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Abstract. We consider the five-dimensional solvable Lie group, equipped with left-invariant
Riemannian metric. We obtain a full classification of Killing and affine vector fields as well as
Ricci, curvature and matter collineations.
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1. Introduction and preliminaries

In [2], BoZek constructed special examples of unimodular solvable Lie groups equipped
with left-invariant metrics in arbitrary odd dimension. Such spaces are described in
the following way (see [2], [13]): For any integer n > 1, let G,, be the matrix group
of all matrices of the form

e'o 0 0 Zo
0 e 0 I
0 0 ez,
0 0 0 1
where (zg, Z1, ..., T, U, ..., Up) € R*™ and ug = — (ug + ... +u,). The Lie group

G, is unimodular and solvable. The underlying manifold for G, is R?"*1. The
geometry of these Lie groups have been investigated by many authors. In [4],
Calvaruso, Kowalski and Marinosci, studied the set of homogeneous geodesics of
each solvable Lie group G, with left-invariant Riemannian metric. In [1], Aghasi
and Nasehi considered the five-dimensional solvable Lie group G2 and investigated
other geometrical properties. In particular, they proved the non-existence of left-
invariant Ricci solitons on both Lorentzian and Riemannian solvable Lie group Gj.
In addition, they showed that the space-like energy on the Lorentzian Lie group G-
does not have a critical point and there is no left invariant almost complex structure
on G5 x R. Recently, in [14], it was proved the existence of non-trivial (i.e., not
Einstein) Ricci solitons on both Lorentzian and Riemannian five-dimensional solvable
Lie group. Moreover, there are no gradient Ricci solitons.
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Let (M, g) be a pseudo-Riemannian manifold, a Killing vector field is a vector field
on (M,g) that preserves the metric. Killing fields are the infinitesimal generators
of isometries; that is, flows generated by Killing fields are continuous isometries of
the manifold. More simply, the flow generates a symmetry, in the sense that moving
each point on an object the same distance in the direction of the Killing vector will
not distort distances on the object. Specifically, a vector field X is a Killing field if
the Lie derivative with respect to X of the metric g vanishes: Lxg = 0. In terms of
the Levi-Civita connection, this is equivalent to g(Vy X, Z) = —¢g(VzX,Y) for all
vector fields Y, Z. Therefore, it is sufficient to establish it in a preferred coordinate
system in order to have it hold in all coordinate systems. The Killing fields on a
manifold M form a Lie subalgebra of vector fields on M . This is the Lie algebra of
the isometry group of the manifold if M is complete.

A typical use of the Killing field is to express a symmetry in General relativity (in
which the geometry of space-time as distorted by gravitational fields is viewed as
a 4-dimensional pseudo-Riemannian manifold). In a static configuration, in which
nothing changes with time, the time vector will be a Killing vector, and thus the
Killing field will point in the direction of forward motion in time.

On the other hand, a vector field X tangent to (M,g) is said to be affine if it
satisfies LyV = 0, where V is the Levi Civita connection of (M, g) (or equivalently,
if [X,VyZ] = Vixy)Z + Vy[X,Z] for all vector fields Y,Z) which means that
the local fluxes of X given by affine maps. Obviously Killing vector field is also
affine. However, the converse does not hold in general. In particular, if (M, g) is a
simply connected space-time, the existence of a non Killing affine vector field implies
the existence of a second-order covariantly constant symmetric tensor, nowhere
vanishing, not proportional to g. As a consequence, the holonomy group of the
manifold is reducible (see for example [15]).

A curvature (resp. Ricci) collineation is vector field which preserves the Riemann ten-
sor R (resp. the Ricci tensor p) in the sense that, LxR =0 (resp. Lxo = 0), where
L denotes the Lie derivative. The set of all smooth curvature collineations forms
a Lie algebra under the Lie bracket operation, which may be infinite-dimensional.
Every affine vector field is a curvature collineation.

A matter collineation is a vector field X that satisfies the condition Lx7 = 0, where
T is the energy-momentum tensor given by 7 = o — %Tg with 7 denotes the scalar
curvature. The relation between geometry and physics may be highlighted here, as
the vector field X is regarded as preserving certain physical quantities along the flow
lines of X, this being true for any two observers. In connection with this, it may be
shown that every Killing vector field is a matter collineation (by the Einstein field
equations, with or without cosmological constant). Thus, a vector field that preserves
the metric necessarily preserves the corresponding energy-momentum tensor. When
the energy-momentum tensor represents a perfect fluid, every Killing vector field
preserves the energy density, pressure and the fluid flow vector field. When the
energy-momentum tensor represents an electromagnetic field, a Killing vector field
does not necessarily preserve the electric and magnetic fields.

