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1. Introduction

Many authors have contributed to the highly developed theory of unitarizable highest
weight modules. Although the complete classification [5],[11] is algebraic in nature,
the analytic view was originally developed by Harish-Chandra [7] who studied spaces
of holomorphic sections in vector bundles over G/K. In a seminal article [13],
Kashiwara and Vergne realized unitary highest weight spaces as (in the case of
U(n,n)) Z?-spaces of vector-valued functions. It was later proved in [4] that this
construction was exhaustive. This article gives another realization of unitary highest
weight spaces as solutions to systems of Schrodinger-type differential equations.
The spaces constructed here are shown to be equivalent to the Kashiwara and
Vergne realization. However, there are fundamental differences. For example, the
G = U(n,n) action in [13] comes from an application of the Stone-von Neumann
theorem. As such, this action of g € U(n,n) is given as an intertwining operator
for equivalent irreducible representations of the Heisenberg group. This theme is
also present in the Fock model construction of the harmonic oscillator representation
[1]. In the present construction, we induce from representations of subgroups of the
semi-direct product U(n,n) x H,, where H, is the Heisenberg group. Consequently,
the action of U(n,n) given here is the natural one arising from the left regular
representation.

We obtain the desired subspace of the induced space by taking solutions of systems
of Schrodinger-type differential equations. Using differential equations to reduce
some initial space is a common theme in the theory of unitary hightest representa-
tions. Covariant differential operators ([2], [3],[12]) can be used to find irreducible
representations associated to a reduction point. Other differential equations, such as
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the wave equation and Schrodinger equations have been used to find unitary high-
est weight representations of various groups ([8], [9], [10], [14], [15]). The systems of
Schrodinger equations found in [10] were given in terms of real variables and were
used to construct representations of the metaplectic group. Due to structural sim-
ilarities of Lie algebras, there are corresponding similarities between the systems in
[10] and the systems found here, the main difference being the equations employed
here involve derivatives with respect to complex variables both in position and time.
For example (cf. Section 4), we have

| & o

w@fij —mz:l aéimazjm, for1 <i<j<n.

We briefly outline the contents without specifying all the parameters (see the body
of the paper). After setting the notation and defining certain subgroups of U(n,n)
and the Heisenberg group, H, = C>*** x R, in Section 2, we define an induced
representation for U(n,n) X H,, also carrying an action of U(k), in Section 3.
By restricting the functions of the induced representation to Her,, xC"**  where
Her,, denotes the space of Hermitian symmetric matrices, we realize the induced
representation, £, as sitting in €° (Hern XC"X’“).

Write .%ol for the solutions to our system of Schrodinger-type equations in the space
€ (Hern XC"Xk). The rest of Section 4 establishes the invariance of this system
under the action of U(k), H,, and U(n,n). In Section 5, we define a map 7' from
the Schwartz functions of £2(C™*) into .#0l. The map is constructed via standard
Fourier transform techniques and turns out to be an intertwining map for U(n,n).

A point to settle in Section 6 is whether T' actually maps into H = ol (€. This
indeed happens for a dense subset of £ that is defined in terms of Kashiwara and
Vergne’s pluriharmonic polynomials.

Generalizing these results, the action of U(k) decomposes H into a sum of spaces
of the form Vy* @ H(Her, xC™* V,) where X\ € U(k), V is the corresponding irre-
ducible representation of U(k) with highest weight A, and H(Her,, xC™* V}) are
appropriate vector valued solutions to the system of equations that come from the in-
duced representation and have appropriate U (k)-invariance. Now H(Her,, x C™* V)
carries an action of U(n,n). Write Z2(C™** V,)U®) for the V)-valued £2-functions
with an appropriate U(k)-invariance. Then there is an analogous intertwining op-
erator, Ty, defined on the Schwartz functions of .Z?(C™** V,)V®*) that maps to
H(Her,, xC™* V). This operator will complete to an isomorphism of representa-
tions for appropriate A. The inverse map is given by evaluation at ¢ = 0 composed
with an inverse Fourier transform.

By work of Kashiwara and Vergne, each A\ corresponds to highest a weight 7 for
the maximal subgroup K of G and corresponding irreducible representation W, .
The space 0(G/K, W, ® det”) of holomorphic, vector-valued functions on G/K is
a classical realization of a unitary highest weight representation for G. Kashiwara

and Vergne define an intertwining isomorphism, KV (cf. Proposition 4.4 [13]), from
LAHCk VOV WR to 0(G/K, W, @ detF).

There is a related noncompact picture of an induced representation for just G,
4 (Her,, W, ® detk). Taking boundary values to z = 0 gives a map, B, that turns
out to be an injective G-map from O(G/K,W, ® det®) to .#(Her,, W, ® det®).
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Finally, there is a polyomial differential operator that evaluates at z = 0, D), defined
in Section 6 that is a G-map from H(Her, xC"** V) to & (Her,, W, ® det®).

Putting everything together, we arrive at the following commutative digram of G-
maps.

H(Her,, xC™Fk V4) SN 7 (Her,,, W, @ det®)
TAT ]B
L2(Crk V)UK v OG/KW, @ det®)

The maps T\ and KV, are isomorphisms and the maps D,|,—o and B are embed-
dings.

2. Groups
Realizations of U(n,n). Define two groups G and G; by

0 —il, . 0 —il,
o freoumap (8 #)o-(2 )
and Glz{géGL(Qn,(C)'g([n N, )g*:({)" _0[ )},

respectively. The group G, is the standard realization of U(n,n). The group G is
isomorphic to the group G; and the isomorphism is given via the Cayley transform.
More precisely, if ¢ € U(2n) is the element

oo L (I il
VAN A

then G = ¢ G;c*. This follows from the identity

L . (0 —il,
¢ -1, )¢ =\, o )

Write g € C?**?" in block form

A B nxn
g:<C’ D),A,B,C,DGC : (1)
If g € G, one has relations
AB* = BA*, CD*=DC*, AD"—BC*=1,. (2)

Since g € G if and only if ¢g* € GG, one also has
A*C=C"A, B*D=D*B, A'D-C*B=1,. (3)

We will consider the maximal compact subgroup

K:{(_AB i)|A+iBeU(n)},



204 HUNZIKER, SEPANSKI, AND STANKE

abelian subgroups
N:{n(@:(i ?)|c*:c},N:{n(t):<IO" Itn>|t*:t} ()
and MA = {m(a) _ (g a917*) laeGL (n,(C)}. (5)

Since M A normalizes N, M AN is a subgroup of G.

