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Abstract. Let 0 - a - ¢ — g — 0 be an abelian extension of Lie superalgebras. In
this article, corresponding to this extension we construct two exact sequences connecting the
various automorphism groups and the 0-th homogeneous part of the second cohomology group,
H?(g,a)o. These exact sequences constitute an analogue of the well-known Wells exact sequence
for group extensions. From this it follows that the obstruction for a pair of automorphism (¢,) €
Aut(a) x Aut(g) to be induced from an automorphism in Autq(e) lies in H?(g,a)o. Then we
consider the family of Heisenberg Lie superalgebras and show that not all pairs are inducible in this
family. We also give some necessary and sufficient conditions for inducibility of pairs arising in this
family.
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1. Introduction

The cohomology theory of Lie superalgebras has been considered by several authors
and it has found many important applications in physics as well as in mathematics.
In this article, we connect the cohomology theory of Lie superalgebras to the well-
known problem of inducibility of a pair of automorphisms in an abelian extension of
Lie superalgebra.

Let 0 = a = ¢ & g — 0 be an abelian extension of Lie superalgebras where i is
just an inclusion map. Then any v € Aut(e) which takes a onto a induces a pair of
automorphisms (¢, ) € Aut(a) x Aut(g). We refer to Section 2 to see how (¢,1))
is induced. We call such a pair to be inducible. But it is not clear whether for every
pair (¢,v) in Aut(a) x Aut(g) there is some v € Aut(e) from which the pair is
induced. In the present article we consider this problem in detail.

Problem 1.1. Let 0 — a & ¢ & g — 0 be an abelian extension of Lie
superalgebras. Under what conditions a pair (¢,v) € Aut(a) x Aut(g) is inducible?

A similar problem in group theory was considered in [18] for not necessarily abelian
extensions of groups and in that paper an important exact sequence involving auto-
morphism of group extensions and cohomology of groups was obtained. Since then

ISSN 0949-5932 / $2.50 © Heldermann Verlag



180 HAzrA AND HABIB

the problem has drawn much attention in group theory and the exact sequence is
now popularly known as Wells exact sequence. In recent years, several authors have
studied the problem further, see [10], [11], [14], [15] and references therein. In [14],
two more exact sequences were obtained along with the Wells exact sequence itself.

But the Wells map, a set map arising in the Wells sequence, was not well understood
in full generality until [11] was published. In [11] it was proved that the set map
is actually a derivation of the corresponding group action, see Proposition 5.5 for
more details. In the present article, we establish all the above mentioned exact
sequences for extensions of Lie superalgebras and apply them to study the above
problem. Tt is worth mentioning that though one of the main theorems in [14],
which is Theorem 2 was particularly for central extensions, here it is proved for the
more general class of abelian extensions. Some of the above results were also obtained
in the case of Lie algebras in [2]. In spite of that, we pay our attention to the case of
Lie superalgebras separately as neither the structure theory nor the representation
theory of Lie superalgebras is very similar to that of Lie algebras. And to the best of
our knowledge the above problem for Lie superalgebras has not been yet considered
in the literature.

The paper is organized as follows. In Section 2 we present the main definitions
including those required for the formulation of the problem along with a couple of
elementary lemmas, these should be kept in mind throughout the article. Section 3
contains the first main theorem and its proof proving some necessary and sufficient
conditions for a pair to be inducible. The main result of Section 4 is preparation
and construction of two important exact sequences which help in constructing the
famous Wells exact sequence. In Section 5 we establish the Wells exact sequence
which is Theorem 5.2 and discuss some immediate corollaries of this theorem. We
also prove that the Wells map is actually a derivation for the corresponding action in
the present Lie superalgebra case. Section 6 mainly deals with the case of Heisenberg
Lie superalgebras. In this case we show that not all compatible pairs are inducible
and we obtain some necessary and sufficient conditions for inducibilty of a pair.
At the end in the appendix we give a detailed proof of a famous result connecting
extensions and cohomology of Lie superalgebra as it is not readily available in the
literature.

2. Preliminaries

In this section, we give some preliminaries on Lie superalgebras and modules over
them. We also describe some notation and facts which will be used later in this paper
Throughout the article Z, will denote the abelian group of two elements, isomorphic
to Z/27.

Let V' be a vector space over a field « of arbitrary characteristic and not necessarily
algebraically closed (except in Section 6). A Zy-grading on V' is a way of expressing
V as a direct sum V = V5 ® V;. A vector space V together with a Zj-grading is
called a vector superspace (or just a superspace). The non-zero elements of U;V; are
called homogeneous elements of V. For a homogeneous element = € V;, degree(or
parity) of x is defined to be i and is denoted by |z|.

A vector space homomorphism ¢: V' — W between two superspaces V(= Vi & V;)
and W (= Wy W) is called homogeneous of degree k € Zo if ¢(V;) C Wiy Vi € Zs
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and the degree is denoted again by |¢| = k. In what follows, if we talk about a
homogeneous linear map without mentioning its degree, we mean a homogeneous
linear map of degree 0.

A vector space V' together with a bilinear map [—,—]: V x V — V is called an
algebra. The algebra (V,[—, —]) is called Zy-graded if [V;,V;] C Viy; for i,j € Zs.

Definition 2.1. (Lie superalgebras) Let g = go @ g1 be a Zy-graded algebra with
respect to the bilinear map [—, —|. Then (g,[—, —]) is called a Lie superalgebra if
the following two conditions are satisfied:

(1) [z,y] = —(=1)=¥/[y, 2] for all homogeneous z,y € g (Super Skew-Symmetry).

(2) (_1)|xHZ|["E7 [y,ZH + (_1)\y||w\[y’ [va“ + (_1)|Z‘|y|[27 [xvy“ = 0 for all homoge-
neous z,y,z € g (Super Jacobi Identity).

We denote the Lie superalgebra (g, [—, —|) simply by g. ]

A homomorphism between two Lie superalgebras g and b is a homogeneous linear
map ¢: g — b of degree 0 such that ¢([z,y]) = [¢(x), ¢(y)] Va,y € g.

Definition 2.2. (Modules) Let g be a Lie superalgebra and V' a vector superspace
over the same field . Then V is called a module (or a supermodule) over g if there
is a bilinear map (—,—): g x V' — V satisfying the following conditions:

(1) (9i,Vj) C Viyj Vi, j € Zs.
2) ([z,y],v) = (z, (y,v)) — (=)W (y, (z,v)) Vv € V and homogeneous z,y € g.

We call V' a g-module and the above action (x,v) of some x € g on some v € V
will be denoted by x - v. [ |

Now consider the vector space End(V') of all vector space endomorphisms of V.
Then End(V) = End(V')o ® End(V'); where

¢(V;) C Vigy for all i € Zs, }

End(V) = {¢ € End(V) : i.e. ¢ is homogeneous of degree k

and End(V) has a natural Lie superalgebra structure when the bracket is defined by
[0,¢] := ¢ otp — (—1)1?I¥lp o ¢ for ¢,1) homogeneous, and then extended to whole
of End(V) linearly. It is then very easy to see that a g-module V is equivalent to
a Lie superalgebra homomorphism p: g — End(V) given by p(x)(v) := z - v for
regvelV.

