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Abstract. We construct the universal enveloping preassociative and postassociative algebra
for a pre-Lie and a post-Lie algebra respectively. We show that the pairs (prelie, preAs) and
(postLie, postAs) are Poincaré-Birkhoff-Witt-pairs; for the first this is a reproof of the result of
V. Dotsenko and P. Tamaroff.
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1. Introduction

In the 1960s, pre-Lie algebras appeared independently in affine geometry (E. Vinberg
[45], J.-L. Koszul [32]) and ring theory (M. Gerstenhaber [19]). Arising from diverse
areas, pre-Lie algebras are known under different names like Vinberg algebras, Koszul
algebras, left- or right-symmetric algebras (LSAs or RSAs), Gerstenhaber algebras.
Pre-Lie algebras satisfy an identity (xix9)xs — x1(xexs) = (xowy)r3 — xo(z123). See
[8, 38] for surveys on pre-Lie algebras.

In 2001, J.-L. Loday [34] defined the dendriform (di)algebra (preassociative algebra)
as a vector space endowed with two bilinear operations >, < satisfying

(1 = o+ 21 < T2) = x3 =21 > (19 = x3), (71 = 22) < x3 =21 > (72 < T3),
xl<(w2>x3+x2<:v3):(:c1<x2)<a:3.

In 1995, J.-L. Loday [33] also defined Zinbiel algebras (precommutative algebras), on
which the identity (z129 + xowy)zs = x1(x9x3) holds. Every preassociative algebra
with the identity = > y = y < = is a precommutative algebra (z1x2 = 21 > x2) and
under the product z -y =2 > y —y < x is a pre-Lie algebra.

In 2004, dendriform trialgebra (postassociative algebra) was introduced [37], i.e., an
algebra with three bilinear operations <, >, - satisfying the following seven identities

(r<y)<z=z<(y=z4+y<z+y-2), (x=y)<z=z>(y=<=2),
(x=yt+y=zc+az-y)=z=z>y=2), ==Yy -2z)=@~y)-z
(=<y)-z=z-(y=2), (@y<z=z(y<z2), (z-y 2=z (y 2).
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A space A with two bilinear operations [,| and - is called a post-Lie algebra
(B. Vallette, 2007 [44]) if [,] is a Lie bracket and the next identities hold

(- y)z—z-(y-2)—(y-2)-2+y-(x-2) =y, 2] -2, x-[yz]=[ryz]+]yz 2]

In the last dozen years a large number of articles devoted to post-Lie algebras in
different areas has appeared [9, 18, 40]. Every postassociative algebra under the
products z-y =z >y —y <z, [z,y] =xr 0oy —youx is a post-Lie algebra [3].

Let us explain the choice of terminology. Given a binary quadratic operad P, the
defining identities for pre- and post-P-algebras can be found in [2]. One can define
the operad of pre- and post-P-algebras as P e preliie and P e postLie respectively.
Here preLie and postLie denote the operads (varieties) of pre-Lie algebras and post-
Lie algebras respectively, e denotes the black Manin product of operads [20]. By
pre- or postalgebra we will mean pre- or post-P-algebra for some operad P.

Before stating the main problem of the work we introduce a very useful tool to
deal with pre- and postalgebras, so called Rota-Baxter operators, and the notion of
a Poincaré-Birkhoff-Witt pair.

A linear operator R defined on an algebra A over a field k is called a Rota-Bazter
operator (RB-operator, for short) of a weight A € k if it satisfies the relation

R(z)R(y) = R(R(x)y + zR(y) + A\zy), =x,y € A. (1)

In this case, an algebra A is called Rota-Baxter algebra (RB-algebra).

G. Baxter defined the notion of what is now called Rota-Baxter operator on a (com-
mutative) algebra in 1960 [5], solving an analytic problem. The relation (1) with
A = 0 appeared as a generalization of integration by parts formula. G.-C. Rota [42],
P. Cartier [10] and others studied different combinatorial properties of RB-operators
and RB-algebras. In the 1980s, the deep connection between Lie RB-algebras and
Yang-Baxter equation was found [6, 43]. More about Rota-Baxter algebras see in
the monograph of L. Guo [29].

In 2000, M. Aguiar [1] stated that an associative algebra with a given Rota-Baxter
operator R of weight zero under the operations a > b = R(a)b, a < b = aR(b) is
a preassociative algebra. In 2002, K. Ebrahimi-Fard [16] showed that an associative
RB-algebra of nonzero weight A under the same two products >, < and the third
operation a - b = Aab is a postassociative algebra. The analogue of the Aguiar
construction for the pair of pre-Lie algebras and Lie RB-algebras of weight zero was
stated in 2000 by M. Aguiar [1] and by I. Z. Golubchik, V. V. Sokolov [21]. In 2010 [3],
this construction for the pair of post-Lie algebras and Lie RB-algebras of nonzero
weight was extended.