More general, a collineation or a symmetry of a tensor field S on a pseudo-Riemannian
manifold (M, g) is a one-parameter group of diffeomorphisms of (M, g), which leaves
S invariant. Therefore, each symmetry corresponds to a vector field X which sat-
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isfies Lx.S = 0. Symmetries of the metric tensor g which correspond to the Killing
vector fields. Symmetries of the Levi-Civita connection V which correspond to the
affine vector fields. Since symmetries are more significant from physical aspects, and
they have been studied on several kinds of space-times (see [5, 6, 7, 8, 9, 10, 11]).

The aim of this paper is to study symmetries of the five-dimensional solvable Lie
group G, equipped with a left-invariant Riemannian metric. We shall treat a single
case of left-invariant metric on the solvable Lie group G5, this metric has some
relevance as it appears as one of the possibilities of five-dimensional generalized
symmetric spaces. We shall essentially show that besides Ricci collineations all other
conditions reduce to Killing vectors and there are no other than right-invariant vector
fields.

The paper is organized in the following way. In Section 2, we shall report some basic
information about five-dimensional solvable Lie group and its left-invariant metrics
in global coordinates, we shall describe their Levi-Civita connection, the curvature
and the Ricci tensor. In Section 3, affine and Killing vector fields of solvable Lie
group (5 are characterized via a system of partial differential equations. Then, in
Section 4 we shall respectively classify Ricci, curvature and matter collineations on
the five-dimensional solvable Lie group G5 equipped with Riemannian left-invariant
metric.

2. Connection and curvature of solvable Lie groups

Consider the five-dimensional solvable Lie group G5 which is diffeomorphic to the
Cartesian space R®(zg, 1, T, u1,us). Throughout the paper, we will denote the co-

ordinate basis {i 2 0. 2 i} by {0sos Ouys Oryy Ouys Ouy b and we shall endow

Oxp’ Ox1’ Oz’ Ouy’ Ous

Gy with the left-invariant Riemannian metric g, given by

2 2
g= z:e_Qq‘l'(daci)2 +a Z dusdug, with a > 0, (1)

=0 a,p5=1

Let V denote the Levi-Civita connection of (Ga,g), and R its curvature tensor,
taken with the sign convention:

R(X,)Y) =[Vx,Vy] = Vixy)
The Ricci tensor o of (G, g), is defined by

0(X,Y) =t2(Z — R(Z,X)Y)
Starting from (1), we can describe the Levi-Civita connection V, and then the
curvature of (G, g), with respect to the basis of coordinate vector fields. Explicitly,

we get that the Levi-Civita connection is completely determined by the following
possibly non-vanishing components:

2
V[«)xo ({9;50 = _3_ae2(UI+U2) (aul + 8u2) s Vaxo aul = Vaxo auz = aﬂcoa
2
vazl a’rl = 3_01672“1 (Qam - auz) ) vazl a’ul = _89017 (2)
2
V&Q aacz = _€—2u2 (_am + 28u2) ) Van 8u2 = _8@‘

3a
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The non-vanishing curvature components are:

_ _3 2(u1+u2) _ 3 —2u7
R(awo7am1)ax0 — 3@6 aggl, R(axo, 3x1)3m1 == 3a€ ax07
_ _3 2(u1+u2) _ 3 —2uo
R(axmax?)axo - 3@6 axza R(axoa axz)axz - 3@6 axoa
2
R<a$07 am)awo = 3_@62(1“—&—1@) (am + aug) ) R(accoa am)am = _awou
ROy, D1)0sy = et (0,4 01), BP0y =~ )
R(axo’ au2>a“1 - _8950’ R(azoa au2>au2 = _89007
_ _3 —2uq _ 3 —2usg
R(azﬂam)axl - 3&6 861327 R(axpaa:z)a:cz — 3@6 8:1:17
2
R<arl7aul)aﬂc1 = 3_@6*2% (Qaul - auz) ) R<az1aau1)au1 = _a:ma
2

R<ax2’ aU2)aﬂc2 - Q_QUQ (_am + 28u2) ) R(axza auz)auz = _axza

3a
and the ones obtained from them using the symmetries of the curvature tensor. The
non-zero components of the Ricci tensor are:

Ouiur = OQuoug = —2 and Ouyug = —1. (4)
The scalar curvature is then given by = (5)
a