Let a and g be two Lie superalgebras. Then an extension of g by a is a short exact

sequence of Lie superalgebras 0 — a — ¢ 2 g — 0. We also call ¢ an extension of g
by a. We call this extension an abelian extension if a is an abelian Lie superalgebra
i.e., [a,a] = 0. Also, the extension is said to be a central extension if i(a) C Z(e),
the center of e, defined by Z(¢) := {z€e | [r,e] =0 Vece}. A subspace h C g is
said to be a subalgebra of the Lie superalgebra g if [h,h] C b and an ideal of g if
[h,9] C bh. From the above exactness it follows that i(a) is an ideal in ¢ and hence
we will generally identify a with i(a) and consider ¢ to be the inclusion map.

Now let us consider an abelian extension 0 — a - ¢ 2 g — 0 where ¢ is just
inclusion. Then we get a g-module structure on a in the following way: Let s: g — ¢
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be a section of the map p i.e., s is linear and ps = 1. Then we define the action
of gon a by x-a := [s(x),a] Vz € g,a € a. Using the fact that a is abelian, it
can be easily seen that a is a g-module with this action. We will always denote this
induced action by p: g — End(a) i.e., p(z)(a) = [s(x),a] for all x € g,a € a. The
next lemma shows that this action does not depend on the choice of s.

Lemma 2.3.  The above g-module structure of a does not depend on the choice
of the section.

Proof. Let s and s’ be two sections of p. Then for any z €g and a€a we have
ps(xz) — ps'(xz) = 0. which implies s(x) — §'(z) € kerp =a. So [s(z) — §'(z),a] =0
implying [5(z), a] = [s'(z), ). .

Without loss of generality we shall always take s to be homogeneous of degree 0 in
this paper. Such a section s (= so @ s1) of p always exists by taking sections s; of
pi; where p; = p|,, for i € Zy .

Also, let Aut(g) denotes the group of Lie superalgebra automorphisms of a Lie
superalgebra g. Let us set up the following notations parallel to those of [14] for
future use, corresponding to the above abelian extension:

Autq(e) := {ye€Aut(e) |y(a) = a}, Aut®(e) := {y€ Aut(e)|v(a) = a for all a€a},
Aut™¥(e) := {y€ Aut(e) | y(a) = a for all a € a and y(z) — = € a for all = € e},
Autf(e) := {ye€ Aut(e) |y(a) = a and y(z) — z € a for all = € e}.

Let s be a section of p. Then any v € Aut,(e) induces a pair (y]q,7) € Aut(a) x
Aut(g) where J(x) := p(y(s(x))) for x € g. It can be seen that ¥ is actually an
automorphism of g.

We define a map 7: Aut,(e) — Aut(a) x Aut(g) by 7(v) :== (7|a,77). Then 7 is a
group homomorphism. But it may seem that 7 is depending on the choice of s as
construction of 4 involves s. The next lemma shows that this is not the case.

Lemma 2.4.  The map 7 defined above doesn’t depend on the choice of the section.

Proof. Let s and s’ be two sections of p. Then s(z) — s'(x) € a as before. As
v € Autq(e), y(s(x) — s'(x)) also is in a. Which implies p(y(s(z) — s'(x))) = 0 and
the result follows. [

Now let ¢ € Aut(a) and ¢ € Aut(g). The pair (¢,1) € Aut(a) x Aut(g) is said to
be inducible if there is some v € Aut,q(¢) such that 7(v) = (¢,v).

2.1. Cohomology of Lie superalgebras

Here we give a brief description of some particular low dimensional cohomological
spaces of Lie superalgebras, which we need in this paper, without going into the
more general constructions. Let g be a Lie superalgebra and M a g-module.

Define C'(g,M) := {f: g — M| f is linear}, called the space of 1-cochains and
C%*(g,M) := {0: g x g — M |0 is bilinear and o(z,y) = —(—1)*W¥ag(y,z)}, called
the space of 2-cochains.

These spaces are naturally Z,-graded, given by C*(g, M) = C*(g, M)y ® C*(g, M),
for k = 1,2 where the homogeneous parts are described in the following:
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CHg, M); ={f € C'g, M) : f(g;) C My for all i € Z i.e.|f| = j},
C*(g,M); = {o€C?*(g, M) : |o(z,y)| = |x| + |y| + j for all homogeneous z,y € g}.

In general, elements of C™(g, M), are said to have homogeneous degree j.

Also, define a map d6: C'(g, M) — C*(g,M), called the coboundary map, by
0(f)(x,y) = (=D)FWlz - f(y) — (=1)¥I0Dy - f(2) — f([a,y]) for homogeneous
z,y € g and homogeneous f € C'(g, M), and then extended linearly where |f| de-
notes the homogeneous degree of f. The image of the map § is denoted by B?(g, M)
and the kernel by Z!'(g, M). Here it is important to note that the coboundary map
respects the above grading, in particular §(C*(g, M)y) C C*(g, M)o. This will be
used later. We define

(=1)llely . oy, 2) — (=)W L 52, 2)
Z(g. M) =0 € C*(g, M) | + (-1 o(2,y) — o[z, y], 2)
+ (=1)"Fo([z, 2], y) + o(x, [y, 2]) = 0

where z,y,z € g and o are all homogeneous. Then B?*(g, M) C Z?*(g,M). The
quotient space H?*(g, M) = Z*(g, M)/B?*(g, M) is called the second cohomology
group of g with coefficients in M. In the above notation, elements of B?(g, M) are
called 2-coboundaries and elements of Z"(g, M) are called n-cocycles.

Now for obvious reason, the Zj-grading of C¥(g, M) is inherited by Z*(g, M),
and B?*(g, M) can be seen as a graded subspace of Z?(g, M). Therefore we have
B?*(g, M) = B*(g, M)y & B*(g,M);. So H*(g, M) becomes Zy-graded and

Z2<ga M)O ® ZQ(Q? M)l
B2(97M>0 B2(97M>1

H2(97M): :H2<97M)0@H2(97M)1-

For details and a more general construction of cohomologies we refer to [3], [17], [16]
and to [13], the fundamental paper on the cohomology of Lie superalgebras.

3. Necessary and sufficient conditions for the inducibility of a pair

Let 0 - a > ¢ & g — 0 be the abelian extension of g. Let(without loss of
generality) s be a homogeneous section of degree 0 of p. Then |s(x)| = |z| and
|s(y)] = |y| for homogeneous elements x,y € g where |.| denotes the degree of
a homogeneous element introduced in Section 2. Define a map #: g x g — a by
O(z,y) = [s(x),s(y)] — s[z,y| for all z,y € g. Also let (¢,¢) € Aut(a) x Aut(g).
Then it is easy to see that 6, ¢ oo (1, 971) € C?(g,a). Also, both 6 and
pofo (1t 1p7) are homogeneous of degree 0. So 0, pofo (v 7)€ C*(g,a)0.
Now we are ready to state our first theorem.

Theorem 3.1. Let 0 — a = ¢ 2 g — 0 be an abelian extension. A pair
(p,v) € Aut(a) x Aut(g) is inducible if and only if the following conditions hold:

(1) The 2-cochains ¢pofo(yp=L,4~1) and 6 differ by a 2-coboundary (in B*(g,a) ).
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g > 9
(2) The following diagram commutes: lp lp

End(a) 22977 Eng(a)

If the second condition holds, we call (¢,1) a compatible pair. The map p is described
in Section 2.