The Heisenberg group. Let j = < 0 _ZI"> :

i, 0
For integers n,k > 1, define the hermitian form on C?** by h(u,v) = Tr(v*ju)
and the skew form o(u,v) = —Imh(u,v), for u,v € C***. The product for the

Heisenberg group H,, = C*** x R is given by
(u,2).(v,8) = (u+ v,z + s+ o(u,0)). (6)

The group G x U(k) acts on H, in a natural way. For (g,x) € G x U(k), one has
h(guk, guk) = h(u,v), and we define an automorphism ¢, .y of H, by

Yigm(u,7) = (que™", ), for (9,k) € G x U(k), (u,x) € H,. (7)

1

For g € G, we will simply write g.(u,z) for (gu,x) and k.(u,z) for (ux™',x).

Write elements u € C*** in stacked form: u = (7), for z,w € C™**.

We define abelian subgroups

W = {w(w,x) = <(3),x) | w GC"Xk,xER},
- ()}

The two subgroups M A and N stabilize W and so M AN is a subgroup of Stab(1V).
Using (2) and (3) one can show M AN = Stab(W).

Since G consists of automorphisms of H,, we can form the semidirect product
G x H, , where the group product is given by (g1, h1) - (92, h2) = (9192, (g5 "-h1)ha).

It follows that P = MAN x W is a subgroup of G x H,,.

Observe that N pointwise fixes elements of the abelian subgroup Z so N x Z is an
abelian subgroup of G x H,. Of course, we have N x Z =N x Z.
Continuing to write elements of G in block form (1), define

G’z{gz(é g>€G|DiSinvertible}.

We have the following decompositions, the first being a special case of the second.

Lemma 2.1.  There are decompositions G' = NMAN and G'x H, = (N x Z)P.
In particular, (N x Z)P is open and dense in G x H,.

Proof. Given g € G' and h = ((Zl), s) € H,,, one readily checks the equation

2

(g,h) =n(t)¢(z)m(a)n(c)w(w,x), where
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a=D"' ¢=D7'C, t=BD™, z=D"1u,
w=uy + D 'Cuy, =35+ Re(ur,uz) + (D 'Cuy,uy).

Here (uy,us) = Tr(ubuy). It follows from group properties (2) and (3) that both ¢
and t are hermitian. The proof of the converse is routine and is omitted. ]

3. Induced spaces
For nonzero v € R and integer k > 0, define the character x. : P — C by
Xyi(m(@)mi(c)w(w, x)) = det™ (a*) 7.

We induce from P to G x H,, via x.x. The action of G x H,, is left regular action,
(9.0)(g1) = &(97tg1), on functions ¢ in the induced space Ind%xH" X~,x defined as

{® € 6> (G x H,,C)|®(gp) =xu(P)  ®(g9) Vg€ Gx H,, 5 EP}.

The group U(k) acts on this space by (k.¢)(g,h)=¢(g,x~'.h). Since (N x Z)P is

open and dense (Lemma 2.1), the functions in Ind%KH” X~k are completely deter-

mined by their restrictions to N x Z = N x Z. Let Her, = {t € C"" | t* =t} and
let ¢ : Her, xC™** — G x H,, denote the embedding defined by

L(t,z) = n(t)((z).
Define the space of restrictions to Her, xC"** by
&k =A{f € € (Her, xC™*) | 3¢ € IndZ ™\, with f = "¢},
The following result gives the actions of the groups G, H,, and U(k) on these

restricted functions.

Theorem 3.1. For fe€ &y, g€ G acts by

(9 f) (t,2) = det™ ((A — tC)") (CA-1CO22) (8)
f((A=tC) " (tD = B) ,(A—tC) " 2)

when det (A —tC) # 0. The action of ((0),s) € H, is
()9 D(t2) = ertosmmsartemn oz o). (@

The action of k € U(k) is (k- f)(t,z) = f(t, zK).

Proof. These actions follow from the explicit formulas given in the proof of
Lemma 2.1. The group properties (2) and (3) are used, for example, to show that
C(A—1tC)" and (A —tC)"" (tD — B) are hermitian. ]

Remark 3.2. For v # 0, define a representation of H, on € (C"Xk) by the
formula

( () 15) 1) (2) = LT . (10)

w

Let Ej denote evaluation at ¢ = 0. Then FEj, intertwines the action in (9) with
the action (10). It is well-known that Equation (10) defines an irreducible unitary
representation on .Z2(C™*) (cf. [6]).
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4. An invariant system of Schrédinger-type equations

Schrodinger-type equations. In order to display the relevant system of differen-
tial equations, we need to choose coordinates for the real vector space Her, x C"**.
Let Sym,,(R) (resp. Skw, (R)) denote the nxn real symmetric (resp. skew symmetric)
matrices. We coordinatize Sym, (R) using the basis {(E;;+E;;) |1 <i < j < n}
and Skw,(R) using {(E;;—FE;;) | 1 <i < j <n}. Each t € Her, can be written
t =s+io, where s = 1(t + 1) € Sym,(R), and o = o (¢t — t) € Skw,(R).

