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Block Degeneracy for
Graded Lie Superalgebras of Cartan Type
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Abstract. Let K be an algebraically closed field of characteristic p > 0. In this short note, we
illustrate a class of Lie superalgebras over K such that the category of restricted supermodules is
of one block. As an application, if p > 3 and g is a graded restricted Cartan type Lie superalgebra
of type W, S and H, then the category of restricted supermodules of g is of one block.
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1. Introduction

A Lie superalgebra g = gy @ g1 over K is called restricted if (gg, [p]) is a restricted
Lie algebra with p-mapping [p] : g5 — g5 and g7 is a restricted gz module via the
adjoint action (cf. [5]). Let (g,[p]) be a restricted Lie superalgebra and U(g) be
the enveloping superalgebra of g. One can define the so-called restricted enveloping
superalgebra u(g) = U(g)/I, where I, is the Z,-graded two-sided ideal generated
by {27 — 2P | © € gg}. A g supermodule (V = V; @ V4, p) is called restricted if
p satisfies p(zl?) = p(x)P for all = € g5. All restricted g-supermodules constitute
a full subcategory of the g-supermodule category which coincides with the wu(g)-
supermodule category denoted by wu(g)-smod. We call that u(g) is of one block if
u(g)-smod is of one block.

Over the past decades, the study of modular representations of restricted Lie (su-
per)algebras in prime characteristic has made significant progress (see [3, 4, 8, 9, 10]
for examples). When g = W(0,n) over C, Shomron proves in [6] that the cate-
gory of finite-dimensional representations decomposes into blocks parametrized by
(C/Z) X Zs. In contrast to complex case, if either g = X (m, 1) is a Cartan type Lie
algebra where X € {W, S, H, K} ([3]) or g = W(0,n, 1) is a Cartan type Lie super-
algebra ([8]) over K, the category of restricted (super)modules has only one block.
In this paper, we generalize this degeneracy phenomenon of restricted supermodules
to the so-called graded restricted Cartan type Lie superalgebras X (m,n, 1) where
X e {W,S,H}.

Our paper is organized as follows. In Section 2, we illustrate a class of Lie superalge-
bras over K such that the category of restricted supermodules is of one block. Section
3 is concerned with the structure of the Cartan type Lie superalgebras. Applying
the results in Section 2, we obtain the following main theorem in Section 4:
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Theorem 1.1. (see Theorem 4.6) Let K be an algebraically closed field with char-
acteristics p > 3, and g = X(m,n,1), X € {W,S,H}, be a graded restricted Lie
superalgebra of Cartan type over K except if X = H with n = 4.

Then u(g) is of one block.

As I know, Duan, Shu and Yao obtain similar results in [2] by a different method.
Entire the whole paper, denote I = {0,1,--- ,p—1}. For n € N, set B(n) = U}_,Bx
where By = () and By, = {(i1,- -+ ,ix) | m+1 <i3 < -+ <ip <m+n} for 0 < k <n.

2. Restricted Lie superalgebras with triangular Decomposition

Let g = g5 @ g7 be a finite dimensional restricted Lie superalgebra over K. We say
that g admits a triangular decomposition relative to a maximal torus § of gg if there
is a vector decomposition g=g; ®n- ®hdnt @ g{ such that:

(1) gg=n" ®bhdnt is a triangular decomposition of gg,

(2) both n~ @ gy and n™ @ g? are p-nilpotent restricted subalgebras,

(3) b0 @ i) Cn* o gt

Set g = g% ®nt, b;t = g% ®nt@h and b;'% =n* @ h. Analogue to [3], we say that
this decomposition for g is long if

dimg (n~) < dimg(n™) and dimgk(g;) < dimg(g7).

By [10], the iso-classes of simple restricted g modules are parametrized by restricted
weights A = {\ € b* | A(hP)) = A(h)?, Vh € b}. Precisely, for a given A € A, there
is a one-dimensional restricted b; module Ky = K- 1, on which § acts as a scalar
determined by A while g}r @dnT acts trivially. Then one has the so-called baby Verma
module

V) i= () @y, Ko
with simple head L()A). Moreover, For any restricted simple module m, there is a
A € A, such that V() - m (cf. [10]).