In 2013 [2], the construction of M. Aguiar and K. Ebrahimi-Fard was generalized for
the case of arbitrary variety.

In 2008, the notion of universal enveloping RB-algebras of pre- and postassociative
algebras was introduced [17]. In [17], it was also proved that the universal enveloping
of a free pre- or postassociative algebra is free.

In 2011, with the help of Grobner-Shirshov bases [7], Yu. Chen and Q. Mo proved
that every preassociative algebra over a field of characteristic zero injectively embeds
into its universal enveloping RB-algebra [12].



GUBAREV 225

In 2013 [27], given a variety Var, it was proved that every pre- Var-algebra (post- Var-
algebra) injectively embeds into its universal enveloping Var-RB-algebra of weight
A =0 (A #0). Further, the author constructed universal enveloping RB-algebra for
a given pre- or postalgebra in commutative [22], associative [23], and Lie [24] cases.
In the associative case it gave an answer to the question of L. Guo [29, p. 148].

The classical Poincaré-Birkhoff-Witt theorem states that given a Lie algebra g with
a linear basis {x; | i € I}, where I is a well-ordered set, the monomials z;, - - z;,
with ¢, < ... <1, form a linear basis for the universal enveloping associative algebra
U(g). As a consequence, we get that the linear basis of the algebra U(g) does not
depend on the product in the Lie algebra g. Such relationships between two varieties
V, W in the case when there exists a functor ¢: 1V — W associating to every algebra
A €V an algebra ¢(A) € W by changing multiplication in A was generalized by
I. Shestakov and A.A.Mikhalev in the term Poincaré-Birkhoff-Witt (PBW-) pair,
see details in [39)].

Now let us formulate the main problem to which the work is devoted. In what
follows, preAs and postAs denote the varieties of pre- and postassociative algebras
respectively.

Problem 1.1.  (a) Prove that every pre-Lie (post-Lie) algebra injectively embeds
into its universal enveloping preassociative (postassociative) algebra.

(b) Clarify if the pairs (preAs, preLie) and (postAs, postLie) are PBW-ones.

(c¢) Construct the universal enveloping preassociative (postassociative) algebra for
a given pre-Lie (post-Lie) algebra.

For pre-Lie algebras, Problem 1.1b and the special version of Problem 1.1c were
stated by P.Kolesnikov in [31] in the context of Grobner-Shirshov bases for preasso-
ciative algebras. J.-L.Loday asked V. Dotsenko about the solution of Problem 1.1b
around 2009 [15]. The discussion of Problem 1.1 in the case of restricted pre-Lie
algebras can be found in [13]. The analogues of Problem 1.1 for Koszul-dual objects,
di- and trialgebras, were solved in [36, 28].

Recently, in [26] and [25], the author solved Problem 1.la in pre- and postalge-
bra cases with the help of embedding of pre-Lie (post-Lie) algebras into Lie RB-
algebras [27] and the Grobner-Shirshov bases technique developed for associative
RB-algebras [30]. Actually, the solution of Problem 1.1a for pre-Lie algebras can be
derived from the results concerning Hopf preassociative algebras and so called brace
algebras stated in 2002 independently by F.Chapaton [11] and M. Ronco [41]. In
2018, V. Dotsenko and P. Tamaroff solved Problem 1.1b for pre-Lie algebras stating
that the pair of varieties (preLie, preAs) is a PBW-pair [15] by means of the gen-
eral approach arising from category theory. In 2019, independently of the present
work, by the same method, V. Dotsenko proved that the pair (postLie, postAs) is a
PBW-one [14].

The current work is devoted to the complete solution of Problem 1.1 in both pre-
and postalgebra cases. Let us briefly describe the idea of the solution. For this, we
need one more embedding problem.

Let A be an associative algebra with an RB-operator R. Then the algebra A(")
is a Lie RB-algebra under the product [z,y| = zy — yx and the same action of R.
Thus, we can state the analogue of Problem 1.1 for the varieties of Lie and associative
RB-algebras.
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Problem 1.2. (a) Prove that every Lie RB-algebra injectively embeds into its
universal enveloping associative RB-algebra.

(b) Construct the universal enveloping associative RB-algebra for a given Lie RB-
algebra.

We are not asking whether the pair (RByAs, RB,Lie) of the varieties of associative
and Lie RB-algebras (of weight \) forms a PBW-pair, since it can be easily disproved
just in the 2-dimensional case. To the moment, we are far from the solution of
Problem 1.2, and the current work as well as [25, 26] can be also considered like a
step in such direction.

The sketch of the solution of Problem 1.1c is following. Firstly, we embed a pre- or
post-Lie algebra C' into its universal enveloping Lie RB-algebra L [24]. Secondly,
with the help of Grobner-Shirshov bases we embed the Lie RB-algebra L into its
universal enveloping associative RB-algebra A with an RB-operator R. Lastly, we
show that a subalgebra U(C') generated by C' in the induced pre- or postassociative
algebra on the space A is the universal enveloping pre- or postassociative algebra
for C.