3. Affine and Killing vector fields of 5-dimensional solvable Lie groups

In this section we completely classify affine and Killing vector fields of five-dimensional
Riemannian solvable Lie group (Ga,¢). Let V = X0,y + Y0y, + Z0p, + SOy, + TO,,
be a vector field on G, where X,Y, Z, S, T are smooth functions of the variables
Lo, L1, L2, U1, Uz
Long but direct calculation yields the following description of the Lie derivative of
the Levi-Civita connection (2) with respect to V, as follows
2
(Ly'V) (Opg, Ony) = (agOX + 20,5 + 20, T + 3—@2“1““2(0“1)( + 8u2X)> Or,
a
2
+ (aioy + 3_62u1+2u2 (amY + aUQY)) 8551
a
2
+ (aiOZ + 3_62u1+2u2 (amZ + au2Z)> axz
a

+ (8505 + S—ie%l““? (Ouy S + D1y S — 25 — 2T — 2ax0X)) B

—e
3a

(Ly'V) (0245 02,) = (0002, X 4 0, S + 05, T) Oy + (02002, Y — 05, S) O,y

2
+ (8§0T + et (g, T+ 0,,T — 25 — 2T — 2810X)) Oy,

2
-+ ((910811 Z) am2 + (8%&,:15 + 3—a(2€*2ulawoy B 62u1+2uzax1X>) 8u1

2
" (83308331T o 3_a(€_2m a~”EO}/ + 62“1+2M28$1X)) 8“27
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(LVV) (axov axz) = (axoasz + a:ezS + a:t:zT) 8960 + (azoaxzy) 8:01

a

2
+ (aﬂtoamz - @IOT) am + <8£08$QS o 3_(6_2u2a$0Z + BQU1+2u28$2X)> au1

3a
(LyV) (02, Ouy) = (02gO0uy X + 0y S + 0y, T) Osy + (&Co&ﬂY —20,,Y) O,

2
(amamT + (27220, 7 — 62“1““2@“)()) Doy

3a

4 (0,00, Z — Dy Z) By + (axoauls Oy S — 2“1+2U2aulx) i

3a

2
+ (@O&MT — 0y, T — —e2u1+2“26ulX) Ouiy

(LVV) (89[;0, au2) - (amoan + aws + aWT) auro + (awoamy - aﬂ?oy) awl

+ (D2y 00, Z — 200, Z) Oy, + (axoaws 0.5 — o 2 g X> o,

a

2
+ (azoauzT — 0y, T — 3—62“1”“26“2)()) Ouiy

_ 2
(Le9) @ 0) = (2,5 +

2
e (0, X — 26UIX)) Or,
+ (aily —20,,S + ;—aem (04, Y — 28@/)) O,

+(a§z+3
! 3a

e 2 (Dyy Z — 2aul2)> Or,
+ (aﬁls + S%e—%l (40,,Y + 0y, S — 4S — 20, S)) Ou,
+ (8:% T+ 3e
! 3a
(LVV) (8331 ) am) - (8961 aﬂﬂzX) aﬂ30 + (89318932Y - a932 S) axl + (arlarQZ - aﬂ:lT) a&?2

“2u1(9,, T — 20, Y + 25 — 2aulT)) Ouiys

2
+ (833183625 + 3—@(26_2“13sz - 6_2“2(9112)) O,

3a
(LyV) (02, 0uy) = (02,00, X + 204, X) Ozg + (04,00, Y — 0yy S) Oy

2
(@ﬁmT + —(2e7%29, 7 — 6—2“183521/)) Ouiys

4
+ (04,00, Z + 04, Z) Oy + (axlauls + 0,5+ 3_a€—2u1 au1y) By

2
+ (&cﬁulT + 0., T — 3—ae‘2ulaulY) Ous s

(LyV) (D1, 0uy) = (01,00, X + 03, X) Oy + (02,00, Y — 0y S) O,
4 (0,00, Z — 03, Z) Oy, + (amlams + ;iae—?“lamy) i

a

2
+ (&CI&QT — 3—@‘2“18u2Y> Ous s
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(LVV) (amv au1) = (axzaulX + asz) aﬂ?o + (8I28U1Y - 0362Y) 8231
2
+ (04, 0y, Z — 04, T) Os, + (83526”15 ~ 3,

a

e 229, Z) Ouy

+ (@ﬁulT + i
3a

62“2&“2) Ousy s

(LyV) (D1, n,) = (a;X L2

229, X —20,X) ) 0,
e 0, X - 20,X) ) 0.,

+ (82 Y+ ‘2“2(6u1Y — 28@/)) Or,
+ ( —20,,T + — 2 e 22(0,, Z — 28u22)> Os,
3a
+ (a —2“2((9“15 20,5 + 2T — 2@22)) O,
+ (02 T + 3 e 22(9,, T — 20,,T — 4T + 4(3@2)) Ouiys