Similarly, for each p € A, the one-dimensional restricted b, module K, induces an
u(g) module

V= (u) = ul(g) Ou(oy) Ky,
which is indecomposable with simple head.
If dim(h) = n, by [7, Theorem 3.6], h possesses a basis {hq,---,h,} such that
PP = h; forall i =1,--- ,n. Then A ~ I" = {(Ay,--, Ay) | N € Li=1,---,n}
by sending A € A to (A(hy), -+, A(hy)) € I".
For M € u(g)-smod, let [M] denote the formal sum of simple composition factors
in the Grothendick ring of u(g)-smod.

Lemma 2.1. Let | = [ & [ be a finite dimensional restricted Lie superalgebra
which admits a triangular decomposition relative to a maximal torus by of l5 :

(= en ehon &l

where g =n; @ h D n'. Assume the following:
1) [ @on @ nt @ (7 is a p-nilpotent Zs-graded ideal.
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(2) n contains dim(h;) weight vectors having linearly independent weights in A.

Then for each X\ € A, [V~(X\)] is independent of \ and
V=] =D p2'[K,],

HEA
where s = dim(n;") — dim(ly), ¢t = dim(]") and K, is the one dimensional simple
u(l) module of weight p.

Proof. Denote I' =17 &n; &nf & 7. By (1), I <rad(l). Since [' is p-nilpotent
and finite dimension, [’ is strictly triangulizable by [10, Lemma 2.2]. Therefore,
each restricted simple representation of [ is one dimensional and the iso-classes are
parametrized by A. Let {K, | © € A} represent the set of non-isomorphic simple
u(l) modules.

The composition factors of a module can be obtained by computing its weight

spaces. By (2), suppose n = dim(h), [ has basis {z1,---,2} and n/" has basis
{m1,  Tn, Y1, oo+, Ys), where x; is of weight «; € A for each i = 1,---,n such
that aq,--- , a, are linear independent. Then z}' - - xﬁl has weight i1 + - - - +ipa,
for each (iy,--+ ,i,) € I"™

For each choice of j € I°® and k € B(t), as u(h;) module,
N = spang { X*YIZE | j € "}
must have all weights occurring with multiplicity 1. Since
V=(A\) = spang {X*VIZ* @ 1, |i € [",j € I° and k € B(t)},

then all possible weights occuring with the same multiplicity p*2' in V= (\).
Namely, [V7(A)] = > ., p°2'[K,] which is independent of A. |

Proposition 2.2. Let g = g5® g7 be a finite dimensional restricted Lie superalgebra
which admits a long triangular decomposition relative to a maximal torus b of gg :

g=g;®n dhenT@gl, gg=n"@dhdn
Assume the following:
(1) g has a restricted subalgebra | which satisfies the assumptions of Lemma 2.1.
(2) ny=n", [ =g7, bi=b, o/ =[Nn", [ =[Ng7. Hence, by =b;.
(3) n, =n" has at least dim(h) weight vectors having linearly independent weights
in A.
Then for each X € A, V-(\)] = ZpSQt[VJ“(u)],

HEA

where s = dim(n™) — dim(n~) — dim(h), ¢t = dim(gf) — dim(g7).

Proof. By Lemma 2.1, for each A € A,
V=] = [u(g) @uqy [u(l) ©y 6y Kall = D02 [uls) ©uy Ky,

HEA
where a = dim(n;") — dim(h;), 8 = dim(").
In particular, [V~ (A)] is independent of A.
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By assumption (3), bF satisfy the assumptions of Lemma 2.1. Therefore,

[1(8) Dy Kn] = [u(8) @0 [u(b%) @ty K]
=3 pE2 u(g) @y Kl = Y p 2 [VE ()]
HEA HEA

where s; = dim(n¥), tL = dim(gii). Since the triangular decomposition of g is long,
ie. s, >s_ and t, >t_, we have

D VTN =D p T2 T V()
AEA HEA
Note that [V ~(A)] is independent of . Therefore, for all A € A,
pdim(h) [Vf(A)] — ZPSJrfS, 2t+7t7 [V+ (/,L)],

HEA

V()] = 3 pe gt (1 ) .