Actually, the same solution algorithm was used earlier by author in [25, 26] but
with the following change: it was considered injective enveloping Lie RB-algebra
from [27] instead of L, the universal enveloping one constructed in [24], in the first
step. Surprisingly, a posteriori we may say that at least in the pre-Lie algebra case
the injective enveloping preassociative algebra of a given pre-Lie algebra obtained
earlier in [26] is an universal one.

At the end of Introduction, let us collect all stated in the work connections between
universal enveloping algebras of different kind in the following commutative diagram,

pre/postLie — RB,Lie

N

pre/postAs —— RB)As

where every arrow maps the algebra from corresponding variety into its universal
enveloping one. An associative RB-algebra A with an RB-operator P of weight
A =0 (A#0) is an enveloping for a pre-Lie (post-Lie) algebra C' in the sense that
the following equalities

a>b=P(a)b—0bP(a), a<b=aP(b)—Pb)a (a-b=Xab— Iba) (2)
hold for any a,b € C.

2. Preliminaries

2.1. Some required formulas
Given a Lie algebra L, denote the product [[...[[y,z],z]...],z] € LP*! by [y, 2®)].

Lemma 2.1 ([26]).  Given a Lie algebra L, the equality

(I+ 1yt = Z(—l)i <l 1

i=2
holds in the universal enveloping algebra U(L) for any z,y € L and | > 0.

. )[y, T 4 (g f oy 4+ dly) (3)
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It follows immediately from (1) that
t
R(by)...R(b,)— R ( > R(by) ... R(bi1)R(bi)R(bit1) - .. R(by)
i=1

+A > R(b)...R(bi)... R(bj).. R(b)+ ...

1<y <ig<t

+ Ak > R(bl)...R(bil)...]%(bik)...]i’(bt)+...+)\tlbl...bt)zo, (4)

1<t <i9<... <9 <t

where the sign ~ shows the omitting action of R. From (3) and (4), we derive

R(R(b))R(by) ... R(by—1)byR(b)* R(bysrs1))
_ %HR(bl)R(bg) R ) RO R(bssr)

1

; k—HR(;<—1>f (kjl)R<bl>R<b2> - R(b) b R(0) VIR R(bryi)

— > R(by) ... R(bi—1)R(b))R(bis1) ... R(b;) (5)

1<i<i—1, i=l+k+1

=AY R(b)...R(b)...R(b;)... Rlbrpgsr) — ..

1<y <io<l+k+1

=X N R(by) . R(by) - R(b) - R(bigrss) —...—A”kbl...kaH),

1<i1 <o <ig <l k+1
where b, = b1 = ... = b, and R(b)® means (R(b;))*.
In what follows, we will use the formula (5) with maybe absent R(by) and R(bj1x+1),

it means that we omit all b; and R(b;) in the summands and all indexes i; start
with two when R(by) is absent. We do the same if R(b; x.1) is absent.

2.2. Embedding of pre- and postalgebras into RB-algebras

Theorem 2.2 ([1, 2, 4, 16, 21, 35]).  Let A be an RB-algebra of a variety Var and
weight A =0 (X #0). With respect to the operations

r=y=R()y, z<y=zR(y) (v -y=2Ary) (6)
A is a pre-Var-algebra (post-Var-algebra).

Denote the pre- and post- Var-algebra obtained in Theorem 2.2 as A&R).

Given a pre-Var-algebra (C, -, <), universal enveloping RB-Var-algebra U of C' is
the universal algebra in the class of all RB-Var-algebras of weight zero such that
there exists homomorphism from C' to UéR). The notion of universal enveloping
RB-Var-algebra of a post-Var-algebra is defined analogously.

Theorem 2.3 ([27]).  Ewvery pre-Var-algebra (post-Var-algebra) could be embedded
into its universal enveloping RB-algebra of the variety Var and weight A =0 (A #0).

Let us briefly describe the idea of the proof of Theorem 2.3. Given a pre-Var-algebra
(post-Var-algebra) C', we define the product on the space C' = C @& C’, where C’ is
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a copy of C', in such a way that C is an algebra of the variety Var. Then we define
on C the linear operator P which occurs to be a Rota-Baxter operator of weight
A =0 (A#0). Finally, Theorem 2.3 was stated by embedding C' into 6§P’ by the
map ¢ — c.

2.3. Grobner-Shirshov bases for associative RB-algebras

Let RAs(X) denote the free associative algebra generated by a set X with a linear
map R in the signature. One can construct a linear basis of RAs(X) (see, e.g., [17])
by induction. At first, all elements from S(X), the free semigroup generated by X,
lie in the basis. At second, if we have basic elements ay, as,...,a;, k > 1, then the
word wy R(ai)ws ... wpR(ag)wis lies in the basis of RAs(X). Here wy,...,wy €
S(X) and wy, wiy1 € S(X)UD, where () denotes the empty word. Let us denote the
basis obtained as RS(X). Given a word u from RS(X), the number of appearances
of the symbol R in u is denoted by degp(u), the R-degree of u. We call an element
from RS(X) of the form R(w) as R-letter. By X, we denote the union of X and
the set of all R-letters. Given u € RS(X), define degu (degree of u) as the length
of w in the alphabet X,,. In [17], degu was called the breadth of .