(LVV) (85627 aw) - (8$28U2X + anQX) 8330 + (85628U2Y + aﬂ»‘zy) aﬂh

2
+ (02,00, 7 — 0, T) Oy, + (a@aws 0,8 — e 70, Z) B,

a
+ (amamT + 0p, T + 34—a62“28u2 Z) Ouy
(Ly'V) (Ouy, Ouy) = (02, X 4204, X) Oy + (02Y — 20,,,Y) O,
+(02,2) Ouy + (02,8) Ouy + (02.T) Oy,
(LyV) Dy, 0uy) = (00, 00y X + 00, X + 00y X) Oy + (00, 00, Y — 0, Y) Osy
+ (0w, 0uy Z — 0uy Z) Oy + (0uy 0up S) Ouy + (0uy Oy T) Oy,
(LvV) (Ouy, Ouy) = (02, X +20,,X) Oy + (02Y) Oy,
+ (82,2 — 204, Z) Oy, + (02,5) Ouy + (02,T) Oy

In order to determine the affine vector fields, we must solve the system of PDEs ob-
tained by requiring that all the coefficients in the above Lie derivative are equal to

zero. From (Ly'V) (0u,,0u,) = (Ly'V) (Ouy s Ouy) = (Ly' V) (Ouy, Ou,) = 0 we obtain

S :g(l'o,l'l,xQ)
T T(l‘(),.’]fl,l’g)ul+T(.T0,l'1,l‘2) UQ+7/—\1<$O,Z'1,.T2),

($0, Ty, 1’2) Uy + §($0, Zy, 5132) )

I O)ll

o~ o~

where S, T, S T T, S are real-valued smooth functions depending on g, x1, zs.
We now we derive, with respect to u;, the equations given by

duy [(Ly'V) (04y,04,)] =0, and dus [(Ly'V) (0ry, 0y, )] =0
Using the fact that dz; [(Ly'V) (O, 0y,)] = 0, we deduce 9,,S = 9,,T = 0.

Then, taking the derivative, with respect to us, of the equations given by

duy [(Ly' V) (Ory, Ouy)] = 0, and dug [(Ly'V) (Oy,, 0u,)] = 0,
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and taking into account that dzg [(Ly'V) (Oy,, 0u,)] = 0, we get &EQS &CQT =
By deriving, with respect to ug, the equation given by du, [(Ly V) (am,aul)]
and using the equations obtained from

duy [(LvV) (05, 00,)] = 0, duz [(Ly'V) (s, 0uy)] = 0, e [(Ly' V) (Ouy, Ous )] = 0,

we prove that 0,7 = 0,,5 = 0,,T = 0.

Again, deriving, with respect to u;, the equation given by du; [(LyV) (0y,, 0y,)] =0
and using the equations obtained from

duy [(LvV) (021, 0u,)] = 0, duz [(Ly'V) (ay, 0u,)] = 0, dy [(Ly' V) (Ouy, Ous )] = 0,

we have 0,,Y = 81,1? = 8331? = 0. Therefore, S and T reduce to

(o) ug +§(x0,931,.21:2),

A~

S =5 (z)ur +
+ T (xo) us + T (g, T1, T2) .

T =T (z)uy

'ﬂll Ozll

Next, the equation da [(Ly'V) (Oz, Ouy)] = 0 together with the equation given by
dzs [(Ly V) (Oy, Ouy )] = 0 lead us to prove that 0,,Y = 0,,Z = 0.

Thus, from the equations day [(Ly'V) (0, Ox,)] = 0 and dxy [(Ly'V) (02, Oy)] = 0,
we get 0,,5 = 0,1 = 0.

Now, using the equations dzy [(Ly'V) (O, Ouy)] = dxy [(Ly' V) (Ory, Ory)] = 0, we
obtain 0,,Y =0,Y =0.

We then use the equations given by

dz; [( ) (81"17 am )] = dz; [(LVV> (8117 a’Ltz)]
au

0,
da [(L V)(awmaxz)]: duy [(Lv'V) (O, 0y )] = 0

Y

to obtain 0,,5 = 0,,5 = 0,,5 = 9,,5 =0

Again, the equation dzs [(LyV) (0y,0y,)] = duy [(Ly'V) (Ory, 0uy)] = 0 leads us to
prove 0y, Z = 0y, Z = 0. Hence, S =c¢; for ¢y € R, Y =Y (x1), and Z = Z(x3).