HEA

Proposition 2.3. Let g = gi@ g7 be a finite dimensional restricted Lie superalgebra
which admits a triangular decomposition relative to a mazximal torus b of gg :

g=g;®n dhenT@gl, gg=n" ®dhdn"

Assume that there exists a restricted subalgebra | = [ &y such that:
(1) [ s a classical Lie superalgebra and there is a bijection 1 : A — A, such that

[u(D) @) K] = [u(l) @) Kyn].
(2) b C Iy and | admits a triangular decomposition relative to b :
(=C@®n ehen el [=n dhen
such that n =n~, I{ = g7, n =INn*, [ =1Ng;. Hence, b =by.

(3) A wector space complementary to [, in g, has at least dim(bh) weight vectors
having linearly independent weights in A.

Then V=] =D p2 V()

HEA

where s = dim(n*) — dim(n~) — dim(h), ¢t = dim(g]) — dim(g7).
Proof.  Similar to the proof of Lemma 2.1, for all A € A, we have

[u (b+) u(b;h) K\ = ZP 2t

HEA

where s and t are defined in the proposition. By assumption (1) and (2), we have
[u(9) @y o) K] = [u(g) @uq (u(D) ®u(b*) K1 = [u(g) @ue (w(l) @61 Kpy)]

= [u(g) (o) (u(b+) Bt Ky Zpsgt o) K],
HEA
as desired. ]
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Remark 2.4. The Lie algebra version of Lemma 2.1 and Proposition 2.2 (resp.
Proposition 2.3) is investigated in [3] (resp. [4]).

Corollary 2.5.  If g is a restricted Lie superalgebra which satisfies all assumptions
in Proposition 2.2 or 2.3, then u(g) s of one block.

Proof. Note that V= ()) is indecomposable with simple head for all A € A. The
proof of Corollary 2.4 in [3] still works. Hence, the corollary holds. [

3. Restricted Cartan Type Lie Superalgebras

For given positive integers m and n, put

(i) = 0, 1<1<m;
™= 1, m+1<i<m-+n.

Let A(m,1) = K[Ty,...,T,,]/(TF, ..., T?) be the truncated polynomial algebra over
K. Denote by z; the image of T; in the quotient. Then A(m,1) has a basis

{z% | a € I} where z* = z{'...2% if o = (aq,...,a,,). Let A(n) be the Grass-

mann superalgebra over K in n variables 2,11, ..., Tyn4n With basis {z(? |5 € B(n)}
where 2% =z, - i 8= (ig, -+, ik).

Denote the tensor product by A(m,n,1) = A(m,1) ® A(n). Then A(m,n,1) is an
associative superalgebra with a Z,-gradation induced by the trivial Z,-gradation of
A(m, 1) and the natural Zs-gradation of A(n). Finally, denote by d(f) the parity
of fe A(m,n,1).

Let Dy, , Dy be the superderivations of the superalgebra A(m,n, 1) such that
D;(z;) = 0;; for 1 <i,5 < m+ n. Define

m—+n

=1

Then W(m,n, 1) is a Z-graded restricted Lie superalgebra of Witt type. The Z-
grading of
W(m7 n, 1) = @iEZW(m7 n, 1)1

is induced by |z;| =1 and |D;| = —1 for all 1 <i < m + n. Namely,

m+n

W(m,n,1); = {Z [iDi | fil =1+ 1} :

j=1

For each pair 1 <14,7 < m + n defines a linear map
D;; : A(m,n,1) = W(m,n,1)
by D;;(f) = fiD; + f;D; where f is homogeneous and
f; = _(_1>d(f)(7(i)+r(j))Dj(f)7 fi= (—l)T(i)T(j)Di(f).