Suppose that X is a well-ordered set with respect to <. Let us introduce by induction
the deg-lex order on S(X). At first, we compare two words u and v by the length:
u < v if Ju| < |v|. At second, when |u| = |[v|, u =z, v = v, z;,z; € X, we
have u < v if either z; < z; or ; = z;, v < v'. We compare two words u and
v from RS(X) by R-degree: u < v if degp(u) < degp(v). If degp(u) = degg(v),
we compare u and v in deg-lex order as words in the alphabet X, . Here we define
each = from X to be less than all R-letters and R(a) < R(b) if and only if a < b.
Let % be a symbol not containing in X . By a x-bracketed word on X, we mean
a basic word from RAs(X U {x}) with exactly one occurrence of . The set of all
«-bracketed words on X is denoted by RS*(X). For ¢ € RS*(X) and u € RAs(X),
we define ¢, as the bracketed word obtained by replacing the letter % in ¢ by .
The order defined above is monomial, i.e., from u < v it follows that ¢|, < ¢|, for
all u,v € RS(X) and ¢ € RS*(X). Given f € RAs(X), by f we mean the leading
word in f. We call f monic if the coefficient of f in f is 1.

Definition 2.4 ([30]). Let f,g € RAs(X). If there exist u,v,w € RS(X) such
that w = fu = vg with degw < deg(f) + deg(g), then we define (f,g), as fu—vg
and call it the composition of intersection of f and g with respect to (u, ). If there
exist ¢ € RS*(X) and w € RS(X) such that w = f = ¢|;, then we define (f,g)%,

as f —ql|, and call it the composition of inclusion of f and g with respect to g.

Definition 2.5 ([30]). Let S be a subset of monic elements from RAs(X) and
weRS(X).

(1) For u,v € RAs(X), we call v and v congruent modulo (S, w) and denote this by
u=v mod(S,w) if u—v =) ¢qls, with ¢;€k, ¢;€ RS*(X), ;€S and ¢l|s; <w.
(2) For f,g € RAs(X) and suitable w, u, v or ¢ that give a composition of intersec-
tion (f,g)w, or a composition of inclusion (f,g)%, the composition is called trivial
modulo (S,w) if (f,9)w or (f,9)L, =0 mod (S,w).

(3) The set S C RAs(X) is called a Grobner-Shirshov basis if, for all f,g € S,
all compositions of intersection (f,g), and all compositions of inclusion (f,g)? are
trivial modulo (S, w).
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Theorem 2.6 ([30]). Let S be a set of monic elements in RAs(X), let < be
a monomial ordering on RS(X) and let 1d(S) be the R-ideal of RAs(X) generated
by S. If S is a Grobner-Shirshov basis in RAs(X), then RAs(X) =kIrr(S)®1d(S)
where Irr(S) = RS(X)\ {q|s | ¢ € RS*(X),s € S} and Irr(S) is a linear basis of
RAs(X)/Id(S).

3. PBW-theorem for pre-Lie and post-Lie algebras

Let A be an associative algebra with an RB-operator R. Then the algebra A(™) is
a Lie RB-algebra under the product [z,y] = xy — yx and the same action of R.
Let L be a Lie RB-algebra with an RB-operator P of weight \. Suppose that there
exists a subset Xg = {z, | @ € Q} in L such that X = {z,; := P*(z.) | k €
N, a € Q} is a linear basis of L. Our goal is to construct the universal enveloping
associative RB-algebra of L (via Grobner-Shirshov bases). This will lead us to the
proof of the Poincaré-Birkhoff-Witt (PBW) theorem for the pairs (pre-Lie, preAs)
and (postLie, postAs).

We may assume that the set ) is well-ordered, so we define an order < on the set
X: zop<zggifa<pora=pand k<.

Consider the set S of the following elements in RAs(X):

ry —yr —[z,y], * >y, v,y € X, (7)
R(a)R(b) — R(R(a)b + aR(b) + \ab), (8)
R(R(21)Tg, R(22) . .. R(25) T, g%, R(2001)) — A, 9)

where A is defined as the RHS of (5) for [ =1, +...+1ls+ s+ 1 and

—~

—~ —

_ _ _ 2 _ .l _ _
bl = Z1, bQ_xéla b3_x317 R bl1+1 = Tqy bl1+2_227 bl1+3—l’é2, R
_ _ 1 — s
Ditotlyrts = sy Ditotigibstl = Tgpy -y bigogigrs = T
Oty totlatst1 = -+ = biy v sthr1 = LB,r) Dty oot lats k2 = Zoy1-