Now, using the equations obtained from

daxy [( V) (aﬂcp aocz)] = dus [(LVV) (axm Ou
dzy [( ) (812, 6%)] - dzy [(L ) (aﬂtw &u

M N
= =
|| ||

we get 0,1 = 0,,T = 0,,T = 0,7 =0, and so, T' = ¢, € R. Thus, by using the
equations

duy [(LvV) Oy, 0x,)] =0, and duy [(Ly'V) (0ry, Oy)] = 0,

we deduce that Y = cjx1 + ¢c3 and Z = cyxy + ¢4 for some real constants cs, ¢y.
Next, from the equations

dul [(LVV) (axov aﬂﬁl)] = 07 dul [(LVV) (aﬂ?m 2)]
0

9,.)] =0,
du? [(LVV) (aﬂf»‘oa am)] =Y, du? [(LVV) (89607 auQ)] 0

bl
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we conclude that 0, X = 0,,X = 0,X = 0,,X = 0, which together with the
equation obtained from dug [(Lyv'V) (0, O, )] = 0 gives

X = —(Cl + 02)1‘0 +c5, c5 €R.

We now determine the Lie derivative of the metric (1) with respect to V. We have
the following

(Lv ) (Dugs Ouy) = 26*1742) (S + T + 9, X)

(Lvg) (D, On,) = €210, Y + €212, X,

(Lv) (Org, Oy) = ‘2“28%2 + ePlntwlg X

(Lyg) (D, O, ) = aDyy S + 8w0T+ e2lmtu)g X
(Lvg) (Ouy, Ouy) = a0, T + &COS + Pmtwly X
(Lyvg) (0n,,0,) = 2¢ 21 (— S +0,,Y),

(Lvg) (02, 0y) = ‘2“28le +e M9,y

(Lvg) (8,,04,) = ady, S + 8x1T ey, Y, (6)
(Lvg) (Ouy,0uy) = a0y, T + axls +e29,,Y,
(Lvg) (Ony, Ony) = 26722 (— T +0,,7),

(Lvg) (Ozy, Ouy) = 0, S + = amT e 2029, 7,
(Lvg) (Opy; Ouy) = a0y, T + 8225 A
(Lvg) (Ouy, Ouy) = 200y, S + a@ulT

(Lvg) (Ouys Ouy) = a0y, T + ady, S + auls + (9u2T
(Ly ) (Ouy, Ouy) = 200y, T + ady, S.

In order to determine the Killing vector fields, we must solve the system of PDEs
obtained by requiring that all the coefficients in the above Lie derivative are equal
to zero. A straightforward computations lead to prove the following:

Theorem 3.1.  Let V be an arbitrary vector field on the Riemannian Lie group
(Ga,9). Then, the following conditions are equivalent:

e V is an affine vector field

e V is a Killing vector field

e V is given by
V = [—(c1 + c2)xo + ¢5) Ozy + (121 + €3) Oy + (222 + €4) Oy + €10y, + €204,
for some real constants cy,...,cs.
Remark 3.2. The above Theorem, giving the explicit form of any Killing vector

field, shows that the space of Killing vector fields is five-dimensional. Since right-
invariant vector fields on Lie groups are Killing for any left-invariant metric, one has
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that no additional Killing vector fields may exist in (Go,g). A same remark holds
true for affine vector fields. Since any Killing vector field is affine, one has that there
are no additional ones.

4. Ricci, curvature and matter collineations

In this section, we shall investigate symmetries of the five-dimensional Riemannian
solvable Lie group (Gs,g) where g is given by (1).. Let V = X0,, +Y0,, + Z0,, +
S0y, +T0,, denote an arbitrary vector field on Gy where X,Y, 7, S, T are smooth
functions of the variables g, x1, x2, u1, us. We first determine the Lie derivative of
the Ricci tensor p. We have the following

(Lv ) (Oag; Ouy) = — (02T + 204, 5) ,

(Ly0) (Orgy Ouy) = — (205, T + s, S) ,

(Lv©) (0ay, 0uy) = — (00, T + 20:,5)

(Ly0) (02, Ouy) = — (20, T + 0,,5)

(Lv©) (Oay; Ouy) = = (00, T + 20.,5) ,

(Lv0) (Oy; Ouy) = — (200,14 0,5)

(Lv0) (Ouy; Ouy) = =2(0u, T + 20,,5)

(Ly 0) (Ouy, Ouy) = — (0w, T + 20y, S + 20, T + 0y, 5)
(Lyv0) (Ouy, Ouy) = —2 (204, T + 0,,5) ,

(Lyv o) (0y,,0,,) =0 forall i,j=0,1,2.