The special superalgebra S(m,n, 1) is defined by

S(m,n,1) = (D;;(f) | f is homogeneous, 1 <i < j <m+n).
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Then S(m,n,1) is a Z-graded restricted subalgebra of W (m,n,1). The Z-grading
structure is given by S(m,n,1); :== S(m,n,1) N W(m,n,1),.

Next we define the Hamiltonian type Lie superalgebra H(m,n, 1), where m = 2 is
even and n > 3. Let

1+l 1< <, 1, 1< <,
i'=<¢ i—1l, I1+41<i<m, o(i)=< -1, I+1<i<m,
7, m<i<m-4n; 1, m<i<m+4n.

The Hamiltonian operator Dy is defined as:
m+n

Dy: A(m,n,1) = W(m,n,1), fr Du(f)=>Y_ fiD;,
=1

where f is homogeneous and f; = o(i')(—1)"F) Dy (f).
The Hamiltonian superalgebra H(m,n, 1) is defined by

H(m,n,1) = (Dg(f) | fis homogeneous), H(m,n,1)=[H(m,n,1),H(m,n,1)]|.

Then H(m,n,1) is a Z-graded restricted subalgebra of W (m,n,1). The Z-grading
structure is given by H(m,n,1); := H(m,n,1) N W(m,n,1),.

4. Blocks of Cartan type Lie superalgebra
Entire this section, assume p > 3.

4.1. Type W. For W(m,n,1), there is no subalgebra [ satisfying the hypothesis
of Proposition 2.2 (in fact, assumption (3) fails). Hence, we need Proposition 2.3.
Let [ be a restricted Lie superalgebra of classical type with triangular decomposition
[=1" @b @I with respect to h. Suppose o is an even restricted automorphism of
[ such that o(h;) C b;. Then it induces & : hf — b by

g(A)(h) = =A(a(h))

where A\ € b}, h € . Moreover, 6(A) C A.

Denote by = h; @ [T a solvable subalgebra of [ and V() = u(l) ®y,) Ky the baby
Verma module where K, is a one-dimensional u(b;) module with weight A. Let
V?(A) be the twisted baby Verma module. Namely, V7(\) ~ V() as vector spaces
while z - m := o(z)(m) for all x € u(l), m € VI(N).

The following lemma is a straightforward calculation.

Lemma 4.1.  Keep assumptions as above, V7 (X) >~ u(l)®y 16 K_5(x) by sending
r @1y to o7 z) ® 1500 In particular, [V(A)] = [V(N)] = [u(l) Queo—1(0)) K]

Define g = W(m,n,1). Let h = (hy, -+, hpin) be a maximal torus of g where
h; := x;D; for i =1,--- ,m+mn. One can check that g =g~ ®h D g" is a triangular
decomposition related to f where

g" =(z;D; |1<i<j<m+n)® D10,
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NOW7 set [:<D17 7Dm+n>@go@<p17'” apm+n>

where p; = Z;.’:Lln:chj € g1. Thanks to [1, Lemma 3.1], [ ~ pgl(m + 1|n).
Now let e; := FE;;y1 and f; := E;;1;. Then pgl(m + 1|n) has the generators
{e;, fi | i =1,---,m +n — 1}. There is an even restricted automorphism a of [

induced by a(e;) = f; and a(f;) = e;. Note that a(b) = bf and & keeps A. By
Lemma 4.1, we have

[u(l) @y 1a] = [ull) @y ) L-ay]-

Therefore, [ is a subalgebra satisfying (1) and (2) of Proposition 2.3.

For each i = 1,--- ,m+n, 23D, has weight 2v; where 7; € A such that ;(h;) = d;;.
Therefore, the complementary of [ contains weight vectors {z?D; | i =1,--- , m+n}
with linear independent weights. Assumption (3) of Proposition 2.3 is satisfied.

To sum above up, all assumptions of Proposition 2.3 hold for W (m,n, 1) and hence
we have the following proposition by Corollary 3.4.