Here 7, = xéxlg for ) € X and T denotes x,; 1 for v = z,, € X, ie,

R(Z) =x. In (8), (9)2, we have
s>1, k,r>0, abe RS(X), 29,...,2s€ RS(X)\ S(X),
Tgpyoooy Tgoy €S(X\ Xo), T, €S(X\Xo)UD

and g, is greater than any letter from 7, .
By R(z1) we denote either that z; € RS(X) \ S(X) or that R(z) is absent, i.e.,

R(z1) = 0. The same holds for R(zs11). In particular, the values s = 1, k = 0,
R(z1) = R(z2) = &, = 0, transform (9) to the relation R(zs,) — Zg,41-

Remark 3.1. In (9), we use associative words Z, € S(X) instead of ordered
polynomials from k[X], otherwise we will have to reduce the products of such
polynomials from k[X] to the ordered ones in all possible compositions from S.

Theorem 3.2.  The set S is a Grébner-Shirshov basis in RAs(X).

Proof. All compositions between two elements from (7) are trivial, as it is the
method to construct the universal enveloping associative algebra for a given Lie
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algebra. Also, compositions of intersection between (8) and (8) are trivial, it is
a way to get the free associative RB-algebra. Thus, all compositions of intersection
which are not at the same time compositions of inclusion are trivial.

Let us compute a composition of inclusion between (7) and (9). Let
w = R(R(21)7, R(z) ... R(2:)70,25,75 11 R(2:11)) (10)

satisfy all conditions described above. We apply the relation (7): zy —yx — [z,y] to
the subword
Ty = T, 0YTq,, >y, 1 <j<s.

7 qj

Suppose that j < s. Since the image of an RB-operator is a subalgebra, [z,y] lies
in the linear combination of elements from S(X \ X;). Define v’ = w|;y_,, and
W' = Wgy—s[zy, here w|qa—p means the word w with the subword « replaced by 3.

On one hand, we have modulo (S, w)

™ @ 1 )
w=Ew +u' = i1 (R(21) - - - R(2))Tg; ay—syo+lzp B(2j41)

 R(2:)%, 75 R(2a1) + R(Sw) + R(Sur)),

where ¥, is the expression in the RHS in the brackets under the action of R from (5).
On the other hand, modulo (S, w)

=——(R(21) ... R(2))Zy, R(2j41) - - . R(zs)quxg;ilR(st) + R(Z,))

=——(R(21) ... R(2))Zy, loy—ryatlog B(zj41) - - - R(26)Tq, x5t R(2641) + R(Sw)).

So, the composition equals —(R(X,) — R(Zw) — R(Z,)) and we may rewrite it

k+1
briefly as
1

e S R ([ 0]+ [ 314+ A7)~ R 0)B)

seS

for corresponding index set S and g, Bs € RS(X). We get zero, since

[z,y] = [R(Z), R(y)] = R([Z,y] + [2,9] + A7, ])

and R has zero kernel on L.

Consider the case j = s. The triviality of the corresponding composition of inclusion
one can derive from the following fact. Denote as A(z1,Zy,, 22, .. ., 25, Tq., 2s+1) the
expression (4) for t =0 + ...+l +s+1,

— — 1 _ 2 — b _ — 1
b1 = 21, bg —I'ql, bg —I’gl, ey bl1+1 = Xqy, bl1+2 = Z9, bl1+3 —I'q2, ey
_ — L — gl —
Dyt 1ts = Zsy Dl q4st1 = Lgys + o Oyt tists = Lgs iy 4o +lstst1 = Zst1,
where z1, ..., 2,41 and the words 7, = x;i . a:f;l satisfy the conditions for (9) except

the one concerned x3,. We also have that the word #,, = :vél . .[Ef;l contains the
biggest letter x35,, r > 1, on the positions

K:{kl,kg,...,k’p|kl<k’2<...<k’p}C{1,2,...,ls}.
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So, the composition of inclusion is trivial if
A(21, %y, 22, - -+, 25, Ty, 2511) =0 mod (S, w) (11)

for w greater than all terns involved in A(...).

To prove (11), we will proceed on by induction on I = |Z,,|. For [y = 1, we are done
by (9). Consider the equality

- o D 1,2 ki—1 ki 1,.p—%
Tq, = Ty, 005, + E L N [a:q;, wl]xﬂ’r , (12)
i=1

where 7, ( is obtained from ¥, by arising all letters xg, with preserving order of
all remaining letters, w; is obtained from the word x’;;'“ .. .a;éss by arising all p —1

letters x4,. For w; = wlw? ... w*™ w! € X, the bracket [k, w;] in (12) means

i 9y, d L ls—kq
E T [kt wllw! ™ wp T

By (9) and Lemma 2.1, we deduce that

p ls_kz‘
A(21, gy 22,y - ooy 25y Tgyy Zst1) = E A(z1, Zgy s 22y ooy 25, Tgo (1, 7)), Zs41)
i=1 j=1
modulo (S,w), where
— AN | k;—1 1 J—1r k; 7+1 ls—k; p—i
To(1,5) =ay, - g wy Wy [qu,w]wz coowE T

The equality A(z1,. .., 2s, T4, (¢, 1), 2s+1) = 0 modulo (S, w) follows from the induc-
tive hypothesis.