Next, using (3), we calculate the Lie derivative of the curvature tensor R, with
respect to the coordinate basis. We have the following

Ly R) 04y, Opyy Ory) = 2 e 29, Y + 2 tH2g X)) 0,
01 Yz1y Uz 34 0 1 0

4 2
— 3—62"1”“2 (03 X + S +T)0,, + 3—@2“1““2 (204, 8 + 0,,T) Oy,
a a

2 2u1+2u2
+ 3—ae (04,8 + 20, T) Oy,

2

4
(Lv R) (Oxg, Ory 5 Osy) = 3—@6_2“1 (02,Y = 5) Ony — 3a (e_zmaroy + 62UI+QU289E1X) Oa,

2 2
— 272 (9,,8) Oy, — —e 2 (0, T — 055) Oy s
ae ( 0 ) 1 30/6 ( 0 0 ) 2
2
(LY R) (01 0, 01) = 5 (€7290,,Y + €720, 2) 0,
a
2
~ 3 (62“”2“289&2)( + 6_2“283;02) Ory

(LVR) (aacoa amaaul) = (33@2“181“1/ - axls - amT) aro

a

2
+ (_3_62u1+2u23u1X + aasos) aml,

a
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2
(LyR) (Dyy, Oay, Buy) = ( e 29, Y — 0,8 — a,mT) Ory = 5" (0,,X) Doy,
(LU R) (Oays OursBay) = o (72200, 7 + 252420, X)) 0,

4 2
— et (9 X + S +T)0,, + —e*1722(20,,8 + 0,,T) Oy,
3a 3a
2
+ £e2“1+2“2 (04, S + 20,,T) Dy,
2
(LvR) (Dan; Orys 0r) = oo (€771 00sY + €72205, Z) Oy
2
~ 5 (e*17220,, X 4+ €210,,Y) Oy,
4 2
(LVR) (aﬂco’ aﬂcza 8502) - @6_%2 (axQZ - T) a950 - @ (e_zuzaﬂcoz + 62u1+2uz8I2X) 83?2
2 — 22U 2 — 22U
= 50 (008 = 00, T) Oy = — €22 (91, T) D,
2 2
(LVR) (axoa amza aul) = (3_a€2UQau1Z - a:mS - a:mT) a’ro - 3_@62u1+2u2 (au1X> 8127

2
(Ly R) (O, Oy, Ouy) = (56—2“2%2 — 0p,8 — 8I2T) Or,
4 (_ 2 2u1+2u28u2X + axoT) a’ma
3a
2
(LvR) (Oay, Ouy Oy) = < 3a€2“1+2“2 (Ou, X + 0u, X) + 0y S + 3on> Ouy
_ 362u1+21u (Qamy 4 au2y) 811 o %62u1+2u2 (2(9“12 + 6UZZ) 8562

3a
2 2u142u
+ 3¢ 1292 (204, X + 25 4+ 2T 4 0y, T — 0y, S) Ouy
2
+ 3—aez“1+2“2 (204, X + 2S5 + 2T + 0,4, S — 04,T) Oy,
(LyR) (Opgs Ouy, Ozy) = (3%62“1%}/ — 0, S — &EIT) Do

2 2
+ 3 (26_2“10%}/ + 62”1““20961)() Ou, + 3 (—e‘zulaxOY + 62“1”“28961)() Oy s
a a

(LyR) (O4y, Oy, Ony) = 3% (e*waulz — 04,8 — 05,T) Oy,

2
e (9,,X) 0, + 62“1”“2 (022X) Doy
a

(Ly R) (Ongs Our Our) = =2 (00 S + 0, T) Oy + (00yZ) Ony

2 ouy+2 2
TR0, X + 05,5 | Oy
g s oas)

2u1+2u28u1X + aaon) aug,
a

(Lv R) (Orgs Our Ouy) = = (0ur S + 0, T + 0y S + 00, T) Oy + (00 Y') Oy + (Fg Z) O

2 out2 2
mt2g X 49,5 ) O,
(et s 0us)ou+ (i

2u1+2u26u2X + 89:0T) 8u2,
a



MOSTEFAOUI AND BELARBI 165
2
(LVR) (61707 8’&2) axo) - (301 2UI+2u2 (a’ulX + au2X) + a.TOS + 8I0T> 8

2 2
— —€2u1+2u2 (auly + 28u2y) azl - _€2u1+2u2 (aulz + 28“22) ax?