Proof.  Let (¢,%) be a pair which is inducible. Then there exists an automorphism
v € Auty(e) such that 7(y) = (¢,¢). Let s: g — ¢ be a homogeneous section of
degree 0. Now for = € g, pys(x) = ¢¥(z) = psi(z). So vs(x) —sip(x) € a. We define
A:g— aby Az) :=vys(z) — sy(x). Clearly A is linear, homogeneous of degree 0.
Now for x,y € g,

¢pofo (v ) (z,y) =0 (2), ¢ () = (O (2),0 " (y)))

=([sv 7 (@), 59 ()] = sl (@), 07 (»)])
= [ysy ™ (@), s ()] = ys[v (), 0 ()]
=MW (@) + s (@), M (y) + sv (e ()]

MY (@), v @)]) — s (@), v ()
= [s(2), o™ ()] = (=1 [s(y), \o™! (2)] + [s(2), 5(y)]

=AMy (@), v (W)]) — slz,y]
=2 (MW7) — (D) wH(2)) = A (@), o (W)]) + 0(x, )
= 0(\ ) (2, y) + 0(z, y).

So ¢gofo (L9 t) and @ differ by a homogeneous 2-coboundary of degree 0.
Secondly, for x € g and a € a,

x),a] + [s¢(x), a] = p(ip(2))(a).

So ¢p(x)p~ = py(x) for all  and hence the diagram commutes.

For the converse, suppose ¢ o f o (¢p~1 4~1) and # differ by a homogeneous 2-
coboundary of degree 0. Then from the discussion in section 2.1, we can find a map
A: g — a such that gofo (p~1,471) =0 =06(\) and ) is homogeneous of degree 0.
So we obtain relations for x,y € g:

pofo (v ) ((x),v(y) — 0(¥(2). ¥(y)) = d(N)((x), ¥(y)), or
¢ob(z,y) —0((x),d(y) = [s¢(x), Mp(y)] + [M(2), sv(y)] = M (), ¥(y)]) (1)

Let s: g — ¢ be a homogeneous section of degree 0, then ¢ = a @ s(g) as vector
spaces. Now we define a map v: ¢ — ¢ by v(a + s(z)) = ¢(a) + M\(x) + sp(x)
for a € a,x € g. It is easy to see that ~ is homogeneous of degree 0 and also
injective. To see that 7 is surjective, let us take some arbitrary a’ + s(a’) € ¢. Then
Yo7 a — Nz')) + s~ (2')) = a' + s(x’). So 7 is surjective.

Now we check that this v induces the pair (¢,). It is clear that 7|, = ¢ . And for
z € g, pys(z) = p(Mp(z) + sip(x)) = psip(x) = 1(x). So v induces the pair (¢,).
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The only thing left is to show that ~ is a map of Lie superalgebras i.e., v respects
the bracket. For that, let e = a + s(z) and ¢ = a’ + s(z’) € ¢. Then,

e, €'l =vla+s(x),d + s(2')] = ([s(z), a]) + vla, s(2)] + v([s(x), s(z')])
= 0([s(x),d]) = (=)o ([s(2"), a)) +1(O(x,2") + s[z, a"])
= op(a)(a") = (=)W gp(a’)(a) + ¢(x, 2") + sz, 2'].
On the other hand,

[v(e), v (€] = [v(a+ s(x)),v(a" + s(2))]
= [¢(a) + A (@) + s9(x), (a’) + Mp(a') + s ()]
= [¢(a), s (@) +[Mb(x), sp(2")]+[s¢(x), p(a)]+[s (), Mp(a)]+[s9(2), s ("))

) [
= py(a)(¢(a") = (=1 po(a’) (é(a)) +08(w, ') =0 (W (2), ¥ (@) + A (), ¥ (y)])
+0((x), (") + s[p(x), ¥ (x")] [using the above relation (1)]

= pp(x)p(a") = (1) pp(a")d(a) + 0(x, ') + Mp[x, ') + sz, 2]
= p(a)g(a’) = (=) pyp(a’)g(a) + ¢b(w, ') + yslz, 2'].
Using the compatibility of ¢ and ¢ we get y([e, €']) = [y(e),v(€')]. [

a

4. Construction of the exact sequences

For an abelian extension 0 — a = ¢ & g — 0, a pair (¢,) € Aut(a) x Aut(g) is said
to be compatible if the second hypothesis of Theorem 3.1 holds, i.e., pop(x)op™! =
p((x)) for all x € g. We denote the set of all compatible pairs by C. It follows at
once that C is a subgroup of Aut(a) x Aut(g). Let us define C; and Cy by

Cr = {¢ € Aut(a)|(4,1) € C} and Cy := {¢ € Aut(g)|(1,4) € C}.

Clearly C; and Cy are subgroups of Aut(a) and Aut(g), respectively.
Now for ¢ € C; and ¢ € Cy; we define two maps 04,0,: g X g — a given by

0y(z,y) := ¢b(x,y) — O(z,y) and Oy(x,y) :== (v (z),v " (y)) — 0(z,y) where 0 is
introduced in Section 3. The next lemma will become useful several times. It will
also follow from this lemma that 6,6, € Z%(g, a)o:

Lemma 4.1. The map 6 is a homogeneous 2-cocycle of degree 0, i.e., 8 €
ZQ(ga a)O-

Proof. It is clear from the definition that 6 is homogeneous of degree 0 i.e.,
|0] = 0. Then from Section 2.1, since || = 0, to show 6 is a 2-cocycle, we need to
show that

z-0(y,2) — (_1)|yllmly O(z,2) + (_1)|z\(|z\+|yl)z 0(x,y)
= 0([z.y).2) = (~)E0([x, 2], y) — Oz, [y 2]).

Now,  @-0(y,2) — (~)Mly - gz, 2) + (1) gz, y)

= [s(2), [s(v), s(2)] = sly, 2]] = (=)"I[s(y), [s(2), s(2)] = s[z, 2]]
+ (=) s (2), [s(2), 5(y)] = slz, y]]
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= [s(x), [s(), s(2)] = [s(2), sly, 2]] = (=1)""I[s(y), [s(2), s(2)]
+ (=1)"s(y), slz, 2] + (=)D [s(2), [s(2), s(y)]
]

— (- )I 2|( |m|+ly\)[5(z)78[x,y]

= [s(2), [s(y), s(2)]] = (=1)"W¥I[s(y), [s(2), s(2)]] = [[s(2), s(

<
=
»
—
N
N2

— [s(2), sly, 2] + (=1)¥*I[s(y), s[, 2]] + [s[z, y], 5(2)]
= —[s(x), sly, 2I] + (=D)""I[s(y), sl, 2] + [s[z, 9], 5(2)]
= —[s(x), sly, 2I] + (=D)""I[s(y), sl, 2]] + [s[z, 9], 5(2)]

= sllw,yl 2] + sla, [y, 2]] = (=1)s[y, [z, 2]

] +
= [slz,y], 5(2)] = sllz, ), 2] + (=D)""I[s(y), sl 2]]
= (=1)FWsly, [z, 2]] - [s(x), sly, 2] + sla, [y, ]
([w,y), 2) + (=D)M0(y, [, 2]) — O(x, [y, 2])
([2y), 2) = (=D)"H0([w, 2], y) = O(z, [y, 2))-

So 6 is a 2-cocycle. [ |

0
0

Now we use the above lemma to prove the following:

Lemma 4.2.  The maps 04 and 0, € Z*(g,a)o.