Define differential operators

0o _1(o ;9 0 (2,0 (1)
atij n 2 aSij Gaij ’ 8523 - 2 882']‘ aO'ij ’
In like manner, if z = z + iy € C* for z,y € R™F let
0 1 0 0 0 1 0 0
8zij 2 (61’2] Z@yij) ’ 6Eij 2 <(‘9{L‘” +18yij> ( )
Observe that for 1 <i < j < n, we have
0 0 -
t)y=FE;; |, =F; 13
=B . G O=F (13)
0 0 -
d — t) = El y — t) = E1z 14
an G =Ex . 5 (=B, (14)
k
0 0
For1<i,7<mn,]1 D, = 1
or 1 <i,j <mn,let i mz:l T Do (15)

For v a nonzero real number, define the system of equations:

0
ij
Dijf:i,ygtf- yfor 1 <j<i<n. (17)
71

Definition 4.1. Weset Yol = {f € ¢*°(Her,, xC"**) : f satisfies (16) and (17)}.
We say that functions in S0l are of Schrodinger-type.

Invariance of the equations under the groups G, H,, and U(k). We seek to
show that .#0l, is invariant under the group actions of H,, (9), U(k) and generators

MA, N and
(0 I,
A U )

of G. The formulas for the action of these generators extend to functions in
€ (Her,, xC™*) and are given by

n(b).f(t,z) = f(t—0b,2), b=">", (18)
(m(a) - f)(t,2) = det(a) *f(a"'ta*" a7 2), a € GL (n,C), (19)
(7 ) (t,2) = det(t) Fed®) f(—t71 7 12), (20)
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where g(t,z) = —iy(t7'z,z2), for invertible ¢t € Her,,. We refer collectively to the
elements of M A, N, and 7 as the generators of G.
The calculations to appear involve the complex chain rule. If z = g(w), we will write

of _0fog 0fog  0f _0fdy 0505
ow 0z0w  0zow = ow 0:0w 0z 0w

We first list a useful, elementary result.

Lemma 4.2. If f,g € €°(C™*), then for 1 <i,j <n,
(a) Di(fg) = (Diif) g+ f(Dijg) + >0, (aif,v, s + o aazf,g)
(b) Digle?) =¥ |0y 2220 + Dy(g)]
(¢) If P = (pmn) € C", then Dij(f(Pz)) = 327,y (D (f) (P2)PriPis -

Proposition 4.3.  If f € S0l,, then g- f € ol for g a generator of G'.

Proof. The proposition is clear for the subgroup N, since the system is con-
stant coefficient. Now let m(a) € MA, and set a.(t, z) = (a*a*',a7'2). By

(a
Lemma 4.2(c), (D;; (m(a) - f)) (¢, 2) is

n

det(a*)™ 3" (D)) (a.(t.2))(a )y (@) os

rm=1

On the other hand, if 1 < ¢ < j < n, then by the chain rule one finds that
w%(m(a) - f)(t, z) is equal to

i7 det(a*)—k (Z af(a‘(t7 Z)) a(ailt?*il)rm + Z 8f(a_-(t, Z)) G(a—lt?*—l)rm> .

Oty Otij Otym Oti;

r<m r<m

da a1,

By (13), 5
ij

= (a7 Bjia™ e = (a7 )i (a7 )i
Since a~'ta*~! is hermitian, one has (a—'ta*~1) = (¢ *ta*!)" and hence, by (13),

Jd(a=ta*—1)

i G I G I

Comparing terms, we see that if f € €°°(Her, xC"**) satisfies equation (16), then
so does m(a) - f. The proof for equation (17) is similar and is omitted.

We turn now to the invariance of the system under 7. From (20) and Lemma 4.2(a),
one sees that D;; ((7- f) (¢, 2)) is

det(t) ™% (Dij(e?) f(—t 1 t712) + 9B Dy (f(—t 1, t712)) + Sy)

where

_ Z 0t O (f(—tt712)) | 9™ O(f(=t 7t 712))
B <\ 0z 0Zi 0Zi 0z '
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We first compute D;;(e9®#)). Now

ag(tu Z) . —1 ag(t Z) . —1
17 = (2"t ")y, and L = (T 2);
. V(T ) i Y 2)ie
and so the sum appearing in Lemma 4.2(b) is
k
(iy 22 (1 2) (2t gy = ()2 (22t Yy
=1

Next, compute

Ug Z a 27 < t = _Z’YZ E& j _Z’YZ —Z’ka<t71)w

From Lemma 4.2, (2), we find

(7)) = =iy (=i (227 )y + k().

141
Next, consider o taz; ) . By the chain rule, this is
n k —
Z of (71,47 )a(t_lz>rs
r=1 s=1 azrs 3215

QU7 g < o ) (7 12 D),

Similarly, one has

O(f(—t 1t 12) = (

ang

—1 =1 N1y
Gzrg) —t Lt 2) (T )y

T

so that S;; = —ived®* Py, where

P=%% ((z*t_l)zjmma&zfé (e (1), %;) '

Here each partial derivative of f is evaluated at (—¢~!,¢#7'z). Using Lemma 4.2(c)
to write Dy;(f(—t1,t712)), we find

Dy (7 f) (t,2)) = det(t) "9 [—iyRy; f + Li; — ivPy), (21)

(e, 2 v ), )

" azré

and f, all partials of f as well as D,,.(f) are evaluated at (—t~',¢t712).
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or-f)(t2)
Oty

