calculate Indgx (sgn) and then
get 17(Oq9,sgn). Here we recall some properties about orbit covers and the space of
regular functions on them.

An orbit cover of O for G is a G-space O with a G-invariant cover map 7 : 00— 0.
For any X € O and a subgroup II of GX/G{, we have a natural G-invariant cover
map

O=G/GE - G/G¥ =0,

where G5% is the open subgroup of G* corresponding to II. Then O is an orbit
cover, and (X, II) or (Ox,1I) is called a representation of 0. Obviously, every orbit
cover has one and only one such representation up to the conjugation of G.

Now let P = LUp be a parabolic subgroup, with Levi decomposition P = LUp.
Its Lie algebra is p = [+ up. Fix an orbit cover Op of L, and let (Y,II;) be
its representation. By [14, Lusztig-Spaltenstein Theorem|, we can choose X €
Oc N (O + up) such that there is a surjective homomorphism

0. PX/PY — LY /Ly.

Then §~'(I1;) C P¥/R* € G¥/Gy . Hence (X,07'(Il;)) is a representation of
some orbit cover Og of Og.
In [10], this orbit cover (X,6(Il;)) of G is called the parabolic induction of Op,

denoted by Ind¥(Or). By [10, Lemma?2.2], this definition is well-defined, and
independent of the choice of P with Levi factor L and of X € Og N (Of + up).
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Theorem 5.3.  Given X € Oy, we have
Indgix (sgn) = IndZ (A1) — (A2)]. (8)
Then n(O19,sgn) = (A2).

Proof. Let P be the parabolic subgroup of G' with respect to the long root .
Then its Levi part L has Lie algebra

SpanC{Xg, ng, X_ﬁ, 2Ha + 3H5}

It is well-known that Oy is the induced orbit from the 0-orbit of L. By [9, p. 138],
there exist X € Oy such that G¥/GY = S3 and PX/Bf =~ Zs C GX/Gy.
According to the definition of induction of orbit cover, we know that the orbit
cover (Oqg,Zs3) is induced from (O, 1) by the parabolic subgroup P. Then by
[10, Theorem 2.1], we have that

R((O10,Z3)) = Ind§ (R((Oy, 1))).

Here (O49,7Z3) and (Oy, 1) stand for the orbit cover in G and L respectively, and
R(-) represents the space of regular functions on. According to the definition of orbit
cover, there exist Gif C G* C GX such that G*/G§ = Zs and (Oy,Z3) = G/G*.

Then R((O10,Z3)) = IndG. (1) = IndSx (1 + sgn).
And IndS(R((0p, 1)) = Ind¥ (1) = Ind$[(0) — (—=3A; + 2X,)].
Also by Theorem 5.2, we have Ind&x (1) = Ind$[(0) — (A\;)]. Then we get
IndSx(sgn) = Ind$[(0) — (=3A1 + 2X2)] — Ind%[(0) — (A1)]
= Ind%[(\) — (=3\; 4+ 2X2)]].

The element S, - Sg - S, in Weyl group W acts on Ay by

(Sa =S5 - Sa)da = (—3A1 + 2)y).
So we have Ind%x (sgn) = Ind% (A1) — (A2)].
Since A\; < Ag, it implies 7(O19,sgn) = (A2). ]
Let A be the space of regular functions on the universal (sixfold) cover of Oyy. We
will get a formula about the G5-representation A.
Lemma 5.4.  As G -representations, we have

A = IndZ[(0)] + Ind%[\1] — Ind[X] — Ind[(2A,)]. 9)

Proof. By [16, P.174], we know that as Gs-representations,

A= Z (m + 1)(” + 1)V(m>\1+n>\2)' (10)

m,n>0

We use Proposition 3.2 to write Vi, 4n),) as the sum of the terms Ind¥ (weight).
Then we use the property Ind%(\) = Ind%(w)) for w € Wg to eliminate as many
terms as possible. After calculation, we can simplify (10) and get Formula (9). =
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Theorem 5.5. Given X € Oy, we have
Indgx (x) = IdF[(M) — (2A1)].
Then n(O10, x) = (2M1).
Proof. By Lemma 5.4, we get
A = Ind$[(0)] + Ind$ [\ ] — Ind$ [ A\e] — Ind$[(2)1)).
We know that A = Ind&x (1) 4+ IndSx (sgn) +IndSx (x). By (7) and (8), this implies

Ind%x (x) = Ind$[\] — IndZ[(2))].
Therefore (010, X) = (2\1). u

Remark 5.6. Theorem 1.2 is proved by combining Theorem 2.2, Theorem 3.5,
Theorem 4.3, Theorem 5.2, Theorem 5.3 and Theorem 5.5. Meanwhile, Corollary
1.3 is directly implied by Theorem 5.2, Theorem 5.3 and Theorem 5.5.

Remark 5.7. Our explicit description of the Lusztig-Vogan bijection n for the
group G, provides a brief glimpse of the combinational study of the Lusztig-Vogan
bijection for other groups.

For the group Gs, we observe that the dominant weights far from the hyperplanes
of the fundamental Weyl chamber are attached to Og; that most weights near the
hyperplane Ps are attached to Og; that most weights near the hyperplane P, are
attached to Og; and that a few remaining small weights are attached to the orbits
O10 and Oq5. Furthermore, we also observe that

T](Oﬁa ‘/;C) = 77(06a Vk—i—l): k Z 07
77<087 ‘/;f) = 77(@87 ‘/t—i-l)? t Z 0.

Here < stands for the usual partial order of weights and p < v means that v — p is
a sum of positive roots or ;. = v. We conjecture that this observation should be true
for any other groups. That is, for a given nilpotent orbit, there should be some order
‘<’ of the irreducible representations of its isotropy subgroup, such that when two
representations satisfy V, < V., then n(O,V,) < n(O, V,»). Then we can determine
the Lusztig-Vogan bijection through three steps:

(a) By using the method of two-step induction of representations and the tool of
the induction of orbit covers, we determine the value of n for some nilpotent orbits
and some special representations;

(b) For a fixed orbit O, find the order ‘<’ of the irreducible representations of its
isotropy subgroup.

(c) By the definition of the Lusztig-Vogan bijection, we determine the value of 5
for any (O, V,).

This will give a clue to describe the Lusztig-Vogan bijection explicitly for any other
groups.
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