Proof. Clearly 0, and 0, are homogeneous of degree 0. To show that 0, is a
2-cocycle, we will first show that for ¢ € Aut(a), @0 is also a 2-cocycle:

- 98(y, 2) — (=1)¥1Fly - 68z, 2) + (—1)HETD 2 - 602, y) — ¢0([2, 4], 2)
+ (=)0 [z, 2], y) + ¢8(x, [y, 2])
= p(x)¢0(y, 2) — (=) p(y)p0(x, 2) + (=1) D p(2) 60z, y)
— 00([z,y], 2) + (=1)¥I¥0([x, 2], y) + ¢0(x, [y, 2])
= ¢p()0(y, 2) — (=D)"Fop(y)b(x, 2) + (=1) D Gp(2)0(x, y)
— 00([z, 9], 2) + (=1)"¥90([x, 2], y) + ¢0(x, [y, ) [as ¢ € C1 ]
= ¢(x- 0y, 2) — (=))W - 0z, 2) + (=) AEFD 2 0 (2, ) — 0([2, 4], 2)
+ (=)0, 2], y) + 0(x, [y, 2]))
=0 [as f is a 2-cocycle]

So ¢f is a 2-cocycle. Since 0 is also a 2-cocycle, clearly there difference 64 is a
2-cocycle. Similar calculation shows that 60y, is also a 2-cocycle. |

From the above lemma it follows that 64 and 6, give two elements in H?(g,a)o
namely [04] and [0,], the cohomology classes of 6, and 6, respectively.

In view of the above fact, we define two functions \;: C; — H?(g,a)y for i = 1,2
by Ai(¢) == [0,] and A2(¢0) := [0y]. At first glance it may seem that these functions
depend on the choice of €, but this is not the case:

Lemma 4.3.  The maps A\ and My are well defined.
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Proof. Since 6 only depends on the section, we will show that the cohomology
classes [0;] and [f;] do not depend on the choice of the section. For that let
s,t: g — ¢ be two homogeneous sections of degree 0 of p and the corresponding
2-cocycles be 0, and 6, respectively. Now since ps = pt = 1, s(z) — t(x) € a. We
define a map A: g — a by \(z) := s(x) — t(z) for x € g. Then X\ € C'(g,a)s. Now,

Os(2,y) = Ou(x,y) = [s(x), s(y)] = slz, y] = [t(2), t(y)] + t[z,y]
= [Mx) + 1(2), My) + Hy)] = [t(x), t(y)] — Az, y]
= [A@), ()] + [t(x), A(y)] = Alz, y]

=2 Ay) = (=1)"y - Az) = Mz, y] = 6(N) (2, )
So 0s — 0, € B%*(g,a)o. Also,

P0s(z,y) — o0z, y) = ¢(0s(2,y) — Ou(,y))
= ¢(x- My) — (D) Wly - A(@) — Az, y])
= ¢p(z) (M) — (=) ¥ p(y)(A(x)) — o[z, y])
= p(2)pA(y) — (D)W p(y)pA(x) — PA[z,y]) [as ¢ € C1]
= - 9A\(y)) — (—1)"Wy - oA(z) — PA[z, y] = 6(¢A) (2, y).

Hence ¢f,— ¢b, € B*(g,a)o. The above two calculations imply 0,,—0,, € B*(g, a)o.
Therefore \; is independent of the choice of section (hence #-independent). Similar
calculation shows that \; is also independent of the choice of section. Hence the
maps A; and Ay are well defined. ]

Remark 4.4. The above two maps A; and Ay are not in general group homo-
morphisms but ker); will have their usual meaning.

Let v € Aut,(e) (see Section 2 for the notation) and 7(v) = (¢,v). Now, in particular
if v € Autd(e) let usset 71 (y) := ¢ and if v € Aut®(e) then () := 0. The following
lemma shows that 7 and 7 are maps into C; and Cy respectively.

Lemma 4.5.  7(Auti(e)) € C; and m(Aut®(e)) C Co.

Proof. Let v € Auti(e), 7(v) = (¢,v). Then ¢(x) = pys(x) for some section
s. But since v € Auti(e), v(s(z)) = s(z) + a for some a € a. But then ¢(x) =
pys(x) = p(s(z) +a) =x. So ¢ =1 and 7(7) = (¢,1). Then from Theorem 3.1 it
follows that the pair (¢, 1) is compatible and hence ¢ € C;.

And for v € Aut®(e) let 7(v) = (¢,¢). Then from the definition of Aut®(e),
¢ =7la = 1. So 7(y) = (1,¢) and again from Theorem 3.1 the pair (1,¢) is
compatible. Therefore i) € Cy. Hence the proof of the lemma. |

With the above set-up in mind we are now ready to state our next theorem.

Theorem 4.6. Let 0 — a - ¢ 5 g — 0 be an abelian extension. Then the
following two sequences are exact:

1 — Aut®(e) & Auti(e) 2 C N H?*(g,a)o (2)

1= Aut™(e) 5 Aut®(e) 2 Cy 2% H?(g, a)o (3)
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Proof. Since ¢ is the inclusion map the sequences are clearly exact at the first
term. Now for v € Autl(e), 71(y) =1 if and only if 7|, = 1. So kerm = Aut™¥(e)
and (2) is exact at the second term. Now for the exactness of (2) at the third term,
71(77) = ¢ implies (¢, 1) is an inducible pair. Then from Theorem 3.1 it follows that
A (p) = 045(= @0 — 0) € B*(g,a)g. So Imgm C kerA;. Conversely, for ¢ € Cy, if
A1 (¢) € B%(g,a)o then the conditions of Theorem 3.1 are satisfied, so (¢, 1) becomes
an inducible pair. Now for some v, if 7(y) = (¢,1) then pys(x) = = = ps(z) for
all x € g. Which implies v(s(z)) — s(z) € a for all x € g. But since ¢ = a @ s(g),
v(z) —x € a forall z € e. So v € Auti(e) and ker \y C Img7,. Consequently (2)
is exact.

Now we consider (3). If for some v € Aut®(e), m2(y) = 1 then pys = 1. From
the above, then it follows that v(z) — 2 € a for all + € e. So in particular
v € Aut™¥(e) and ker 7, C Aut®®(e). Now if v € Aut®¥(e) then vs(z) = s(z) + a
for x € g and for some a € a. Therefore m(7)(x) = pys(x) = p(s(z) + a) = x and
Aut®8(e) C kermy. So (3) is exact at the second term. To check exactness at the
third term, let 7 € Aut®(e¢) and let 75(y) = ¢. Then (1,%) becomes an inducible
and from Theorem 3.1 it follows that A\s(¢)) = 0 € B*(g,a)y. So Imgm C ker s.
For the converse, let 1 € Cy and Ay(¢)) € B*(g,a)o. Then both the conditions of
Theorem 3.1 are satisfied and (1,1)) becomes an inducible pair. Let 7(v) = (1,%).
Then this implies v|, = 1 and hence v € Aut®(e). This proves that ker Ay C Img
and (3) is exact. ]

5. Wells exact sequence

In this section, we assemble the results from the previous section with some other
results to prove an analog of the well-known Wells exact sequence for group extensions
which was established in [18] and was studied further in [10],[11],[14] and [15]. In
that exact sequence in [18], the first(non-trivial) term is some group of 1-cocycles but
so far in our exact sequences the first term is Aut®%(e). The next lemma connects
these two to some extent.