%(detfk(t)). From the form of the classical adjoint of a matrix, one finds

We now assume 1 < 7 < j < n and compute . We begin by computing

O (det(t)™) = —kdet(t) ™ (1), . (22)
g9(t,2)
Next consider a((;Tij) = eg(t’z)% = —i’yeg(t’z)(aTij (fl) 2, 2).
0 ot
By (14), we have — (t7')=—(t7") — (t7')=—(t7") E;; (") and hence
ati]’ Gtm
g9(t,2)
a(gf ) = i’yeg(t’z)((t_l) E;; (t_l) 2,2) = z"yeg(t’z)((t_l) 22" (t_l))ij.
]
We now consider 6(f(+w. By the chain rule, this is
of 9 of . 0
— (¢ — t_l
8tpq< Ot ( )Pq) * o 3tpq( atij( )pq)

p< 4

aof 9 of a
— t
* Z s Z 5%, a9t e

where each partial derivative of f is evaluated at (—t~1,¢712). We have

9 _ 9 _ -1 -1 _ -1 -1
87 (t )pq B (352,], (t ))pq - _((t ) Lji (t ))pq - _(t )pj<t )iq

ij

and since t is hermitian,

Similarly,
9 9 (Y B (47 L1y (41
O 12), = (G ()2), = () B () 2o =~ )02
ij ij
and
0 0 — — — SR —
1y TIWYe) — (1) E (21) 3 — (371 (=13,
570 = (G 0D = =(777) By (77) e = =723
We then see that % is
of 1
_( z + )z
p<q 8tpq ! ;atpq .
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Observe that (t-1%);s = (2*t71)y;. Putting this together, we have for 1 <i < j < n,

o((r 'a?(t’ D der(t) ™ (171),, 0 f( )

+ det(t) F(iyes (1) z2* (871))ig) f(—t 7t 2) + det(t) FedBDQy;,

where

1 .
(%pq( it Z atpq i

p<q

Z 8er 7“3 t 'z Z azm 71)53'-

From equation (21) and the above calculation, we see that

Dy (- ) (t,2) - 2 -aéjj@, 2)

=3 (qu(f) - w%q) E (g + Y (qu(f) - i'y%;) (it ip-

p<q p<q

Consequently, if f € € (Her, xC"**) satisfies equation (16), then so does 7 - f.
The remaining case (17) is similar and is omitted. [

Recall from equation (9) that if h = (("),s) € H,, then
(h- f)(t,2) = ePB2 f(t, 2 — v + tw)
where p(t, z) = iy(s + Re(2z — v, w) + (tw,w)).

Proposition 4.4. If he€ H, and f € Sol,, then h- f € Sol,.
Proof. By Lemma 4.2(a),

Dij (h- [) (t,2)) = (Dye?) f(t, 2 — v+ tw) + (D (f(t, 2 — v+ tw)))
N (8@1’ 8(f(t,z—v+tw))+8ep 6(f(t,z—v+tw))).
¢

ang 0Zi 0Ziy ang

Since D;;(p) =0, from Lemma 4.2, (2), we have

Since Re(z,w) = 3((z,w) + (w, 2)), one has ORe(zw) _ s Tr(w*Ej) = 5(w*)y so

87;]'@ 2
0 0
that 871; = iy(w*)g;. Similarly, 8?]; = 1y(w);e.
k
Consequently, Z 8_p 8215 = (i7)*(ww*);;



HUNZIKER, SEPANSKI, AND STANKE 211

Since differentiation commutes with translation, we have

Dij ((h- ) (t,2)) = € ((i7)*(ww")y3) f + €"(Dy; f)

k
o NOf L Of
+ €p; ((W(w )éj)a?w + (iv(w )éj)aTﬂ) ;
where f and its derivatives are evaluated at (t,z —v+tw).

We turn now to the computation of 2D for 1 < < 7 < n. First observe from

6t”
(14) that %’j = iy Tr(Ejww*) = iy(ww*);; from which we get

OeP

— = jryeP (ww”);;.
ot /
By the chain rule,
A(f(t,z — v+ tw)) af o of 0 —
— - ~ t
Gtij + TZ 8er (‘%U ) * 8275 6t” ( w)rs ’
where the derivatives of f are evaluated at (t, 2 — v+ tw). Since 32 (tw),, = &,jw;
and %(tw) = 0,4W;s, we find %L(tz)) is
of of of _
el liy(ww*); f + = o + SZ:; (aszU)is + 55 ) |

Therefore, we find

L e T G 2L

from which the proposition follows in the case 1 < ¢ < j < n. The remaining case
¢t > 7 is similar and is omitted. [ |

Recall the action of kK € U(k) is (k- f) (t,2) = f (t,2K).

Proposition 4.5. If k € U(k) and f € Sol,, then k- f € Sol,.

Proof It follows from the chain rule that D;; (k- f) = & - (D;;f). Clearly, one
has 87 (k- f)=kK- (aaz—fj) so the proposition follows. n
5. An invariant map
In this section, we construct an intertwining operator that maps into the space of

Schrodinger-type functions.
Definition 5.1.  For nonzero v € R and ¢ € C"**, define the kernel function Kg
on Her, xCrxk by Kg(t, 2) = et Re(z.6)+ 45 (t6.6)

Remark 5.2.  Fix ¢ € Her, and £ € C™*. Then the function z — K/(t,2) lies
in Sol,. To see this, write Re(z, &) = $[Tr(£*2) + Tr(£7Z)], so one finds

S\ 2
i Re(z, ? * i Re(z L
Dyfe™=9) = (1) (e ™9, 1< i<
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By equation (14) one has
0
—(e™ 5 (16:6) ) = ({f )ije w80 for 1< <j<n,
Ot
and by equation (13),

gi @) = e for1<j<i<n,
ij
from which one concludes
0 ) . L
S (K2(0.2)) = = (66)5K7(02) for 1< i< <.
ij
0

and

(K2 (t,2)) = %(éf*)ng(t,z) for1<i,j<n.

ati]‘
So, the function K/ lies in ol .

Definition 5.3. Let .#(C™*) denote the Schwartz functions on C™*. Define
the operator T, : #(C"**) — € (Her,, xC™**) by

T,(¢)(t,2) = (2m) ™ D(E) K (E 2)d,

CnXxk

where d¢ denotes the Lebesgue measure on C**¥.

Remark 5.4. (1) By Remark 5.2, the image T (.%(C™**)) lies in S0l .

(2) For fixed t € Her,,, the map ¢ — T.,(¢)(t, ) may be viewed as the composition
FoM,(t), of the Fourier transform

(F¥) (2) = (2m) " 4 (2),
where @b f(cnxk Y(€)e’Re=9d¢ | and the multiplication operator

(M, ()9)(€) = e €y (¢),

both of which are unitary on the space % (C”Xk) . In particular, we have

IT5@)(E )y = 1¢l,, ¢ € Z(CF).