Proposition 4.2.  Keep assumptions as above, and let g = W (m,n, 1), then u(g)
is of one block.

4.2. Type S. Denote g = S(m,n,1). Let h = (h; | 1 <71 <m+n—1) bea
maximal torus of g where h; .= x;D; — x;.1D; 1 for i =1,--- ,m+n—1. One can
check that g = g; ®n” ®@hont @ g% is a triangular decomposition related to b
where n* = gg N W(m,n,1)*, g;ﬁ =giNW(m,n,1)*.

It is a direct computation that

97 = (Dm+1,- s Dypn) @ (2D | 1 < i <m < j <m+n), and
n =(Dy,-- D)@ (x;Dj|1<i<j<morm+1<i<j<m+n).
Set [=g7 ®n” dhdn’ G where nf =sdt,
s = (Y2, Din | (a) € I™\{0},1 < i < n),
t= (29D, | (a) € I™ amn =0,|a] >2),
[ = (2D | (a) € I™\{0}).
One can check the followings:
« bgrdn on el Cogrdn dnf @l
e gy Bn s p-nilpotent;
« el Cal el oSl o G =0;
o [s,8]=[tt)=[s,[]=[I7,[]=0, [s,t] Cs, and [t,[[] C [].

Therefore, g; ®n~ @ nt e [I+ is a p-nilpotent ideal. [ is a subalgebra satisfying (1)
of Lemma 2.1 and (2) of Proposition 2.2
Now define 7; € A by 7;(h;) =65, 1 <i,7 <m+n—1.
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For 1 <i<mand 1l <j<n-—1, D; has weight (1—6;;)v;—1 —~ while %4 ; Dyt j1
has weight —vp,4j—1 + 2¥m+4; — (1 = 0,0—1)Ym+j+1 With respect to h. One can check
that n~ contains m 4+ n — 1 weight vectors

{DZ‘, $m+ij+j+1 | 1 S ) S m; 1 S j S n — ]_}

with linear independent weights. Therefore, assumption (3) of Proposition 2.2 is
satisfied.

For 1 <i<m-—1, 2<j<m, 27D, has weight 2v; — 2(1 — §1;)Vi—1 + Vj—1 —
while z3D; has weight 3y + ;-1 — ;.

For 1 <j <n—1, 21Zm4;Dmsn has weight v + Vmij—1 — Ymtj — Ymtn—1-

Hence, n{ contains m +n — 1 weight vectors

{22 Dy, T1TmtjDman |2 <1 <m; 1 <j<n—-1}U {23D,}

with linear independent weights. Assumption (2) of Lemma 2.1 is satisfied.
To sum above up, all assumptions of Proposition 2.2 hold for S(m,n,1) and hence
we have the following proposition by Corollary 3.4.

Proposition 4.3.  Keep assumptions as above, and let g = S(m,n, 1), then u(g)
s of one block.

4.3. Type H Let g := H(m,n,1), where m = 2l, n > 3. Denote k = [n/2]. For
every (a) = (ay, -+ ,ay,) € I™ and (b) = (b1, -+ ,b,) € B, C B(n), denote

X(a)Y(b) = 2:(1” s xamxm+b1 e xm+bu.
By definition, g = (D (X@Y®) | X@y®) o£ gp=1 o ogp=tg oz,
Fix a maximal torus § with basis

{hw hm+j ’Z: 17 alaJ: 17 7k}

where h2 = DH<Iixl+i)7 hm+j = DH(\/__lxm+jIm+k+j)'

For 1 <i <k, set € := Tmii + vV —1Tmisss and fi := Timnri — V—1Tmqsoss-
Then both Dy(e;) and Dy(f;) are homogeneous odd elements of degree —1.
Define the following subspaces of g :

o =(Dilm+1<i<m+n)®(Dylzif;)|1<i<m1<j<Ek);

B =Dy(@irmn) |+ 1<i<m);

ny = Dp(zz;) |l +1<i,j<2orl<i<I<j<i+0)® (D1, - ,Dp);
ny, = (Dpul(ai), Du(by) |1 <i<j<k) where a;; = fiej, bijj = fifj;

W = (Dulfitmen) | 1<0<K).