Lemma 5.1. Let0—a->e¢D g — 0 be an abelian extension of Lie superalge-
bras. Then Aut®%(e) = Z'(g,a)o as groups.[Here the obvious additive, abelian group
structure of Z(g,a)o is considered.]

Proof. Let v € Aut™¥(e), then y(x) —x € a. Now 2 = a + s(b) for some unique
a € a,b € g. Define \y: g — a by A\ (b) = v(z) —z for b € g. Since 7|, = 1,
Ay(b) = ys(b) — s(b). Clearly A, is homogeneous of degree 0.

Now we want to show that the above map A, belongs to Z'(g, a)y. For that purpose
we only have to show that A, is a 1-cocycle. Let z,y € g. Then,

Myl = ysla,y] = sl y] = v([s(2), s(v)] = 0z, 9)) + 0(2,y) — [s(z), s(y)]
= [rs(x),ys(y)] = [s(2), s(y)] = [M (@) + 5(2), Ay (y) + s(y)] = [s(2), s(y)]
= M (@), s(y)] + [s(2), A ()]

So A, is a l-cocycle and therefore A\, € Z'(g,a)o. Let us define a function
x: Aut®8(e) — Z'(g,a)o by x(7) := A,. We shall show that x is actually a group
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isomorphism. To see that it is a group homomorphism, let 1,7, € Aut®®(e). Then
for x € g,

Mpoya () = 71 0728(2) — 5(2) = 71 0 728(x) — N15(x) + Ns(x) — s(x)
=mn(es(x) = 5(2)) + ns(x) = s(x) =1 (A (2)) + Ay (2)
- )\'YQ(x) + >"Y1 (l‘)

S0 Ay, = Ay, + Ay, and x is a group homomorphism.

Now if x(v) is the zero map for some 7 then ~(s(z)) = s(z) for all z € g. Also
7|a = 1. Which implies v is the identity map on ¢(=a @ s(g)) and y is injective.
To show that y is surjective, let A € Z'(g,a)o. We define the function v: e — ¢
by v(a + s(x)) := a+ A(z) + s(x) for all a € a, x € g then x(v) is obviously
A. Clearly v is homogeneous of degree 0. It is also clear from the definition that
Y|le = 1 and v(e) —e € a for all e € e. Now 7(a + s(z)) = 0 implies s(z) = 0.
Since s is injective, x = 0, which in turn implies a = 0. So 7 is injective. Also
v(a — A(z) + s(x)) = a + s(x) implies v is surjective.

The only thing left to show is that v respects the bracket. To show this let ej,e5 € ¢
and e; = aj + s(x1),ea = ag + s(x3). Then,

vler, 2] = v[ar + s(x1), ag + s(w2)] = y([as, s(v2)] + [s(21), az] + [s(z1), s(z2)])

= lar, s(22)] + [s(z1), as] + 7[s(21), 8(22)] (as y|a = 1)
= [ay, s(za)] + [s(x1), as] + O(x1, x2) + v$[x1, 23]
= [ay, s(za)] + [s(x1), as] + O(x1, x2) + Nz, 22| + S[x1, 9]
= [a1, s(22)] + [s(21), az] + O(z1, 22) + [Ma1), s(22)] + [s(z1), Ma2)] + s[z1, 22]
= a1, 5(x2)] + [s(21), ag] + [s(21), s(w2)] 4 [A(21), s(22)] + [s(21), A(2)]
= [v(e1),v(e2)]
So v € Aut™9(e), which completes the proof of the lemma. [

With all this work done, we are now finally ready to state the Wells exact sequence
for Lie superalgebras, which is our next theorem.

Theorem 5.2. Let 0 — a = ¢ & g — 0 be an abelian extension of Lie
superalgebras. Then there is a set map A so that

0— Z'(g,a)0 = Auta(e) > C 2 H2(g, ).
s an exact sequence of groups.

The map 7 was introduced in Section 2 and by Theorem 3.1, the image of 7 lies in
C which is the set of all compatible pairs defined in Section 4. The map A here is
called the Wells map.

Proof. The map ¢ is the inclusion map via the isomorphism of Lemma 5.1, so
clearly the sequence is exact at the first term. Now, if for some v € Aut,(e),
7(v) = (1,1) then clearly v € Aut®(e) and m(vy) = 1. From the second exact
sequence of Theorem 4.6 then it follows that v € Aut®%(¢). So kert C Aut™(e).
Conversely, if v € Aut®9(e) then 7;(y) =1 for ¢ = 1,2. Which implies 7(v) = (1,1)
and therefore Aut®%(e) C ker 7. So exactness follows at the second term.
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To show exactness at the third term we have to define the map A. For that we take
help of the two maps 6, and 6, (defined in Section 4) for (¢,7) € C, and define
0s5:9xg— aby

Op.0(,y) = 90(v™" (), ¥ (y)) — O(z, ).

Some calculation similar to Lemma 4.2 shows that 04, is actually a homogeneous
2-cocycle of degree 0.

The map A is given by A(¢,v) := [6,.], the cohomology class of 6, ,. Again one
can check that this map is also well-defined, i.e. it doesn’t depend on the choice of
section. Now if A(¢,®) is a coboundary then from Theorem 3.1 it follows that the
pair is inducible. So there is some v € Auty(e) such that 7(v) = (¢,¢) implying
ker A C Img . Conversely if (¢,9) € ImgT,ie. (¢,) is inducible then again from
Theorem 3.1, 04, € Z%(g,a)o which implies A(¢, 1) = 0. Therefore ImgT C ker A
and consequently the sequence is exact at the third term, proving the theorem. =

Here are some immediate corollaries of the above theorem.

Corollary 5.3. If 0 >« el g — 0 s a split extension then every compatible
pair gives rise to an automorphism of .

Proof. The above extension is called a split when there is a section s of p which
is also a Lie superalgebra map. In that case clearly 6,4, = 0. So the map A is trivial
and then by the theorem, C = Img 71 implying the result. ]

Corollary 5.4. In the extension 0 — C Lol g— 0, if g is a complex basic
classical Lie superalgebra except sl(n,n) then every compatible pair can be extended
to an automorphism of ¢. Here C is considered to be the trivial module over g.

For the description of the basic classical Lie superalgebras or for a complete classifi-
cation of finite dimensional simple Lie superalgebras, we refer to [12].

From [5](also see [6],[7]), we get to know some remarkable results on cohomology of
the basic classical Lie superalgebras which will be used here to prove the corollary.
In particular, the cohomologies of these Lie superalgebras were given in terms of
those of simple Lie algebras.