(3) Let E, denote evaluation at t = 0. Since T5(¢)(0,-) = F(¢), it is clear that
F~1o Ey is the left-inverse of T, . n

We define the unitary scaling operator s, : £> (C”X’“) — L2 (C”Xk) for a nonzero

scalar 4 € R by
su()(€) = ™ (ug).

Note that 72 = —I5, and so ¢ = —7 along with subgroups MA and N will also
generate G. Define formulas on .#? (C”Xk, C) for generators by

(L (m(a)) (&) = det* () ¥(a*€),  (L1(n(x))¥) (&) = e 79y (€),
(L3 (0)¥) (&) = (i5gn(7)"™ (5(20)-1 © FU)(€). (23)

When v = }1, these formulas agree with those of the represenation of G' found in
[13]. Note that the Schwartz space .(C"**) is preserved by L)(g) for g € G.
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Theorem 5.5.  The operator T, : ./ (C™*) — €>°(Her,, xC"**) intertwines the
generators of G.

Proof. For v € . (C™*) and z € Her,, we have
T, (L nla))0)(t,2) = (2m) ™ [ Oy () g
Cnxk
= @m) " [ Qe OTE N0 ge — T () (t-x, 2) = (n(2). Ty ($)) (1 ).

Cnxk

If a € GL(n,C), one has

k
T, (@) )t 2) = A" [ (g Reert e g,
(2ﬂjnk Cnxk
Apply the transformation & — a* 1€ to get
det( ) |d t( )| —2k @Z)(é) iRe(z,a* *1§)+£(ta*7*1§,a*7*1§)d€
(2m)nk Cnxk
_ det(a*)7*

b(€)e! Rl 2OTH @M g — (i (a). T, ())(t, 2).

(271’)"k Cnxk

We next show that T,(Li(o)Y)(t, z) = (0. Ty(¥))(t, 2) (24)

for all ¢ € #(C™**), invertible ¢ € Her,, and z € C™*. We shall see that this
reduces to the special case (shown below) where t = AI,,, for nonzero A € R. Indeed,
assuming this special case for arbitrary n, it certainly holds when n = 1. By viewing
the variable z € C™* in terms of its n rows, each of the operators in equation (24)
may be viewed as the n-fold tensor product of the corresponding operator on C*** It
now follows that (24) will hold for t = d = diag(\1, ... \,) € GL(n,R). In particular,
equation (24) holds when ¢ € .(C™**) is replaced by L} (m(u))¢ for u € U(n).
Observe that m(u) and ¢ commute. Upon this replacement and using the fact that
T, intertwines the M A action, we obtain (after cancelling det(u)=*),

T, (L (0))(u du, w™2) = (0T, () (™, u™2),
for all z € C™* diagonal d € GL(n,R) and v € #(C™*). Replacing z by uz
finishes the proof since any t € Her,, can be written as u~'du.

It remains to show that equation (24) is true when t = A\, € GL(n,R). On one
hand, by dominated convergence, we write T (L} (o)) (A, z) as

0 1 (s 0 Fun ™ M50

&%0

where C, = (%)”k By the unitary nature of s, and F , this is

Oy |27|™ tim (, (o))
e—0t

Now (F~! (e727Relz)p)) (&) = F~1 () (£+272) and we conclude from the standard
result (e7*+)) (&) = (Z)"*e~ 9/ Re(a) > 0 and ¢ € C™*F, that

Y

< i 1 T 2
-1 ( %,YRe<z,.),(€+44)472(.,.>)> _ nk ,—[|&+272][ /4a(v,))
‘ B A AT

where a(y, \) = 4v%¢ + iy\.
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Letting € — 07, we see T, (L} (0)¢) (AL, 2) is

Cy [29]™ (—2iyA) ™" (E)e T IEIP A+ Re( 921141 g

CnXxk

Il

= Cy(—iXysgn(y)) e

(5)6771 Re(Zvi)eﬁHﬂFdé

Cnxk

Recall from equation (8), we have

0. f( My, z) = det(=AL,) k" A 22) f( X1 —A12)

and so
1 . _ . _ i _
(UTW(@Z)))(A_L“ Z) — (Q_)nk(_A)—nkezfy(—)\ 1z,z)/ ¢(§)€ZR6(_A 1Z7€)+E(_/\ 1€’§)d§
T
(Cnxk
The proof is complete by combining constants. -

Corollary 5.6.  The space T1,4(.7(C™*)) carries a G-action and Ty)4 is a G-
intertwining map on . (C™<F).

Proof.  From [13], the formulas for L,lg/ 4 give a genuine representation of GG. Since

Ti/4 intertwines the generators of G and .(C™*¥) is L,lc/ *(@)-invariant, the result
follows. [

We now turn to the intertwining property of T, with respect to the Heisenberg group.
We extend the action in equation (9) to €°°(Her,, xC™*). Next, we conjugate the
Heisenberg representation given in equation (10) by the Fourier transform to obtain
the representation on Z?(C"*¥)

w

RW( <’U> 7 S)¢ (Z) _ ei'y(s—i—Re(v,w))—iRe(z,v)¢(z . 2’710), ¢ c XZ(CnXk)
Note that this action preserves the Schwartz space .7 (C"*).

Proposition 5.7.  The map T, intertwines the representation R, with the Heisen-
berg action on €>°(Her, x C"*k).

Proof. This is a straightforward calculation involving only the definitions and a
change of variable so we omit the details. [ ]

Although the image of Ti,4 carries a G-action whose formulas are given by the
natural G-action on the representation space &4, it is yet unclear how &4
and T} 4(#(C™*)) are related. We show in Section 7 (Proposition 7.5) that there
exists a subspace of .%(C™*) which is dense in Z?(C™*) for v > 0 and maps into
&y under T.,. The construction of this space relies on the space of pluriharmonic

v
functions defined in [13].