Consider a composition of inclusion between (8) and (9). Let w = R(wyp) be defined
by (10) and b € RS(X). At first, we have modulo (S, w)

®)

Rlwo)R() 2 R(R(wo)b + woR(b) + Awob)
9 %HR(R(Zl)quR(Zz) R(2) 725 R(z)b + R(S4,)D)

+R(R(21)..R(25)Zq,x3,2% 41 R(2611) R(D) + AR(21) ... R(24) Ty, T 005 1 R(2541)D)

= AR(R(21) ... R(2)Tq, 2,28, 1 R(25:1)b)
1
- k+1 (R(R(Zl) R<z5)$QSxﬂ r+1R(Zs+1)b + R(X, )b)

T R(21) . R(2)E, 5,2 Rz RO) + R(E

W|R(2y 1)~ R(z441)R(b) )) g

where ¥, is the expression in the RHS in the brackets under the action of R from (5).
At second, modulo (S, w)

R(wo)R(b) = k—H(R(zl)fqu(@) - R(2)Zq, 25", R(2,01) R(b) + R(S,)R(D))
1

P (R(z1).. R(zs)a:qsarﬁ " R(ze11)R(D) + R(R(24)b + Sy R(b) + AX,b)).
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So, the composition of inclusion multiplied by (k + 1) equals
u=RM\k+1)R(z)... R(zs)quxgjil}%(zsﬂ)b + R(z) ... R(zs)qua:gjilR(zsﬂ)b)
+R(X — R(E,R(D) + AX,b).

w|R(Zs+1)—>R(Zs+1)R(b) )

Depending on the last factor, 3, splits into the sum X! R(zs11)+ X! z511. Applying
the formulas

ASub = A R(2551)b + ASY 2 1b,
SuR(0) = X, R(2:1)R(D) + =" 201 R(D),
= E;UR(ZS—i-I)R(b) + Z{L:)(R(ZS+1>b -+ ZS+1R<b) + /\ZS+1b),

WlR(zs11) > R(z511) REO)
we deduce u=R(R(z1) ... R(z)Tgx}}} | R(2551)b
FA((k+ 1) R(21) - . . R(25)%q,08, % 1 R(2541)b — S, R(2551)b) + S R(2511)b).

Writing down the sum R(X! R(zs41)b), u equals to zero by the definition of ¥/ , ¥
and Lemma 2.1.

Compute a composition of inclusion between (9) and (9). Suppose that we have w
defined by (10) and

Zm = R(a1)Ty, R(ag) . .. R(an)T;, 74,020 1 1 RAny1)

satisfying all conditions written above for (7).

Consider the case m < s. By X, as earlier, we mean the expression in the RHS in
the brackets under the action of R from (5) for w. By A, denote the expression in
the RHS in the brackets under the action of R from (5) for z,,. We also define

2l = R(a1)T, R(as) . .. R(an)ftnleyoﬁlR(anH),
A=A —R(a1)... R(a,)%, HR(any1),

m+1
+1 i— m+1—1
H= Z <m ) |:x’y707 w'(y,o—&l-)l] x'y,t—)‘r-i}l

m m—1 m
T Ty 0%y ,041 T Tyo41Ty,005 o417 - - Ty 041T7,05

Yo =X, 4+ 3" where we collect all summands from ¥, with the factor R(z,,) in
the sum X!, and all others in 3 . On the one hand, modulo (S,w) we get

R(R (Zl)j? R(zp) ... R(2)Tg,xp,2f 1 R(2441))
9),

|||o

(R 21)Tq R(22) ... Zg,,  R(2m)%y,, - - . R(zs)quxgﬁrlR(zsﬂ) + R(Z,))
1

(9), in

(k%_lxﬂl+_n(fﬂzﬁm@fﬂzﬁ T DT - - B(2)Tq 2L R(2611)

+ R(21)@o, R(22) ... Ty, R(A)Z,,, - R(zs)mqsxﬁ 7"HR(ZSJA) + R(3, | m(zm)—2)
+ R, Rzm) s r(A)) + (M + 1) R(E). (13)
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On the other hand, modulo (S, w)

R(R(z1)%y, R(22) ... R(25)Tg,x5,2% 1 R(2541))

(9),in 1 . - /o - k

= m—HR(R(Zl)quR(ZZ) o T 2T - B(26) T, 05,75 R(2511)
+ R(R(21)Tay R(22) . .. Zg,  R(A)T,,, ... R(zs)qux/37ra:g7r+1R(zs+1)))

(9), out 1
~ (k+D(m+1)
+ R, Rem)—2,) — R(EG]., 5 4)

+ R(21) ... Ta,  R(A)Ts,, .. R(20)Z0, 257 R(Z611) + R(Su0)2,-n)).- (14)

(R(21)%a, R(22) - . - Bay 1 2Ty, - - - R(26) Tay it R(261)

Subtracting (14) from (13), we get m R(X!|...—c), where

C=A—-A—(m+1)zm =R(a1)...R(a,)Z, DR(an41)

for D=H — (m + 1)z, 21, ;. Equality of D to zero follows from Lemma 2.1.