Proof. If g = sl(m,n);m # n, then from Theorem (2.6.1) of [6](also see [5]),
H?(g,C) = H*(slyupgmny, C) but the latter is 0 by the Whitehead’s second lemma.
Therefore from the theorem it follows that A is the zero map and hence the result. For
g from one of the families B(m,n),C(n+1) or D(m,n) it follows at once, e.g. from
Theorem (5.3) in [7] and using the Whiteshead’s second lemma, that H?*(g,C) = 0
which proves the assertion of the corollary for these algebras. Similarly for other basic
classical Lie superalgebras, it follows from Theorem (5.4) in [7] that H?(g,C) = 0,
which in turn implies A = 0. This completes the proof. [ |

We remark that the map A in Theorem 5.2 is not in general a group homomorphism
but there is an action of the group C on H?(g,a)y such that A becomes a principal
derivation. We discuss this action below:

For (¢,%) in C, define an action of (¢,1)) on some © € Z%(g,a) by
(6,9) - O(x,y) = (O (2),4'(y))) for z,y € g.
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Here we recall that (¢,) is a compatible pair if and only if ¢o p(x)o ™t = p(1(x))
for all x € g. Some routine calculation(along with the fact that ¢ and v are
compatible) shows that (¢,%) - © is also in Z?(g,a),. Moreover, if © € B?*(g,a)o
then (¢,1) - © € B*(g,a)y, follows for the following reason: if © € B?(g,a)y then
© = §()\) for some X € C'(g,a)g. Then,

(6, 9) - O(z,y) =¢<@<¢—1<x>,¢—1<y>>> A(6(N) (¥~ (z), ™ ()))
= (Y (@) AW () — ()T @Ol ) A (@) = Al (@), ¢ ()
= op(¥ (@) AW () — (= >‘x”y‘¢p< H) AW (@) = A [ (), 07!
= p( (@) pA (y) — (=1 W p(yp () oA (2) — pA [, y]
=z oM (y) — (1)WY - oA () — gAY, ]
= 0(pM ™) (2, y) € B*(g, ).

So the action keeps B?(g, a)y invariant and therefore induces an action on H?(g, a)o
defined by (4,1)-[0] := [(¢,v)-0O)] for © € Z%(g,a)y where [—] denotes cohomology
class.

The next proposition shows that A is a principal derivation with respect to this
action. For the definition of a principal derivation we refer the reader to Chapter
IV, p. 89, in [4].

Proposition 5.5.  The map A in the Wells exact sequence is a principal derivation
with respect to the above action.

Proof. Let (¢,v) € C. Then,
0¢1¢(5[:7 y) = ¢0(¢_1(I)7 ¢_1(y)) - Q(ZE, y) = (¢, d)) ' Q(ZE, y) - Q(ZL', y)
Which implies A(¢, ) = [0s.4] = [(¢,9) - 0 — 0] = (¢,4) - [0] — [0]. Consequently A

is a principal derivation. [ |

So far we have considered only a particular extension 0 — a — ¢ 2> g — 0 which
induces the action of g on a given by p. But there may be many such extensions
inducing the same p. Henceforth, we denote by Ext,(g,a), the set of all equivalence
classes of extensions of g by a which induce p.

Here two extensions &;: 0—>ui—1> e p—1>g—>0 and &: 0 — ui—2> 9 p—2>g—>0 are
said to be equivalent if there exists a Lie superalgebra map ~: ¢; — ¢5 such that the
following diagram commutes:

i p1

£ :0 s a4 —— e > g > 0
i ¥ p2

E: 0 y a4 ——— ey > g > 0

Once there is such a map ~, it is easy to see that + automatically becomes an
automorphism. It is an important fact that

Exty(g,a) ~ H*(g,a)o (4)

as sets. This fact will be proved latter in the appendix. Now we conclude this section
with an important corollary of the above proposition whose proof uses this fact.
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Corollary 5.6. Let p: g — End(a) be a given g-module structure on a and
(p,9) € C,. Then (¢,7) is inducible in each extension inducing p if and only if
(¢,v) acts on H?(g,a) trivially.

Here C, is the set of all pairs (¢,1) € Aut(a) x Aut(g) such that for the given p,
gpop(x)od™t = p(y(z)) forall z € g.

Proof. Let £ be an extension in Ext,(g,a). Then from the proof of (4) in A,
there is a 2-cocycle 6 in Z2(g, a)y such that £ corresponds to [f] in H?(g,a), and
also A for that extension is given by A(¢$,v¢) = [0s4]. Let us suppose (¢,1) is
inducible in this extension then A(¢, %) = 0. From the above proposition then it
follows that (¢,1) acts trivially on [f]. Now if (¢, ) is inducible throughout all the
extensions in Ext,(g,a) then it clearly follows from (4) that (¢,v) acts trivially on
H 2 (gv a)O .

Conversely, if (¢,v) acts trivially on H?(g,a)o then from the proposition we get
A, ) = [0sp] = 0 for all § € Z%(g,a)o. Which implies by (4) that (¢,v)
is inducible in all the extensions of Euxt,(g,a). This completes the proof of the
corollary. |

6. Automorphisms of Heisenberg Lie superalgebras

From Theorem 3.1 we know that for an abelian extension 0 — a — ¢ 2= g — 0
of Lie superalgebras, the compatibility condition is necessary for any pair (¢,v) €
Aut(a) x Aut(g) to be inducible. In this section we will encounter a particular
situation where not all compatible pairs can be induced from automorphisms of
the extension Lie superalgebra e¢. For this purpose we consider the Heisenberg
Lie superalgebras and see them as 1-dimensional extensions of some abelian Lie
superalgebras. It turns out that not all compatible pairs are inducible in this case.
Also, as an application of Theorem 3.1, we obtain some necessary and sufficient
conditions for those pairs to become inducible.

In the present section we assume our underlying field (say F) to be algebraically
closed and of characteristic different from 2 and 3. In that case, the class of finite
dimensional Heisenberg Lie superalgebras (which are not Lie algebras) splits precisely
into the following two families(see [1]):

o Doy having basis {z; 21, %2, ..., Ty, Timt1s -« Tom | Y1, Y2, - - -, Y} Where 0 <
m € Z, 1 <n € Z and the only non-zero brackets are given by [z;, Zpi] = 2
iyl =zfor 1<i<m,1<j<n.

e ba, having basis {z1,%s,..., %] 2;y1,%2,-.-,yn} where 1 < n € Z and the
only non-zero brackets are given by [z;,y;] =z for 1 < j <mn.

Clearly each Lie superalgebra from any of the above two families has one dimensional
center spanned by z. Also the bar in the description of the basis elements above
separates the even elements from the odds, the elements left to the bar being even
and right to the bar being odd. Now each of these Lie superalgebras can be seen as
abelian extension of some abelian Lie superalgebra in the following way:
i p. 9
O—>Z(g)—>g—>z(g)—>0 (5)
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where g is one of the form by, ,, or ba,. Here ¢ and p are the obvious inclusion
and projection map respectively. Also it is clear that Z(g) and g/Z(g) are abelian
Lie superalgebras. So in particular, the above extension is an abelian extension, it
is also central. Let g =g/Z(g). Now,

o if g = Bhoyn then g =go @ g1 where go = span{Z1,Z2, ..., Tm, Tms1,-- > T2m}
and g1 = span{yi,¥2,...,Un}. Also in this case, Z(g), = span{z} and
Z(g), = {0}.

o if g = ba, then g = gy ® g1 where gy = span{Z,Zs,...,Z,} and g =
span{yi, Yz, - .., Yn}. But in this case Z(g), = {0} and Z(g), = span{z}.