3a 3a
2
+ 562“1”“2 (204, X + 2S5 + 2T + 0,,T — 9,,5) Oy,
2
+ 3—ae?“1+2"2 (204, X + 2S5 + 2T + 04,5 — 04, T) Oy,
2
(LVR) (83607 8u2: axl) = (%‘QZMauQY - a:1:15 - axlT) aro

2 2
+ £€2u1+2u2 (8UIX) aUl + @eQUL’—QW (8x1X> auza

2
(LyR) (O4y, Ouy» Oy) = (3—ae—2”2au22 — 04, S — c%zT) Oz,
+ 2 (g, X o0, 7) O + 2 (2220, X + 26220, 7) O,
3a 3a
(LVR) (8960? 6u27 aul) = = (auls + 8U1T + 8u25 + 8U2T) al‘o + (81‘0Y) a961 + (aﬂﬁoz) 8962
2 2
3a 3a

2u1+2u28u1X + 8xoT) auz’
a

(LVR) (aﬂco’ 8U27 am) = -2 (81125 + amT) aﬂco + (axoy) a3171

2, 2uy 2
Al uX T U1
+(3a Ouy X + 02,5 | Ouy + 34

e 29, X + azOT) O
a

2
(Lv R) (O, Oy, Oxy) = 3a (62u1+2u28x2X + 672“289602) Oy
2
B 3a (GQU1+QU28$1X + 6_QU2(§)$0YV) 89027

2 4
(LW B) (@O D) = o (€720 0,Y + €720, 2) 0, + 72 (S = 0,,Y) 0,

2 —2u1 3 —2uy —
+ ~e (02, S) Oy + 32¢ (02, T — 0,S) Oy,
2

4
(LVR) (6331’ 8332? 8302) - %6_21& (6952Z - T) a351 - a (6_2UQ89512 + 6_2“18“}/) 8582

2 2,
— D — 0y, T) By, — —e 242 (9, T
3@6 (@CIS 5?931 ) 8u1 ae <8x1 ) auzv
(LyR) (9, 0s,.00) = [ 2220, 7 — 0,,5 ) 0y, — —e=21 (3, Y) D
1% 1y Y2y YUl - 30/6 Ul T2 T 3ae Ul x9

2 2
(L B) (0020 00) = o™ (01,2) D, + ( e,,Y + axlT) O,

(L R) Doy Dy Do) = (33+8X - amS)

42 2 ( 2u1+2u2811X + 2e~ 2U1amy) a

0 (212028, X — 210,V ) O,

2
3
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2
(LVR) (6I17au1 ) 8331) = 3_6721“1 (a’LLQX - 36U1X) aIO
a

2 )
“ (9 Y 2(9 Y (i {i
<3 € ( u2 Ul ) $1S) X

2 —2u1 2 —2u1 _ _
o0 (O =300 2) ay + 5 ¢ (40, Y — 45 = 0,,5) D,

2
+ 3—@6*2“1 (=20,,Y 4+ 28 + 0,,T — 20,,T — 0,,5) Ou,,

a

(L) (0,00 00) = e 20,2~ 0,5 ) 0,

4 2
+ 56_2“1 (02,Y) Oy — 56_%1 (02,Y) Ous,

(LVR) (856178“1 ) aul) = -2 (aul S) 811 + (azl Z) a962

+ <azls 4 ie%lauly) Dy + (amT _ 3e?maulY) D,
3a 3a
(LVR) (a$17am ) aw) = (amX) aiL”o - (am S) 8961
4

2
+ 56_2“1 (04,Y) Ouy — 56_2“1 (0u,Y) Ous,

2
(LVR) (81’17au27 aﬂ&o) = QGQU1+2UQ (8U2X) 6961

2 2
o (9, X) 0y € (9, X) 0

_ _3 —2u1 o 3 —2u1
(LVR) (aw17aU27a$1) - 3ae (aWX) 8960 3&6 (amZ) a:vz
2

4 —2u1 —2u1
+3ae (0uyS) Ouy 3ae (OuyS) Ouy

2
(LVR) (8$17 auQ? 81'2) = 3_(16_2“2 (a'lLQZ) al'l
2 4 _,
— —e ™2 YA —e "2 A
3ae (02, 2) Ou, + 3@6 (02, 2) O,

(LVR) (awpauy 8U1) - = (8901X) axo - (am‘s) 85617
(LVR) (am?auza auz) = - (8561X) axo - (aUQ Z) 8962’
2

(Lv R) (Opy, Ouy, Ony) = 3_e2ul+2U2 (0w, X) O,
a
2 2u1+2 2 2u1+2
£ 2ui+2us X £ 2ui+2ug X
+ 3@6 (02, X) Oy + 3@6 (02, X) Ouy,
2
(LVR) (a:m? auma’m) = 3_a672u1 (8U1Y) 812