Let g=g; ®n  ©hont @ g%“ be a triangular decomposition related to maximal
torus h where n* = gg N W (m,n, 1)%, g% =giNW(m,n,1)*.
One can check that n=™ =nj] ©n, where

e — n, n = 2k, id o =4 @ n = 2k,
2T wen, n=2k+1 I T awf n=2k+1.
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Remark 4.4.  Above description for n; due to [9, section 2.2].

For each (c) = (c1,--- ,¢,) € B(k), 0 <u <k, denote f© = f, --- f... In this case,
the parity of Dy (f(©)) equals to the parity of u = c; + -+ c,.

If n = 2k is even, define [* = (Dy(x@ f©) | a; =0if 1 < j < I;|(a)| +|(c)| > 3).
If n =2k +1 is odd, define

(" = (D (29925 ) ]a;=0if 1 <j<1;6€{0,1};](a)| +|(c)| + 6 > 3).

Let n;” (resp. [7) be the even (resp. odd) part of [*.
One can check that [:=g; ®n~ &b d nt @ [i+ is a restricted subalgebra of g. Note
that for all f,g € A(m,n,1) homogeneous,

[Di, D (f)] = Du(Di(f)), and

i) (=1)" DN Dy(f) Dy (g)) :

m—+n

Da(f). Di(9)] = D (Z 0

=1

—

We have the following;:
+ [Du(e). Dirle;)] = [Du(f:), Du(F;)] = 0
[Dr(ei), Du(fi)] = [Du(f;), Dr(ei)] = =264
e hgrdn en el Cogy ®n @l I
e g7 ©n is p-nilpotent;
ool e ] Cnf el o] C I (o7, =0;

e el nell]=0.

Therefore, g; ®n~ @ nt e [;r is a p-nilpotent ideal. [ is a subalgebra satisfying (1)
of Lemma 2.1 and (2) of Proposition 2.2.

For each 1 < 4,5 <[, 1 < u,v < k, defines v;,0; € A by ~i(h;) = d;;, and
5u(hm+v) = 5uv'

For 1 <i<land 1 <j <k, D,; has weight —y; while Dy(e;) (resp. Dg(f;))
has weight ¢; (resp. —d;) with respect to h. Then b, has weight —d, — 6, for each
1 <u,v <k and ais has weight —d; + 9.

Therefore, n~ contains [ + k linear independent vectors

with linear independent weights. Assumption (3) of Proposition 2.2 is satisfied.

For 1 < i <, DH(x?H) has weight 3v;. For 1 < u < v < k — 1, DH(leHbW,)
has weight 2y, — 8, — d,, and Dy (27, fx@min) has weight 2y, — §; if n = 2k + 1.
Moreover, nt has a subset S containing [+ k weight vectors with linear independent
weights as following:

If k>3 is odd,

S ={Du(}y;), Dr(af1bjj1) [ 1 <0 <51 < j < k=13 U{Dp(a7 b };
If k> 3 is even,

S ={Du(a,), Du(ai i) | 1 <i <11 < j <k =1} U{Du(a7 b))}

It n=>5, S={Du(z},)|1<i<1}U{Dpu(af; bi2), Du(afs foTmes)}-
Therefore, assumption (2) of Lemma 2.1 is satisfied if n > 4.
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Proposition 4.5.  Keep assumptions as above, and let g = H(m,n,1) with n > 4,
then u(g) is of one block.

By Propositions 4.2, 4.3 and 4.5, we have our main theorem as follows.

Theorem 4.6. Let K be an algebraically closed field with characteristics p > 3,
and g = X(m,n,1), X € {W,S,H}, be a graded restricted Lie superalgebra of
Cartan type over K except if X = H with n = 4. Then u(g) is of one block.
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