In the above, Z; = p(x;) and y; = p(y;). Here we note that any automorphism ¢ €
Aut(Z(g)) is determined by some element « € F, k # 0, given by ¢(z) = kz. Also,
if ¢ € Aut(g) ie., ¥: goP g1 — goP g1 and 1) is an automorphism then 1 = g B 1)y
such that ¢y € Aut(go) and ¢, € Aut(g;) for unique 1 and ;. We will denote
the matrix of 1y by [thg] with respect to the basis {Z1,Ta, . .., Tm, Tmits - - - Tom} if
g = Doy, and with respct to the basis {Z1, 7, ..., 7, } if g = ba,. The matrix of ¢,
will be denoted by [¢] with respect to the basis {71,%s,...,¥,} in both the cases.

Keeping the above discussion in mind, we now state our next theorem which is the
main result of this section:

Theorem 6.1.  Consider the abelian extension 0 — Z(g) = g 2G5 — 0 where g
is of the form Yo or ba,,. Let (¢,9) € Aut(Z(g))x Aut(g) and let ¢ be determined
by k(#£ 0). Also let [1ho] and [¢1] be the matrices of Wy and 1y respectively, described
in the preceding discussion. Then (¢p,1) is an inducible pair if and only if

(Case g = bomn) the following two conditions hold:
(1) A'D — C'B = klyxm, and A'C' and B'D are symmetric, where

Amxm Bmxm
[¢0]2m><2m = |:Om><m Dmxm:| .

(2) []'[n] = Kl -
(Case g = ba,)  [tho]' (1] = Klnxn -

Proof.  Throughout the proof we fix a homogeneous section s: g — g of degree
0 given by s(Z;) = z; and s(y;) = y; for all possible i. Now as the induced
action of g on Z(g) is independent of the choice of the section, it must be given
by = -a = [s(x),a] for all z €9, a € Z(g). But as a € Z(g), z-a = 0
for all x,a. Therefore the representation p: g — End(Z(g)) coming out of this
action is given by p(zr) = 0 for all z. From this it is clear that for any pair
(p,9) € Aut(Z(g)) x Aut(g), the corresponding diagram in the second condition
of Theorem 3.1 commutes. So any pair in our consideration is a campatible pair.
Also, since the Lie superalgebra g is abelian and the action of g on Z(g) is trivial,
any 2-coboundary is trivial in this case. Hence by Theorem 3.1, a pair (¢,v) is
inducible if and only if ¢po 6o (v~ 1) (x,y) = 0(z,y), or equivalently

pob(x,y) =00 (,¢)(x,y) V homogeneous basis elements z,y € g. (6)

Below we show that this condition is equivalent to the above conditions mentioned
in the theorem.
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o (Case g = bamn). Suppose the condition (6) holds. Then ¢ o 0(z;,z;) =
O((z;),¥(z;)). Now 0(Z;, &) = [s(Z;), s(Z;)| — s]Z;, Tj] = [z, x;] implies that
O((z;),¥(z;)) = ¢([wi, z;]) for all 1 < 4,5 < 2m. (7)

Let the matrices A, B,C,D be given by (ax,), (brs), (cks), (dri);1 < kI < m,
respectively, where

A B

wl =& )

as mentioned above. Now if 1 <i<m;m+ 1< 7 < 2m then

Y(Zi) = Yo(Z:) Z Qi Tk + Z Ck,iTm+k

and V(x;5) = o(T5) = Z bij—mTr + Z Ak j—mTmtk-
k=1 k=1
From this we get, O((z;),¥(z))) =
_|, (z ot 3 m) » (z by + 3 dmm)]
k=1 k=1 k=1 k=1
= Z kT + Z CkiTm+k s Z bi j—mTk + Z dk,j—mIerk]
| k=1 k=1

m
= E (ak,idk,j—m ckzbkj m xk,Ierk E ak,idk,j—m_ck,ibk,j—m)z-
k=1 k=1

Then from (7) it follows that

“ kit g =m+1;
Z(ak,z‘dk,j—m - Ck,ibk,j—m) = { 0 J .

otherwise
k=1

or equivalently
mn Kk ifl=u1
;(ak,idk,l = Cibig) = { 0 otherwise

The last equation is equivalent to the fact that

A'D — C'B = Kl (8)

If 1 <i,5 < m then ¥(z;) = Yo(Z;) = > axTr + Y CkiTmir as before but
k=1 k=1

m
P(T5) = Yo(Tj) = Z i Tk + Y ChjTm+k. Now in a similar way we get,
k=1 k=1

O((:), 0 (T;)) = D (anichj — Critth ).
k=1
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Then again from (7) it follows that > (agck; — criax;) = 0 for all 1 < i, j < m.
k=1
Clearly this last condition is equivalent to saying

A'C — C'A =0, ie., A'C is symmetric. (9)

Now the only case left is m + 1 <14,7 < 2m. In this case

V(T;) = Yo(T;) = Z bii—mTr + Z A i Ttk
=1 =1

and Q/J(fj) = wo(fj) = Z bk’];mﬂ_?k -+ Z ko,mJ_Jerk.
k=1 k=1

Then proceeding exactly as above we get the condition
B'D - D'B=0 or B'D is symmetric. (10)

The only remaining condition in this case is [¢)1][t)1] = kl,xn, which can be obtained
by considering the basis elements {1, ¥, ..., 7.} as follows:
Let the matrix of ¢, be given by [¢1] = (u;;); 1 <4i,j <n. Then
k=1
Therefore, following a similar method as above, we write,

n n n n
0¥ (9:),(95)) = [Z Uk,iYk Zul,y’yz] =) kiU Ukl = Y g 2.
k=1 I=1 k=1 k=1

From this relation using (6) we obtain
i“ e ifi=g
RIERIT 0 fori # g
k=1
which is clearly equivalent to the condition

[wl]twjl] = Klpxn- (11)

For the converse, it is very easy to see that the conditions (8),(9) and (10) are
actually equivalent to (7) or in turn, to (6) for all x,y € go. Also the condition (11)
is equivalent to (6) for all z,y € g;. Now if ,y € g are homogeneous and of different
degree i.e., |x| # |y| then obviously | (x)| # |[¥(y)| and therefore |s(x)| # |s(y)]
and |s(¢¥(x))] # [s(¥(y))|. From the structure of g then it clearly follows that
[s(), s(y)] = [s(s()), s(4(y))] =0 which in turn implies 0(z,y) =0(¢(x), 4 (y)) =0.
So (6) automatically holds for all homogeneous x,y € g with |z| # |y|.

This proves the theorem in the case of g = hay, -

e (Case g = ba,,). Assume again that condition (6) holds in this case. Also, let the
matrices of 1y and ; be given by [1)g] = (a;;) and [¢1] = (b;;) for 1 <i,5 < n.