4 2
+ 56_2“1 (02,Y) Oy — £6_2“1 (02,Y) Ous,

2 2
L _ —2ug —2usg
(Ly R) (Ouyy Ouy s Ony) = __Sae (0, X) Oy — _3a€ (0, Y) Ox,

2 . 4,
~ 3¢ 2029, T) Oy, + 34 242 (9, T) O,
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(LVR) (axw au1 ) au1) = - (8502X) axo - (aﬂczy) al‘l?
(LVR) (aﬁvw aulvauz) = = (aHEzX) a930 - (aul Z) 83627

2
(LVR) (azm auza aa:o) = (@62“1—'—2“28112)( - 8on) 8302

2 2
o (PO, X = 0, 7) Oy + o (M0 X 42072205, Z) O,

(LyR) (Dsy, Oy, Oy ) = (;e%awy - aTlT) O,

a

2 4
— —e 2 A —e 2 YA
3ae (02, 2) Ou, + 3@6 (02, 2) O,
(LVR) (axm au2> a:m) = 320162u2 (amX - 38U2X) axo

o e u Y — ugY T 5 e ulz -2 UQZ - .’EQT T2
+ e (Ou, 30u,Y )Os, + (3ae (0 Ou, Z) — O ) 9,

2
+ £6_2“2 (2T — 20,,7Z — 0y, T + 04, S — 20,,5) Oy,

2
+ 3—6—2"2 (404, 7 — AT + 0y, T) Oy,

a

(LVR) (am? auza au1) = = (8502X) axo - (amT) axz
2

4
— 3—@6_2“2 (0w, Z) Oy, + 3—@6_2“2 (0w, Z) Ouy

(LVR) (axw 8u2> 3u2) = (amy) 8361 -2 (auzT) 812

2 4
+ | Op, S — —672“281‘22 Ouy, + | O, T + —672“2&”2 Ouys
3 3a

a
2
(LVR) (amv awv aﬂvo) - 3_a€2m+2w <8U1X - a?uX) aul
2
4 —Purt2uz (0, X — 04y X)Ouy,

3a
4 2
(LVR) (aulvauw aﬁvl) = _3_6721” (au2y) aul + 3_a€72m (8U2Y) &sz

a

_ _3 —2us9 i —2usg
(LVR) (&m auyawz) - 3a6 (amZ) avq + 3&6 (amZ) aw?

(LVR) (8U178U27 aul) = (auzX - aulX) a:lco + (8U2Y) aivla
(LVR) (61617 8u2, au?) = (aUQX - amX) afvo - (amZ) 8962'

Finally, we study matter collineations, using equations (1), (4) and (5).

We determine the tensor field 7 = o — $g as follows
ZeAwtuz) 0 00
0 2pm2m 0 0 0
T = 0 2e722 0 0
0 0
0 0

0
0 0 0
0 0 0
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The Lie derivative of the above tensor field T is then given by

4
(LvT) (Ory, Ong) =~ (S 4+ T 4 0, X)),
LyT) (Bay,001) = = (720, + 21599, X) |
0 1 a 0 1
LyT) (Brg 00y) = = (67220, 7 + 201705, X)
a
(LvT) (0ng,Bu) = 260790, X,
2

(LyT) (Oug, Ouy) = aeﬂ“ﬁm)%x,

(LyT) 00y, 82) = ¢ (=5 40, 7).

(EvT) (0u1,00) = = (672400, 7 + 240,
(LvT) (0ry,0) = 261,

(LvT) (01, 00) = 2620,,Y

(LvT) @rss ) = e (=T +0,,2),

(EvT) 0, 00) = 26 2%20,, 7.

(LvT) Orss 00) = > 240,,7,

(Ly'T) (0u,0uy) =0 forall o, f =1,2.

Ricci, curvature and Matter collineations are then calculated by solving the system

of PDE obtained by requiring that all the above components of Ly o, Ly R and Ly T
vanish, respectively. A very long computations lead to prove the following:

Theorem 4.1.  Let V' be an arbitrary vector field on the Riemannian Lie group
(Ga,g) where g is given by (1). Then,

e V is a Ricci collineation if and only if

V = Xﬁzo + Y&Cl + Za$2 + (01(u1 + 2U2) + CQ) 8u1 + (—cl(2u1 + UQ) + 03) 8u2,

where ¢1,co,c3 € R and X,Y and Z are smooth functions.

e V is a curvature collineation if and only if V' is matter collineation if and only
if V' is Killing.

Remark 4.2. The situation is different as concern distinct collineations. In fact,
note that the space of curvature collineations is not necessarily finite dimensional.
This is indeed the case when considering Ricci collineations which are shown to
be of infinite dimension. In contrast, curvature collineations are shown to be five-
dimensional, they reduce to Killing vector fields and the same is true for matter-
collineations. Therefore, besides Ricci-collineations, all remaining symmetries reduce
to Killing vector fields.
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