6. Polynomials and Differential Operators

Let X = C"*xC™* and let V be a complex, finite dimensional inner product space
with inner product (., .)y. Let (X, V) denote the space of V -valued polynomials
on X. Then Z(X,V) is an inner product space as well.
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Let dudw denote the Lebesgue measure on X and du(u,w) the Gaussian measure
ce~ P+l dydw | where ¢ > 0 is chosen so that Jxdu(u,w) = 1. Define an inner
product on Z(X,V) by

q) = [ (p(u, w), q(u, w))ydu(u, w), for p,q € P(X,V).

Using multi-index notation, each polyomial p € Z(X,V) has a unique expansion
p(u,w) = X, puwPv, 5 for v,s € V. Define p(d) to be the linear map from
€ (C™* V) to €°(C™*,C) by

1%
Z 90 azﬂ Ua,ﬁ)a z € CF,

Note that the map p — p(9) is conjugate linear. Now suppose that W C Z(X,V)

is a finite dimensional subspace and let {p;} denote an orthonormal basis of W.
Define a map Dy : €°(C™* V) — W by

DwF = Z(Pj(a)F)(O)PJ- (25)

Observe that Dy, is independent of the choice of the orthonormal basis.

Consider the real subspace Y = {(2,%) : 2 € C™*} of X. For p € 2(X,V), let
ply denote the restriction of p to Y. Then p|y is a V-valued polynomial on C"**.
Since each p € (X, V) is holomorphic, the restriction map p — ply is injective
(p.42, [6]). Moreover, restriction intertwines differentiation in the following sense:

52@ )= < o ) (%) and a;j (n(2,2)) = ( o ) (2.2, (20)

8UZ‘]‘ 8wz~j

Now fix z € C™* and define point evaluation E,: W — V by E.(p) = p(z,7%).
Then the adjoint map E7: V — W can be realized in terms of an orthonormal basis

{p;} of W:
EX(v) = (v,p5(2,2)vp;. (27)
J
Lemma 6.1. Suppose W C P(X,V) is a finite dimensional subspace of homoge-
neous polynomials of degree m. For fived vEV and w€C™F | let F,(z) = e'Re=w)y,
Then DwF, = (i/2)"E} (v).
Proof. Since Re(z,w) = 1/2(Tr(w” 2) + Tr(z7w), one has
%(eiRe(z,w)) |Z:0: (2/2)|a|ma and %(eiRe(z,w)) |z:0: (,L'/2)|a|wa‘

If p(u,w) = ¥, su*wPv, 5 is homogeneous of degree m, we have

(P(O)Fw)(0) = (i/2)" Sa,p (@ w v, va5)v = (i/2)™ (v, p(w, W)y (28)
The lemma now follows by (27) and (25). ]

Definition 6.2.  Let (u,w) € X. Define differential operators by
k 2
AZ] :;W, for 1 SZ,] Sn

We say that a polynomial p is pluriharmonic if A;;p =0, for all 1 <4,57 <n. Let
¢ denote the space of pluriharmonic polynomials.
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Remark 6.3. By (26), we have (A;;(p))|ly = Di;(ply) for any p € #(X). Thus,
p € A iff its restriction p|y satisfies D;;(ply) = 0, for all 1 < 4,57 < n. Recall
the coordinates z = = + iy, z,y € R™* of CV*. Let A;; = 9%/0x}; + 0%/9y};
and A = Zw A;; denote the Laplace operator. Since A;; = 4#{;“, we have
A =45%" D;. So a polynomial annihilated by all D;; is harmonic. In particular
if p € 7, then ply is harmonic. n

The groups K¢ and GL(k,C) act on s by the formulas:

(gla 92)p(u7 UJ) = p(gl_luv ngw)> 91,92 € GL(TL, C)7 (29)
g.p(u,w) = p(ug,wg™ "), g€ GL(k,C).
Let p be the representation of K¢ given in equation (29).

Let (A, V) be an irreducible holomorphic representation of GL(k,C), equipped with
an inner product (.,.), satisfying A\(g)*=A\(¢*) for g€ GL(k,C). Let J& denote the
space of V) -valued pluriharmonic polynomials p satisfying the transforming property
plug,w(gh)™t) = Mg)'p(u,w), for g € GL(k,C).

Let 3 denote the set of those (A, V)) for which 2 # 0. The set ¥ is described
explicitly in [13].

By Proposition 5.6 of [13], the space .73 is irreducible under p. Let p, denote this
irreducible action of K¢ on #,. Furthermore, we restrict the above inner product
to 3 and denote this restriction by (.,.)s . One then has px(g1,92)* = pa(97, 93)

for (g1,92) € Kc¢. Observe that by Schur’s lemma, 4%, is a space of homogeneous
polynomials. Let m, denote the corresponding homogeneous degree.

In what follows, we will work with the differential operator Dy, where W = 573 and
V=V, for A € .

7. The range of T,

In this section, we construct a dense subspace of .Z?(C"**) that maps to &, under
T,. The space of pluriharmonic functions . is central to the construction.

Lemma 7.1.  Suppose that p,, is a homogeneous harmonic polynomial of degree
m on R™. Then for a >0 and x € R"™, one has

/ emyp(y)e—ayn?dy:<E>”/2 (2L> p(z)ellI/a
n a a

Proof. Making the change of variable y — \/gy in the above integral, we obtain

(n+m)/2 . s 2
<E> eV E I, (y)e I dy

a Rn
(/2 [ ().
= (5[ el e ey

The lemma follows by applying the result [[16], p. 155]

| e e dy = i () .
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Proposition 7.2.  Let p,, € 5 be homogeneous of degree m and assume that
Q={Ae€GL(n,C)| A+ A* > 0}. Then for v>0, 2 € C* and A € Q,

1

/ G Op,, (¢, €)e TN dg = € det(A)Fp, (4712, ATHTF)e 1A ),
CnXxk

where C' is a constant depending on m, k, n and 7.