Then clearly ¥(Z;) = 10(%;) = >_ axZx and ¥(y;) = ¥1(y;) = >_ bijii. Now,
f=1 i=1

0(¢(2:),¥(9;)) = [Z ki Tk Z bz,jyj] = Zak,z’bk,j [k, Y] = Zak,ibk,jz-
k=1 =1 k=1 k=1
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On the other hand, as before, ¢ o 0(Z;,4;) = ¢([s(Z:), s(y;)] — s[Zi, y;]) = o([w4, x5]).

Then from (6) we get, Z ak,z’ka _ { k if 1= 7;
k=1

0 otherwise which is equivalent to

[0l [¥1] = Klnxn- (12)

Conversely, this condition clearly implies (6) for z,y € g with |z| # |y|. Now if
x,y € go then so is ¥(z),1(y) and therefore s(x),s(y), s(v(z)), s(¥(y)) all belong
to go. From the structure of g then 0(z,y) = 0(¢¥(z),¥(y)) = 0 which in turn
implies that (6) holds for z,y € go. Similar arguments show that the same is true
for x,y € g;. This completes the proof of the theorem for g = ba,, . [ |

A. Abelian extensions and the second cohomology

Several proofs of the fact (4) have appeared in the literature already, for example see
[8],[17]. But in these papers the fact was proved particularly for central extensions,
in which case the action of g on a is trivial. Also the proof in [8] contained some
error which was later fixed in [9]. Therefore, we present here a detailed proof of the
above fact (4) for a more general class of extensions, namely the abelian extensions.

Theorem A.1.  Let a be a g-module where the action is given by p: g — End(a).
Let Ext,(g,a) be the set of all equivalence classes of extensions of g by a inducing the
action p considering a as an abelian Lie superalgebra. Then Ext,(g,a) ~ H?*(g, a)o
as sets.

Proof.  We denote the action of g on a by p, so p(x)(a) =x-a for x € g,a € a.

Now let £:0 — a = ¢ % g — 0 be an extension in Ext,(g,a) and let s be a
homogeneous section of p of degree 0. Then = -a = [s(z),a] for all x € g,a € a.
Let us define 0(z,y) = [s(z),s(y)] — s[z,y]. Then from Lemma 4.1 we know that
6 € Z*(g,a)o. So, to each extension & in Ext,(g,a), we can assign an element [6]
of H*(g,a)o where [0] represnts the cohomology class of §. Now we show that this
assignment does not depend on the choice of the section s. For that let s, so be two
such sections of p and 6,6, be the corresponding 2-cocycles in Z2(g, a)y. Now,

0(s1 = s2)(w,y) = - (51— 82)(y) = (=1)"Wly - (s1 = s5)(2) = (s1 = s2) ([, 9])
= [s1(2), (s1 = s2) ()] = (=D [s3(y), (51 = 52) ()] = (51 = 82) ([, 9])
= [s1(2), s1(y)] = [s1(2), s2(y)] = [52(), 52 ()] +[51 (), 52(y)] = (51 —52) ([, ¥])
- el(xvy) - 92(1),y .
Here we have used the fact that the action does not depend on the choice of section
which was proved in Lemma 2.3. This shows that 6; and 6, differ by a 2-coboundary
and therefore [0;] = [f,]. Hence, we have a well-defined set map & — [0] € H?(g,a)o.
Conversely, corresponding to each 2-cocycle 6 € Z%(g, a)y, we construct an extension

in Ext,(g,a) in the following way: first we construct a Lie superalgebra whose
underlying vector space is g € a and the bracket is given by

[(z,a), (y,0)] = ([z,y],z-b— (—1)|y|‘“|y ca+0(x,y)) for x € g,a € a.

One can check that this bracket does make g a into a Lie superalgebra, we denote
this Lie superalgebra by g @&y a.
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Consider the sequence &:0 — a = gPga > g — 0 where i(a) = (0,a) and
p(z,a) = x. Clearly i and p are Lie superalgebra maps which make this sequence
exact. Also s(x) := (z,0) is a section of p and the induced action of g on a is given
by [s(z),a] = [(z,0),(0,a)] = (0,2 - a) = p(x)(a)(here we identify a with i(a)).
Which implies & € Ext,(g,a) and this gives a set map 6 — & € Ext,(g,a). Now
if we start with some £ € Ext,(g,a) and € — [f] then it can be easily checked that
§ — & itself under this map. Consequently, 6 — & gives a map onto Ext,(g,a).

Now we shall prove that if for two 2-cocycles 61,0, € Z2(g,a)g, 61 — 0, is a 2-
coboundary in B?*(g,a)y then &, and &, are equivalent extensions. For that, let
0; — 6 = 6()\) for some A € C'(g,a)o. From the discussion in Section 2.1, such a A
always exists.

Let us define a map v: g @y, a — g By, a by y(z,a) := (z,a + A(x)). Clearly, with
this v the following diagram is commutative:

Ep, 1 0 a d gDy, a L g 0

o

Ep, 1 0 s a4 —— g@g,a —— g > 0

~

g
g
g

where ¢ and p are described as above. To show these extensions are equivalent,
what else we need to show is that the map ~ is a map of Lie superalgebras. Let
us take two homogeneous elements (z,a), (y,b) € g @y, a. We note that, (z,a) is
homogeneous implies |z| = |a| = |a + A(z)|. Now,

Y(x,a), (y.0)] = [z, y], - b— (—1)¥ly - a + 61 (2, )

(13)
= ([‘Tay]’x b — (_1)\y||a\y ta+ Ql(xay) + )\[I’,y])

On the other hand,

[, y]

[z, yl, 2 b— (D)WY a+ 2 My) = (=1)MFly - A(2) + 02(2, )
[,y 2 b— (=D)PIly - a+ 5(A) (2, ) + Az, y] + O2(z, y))

[, Y] (=)¥ly - a+ (61 = 62) (2, y) + Alz, ] + O5(2,y))

[, y] (=)ol - a + 01 (z, y) + Az, y]). (14)

From (13) and (14) it follows that + is a Lie superalgebra homomorphism and hence
become an automorphism by the commutativity of the above diagram. Also, it
is very easy to directly see that 7 is bijective. All these imply &, and &, are
equivalent. As a consequence we get a well-defined set map [0] — & from H?(g, a)o
onto Ext,(g,a).

To complete the proof of the theorem we are just left to show that [0] — & is
one-one. To show this let &, and &, are equivalent for some [0y], [62] € H*(g, a)o.
Then there is an automorphism v: g By, a — g @y, a such that the corresponding
diagram is commutative. Clearly then v(0,a) = (0,a) and ~(z,0) = (z,¢(z)) for
some @: g — a. It is easy to see that ¢ € C''(g,a)y. Now,
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([z,

This

ie.,

HAzrA AND HABIB

yl,z - o(y) — (=1)My - o(z) + Oa(2,y)) = [(2,0(2)), (4, 0(y))]

y L+ ) ( )
=[v(z,0),7(y, 0)]=7[(x,0), (y,0)| =~([x, y], 01 (z,y)) = [z, y], 1 (z, y) + o[z, y]).

implies
z-o(y) — (=D)"Wy - o(x) + Oa(x, y) = 01(x, y) + @[z, y]
01 (z,y) — Oa(z,y) = 2 - o(y) — (=)W - o(2) — plz,y] = () (x,y).

So 6;—0,€ B*(g,a)o, hence [61]=[0,]. This completes the proof of the theorem. u
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