The proof in the case m = s+1 is slightly different if only R(a;) = 0 and n=1. Then
we need to apply the equality A(zl,fql,ZQ,...,ZS,qux@Txg’TJrlftlefjjl,a2) =0
modulo (S, w). Such application is correct, since all terms involved in it have less
R-degree than w.

It is easy to verify that the remaining compositions of inclusion between (7) and (8)
are trivial. [ |

Corollary 3.3.  The quotient A of RAs(X) by Id(S) is the universal enveloping
associative RB-algebra for the Lie algebra L with the RB-operator R. Moreover, L
injectively embeds into A .

Proof. By (8), A is an associative RB-algebra. By (7)—(9), we have that A is
enveloping of L for both: the Lie bracket [,] and the action of R. Thus, A is an
associative enveloping of L.

Let us prove that A is the universal enveloping one. Firstly, A is generated by L.
Secondly, all elements from S are identities in the universal enveloping associative
RB-algebra Ugrp(L). Indeed, (7) are enveloping conditions for the product, (8) is the
RB-identity, the relations (9) as the application of (5) are direct consequences of (1).

By Theorems 2.6 and 3.2 we get the injectivity of embedding L into A7), ]

Let C' be a pre- or post-Lie algebra with a linear basis Y. By Theorem 2.3, C' can
be injectively embedded into the Lie algebra L with the RB-operator P of weight A
and such subset Xo = {z, | « € Q} C L that X = {z,x := P"(z,) | k €N, a € Q}
is a linear basis of L. Here €2 is a well-ordered set. Then, by Corollary 3.3, we embed
the Lie RB-algebra L into its universal enveloping associative algebra A with the
RB-operator R. Thus, the subalgebra (in pre- or postalgebra sense) U(C) in Ag\R)
generated by the set Y is an enveloping pre- or postassociative algebra of C'.

Now, we state the main result of the work, the analogue of the Poincaré-Birkhoff-
Witt theorem for pre-Lie and post-Lie algebras.
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Theorem 3.4. (a) Let C be a pre- or post-Lie algebra, then U(C) is the universal
enveloping pre- or postassociative algebra of C'.
(b) [15] The pairs (preLie, preAs) and (postLie, postAs) are PBW-pairs.

Proof. (a) Consider the post-Lie algebra case, the proof when C' is a pre-Lie
algebra is the same. Let Y be a basis of C'. It is easy to show that A is the
universal enveloping associative RB-algebra for C' in the sense of the equalities (2).
Indeed, given an enveloping associative RB-algebra D of C', define M as the Lie
RB-subalgebra of D(-) generated by the image of C'. By the universality of L, we
have that M is the homomorphic image of the Lie RB-algebra L. Thus, D as the
enveloping of M is the homomorphic image of the universal enveloping associative
RB-algebra of M. The last one is the homomorphic image of A.

Consider the universal enveloping postassociative algebra V(C) of C. Due to
Theorem 2.3, we may embed V(C) into its universal enveloping associative RB-
algebra Z with RB-operator ). Since Z is the homomorphic image of A, V(C') as
the subalgebra in Z §Q) generated by Y is the homomorphic image of U(C).

(b) We get it by the construction. ]
Corollary 3.5. The pairs (preLie, RByAs) and (postLie, RB\As) are PBW-pairs.

Corollary 3.6. The universal enveloping associative RB-algebra of U(C') is iso-
morphic to A.

As another corollary, we obtain the commutative diagram from the introduction.

4. Universal enveloping pre/post-associative algebra

4.1. Post-Lie case
Given a post-Lie algebra C' with a linear basis Y, we want to construct a linear
basis of the universal enveloping postassociative algebra U(C).

Define YT =Y UY' C X CLfor Y ={P(y)|yeY}.

Given a well-ordered set 7, define
Com(Z) ={w=w...wx € S(Z) |w; € Z, wy <wy <...<w}.
Let us define a set £ C RS(Y) by induction. Firstly, Y C E. Lately, the word
a= R(z1)w1R(z2) ... R(z5)wsR(2s41)

lies in FE for s > 1, wy,...,ws € Com(Y "), 2z9,...,2, € ENRS(Y)\Y, and
21 € ENRS(Y)\Y or R(z) =0 (the same holds for z,1), if

(1) at least one of w; contains a letter from Y,

(2) every z; is not of the following form

R(q)urR(q2) ... R(q:)uyR(y)" R(qu41) (15)

with the same conditions written above for a. Moreover, uy,...,u; € Com(Y’) and
y € Y is greater than all letters from ;.