Proof. Both sides of the above equation holomorphically depend on A € Q.
Assume that A > 0 and let AY? denote the unique hermitian operator with
(A1/2)2 = A. Making the change of variable ¢ — A~Y2¢ in the above integral
yields

der(A)™ [ eimea sy, (412 (A7) TE)e g
CnXxk

Since ¢ is invariant under K¢, the polyomial (u,w) — pu (A~ ?u, (A7Y%)Tw) lies
in 7. So its restriction p,,(A7Y2¢, (A7Y2)T¢) is harmonic by Remark 6.3. By
Lemma 7.1 the integral is the constant (4y7)"¥(2yi)™ times

det(A)_kpm(A_l/2(A_l/22)7 (A_1/2)TM)6_7(A‘12,z)7
giving the right side of the equation. The proposition now follows by analytic
continuation. <

Corollary 7.3.  Let p,, € 7 be homogeneous of degree m. Then for v > 0 and
(t,z) € Her,, xC*k,

T (p (&, D)~ 7D (¢, 2) = C det(T —it) *po(T—it) 'z, (I —it) "T7)e U= "22)

where C' is a constant depending on m, k, n and .

Proof. On one hand,

e 1 -n iRe(z T\ — L ((I—it)E,
T (pm(&, €)= ) (2, 2) = (2m) " / RGOy (¢, e B8 g

CnXxk
which by the proposition is
Cdet(I —it) *pn (I —it) 'z, (I —it) HTz)e U=t 22),
since (I — it) € Q). .

We wish to extend the functions in (¢, z) from the above corollary to functions in the
induced space Ind%xH" X~,k- To this end, consider more generally a group H that
factors H = X - Y, where Y is a subgroup. Let (x, V) be a representation of Y. If
each h € H has a unique factorization h = zy, for x € X, y € Y, then a natural way
to lift a function f: X — V to a function in Ind [#y is to set ®(h) = x(y) "' f(z)
since the desired transforming property ®(hy) = x(y) ' ®(h) becomes automatic. In
our setting, an obstruction to this approach is that the needed factorization (N x Z)P
is only open and dense in G x H, (cf. Lemma (2.1)), i.e. the matrix D in g € G
(written in block form (1)) must be invertible.

However, for functions of the form in Corollary 7.3, the obstruction may be removed

so that these functions admit a smooth extension to G x H,. To display this
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extension, recall a natural action of g € G (written in block form (1)) on the upper
(or lower) Segal half-plane is given by linear fractional transformations:

9.7 = (AZ + B)(CZ + D).
Proposition 7.4.  Let p € C[X] be a polynomial. The function
F(t, 2) = det(I —it) ™ p((I —it) "z, (I —it)"HTZ)e (U7 22)

extends to a function in Ind%xH" X~.k- In particular, TV(,%”|ye*ﬁ(5’§)) C &, for
v > 0.

Proof. Let g = <A B) and h = ((Z),s) Assume for the moment that

C D
(9,h) € G’ x H,. By Lemma 2.1, G’ x H,, factors as (N X Z)P so we can write
(9,h) = n(gn)2(gn)Pgn and, by identifying functions on N x Z with functions on

Her,, xC™*, define ®(g,h) = Xy x(Bgn)) " f (g1 2(g,n)) - By the explicit formulas
in the proof of Lemma 2.1, we have

q)(g’ h) _ det(D*)—ke—i'y(s-i—Re(z,w)—&—(D’lCz,z))f(BD—l’ D*_lz).
Using the group properties (2) and (3), ®(g,h) may be written as
det(D* - iB*)—ke—ify((g*.(—iIn))z,z)+Re(z7w)+s)p((D* - Z-B*)fl z, (D _ Z-B)fl,T z)'

where ¢g*.(—il,) denotes the linear fractional action. Fach inverse appearing here
exists by the properties of G. This formula then extends to g € G and so defines
an element of Ind%“H" Xy ke - n

For v > 0, the span of {p(2)e™7®?) | p € P(C™*)} is dense in L*(C™Fk). If
z =x + iy € C"*  a polynomial p € Z(C™*) defines a polyomial (again denoted
by p) in Z(X) by replacing (z,y) by (u,v). Then the restriction of p, € Z(X)
defined by p,(u,v) = p(*$2, %2) to Y is p. Therefore, Z(X)|y = £(C™¥). From
Lemma 5.3 [13], one knows Z(X) = Cluw®]# so that L2 (C™k) = C[zzT]A|y.
Hence, C[zzT]5#]y e77*%) is dense in £?(C"*¥).

Proposition 7.5. For v > 0, the image of C[zZ7] 5|y e 7**) under T, lies in &, ,.

Proof. By equation (23), the action an element of n, the Lie algebra of N, is
to multiply a function by a matrix entry of zz7. With 4(n) denoting the universal
enveloping algegbra of n, we have

ALY (L) (e ) = C2T) o] ye ),

By Theorem 5.5, T, intertwines {(n) so the proposition follows. ]

8. Representations and intertwining maps

A multiplier representation on G/K. We consider a multiplier representation
of G defined on spaces of holomorphic functions on G/K . Following Kashiwara and
Vergne [13], we realize G/K in the unbounded picture.
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Let D ={(=t+is|t,s € Her,, s> 0}
Set K¢ = GL(n,C)xGL(n,C) and let (7,W,) be a holomorphic representation of
Kc. Let 0(®,W,) denote the complex space of holomorphic functions F': © — W,.