Theorem 4.1.  The set {e+ 1d(S) | e € E} forms a linear basis of U(C).
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Proof.  Firstly, Theorems 2.6 and 3.2 imply that the set {e 4+ Id(S) | e € E} is
a linearly independent set of elements in RAs(Y').

Secondly, we show that U(C) C kE + Id(S). Let us prove it by induction of the
summary R-degree r of factors a, b involved in the process of generating the algebra
U(C). By the definition, Y C E. If r = 0, we get only linear combinations of
elements of the form w € S(Y™) with at least one letter from Y, where we identify
R(y) with P(y) for every y € Y. Because of (7), we have w € E + Id(S5).

Let us prove the inductive step for » > 0. Suppose that a,b € E, more precisely,
a= R(z1)w1R(z2) ... R(zs)wsR(2511), b= R(q1)u1R(qa) ... R(q)usR(qr+1),
where
s, t>1, wy,..,we .., u €SYT), 20,0, 20 G2, € ENRS(Y)\Y,

by R(z1), as above, we mean that either z; € ENRS(Y)\Y or R(z) = 0. The
same holds for R(zs41), R(q1), R(qi+1) -

To prove the Theorem, it is enough to state that a > b,a < b,a-b € kE + Id(S).
We have modulo Id(S5)

R(z1)wy ... R(zs)wsui R(qo) . . . us R(q41), R(zs11)=R(q1) =0,
a-b= ¢ R(z1)wy ... R(z5)wsR (211 0 q1)u1 R(qa) - . . usR(qi11), R(zs41), R(q1) # 0,
ab, otherwise,

where z;110q1 = 2511 > q1+2s11 < @1+2s+1-q1 - In the third case, we have an element
from E. In the first one, we need to express wgu; € U(L) via basic elements from
Com(Y™") and so a-b € kE. Finally, in the second case, after rewriting zs11 o 1
as a linear combination of elements from E + Id(S), we only need to check the
condition 2 of the definition of E. If it’s required, we apply the relation (9) and we
are done by induction on 7.

We have modulo 1d(S)

0 b— R(a)u1 R(g2) - - - usR(Gry1), R(q1) =0,
R(aoq)uiR(q2) ... wR(qgi1), Rlq) # 0.
By the inductive hypothesis, aoq; € kE 4 Id(S). We need to check the condition 2

of the definition of F for the first R-letter of the product. As above, we apply (9).
The case of a < b can be considered analogously. [ |

Remark 4.2. We may reformulate Theorem 4.1 in terms avoiding Id(S) and any
factorization. For this, we need to define by induction the products >, <,- on the
space kFE .

4.2. Pre-Lie case

Given a pre-Lie algebra C' with a linear basis Y, we construct a linear basis of the
universal enveloping preassociative algebra U(C').

Let us define a set £ C RS(Y') by induction. Firstly, Y C E. Secondly, the word
a= R(z)w1R(z2) ... R(z5)wsR(2541)
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lies in E for s > 1, wy,...,ws € Com(Y"), 29,...,2, € ENRS(Y)\Y, and
z1 € ENRS(Y)\Y or R(z) =0 (the same holds for zs1), if

(1) the only w; contains a letter from Y,

(2) every z; is not of the following form

R(q)u1 R(g2) - . - R(q)ury R(y)" R(ge41) (16)

with the same conditions written above for a; uy,...,u; € Com(Y’) and y € Y is
greater than all letters from ;.

Theorem 4.3.  The set {e + 1d(S) | e € E} forms a linear basis of U(C).

Proof.  Analogous to the proof of Theorem 4.1. |

Example 4.4. If C is a one-dimensional pre-Lie algebra with linear basis {y},
then {y(P(y))*} is a linear basis of U(C). Indeed, because of the condition 2, all
basic elements have no R-letters, so we have unique y and several P(y) to form the
elements from E. Moreover, in the case C' = Span{y} we have the isomorphism
Uyr(C) = preCom(y), where U, (C) means the associated graded preassociative
algebra obtained from U(C) by the filtration by the degree and preCom(Z) means
a free precommutative algebra generated by the set Z. If C' = Span{y} has the
trivial product, then U(C') = preCom(y).

Remark 4.5. Note that given a pre-Lie algebra C', the injective enveloping
preassociative algebra T constructed in [26] is isomorphic to U(C), so it is the
universal enveloping one. In the current paper, we have embedded C into its
universal enveloping Lie RB-algebra, but in [26] C' was embedded into the enveloping
Lie RB-algebra C arisen from the proof of Theorem 2.3. A posteriori, we conclude
that it is enough to embed C' into the doubling (as a vector space) Lie RB-algebra
to preserve all required connections for the construction of the universal enveloping
preassociative algebra U(C).
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