Recalling the notation in (5) and (4), we display the representation on the generators
of G in [13]:

(S (m(a))F)(C) = 7(a,a” ) F(a~'¢a"""),a € GL(n,C), (30)
(5-(n(t))F)(¢) = F(C —t),t € Hery (31)

(SH(0)F)(¢) = 7(—¢, —¢HF(=¢7). (32)

For A € ¥, let Z?(C™F* V4)V*) denote the space of square integrable, V) -valued
functions satisfying f(zx) = M(k)"'f(2), x € U(k). Fix the parameter v = 1 in

equations (23) to obtain a representation L} of G on Z?(C™** V)V Recall from
Section 6 that p, denotes the irreducible action of K¢ on 745 . Define a character
0 on K¢ by kg1, 92) = det(go)®. We take 7\ = py ® 6, and W, = A as our
representation of K¢ above and write Sy for the corresponding representation of G'.
For w € C™*  recall the point evaluation map E,: A — V, defined by the formula
Ey(f) = f(w,w). Define E} : V\ — J4 by (Ey(h),v)x = (h, E}(v)).s for h € 74,
v E V)\.

Finally, define a map KV)y: Z?(C™* V)UK — 0(D, J4) by

KV\(®¥)(¢) = / o B (Y(w))dw,p € LHCFV)TE CeD. (33)

CnXxk

By Propositions (4.1) and (5.8) [13], we know that KV) is injective and intertwines
L(g) and Sy\(g), for g € G.

Principal series representations. We now define a principal series representa-
tion of G. For A € ¥, define a representation uy of M A by setting uy(a) = ma(m(a))
and extend the action trivially to N to obtain a representation of M AN . The func-
tions in the induced space IndJ\G/I v M are completely determined by their restrictions
to N. Let

7y = Sy (Her,, A5@det™) = {f € € (Her,, 5) | 3p € ndS, 5 s, £(1) = p(n(1))}.

Recall the block form (1) for elements of G.

Proposition 8.1.  For f € .7, the element g € G acts by
(9-)(t) = det((A—tC)") " pr(A—tC, (A—tC) ) f((A—tC) " (tD—B)),  (34)
when det(A —tC) #0.

Proof. This follows immediately from Lemma 2.1 and the hermitian nature of
(A—tC)"Y(tD — B). n

Let t +is € ©. For a function F' defined on ®©, define a function B(F') on Her,
by B(F)(t) = lim,_,g+ F'(t 4+ is). Note that from formulas (34) and (30) - (32), the
boundary-value map B intertwines the G actions on 0(®,.743) and .#), when such
limits exist.
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Isotypic Components. Set v = 1/4 for the remainder. Define
H(Her, xC™*) = &, ﬂ Fol.,.
Recall that we have a G-map on the Schwartz functions
T :.7(C™*) — H(Her, xC™*")

that completes to an embedding of .#2 ((C”Xk). This can be made more precise by
using the action of U(k) on H(Her, x C"*¥).

For an irreducible representation (A,V)) of U(k), write the dual space as V.
For f € V¢ and v € C®(Her, xC™* V}), define (v, f) € C®(Her, xC"**) by
(W, f) (t,z) := f(¥(t,2)). Now define

H(Her,, xC™* 1)
= {w € COO(Her < Ok V) W, f> € ’H(Hern XC"Xk> Vf e V)f and}
T n y VA .

Y(th,z) = M) '(t, 2) Yh € U(k)

The U(k)-finite vectors in H(Her,, x C"*) decompose into a direct sum of isotypic
components. Write H(Her,, xC"*),, for the Vy-isotypic U(k) component. It is
straightforward to see that the map

H(Her,, xC™* V) @ Vi — H(Her,, xC™*)y

induced by ¥ ® f — (¢, f) is an isomorphism onto the V}-isotypic U (k)-component
of H(Her, xC™**). By the commutivity of G and U(k), H(Her, xC"**) inherits
the structure of a G-module with action given by the same formula as Theorem 3.1.

There is a similar discussion starting with .#? (C”Xk) . It ends up giving an isomor-
phism
2 nxk U(k) * 2 nxk
22 (€ 13)"W o vy - 22 (),
In [13], it is shown that the isotypic components are nonzero when A\ € 3.

Finally, by extending to vector valued integration, the same formula as in Definition
5.3 gives a map on the Schwartz functions in £ ((C”Xk, V/\)U(k)7

Ty : Z(C™* Vy) — H(Her, xC™* 1}).
The map 7Ty remains a G-map. It follows from [13] that 7) completes to an

isomorphism when \ € X.

A differential intertwining map. Fix A\ € ¥ and let V), and 7%, play the role
of spaces V' and W found in Section 6. Consider the operator D, in equation
(25). Since the map Dy : €°(C™* V)) — J4 differentiates with respect to the z
variable, we may trivially extend D4 to a map

€°>°(Her, xC™* V) = €>(Her,,, 74),

again denoted by D . We rescale this extension and define Dy = (i/2)"™ D,
where m,, is the homogeneous degree of polynomials in .73 .
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Let . (C™* V) denote space of the V- valued Schwartz functions on C"** inside of
£ (C”Xk, VA)U(k). Let v € #(C™* V). Given the expression for E in equation
(27), the function ¢ — KV, (¢)(¢) takes the form

Z (/Cnxk ei(cw’w)(ﬁb(w)mj(w;@))Adw) pj, C€D.

J
In particular, one sees that the boundary-value map B is well-defined on the space
KV\(.Z(C™k Vy)).
In the following result, we set T' = Tj/4 in Definition 5.3.

Theorem 8.2. Let A€ X. If p € S (C™* Vy), then
(DroT)(h) = (Bo KVi)(¥).
In particular, Dy is a G-intertwining map on H(Her, xC™* V}).

Proof.  From equation (33), we see for ¢ € Her,,

(Bo KWW = [ By (wlw)du.

On the other hand,

(Dy o T)()(t) = / ¢1600) D (TR (),

CnXxk

But by Lemma 6.1, we have D, (e’ (w)) = B ((w)). Finally, since B, KVj
and T (cf. Corollary 5.6) are G-intertwining maps, so is D). n

This result completes to the following commutative digram of G-maps.

H(Her,, xC™Fk V) LN 7 (Her,,, W, @ det¥)

n] L

ZHCHE VB O(G/K, W, ® det®)

The maps T\ and KV, are isomorphisms and the maps D,|,—o and B are embed-
dings.
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